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ABSTRACT. We show global existence and uniqueness of strong solutions for
the Schrodinger-Poisson system in the repulsive Coulomb case with relativistic
kinetic energy.
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1. Introduction

In this article, we study the global well-posedness of the semi-relativistic Schrodinger-
Poisson system on a finite domain. This system is relevant to the description of
many-body semi-relativistic quantum particles in the mean-field limit (for instance,
in heated plasma), when the particles move with extremely high velocities. Con-
sider semi-relativistic quantum particles confined in domain Q C R3 which is an
open, finite volume set with a C? boundary. The particles interact by the electro-
static field they collectively generate. In the mean-field limit, the density matrix
that describes the mized state of the system satisfies the Hartree-von Neumann
equation

(1.1) {iatp(t) = [Hy,p(t)], z€Q, t>0

—AV =n(t,z), n(t,z)=pt ,z,2), p(0) = po
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satisfying Dirichlet boundary conditions, p(t,z,y) = 0 if  or y € 99, for t > 0.
The Hamiltonian is given by

(1.2) Hy =T, +V(t«x)

where the relativistic kinetic energy operator T}, := v—A +m2 — m is defined
via the spectral calculus. Here, A denotes the Dirichlet Laplacian on L?(Q2), and
m > 0 is the particle mass; see [3, 2] for a derivation of this system of equations
in the non-relativistic case. Since p(t) is a positive, self-adjoint trace-class operator
acting on L2(€2), its kernel can, for every t € R, be decomposed with respect to
an orthonormal basis of L?(£2). The kernel of the initial data py can be represented
in the form

(1.3) po(@,y) =D Mtoe(2)n(y)
keN

where {11 }ren denotes an orthonormal basis of L2(€2), with ¥y|aq = 0 for all
k € N, and coefficients

(1.4) A= {Mbren €0, A >0, > N =1
k

As shown below, there exists a one-parameter family of complete orthonormal bases
of L?(Q), {¢k(t)}ren, with ¥ (t)]sq = 0 for all k € N, and for ¢t € R, such that
the kernel of the solution p(¢) to (1.1) can be represented as

(15) p(tvxvy) = ZMW(@@W(@Z/)'
keN

Notably, the coefficients A are independent of ¢, and thus the same as those in
po- Substituting (1.5) in (1.1), the one-parameter family of orthonormal vectors
{1 (t) }en is seen to satisfy the semi-relativistic Schrédinger-Poisson system

(1.6) Z% =Tt + Vi, keN
(1.7) —AV[V] =n[¥], W= {¢p}pl,,
(1.8) n[W(x,t)] =Y el

k=1

with initial data {¢x(0)}72 ;. The potential function V[¥] solves the Poisson equa-
tion (1.7). On both V[¥] and ¢y (¢), for all k € N, we impose Dirichlet boundary
conditions

(1.9) Yr(t,z), V(z,t) =0, t >0, Vo € 00.

As we show in Lemma 6, below, solutions of (1.6)-(1.8) preserve the orthonormality

of {x(t)}ren-

The state space for the Schrodinger-Poisson system is given by

L o= {(WA) | 0= {2, C HE(Q)NHY(Q) is a complete

orthonormal system in L*(Q),

A={MI2, €0, >0, keN, Z/\k/ |V |2dz < oo}
k=1 Q
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For fixed A\ € ¢!, Az > 0, and for sequences of square integrable functions ® :=
{or}72, and ¥ := {4 }7° |, we define the inner product

(@, 9)3(0) = Z e (Dk, V) L2 ()5
k=1

which induces the norm
1
[l 23(0) = (Z AellonllF2)?,
k=1

and we introduce the corresponding Hilbert space
L3(Q) = {® = {g}32y | ¢ € L*(Q), VEEN, [|®] £3(0) < o0}

Our main result is as follows.

THEOREM 1. For every initial state (¥(x,0),A) € L, there is a unique mild
solution ¥(xz,t), t € [0,00), of (1.6)-(1.8) with (¥(xz,t),\) € L, which is also a
unique strong global solution in Ei(ﬂ)

Establishing the global well-posedness of the Schrédinger-Poisson system plays
a crucial role in proving the existence and nonlinear stability of stationary states,
i.e. the nonlinear bound states of the Schrodinger-Poisson system, which was done
in the nonrelativistic case in [4, 6]. The problem in one dimension was treated in
[8]. The semiclassical limit of the Schrodinger-Poisson system with the relativistic
kinetic energy was studied in the recent article [1]. Global well-posedness for a single
semi-relativistic Hartree equation in R? was established in [5]. In the present work,
we deal with the infinite system of equations in a finite volume set with Dirichlet
boundary conditions, and, as distinct from [5], we do not use the regularization of
the Poisson equation. Moreover, both the results of [5] and Theorem 1 above do
not rely on Strichartz type estimates.

2. Proof of global well-posedness

We make a fixed choice of A = {\p}32, € L, with A\, > 0 and Y\, =
1, denoting the sequence of coefficients determined by the initial data py of the
Hartree-von Neumann equation (1.1) via (1.5), for ¢ = 0. We note that we require
all A\ > 0 to be positive for the subsequent analysis. This does not lead to any
loss of generality since by density arguments, any po (and likewise p(t)) can be
approximated arbitrarily well by an expansion of the form (1.3), respectively (1.5),
with A\ > 0.

We introduce inner products (-, -)Hi/z(ﬂ) and (-, -)Him) which induce the gen-

eralized inhomogenous Sobolev norms

> 1 > 1
||‘1’||H§/2(Q) 1= (Z )\k”@c”?{%(m)z and || ®||33(q) = (Z Mellon 3 )%
= k=1 =1

and define the corresponding Hilbert spaces

HYP(Q) = {@ = {0} | o € HE(Q), V k€N, [[@],1/2q) < 00}
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and
HA(Q) == {2 = {¢n}321 | ¢ € HF(QNH'(Q), V k€N, || @]l < 00}

respectively. We also introduce the generalized homogenous Sobolev norms

o0 o0
1 1 1
H(I)HHi/?(Q) = (Z Melllpl2 drllF2q)) ® and H‘I’HWA(Q) = (Z MV 720)) % -
= k=1 k=1
Here, |p| stands for the operator v/—A, and has the meaning of the relativistic
kinetic energy of a particle with zero mass. We note the following equivalence of
norms.

LEMMA 2. For ® € H1/2( Q), the norms [|®||,,1/2 o, and || @[ ,1/2 ., are equiv-
A 2

V(@)
alent. If ® € Hy(Q), then ||¢||HIA(Q) is equivalent to H‘I)Hﬂi(gzy

(2)

PrOOF. Clearly

1
1@l 720 = Z/\k{H(kaL2 @ + P12 del 720y 1)?

2 1
ZAkanm o) = 1202y

We will make use of the Poincaré inequality

(2.1) /Q|V¢k|2d:c20p/ﬂ|¢k|2d:c

with the constant ¢, > 0 dependent upon the domain {2 with Dirichlet boundary
conditions. Thus

1
[Pl 2 dx ”%2(9) 2 \/@H%”%?(Q)a

which enables us to estimate

1
1211522 kz)\k{llsbkllmm + P2l 7z ) <
1

1
1+\/—_p ];/\k|”p| ¢k”L2(Q))2 C“q)“#f(ﬂ)'

Let us compare the remaining two norms. Clearly,
1

191l (@) < Zxknmnm @)% = 19310

On the other hand, by means of the Poincaré inequality (2.1),

- 1
12131 0) = QO AellldnllZay + IVoklIZ2 () 1)? <
k=1

1
1+ Z)\k|‘v¢k”L2(Q))2 = [l o)
i n

IN
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Let U = {4, }5°_1 be a wave function and the relativistic kinetic energy oper-
ator acts on it T, ¥ = (vV—A + m? — m)y componentwise. We have the following
two lemmas.

LEMMA 3. The domain of the kinetic energy operator is given by D(T,,) =
Hi(Q) C Ei(Q)

PROOF. Let ¥ € H}(Q2). Then

D dalmling = D Anllvmliag) + I1VEmliag} 2 D Anlvmlliz),
m=1

m=1 m=1

and also, [[W|[z2(q) < co. We estimate
1Tt ll72 0y = (A + m?) g, Yr) L2(0)
+m? | Yrl|72 ) — 2m(V =2 + m2Pr, i) L2 ) <
IV9rlZa0) + 2m* [Vl Z2i) < clm)llvellin o),
where ¢(m) is a mass dependent constant. Hence

HTm‘I’H%g(Q) = Z)‘kHmekH%Q(Q) < ¢(m) Z)\kﬂlﬁk”%{l(n) < 0.
= k=1 k=1

O

LEMMA 4. The operator T,, generates the group e~ Imt t € R, of unitary
operators on L3 ().

PROOF. For o, 3 € Ei(ﬂ) we compute the inner product

oo
(e—iTmta, e—iTmtﬁ)ﬁi(Q) _ Z )\k(e—iTmtak’ e—iTmtﬁk)Lz(Q)
N k=1

= Zz\k(akﬁk)w(ﬂ) = (@, 8) 30
k=1

We rewrite the Schrodinger-Poisson system for « € €2 into the form
(2.2) U, = —iT,, ¥ + F[U(x,t)], where F[¥] := i 'V[¥]¥,
—AV[¥] = n[¥], where V]pq =0,
(W] =) Aelthw?
k=1

and prove the following auxiliary result.

LEMMA 5. The map defined in (2.2) F : H}(Q) — H} () is locally Lipschitz

continuous.
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PROOF. Let U, ® € H}(Q) with ¥ = {¢}3,, ® = {¢x}32, and ¢ € [0,T7.
Then, B

IF[9] = F[@] [y o) = i VE]T —i" VD]l 3 o)
= [VI¥](¥ = @) + (V[¥] = V[Q))@[l311 (o) -
This can be easily estimated above by means of Lemma 2 by
CIVIEIE = @)y ) + CIVIE] — VI Bl

which equals
(2.3)

o0

COMIVVIIWk — ) 1320)2 + CO_MIVIVIE] = V@) 6k)[32(0)) 7
k=1 k=1

Here, C denotes a finite, positive, universal constant. Clearly, we have
IV (V9] (r = o)) 7200y < 21(VVIRD Wk = ) 1720 + 21 VIVIV (0 — d1) [ 720
By means of the Schwarz inequality this can be bounded above by
CIVVIRI Loy 19k — SrllZo () + 20V RIIE = IV Wk — d1)lI72(0)-
By applying the Sobolev embedding theorems to these expressions, we arrive at
ClIAVI®|[200) IV (W1 = )72y < CIVIOIZr2(0) IV (% = 1) 1720
To estimate the remaining term in (2.3), we use
IV((VI]=V[@))¢r) |72y < 2V (VIE]=VI@])dk[Z2()+20(VE]-VI]) Vi 2(q)-
The Schwarz inequality yields
2 V(VI] = V@) Zs (e l0nlZa () + 211 (V¥] = VRN () | VRN Z2(c2)-

Applying the Sobolev embedding theorem along with the Holder inequality to these
expressions, we find

CIAWVIY] = V@D I 0kll7o @) + CIANV ] = V@] L2 (0 | Vok 720

From the Sobolev inequality used in the first of the two terms above we deduce the
upper bound

ClIV ] = V@720 | Vo172 0
Therefore, for the norm of the difference || F[¢] — F[®]||y1 (o) we have the estimate
from above as N

CIV I a2 (S Ml V(W1 = 1)1 2(0)
k=1

+OIVI) = V@] 22y (O Al Vbr |22
k=1

which obviously equals to
ClIVI¥l 2@ 1V = @l ) + CIVIV] = VIRl a2(0) | @l (0)-

Let us apply the Poincaré and the Schwarz inequalities to estimate the Sobolev
norm of the potential function as

IVI¥]lla2 ) < CllAV L2 @) = Clin[¥]l|L2(9)-
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Hence, our goal is to estimate the appropriate norm of the particle concentration.
From the Schwarz inequality,

129|220y = Z MeA(|9n [, 191]%) 2 @) ZMHWHM o)

k=1

and using the Holder inequality along with the Sobolev inequality,

In[¥]ll2() < O Mallrlio < C D0 Ml VrlZa)

k=1 k=1
Hence, we arrive at the estimates for the particle concentration and the norms on
the potential function,

In[¥]ll2 o) < CH‘I’IIHI VIl m20) < Ol

@) 1(Q)

with || - H”Ffi(ﬂ) and || - ||HIA(Q) equivalent via Lemma 2. Evidently,
W= V[¥] - V[3]
satisfies the Poisson equation,
—AW =n[¥] —n[®], Wlsq =0,

and Dirichlet boundary conditions. Applying the Poincaré inequality along with
the Schwarz inequality, we arrive at

W 220y < CIIAW 22y,
such that
[Wilz20) < Cln[¥] = n[®]|[2(e)-
We will use the trivial inequality

(@) = (@) <> (Il + @Dl — dnl-

k=1

The Schwarz inequality applied twice yields

In[] = n[@]][Z2q) < (ZM\//Q(IWH |5 ])2[n —¢kl2dft>

< O Ml + 1elllzallvr — drllae)?

k=1

< O Mlnllzag) + Ionlllza@)llr — éllLaey)?,

k=1

and using it again gives

> Melllvrliza) + Iklllza@)® D Asllts — ésllF 1)

k=1 s=1

Applying the Holder and Sobolev inequalities, we arrive at

CZM (IVYklZ 20 + IVERIIT2(0) ZA Vs — Vsll32(0

k=1
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This quantity can be easily estimated above by

C(Z)\kWH@p(Q) + Z)\l|¢l|12r{1(ﬂ)> D Xallvs = ¢sl3
=1

= =1 s=1
which clearly equals to

C(”‘I’H?{;(Q) + H(I’Hic;(sz))H‘I’ - (I)Hg—{i(ﬂ)'
Therefore,
[n[W] — n[‘I’]HN(Q) < C(”\I]HHi(Q) + H‘I’Hﬂi(sz))ﬂ‘l’ - (I)HHi(Q)
and
V] = VI®][| g2(0) < C[¥l3y @) + 1@l @)1V = Pll3y (0)-
Collecting the estimates above, we arrive at - -

[F[V] = F[®][lyy () < C(H‘I’H?@(Q) + ||‘1’||§11A(Q))||‘1’ — ®lly (@)

which completes the proof of the lemma. O

From standard arguments (see for instance Theorem 1.7 of [7]) thus follows that
the above Schrédinger-Poisson system admits a unique mild solution ¥ in H} ()
on a time interval [0,T"), for some T > 0, satisfying the integral equation

(2.4) U(t) = e Tmty(0) 4 e~ Tmt /t e Tms W (s)]ds
0

in Hi(ﬂ) Moreover,
limy [ W (#)]l343 () = o0
if T' is finite. We also note that ¥ is a unique strong solution in £3(£2). We shall

next prove that this solution is in fact global in time. First we prove the following
lemma.

LEMMA 6. Suppose for the unique mild solution (2.4) of the Schréodinger-
Poisson system (1.6)-(1.8) that {1x(z,0)}32, att =0 forms a complete orthonor-
mal system in L*(Q). Then, for any t € [0,T), the set {¢x(x, )}, remains a
complete orthonormal system in L*(SY). Moreover, the L£3(Q)-norm is preserved,

H\I}(‘Tvt)nﬂi(ﬂ) = H\I](an)HEi(Q)u tel0, 7).

PROOF. Given the solution ¥(¢) of the Schrodinger-Poisson system on [0, 7)),
we obtain the time-dependent one-particle Hamiltonian

Hy, (t) =Tn+ Ve (t, JJ)
where the potential Viy solves —AVy (¢, z) = n[¥(¢)] with Dirichlet boundary con-
ditions, see (1.2). Accordingly, the components of W(t) solve the linear, non-
autonomous Schrodinger equation 10,10y (t, ) = Hyy, (6)¢r(t, x), for k € N, on the
time interval [0,7"). We thus have, for ¢ € [0,T),
(2.5) dn(, 1) = (7 e Oy (a,0), ke,
and therefore

(Vi (2, 1), i (, 1)) L2(0) = (e~ o Hva Ty, (2.0), e~ Jo Hva ATy (2,0)) L2y =
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= (1/}k($7 O)a 1/}l(:175 O))L2(Q) - 5]6,17 kvl S N7
where dj; stands for the Kronecker symbol. Obviously, for k& € N,
[ (2, )17 2() = 1Pk, 0)[1 720
such that for ¢ € [0,7), the £3(2)-norm is conserved,

= 1
1 (2, )]l 230y = QD Melltn (@, 1)1 20) 2
k=1

- 1
= O Aellvn(@,0)Z2) % = I1¥(2,0)]| 3 0)-
k=1

Let us consider an arbitrary function f(z) € L?(€2). Clearly, we have the expansion

F@) = (@), r(y, 0)) L2 () vk (2, 0)
k=1
and similarly
ezfot Hyy, (T)de(JJ) _ Z(el JS Hyy, (T)de(y), wk(% 0))L2(Q)wk(x7 0)
k=1

Thus, by means of (2.5) we arrive at the expansion

oo

f($) = Z(f(y)v W(?h t))L2(Sl)wk(x7t)

k=1
for t € [0,T). O

Furthermore, we have conservation of energy for solutions to the Schrodinger-
Poisson system in the following sense.

LEMMA 7. For the unique mild solution (2.4) of the Schridinger-Poisson sys-

tem (1.6)-(1.8) and for any value of time t € [0,T) we have the identity

1
H‘I’(fvat)llf-{;/z(m +5IVVIE @, A]lIZe o) = [¥(2, 0[]

1 2
N S IVVIE (@, 0)]lIz2()-

PRroOF. Complex conjugation of the Schrodinger-Poisson system (1.6) yields
O,

(26) _ZW = mJ)k + V[1/)]1/_)k, k € N.

Adding the k-th equation of the original system (1.6) multiplied by %, and the

0
k-th equation in (2.6) multiplied by %, we obtain

(2T S 0 2
STl + [ VIS olde =0, ke

Thus, multiplying by Ax, and summing over k, we find

2.7) %H\I/(:v,t)ﬂii/z(m —i—/QV[\I/(:v,t)]%n[\If(x,t)]dx 0.
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One can easily verify the identity
IV Ol =2 [ VIR0l ol
8t xZ, L2(Q) = o Z, 8tn x, X,

which we substitute in (2.7) to complete the proof of the lemma. (]

With the auxiliary statements proven above at our disposal, we may now prove
our main result, Theorem 1.

PrROOF OF THEOREM 1. The proof follows from the blow-up alternative and

conservation laws. It follows from Lemma 7 that [|W(t)|,1/2 @ is bounded from
N

above uniformly in time,

1
19O /2(0) < 1T 20 + STV (e

= [9O) s 0 + 5 IVV IO

2‘
Hy/2(
We need to bound ”‘I/(t)H?ﬂ (o). We recall the mild solution of the Schrodinger-
Poisson system (1.6)-(1.8), given by

t
(2.8) U(t) = e Tmtw(0) + e—iTmt/ e Tms F[U(s)]ds,
0
which implies
t
”\I/(t)HHi(Q) < H\IJ(O)”HIA(Q) +/0 HF[‘IJ(S)]”HIA(Q)-
From Lemma 2, we have

[E1ll7 ) = IVl ) < CIVIVIY 5y o)

- 1/2
<C (Z )\k|V(V[‘I’]¢k)||2L2(Q)> :
=1

Now,

IV @) < IVVIRIR]T20) + IVIZIVERIT2(0)
< IVVIRIIZs @ 19811 ) + VIV (0 VR ITZ2(0)
< [VV]¥]| %%Q)H‘/’H@p/z(g) + ||V[‘IJ]H%°°(Q)||1/}k|‘§{1(ﬂ)a

where we have used Holder’s inequality in the second line and the Sobolev inequality

171 5y 0y < Cll im0
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in the last line. To evaluate ||[VV[V]||1s(q), recall that AV[W] = —n[¥]. Applying
Holder’s and Sobolev inequalities, we get

IVVI¥]I L) < CIVV ]I o) < ClIn[P]1Z20)
<C Z ML ([9k]?, i) 2y < C Z e [[stnl|72 )

k=1 k=1

<C S Alele ey Il 2o

k=1

< C(Z Ak ||1/)k||§11(sz))(z Al ||§{1/2(Q))
=1

k=1
< Ol 112
We now estimate [|V[W]|| (). The Sobolev inequality implies
VI <y < Cllpl™/2n[0] 2.

We claim that |||p|~/?n[¥]||r2(q) is controlled by ||\I]||Hi/2(ﬂ)'

2l 2n[@lZ20) = (n[¥], [pl " n[¥]) L2 () < 0[]l Ls2(@lllpl~ n[¥]] 23 (o)
< Ol Za (o ol 29| /20
< O30 llpl 2]l 262

where we have used Holder’s inequality in the first line, and the Sobolev inequality
in the second line. It follows that

12w < C||w|2
lpl ™ “n[¥]| 2y < O HHL/Q(Q)’

and hence

2 4
||V[‘I’]||L°°(Q) < CH\IJ”#A”(Q)'

Combining the above estimates yields
||F[‘I’]||Hi(sz) < CH‘I’”%Zz(Q)||‘I’||H1A(Q)-

This implies

t
¥y or < 19O gy + | ColFe) g o

where Cj is a constant proportional to the initial energy

12O0) s 20 + 5 IVV IO

”?%1/2(9
N
By Gronwall’s lemma,

”\I](t)"?—‘{i(g) < Cleczt, t> 0.

By the blow-up alternative, this implies that the Schrédinger-Poisson system is
globally well-posed in Hi(Q) O
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