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On the quasilinear elliptic problem with a Hardy-Sobolev
critical exponent
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ABSTRACT. In this article, we consider a quasilinear elliptic equation involving
Hardy-Sobolev critical exponents and superlinear nonlinearity. The right hand
side nonlinearity f(z,u) which is (p — 1)-superlinear nearby 0. However, it
does not satisfy the usual Ambrosetti-Rabinowitz condition (AR-condition).
Instead we employ a more general condition. Using a variational approach
based on the critical point theory and the Ekeland variational principle, we
show the existence of two nontrivial positive solutions. Moreover, the obtained
results extend some existing ones.
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1. Introduction and main results

We will consider the following problem

wlP ()2
—Dpu = p—u A f(w,u), @€ Q\{0}, (1.1)
u = 0, S aQu

where Apu = div(|Vu|P~2Vu) denotes the p-laplacian differential operator, 2 is an
open bounded domain in R™ (N > 3) with smooth boundary 9Q and 0 € Q, 0 <
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s<p, 1 <p<N,0<p<oo, p¥(s) = p(Jf[V:ps) is the Hardy-Sobolev critical

exponent and p* = p*(0) = NN—_’; is the Sobolev critical exponent, A > 0 is a real

parameter. W,*(2) is the Sobolev space with the norm

1
= ( / |Vu|pd:c) ,
Q

which is equivalent to the usual norm of WO1 P(Q) due to the Poincaré inequality
and

P
Ag(Q) = inf lu

P (1.2)
u€Wy P (Q)\{0} (fQ |u|p* () d:c)m

N
is the best Hardy-Sobolev constant.

In the case s = 0 and p = 2, this problem has been widely studied (see [1, 2, 11]
and the references therein). In the case s = 0, Goncalves and Alves in [8] have
studied Problem (1.1) in RY involving f(z,u) = h(x)ud, u > 0 and u # 0 to obtain
existence of positive solutions where 2 <p < N, 0<g<p—lorp—1<g<p*—1
and a suitable h. Ghoussoub and Yuan have studied problem (1.1)(see [9]), when
f(x,u) = |u|""2u, p < r < p*. For other relevant papers see [6, 10, 7, 12] and the
references herein.

A direct extension of these methods to the case p # 2 is faced with serious dif-
ficulties. Such as, the energy functional associated to (1.1) is defined on W, (),
which is not a Hilbert space for p # 2. Due to the lack of compactness of the em-
bedding in W, *(Q) < LP"(Q) and W, P(Q) < LP"()(Q, |z|~*dz), we cannot use
the standard variational argument directly. The corresponding energy functional
fails to satisfy the classical Palais-Smale ((PS) for short) condition in W, ?(Q).
However, a local (PS) condition can be established in a suitable range. Then the
existence result is obtained via constructing a minimax level within this range and
the Mountain Pass Lemma due to A. Ambrosetti and P.H. Rabinowitz (see also
[15]).

F(z,t) is a primitive function of f(z,t) defined by F(x,t) := fot f(z,s)ds for
x € Q, t € R. For problem (1.1) we have the following assumptions:

(A)) feC(Qx RT,R), f(z,0)=0, lim f(,t) =400 and lim f(@,1) =0

t—o0+ tP—1 t—o0 tp*(s)fl B

uniformly for = € Q.
(A2) f:Q x RT — R is nondecreasing with respect to the second variable.

— \/_72
(AB)N>p2max{2, 3N s—1+ (12 s) +4N}.

N+3-s5’

In what follows, || - ||, denotes the norm in L?(f2). Now, our main results are
as follows:
Theorem 1. Suppose that N > 3, 0 < pp < o0, 0 < s <p, 1 <p < N.
Assume (A1) holds, then there exists \* > 0 such that problem (1.1) has at least

one nontrivial positive solution uy for every A € (0, \*).

’—N
Theorem 2. Suppose that N > 3, 0 < p < oo, max10, pp% } < s <p. If
(A1) — (As) all hold, then there exists \* > 0 such that problem (1.1) has at least
two nontrivial positive solutions for every X € (0, \*).
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Remark 1. Here we give some examples of the nonlinearity satisfying (A;) and
(Az).

(1) f(x,t) =t171 t >0 with 1 < ¢ < p.

(2) f(z,t) = v(z)t" + h(z)t”, t > 0, where v(z), h(z) € L>®(Q), v(z), h(z) >
0,0<r<p—1land p—1<v<p*(s)—1.

This paper is organized as follows. In Section 2, we manage to give the proof of
Theorem 1. The proof of Theorem 2 is given in Section 3. Throughout the article
the letters C or C; (i = 1, 2, 3, ...) will denote various positive constants whose
exact value may change from line to line but are not essential to the analysis of the
problem.

2. Proof of Theorem 1

It is obvious that the values of f(x,t) for ¢ < 0 are irrelevant in Theorem
1-2, and we may define

flz,t)=0forz e Q, ¢t <O0.

Let u™ := max{4u, 0}. The functional corresponding to (1.1) is

1w =2 [ (vupds — / ()"t )d:c—)\/ F(z,uM)dz, ue WHP(Q).
P Ja p*(s) Jo  |z[® Q

By Hardy-Sobolev inequalities (see [4, 9]) and (4,), I € CY(Wy*(Q),R). Now

it is well known that there exists a one-to-one correspondence between the weak

solutions of problem (1.1) and the critical points of I on WO1 P(Q). More precisely

we say that u € W, (1) is a weak solution of problem (1.1), if for any v € W, (1),

there holds

(I'(u),v) = /Q |VulP~2VuVodr — M/Q

Proof of Theorem 1. Let X := W,"”(Q2). From the Sobolev and Hardy-Sobolev
inequalities, we can easily get

Jul””

(s)
Jul < Clulps [ 2 do < Cla
o |7l

+)p"(s)—1
) vdr — X | f(z,u")vdr = 0.
Q

|z[*

POl < Ol Yue X, (21)

It follows from (A7) that
P7(s)
p(s)]a]
M7 > 0 such that |F(z,t)| < M; for all ¢t € [0, d],
uniformly for all z € Q \ {0}. Therefore, we deduce that

Fa,t)] < My + -
z,t)| < 1+ 77
]

for all t € R and for z € 2\ {0}. By (2.1) and (2.2), we have

+\p" (s)
e e e e L
PN EE Jo Tl o
1

>~ ull? = Cullul” )~ Aanjgy

36 > 0 such that |F(x,t)] < for t > 4,
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for all A € (0,1] and some C; = *(S)
I(u) >0 if ||ul| = p, and I(u) > —Cs if |ul| <p

for every 0 < A < \*, where Cy = C1pP" ) + X\*M;|Q|. Choose ug € Wy (Q) N
L>°(Q) such that ug # 0. Let M := [Juol[?/(A|lug ||5). From (A;), there exists &
such that

so there exist p > 0 and A* € (0, 1] such that

2M.
|F(z, )] > Z=2tP, 0 < t < 6.
p

Hence we have

» < ) D
I(rug) = ||U0Hp -5 fgz u0|m|s = A Jo Fa,rug )dz

< %liuonp—W’AMznugnp

= gl <0
for every 0 < A < A* and 0 < r < min{p, 61/||ug [« }. Thus there exists u small
enough such that I(u) < 0. Then we deduce that

inf I(u) <0< inf I(u).
weB, (0) wedB,(0)

By applying Ekeland’s variational principle (see [13], Theorem 4.1) in B,(0), there

is a minimizing sequence {u,} C B,(0) such that

Hwn) < inf I(u) 4, I(w) = Iun) — ~|w—unl, w € B,(0).
u€B,(0) n n

Therefore, we have
1’ (un)|| — 0 and I(u,) — cx as n — oo,
where ¢ stands for the infimum of I(u) on B,(0). Since {u,} is bounded and B,(0)

is a closed convex set, there exist uy € B,(0) C WP (€2). Going if necessary to a
subsequence, one can get that(see [9])

U, — uy weakly in W, P(9Q),

Up — wy strongly in LV(Q), 1 <y < p*,
Up — Uy a.e. in £,

Vu, — Vuy a.e. in Q,

o — 22 weakly in LP(£2),

[un [P )24, lua P ()~ 2uy Lp
Jo tnl gy — [ A dy, W ou € WP (9Q).

|]® <[
Consequently, passing to the limit in (I’ (u,), v), as n — oo, we have
(u)P “(5)—1y,
/ |Vup|P~2VuyVodr — u/ Aisdac - )\/ f(z,uf)vde =0
Q Q || Q

for all v € W, P(Q). That is, (I'(ux),v) = 0. Thus uy is a critical point of the

functional I . Since |juy [P = —(I’(ux),uy ) = 0, thus uy = u} > 0. Moreover, we
deduce from (A;) and the boundedness of Q that
,u P (s)—

3 M5 > 0 such that |f(z,t)] < = fort>M3,

|z]°
343 € (0, M3) such that |f(3:,t)| >0 for 0 <t < dg,



ON THE QUASILINEAR ELLIPTIC PROBLEM 229

3 My > 0 such that |f(x,t)| < My for all ¢ € [da, M3],
for all z € Q \ {0}. Therefore, we deduce that
ptP (-1
A el
for all t € R™ and for z € Q\ {0}. From (1.1) and (2.3), we have
—Apuy + )\M45271u,\ > 0.

flz,t) > — Mytsy! (2.3)

From the strong maximum principle, we deduce that uy > 0. So Theorem 1 is
proved. [J

3. Proof of Theorem 2

The first positive solution uy of problem (1.1) have been obtained in previ-
ous section, we can look for the second positive solution by a translated functional
as in [1]. For fixed A € (0, \*), we look for the second solution of problem (1.1) of
the form v = u) + v, where wu) is the first positive solution obtained in previous
section. The corresponding equation for v is

. . (u/\_,_v)p*(S)*l . (uA)P*(S)*l B
DNpv=p u + A f(zyuxn +v) = Af(z,un), z € Q\ {0},

[ [

(3.1)
Let us define

u *(s)— w *(s)—
g, t) = { /L( AFt)P o ‘u( P 1 (@ 4 ) — Af(zus), £3 0,

ER ER
0, t <0,
(3.2)

G(x,t)—/o g(z, s)ds

Jw) = %fﬂ |Vol|Pde — fQ G(z,vT)dz

WP

1 (u +'u+)”*(s) WP L+
slol” = 5 fﬂ< T T e PO T ) de

=X Jo [F(x,ux +v) = F(x,uy) — f(z,uz)vt] da.

Now we have one-to-one correspondence between critical points of J in VVO1 P(Q)
and solutions of problem (3.1). That is, if v € W, ?(Q), v # 0 is a critical point of
J, then v is a solution of (3.1). Since |[v™||P = —(J'(v),v™) =0, thus v = v* > 0.
Moreover, by the Maximum Principle, v > 0 in €. Here u = u) + v is a positive
solution of (1.1) and u # wuy. We will prove the existence of a second positive
solution of (1.1) by contradiction. Assume that v = 0 is the only critical point of
J in WP ().

Lemma 1. v = 0 is a local minimum of J in W, " ().
Proof. For any v € Wy?(Q), write v = v+ — v~. From the expression of J and
direct computation, we obtain that

J(v) = %HU-HPH(UA +ot) = I(uy). (3.3)
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Since uy is a local minimizer of I in W, *(), we have
L=
UOES- LN
as long as ||v|| < e for € small enough. O
Lemma 2. ([9]) Suppose 1 < p < N, 0<s <p. Then we have the following:
(i) As(Q) is independent of Q (and will henceforth be denoted by As).
(ii) A, is attained when Q = RYN by the functions

N-—p
B N—p p—1]| plp—s) e I;;Tf
le(z) = la(N—s)(p_1> ] (= +1257)

for some € > 0. Moreover the functions l.(x) are the only positive radial solutions

of

p"(s)—1
N

|[*

e e
|Vi|Pdx = de = A~ .
RN RN |7

Lemma 3. Suppose 0 < p < oo, f satisfies (A1)—(As). Assume that v=0 z's the only

—N

critical point of J. Let {v,} be a (PS). sequence with 0 < ¢ < p(N A’)’ p'rs
Then we have

in RN, and satisfy

v, — 0 in Wy () as n — oo.

Proof. Let v, be a sequence in Wol’p(Q) such that

p— = — Lp *
J(vp) = e < WA ,u "=+ and J' (vp) — 0 in (WO (Q)) . (3.4)

Then from (3.3) and (3.4), we have

J(vy) = %Hv;Hp—l—I(u,\—i-v:{) — I(uy) = c+o(1), (3.5)

(J'(vn), ur+vyy) :/ Vo, P72V, Vurda+(I' (us+vy), ustog) = o(1)Jus+vy |
Q
It yields that
J(vn) — %<JI(Un)a ux + ;)

= %(va”p — Jo IV, [P72V0, Vuzde — (I'(ux +v; ), ux + v))
+1(uy + o) — I(uy)

<c+1+o1)|lur+ v

Therefore, one gets

ws 4v P(S)
L (o 1P = Jo |90 P20y Vunda) + g (5 = 55 fly L2t

+A Jo [%f(x,u,\ + o) (ux +vt) — Fa,uy + v:{)] dx (3.6)

<I(ux)+c+14o0(1)|lux+vt.
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By (A1) and the boundedness of ), for any € > 0, there exists M5 = M5(e) > 0
such that

5

tp s
i <80 s €O} > M. 1701 < Cale), 2 €2 1 € 0,015
e [t[P" ()
|F($,t>| < ];Wa HAES Q\{O}v |t| > M57 |F(Iat)| < 04(5)7 TE Qa |t| € [OaMS]v
where Cs(¢), Cy(g) > 0. Therefore, we have
P ()
0] < Cafe) + e (0.0 € @\ (0] x R (37)
e [t|P" )
|F(z,t)] < Cyle) —i—; FO (x,t) € (2\{0}) x R. (3.8)

Let C(e) := %03(8) + Cy(g), combining (3.7) and (3.8), one gets
2¢ [P ()
p |z

Fla,t) - %f(:zc,t)t <Cle)+ L@t e @\{0) xR (39)

From (3.6) and (3.9), we deduce that

1
<AC(9)|9 - Ellvill” + Csllvg 1P~ + Cs + o(1) Jux +vif |,

where C5 = %HU)\H, Co=1I(ur)+c+1. Lete= %, we have

U +’U+ p*(s) _ _
/ b 0 ) 1y < Callo 1P+ Cis + o(1)ux + v},
Q

|z[*

where C7 = 28005 Oy = 2208 (\C(e) [0 + C5), which together with (3.3),

(p—s) u(p—s)
(3.5) and (3.8) imply that
Sl P+ 5 [ = e)llof 1P = Celluall? = (1 = ) lvf [P71]
< gl P + 5 [ = )llof 1P — Celluall?]
< gl 1P+ 5 1o I = llualF?

< sl P+ Sllua + of |17

(uato )"

= p,f(‘s) Jo GE de + X [ F(z,ux + v} )dz + J(v,) + I(uy) + o(1)

< Collvg P74 + Cro + o(1) [Jux + vt |,
where in the second step we used the fact that, the elementary inequality |a — b|t >
(1—e)al —Cobt (> 1, a,b > 0) holds. Cy = (L + %) Cr, Cro = ACa(2)[Q] +

p*(s)
(545 +25) s+ I(un) + ¢ + o(1). Since [log [P~ + [[o [P~ = [[on][?~*, then we
deduce

[vall” = Cuallof [P~ = Oy og [IP7F < Cra + (1) uall,
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Q

C- P
where C11 = 1+ 0(1)12, Cf, = £, Cpp = %:pcm So we get

[oa]|P = CrsllvalP~F < Cra + o(1)]Juall,
where C13 = C11+C,. It shows that {v,,} is bounded in W, ?(Q), going if necessary
to a subsequence, one gets that
v, — vo weakly in W, (Q),
v, — vp strongly in L7(Q), 1 < v < p*, (3.10)
v, — Vg a.e. in €,

as n — oo.
In addition, by the Sobolev embedding theorem, there exists M’ > 0 such that

[lua + v;’{”iiéji < M’, denote by measE the measure of E. By (A1), for any € > 0,
there exists C14(¢) > 0 such that

€ . —
|f (2, 0)t] < Crale) + ot &) (z,t) e A x R.
Set § := 5=~— >0, when E C 2, measFE < J, we have
2014(5)

| [ un + o) (s +of)de| < [ lf (@, un +of) (us + o)l de

IN

fE Cra(e)dz + 557 fE luy + vt [P () de

IN

Cra(e)meas E + § <e.

By Vitali’s theorem, we prove that
flzuy + o) (un +v))de — | flz,ux +vf)(uy + vy )dz as n — oo.
Q Q
Hence one has
Jo f(@ un 4+ v ) (ux + vy)dx
= Jo f@ux +v)(ux + v )de — [, £z, un) (v, )dw (3.11)
— Jo (@, ux +vg) (ux + vo)dz as n — oco.

Using the same method, we deduce that

F(z,uy + v )de — | F(z,u\ + vy )dz, (3.12)
Q Q

flzyuy + v wdr — [ flo,uy + o) wdz,
Q Q
asn — oo for w € Wol’p(Q). Hence, similar to the proof of Theorem 1, we have

0= lim (J'(va),w) = (' (10). )

for w € Wy (), which implies that J'(vy) = 0. Therefore, v is a critical point of
J in Wol’p(Q). From the assumption that v = 0 is the only critical point of J, we

know that vo=0. Now we want to prove vy — 0 strongly in W,**(€2). From (3.10),
(3.12) and the Brezis-Leib Lemma (see [3]), we have

1. 1 v )P ()
(o) = Mo P+ Iur + o) — I(un) = Loallp — =2 [ 2 004 o),
P P p*(s) Jo ||
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Therefore, we get

pH)P(s)
o)) = el = [ (i

dr +o(1) — 0,
o 7l o

then ||v,||? — 0 as n — co. Otherwise, there exists a subsequence (still denoted by
vy,) such that

(v )P ()
lim ||v,||? =k, lim ,u/ n de =k, k> 0.

o |z
By (1.2), we deduce that

(U )\ @
loall? > A, (/ — d:c)  forallne N
Q

Then, k > Ag (k> o) , that is, £ > A/ = N%' Thus we get that

vl)P (s)
Cc = 0(1) + J('Un) - %”Un”p P (S «fﬂ ( ‘i‘s dx + 0(1)

= vkt oll)

—s Nos pn
> WASP Spre.
This is a contradiction. So v,, — 0 strongly in W, *(Q) as n — oo. [J
Since uy > 0 is a solution of problem (1.1), in a way similar to the proof of
Theorem 1.1 in [5], we obtain positive constants R and ro such that Bag(0) C Q
and
0<rg < U)\(:E), Ve BQR(O)\{O} (313)

In the following, we shall give some estimates for the extremal functions. Let

CLo= |e(N = s) <N‘p)p1]%, Ua(z) = =)

p—1

Define a function ¢ € C§°(2), 0 < p(x) < 1 such that
w_{ Lll<R
=00, |2| > 2R,

where Bar(0) C Q. Set

ue(
ue(z) == p(z)Ue(z), ve(w):= (o) 1
|u5\P*(8)d p*(s)

(fn EIR 5”)

so that [, ‘UEILEIS el © g . Then, by using the argument as [9], we can get the
following results:

N-—p N—p

Ag+ Ciger—s < ||’U5||p < Ag+ Ciger—s (314)

and

(p=s)(p=1) |ve|P (p=s)(p=1) N—s
017(5 » ></ dx<018( P ),p> p—1). 3.15
o T’ NPT G
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Lemma 4. Suppose that N > 3, 0 < u < 0o and max {O, p;:f[} < s < p. Assume

(A1) — (A3) and f(x,0) = 0 hold. Then there exists v. € WyP(Q), v, # 0, such
that

p—3s Nos pon
sup J(tvy) < ————
(i) < SN —5)

Proof. By (3.2), (A2) and an elementary inequality (the proof of this inequality is
elementary but not straightforward. We postpone it to Appendix A.)

(a+b)Y > a"+b"+Ca? "', v > 2, 1 <t <vy—1, a,b > 0, where C is a positive constant,

we have

lp*(s)fl p—1 p"(s)—p
gl 1) > p——— + Cp—2
|| ||

where (As) implies p*(s) =1 >2, 1 <p—1< (p*(s) — 1) — 1. Therefore, we have

() 2 oy Ug’uf\*(s)fp
p*(s) [=f* p |z]®

G(z,tv.) > p

Note that s > Z
(3.13)-(3.15), we deduce that

N(p — 1), then (3.15) holds. Therefore, from

J(tve) = %H’UE” — Jo Gz, tve)d
P P (S)
< Bue|lr - pEy — Crot? f i=d
*(s) (p—s)(p—1)
< %Hva”p—ﬂtp - — COytPe 7

tp (s) (p=s)(p—=1)

Asyp p.a=z p
< G+ OntPer= — pimry — CootPe™ 7,

Cur? p*(s)—p c
where Clg = ? 020 = 017019 and 021 = % Let
A, Nop P (%) (p=s)(p=1)
Q(t) = 2P + CgltpE P—s — [|———r — CyotPe P .
P p*(s)
It is clear that the equation
(p=s)(p=1)
0= Q ( ) A = ! +p021tp 1 ,Utp ()= pC’gotp_ls - =

has only one positive root

1

N— (p—s)(p—1) BF(s)—p

b= (AS +pCae = — pCaoe — )p ;

e = .
1%
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We have
N-p (p=s)(p—1) p*(s)
1 N-p (p=s)(p=1) t
Qlte) = 5 (As +pCner= —pCape 7 ) A O
N-p (p—s)(p—1) p*(s)—p
_ 1 1 As+pCaie P—5 —pCaoe P
P\p = v M
ps PN N-p (p=s) (=1 \ P+
= stk (As +pCarer=s —pCoe 7

p—N N=s
p—s i —s
< PN H? AL

for € > 0 sufficiently small due to the fact that

N— — — 2_
P (p—s)(p 1)7 for s> N
p—s P p—1

Noting that Q(0) = 0 and lim;—, o, Q(t) = —o0, we have

-8 p-n~n N=e
Q1) = Q1) < T AT

£20 p(N — )
for € > 0 sufficiently small. Hence we obtain
sup J(tv.) < sup Q(t) < A’u‘;{f AS]Z:SS’
>0 >0 p(N —s)

235

for € > 0 sufficiently small, which complete the proof by letting v, = v, for € > 0

sufficiently small. [

Proof of Theorem 2. By contradiction. Assume that v = 0 is the only critical
point of J in W, ?(Q). From Lemma 1, there exists o > 0 such that J(v) > a for
all v € OB, = {v € Wy*(Q), ||v]| = p}, where p > 0 small enough. By Lemma 4

there exists v, € Wol’p(Q), v, Z 0, such that

p—s 58 =N
sup J(tvy) < ——— !
>0 (tv.) p(N —s)

From (3.8), we easily note that lim;_., J(tv.) — —oco. Hence we can choose tg > 0
such that |[tov.]| > p and J(tov«) < 0. Applying the Mountain Pass Lemma (see

[15] or [14]), there is a sequence {v,} C WP (Q) satisfying
J(vp) — ¢ > a and J'(v,) — 0,

where
= inf J(h(t
¢ = fuf, max, ()
and
I'={h e C([0,1], X)| h(0) =0, h(1l) = tovs}.
Note that

0<a<c=inf max J(h(t))
hel te[0,1]

p—=:s =
< max J(ttovs) <sup J(tvy,) < ———AF > pur——s .
~ tef0,1] (tov-) t;g (tv.) p(N —s) H
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Together with Lemma 3, we know that v, — 0 strongly in Wol’p(Q) as n — oo.
Hence one has 0 = J(0) = limy,, o0 J(vy) = ¢ > a > 0, this is a contradiction. So
Theorem 2 holds. O

Appendix A

Here we give the proof of the elementary inequality in Lemma 4, that is,

(@+b)7>a”+b"+Ca? "', y>2, 1<t<~y—1, a,b>0,

where C' is a positive constant.
Proof. Indeed, by scaling it suffices to show that

(1+2)">1+27+C2", 0 <z < 0.

Let y=k+6, t =m+mn, where kK > 2, 1 <m < k — 1 are integral numbers and
0 <7 <60 <1 arereal numbers. It is obvious that

14z =0+2) = (A+2)*1+z)
> (1+aF 4+ Ca™)(1+ 2)°
> 1420+ Cam(1+4 2)?

> 14 2Rt 4 Caman =14 27 + Cxt.

Therefore, this inequality holds. (J
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