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Soliton interaction with small Toeplitz potentials for the
Szego6 equation on R
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Commumnicated by Yvan Martel, received August 8, 2011.

ABSTRACT. We consider the cubic Szegd equation with a small Toeplitz po-
tential and with soliton initial data

i0pu = T1(|ul?u) + eTpu

u(0, %) = e’ pon(po (x — ao)).
We show that up to time e~ 1/2log(1/¢) and errors of size £!/2, the solution
preserves the soliton shape u(t, ) = ae’®un(u(z—a)), and the time dependent

parameters a, &, ¢, b evolve according to the effective dynamics, up to small
corrections.
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1. Introduction
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One of the most important properties in the study of the nonlinear Schrodinger
equations (NLS) is dispersion. It is often exhibited in the form of the Strichartz

estimates of the corresponding linear flow. In case of the cubic NLS:

(1.1) i0u 4+ Au = |u|®u, (t,z) € R x M,
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Gérard and Grellier [6] remarked that there is a lack of dispersion when M is a
sub-Riemannian manifold (for example, the Heisenberg group). In this situation,
many of the classical arguments used in the study of NLS no longer hold. As a con-
sequence, even the problem of global well-posedness of (1.1) on a sub-Riemannian
manifold still remains open. In [5, 6], Gérard and Grellier introduced a model of
a non-dispersive Hamiltonian equation called the cubic Szégo equation. (See (1.2)
below.) The study of this equation is expected to give new tools to be used in
understanding existence and other properties of smooth solutions of NLS in the
absence of dispersion.

In this paper we will consider the Szegt equation on the real line. The space
of solutions in this case is the Hardy space L3 (R) on the upper half-plane
C4 = {#;Imz > 0}, defined by

L3(R) = {f € L*(R); supp f C [0,00)}.
The corresponding Sobolev spaces Hi (R), s > 0 are defined by:

0o X 1/2
H1(®) ~{h e L35 by = (5 [ 0+ IRy lhPde)  <oc).

The Szego projector II is the projector on the non-negative frequencies,
II: L*(R) — L2 (R)

mmm-iéqumﬁ

2m
For u € L% (R), we consider the Szégo equation on the real line:
(1.2) i0wu = T(ju*u), (t,z) € R x R.

This equation is globally well-posed in H J%r (R).
On L% (R) we introduce the symplectic form

w(u,v) = Im/ uvdx
R

and the real scalar product

(u,v) = Re/ uvdz.

R
Let D C L2 (R) be a dense subset of L2 (R). We say that a function F: D — R
admits a Hamiltonian vector field Xp : D — LA (R) if
dy F(h) =w(h, Xp(u)),

for all u, h € D. The function

1
1) = ; [ lu)f'ds
4 Jr
defined on L% (R), admits the Hamiltonian vector field

Xpr(u) = —ill([ul*u),

Thus the Szeg6 equation is a Hamiltonian evolution. The most remarkable property
of this equation is the fact that it is completely integrable in the sense that it posses
a Lax pair structure [13]. The Lax pair is given in terms of Hankel and Toeplitz
operators.
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A Hankel operator H, : L% — L% of symbol u € H}r/2 is defined by
H,(h) = I(uh).
H, is a Hilbert-Schmidt operator, it is C-anti-linear and satisfies

(1.3) (Hy(h1),h2) = (Hy(ha), hy).
A Toeplitz operator Tp, : L2 — L2 of symbol b € L*°(R) is defined by
Ty(h) = TI(bh).

T}, is C-linear and bounded. Moreover, T} is self-adjoint if and only if b is real-
valued.

In what follows we consider the perturbed Szego equation with a small Toeplitz
potential

(1.4) i0pu = T(Ju*u) 4+ eTyu.
This is no longer a completely integrable equation. It is still globally well posed

in HJ% (R) if b € H*(R). This can be proved by following the lines of the proof of
Theorem 2.1 in [5] on the global well-posedness of the Szegd equation.

If instead of the Toeplitz potential we considered a multiplicative linear poten-
tial bu, then the corresponding equation would no longer be Hamiltonian. However,
if we project to L3, obtaining this way a Toeplitz potential Tyu = II(bu), we con-
serve the Hamiltonian structure of the Szego equation. For this reason, the Toeplitz
potential is the natural generalization of the linear multiplicative potential in the
case of the Szegd equation.

The Hamiltonian of equation (1.4) is

/|u Jide + & /(:C)|u(:v)|2dx.

This yields that the Hamiltonian Hy is formally conserved by the flow. Note also
that the fact that b is a real valued function, yields the conservation of the mass
u) = [ |ul?dx.
The goal of the paper is to study the long time behavior of the solution of the
perturbed Szegd equation (1.4) having as initial condition a soliton of the unper-
turbed equation.

DEFINITION 1. A soliton for the Szego equation on the real line is a solution u
with the property that there exist c,w € R, ¢ # 0 such that

u(t, ) = e gz — ct).

In [13, Theorem 2] it was proved that all the initial data of solitons for the
Szegd equation on R are of the form

i¢o
,L-¢0 e 040

(1.5) ug = €' agpon(po(z — ao)) =

i )
T —ap+ m
where n(z) := %—i—i’ o, po € (0,00), and ¢p,ap € R, and that the corresponding
solution is

. ci(t) o
(1.6) ult, z) = e*Daguon(po(z — a(t))) = .

x—a(t)+

7
Ho

2 2 2
where ¢(t) = ==Lt + ¢ and a(t) = “Yt + ao.
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We show that the solution of the perturbed Szegd equation (1.4) with initial
data ug = €0 aguon(po(r — ag)) preserves the form u = e*®aun(u(r — a)) over a
large interval of time, and the time dependent parameters a, «, ¢, i1 evolve according
to the effective dynamics, up to small corrections. More precisely, the main result
of the paper is the following theorem.

THEOREM 1.1. Let b: R — R be a function in H'(R) with the property that
VeL'Y(R). Let 0<e<1land 0<d < % If u is a solution of the perturbed Szeqd
equation with a small Toeplitz potential

i0yu = T1(|u|*u) + eTpu
u(0, ) = age® pon(po(z — ao)),
where ag, ¢g € R and ag, po € (0,00), then

lu(t) = @O u(bn(ut)@ — a@®)) y < Ce2*8,

+

(1.7)

for times 0 <t < 61 v

and po, and a, o, @, p satisfy

L), where ¢q is a constant depending only on ag
c g onty

(1.8)
dZ%ﬁ—%f zz|n()|2d:v+0(1+%5),
G= 2 [V(a+ )y )|2d:v—|—0( 3,

"(a+
b )n
o=— -2/ ba n(@)[*dr — £ fbl(‘”'%)%|77($)|2dx+0(51+%)7
f=—% [V(a+ Dl )|2d:v+0( 143,

In addition, if a,&, ¢, i satisfy

a=%—:—ﬁfb'a+ )2 [n(z)|*de,
= [ >|n< Jde,
1.9 B 77“,
S £)(a) dx — £ ¥ (@ + )2 () Pde,

== ff”a+ﬂWKﬂ%%
with the same wnitial data ag, g, ¢o, po, then
la —a| < éodeztd In(4),
la — @] < édeztd In(1),
¢ — ¢| < Ede® In(2)?,
1= il < Goded+o In(L).

(1.10)

where ¢y depends on g, -
As a consequence if € is small enough cmd 15 <0 < =, then for times
0<t< - ——1In(L) we have that
g2

— Glnc

(1.11) lu(t) = a(®)e* O aem(a) @ - a)))|

1 —
Tk
The problem of studying the solution of a perturbed equation having as initial
condition a soliton of the unperturbed equation was first addressed in the setting of
the nonlinear Schrédinger equation by Bronski and Jerrard in [1] and their result
was improved by Keraani in [10, 11]. They considered the semiclassical regime
which is equivalent to adding a slowly varying potential V' (ez). The method consists
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in using the orbital stability of the soliton and the result states that the center of
mass moves according to Newton’s equation a”’(t) = —DV(a). It seems difficult
to adapt this method to the setting of the Szegd equation since it extensively
exploits the relations between the densities of mass, energy, and momentum. These
identities have no correspondent for the Szegé equation.

This problem was also considered by Frohlich, Tsai, and Yau and Frohlich,
Gustafson, Jonsson, and Sigal in the settings of the Hartree equation and of the
nonlinear Schrodinger equation with a general nonlinearity in [4, 2, 3]. Some of
these results were improved in [7, 8] by Zworski and Holmer in the case of the
one dimensional nonlinear Schréodinger equation with a Dirac potential and with a
slowly varying potential. In this paper we adapt the method of Zworski and Holmer
to the case of the Szegd equation.

The starting point in proving Theorem 1.1 is to determine the vector field
corresponding to the restriction Hp|ps of the Hamiltonian to the four-dimensional
manifold of solitons

M = {e“aun(x — a)),d,a € R,a > 0, u > 0}.

Then, we determine the flow of this vector field, called the effective dynamics. In
the case of the Szegd equation with a small Toeplitz potential the effective dynam-
ics are given in the system (1.9). We then decompose the flow of the perturbed
Szegd equation (1.4) into a part belonging to the manifold M and a part which
is symplectically orthogonal to M. We show that the part of the solution which
is orthogonal to M is small. Thus, the flow of (1.4) is close to M. Then, the
heuristics pointed out by Holmer and Zworski suggest that the flow is close to the
flow of Hy|pr, i.e. the effective dynamics. This can be rigorously proved and yields
the approximation (1.11).

In proving that the part of the flow which is orthogonal to M is small we con-
sider the Lyapunov functional and use the coerciveness of the linearized operator.

First we consider the functional £ : Hi/ 2 R,

(1.12) E(u) = i/|u|4d:§+ i/(@wu)ﬂdm _ é/|u|2dx.

Then n = %ﬂ is a critical point of &£, i.e. d,& = 0 since
i n
(1.13) 502n + (|nf*n) — 7 = 0.

The Lyapunov functional is defined by
L(w) = E(w + 1) — E(w)
1
and the linearized operator £ : H? — R is
' 1

(1.14) L(w) = &w = —%Bmw — 2T\, 2w — Hypw + 7Y

In [7], Holmer and Zworski consider the case of the nonlinear cubic Schrédinger
equation with a Dirac potential, that can be generalized to the case of a multiplica-
tive linear potential. The maximal time for which the approximation holds is of
order % Thus, the result we obtain for the Szegd equation with a Toeplitz poten-
tial (the natural extension of the multiplicative potential) is close to [7]. However,

working with the Lyapunov functional as it was done in [7] does not give the de-
sired result in the case of the Szegd equation, since we no longer have a Galilean
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invariance. Consequently, we use the linearized operator, as it was done by the
above cited authors in [8], in the case of a slowly varying potential.

Notice that the exact effective dynamics given by @, &, ¢, i, are an approxima-
tion of the solution of the perturbed equation only for times

1 1 ) 1 1
0<t< e In(-) < ——- In(-),
~ 6lncy gz 9 (5) ~ 6lncy e3 (5)
where § > 1%. (If we agree to have an approximation of order 5%, instead of
that of order 2735 that we have, we can actually go up to times 0 < t < ﬁ .

= ln(%)) For larger times, the approximation is only given by a,«, ¢, u, which
gﬁe perturbations of the effective dynamics. The fact that we cannot approximate
the solution by the exact effective dynamics for larger times (i.e. 0 < § < 1%)
is due to the estimate on |¢ — ¢| which is only of order O(¢2°~), while we need
an approximation of order 0(6%"’%). This difficulty is caused by the complicated
form of the effective dynamics and by the fact that the perturbed equation does
not conserve the momentum HuHi{1 2~ In the case of the nonlinear Schrédinger
+

equation with a Dirac or a slowly varying potential, the effective dynamics have
a simpler form and give a good approximation of the solution for all the range of
times considered in [7, 8].

The structure of the paper is as follows. In section 2 we briefly describe the
manifold of solitons. In section 3 we find the effective dynamics. In section 4 we
use the implicit function theorem to prove the orthogonal decomposition of the
flow and determine the equation of w, the part of the flow which is orthogonal to
M. In section 5 we prove the coerciveness of the linearized operator in directions
orthogonal to the manifold M. In section 6 we estimate w using a bootstrap
argument and in section 7 we conclude the proof of Theorem 1.1.

2. Manifold of solitons

We introduce below the manifold of solitons for the Szeg6 equation on the real

line.
For g = (a,a,¢,p) € R x R} x T x RY, where T = R/27Z, we define the
following map on L? (R)

ug-u, g-u(z):=ePapu(p(z —a)).
This action gives a group structure on R x R*} x T x R :

(a”a) ¢7 u) ! (a/7 O/7¢/a:u/) = (a//’a//7 //’ILL//)7

where
"o__ a’
a’ =a+ m
a// :aa/
(2.1) v ,
" =¢+ ¢

w = .
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We denote this group by G. In order to determine the Lie algebra g corresponding
to this Lie group, we compute

0a(a,1,0,1) - u) W —0zu
04[(0,,0,1) - u] T
1,,1)- =i
0,10.1,6,1) ], =i
0,[(0,1,0, ) - ] ) =20, u+ u=0(x - u).
p=

Then, the Lie algebra g is generated by
e1=—0y, e =1, e3 =1, e4 = 0y - x.
It acts on UyenM(N), where

AMN%_{gzi _J@gBy,Md%ungN—LBm)_prﬂAJn_1}

Notice that according to [12][Lemma 6.2.1], we have that UyenM(N) is dense in

L3 (R).
The action g is conformally symplectic in the sense that
(2.2) g'w = a*(g)p(g)w.

Indeed, with the change of variables y = u(x — a)
(g7)u,0) =T | (e = a))e Pop(ua - a)do
=a ,uIrn/ y)dy = o pw(u, v).

DEFINITION 2. The manifold of solitons is the orbit of n, n(z) = %_H., under

the action of the group G:
M =G -n={apn(u(z - a)),¢,a € R,a > 0,u > 0}.

We then make the following identifications:

(2.3) M=G-n~G, Th,)M=g-n~g.

For b = 0, the flow of Hj is tangent to the manifold of solitons M. This
corresponds to the fact that if w(0,z) € M, then u(t,z) € M for all ¢ € R. More
precisely, by equations (1.5) and (1.6), we have that if u(0,x) = e®aun(u(z — a)),
then

u(t,x) = g(t) -0 = e Dalt)u(t)n(u(t) (@ - a(t)),

where
a(t) = Sk
a(t) =0
) = =2t
fu(t) = 0.
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3. Effective dynamics

We will compute in this section the restriction to the manifold of solitons M of
the symplectic form w|y; and prove that (M, w|ys) is a symplectic manifold. Then,
we compute the restriction of the Hamiltonian Hp|ys, as well as the vector field
associated to Hp|ps. This vector field yields a flow on the manifold of solitons M,
that we refer to as the effective dynamics.

First we compute (w|ar), on T, M, at the point . Using

(@la)n(es ej) = Im / (e - m)(@) &y M @)de,

and the residue theorem, we get

(@lana(ersea) = =T [ O(—) —dto = =
(@haleres) =0, (@lalyleres) = 2. (wla)y(ea.es) = —
@lan)a(ez,ea) =0, (@lar)a(es ea) = 5.

Hence

(3.1) (wlar)y = g(da/\da+du/\da+2d¢/\da+d¢/\du),

Let us now compute (w|ar)g., for arbitrary g € G. By (2.3) we can identify the
action of g on M with the action g : G — G given by (2.1). Then, we have that
the differential d,g : T),M — T,.,M is given by

1
(3.2) dyg = ;da—l—ada—l—d(b—l-ud,u.

By equation (2.2), we have that

(3.3) Wy (dyg(u), dyg(v)) = o pwy, (u, v).
Then, equations (3.2), (3.3), and (3.1) yield

0 0 0 0
(@landgn (X1 (Gpdon + Xa(g0)on + Xslgglon + Xalgon
0

0 0 0
(8 )gn"‘YZ(a )gn+}/3(a¢)gn+y4(au)gn)
0 0 X4, 0
= () (10 (o) + 22 (), nt Xa(gpha+ g
8 Yy, 0 0 Y, 0
#Yl(%%ﬁ'f(a—)n+3§(a—¢)n+—4(a—u)n)
:ga u( da A da+dp A da + dd)/\da—l— dd)/\dﬂ)
0 0 0
(Xl(a )y —I—Xz(a )n +X3(8¢) +X4(8_u)m

Y(j) +Y2(aa) +Y‘°’(a¢) +Y4(3%)n)'
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Thus,

™

2 1
(3.4) wly = a3 (gda Ada+dy N do+ ~do A do+ dg dp).

One can easily verify that w|y; is a non-degenerate symplectic form and therefore,
(M,w|ar) is a symplectic manifold.

Let f be a function defined on M ~ G. Then, f admits a Hamiltonian vector
field X on M if

wln (- Xyp) = df = fada + fado + fudp + fodo,

where f, = % and fa, f, and f, are defined similarly. Denoting X = X1% +

a

XQ% + Xg,ai(25 + X;;% and using (3.4), the above equation is equivalent to

o*u% (£ (X1da — Xoda) + (Xudps — Xyda)
«

+ 2 (X2~ Xda) + %(X4d¢> ~ Xydn))
= fada + fozda + fudluf + f¢d¢

Then, the components of the vector field X are

X1 = — i (22ufy + afa),
Xo = a2—,2lz>77(04fa+04#f¢)7
X3 = Opiwr(.uf,u - O‘fa)v

X4 = _aziﬂ(ﬂf¢+2fa)'

This allows us to determine the Hamiltonian flow associated to Xy, = X (u),
which is given by (a, &, ¢, 1) = (X1, X2, X3, X4).
Let us now compute Hp|y and find its Hamiltonian vector field.

Hlto-n) = 1 [ outinte = a)lde + 5 [ bt n(ute - a)Pda

O[4 3 Oé2 2
== [t + = [ santua - a)Pda

4,3 2
= LT+ S [ bt Do) P
R

8 2

Taking f = Hy|n, we have that

fo= 252 [V(a+ 2)n(z)|*da,

fo = "5 tcop [ bla+ 2)|n(x)dz,

fo =0,

Ju =2 42 [h(a+ 2)n(e)Pde — <2 [V (a+ 2)2[n()[?de.
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As above, we determine the components of the Hamiltonian vector field associated
to f = Hp|a, and obtain that the flow of Hy|s is given by

o? T\
=2 [V(a+ 2) 2 () d,
& =22 [V(a+ 2)n(x)*de,
. 042 2 T r\x
=2 2 [b(a+ D)ln(a)Pde — £ [V(a+ £)2 () Pde,
fi= =% [¥(a+ 2)n(x)dz.

4. Reparametrized evolution

d:

Our goal is to show that the flow generated by Hj can be approximated by the
effective flow of Hy|p. In order to do so, we decompose the solution wu(t) of the
Szegd equation with small Toeplitz potential (1.4), into a component belonging to
M and a component which is symplectically orthogonal to M in the sense that:

(4.1) u(t) =g(t) - (n+w(t), w(w),Xn =0X¢€g.
The key point is to prove that the orthogonal component w is small.

Let us show that the above decomposition/reparametrization is indeed possible
at least for short time.

LEMMA 4.1. For a compact subset 3 of R x R} x T x R and v > 0, denote by
1
Usny = {u € H?+; inf Ju—g- nIIH% < 7}-

a y-tubular neighborhood of 3.
There exists vo = vo(X) such that if u € Us, , with v < 7o, then there exists a
unique element g(u) € X with the property

w(g(u)_l "U,—’I]7X 77) =0,VX € g.

PRroOOF. Consider the function F : HJ% x G — g*,
Fu,h)(X)=w(h-u—mn,X-n).

We want to solve F'(u,h) = 0 for h = h(u). We verify that the function F satisfies
the hypotheses of the Implicit Function Theorem:

(i) F(u,h) is of class C* in h,

(i) F(g-n,g7') =0 for all g € G,

(iii) dpF(g-n,g7") : T,-1G — g* is invertible for all g € G.

The first two properties can be checked directly. As for the third property, it
is enough to check it for g = e = (1,0,1,0), the unity of the group G. Thus, since
T.G = g, it is enough to check that d, F(n,e) : g — g* is invertible. But
dnF(n,e) = (w|ar)y which is non-degenerate because, in the basis {e; - n}7_; of g,
it writes

0o -1 0 -1
|1 0 -2 0
210 2 0 1]’
1 0 -1 0
whose determinant does not vanish. O

Thus, the orthogonal decomposition (4.1), with w(t) = g(¢)~! - u(t) — n, holds
as long as u(t) is close enough to M = G - 1.
In order to find the equation that w satisfies, we need the following lemmas:
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LEMMA 4.2, Ift — g(t) = (a(t), a(t), d(t), u(t)) is a C* function and
u € UyenM(N), then

Lo(t) -u=g(t)- (V (1)),

where Y (t) = a(t)u(t)e; + %62 + ¢(t)es + %64.
PROOF.

L o(t) v = (e apu(u(x — a))
=igeapu(p(z — ) + e apu(p(x — a)) + € aju(u(z — a))
+ e Papdyu(p(e — a))pr — P apdyu(p(e — a))(fa + pa)
=bg-ea -0+ 50+ (e + 2g- (ea- ) +ing - e w)
—g- (Y (t)u).

We also need Lemma 2.1 from [8], that we restate in the context of our problem.

1 1
LEMMA 4.3. Suppose that g : H? — H7F is a diffeomorphism such that
1 1
g*w = p(g)w, where p(g) € C*(H},R*). Then, for f € C*°(H},R) we have that

(971X 1(9(p)) = — X (p), p € HE.

r(9)

In the next proposition we determine the equation satisfied by w.

PROPOSITION 4.4. If the solution of the perturbed Szego equation (1.7) can be

reparametrized as in Lemma 4.1, u(t) = g(t) - (n + w(t)), for all t in an interval
(t1,t2), then w satisfies the following equation:

T

ow=—-Xn+ (—iaH(b(a—i— =)n) +2Bey-n—Cez-n+ (A+ B)es -n+2Ce4-n>

=

- Xw+ (—isl‘[(b(a—i—f)w) + 2Be;y -w—Ceg-w—i—(A—l—B)eg-w—|—2Ce4-w)
W
+io?p? Lw — i Nw,
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o?u? o?u?
2

(4.2) X = (ap— 1

+2B)e1+(g—0)e2+(¢3+ + A+ B)es

+ (E + 20)64,
I
i 1
Lw = —Eamw — 2Ty 2w — Hyppw + Zw,
Nw = I (Jw*w + |w[*n + 2wRe(n)),
g X
A== 1]0b — 2d
2 [ba+ Dinta)ds

€ x dz
Bzz—/b’a—i——xnx e
= [+ Dyalap s

€ [ via+ Byn@)pe
= [Was Dn@P.

1

C:

PROOF. Denote t =w+n=g9"~
Ou=0(g-(n+w)=g-Y(n+w)+g-oww.
Then, Lemma 4.3 yields
ow =Y (n+w)+g 'ou
==Y(n+w) +g  Xn,(u) = =Y(n+w)+g ' Xn,(g0)

u. Then, by Lemma 4.2, we have that

1 -
= —Y(?] + w) + a—2ng*Hb (u)

Since

4 3 2
(g*Hy) (1) = Hy(gil) = a4“ /|a|4dac+ %/b(mr %)|&|2d:v,

we have that
(X1 (@) = =M1 (040 + <o pb(a + )i
and therefore,
(4.3) dw=—Y(n+w) - a%'uﬂ(oflugln +w?(n +w) +ea’pub(a + %) (n+ w))
:( —Yn—iell(b(a + %)77)) + ( —Yw —iell(b(a + %)w))
— i 211 (2Re(n)n + nf*w)

- ia2u2H(|w|2w + 2Re(nw)w + lezn) — i p*TI(|n[*n).

Denoting
a2 a2
(4.4) X=Y+(- +2B)er — Cez + (—— + A+ B)eg + 2Cey,
and noticing that
a2 a2 ats i
e = T o, ez-n=ca'u’n,

2 2 4 4
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and similar relations hold for w, we obtain
Ouw = — Xn + ( — ieTT(b(a + E)n) 4+ 2Be;-n—Ces -1
+ (A4 B)es-n+2Cey ~77)
— Xw+ ((—ieTl(b(a + E)w) +2Be; -w— Cey - w

+(A+B)e3-w+2064-w)

—ia’p? (H(2|nl2w +iPw) + %f%w - %) —ia?p? (H(Inlzn) + %3177 - g)
- iazuzﬂ(|w|2w + 2Re(nw)w + |w|277).
Equation (1.13) and (1.14) yield the conclusion. O

REMARK 4.5. Notice that X = 0 is equivalent to a, «, ¢, i satisfying the effec-
tive dynamics (1.9).

LEMMA 4.6. If the solution of the perturbed Szego equation (1.7) can be
reparametrized as in Lemma 4.1, u(t) = g(t)-(n+w(t)) at time t, then the L*>-norm
of w(t) is equal to

@l = (g~ 1)

Consequently, o(t)u(t) < aduo.

PROOF. By the conservation of the L2-norm of the solution of the Szegd equa-
tion with a Toeplitz potential, we have that

w 2 _ —1y, 2 1 u 2 _ HU(O)Hiz _ m%uo
In+w®)lz- = llg(®) (t)HLQ_iag(t)‘u(t)H ()I7 D) D)

By the orthogonality of w and 7, we have that w(w, X -n) =0, for all X € g. In
particular, taking X = es, we obtain

(w,m) = Re/wﬁd:z: = —Im/wﬁdaz = —w(w,e3-n) =0.
Then
In+w®ll7: = Inl7z + lw®)7 =7 + [w(t)]Z2,
and the conclusion follows. O

Next we define P, the symplectically orthogonal projection on the manifold of
solitons M. We also give two technical lemmas concerning some properties of P.

DEFINITION 3. Define the projection onto T)yM = g-n ~ g by
P: (Unen M(N)) = g.

w(u—Plu)n,Yn) =0,VY € g.
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LEMMA 4.7. Let || - || be a norm on g obtained by using the standard R* norm
1
in the basis {e1, ez, e3,es}. Then, for allw € H? andY € g, we have

I1P(Yw)l| < CIY[[[[w] Lz,
IPEN W) < Cllwll® y (lwll

+

+1).

1
i}
1
PROOF. Let P = Z?:l Pje;, P;: H, * — R. Then the definition of P yields
4
(w|ar)n(u— Z Pjej-n,aier - n+ azes - n+ azes - n+ aseq - n) =0,
j=1
for all a; € R. Then, it follows that
T T T
ay (w(u, e1-n) — §P2 — §P4) + as (w(u, ex )+ §P1 — 7TP3)

+ a3(w(u,e3 -n)+ 7Py + gP4) + a4(w(u,e4 -n) + gPl - ng) =0,

for all a; € R. Therefore,

Pi(u) = % w(u,ea-n) — 2w(u, ey - n)),
Py(u) = 2( —w(u,e5 - n) —wlu,ern)),
Ps(u) = % w(u,ea-n) —wlu,eq- n)),
Py(u) = % 2w(u,eq-n) +wlu,es- n))

The conclusion follows by using the Cauchy-Schwarz inequality and integration by
parts. For example, for P; we have

1Pyl <| [ vun|+2| [vudGen)
=\/(—Y181w+Yzw+z'Yio,w+n8w(:vw))ﬁdw\
+2‘/(_Ylaxw+Y2w+iY3w+Y4az(xw))de‘
§|\Y||(’/w81ﬁdx’+2’/wﬁdﬂc’—|—’/xw3177dx’+2’/w8§(xﬁ)dz’

+4‘/w8m(xﬁ)d:c‘ +2‘/xw8§(xﬁ)dz’)
<C|IYlllwl 2 (182n]] 2

+lnllee + 20l Lz + 102 (@n)ll L2 + 202 (2n) £2)
<C|[Y[[Jwl|>-
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By using the Sobolev embedding Hz (R) C LP(R) for all 2 < p < oo, we have
[P (iNw)|| =[lw(iNw,n) — 2w(iNw, Oy (xn))]|

S’/|w|2wﬁda:—|—/|w|2|77|2d:c—|—2/wRe(77ﬁ))ﬁda:
+2’/|w|2w8m(xﬁ)da:+/|w|2778m(:1:77)da:

+2/wRe(777j))8w(xﬁ)dw‘
<C(|w?) 2 + w?llre) < Cllwllza(llw]lzs + [[wlZs)

2
< ||w||H% (IlwllH% +1).

O

LEMMA 4.8. If f : R — R is a function of class C* such that f' € L*(R)NL*(R)
and f € L=(R), then

P(Il(ifn)) = %(/f’(x):vm(:vﬂzd:v) T %(/f’(m)|n(m)|2d:§) es
([ r@m@Pds+ [ PP e
+2( [ r@ht)Pds)e

PROOF. Let Y = Z?:l aje; be an arbitrary vector in g. Then, integrating by
parts we have

w(II(ifn),Y -n) = w(ifn, arer - n+ azez -0+ azes -n + aseq - 1)
= Im( —a /ifn@zﬁdx + ag/ifnﬁdx
—l—ag/ifn(—i)ﬁdx—l—cu/ifn@z(xﬁ)da:)
— =% [ 0Py + s [ Sl
+aike [ fla)n(a) (n(e) + 20,7(0)) dz
=% [ FnPde+ @+ an) [ finde =5 [ @ @)+ £@)n(o)Pdo
=% [ ripde+ @2+ ) [ fnPde -3 [ £@palnta)Pds.

Using the formula for (w]nr), we have
o2 [ Fwah@Pa)e - ([ ra@m@pd)e
+ %(/f($)|77(33)|2d50+/f/(ar)x|77(3:)|2d;1;)63 -
+2( [ r@inpar)es .y )



16 OANA POCOVNICU

a ay a
=% [ P+ e+ ) [ finde = 5 [ F@palnte)Pde
By the definition of the projection P, the conclusion follows. O
LEMMA 4.9.

P(—ieH(b(a—l— %)n) +2Bey-n—Ces-n+(A+ Bes-n+ 2Oe4~77) =0.
PROOF. Take f(z) = eb(a + 5) in the above lemma. O

REMARK 4.10. Lemma 4.9 and equation (4.4) show that

o a2
y Ty
Thus, X is the orthogonal projection on the manifold of solitons of a significant

term of the right-hand side of the equation (4.3) satisfied by w.

€3.

P(=Yn—iTl(ba+ %)n)) X -

In the following we intend to give an estimate for || X||. We need the following
definition and Lemma that we cite from [8, Lemma 2.2].

Let f € C’OO(H_%,]R) and suppose df (po) = 0. Then the Hessian of f at pg is
well defined f”(po) : Ty, HZ — T HZ. We identify Ty, HZ and T H? using the
inner product and we define the Hamiltonian map F : T, Hé — TPUHJ%r by

F=—if"(po), (f"(p0)X,Y)=w(Y,FX).

1 LEMMA 4.11. Let ]1\] C HJ% be a finite-dimensional symplectic submanifold of
HZ2 and let f € C*(HZ,R) such that
X;(p) € T,N C T,H? pe N,
If po € N and df (po) = 0, then the Hamiltonian map satisfies
F(T,N) C T,N.
LEMMA 4.12. If the solution of the perturbed Szego equation (1.7) can be
reparametrized as in Lemma 4.1, u(t) = g(t) - (n + w(t)), for all t in an inter-

val (t1,t2), ||w(t)|p> s small enough, and 5 < u(t) < 3*2“), then the wvector X
defined by

a2u?

: @ L, oPp? i
XZ(G/L— +2B)€1+(a—C)€2+(¢+T+A+B)€3+(;4—20)64,
where the expressions of A, B,C can be found in equation (4.2), satisfies the in-
equality

).

IX1I < Clellwlize + wl? 4 + [lwl® ,
H? HZ

REMARK 4.13. Lemma 4.12 yields that if ||w]| /2 is small, then [|X]| is also
+

small. On the other hand, we noticed in Remark 4.5 that || X || measures how far
a, o, ¢, v are from the effective dynamics (1.9). Thus, the Lemma 4.12 shows that
if one can prove that w, the part of the flow which is orthogonal to the manifold of
solitons, is small, then a, «, ¢, u are perturbations of the effective dynamics.
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PrOOF. Note first that P(Y -n) =Y, for all Y € g.
Since w(w,Y -n) =0, for all Y € g, it follows that Pw = 0 and PO,w = 9, Pw =
0. Then, by Proposition 4.4 and Lemma 4.9, we have

0=—X — P(Xw) + > P(iLw) — o> P(iNw)
—|—P(—i5H(b(a—|— E)w)+2Bel cw—Ces-w+ (A+ B)eg-w+2Cey ~w).

By Lemma 4.7, we have that
[P(Xw)| < ¢l X|l[|wl]| 2,
[P(INw)| < clw]? ) (Jwll 3 +1).
H H?

+

We prove that P(—iLw) = 0. For £ defined by equation (1.12), we have that X¢ is
tangent to M, which corresponds to the fact that if the initial data is in M, then
the flow of Hy stays in M. Then,

1
(Xe)gm CTynM C Ty H?.
Then, by Lemma 4.11, we have that the Hamiltonian map of £, —iL, satisfies
(—iL)(T,M) C T,,M.

Then, since w is orthogonal to T, M = g -n and T|,2, H,> are symmetric with
respect to the real scalar product, we obtain that

w(—ilw, X -n) = Im/ —iLwX -ndx = —Re/ﬁwX ‘ndr = —(Lw, X -n)
=—(w,L(X -n)) = Im/w—iE(X -n)dx = w(w, (—iL)(X -m)) = 0.
For the last term, we first notice that we have
€ x
@) 1A1=Z| [ sa+ Do) de] < celpllilale < c=.
€ x dx
B:—‘ bia+ 2 2_‘< % 2(2)|| oo < ce.
1Bl =~ / (a+ u):vln(:v)l M cel[t'l rllzn” (@) Lo < ce

€ T dx
C :—‘/b'a—i—— n(x 2—’§ca V1|0 e < ce.
€=~ ( u)H)' . [eaivRsvlii
Using the expression of P we found in the proof of Lemma 4.7, we obtain that
HP( —iell(b(a + E)w) +2Be;-w—Cey-w+ (A+ Bes - w+2Cey - w) H
1
< cefwl|z>.

By Lemma 4.6 we have that o?u < apug, and thus we have

IXI < el X Mwlize + pllwll? 5 + pllwll® 4) + cellw] e
H H

+ +

If ||w]| 2 is small enough so that ¢||wl||p2 < 1, then we write

(1 = cfw|2)[[X]| < c(ellwllz2 + ullwl\i{

)’

+ pljw]?
3 | IIH%

To conclude, we use the fact that p(t) < 3% O
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5. Coerciveness of the linearized operator £

In this section we prove that the linearized operator L, defined by equation
(1.14), is coercive in directions which are symplectically orthogonal to the manifold
of solitons M.

LEMMA 5.1. For all f € Ker(H,2) N H_%_, we have that
1
CUNEEI
Hy

N2
PROOF. Since n(z) = —i=, we have that Ker(H,32) = (i;:) L% Let

N 2 1
f € Kex(Hy2) N HY, f = (£2) h, where h € HF. Then

Tinj2 f :H((x—i-i)l(x—i)(axc—;:yh) B H((;;22)3h) B (;;Z)Bh

and
1 1
‘C(f) = _iamf_2T|n|2f_H772f+Zf
T —1 T /x—1\2 T —1 1o —1\2
L I PR S W VL
(x+14)3 2\z+1 (x4 1)3 +4 x4
T—1\2, 1 1
= —=0,h+ =h),
(x—l—i) ( 2 +4 )
and thus, using |§I_z| = 1 and the Plancherel identity, we obtain

0 = (55) (50eh g, (55) W) = (= 50+ i)

_1 < 1 2 l 2
=3 ), @@+ qIsE = 3117

O

In what follows we need a Kronecker-type theorem characterizing the Hankel
operators of finite rank. We state this theorem bellow. For the proof we refer to
[13].

THEOREM 5.2 ([13]). The Hankel operator H,, has finite rank N if and only if
u s a rational function which belongs to M(N), where

M(N) = {2&2 € Lﬁ_’ deg(B) = N, deg(4) < N—1, B(0) =1, p.g.c.d.(A,B) = 1}.

Moreover, if u € M(N), u(z) = ggzg, where B(z) = H;Zl(z —pj)™i, with
Z;.Izl m; = N and Imp; <0 for all j = 1,2, ..., J, then the range of H, is given by

RanHu = Spanc{m, ~ ~
J j=1

PROPOSITION 5.3. Ifw € H_% is such that w(w, X -n) =0, for all X € g, then

1
(Lw,w) = gl ;.
H

+ o=
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Proor. By the Kronecker-type theorem, we have that the range Ran H,: is
generated by all the fractions having as a numerator a complex number and as a
denominator a factor of n2. More precisely,

1 i 1 1
R, H — { 9 e B 9 . }
an(Hyz) = spang r+i x+i (v+14)2 (z+1i)2

= SpanR{nv ”77 _Zawna Zaw (5577)}
= spang{iej - 1, ieg - n,ie3 - 1, ieq - N}

On the other hand, we have that w(w, X -n) = 0 for all X € g, which is equivalent
to

0=w(w,e;-n) :Im/wej -nd:sze/wiej -ndx = (w,iej - n),

for j = 1,2,3,4. Thus w belongs to the orthogonal of Ran(H,?2) with respect to
the real scalar product. Since H,2 is C-antilinear, w belongs also to the orthogonal
with respect to the Hermitian inner product in L?, which is Ker(H,2). Hence

w € Ker(H,2) N H_% By Lemma 5.1, the conclusion then follows. O

6. Main estimates

In this section we estimate w, the part of the flow which is symplectically
orthogonal to the manifold of solitons, and prove that it is small.

LEMMA 6.1. If the solution of the perturbed Szego equation (1.7) can be
reparametrized as in Lemma 4.1, u(t) = g(t) - (n +w(t)) on a time interval (t1,12),
1

B < pu(t) < 5, and w(t) is small enough in the HZ-norm, then the following
estimate holds

1
|0 (Lw, w)| < cellw]| 3 +cel|wl? y + cfw]? :
2 H H

 +clluw]®
i H

+ o=

1 1
H? 2
where ¢ is a constant depending on oo and .
ProoOF. We have that
1
5(’%(&1}, w) = (Lw, pw)
:<£w7 —X77>
+ (Lw, —iell(b(a + %)77) +2Be;-n—Cey-n+ (A+ Blesg-n+2Ceqs - 1)
+ (Lw, —Xw)

+ (Lw —zeH(b( M)w) +2Bey - w —Cesg - w
+ (A+ B)es - w+2Cey - w))
+ (Lw, i0? 2 Lw) — (Lw,ia’ > Nw)
=I+II4+1II4+1IV+V + VI

and we will estimate each of the six terms. The challenge is to deal with the terms

1
containing d,w since we only have w € H} (R). In what follows we focus on such
terms, the rest of the terms being easier to handle.
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We set X = Zj:l aje;. By Lemma 4.12, we have that

).

jaj < e(ellwlpz + lwl? 4 + [lw]®
H H

1
2
+ +

For I, we integrate by parts

Re(dl/%amwmd:v) =Re(dl/%w8§ﬁd:ﬂ)

and apply the Cauchy-Schwarz inequality for each term. We obtain

).

1 < el Xlllwl2 < elellwllZs + w4 + [lw]l?
H H

1
2
+ +

For II, integrating by parts and using Cauchy-Schwarz, we have
Re(/ %&Ew ieb(a+ %)ﬁdm)

€ T.1 T
= —-R V(a+ —)—ndr + bla+ =)0'd
5 e(/w (a ) ndx /w (a )n x)

1
< cellwl pellnll Lo 10 2= + cellwll 2|0l L2 [1b]l L
1
< CE(l + W)HMHLQ
1
Using the equation (4.5) for the rest of the terms, we obtain

IIT] < cefjw]| 2.

For IIT and IV we analyze each term. Besides integrating by parts and using
Cauchy-Schwarz or Holder inequalities, a key ingredient is the fact that we deal
with the real scalar product.

4 . 4
i
Il = (Lw, —Xw) = Re(jg_l a; / iaxwej ~wdz + 2;:1 a; / In|>we;—wdx

4 4
+ ; aj /772—w6j —wdx — i;aj /wej - wd:z:) = (1) + (ii) + (iii) + (iv).
Then
. 7 i B a
(1) = Re( — a1§ / |3zw|2 + a,2§ /(?xwwd:c—l— ZB /8z(|W|2)da:
+ait [ dowwds + as |0 w|2dx)
45 " 15 X

_ _G2+a4 / lﬁxwmdu’c __G2tay / €l (€)|2de
2 i 2 0

as + ay
= —Tl\wlliyz < IIXIIIIwHiI :

+ o=
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by the Holder inequality we have
(i) = 2Re( —a / In*wd,wdx + as / [n|?|w|?dz — agi/ In|?|w|>dx

+a4/|77|2|w|2d117+a4/|77|2xw8xmda:)

. / (020, (juo?)dz + 2(az + az) / n2lde + as / 0220, (|w]?)dz

< || X|lflwlz

similarly
(iil) = Re( - % /77231 (W?)dx + az /nQEQdI - agi/nQEQd:c

+a4/n2w2d:c+ %/n2xﬁz(ﬁz)da:)

< el X llwlz-,

and
1
(iv) :—ZRe(—LLl/wazwd:c+a2/|w|2da:—a3i/|w|2da:
+a4/|w|2d:ﬂ—|— %/xw@wwdx)
_ Ll a 2 2 %/ 2
= 4( 5 /Bm(|w| )dx+(a2+a4)/|w| dx + 5 20z (Jw] )dw)
1 ay 2 2
= e+ %) [ far < | Xl
Hence

1] < el x| lel? , < e(ellel® , + full® , + w]? ).
H2 H? H? H2
For IV we have

IV = Re/ %(%w(ieb(a + %)m +2Be;r-w — Cez-w

+ (A+ B)es -w+2C’e4~w)d:c

+ 2Re/ |n|2w(isH(b(a + %)w) +2Be;-w — Cez-w

+ (A+ B)es -w+2C’e4~w)d:c

+ Re/an (isH(b(a + %)w) +2Be;-w— Cez-w

+ (A+ B)es -w+2C’e4~w)d:c

1
- ZRe/w(isb(a—l— %)ﬁ) +2Be;-w — Cez-w

+ (A+ B)ezg-w + 2Ce; - w)d:c
= (1)+(ii)+(iil) +(iv).

21
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By the equations (4.5) and the Sobolev embedding Hz(R) C LP(R), 2 < p < oo,
we have

(i) = — i/ab(a + %)8z(|w|2)da: - BRe/i|8xw|2da: - %Re/iazwmda:

A+ B
LAz / 0, ([w|?)dz + CRe / 10, wdz
4
_ € / < 2 c 2 CE 2 2
—@/b (a+ ;)lwl dx — §lelgé < —u1/2”b | z2]lwl|74 +C€||w|\H%

1
<ce(1+ —um)llwl\z%,
+

For (ii) we only analyze the terms containing d,w. By the equations (4.5), we
obtain

—4BRe/|n|2wazwd:c+4CRe/|n|2xwazwd:c
:—2B/|77|28x(|w|2)d:c+20/|77|2:178x(|w|2)d:c

2B / O (Il wl?dz — 20 / O, (In]?) w2 de
< cellw|2s.
Thus

.. 1
(ii) < ece(1+ m)”wﬂiz

and similarly we obtain the same bound for (iii). Computing the last term, we
obtain that (iv)=0. Hence

1 2
[IV] < ce(1+ W)HU’HH%'

Since we work with the real scalar product, it follows immediately that V=0. For
VI again we only analyze the terms containing d,w. The important step is to group
together wi + wn € R.

— 0 (gdew. i + 2wy + wT)
2 o] 2 2 L 24 = 1 o
=—au (Z |w]? 0 (|w|?))da + §Re |w|* Oy wijdx + §Re (%ww(wn—i—wn)dx)

— —a2u2(é/8m(|w|4)d:v+ %Re/|w|2ﬁmwﬁdw+%/81(|w|2)2Re(wﬁ)dx)

1 1
= —a2u2(§Re/ |w|?0,widx — 5 / lw|*2Re (70w + w('“)mﬁ)dx)

= a2,u2Re/ |w|*wd,Tdr < cap?||wl?
H

+ o=

For the other terms it is enough to apply the Cauchy-Schwarz and Sobolev inequal-
ities. Using Lemma 4.6 we obtain

VI < cass ([l 5 + Tl + lw]?

H

).

) < cagpop(||w]?
H

1
2
+

+ o=
+ o=
+ o=
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In the following, we combine the inequality in Lemma 6.1 with the coerciveness
properties of the linearized operator £, to obtain an estimate for ||w||H 5
+
PROPOSITION 6.2. Suppose the solution of the perturbed Szego equation (1.7)
can be reparametrized as in Lemma 4.1, u(t) = g(t) - (n + w(t)) on a time interval
[t1,t2] and B2 < p(t) < B2 Let 0 <e <1 and 0 <6 < 5. If [ta — t1] < —— and
g2

[Jwll y <et,
Leo([ta 2] HE)
then
146
< t =
||wHL°°([tlyt2]7H%) < colfw( I)HH% teoe T,

where cg > 2 is a constant depending only on oy and pyg.

PrROOF. Integrating from t; to to the estimate in Lemma 6.1, we have that

(Lw(tz), w(tz)) <(Lw(tr), w(tr)) + c(t2 — t1)€|\w||Loo([t1)t2])H%)

1+ C(tz — 1t Hw||3 1
m([t11t2]1HE) Lm([tlvtﬂ#HE)

+ ety — t1)w]* 1+ (ta —t1)]Jw|® 1
Leo([tr,t2],HE) Lo ([tryt2], HY)

+ elta = to)elwl?

On the other hand, we have

1 1
(Lw(ty),w(t)) :§Re/€8mw(t1)w(t1)d:c—2/|77|2|w(t1)|2d:17

1
—Re/nQE(tl)Qd:c—F Z/|w(t1)|2d:17
1 1
SEHw(h)IIz% + 2|l Zeo llw(tn)lZe + il w122 + ZHw(tl)HQp
+

<dllw(t)l? 4.
H+
Together with the coerciveness of the linearized operator £ in Proposition 5.3, this

yields

1 2 2
—||w <4||w(t + c(ta — ty)el|w 1
T2 oty SURCOI s =il
+ c(ty — ty)eljw]? 1 Fe(ta —ty)|w]? 1
Leo([ta,tz] HE) Loo([ta,t2], HE )

+e(ta = t)l|wl® L
Loo([tlvtﬂ#HE)

Since c(ty — t1)e = et < £ we can pass the term c(ty — t1)e[|w[[? , to the left
H?2

+
hand-side of the inequality and with the estimates in the hypothesis we obtain

1
= Jlwlf? L <AJwt)|? 5 + 3ee .
8 Lo ([t1,t2],H?) H?

This gives us the conclusion with the constant ¢y = max(32,24¢) depending only
on oy, o- O

The proposition below is the main step in proving Theorem 1.1.
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PROPOSITION 6.3. Let ¥ be a compact subset of Rx R x T xRY, 0<4d < %,

and let € > 0 be such that €3 < Yo, where vy was defined in Lemma 4.1. Suppose

infgex [|u(0) — g - 77HH% <ezts. Then, for all
+

1 1
0<t< (=
sts 6lncy g3-9 n(£>’

the solution of the perturbed Szegé equation (1.7) at time t can be parameterized as
in Lemma 4.1, u(t) = g(t)(n + w(t)). Moreover, we have

(6.1) ool y, Se Hw(O)]] 4+t
Le<([0,t],H}) HZE
and
<y < 20
2 - - 27
PRrROOF. We use a bootstrap argument. Set
= i _g. i fo 3ko
(6.2) T:=sup{t>0 i lu®) =g nll o .4, 172y S €75 S p() < 5 }
We intend to show that 7" > ﬁ - ——1In(%). Suppose by contradiction that
€2
) 1 1
T<—— ——1In(-).

6lncy g3-9 e

Since infgey [Ju(t) — g(¢) '77HL~'>°([0 g2 < £2 < 4o forall 0 < ¢ < T, it fol-
AL H Y

lows by Lemma 4.1 that the solution of the perturbed Szegé equation (1.7) can

be reparametrized as u(t) = g(t) - (n + w(t)) for all 0 < t < T, and moreover

||w(t)||Loo([O)t] iz < e2. We apply the Proposition 6.2 successively on the in-

R
tervals [0, —], [ i(;, ;2,5]7-"7 [’1‘}5, 15]. For ¢ in the interval [O,ﬁ], we
£2 €2 €2 €2 €2 £2
obtain
146
Jw(®)], < o]+ coe'"
Using this information for ¢ = -1~ we obtain for t € [1—, —2=] that
£2 £2 £2
)
lw@)l| 5 < c3lw(0)] 3 +co(l+co)e™ .
£ i
Ultimately, we have that for all ¢ € [0, -]
£2
il 146 k=1 145
k AP 0 %
(O, < HlO],,3 + el D =],y + e

co—1

=0
k
Since ¢y > 2, we have that ¢ o < 2¢k. Take k such that cf = a*%, which is

equivalent to

Then,
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Therefore, we have for 0 <t < 0 — . -1 In(2) that
£2

61nco
(6.3) [w ()]
and by Lemma 4.12 it follows that

X)) < et

By the definition of X (4.2), it follows that
|2 +20] < st
I
Thus
) 2 d
B 28 /b'(a+ E)|n(m)|2—x toeetE,
p ™ I I
Integrating from 0 to ¢, where 0 < t < 90— . ?7% ln(%), and using the change of

61nco
variables y = a + 5, we obtain that

t 0 1
0 () < el sl + ¥ < 2 A )
Since around zero we have the Taylor expansion In(1 + z) = x + O(2?), it follows

that

,u(t) — Ho < cd _E%Jré ln(l)
1o 61ncq €
Hence, we obtain

1
(t) = pro] < 00+ In(2),

where ¢y is a constant depending on «g, 9. Thus,

2#0 4/L0 é 1 1
6.4 — < t) < — fi 0<t< ——In(-).
(6-4) 3 S <3 or <SS e s ()

Equations (6.3) and (6.4) show that the conditions in the definition of T' (6.2)

hold with better bounds, i.e. 3¢3%3 instead of 5%, Ao jpgtead of 3%, and 2%

3
instead of £, for 0 <t < 611‘];00 - ——1In(1). Since w(t) and u(t) are continuous

with respect to time, it follows that there exists ¢y > 0 such that the conditions
in the definition of 7" with exactly the same bounds as in that definition hold

for times 0 < ¢t < ﬁ . —llfs ln(%) + to. This contradicts our assumption T° <
g2
ﬁ . 5%%5 1n(%). Therefore, the conclusion of the proposition follows. O

7. Proof of Theorem 1.1

In this section we prove that Theorem 1.1 follows from Proposition 6.3.

PROOF OF THEOREM 1.1. First we notice that «(0) = g(0) - n, where
9(0) = (ao, a0, do, po). Thus, by Proposition 6.3, it follows that u(¢) can be

reparametrized as u(t) = g(t) - (n + w(t)) for times 0 < ¢ < Glr‘ch - 7—=1In(1),
g2
and moreover
1.8 fo 3o
t <Berts, — <put) < —.
0O, gty <305 <t <
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By Lemma 4.12 we then obtain
(7.1) X < ce't¥.
Proceeding as in the last part of the proof of Proposition 6.3, we obtain that
1
|(t) = po| < Gobe3 0 In(=).
€

for0<t< 2. 5%%5 In(2). Similarly we have |fi(t) — po| < Godezto In(2). Then

61nco
1
() = F(1)] < Zode* 0 In(-).
By equation (7.1) and using the definition of X, it follows that
‘g. — C‘ < CElJr%.
@
Thus

&
— <
«

SRS

d
/b'(a + §)|n(:v)|27x Tt E,

Proceeding as we did for u(t) and possibly making the constant ¢y larger, we obtain
that

|a(t) — ap| < Gobe3 ™0 In(

)7
)7

la(t) — a(t)| < Ede? ™0 In(

M [ ==

for 0 <t < 52— 5 In(1).
g2
We thus proved that for the above range of time, p(t) and «(t) stay close to
1o and ag respectively. The definition of X (4.2) and the estimate (7.1) then yield
that a, «, ¢, pu satisfy the perturbed effective dynamics (1.8) in the statement of
Theorem 1.1.

2
By Lemma 4.6 we have that ||w||7. = w(%“o - 1). Then, the equations

aZpu

satisfied by @ and ji yield 9;(a?ji) = 0, and thus we obtain that

25
1+3

o’ = agpuo + ce a’f = agpo.

Subtracting the equations satisfied by ¢ and ¢, we then obtain that

2
L _gl— | o oy E Ty _par® 2
6= 0=~ 2=~ = [ (pla+ D) = ba+ ) nfds
IR N T Y pdx) gz
w/(b (a—|—u) b(a—|—ﬂ))x|n(:z:)| M‘—FCE
< clp— il + ce < (G6 + c)ez 1n(§).

Integrating, we obtain the desired estimate for |¢ — ¢|. Similarly we obtain the
estimate for |a — al.

Let 0 < p < 1. Suppose ¢ is small enough such that e ln(é)2 < 1. Then we
have that

Y 1
|¢ - ¢| S 505526 hl(g)z S 65267P'
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If26 —p> % + g, which is equivalent to ¢ > 13—0 + %p > %, then one can easily see

that |¢ — ¢| < e3+%. This together with the approximations for a, o, p in equations
(1.10) yields

le(®)e O u(yn(u(t) (= — a(t))) — a®)e' O aE)n(a) (@ — a®)|l 3 < ce? ™,
+
Thus, if § > 1% %p > 1%, we have that
i 1,9
lu(®) = & OaOn(Et) @ a3 <=3,
for times 0 < ¢t < GT‘SCO-E—;TSIn(%). O
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