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ABSTRACT. In this paper, we study the blow-up solutions for the Davey-
Stewartson system

iug + Au A+ [uP" e+ E(ju/Hu =0, t >0, = € R3. (DS)

Using the profile decomposition of the bounded sequences in H(R3), we give
some new variational characteristics for the ground states and generalized
Gagliardo-Nirenberg inequalities. Then, we obtain the precise expressions on
the sharp blow-up criteria to (DS) for 1+ % <p<h5.
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1. Introduction

This paper is concerned with the Cauchy problem of the following Davey-
Stewartson system

(1.1) iug + Au+ |uPlu+ E(juf)u =0, t >0, z € RY,
(1.2) u(0, z) = uo,
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where 1 = V—1; A = 86—22 + 6‘9—22 + -+ 8‘9—22 is the Laplace operator on RY;
1 T2 TN

u=u(t,z): [0,T) x RY — C is the complex valued function and 0 < T' < +o0;

the parameter 1 < p < 2* — 1 (where 2* = +oo for N = 2; 2* = % for N > 3

); E is the singular integral operator with symbol o1(§) = %,{ e RN, E(y) =

2
F _1%]—' ¥, F and F~! are the Fourier transform and Fourier inverse transform

on RY, respectively.

For the Cauchy problem ([C))-([Z), Ghidaglia and Saut [8], Guo and Wang [9]
established the local well-posedness in the energy space H!(RY) for N = 2 and
N = 3 respectively (see [IL22] for a review). Cipolatti [2] showed the existence
of the standing waves. Cipolatti [3], Ohta [I5,16], Gan and Zhang [6] showed
the stability and instability of the standing waves. Ghidaglia and Saut [§], Guo
and Wang [9] showed the existence of the blow-up solutions. Ozawa [17] gave the
exact blow-up solutions. Wang and Guo [23] studied the scattering of solutions.
Richards [19], Papanicolaou etal [I8], Gan and Zhang [BL6], Shu and Zhang [20]
studied the sharp conditions of blow-up and global existence. Li etal [I3], Richards
[T9] obtained the mass-concentration properties of the blow-up solutions in L>2-
critical case in R2.

We note that in R?, Richards [T9] and Papanicolaou etal [I8] gave the precise
expression on the sharp blow-up criteria in L2-critical case that is N = 2 and p = 3.
But in R? Equation () has not any L?-critical case because of influence of the
nonlocal term E(|u|?)u. Although in [BL6,20] some sharp thresholds of blow-up
and global existence are gotten, we also note that the upper bound d of the energy
functional I(u) is not determined. This motivates us to investigate the precise
expression on the sharp blow-up criteria in R3.

In the present paper, at first, we study the sharp blow-up criteria for the Cauchy
problem ([CI)-([C3) in R? for 1+ 3 < p < 5. Motivated by Holmer and Roudenko’s
studies [TT] for the classical L?-super nonlinear Schrédinger equation, we consider
the following elliptic equations

(13) SAQ - JQ+IQPQ+E(QPIQ =0, @ € H'(R)
and
(1.4) gAR— %R+E(|R|2)R:O, R € H'(R?).

Applying the profile decomposition of the bounded sequences in H!(R?), we obtain
the following generalized Gagliardo-Nirenberg inequalities

(15) [ U+ BT Pds < VS e, ¥ € )
. [oT:
and
2 2 T 2 3 R 1 3
6 [ BRI < e 9T e, ¥ S € R

where @ is the solution of Equation (I3) and R is the solution of Equation(4).
Using the above Gagliardo-Nirenberg inequalities, we obtain the sharp blow-up
criteria to the Cauchy problem ([)-(C2) for 1+ 3 < p < 5 by overcoming the
loss of scaling invariance. We remark that we get a clear bound value of energy
functional, which corresponds to d in [6]. Furthermore, we prove that there is no
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L3 strong limit of the blow-up solutions to the Cauchy problem ([I])-(T2)) provided
1<p<3.

There are two major difficulties in the analysis of blow-up solutions to the
Davey-Stewartson system ([I)-(C2) in H*(R?): One is the nonlinearity containing
the singular integral operator E; The other is the loss of scaling invariance to
Equation () for p # 3, which destroys the balance between |u[P~ u and E(|u|?)u.
Due to the singular integral operator F, we have to establish the corresponding
generalized Gagliardo-Nirenberg inequalities and variational structures. Since there
is no scaling invariance for p # 3, improving Holmer and Roudenko’s method [1T]
we use the ground state of the classical nonlinear Schrodinger equation to describe
the sharp blow-up criteria to the Davey-Stewartson system ([CI)-(CZ). Finally, for
the time being, as we have mentioned, the results in the present paper are new for
the Davey-Stewartson system ([[LI)-(C2). In particular, the sharp blow-up criteria
are different from [6], and the sharp blow-up criteria obtained in this paper are
more precisely, which is very useful from the viewpoint of physics.

We conclude this section with several notations. We abbreviate LI(R3), || -
| Larsy, H*(R?) and [os-dz by L9, || - ||, H® and [-dz. The various positive
constants will be simply denoted by C.

2. Preliminary
For the Cauchy problem ([C)-(CJ), the energy space is defined by
H':={uecL?; Vuc L*},

which is a Hilbert space. The norm of H* is denoted by|| - || ;1. Moreover, we define
the energy functional H(u) in H' by

1 1 1
H(u) := §/|Vu(t,3:)|2d:1: - m/m(t,xﬂp“dz - Z/E(|u|2)|u|2d:c

The functional H is well-defined according to the Sobolev embedding theorem and
the properties of the singular operator E.
Guo and Wang [9] established the local well-posedness of the Cauchy problem

(CI)-(C2) in energy space H'.

Proposition 2.1. Let ug € H'. There exists an unique solution u(t,z) of
the Cauchy problem (I)-{LA) on the mazimal time [0,T) such that u(t,z) €
C([0,T); HY) and either T = +oo (global existence), or T < +o00 and thnzlr lu(t, 2)||m =

+oo (blow-up). Furthermore, for oll t € [0,T), u(t,x) satisfies the following con-
servation laws

(i) Conservation of mass

(2.1) [u(t, )ll2 = [luollz,
(ii) Conservation of energy

(2.2) H(u(t,z)) = H(up).

For more specific results concerning the Cauchy problem ([[CI)-(2), we refer
the reader to [Bl22]. In addition, by some basic calculations, we have the following
proposition(see also Ohta [16]).
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Proposition 2.2. Assume that ug € H*, |xlug € L? and the corresponding
solution u(t, x) of the Cauchy problem {L1)-ALA) on the interval [0,T). Then, for
all t € [0,T) we have |z|u(t,z) € L?. Moreover, let J(t) := [ |z|*|u(t,z)>dz, we
have

(2.3) J(t) = —4% / ruVudz

and

24) I :8/|vu|2dx—121%/|u|p+1dx—G/E(|u|2)|u|2dx.
p

We give some known facts of the singular integral operator E (see Cipolatti
[2L3]), as follows.

Lemma 2.3. Let E be the singular integral operator defined in Fourier variables
by
FIE@W)(E) = a1 (O F[Y](&),

where o1(§) = %,{ € R® and F denotes the Fourier transform in R3. For 1 <
p < oo, E satisfies the following properties:

(i) E e L(LP,LP), where L(LP, LP) denotes the space of bounded linear oper-
ators from LP to LP.
(i) If ¢ € H%(R?), then E() € H*(R?), s € R.
(iii) If ¢ € W™P_ then E(y) € W™P and

(iv) E preserves the following operations:
— translation: E(W(-+y))(z) = E@W)(z +vy), y € R3;
— dilatation:  E(Yp(\))(z) = E(W)(Az), A > 0;

— conjugation: E(¢Y) = E(y),
where 1 is the complex conjugate of .

At the end of this section, we shall give the profile decomposition of bounded se-
quences in H! proposed by Gérard [7], Hmidi and Keraani [I0], which is important
to study the variational characteristic of the ground state.

Proposition 2.4. Let {v,}52; be a bounded sequence in H*. Then there is a
subsequence of {vn}52, (still denoted by {vn}or, ) and a sequence {VI}32, in H'
and a family of {xJ, 521 C R? such that

(i) for every j # k, |x) — a*| "= +o0;
(i) for everyl > 1 and every x € R3

l

(2.5) vp(x) = Z V(e —a2d) + ol ()

j=1
with

l—o0

(2.6) lim sup |[v] ||, —=° 0,

for every r € (2,6).
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Moreover, we have, as n — o0,
l

(2.7) lonll3 =D IV13 + 04113 + o(1)
j=1
and
l
(2.8) IVonll3 = IVV)3 + ([ Voh 13 + o(1).
j=1

3. Sharp Gagliardo-Nirenberg Inequalities

In order to study the sharp blow-up criteria to the Cauchy problem (TI)-(2),
we have to establish the generalized Gagliardo-Nirenberg inequalities corresponding
to the Davey-Stewartson system. For p = 3, we consider the standing wave solutions

of Equation () in the form u(t,z) = Q(\/gx)e_%t. It is easy to check that Q(x)
satisfies

3 1
(3.1) SAQ-3Q+1QPQ+E(QPIQ =0, Qe I
We say that Q € H' is a ground state solution of ), if it satisfies
S(v) = inf{S(v)| v € H'\ {0} is a solution of (3.1)},
where S(v) is defined for v € H' by
- 1 1 1
3w =5 [ 1VoPds— 5 [ul! + EQuP)oP)do + 5 [ oPde.

For any solution @ of Equation (BI), we claim the following Pohozhaev identities:

B2 - [1aPa -3 [Ivora+ [1alt+ B(QPIQPd =0
and
(3.3) / QPds + / VQPdr - / Q" + B(QP)|Q[%dzx = 0.

Indeed, multiplying BI) by @ and integrating by parts, we have that 3) is true.
On the other hand, multiplying B1]) by « - VQ and integrating by parts, we have

1
g /AQ&: -VQdx — 3 / Q- VQdI+/Q2Qx . VQdm+/E(|Q|2)Qx -VQdx = 0.
It follows from some basic calculations that

—/AQ;U-VQd:c:/|VQ|2d:v+/:v-V(|V§|2)dx: —%/|VQ|2da@,
[ ae-vaar=-3 [ 6P

[ @*aw - vaas =3 [1q1tes

and
2 _ 3 22
E(IQI)Qz - VQdr = — [ E(|QI)Q"da.
Collecting the above identities, we have that B3)) is true.
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In this section, using the profile decomposition of bounded sequence in H', we
shall give a new and simple proof of the existence of the ground state of (B1). More-
over, we compute the best constant of a generalized Gagliardo-Nirenberg inequality
in dimension three, which is corresponding to Equation ([Il). More precisely, we
have the following theorem.

Theorem 3.1. Let f € H', then
(3.4) 11+ B P sde <

where @Q is the solution of Equation [Z1I).

2

V312,

We shall give the proof of Theorem 3.1 by three steps. First, from the definition
of E and the classical Gagliardo-Nirenberg inequality, we observe that

Jes (0" + E(u)wlP)dz - < C fou(lvl* + [v])da
< Cloll2/Vol3,

which motivates us to investigate the best constant C' of the above inequality. Thus,
we consider the variational problem

(J [ul*dz)? ([ [Vul*dz)?
Jul* + E(juf?)|uf?)dz °
It is obvious that if W is the minimizer of J(u), then |[W]| is also a minimizer. Hence
we can assume that W is an real positive function. Indeed, W = [W|[e?(®) we have
VIW[| < [VW]

in the sense of distribution. On the other hand, if W € H*, then|W| € H! and
J(WI) < J(W).

Second, by some basic calculations, if W is the minimizer of J(u), we have the
following lemma.

(3.5) J:=1inf{J(u) | v € H'} where J(u):=

Lemma 3.2. If W is the minimizer of J(u), then W satisfies
1[VW|3
2 W2

3
(3.6) S IV W2 AW — W+ 2J(IW|* + E(W )W = 0.

Proof. Since W is a minimizing function of J(u) in H*', and we have V v €
C5°(R?)
d
(3.7) EJ(W +ev) |._, =0.
By some basic calculations, we have

LW + o) IOV + 203 .o

1 3

(3.8) = - N /29?W5d33 — §||VV||2||VWH2/28‘EAWEd:1:
2 [[W]2 2

and

(3.9)

d%{/|(W+£v)|4+E(|W+5v|2)|W—|—5v|2d:v} oy = 4/(|W|2+E(|W|2mwmx.
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By B0)-B3), we have

vwls _ B
%”uwnlk [2RWrdz — 3|W |2 VW |2 [ 2RAW B

(3.10)

W3 |w _
= 2 st S (WP + E(W[?)2RW odz,

which implies that @) is true.

The Euler-Lagrange equation (Lemma 3.2) shows that any minimizer of J(u)
is a solution of ([BII). Since any smaller mass solution would yield a lower value of
J(u), the Pohozhaev identities show that it is in fact a minimal mass solution of
Bd). Therefore, to prove the existence of a ground state it suffices to prove the
existence of a minimizer for J(u).

Thirdly, we use the profile decomposition of bounded sequences in H'! to prove
the following proposition, which give a proof of the existence of a minimizer for
J(u). Moreover, Theorem 3.1 is a direct conclusion of the following proposition.

Proposition 3.3. J is attained at a function U(x) with the following proper-
ties:

(3.11) U(z) = aQ(Mz +b) for some a€C*, A>0and becR?
where Q is the solution of Equation(3dl). Moreover, we have

_19l3
(3.12) J= T2

1
llwll _ w2
Vullz? B 57

IVully

Proof. If we set uM* = pu(\z), where A\ = we have

[ ol =1, Vo =1 and M) = J(w)

Now, choosing a minimizing sequence {u, }>°; C H"' such that J(u,) — J as
n — oo, after scaling, we may assume

(3.13) |lun]l2 =1 and ||Vuy|2 =1,

and we have

1

(3.14) J(un) = [ unl* + E(|un|?)|un|?dz

— J, as n — oo.

Note that {u,}°; is bounded in H!. It follows form the profile decomposition
(Proposition 2.4) that

l
() = 3 U7 =) + v (x),

l l
(3.15) DIUAE <1 and Y VUIIE <1,
j=1 Jj=1

where UJ = U’(z — x),). Moreover, using the Holder’s inequality for 7!, and the
properties of E, we have
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a0 PRI S ORI+ B P )
| < C(IrLI4 + [P — 0, as 1 — oo.

Applying the orthogonal conditions and the properties of E, we have the following
claims:

(i)

! !
(3.17) /|ZUj(3:—xfl)|4d:1:—>Z/|Uj|4d:c, as n — oo.
j=1 j=1

(3.18)
l l l
/E(| S U (=) U (z—2))Pdw — Z/E(|Uj|2)|Uj|2d:z:, as n — oo.
j=1 j=1 j=1

Indeed, for (BIM), it suffices to show that

(3.19) I, = /Ug; UZ2UBUde — 0, as n — oo

for 1 < ji <1 and at least two j; are different. Assuming for example j; # ja, by
the Holder’s inequality, we can estimate

In|* < CU U2 3,

where C' = II}_,||Ui*|ls. Without loss of generality, we can assume that both
U7t and U72 are continuous and compactly supported. Now, we use the pairwise
orthogonal conditions, and we have the following estimation

(320  |LP<C? / U9 ()92 (y — (32 — 282))Pdy — 0, as n — oo,

This completes the proof of Claim (i).

For (BIX)), we have

[ B( S Ul = )P 3 09 — o) P

j=1 J
l ) ) l ) )
<C (JIZEWUH+ X  EIGUNDIXZ TP+ X |UUNdz),
j=1 1<5,k<l,j#k j=1 1<5,k<l,j#k

which implies that
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(3.21)
l ) ) l )
fE(IZUJ(x—I%)IQ)IZUJ(I— )[Pdw — ZfE U7[%)|U7 [P dz
j=1
< C E JEWUIPIUPde+ > [E(UP)|UPde
1<kt —
o S JEQULUIDIUEPdz+ Y [E(ULP|ULUE|dx
1<4,5,k<l,i#j 1<4,5,k<l,j#k
+C > [ E(ULUI|UFU™|da
1<4,j,k,m<l,i#j,k#m
= I+II+1I1I

Without loss of generality, we can assume that U?, U7, U* and U™ are continuous
and compactly supported. Using the orthogonal conditions and the properties of
the singular operator E(u), we have

r=c 5 [E(UGP)IU;Pd

L<jk<LiZk
= X JE(WUP)z-a)|U(z - 2p)Pde
1<), k<LgAk ‘ ‘
=C > [JE(UP) @)Uz — (25 — 24))dz
1<) k<Li#k

— 0, as n — o0,

I <c > (ME(ULUIDINUXE + IEGUR P 21U U |2]
1<4,5,k<l,i#j

<C ¥ ULUllUg3
1<4,5,k<l,i#j

— 0, asn —
and

Inr<c > IEQULUD2NUR U 2 — 0, as n — oo
1<i,j,k,m<l,i#j,k#m

The last step estimations of I, IT and IIT follows from the proof of Claim (i) and
this completes the proof of Claim (ii).

Therefore, by 14) and BI6)- BIX), we have
!
. . , 1
(3.22) Z/(|UJ|4+E(|U3|2)|UJ|2)d:c—» 5 as n— oo
On the other hand, by the definition of J, we have
(3.23) J/(IUj|4 +E(UP)| U7 M)da < U7 2] VU3

Since the series Y, [|U7||3 is convergent, there exists a jo > 1 such that

(3.24) 1U7]l2 = sup{|U7]|2 | j > 1}.
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It follows from (B22)-([BZ4) that
(3.25)

1<J <i31f(|Ujl4 +E(|Uj|2)|Uj|2)dw> < sup{[|U7]]2 | j =1} (Z IIVU”||2>

< [U%]l2 <Z IIVU”||2> < [U%]2.

=
It follows from (BIH) that |[U%||y = 1, which implies that there exists only one
term U70 # 0 such that

1

(3.26)  [[U*]2 =1, [VU [l =1 and /(IUj°|4+E(|Uj“|2)|Uj°|2)d~’C:j-

Therefore, we show that U7 is the minimizer of J(u). It follows from Lemma 3.2
that

3 o1 . . .
(3.27) SAUP = SU” + 2J(|UP > + E(JU[*))U% = 0.

We may assume that U7 is an real positive function by the definition of J(u).

Now, we take U’ = aQ(\z + b) with Q is the positive solution of BIl). By
some computations, we have that ||U30||2 =% QU2 =1, VU |2 = A2||VQ||§ =1
and [([UP[* + E([U*2)|U* P)de = $5 [(1Q* + E(IQ)|Q?)dz = . Applying
Claim B2) and @B3), we have

/ (1Q* + B(QP)Q)dz = 2 / Qdr =2 / VQPdr,

which implies that

X | R ol
at [(IQI* + E(QP)IQ[P)dx 202
This completes the proof Proposition 3.3.

(3.28) J =

[\]

Next, we consider the following elliptic equation
3 1
(3.29) §AR —5R+ E(R*»)R=0, Re H'.
By the same argument in Theorem 3.1, we have the following theorem.

Theorem 3.4. Let f € H', then

(3.30) JE ORI

where R is the solution of Equation{Z2Z4).

2
W||Vf||§||f||2,
2

Remark 3.5. (i) To our knowledge, the uniqueness of the ground state Q(x)
and R(x) is still an open problem. Indeed, the known proofs of the uniqueness rely
on radiality (see [12)]). Since the E operator does not commute with rotation, one
cannot deduce the radiality of minimizers to J(u) by symmetric rearrangement.

(11) The best constants of the generalized Gagliardo-Nirenberg inequalities (3-4))
and [ZZ0) are dependent on the space dimension N, but they are independent of
the choices of the ground state solution Q(x) and R(x). Cipolatti [2] showed the
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existence of a ground state solution of (1) in dimension two and three. Papani-
colaou etal [T8] computed the best constant of the generalized Gagliardo-Nirenberg
inequality in dimension two. We point out that the method used in this paper is
different from [A[I8]. Moreover, our method can also be applied in the dimension
N =2.

In the end, we collect Weinstein’s results [24], and we consider the following
elliptic equation

1
%AP—ZPPHPV’ lp=0, PecH.

Strauss [2T] showed the existence of equation ([B31). Weinstein [24] showed the
best constant of the Gagliardo-Nirenberg inequality, as follows

(3.31)

Proposition 3.6. Let f € H' and 1 < p <5, then

1
3.32 ptl o P ,
(3.32) £l < 2P ——— |V f||2 ||f||2

where P is the solution of Equation [ZZ1).

4. Sharp Blow-up Criteria

In this section, using the sharp Gagliardo-Nirenberg inequalities obtained in
Section 3, we obtain the sharp blow-up criteria to the Cauchy problem (II)-(T3).
More precisely, establishing four classes of invariant evolution flows according to the
value of p, we obtain the sharp blow-up criteria to the Cauchy problem ([CTI)-([T2)
forall 1+ 3 <p <5.

e Sharp Criteria for p =3
Theorem 4.1. Let p=3, ug € H' and satisfy

2
(4.1) H (ug)|uol3 < ﬁ”@”é-
Then, we have that
(i) If
2 2
(4.2) IVuollzlluollz < QII2;

then the solution u(t,x) of the Cauchy problem (L1)-ILA) exists globally.
Moreover, u(t,x) satisfies

2
(4.3) IVut o)l lutt,2)]2 < SlIQI5.

2
(4.4) IVuollz[luoll= > S11QI3,

and |x|ug € L?, then the solution u(t,z) of the Cauchy problem (I1)-(L3)
blows up in finite time T < 400,

where Q is the solution of Equation ([31).
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Proof. Applying the generalized Gagliardo-Nirenberg inequality (Theorem
3.1), we have
H(u) =3 [|Vulde =3 [[ul* + B(jul*)[u*dz
(4.5)

> 3IVul3 - s [ Vall3.

Now, we define a function f(y) on [0, +0c0) by
1 U
f( ) _ .2 || 0||2 3

=3y - Yy,
2° 2l
then we have f(y) is continuous on [0, +00) and
/ 3lluoll2 - 3|uoll2
(4.6) fly)=y- y"=y(l— Y)-
2Ql3 2QI3
It is obvious that there are two roots for equation f (y) = 0: y1 = 0, y, = %

Hence, we have that y; and yo are two minimizers of f(y), and f(y) is increasing
on the interval [0, y2) and decreasing on the interval [ya, +00).

Note that f(0) = 0 and fiae = f(y2) = ;Jﬁl‘% . By the conservation of energy

and assumption (EII), we have

2@l

Muoly ~ ¢
Therefore, using the convexity and monotony of f(y) and the conservation laws, we
obtain two invariant evolution flows generated by the Cauchy problem ([II)-(T2),
as follows.

(4.7) f(IVull2) < H(u) = H(uo) <

2 2[1QI13
Ky :={ue H" | 0<|Vullsulls < gllQlli, 0 < H(u)l[ul3 < o7 2}
and .
Ky = H' ||V 2102, 0 < H 2 219l
2:={ue H | [Vulzlull2 > lIQI, 0 < H(w)llullz < —5-=}-

Indeed, by the conservation of mass and energy, we have ||ul|2 = ||ugll2 and H(u) =
4

H(up). 1f up € Ky, we have 0 < H(u)[ul3 < 2LZ% and ||Vug|l2[luoll> < 2[QI3,

which implies that ||Vuo|l2 < y2. Since f(y) is continuous and increasing on [0, y2)

4
and f(y) < fmaz = ;yll“ﬁll‘lé, we have that for all ¢ € I(maximal existence interval)
2

IVu(t, z)ll2 < y2,

which implies that K; is invariant.
If up € Ko, we have

2

IVuollz[luoll= > S11QI3,
which implies that ||Vugll2 > y2. Since f(y) is continuous and decreasing on
[y2, +00) and

2[lQll2
< Jmaz = 5, 12>

PO < Jmex = Sl

we have that for all ¢t € I(maximal existence interval)
2

(4.8) IVu(t,z)l2 > 2 and [[Vu(t, o)|[lu(t, 2)ll2 > S1QIS,

which implies that K5 is invariant.
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Now, we return to the proof the Theorem 4.1. By (1) and ([EZ), we have
ug € K1. Applying the invariant of K7, we have that {3) is true and the solution
u(t, z) of the Cauchy problem ([[CI))-(C2) exists globally. This completes the part
(i) of the proof.

By Tl and @dl), we have ug € K3. Applying the invariant of K», we have
ER) is true. If we assume |z|ug € L2, then we have |z|u(t,z) € L? by the local
well-posedness. Thus, we recall the virial identity and the conservation of energy
H(u(t)) = H(up), and we have

J'0) = [l lut, 2)Pde
(4.9) =8 [|Vul*dz — 6 [ |u|* + E(|u|?)|u|?*dx
= 24H (ug) — 4[| Vul|3.

Multiplying both side of @3) by |luol|3, applying the conservation laws, (@Il and
EX), we have

2
luoll3 4 [ o[ [u(t, @)[Pde = 24H (uo)uoll3 — 4l Vull3]luol3

< Flel: - Flelz=o.

(4.10)

By the classical analysis identity
t
(4.11) J(t) = J(0) + J (0)t + / J(s)(t — s)ds,
0

we have that the maximal existence interval I of u(t, ) must be finite, which implies
that the solution u(¢,z) of the Cauchy problem ([CII)-([T2) blows up in finite time
T < 4o00. This completes the proof.

e Sharp Criteria for p =1+ %
Theorem 4.2. Letp =1+ %, uo € H' and satisfy

4 4
2| RIS(IPI3 = lluoll3)®

(412) ||UQ||2 < ||P||2 and H(UQ) <
27||uo |31 P|I3
Then, we have
(i) If
2 |IRI(IPIS — lluolly)
— ||U
(4.13) [Vuoll2[luoll2 < 5+—2 . ae

4
3 I1PII3

then the solution u(t,x) of the Cauchy problem (L1)-ILA) exists globally.
Moreover, for all time t, u(t,x) satisfies

4 4

2 | RIZUIPIS — lluoll3)
4
3 I1PII3

(4.14) IVu(t, z)la[lu(t, 2)]2 <

(i) If
2 4 4
2 ||RIBUPI = lluoll3)
4
3 I1PII3

(4.15) [ Vuol|2([uoll2 >
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and |z|ug € L?, then the solution u(t,z) of the Cauchy problem ([I1)-(LA)
blows up in finite time T < 400,

where P is the solution of Equation [ZF1) and R is the solution of Equation (ZZ4).

Proof. Applying Theorem 3.4 and Proposition 3.6, we have
4
H(u) = %f|Vu|2d:c— L [ |ul*Tsdz — %fE(|u|2)|u|2d:c

2+3
@16) ol Ll
> 1 2 _ lully 2 _ ]2 3
> $IVul} - 2Vl - il vl
Now, we define a function f(y) on [0, +c0) by
4
U luoll \ o luoll2 5

Yy - Yy,
2 9|P|2 2| RI3
then we have f(y) is continuous on [0, +00) and

4
’ U 3 3l|u
(4.17) £y = (1 - | o||z Y- I 0||22y2'
T

It is obvious that there are two roots for equation f,(y) =0 y1 =0, yo =
4 4
2 IRIZAIPIS —Ilgol\z?’)
lluoll2llPII3
f(y), and f(y) is increasing on the interval [0,y2) and decreasing on the interval
[y2,+OO).
Note that f(y1) =0 and

> 0. Hence, we have that y; and y2 are two minimizers of

4 4
_ 2IRIAUPIE — lluoll3)?

fmaz = f(y2) =
27 Juo 1311 P|3
By the conservation of energy and the assumption 1), we have
(4.18) F(IVull2) < H(u) = H(uo) < f(y2)-

Therefore, using the convexity and monotony of f(y) and the conservation laws, we
obtain two invariant evolution flows generated by the Cauchy problem ([II)-(T2),
as follows.

K3 := {U S I{1 | 0< ||VUH2||’LL||2
4 4
< 2 [|[RIZ(IPNS — lluoll3)

3 T o lulle < |[Pll2;, 0 < H(u) < D}
1P
and
4 4
2 |RIGUIPIZ — llll3)
Kyi={ue H' | [Vullzllulls > 37="—25——25, [|u|
P13
<|[|Pll2, 0 < H(u) < D},
2URILPIS )’
where D = 227HU0|I%H P 2. Indeed, by the conservation of mass and energy,
we have ||ulls = |lug|l2 and H(u) = H(ua)) If uo € K3, we have ||ull2 < ||P||2,

0 < H(u) < D and |Vugll < 2IEHUPL Wwoll2) which implies that [|Vuolls <
luoll=1 P13
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ya2. Since f(y) is increasing on [0,y2) and 0 < f(y) < D, we have that for all
t € I(maximal existence interval)

4 4
2 | RIZAIPIS — lluoll)
IVut 2)llallu(t, 2)] < 3722,
I1Pl3

which implies that K3 is invariant.
If ug € K4, we have

ull2 < [[Pl2,0 < H(u) < D
and
9 a 4
2 R3PS = lluoll3)

[Vuol|2 > 3 3
luoll2]| P13

which implies || Vug||2 > y2. Since f(y) is decreasing on [y2,00) and 0 < f(y) < D,
we have that for all ¢ € I(maximal existence interval)

4 4
2 |R|IZ(|P|5 — 3
o > ZLRIBUPIS — lluolls)

(4.19)  ||[Vu(t,z)|2 > y2 and ||Vu(t, z)||2]u(t, 2 T=E
Pll;

which implies that K is invariant.

Now, we return to the proof the Theorem 4.2. By I2) and EIJ), we have
ug € K3. Applying the invariant of K3, we have that [E14) is true and the solution
u(t, z) of the Cauchy problem ([I))-(C2) exists globally. This completes the part
(i) of the proof.

By I2) and {TIH), we have ug € K4. Applying the invariant of K4, we have
EIT) is true. If we assume |z|ug € L?, then we have |z|u(t,z) € L? by the local
well-posedness. Thus, we recall the virial identity and the conservation of energy
H(u(t)) = H(up), and we have

2
) =g [ oPlutx)de

8 [ |Vul?de — 325 [[ul**% — 6 [ E(|jul?)|ul*dz
3
(4.20)

= 24H (ug) — 4 [ |Vul*dz + 2_& S |25 da
3

NIRTS

< 24H (up) — 4[1 — Lelz 17y 2.
|1P||3

By the assumption 1), it follows from EIJ) and EZ0) that
(4.21)

N

4

2 woll3
luolld s [ laf? u(t, @) Pde < 24H (wo)lfuolly — 41 = L2 5]Vl ol

2

4 4 4 4
16| Rz (IPIIS —lluollF)* 16H1‘?H§‘(IIPH§’4—HUOH2~3)3 -0
)

<
9IPl3 9Pl

which implies that the solution w(¢,z) of the Cauchy problem ([II)-(TC2) blows up
in finite time 7" < +o00. This completes the proof.
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In order to study the sharp thresholds of blow-up and global existence for the
Cauchy problem ([CI)-[CZ) for 1+ 2 < p < 3 and 3 < p < 5, we need the following
preparations.

Let us define a function g(y) on [0, +00)

5-p
3 — Dluolly”  2wznp  3luollz
4P|l 2|[P3 ™

(4.22) g(y) =1-

where P is the solution of Equation ([B31)). We claim that there exists an unique
positive solution yg for the equation ¢g(y) = 0. Indeed, by some computations, we
have for y > 0

5-p
3(p—1)Bp — Dol sw_n_ 5 3luol2
p—1 y oz o 7 <U,
8|1P13 2[|P|3

(423) g =-

which implies that g(y) is decreasing on [0, +00). Notice that

9(0)=1>0,
and
J2IPIE ) 3 —1) 2 s fuoll3
3[[uoll2 473 [P P

2
Since g(y) is continuous on [0, +00), there exists an unique positive yo € [0, ??Illlill‘li]
such that g(yo) = 0.

e Sharp Criteria for 1+ % <p<3

Theorem 4.3. Let 1+ % <p<3,ug € H' and satisfy

3p—T7
(4.24) 0 < H(ug) < hyﬁ.
Then, we have
(i) If
(4.25) IVuoll2 < o,

then the solution u(t,x) of the Cauchy problem [L1)-ILA) exists globally.
Moreover, for all time t, u(t,x) satisfies

(4.26) [Vu(t, z)ll2 < yo.
(ii) If
(4.27) ||VUO||2 > Yo,

and |z|ug € L?, then the solution u(t,z) of the Cauchy problem ([I1)-(LA)
blows up in finite time T < 400,

where yo is the unique positive solution of the equation g(y) = 0 and g(y) is defined
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Proof. Applying the Gagliardo-Nirenberg inequality (Proposition 3.6), we
have

H(u) = %f|Vu|2d:c— mf|u|p+1d:1:— fE(|u|2)|u|2d:c
s S T
> 1 Vul3 - 2””“1!ﬁp IVully, T — gl a3
Now, we define a function f(y) on [0, +c0) by
Lo fuoly™ sen Juolls

fly) =5y —
2 2P|~ 2||P|I3

then we have f(y) is continuous on [0, +00) and

5-p
3(p = Dlluolly®  ae-n_5  3[luolle

(4.29) fly) =yl - P Yy 2”PH%y]:yg(y)-

By the properties of g(y), we have
(430)  £(0) = f (y0) = yog(yo) = 0 and f"(y0) = g(uo) + yog (y0) <O,

which implies that 0 and yo are two minimizers of f(y), and f(y) is increasing on
the interval [0, yo) and decreasing on the interval [yg, +00).
Note that fimae = f(yo) and f(0) = 0. Since g(yo) = 0, we have

e |

_ _ 1,2 _ lluol u 3
fmaw = f(yO) - §y0 - 2”;)3”2’2’71 Yo : - 2”103”23 Yo
4.31 1 2 2 1 11luollz 3
(4.31) =13 — s v8 + (751 — 3P Y
3p—7
= 6(;:5 1)y0

By the conservation of energy and the assumption [24), we have

3p—17

—Yo <

a1 < e

Therefore, using the convexity and monotony of f(y) and the conservation laws, we
obtain two invariant evolution flows generated by the Cauchy problem ([II)-(T2),

as follows. We set

(4.32) H(u) = H(ug) <

3p7

Ks:={ue H" | 0<|Vul2 <yo, 0<H(u) < 6(p—1)" a

and .
Ko:={ue H" | |Vulz > yo, 0 < H(u) < 6(;’ St

Indeed, by the conservation of mass and energy, we have ||ul|2 = ||ug|l2 and H(u) =

H(ugp). If ug € K5, we have 0 < H(u) < ﬁ?ggj)yg and ||Vuo|l2 < yo. Since f(y) is

continuous and increasing on [0,yo) and f(y) < 6%2 I) Yg < fmaz, we have that for

all ¢ € I(maximal existence interval)
[Vu(t, z)ll2 < yo,

which implies that Kj is invariant.
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If up € Kg, we have 0 < H(u) < 6%2 I)yo and ||Vu0||2 > . Since f(y) is

continuous and decreasing on [yo, +00) and f(y) < )yo < fmaz, we have that

6(p 1
for all ¢ € I(maximal existence interval)

(4.33) (IVu(t,2)||2 > o,

which implies that Kg is invariant.

Now, we return to the proof the Theorem 4.3. By @Zd) and ZH), we have
ug € K. Applying the invariant of K5, we have that ([E20) is true and the solution
u(t, z) of the Cauchy problem ([TIl)-(C2) exists globally . This completes the part
(i) of the proof.

By 24) and {27), we have ug € Kg. Applying the invariant of Kg, we have
E33) is true. If we assume |z|up € L?, then we have |z|u(t,x) € L? by the local
well-posedness. Thus, we recall the virial identity and the conservation of energy
H(u(t)) = H(up), and we have
(4.34)

1"

T8 =& [ 2P lut,z)Pde

=8 [ |Vul2de — 222D [ |up+ide — L [ B(|uf?)|uf?dz

= 12(p — 1)H(uo) — [6(p — 1) = 8][|Vu[3 + [3(p — 1) — 6] [ E(Jul*) ul*dz
<2[B(p—1)—4ys — 6(p—1) — 8Jy5 =0,

for 1 + % < p < 3, which implies that the solution (¢, z) of the Cauchy problem
([CI)-C32) blows up in finite time T < 4o00. This completes the proof.

e Sharp Criteria for 3<p <5

Theorem 4.4. Let 3 <p <5, ug € H* and satisfy

1
(4.35) 0 < H(up) < Eyg.
Then, we have that
(i) If
(4.36) ||VUO||2 < Yo,

then the solution u(t,z) of the Cauchy problem (IL)-[LA) exists globally
. Moreover, for all time t, u(t,x) satisfies

(4.37) (IVu(t,x)|l2 < yo-
(ii) If
(4.38) ||VUO||2 > Yo,

and |z|ug € L?, then the solution u(t,z) of the Cauchy problem (I1)-(L3)
blows up in finite time T < 400,

where yo is the unique positive solution of the equation g(y) = 0 and g(y) is defined
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Proof. Applying the Gagliardo-Nirenberg inequality (Proposition 3.6), we
have

H(u) =3 [[Vulde = g [ul™ = 5 [ E(ul*)[ul*dx

1+p
(4.39) w2 8(p—1) u
> 4IVul3 - S| Vull, T — el Vull.
Now, we define a function f(y) on [0, +00)
Jollo™ o]
1 Uuglly®  3—n Ugll2 3
f(y):_yz_i_y 2 - Yy,
27 2P|y 2|PIi3

then we have f(y) is continuous on [0, +00) and

5-p
, 3(p—Dllwolla® -1 _5  3|luolle
(4.40) fW=yl-——Fg—y -
4||pst 2||P|I3

where g(y) is defined in @ZA). By the properties of g(y), we have

(4.41) £0)=f (%) = yog(yo) =0 and f" (yo) = g(yo) + yog (y0) <0,

which implies that 0 and yo are two minimizers of f(y), and f(y) is increasing on
the interval [0, yo) and decreasing on the interval [yo, 4+00).
Note that f(0) =0 and fmee = f(v0). Since g(yo) = 0, we have

yl = yg(y),

5_
3(p—1)
_ Lo lwl™ S g, g
fma;ﬂ f(yO) 2% 2”P||§71y0 QHP”%yO
5—p
==E 3p-1
(442) B [l _ l] 2 + [p,1 _ l]”u()”z? (P2 )
=l =l + 15 oo Y%
1,2
> 5Y0-

By the conservation of energy and the assumption ([3H), we have
1
(4.43) o<mm=Hm@<ag<mm

Therefore, using the convexity and monotony of f(y) and the conservation laws, we
obtain two invariant evolution flows generated by the Cauchy problem ([II)-(T2),
as follows. We set

1
sz{ueHH0<HVMb<Mh0<H@)<E%}

and
1
Kg:={uec H' | |Vul2 >y, 0< H(u) < gyg}

Indeed, by the conservation of mass and energy, we have ||ul|2 = ||ug|l2 and H(u) =
H(ug). If up € K7, we have ||Vugll2 < yo. Since f(y) is continuous and increasing
on [0,y0) and V y € [0, +00), f(y) < 248 < fmax, we have that for all ¢ € I(maximal
existence interval)

IVu(t, z)ll2 < yo,

which implies that K7 is invariant.
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If ug € Kg, we have ||Vugll2 > yo. Since f(y) is continuous and decreasing on
[yo, +00) and V y € [0, +00), f(y) < 248 < fmaa, We have that for all ¢ € I(maximal
existence interval)

(4.44) (IVu(t,x)||2 > o,

which implies that Ky is invariant.

Now, we return to the proof the Theorem 4.4. By @3H) and E3d), we have
ug € K7. Applying the invariant of K7, we have that ([E31) is true and the solution
u(t, z) of the Cauchy problem ([TIl)-(C2) exists globally . This completes the part
(i) of the proof.

By E33) and E3]), we have ug € Ks. Applying the invariant of K, we have
) is true. If we assume |z|ug € L?, then we have |z|u(t,z) € L? by the local
well-posedness. Thus, we recall the virial identity and the conservation of energy
H(u(t)) = H(up), and we have

1"

J (t) dtg f|3:| lu(t, z)|*dx

=8 [ |Vul2de — LD [ |uptidy — L [ E(|uf?)|uf>dz

= 24H (ug) — 4|V} + 222D [ lyjptidy

(4.45)

for 3 < p < 5, which implies that the solution u(¢,z) of the Cauchy problem
([CI)-[@C2) blows up in finite time T' < +oo. This completes the proof.

5. Properties of Blow-up Solutions

In this section, we shall investigate the blow-up properties of the solutions to
the Cauchy problem ([I))-(CZ). We prove the nonexistence of the L? strong limit
to the blow-up solutions of the Cauchy problem ([CI)-(C3) for 1 < p < 3, as follows.

Theorem 5.1. Let 1 < p < 3 and the initial data ug € H'. If the solution of
the Cauchy problem ([I)-(LA) u(t,z) blows up in finite time T < +oo, Then for
any sequence {t,}>2, such that t, — T as n — oo, {u(tn,x)}>2, does not have
any strong limit in L® as n — oo.

Proof. We prove this result by contradiction. Suppose that {u(t,,x)}5°; has
a strong limit in L3 along a sequence {t,,}2°, such that ¢, — T as n — oo. Since
the solution w (¢, z) of the Cauchy problem ([II)-([CZ) blows up at finite time T in
H' we have | Vu(t,)||2 — +o0 as n — +oco. By the conservation of energy

/|Vu (t,z)|*dx — —/|u (t,z) [Pt da — /E(|u|2)|u|2d:c = H(uo),
for 1 < p < 3, we claim Vn # m,
(5.1) [Vu(ta)lls < Clluta) —utm)] + Cllu(tm)| + C.
Indeed, if p = 3, by the conservation of energy, we have
IVu(ta)ll7: < 2H (uo) + 5lluta)lli + 5 [ E(lu(tn)?)u(ts)*dz
< 2H (uo) + Cllu(tn)|li + C
< Cllultn) = ultm)|i + Cllu(tm)lli + C.
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If 1 < p < 3, using the Gagliardo-Nirenberg inequality and Hoélder inequality, we
have Ve >0

3(p—1)
2

lu(ta)llpis < ClIVu(ta)ll,

5-p
luolly® < el Vu(ta)[3 + C(e).
By the conservation of energy, we have

IVu(tn)ll3 < 2H (uo) + £ Vu(tn)[3 + Cllu(tn)ll3 + C(e)

< el Vultn)l3 + Cllu(tn) — ultm)i + Cllu(tm)|i + C,

for € < 1, which implies that Claim (&J) is true.
Since 3 < 4 < 6, applying the Holder’s inequality for % = g + %, 6 € (0,1),
we have

u(tn) = ultm)li < Cllu(tn) — ultm) |40 u(tn) — u(tm)g" "
< CHu(tn) - u(tm)H%HV(u(tn) - u(tm))”%
It follows from @) and (EZ) that for m # n large enough
(5.3) IVu(ta)|3 < Cllu(t) — utm) I3V (u(ta)]|3 + Cm,

where C), depends on m.
On the other hand, since the sequence {u(t,)}32; converges strongly in L3,
there is a positive integer k such that for all n > k,m > k

(5.2)

1
CHu(tn) - u(tm)”§ < 5
Therefore, choosing m = k in the inequality ([&3]), we obtain that for all n > ny
1

(5.4) IVu(ta) 3 < 51IVu(ta)l3 + Cr,
which implies that the sequence {Vu(t,)}5%; is bounded in L?. This is contradic-
tory to that u(t,z) blows up in finite time T < 4o00. This completes the proof.
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