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Multiple bifurcations and spatiotemporal patterns for a
coupled two-cell Brusselator model
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ABSTRACT. A coupled two-cell Brusselator model with diffusion effect subject
to Neumann boundary condition is considered. Hopf bifurcations and global
steady state bifurcations which bifurcate from the unique positive constant
equilibrium point are investigated in detail. Meanwhile, Turing instability
occurs when diffusion is present. Particularly, we show the existence of spa-
tially inhomogeneous periodic solutions and non-constant steady state solu-
tions, which exhibit rich spatiotemporal patterns in this coupled Brusselator
system. Some numerical simulations are presented to illustrate the theoretical
results obtained.
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1. Introduction

It is well-known that the reaction-diffusion system with autocatalytic such
as the Brusselator equations and the Gray-Scott equations [1, 2] can exhibit rich
spatial patterns (including but not restricted to Turing patterns)[3, 4, 5, 6, 7].
One of the most widely studied models is the Brusselator system, which describes
the following chemical reactions:

A—-U B+U—-V+D, 20+V —-3U, U— E,
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where A, B, D, E, U and V are chemical reactants or products. Let u(x,t) and
v(x,t) be the concentrations of U and V', and assume that the concentrations of the
input compounds A and B are held constants during the reaction process, denoted
by a and b, respectively. Thus one can obtain (diffusive) Brusselator equations:

du _ 2
(1) {%—dlﬁu—(b—l—l)u—ku v+ a,

% = doA\v + bu — u?v.

The model (1.1) has been studied by several researchers (see[8, 9, 10, 11]) in view
of bifurcation.

The study of two-cell model of two coupled components is a substantial advance
from one-cell model of two-component reaction-diffusion systems [12, 13]. Coupled
cells with diffusive reaction and mutual exchange are often adopted to describe the
processes in living cells and tissues, or in distributed chemical reactions [14, 15].

In the present paper, we mainly consider a coupled Brusselator model, i.e.
(1.2)

% =d1Auy + c(uz —ur) +a— (b+ Dug + uduz, (z,t) € Q x (0,+00),
% = daAug + buy — uiug, (z,t) € Q2 x (0, +00),
% = d1 Aus + c(ur —uz) +a — (b+ 1us + vdug, (x,t) € Q x (0, +00),
9us — dy Nuy + bug — udus, (z,t) € Q x (0, +00),
Oyu; =0, on (x,t) € 90 x (0,400), i =1,2,3,4,

uz(xvo) = uz(x) > 07 1= 15273547

where Q € RN, N > 1is a bounded domain with smooth boundary 052, d1, ds, a, b, ¢
are positive constants, v is outward unit normal vector on 0f2, and no flux boundary
condition is imposed, which implies that the system (1.2) is a closed one and has
no flux across the boundary 0. The system (1.2) has been studied by several
researchers. For example, You [16] proved the existence of a global attractor of
solution semi-flow of system (1.2) with Dirichlet boundary condition.

Recently, Zhou and Mu [17] considered the existence and non-existence of
positive non-trivial solutions of system (1.2) by utilizing the bifurcation theory
and degree theory. Their theoretical analysis shows that the diffusion rate of this
reaction and the size of the reactor play decisive roles in leading to the formation
of stationary patterns.

Yi, Wei and Shi [18, 19] have investigated the Hopf and steady state bifurca-
tions in a diffusion predator-prey model, and the multiple bifurcations in a diffusive
bimolecular model, respectively.

Intriguing by the above work, for system (1.2), we shall choose the parameter
b as the main bifurcation parameter to study Hopf bifurcation and global steady
state bifurcations, which bifurcate from the unique constant positive equilibrium
(a, %, a, g) of the system. Turing instability occurs when dy, ds are in some certain
region. These results suggest the existence of spatially inhomogeneous periodic
orbits and the non-constant steady state solutions, which implies rich spatiotem-
poral patterns of a coupled Brusselator model. Finally, we discuss the interaction
between Hopf bifurcation and steady state bifurcation. In the different parameter
ranges, the intertwining of the two type of bifurcations is delicate. This provides
some theoretical evidences for the complex dynamical behavior.

The rest of the paper is organized as follows. In Section 2, the stability and Hopf
bifurcation analysis of the system (1.2) are considered. The Hopf bifurcation for
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general reaction-diffusion system(R-D system) consisting of m equations is derived
in Section 2.1, and these results are applied to Hopf bifurcation analysis of (1.2). In
Section 3, global steady state bifurcation and interaction between Hopf bifurcation
and steady state bifurcation are investigated. One longer proof is given in Appendix.

2. Hopf bifurcation

For convenience, we restrict ourselves to one-dimensional spatial domain (0, I7),
for which the structure of the eigenvalues is clear.

2.1. Hopf bifurcation for general R-D system. We consider a general
R-D system subject to the homogeneous Neumann boundary condition:

Quilwt) d; Au;(z,t) + f(i)(b,ul, C L Um), x € (0)0m), t >0,

ot
Qulal) =0, ¢ =0, Im, t>0
(21) Ox ) €T ) 7T7 > ’
ui(2,0) =wu;(x) >0, x € (0,ln),
{ = 15 27 cee, M,
where dy,ds, - - - , d,, are positive constants, and f() : R x R™ — R are C* (k > 3)
with £ (b,0,---,0)=0, i=1,2,--- ,m.
Denote
dy
da
U:(u17u27"'7um)T7 D = . ’
dm
and F(b,U) = (fM, f2) ... f0m) Then (2.1) can be rewritten as
dU
(2.2) - = DAU + F(b,U).
Define the real-value Sobolev space
(2.3)

X = {(u1, ) € (H*(0,1m))™|

(Oat) =

ox ax(lﬂ-vt)zovlzla"'vm}v

and let the complexification of X be X, := X @& iX = {a1 +ia2 | 21,22 € X }.

The linearized operator of the steady state system of (2.1) evaluated at (b,0) is
62

(2.4) L(b) = D@ + J(F)|v=o,

where J(F) denotes the Jacobi matrix of F.

To consider Hopf bifurcation, we assume that the following condition holds for
some by € R.

(H1) There exists a neighborhood O of by such that for b € O, L(b) has a
pair of conjugate eigenvalues a(b) + iw(b), continuously differentiable in b, with
al(by) = 0, w(by) = wp and o/(by) # 0, and all other eigenvalues of L(b) have
non-zero real parts for b € O.

It is well-known that the eigenvalue problem

—¢" = pp, = (0,lm),
¢'(0) = ¢'(Im) = 0,
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has eigenvalues p,, = ’l‘—; (n=0,1,2,---), with corresponding eigenfunctions cos 7.

Let
> n

(25) d = (¢17 ¢25 Tty ¢m)T = Z COSs Tx(aln; A2py " v 7amn)T
n=0

be an eigenfunction for L(b) with eigenvalue 3(b), that is, L(b)® = [(b)®. Then
from a straightforward computation, we obtain
(26) Ln(b)(alnu A2py * " ° 7amn)T = ﬁ(b)(alna A2py * * * 7amn)T7

where L, (b) = D(—’;—;) + J(F)|u=o. We adopt the framework of [18, 20], and
rewrite (2.2) in the abstract form:

d
2.7) d—[t] — LU + G, 1),
where G(b,U) = F(b,U) — J(F)|u=o. At b = by, the system (2.7) is reduced to
du
(2.8) o= L(bo)U + G(bo,U).

Let (-,-) be the complex-valued L? inner product on Hilbert space X, defined as
lm
<U1, U2> = / (1_1,1’01 =+ 1_1,2’02 4+ 4+ ﬁm’Um)dCC
0

with Uy = (u1,ug, -+ ,um)T, Us = (v1,v2, -+ ,vm)T € X.. Denote by L*(by) the
adjoint operator of L(bg), from (H1), we can choose

nx T nx
.« — * * * * 1
q ‘= COS _l (aln, A2py " ,amn) , @ = COS _l (an, a2n, e, a ) S XC,

so that

(2.9)  L(bo)g = iwoq, L*(bo)q" = —iwoq*, (¢*,q) =1, and (¢*,q) = 0.

We decompose X = X¢@® X* with X¢:= {zq+ zq|z € C}, X?* := {v € X|(¢",v) =
0}. For any U € X, there exist z € C and W = (wy, wa, - ,w,,) € X?® such that

(2.10) U=zq+zqg+ W,
or
(2.11) uizzamcosg—i—édmcosnl—x—i—wi,i:1,2,--- ,m.

Thus (2.7) is reduced to the following system:

(2.12) g = izt (0", Gl
S = L(bo)W + H(z,2,W),

where Gy = G(bo, U),

(2.13) H(z,z,W):=Go — (¢, Go)q — {g*, Go)q.

As in [18, 20], we write G in the following form:
1 1
(2.14) Go(U) = 5QU,U) + ZC(U,U,U) + O([UT"),

where @ and C' are symmetric multilinear forms. Denote Qxy = Q(X,Y) and
Cxyz = C(X,Y, Z). For later uses, we calculate Quq, Qg7 and Cyqg as follows.
nw

nx
Qqq = COS2 T(bln; b2n7 e 7bmn)T; thf - C082 T(Cln; Conyt vt acmn)Ta
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qulj = COS3 nl_x(dlnv d2n7 T admn)Ta
where
Z’ﬂ qukuk b07 a/kn + 2 Z Z fukuj b07 aknajnu
k=1 j=k+1
qukuk bOu |akn| + Z Z fu u; b07 akndjn +dknajn)7
k=1 j=k+1
din :qukukuk(bm |a’kn| akn+ Z Z fukuku b07 )(akna]n+2|akn| a’]n)
k=1 k=1 j=k+1
m—2 m—1 m
+2 Z Z fukujul b07 (aknajnaln + aknajnaln + C_Lknajnaln)a
k=1 j=k+11=j+1
=1,2,---,m.
Let
22 z2
(2.15) H(z,z,W) :H20?+H1122+H027+

Then by (2.13) and (2.14), we have

(2.16) Hzo = Qqq — (4" Qqa)q — <‘?*= QQQ>?7
Hin = Qqq — (", Qqq)q — (7", Qqq)q-

Let
22 z2
(217) W = Wgo(@)— +W11(9)22+W02(9)3 + -
By (2.15) and together with L(bo)W + H(z,z, W) = 4¥ = g dz | I 2 e have
(218) W20 = [ino,[ — L(bo)]_lﬂgo and W11 = —[L_ (bo)]Hll-
We notice fohr cos® Z2dx =0, Vn € N = {1,2,---}, and by calculation,
(2.19) (¢" aQqq> (0%, Qqq) = (7", Qqq> (@, Qqq) =0
Then by (2.16), (2.18) and (2.19), we have
(2.20)

1[2iwol — L(bo)] " [(cos Z2Z + 1) (b1y, bon, -+, bmn)T], i n €N,
Wao = < [2iwol — L(bo)]~[(b10,b20, - -+, bmo) T

—2R€(<q*, Qqq>(a107 @20, 7a’m0)T)]a ifn= Oa
— 2 L7 (bo)[(cos Z2E + 1) (Cin, Con, -+ s ) T), i €N,

Wiy =4 =L *(bo)[(c10, €205+ s Cmo) ™
—2R€(<q*, Qqq>(G107 @20, 7a’m0)T)]a if n = 0.

Therefore the reaction-diffusion system restricted to the center manifold is given
by

d o
—Z:iwoz—l—(q*,Go = jwpz + Z g” 274

dt 1
2<z+]<3
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where 920 = <q*7Qqq>v g11 = <q*a Qqq>5 go2 = <q*a Q¢7¢7>a and
921 = 2<q*7 QW11q> + <q*a QW20¢7> + <q*’ quzj>,
' g2
2 3
which determine the properties of bifurcating periodic solutions at the critical value
bo. We have the following Hopf bifurcation theorem for the general R-D system (2.1).

7 1
c1(bo) = 2—%(920911 —2|gu1* — §|902|2) +

THEOREM 2.1. Suppose (H1)is satisfied. Then (2.1) possesses a family of real-
valued T'(s)—periodic solutions (b(s),u1(s)(x,t), -, um(s)(x,t)), for s sufficiently
small,

(ul (S)(‘Tv t)? e 7um(8)(x7t))

can be parameterized in the following form:

ur = (a1, T cos B + @y, =2/ T(9) cos L) o),

(2.21)
U = 5(Amne®™/TE) cos nz 4 Gmne 2Tt/ T(5) cog BE) + o(s).
Furthermore:
1.The Hopf bifurcation is forward (backward) if
Re(cl (bo))
2.22 =——>0 0).
(2.22) Ha o) V(=0

2.The bifurcating periodic solutions on the center manifold are orbitally asymp-
totically stable (unstable) if Re(cq(bo)) < 0 (> 0). Particularly, if all other eigen-
values of L(by) have negative real parts, then the bifurcating periodic solutions are
orbitally asymptotically stable (unstable) if Re(ci(bg)) <0 (> 0).

2.2. Stability and Hopf bifurcation analysis in a coupled Brusselator
model. Straightforward calculation shows that the system (1.2) has a unique
constant fixed point U* = (aq, g, a, 3) To cast our discussion into the framework of
Section 2.1, we translate (1.2) into the following system by the translation

_ _ b _ _ b
Uy =uUp —a, Ug = U2 — —, U3 =U3 —aQ, Ug =Uqg — —,
a a

and still let u; (i = 1,2,3,4) replace @; (i = 1,2, 3,4), respectively.
% =di1Aug + (b— ¢ — Vug + a?us + cuz + uius + gu% + 2auqus,
% = doAugy — buy — a®ug — uduy — %
(2.23) % = diAug + cuy + (b— ¢ — Vug + auy + wdug + 2ud + 2auguy,

u% — 2auqus,

% = doAuy — buz — a®ug — uiuy — gug — 2au3ty,
Qui(0,t) = 4(lr,t) =0, t >0, i =1,2,3,4.

Denote the linearized operator of the steady state of (2.23) evaluated in (0,0, 0,0)

dlg—;—l—b—c—l a? c 0
L) — —b do s — a? 0 0
c 0 dlaa—;—i—b—c—l a? ’

0 0 ~b do 2y — a®
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and
dl” +b—c—1 a? c 0
La(b) = - B !
c 0 1” +b—c—1 a?
0 0 —b L 2

The characteristic equation of L,,(b) is given by

(2.24) (A2 = T (b)A + Dy (b)][A* — Pa(b)A + Qn(b)] = 0,
where

T, (b) = (d1+d2)n2 a?4+b—1,

Dy (b) = (22 4 a2) (422 — b4 1) + ba?,

P(b) = —{dtdan® _ 24 g 9e g,

Qn(b) = (222 4+ a?)(4Z — b+ 2¢ 4 1) + ba?,

(2.25)

Obviously, \; is an eigenvalue of L, (b) on X if and only if A; is a root of the
following equations (2.26) or (2.27).

(2.26) N — T, (b)\ + D, (b) = 0,

(2.27) A? = P (b)A 4+ Qn(b) = 0.

Now we shall identify all the possible Hopf bifurcation values by which satisfy
the condition (H1). We carry it out in three steps.
Step 1. We shall find these by, such that at b = by, Eq.(2.26) has a pair of simple,
pure imaginary roots, and all other roots of Eq.(2.26) have non-zero real parts.
That is, there exists n € N U {0}, such that

Tn(bo) =0, Dn(bo) > 0, T](bo) 75 0, D](bo) 75 0, for V_] 75 n.
If T,,(b) = 0, we have b/ , = ('11437'22)"2 +a%+1, and
n2
a2 (dl d2)l_2 + a®
In order that Dn(bf) +) >0, we need to prove the following inequality

2
Dn(b£[,+) = _dz( 12 )

2 2

n
da( 12) —a?(dy — dz)l—Q —a? <0,

or equivalently,
az(dl — dg) — \/Z - n? - az(dl — dg) + \/Z
2d3 12 2d3 ’
where A = a*(dy — d2)? + 4ad3, that is,

a2(d1 — dg) + \/a4(d1 — dg) + 4a2d2 12
202

0<n?<

Obviously,

(2.28) i) = - PG ) %0, vign
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To let D; (b +) #0, Vj # n, we need
(dl + dy)n? S
—_— Vj e N.

. R dQ,n#J, JE
In this case, all the possible parameters b can be labeled as

AT ={b ., n=0,1,--- N, and n satisfies (2.29)},

for some N € N U {0}, satisfying

212 d1a2

(2.29) ta #d” +

(2.30) a?+1=0b, <bfl, < - <bY , <-+oo,
such that

o< b L —1—a? _ a?(dy — d2) + \/a*(dy — da)? + 4a2d§'
- dy + ds 2d2
Step 2. We shall find these by at which Eq.(2.27) has a pair of simple, pure
imaginary roots, and all other roots of Eq.(2.27) have non-zero real parts.
If P,(b) = 0, we have bH_ = ({itdaln® 4 g2 4 o0
To Q;(bf ) # 0, we have
(dy + d2)n? ba? 4 dlj a’l*(2c+1)  dya?
12 doj? ds
Similar to Step 1, we can derive the following results.
In this case, all the possible parameters b can be labeled as

A = {bfﬁ, and n=0,1,---, N’ and n satisfies (2.31)},
for some N’ € N U {0}, satisfying

(2.31)

» n#j, VjeN.

(2.32) > +2c+1=0b_<bf <. <bi _ <400,
such that
b —a®—=2c—1  a%(dy —da) + /a*(dy — do)? + 4a2d2(2c + 1)
0< — < : :
dy + dy 2d2

Step 3. The transversality condition holds.
Eq.(2.26) has a pair of conjugate roots o (b) & iw (b), near b = bl |, where
(dl + dg)’n2 1 b
on(t) = LR L@ 1)+ L ) = /Dalb) — ad0)
Clearly, o (b)[,—prr =3 > 0.

Eq.(2.27) has a pair of conjugate roots az(b) + iwa(b), near b = b where

n,—"

di +do)n* 1 b
0av) = BB L2 ae 1) 1L wn(b) = \/Qulb) - a30)
Clearly, o/ (b)] b = 1 > 0. For convenience, we denote
(2.33) AT — A UAT = (b 2o} U (B0 2 (o)

In addition, from D;(b) = 0, we have b, 4 = d” + 22]12 dla + 1. Then,

D;(b) >0, whenb<bj, and D;(b) <0, whenb>b; .
Furthermore,

(2.34) D;(b) >0, ¥j € N ={1,2, -} when b < min{b; 1 }.
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d 2 2 _ _al?
(1"‘ d—;a),llekeN, Stk —\/ﬁ

. . (l2
min{by, bpi1}, if Ik € N, s.t. k% < \/le < (k+1)%

From the above analysis, we draw the following conclusions.

M hile, min{b; 4} =
eanwhile, ?elll{fl{ i+ }

THEOREM 2.2. For the system (1.2), the following results are true:
(i) Ifmijrvl{bj#} > 14-a?, then the equilibrium point (a, 2, a, g) is asymptotically
J€

stable when b € (0,a® + 1), and unstable when b € (a® + 1, +00).
(11) If mij{}{bj,+} < 1+ a2, then the equilibrium point (a,2,a,2) is asymptoti-
Jje

cally stable when b € (0, Héi]{rl{bj""})’ and unstable when b € (Héi]{[l{bj)-ﬂ,—}, +00). Thus
J j

Turing instability occurs.

(iii) The system (1.2) undergoes a Hopf bifurcation at b = b € A (defined
above), and the bifurcating periodic solutions can be parameterized in the form of
(2.21).

Moreover,

1. The bifurcating periodic solutions from b = bg_,_ = a? 4+ 1 are spatially
homogenous, which coincides with the periodic solutions of the corresponding ODE
system.

2. The bifurcating periodic solutions from b = bl € A\{b{!, } are spatially
inhomogeneous.

In what follows, we concentrate on the direction of bifurcation and stability of
the bifurcating periodic solutions.

THEOREM 2.3. For the system (1.2), the Hopf bifurcation at b = bfl, =
a? +1 is forward, and the bifurcating periodic solutions are asymptotically stable if
mi]{]l{bj)_lr} > 1+ a?, and unstable if mi]{[l{bj7+} <1+a°
JE JjE

PROOF. By Theorem 2.1, in order to determine the stability and direction of
the bifurcating periodic solutions, we need to calculate Reci (bl ).

wo = /Do(bfl,) =Va2=a>0, if b="b =a*+1.

Let q := (a10, azo, aso, azo)’ = (—b,}+ (a® +ia), 1, —bé (a? +ia),1)T, and

! ! ! */ ’ 1 . 1 .
0" = (0, a3, i, i) = (c(a =), 1, - (a =), 1)7.

Let ¢* = D(%(a —i), 1, %(a —i), )T, where D = [aﬁl_:l (1 —ai)]~t.
Recall

b
f(l) (bv Uy, Uz, us, U4) = ’UJ?UQ + au% + 2auiug = _f(2)(ba Ur, u27u37u4)7

b
f(g) (b, uy, ug, us, ug) = u%u;; + —ug + 2ausuy = —f(4)(b, Up, U, U, Uy ).
a
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By Section 2.1, we can obtain

H
bio = —bag = bsg = —bso = —al, + 4aaipaz = —2a,
2b! 2a(1 — a?
c10 = —C20 = €30 = —Ca0 = —|azo|? + 2a(azo@zo + 10a20) = ﬁ,
6a* + 2a% + 4a®i
_ — — _ 2 = 2 _
dio = —dgo = d3o = —dao = 2(ajpaz20 + 2|aio| az0) = A+a2
and

N 1—a? )
911:<Q7QQQ>:1+CL2( a+l)7
N —3a? + ai
(¢", Cyqq) = 1+a2

By simple calculation, we can obtain

Hao = (bio, —b10, bro, —b10)T — 2Re({q*, Qqq)(a10, a0, azo, aso)”)
- (07 O, 07 O)T7
Hi1 = (c10, —c10, ¢10, —c10)” — 2Re({q*, Qqq)(a10, a20, azo, aso)”)
=(0,0,0,0)7,

which implies that Woy = W71 = 0. So
(235) <q*a QW11(1> = <q*a QW2017> =0.
Therefore

1

1 .
Recy (b6{+) = Re{mgmgu + §<q s Caqz) }

7 1—a? —3a® + ai
:R —_— —' —_— ), —
M Gl v et s gy
i1—a? —3a?
2015 a2 2 T 5a g
—a® -2
S ———)
ST+ a?)

Since o) (bf',) = 3 > 0, and then by Theorem 2.1, the Hopf bifurcation is forward.
On the other hand, from (2.28) and (2.34), if mi]{fl{bj7+} > 1+ad? Tj(b{,) <
Je ’
0, D;(bfl,) > 0, for any j € {1,2,---}, and P;(bf',) <0, Q;(bf) > 0 for any
j€40,1,2,---}, so the bifurcating periodic solutions are asymptotically stable. If
mi]IVl{bj"+} < 1+a?, set I_nizrvl{bj,+} £ by, 4, there exists k € N such that Dy (b{',) <0,
JE€ je >

that is, (2.24) has at least a positive root. So the bifurcating periodic solutions are
unstable. g
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FIGURE 1. The positive equilibrium is asymptotically stable when
b < a?>+ 1 = 10, where @ = 3, b = 9, and initial data is
(4,2.8,4,2.8).

FIGURE 2. Spatially homogenous periodic solutions appear and
are asymptotically stable when b crosses through the first Hopf
bifurcation value b = a? 4+ 1, where a = 3, b = 11, and initial data
is (4,2.8,4,2.8).

For the spatially non-homogeneous periodic solutions in Theorem 2.2, we have

THEOREM 2.4. For the system (1.2), the Hopf bifurcation atb = bl € A\ {b{!, }
(defined above), is forward (backward) if Reci(bH) < 0 (> 0), and the bifurcating
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(spatially non-homogeneous) periodic solutions are unstable. Particularly, the bifur-
cating periodic solutions on the center manifold are orbitally asymptotically stable

(unstable) if Reci(bf) <0 (> 0).

Proor. The bifurcating periodic solutions are clearly unstable since the char-
acteristic equations(2.24) have positive real-part roots for b € (a? + 1,+00). The
calculation of Recy(bH) is lengthy, and we will give it in Appendix. O

3. Steady state bifurcation

In this section, by applying the results due to Shi and Wang [22] and Yi,
Wei and Shi [18], we shall give the sufficient conditions for the global steady state
bifurcation in the general R-D system (2.1). Then, by employing the technique
introduced in Zhou and Mu [17], we investigate the steady state bifurcation for the
coupled Brusselator model (1.2).

3.1. Steady state bifurcation for general R-D system. In the following,
we consider the general R-D system (2.1) with Neumann boundary condition on
spatial domain Q = (0,I7), where di,da,a,c,[,b are positive constants, f* : R x
R™ — R, (i = 1,2,---,m) are C*¥ (k > 2), fi(b,0) =0, (i = 1,2,---,m).
X, L(b), L,(b) are defined in Section 2.1, but the domain of linear operators is X
not X.. Our main assumption is as follows.

(H2) There exists a neighborhood O of by, such that for b € O, L(b) has a
simple real eigenvalue (b), continuously differentiable in b, with ~(by) = 0, and
~'(bo) # 0, and all other eigenvalues of L(b) have non-zero real parts for b € O. Let

(3.1) G(b,U) = DAU + F(b,U).

From (H2), we can show that G satisfies the conditions of saddle-node bifur-
cation theorem of [21]. The proof is omitted, (see [18]). Therefore, under the
assumption of (H2), saddle-node bifurcation occurs at b = by.

From Shi and Wang [22], we have the following global bifurcation theorem
regarding the steady state bifurcation of system (2.1).

THEOREM 3.1. (Global bifurcation theorem) Let I be a closed interval which
contains by € R. Suppose that (H2) holds at b = byg. Then there is a smooth curve
T of the steady state solutions of (2.1) bifurcating from (bg, 0), and T is contained
in a connected component C of the set of non-zero steady state solutions of (2.1)
in I x X. Either C is unbounded in I x X, or CN (0] x X) # 0, or C contains a
Jurther bifurcation point (by, 0) with by # b such that 0 is an eigenvalue of L(by).
T can be expressed as T = {(b(s),u1(s), - ,um(s)) : s € (—e,+e€)}, where u;(s) =
5y €08 B 4 59;(s), (i =1,---,m) for s € (—¢,+€), and b: (—¢,+€) — R, ;(s) :
(—€,+€) — Z are C' functions, such that b(0) = bg, ;(0) =0, (i = 1,---,m).
Here a1, a2n, - > Gmn $atisfy Lp(ain, azn, -+ 5 amn)’ = (0,0, ,0)7.

3.2. Steady state bifurcation for a coupled Brusselator model. In
this subsection, we consider the steady state bifurcation for the coupled Brusselator
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model (1.2). The steady state solutions of (1.2) satisfy the following elliptic system:

—di1Auy = c(ug —ur) +a— (b+ 1)ug +udug, x € (0,ln),
—doAug = —buy — udug, x € (0,lr),

(3.2) —di1Auz = c(uy —ugz) +a— (b+ 1)ug + udug, = € (0,ln),
—daAuy = —bug — uug, z € (0,lm),

Qui(0,t) = 4(im,t) =0, t >0, i =1,2,3,4.

System (3.2) has a unique constant equilibrium point (a, %,a, g) Now we start
to analyze the steady state bifurcation. We also choose b as the main bifurcation
parameter with a,c,d;,ds, [ fixed and positive. With the same translation as that

of Section 2.2, system (3.2) can be reduced to the following system:

—d1Auy = (b— ¢ — 1)uy + a®ug + cuz + ulug + gu% + 2auius,

—doAug = —buy — a’ug — udug — %u% — 2au1us,

(3.3) —diAug = cur + (b — ¢ — Dug + a’ug + udug + 2ud + 2auzuy,
—doAuy = —buz — a’uy — udug — gug — 2auzuy,
Qui(0,t) = 4(ir,t) =0, t >0, i =1,2,3,4.

The origin (0,0, 0,0) is the unique constant equilibrium solution. By the same way
as Section 2.2, the characteristic equation of the linearization of (3.3) at (0,0,0,0)
is

(3.4) (A2 = T (D)X + Dy (b)) (A* — Pu(b)A + Qn(b)) =0,
where T5,(b), Dy (b), Pp(b), Qn(b) are defined in Section 2.2. Obviously, A; is the
root of (3.4) if and only if A; is the root of the following equations (3.5) or (3.6):

(3.5) N — T (b)A + Dy (b) =0,

(3.6) A% = P (b)A 4+ Qn(b) = 0.

Now we identify all the possible steady state bifurcation values by, which satisfy
the condition (H2). We achieve it in three steps.

Step 1. We shall find out these by, such that at b = by, Eq.(3.5) has a simple
zero root, and all other roots of (3.5) have non-zero real parts. That is, there exists
n € Nog = N U {0} such that

(37)  Dulbo) = 0, Tulbo) # 0, Tj(bo) # 0, D;(bo) # 0 for Vj # n.
To determine such by, we rewrite
d2n2 d1n2
59 Dut) =+ —b 1)
' d2n2 d1n2

Qn(b) =( 7 +a?)( 7 —b+2c+1) + ba

Obviously, Do(b) = a? # 0, Qo(b) = a®(2c+ 1) # 0, since a > 0. If D,,(b) = 0, we
have bS | = 4 4 &L 4 @d 4 gy =] 9 ... and T, (b5, ) = Ll — dan®
n,+ 12 n? do ) ) 4y 5 n\Yp + dan? 2

da
2
ad—jl—cLQ, n=12---.

To let Tn(b;‘i +) # 0, we need to prove the following inequality.
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or equivalently,

2, I
3.9
(3:9) v

To let Dy, (b7 ) # 0, for Vm # n, we have

[(dr — da)a® +/(d2 — dy)2a* + 4dZa?).

al?
Vdids

To let T (b5 ;) # 0, for Vj # n, we have
din?  a?1?>  aPdy , (di + da)j?

(3.10) mn # , Vm #n.

3.11 2, Vi #n.
( ) 12 + d2n2 dQ # 12 +a ? j # n
In this case, all the possible parameters by can be expressed as
(3.12)
d 2 212 Qd
AS = (b5, = ?g + ;‘2n2 + ad21 +1, n=1,2,---,and n satisfies (3.9) — (3.11)}.

Step 2. We shall find out these by, such that at b = by, Eq.(3.6) has a simple zero
root, and all other roots of (3.6) have non-zero real parts.

Similarly, if Q. (b) = 0, we have bS _ = B 4 (2c+1) 2L 4 (2c+1+40), n =
1,2,---. To let Pn(bg)_) # 0, we have
l2
2d3
To let Qm(b,sl)_) £ 0, for Ym # n, we have

(3.13) n? # [(dy — d2)a® + \/(dz —dy)%a* + 4d3a?(2¢ + 1)].

2c+1
dyda
To let P; (b,sl)_) # 0, for Vj # n, we have

d1n2 + CL2Z2(2C + 1) a2d1 (dl + d2)j2

(3.14) mn # al®

, Ym # n.

2 .
(3.15) B D’ 0 # B +a®, for Vj #n.
In this case, such by can be labeled as
(3.16) AS :={b7 . n=1,2---, and n satisfies (3.13) — (3.15)}.

Step 3. The transversality condition holds.
From (3.8), it follows that

dD,,(b) B don? B
(317) db |b:b§’Jr - 12 7507 (n_ 1727"')7
and

dQn(b) don?
(318) db |b:b7sl,7 = - 12 7507 (n: 1727)
For convenience, we denote
(3.19) AS = AT UAS 2 (b3}

Since by , — 400 and b, _ — +00, as n — oo, the sequences {b> |} and {b;; _}
have no accumulation points. Therefore, A° = {b7} has no accumulation points
and can be sequenced as

(320) big<b§<"'<b§<-~'—>—|—oo_
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From the above analysis, we know that the local steady state bifurcation occurs at
b=0b7 €A’

In order to consider global steady state bifurcation, we recall some prior esti-
mates for every solution of system (3.2). We make a simple scaling to system (3.2)
as follows,

(3.21) dy =dy, dy = %, - 1;1 - ‘”b” - lf - ‘”b“*

then (3.2) becomes

—dyAu=1—(b+1)u+buv+ c(w —u), z € (0,lr),

—dyANv = u —u?v, x € (0,In),

—diAw =1~ (b+ 1w+ bw?z + c(u — w), z € (0,1r),

—dyNz = w —w?z, x € (0,ln),

gu(0,t) = 52(0,1) = 52(0,t) = 32(0,) = 0,

Gu(lm,t) = 2u(lm,t) = 94(im,t) = S (Im,t) = 0,

which is the system (4) of Zhou and Mu [17]. Applylng the Corollary 3 of [17]),
we have the following prior estimates.

(3.22)

LEMMA 3.2. Let B, D, Dy and D4y be given positive numbers. Then there exists
a positive constant K/, which depends on B, D, Dy, Dy and ), such that if 0 < b <
B, d; > D and Dy < dy < Ds, any solution (u,v,w, z) of system (3.22) satisfies
(3.23) ull2 + oll,2 + lwll,2 + |22 < K.

Then it follows from the change of variables (3.21) that

llutlli,2 + lluzll1,2 + llus|lie + [Juall1,2

b
< allull12 +
a

2]

< max{a, g}[

b ,
< max{a, -} K 2 K.
a
Consequently, we have the following prior estimates.

LEMMA 3.3. Let B, dy, deo, a, c, | be given positive numbers, there exists a
positive constant K, which depends only on B,dy, ds, a, ¢, | such that if 0 < b < B,
any solution (uy, uz, us, us4) of system (3.2), satisfies

(3.24) lutll1,2 + lluzll12 + lusllie + [Juallr2 < K.

We claim that there are only countably many I > 0, such that b L= bj o (@ #
g)yor by =b7 orby_ =b§_, (i#j)orby, = b +orbz+—b]H_ or by = b,
or bSJr = bH for these [ and some i,j € N.

In fact bSJr = b5, (i # j) is equivalent to I* = j2, for some i,j € N.
Therefore, l is at most countable since i, j are at most countable. Other equalities
are discussed similarly. We define

(3.25)
LP={1>0, b7, =05, (i#j)orb, =b7 orb]_ =0b7_, (i#j)orbl, =bl,

0rbl+—bf_orbs —bH orbf+—bH for some i,j € N}.

dids ;2
aZ b
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Then the points in L” can be arranged as a sequence whose only limit point is co.

By Theorem 1.2 of Zhou and Mu [17], we know that, there exists by > 0,
such that the system (3.22) has no non-constant solutions for b € (0,bg). Then for
system (3.2), we have the following results.

LEMMA 3.4. Let dy,ds be fixed. Then there exists by > 0, which depends only
on dy, do and Q, such that (3.2) has no non-constant solution provided that 0 <
b < bg,i.e. the only solution for (3.2) is (u,v,w,z) = (a, %, a, 2)

' a?

Summarizing the preparation above, we are now ready to state the main results
of this subsection on the global bifurcation of steady state solutions of (3.2).

THEOREM 3.5. Suppose that dy,ds,a,c and | are positive constants. Then for
1 ¢ LP, {b3} (defined above) is a sequence of steady state bifurcation values of

system (3.2). Moreover, there is a smooth curve Ty, of positive solutions of (5.2)
S

bifurcating from (b3, a, %,a b—), with T'y, contained in a global branch C, of the

positive solutions of (3.2). Furthermore,

1. Near (b3, a by a i), T, = {(b(s),u1(s),ua(s), us(s),us(s)) : s € (—e, +e)},

where - ’
bS
ul(s)—a—i—saneos 7 —l—sz/Jl( ), u (s):;—i—sb cos =~ 7 —i—swg( ),
b nw
us(s) =a+ scneos 7 L s3(8), ua(s) = 2 + sdy, cos —- + stha(s),
a

for s € (—e€,+€) for some C*° smooth functions. b,v; (i = 1,2,3,4) such that
b(0) = b5 and 1;(0) =0 (i = 1,2,3,4). Here a,, by, c, and d,, satisfy

(3.26) L (b5)(a, by, €0,y d)T = (0,0,0,0)T.

. ‘ . . . be b7 .
2. FEither C,, contains another bifurcation point (bf,a, L, a,-L) with bf # 03, or
the projection of C,, onto b-azis contains the interval (b5, +00).

PROOF. From the discussion above, the conditions in Theorem 3.1 are satisfied
at b= b € AS. We can apply the global bifurcation theorem 3.1, and confine the
interval b € (bg, +00), (bp is given in Lemma 3.4). From Lemma 3.3, all solutions
of (3.2) are uniformly bounded in X if b € (by, +00). Hence, the global branch
Cy, is bounded in X if b € (bg, +00). From Lemma 3.4, there are no non-constant
solution of (3.2) if b € (0, bg]. Hence C,, can’t intersect the boundary {b = bo} x X.
Therefore, the conclusion is derived. [l

Finally, we discuss the interaction between the Hopf and steady state bifurca-
tions. For a countably set of values [ € L¥, ber and bf , or bSJr and bS _,or b
and bf can be identical for some i, j, so that system (3.2) has a higher- dunensional
center manifold near (a,2,a,%) at such b. Bifurcations from these points with
higher-dimensional degeneracy are still possible, but we don’t consider them here.
For other | ¢ L¥, we have shown that in some necessary conditions, Hopf bifurca-
tions and steady state bifurcations could occur at these points (see Theorems 2.2,
2.3, 3.5). In fact, the occurrence of Hopf bifurcation and steady state bifurcation
depends only on the specific eigen-mode cos 7, the bifurcation related to this mode
has the following possible scenarios:
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Case 1. Both of b, b (n=0,1,--- Ny j=0,1,--- ,N') and b5 . exist,
then there are two steady state bifurcations and two Hopf bifurcations for this
mode;

Case 2. bii exist but not b71;{+ or bf7 (n=0,1,---,N; j=0,1,--- ,N,), then
there are two steady state bifurcations and no Hopf bifurcations for this mode;

Case 3. b5 . and bl (j =0,1,--- ,N') exist but not b2 (n=0,1,--- ,N),
then there are two steady state bifurcations and one Hopf bifurcation for this mode;

Case 4. bf;{ 4 and bf . exist but not b2, then there are two Hopf bifurcation

points and no steady state bifurcation points.
Example 3.1. In Figure 3, for 1 < n < 12 and n € N, Case 1 occurs, and
there exist 24 Hopf bifurcation points and 24 steady state bifurcation points. For
n = 13, Case 3 occurs, and there exist 1 Hopf bifurcation point and 2 steady state
bifurcation points. For n = 0, Case 4 occurs, and there exist 2 Hopf bifurcations and
no steady state bifurcations. For n > 14, Case 2 occurs, and there exist 2(n — 13)
steady state bifurcation points and no Hopf bifurcation points.

25

201

15r

10

o

0
0 50 100 150 200

b

FIGURE 3. Graph of T, (b, p) P, (b, p) = 0 and D,, (b, p)Qn(b, p) = 0.
2

3

where n € {0,1,2,---}.
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Appendix. Bifurcation direction of the spatially non-homogeneous
periodic solutions

In the appendix, we determine the bifurcation direction of spatially non-homogeneous
periodic solutions and stability of the bifurcation periodic solutions on the center
manifold. Recall that the bifurcating periodic solution is forward (backward) if

%ﬂ)b)” —pu < 0 (>0). Since

al( )|b:bff’Jr >0 (TL: 15 aN)v O/Q(b)|b:bH/7 >0 (TL: Oa 7NI)7

we only need to calculate Recy(bf)). Since {bf1} = {b]l , }U{b]l _}, for convenience,
we only calculate Recl(bﬁ{Jr). When b = bf;{Jr, n= 1,2, .-, N, we set

n T
q ‘= COs Tx(alnu A2, A3n, a4n)

n 1 don?® 5 . 1 don® | 5 . T
:Coij(_ﬁ( B +a —i—zwn),l,—ﬁ( B +a +iwy), 1)",
*! n * * * * \T
q ::Coij(alnaa2n7a3naa4n)
1 d2n2 2 . 1 d2n2 2

- iwn)a 1)T7

n
:coij(g( 2 +a —zwn),l,g( +a

12

where b, = M +a?+1,w, = \/—dg(%zp +a2(dy — do) % + a?.
Let

/ 1 don? 1 don?
= Dq* = Dcos ?w(ﬁ( 7? +a? —iwn),l,ﬁ( 7? +a? —iw,), 17T,
where D = {[1 — #(dw +a? +iwy)?)lr} 1. By calculation, we know that g
v+

and ¢* satisfy the followmg conditions:
L(bn,Jr)q = iwng, L (bﬁ[,Jr)q* = _iwnq*a <q*uQ> =1
By (2.19), when n € N, it follows that

(3.27) (0%, Qqq) = (", Qqq) = 0.
Thus, in order to calculate Rec; (bf 1), it remains to calculate
(3'28) <q*7 QW11q>7 <q*7 QW201?>7 and <q*7 qulj>'
It is straightforward to compute that
Ay B
. _ H -1 _ 1 1
(3.29) [2iwn ] — Lon(by, )] = { B, A, }
where
E Ea?®
E2—c2 (Ezfcz)(sznJr“dZ" +a?)
A= —EbH (E 2—02)(21wn+4d2" +a?)—Ea?b )
(E2fc2)(2zwn+4d2n +a?) (E2fc2)(2zwn+4d2n +a2?)2
and
C (12C
E2_c2 ) 1don?2
(E2—c2)(2iwn+—%4—+a?)
By = —ch _a2Cbn + ) ’

(E2—c2)(2iwn+—2— 4d2n +a?) (B2 —c2)(2iwn, +—23"— 4d2 n? +a?)?
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a?bfl | 4dyn?
o n, . H
b= Yitw,, + Aan® 2 T 2wn+ ==~ et
n 1
and
As B
. _ H —1 _ 2 2
(3.30) [2iwn ] — Lo(by, 4 )] [ B, A, ] ,
with
s %
F2—c —c iwn+a
Ay = — P (F?—c?)(2iw,+a®)—Fa’bl | 1 )
(F?—c?)(2iw,+a?) (F?—c?)(2iw,+a?)?
and
C G.2C
B2 - f‘cbg’Jr * —a)2(c2b§, et ] )
(F?2—c?)(2iwn,+a?) (F?2—c?)(2iwp+a?)?
a?b
Then, we have by (2.20), when n € N,
(3.31)
[2iwn I — Loy (bH )] 71 2n [2iw, I — Lo(bH )] ~!
20 =| 5 = cos == + 5 (b1, bans ban, bag)”
2n o
:(57 777 57 n)T COos T‘r + (57 777 57 /]7)T7
where

4don? + 2iw,[? b

(E — ¢)(4ddan? + a21? + 2iw,1?) o
- —(4dyn? + 2iw,I?)bE | 12 12
" B T Adn? T 2 4 207 Tgn® T P T 2

~ 21wy,

= b L)

¢ (F = ¢)(a? + 2iwn)
[ —2iwnb£{+ B 1
(F —c)(a® 4 2iw,)?  a? + 2iw,

&=

]b1n7

’]7:

1b1n-

Likewise, when n € N,

_ 2n _
Wi = — [LGl(bf’_k) c08 == + L, 1(b£{+)](c1n, Coms C3n, Can)
(3.32) o
)T COS — + (725 )27 727 X)Tv

=(1, %7, X 7

where
4d2n2

T T (M + &)(ddan? + a212)

U S
(M + ¢)(4dan® + a212)?  4don® + a?l?
7=0, x = a—1201n,
_azngr 4din?

H
Adan? +a2 - l2 +bn,+ —c—1.
iz

X :[ Cln,

M
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1 _ 2 b, 2 _ 2
Recall M) (b, uy,uz, uz,uq) = uug + Juf + 2auiug = — @ (b, uy, ug, us, ug),

b
f(g) (b, uy, ug, us, ug) = u%u;; + —u§ + 2ausuy = —f(4)(b, Up, U2, Uz, Uy ).
a

By Section 2.1, we can obtain

bH
bln = - b2n = bSn = _b4n = n,+a%n + 4aalna2n
2 d§n4 2 4 2dowy, 2.
:aber( i TWn— @+ —p5n i),
26 ) - -
(3.33) Cln = = Con = C3n = —Can = — la1n|” + 2a(a1n@2y + G1na25)
4a dan?
=2a — bT(a2+ l2 ),
n,+
dln = - d2n = d3n = _d4n = 2((]/%”&211 + 2|a1n|2a2n)
2 dan? 4a?

2 L2
a” + + w + .

L T e

Here and in the following we always assume that all the partial derivatives of

@ (1 =1,2,3,4) are evaluated at (bf)Jr, 0,0,0,0). Then we have

QWzoé :(17 _17 17 _1)TQ$/{1/)20§7
QWuq :(17 _17 17 _1)TQ$/{1/)11q7

(3.34)
Coaz =(1,—1,1, —=1)7dy,, cos® %

where

2n ~ n
Q%ioq = 7531 (& cos TCC + &)ay, cos 7:5

2 ~ 2
+ fﬁzm [(€ cos Tnx + &) cos ?:v + (ncos Tnx + 7)a1p, cos ?w]
H

2by, 2
=(Z2E €ay, + 2a€ + 2andyy,) cos Tnx cos %x
a

2bf+ F F ~ n
+ (—&a1, + 2a€ + 2anay,) cos 73:
a

Q%)Hq = 7513“ (7 cos - + 7)ain, cos 77

2 2
+ {1, [(7 cos Tnx + 7) cos %x + (x cos Tnx + X)ain cos ?ZE]

2bH 2
=( "t ran, + 2aT + 2axai,) cos Tnzzr cos %x
a

26 ~ ~ n
= Taiy, + 2a7 4 2axai,) cos 71:

+

Notice that for any n € N,

I I I
/ cos? E:Cdac = l_7r, / cos 2—nx cos? 2:1cdgc = l_w’ / cos’ E:Cdac = §l7r.
0 l 27 Jo l l 47 Jo l 8
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(3.36)

and

(3.37)
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have
* =% J % % (1) d
<q aQW2oQ> _(a‘ln — Gop + A3y — a’4n) QW%q T
0

Ir  don® . 201
—9a (T e

Ir don?® . Qbff)_,_
+ E(Z—Q + iwn)(

. Im dyn® . 20}
<q aQW11q> :27“2( 12 +an)(

Im don® . 20}
+ E(Z—Q + iwn)(
3 d2n2

(0", Cqqq) :le( 12

. £arn + 2a€ 4 2anayy,)

p arn + 2a€ + 2aijarn),

* rai, + 2ar + 2axain)

* a1, + 207 + 2axa1,),

+ iwn)dlna

i 1 921
Reci (b)) =Re{— —2|g11* = =|g02|? ReZ=
eci(b, ) =Re{ o (920911 — 2|g11] 3|902| )} + Re 5

:Re<q 7QW11Q> + 5R6<q 7QW20¢7> + 5R6<q 7qu¢7>'

Since of (b, ) > 0, the bifurcation is forward (backward) and the bifurcating peri-
odic solutions on the center manifold are orbitally asymptotically stable (unstable)
if Reci (b ) <0 (>0).
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