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Positive solutions to the singular p-Laplacian BVPs with
sign-changing nonlinearities and higher-order derivatives in
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ABSTRACT. In this paper, in order to establish the existence criteria for pos-
itive solutions of a multiple-point Dirichlet-Robin BVPs in Banach spaces on
time scales, first we prove a fixed point theorem on monotone operators and
the Ascoli-Arzela’s theorem on time scales. Then using the monotone opera-
tor method, we explore the existence criteria of positive solutions for a general
multiple-point Dirichlet-Robin BV Ps in Banach spaces on time scales with the
singular sign-changing nonlinearities and higher-order derivatives. Finally an
example is illustrated to indicate the application of our main results, which
generalize some well-known results in the literature.
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1. Introduction

Since the work by Hilger [1] in 1988, it seems that the time scales calculus has
attracted much attention. The time scales approach not only unifies differential
and difference equations, but also solves some other problems powerfully, such
as a mix of stop-start and continuous behaviors [2,3]. Nowadays the theory on
time scales has been widely applied to several scientific fields such as biology, heat
transfer, stock market, wound healing and epidemic models [2-5] etc. Recently,
considerable works have been undertaken in the existence problems of solutions to
dynamic systems on time scales, for details, see [6-13] and the references therein.

Consider the p-Laplacian operator ¢, (u):

uP~L, u >0,
(pp(u) = { (_1)p—2up—l, u < 97
and
(‘Pp)_l = Pa>

where p > 1 and 1/p+ 1/¢ = 1. We make the blanket assumption that 0 and 7" are
points in T and the interval (0, T)t represents (0,7') N T. Other types of interval
can be defined in a similar way. Let us briefly recall some relevant results about
the existence of solutions to the p-Laplacian boundary value problems (BVPs). For
the existence of positive solutions to the BVPs with sign changing nonlinearities
on differential equations, there is a number of works, for example, [14-16] etc
concerning this problem by using the method of upper and lower solutions and
the critical point theory. For the existence of positive solutions to the singular p-
Laplacian m-point BVPs with sign changing nonlinearities on time scales, sufficient
conditions are established through developing various fixed point theory and the
iterative approach [9,10]. Some results in [9,10,14-16] may be of interest to those
who study positive solutions of boundary value problems as well as to those who
study non-Newtonian fluid theory and turbulent flows of gases in porous media.

In order to better understand the background of the singular p-Laplacian m-
point BVPs; here we would like to review some results in our previous works [9,10].
In [9], Su et.al investigated the following m-point singular p-Laplacian BVPs on

time scales
W) (ol ()T + a0t u(t) =0, 1€ (0.T)r
w(0) =0, w(T) = 322 " i(u(&)) = 0,

where f(t,x) : [0,T]; x (0,00) — R is continuous and the singularity may occur
at u = 0. Some existence criteria for positive solutions of the BVPs (1.1) are
established by using the Schauder fixed point theorem and by extending the method
of upper and lower solutions. In [10], Su et.al discussed the following m-point
singular p-Laplacian the BVPs with the sign changing nonlinear terms on a time
scale T:
(1.2)

(ep(u?(®))Y (L‘)f( u(t), u ( )) =0, t € (0,T)r,

u(0) =0, 371 ¢5(u(§))) — X7 vi(u (&) =0, ma, me € {1,2,...},

where f(t,z,y) : (0, T)T x (0,00) x R — R is continuous, and the singularity may
occur at w = 0, t = 0 and ¢ = T. Some existence criteria for positive solutions
of the general multi-point Dirichlet-Robin BVPs (1.2) are presented by using the
monotone iterative method.
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It is notable that results on time scales in [6-13] are mainly concerned with
the existence of positive solutions to the BVPs with the nonlinear terms which
do not involve the higher-order derivatives explicitly and the nonlinear function
f has continuity (rd-continuity), so that the corresponding solution operator has
continuity (rd-continuity). It is obvious that weakening the existence conditions
of the BVPs has been an interesting subject in differential equations and related
dynamical systems, especially when the function f(¢,z,y) or f(¢,x) is only contin-
uous with respect to ¢t in Banach spaces. So far, to the best of our knowledge, it
appears that there is few literature which considers the existence of positive solu-
tions to the singular p-Laplacian BVPs with sign-changing nonlinearities involving
the higher-order derivatives on time scales in Banach spaces, although there are a
vast number of works [17-19] etc to study the existence of solutions to BVPs on
differential equations in Banach spaces. Therefore, it is natural and necessary to
do extensive research on the singular p-Laplacian BVPs on time scales in Banach
spaces. Here we focus on the existence of positive solutions for the p-Laplacian
dynamic equations with the nonlinear terms involving the higher-order derivatives
explicitly in Banach spaces on time scales and the nonlinearity is only continuous
with respect to t.

More precisely, in this paper we consider the multiple-point singular p-Laplacian
BVPs in the compact Banach space E7 on time scales:

(13)  (ppu®®))Y +a()f (t, u(t),uB(t), ..., u?

n

() =6, te (D,

(1'4) u(O) = 97 Z;n:ll (b](u(gj)) - 22121 i(uA(gi)) =0, my, mg € {17 2,.. '}7

where 6 is a zero element of Ey, ¢; and v; : E; — R are nondecreasing, ¢;
and t; may be nonlinear, and 0 < & < & < ... < &, < &, =T and
0 <& <& < ... <& <T. The function f: (0,7)p x P x E} — E is
continuous with respect to ¢, where P; = {u € X|u > 6} and X = C ([0,T];, E1)N
C2 ((0,T)pw , E1) N ... CA" ((0, T)pwn , 1) . The singularity may occur at u = 6,
t = 0ort =T, and the nonlinearity is allowed to change sign and contain the higher-
order derivatives explicitly. It is continuous with respect to ¢ only. Apparently, the
boundary condition (1.4) includes the Dirichlet boundary condition and the Robin
boundary condition as particular cases. By applying a monotone operator method,
we obtain some new existence criteria for positive solutions of the BVPs (1.3)—(1.4)
in Banach spaces on time scales. Our results are even new for the corresponding
differential equations (T = R) and difference equations (T = Z), as well for the
general time scales setting.

As an application, an example is given to illustrate our main results. In par-

ticular, if f(t,u,u®,...,u™") = f(t,u), our results generalize some known results
in [14] when T = R and E; = R, and extend some results in [16] when p = 2.
When f(t,u,u®,...,u™") = f(t,u) and E; = R, our results improve some existing

results in [7,9]. When f(t,u,u®,...,u”") = f(t,u,u?) and E; = R, our results
also generalize the recent results in [10].

This paper is organized as follows. In Section 2, we introduce some useful def-
initions and prove a fixed point theorem on monotone operators in Banach spaces.
In Section 3, we present some definitions and theorems in Banach spaces on time
scales. In particular, the Ascoli-Arzela’s theorem is generalized to Banach spaces
on time scales. In Section 4, by using the monotone operator method, we obtain
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the existence of positive solutions of the problem (1.3) and (1.4). In Section 5, we
introduce a technical method to show how to construct a lower solution and an
upper solution under certain conditions. In Section 6, as an application, we present
an examples to illustrate our main results.
Throughout this paper, we assume that
(H1): f(t,xo,x1,...,2y): (0,T)px P x E} — E is continuous with respect
to t, where ET' = Eqy X E;y ... Ey and Ej is a compact Banach space;
(H2): ¢(t): (0,T); — (0,00) is continuous and satisfies fOT q(t)Vt < oo;
(H3): ¢; and ¢;: E1 — R are continuous and nondecreasing, where j =
1,2,....myand i =1,2,...,ms.
We need these three assumptions to prove the existence of positive solutions of
system (1.3)-(1.4) when we use the lower and upper solutions for the nonsingular
problem.

2. Preliminaries

In order to present our results in a straightforward manner, we start with several
basic definitions and useful theorems, which can be found in references [20-23].
Then we prove the existence criteria for monotone operators.

Let E be a real Banach space and the norm in E is denoted as || - ||z .

DEFINITION 2.1. [20,21] Let E be a real Banach space and < is a partial
ordering defined in E. Suppose that
(i) if a <b € E, then the set [a,b] = {v € Ela < v < b} is an order interval in E;
(ii) A is a monotone operator in E if and only if

v,w € E and v < w.
Then Av < Aw holds.

Let E be a partial ordering set with < and A; C E. If for V z, y € Ay, we
have z < y or x > y, then we say that A; is a complete partial ordering set. When
xo € I, we say that xg is a maximum element in Ay if © < zy for V o € A;.

THEOREM 2.2. [20,22] (Zorn’s Lemma) Let X be a partial ordering set. If
every complete partial ordering set of X is super bounded in X, then X has a
maximum element.

DEFINITION 2.3. [20,22] Let E be a real Banach space. A nonempty, closed,
and convex set P C F is said to be a cone provided that the following two conditions
are satisfied:

(i) if z € P and A > 0, then Az € P;

(ii) if € P and —a € P, then = = 0.

Let A: E — E be an operator. We have two definitions here:

DEFINITION 2.4. [20,21] We say that u is a fixed point of A if u = Au; u* is
said to be a minimal fixed point of A, if there exist a fixed point ug of A such that

up < u*, then we have ug = w*. Similarly, we can define the maximal fixed point
of A.

DEFINITION 2.5. [20,21] An ordered Hausdorff topological space X; with
ordering <, is an ordering compatible space. If both {a,} and {b,} (a, < b,) are
convergent sequences in X; with limits a and b respectively, then we have a < b.
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If F possesses a cone, then E is an ordering compatible space. Now let us prove
the following theorem which plays a crucial role in the proof of our main results
described in the next section.

THEOREM 2.6. Let P C E be a cone and E be a Banach space with the partial
ordering induced by P. Assume that ug,vg € E, ug < vg, D = [ug,vg], and A:
D — FE satisfies the following conditions:

(i) A is a monotone operator;

(ii) A(D) is compact in E.

If ug < Aug and Avy < vg, then there exist a minimal fixed point x,. and a mazimal
point z* of A in [ug,vo] respectively. Moreover, if up, = Aun—1 and v, = Av,_1,
n=1,2,..., then we have

U <up < ...<u, <...<v, <. < v <oy,

and

Ty = lim u,, z"= lim v,
n—oo n—oo

PROOF OF THEOREM 2.6. Set G = {x € D|z < Az}. Note that G is nonempty
and ug € G. Letting M be a complete partial ordering set in G, we will prove that
M has a bound in G. According to conditions of Theorem 2.6, A(D) is precompact
and A(D) is separable. Suppose that {y,} is dense in A(D). Let y; = z; and
Zn = max{zp_1,Ynt, n = 2,3,.... Since M is a complete partial ordering set, we
have {z,} C A(M) and

21 <2< ...<z, <.

By condition (ii), we see that {z,} is compact, so there exists a Z € E such that
Zn — Zasn — oo. For Vn € N we have

(2.1) zn <z and y, < z, < Z.

ForVy € A(M), there exists {yn, } C {yn} such that y,, — y as k — oco. According
to (2.1), we find

(2.2) y<z VyeAM).

Since M C D = [ug, vo], we have {z,} C A(M) C A(D) C [Auop, Avg], and Aug <
Zn, < Avg. This implies Z € D. For V x € M and Az € A(M), according to (2.2)
we have x < Ax < Z, so Z is a supper bound of M.

Next we prove that Z € G. We know that ug < zZ < vg. Let z, = Az, when
Ty € M. Then we have z,, < Ax, = z, < Z. Since A is increasing, we have
zn = Az, < AZ. By Definition 2.5, we deduce z < AZ and z € GG. According to
Zorn’s Lemma, there exists a z* € GG such that for V z € G we have x < x*. Since
x* € G, x* < Ax* and Az* < A(Ax*) hold, it implies that Az* € G and z* < Az*.
This yields a contradiction. Thus, we have z* = Az*.

Finally, we prove that there exist a maximal fixed point and a minimal fixed
point of A in F, respectively. Setting @ = {x € D]z = Az}, we know that Q
is nonempty. Set G; = {x € D|x < Az, x < u, V u € Q}. It is obvious that
Aug € G1 and Gy # (). Letting M; be a complete partial ordering set of G; and
using the same argument as the above, we can find a z such that Z € D and z < AZ.
Since {z,} C My C Gy, for V u € Q) we have z,, < u and

Zn = Az, < Au, zZ < Au, zZ<u.
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So z is a supper bound of M; in G;. According to Zorn’s Lemma, there exists a
w € G such that we have v/ < w for V v’ € G1. Apparently, w = Aw and w is a
minimal fixed point of A. Using an analogous argument, we can obtain that there
exists a maximal fixed point of A. O

REMARK 2.7. Under the assumptions of Theorem 2.6, we can not conclude that
there exists only one fized point of A. The feature of this theorem lies in the fact
that unlike the classical results in [20-22] we do not need the continuity of A.

In order to prove the Ascoli-Arzela’s Theorem on time scales in Banach spaces,
we introduce the following definition and theorem.

DEFINITION 2.8. [20] Assume that S is a bounded set in E. We define

o(S) = inf {(5 N O‘ S can be expressed as the union S = U, S; }

of a finite number of sets S; with diameter diam(S;) <6

THEOREM 2.9. [20] Let S be a bounded set of E, then a(S) =0 < S is a
relatively compact set.

3. Some Definitions and Theorems on Time Scales

In this section, first we introduce some definitions concerning the calculus on
time scales, which can be found in references [24,25]. Then we present some new
definitions and results in Banach spaces on time scales.

DEFINITION 3.1. [24,25] A time scale T is a nonempty closed subset of R. It
follows that the jump operators o,p : T — T defined by o(t) = inf{r € T:7 >t}
and p(t) =sup{r € T: 7 <t} (supplemented by inf) :=supT andsupf) :=infT)
are well defined. The point t € T is left-dense, left-scattered, right-dense, right-
scattered if p(t) = t, p(t) < t,o(t) =t and o(t) > t, respectively. If T has a
right-scattered minimum m, we define T,, = T — {m}; otherwise, we set T, = T.
If T has a left-scattered mazximum M, we define T = T — {M}; otherwise, we
set T" = T. The forward graininess is p(t) := o(t) — t. Similarly, the backward
graininess is v(t) ==t — p(t).

Similar to Definition 1.10 in [25], we can define the following delta (nabla)
derivative of x: T — E at the point ¢t € T* (¢t € T,,).

DEFINITION 3.2. The operator x: T — E is called an abstract function on time
scales.

DEFINITION 3.3. Let z : T — E be an abstract function and t € T*. We define
the delta derivative of x(t), denoted by x> (t), to be the value zy € E (provided it
exists), with the property that, for any € > 0, there is a neighborhood U of t such

that || e =eG] a2 0)]o()=s] . <e foralls e U. Forx:T — E andt € Ty,

o(t)—s
we define the nabla derivative of x(t), denoted by zV (t), to be the value z, € E
(provided it exists), with the property that, for any € > 0, there is a neighborhood

V of t such that [z(p(t))fx(zz]t;_z:(t)[p(t)fs] L€ for all s €V.

In order to describe abstract functions that are integrable in the Banach space
E on time scales, we use the following notations: the set of the function that z:
T — E is continuous, is denoted by C(T, E). The set of the function z: T — E
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that is differentiable and whose delta (nabla) derivative is continuous, is denoted
by Cry(T, E) (C3(T, E)).

REMARK 3.4. The function x: T — E is continuous if it is continuous as a
map of the topological space T into the topological space E.

A simpler alternative approach is to construct the integral directly through
the standard Lebesgue integration. We can give the following definition which is
motivated by [26].

DEFINITION 3.5. Letting a :=inf{s: s € T} and b :=sup{s:s € T}, we define
an abstract function ¥ : [a,b] — E by

U(t) :=sup{s € T:s <t} fort e [a,b].

Suppose that f : T" — E is an arbitrary abstract function on T*. Then the abstract
function foW : [a,b) — E is an extension of f to [a,b), and is a constant on “gap”
in T", with the constant equal to the value of [ at the left-hand end of the gap.
Suppose that f : T" — R is an arbitrary function on T, if f o U is integrable on
the real interval [a,b) in the Lebesgue sense, then we say that [ is integrable.

Let L'(T) denote the set of such integrable functions on T. For any f € L!(T),
we define the integral of f as

fst fAT = f; foWdr for s,t €T,
with the norm defined by

b
£z =/ |f|At for f € LY(T).

DEFINITION 3.6. Assume that f(t) : T — E is an abstract function and b,t €
T. If FA(t) : T — E and F2(t) = f(t), then we define the delta integral by
fbt f(s)As = F(t)— F(b). If FV(t): T, — E and FV(t) = f(t), then we define the
nabla integral by fbt f(s)Vs = F(t) — F(b).

The following theorem is essential to prove the Ascoli-Arzela’s Theorem on
time scales. It can be proved by using a similar argument as that of Theorem 1.2.4
in [20].

THEOREM 3.7. Assume that H C C([a,b]r, E) is bounded and equicontinuous,
then the following statements are true:

(i) ae(H) = a(H([a,blr)), where o denotes the noncompactness measure in
C(la, b, B);

(i) a(H ([a,blr)) = maxie a b}, (H(1))-

Now we are ready to introduce and prove the Ascoli-Arzela’s Theorem on time
scales.

THEOREM 3.8. H C C([a,blr, E) is relatively compact if and only if H is
equicontinuous and for each t € [a,blr, H(t) is relatively compact set in E.

PROOF OF THEOREM 3.8. Assume that H is relatively compact in C ([a, bt, E).
Clearly, H(t) is a relatively compact set in E for each t € [a, b]T. According to the
Hausdorff theorem, for any € > 0, there is a finite subset Hy = {21, 22, ...,2m} C H
such that there exists a x; € Hy which satisfies

(3.1) |z — z;||p < € for x € H.
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It is easy to see that x;(t) (i = 1,2,...,m) are uniformly continuous on |[a, b]t.
Hence, there exists a § > 0 such that

|lzi(t) — z;(t")|| < e whenever [t — | < 4,

where i = 1,2,...,m. For any x € H, if t, t' € [a, b]r satisfy |t — ¢/| < §, we choose
x; € Hy such that (3.1) holds, then we have

l(t) =zt llx(t) = @i (Ol + i (t) — (@) + llzi () — 2],
20z — @il + 2 (t) — 2 ()] < 3e,

IN A

which implies that H is equicontinuous.

Conversely, if H is equicontinuous and H(t) is a relatively compact set in E
for each t € [a,bT, it is easy to show that H(t) is a bounded set in C ([a,b]T, E).
According to Theorem 2.9, we have o(H (t)) = 0 for all ¢ € [a, b]r. Then it follows
from Theorem 3.7 that

a.(H) = max «(H(t)) = a(H([a,b]T)) = 0.
tG[a,b]T)

By applying Theorem 2.9 again, H is relatively compact in C([a, b, F). Conse-
quently, the proof is completed. O

Similar to definitions 1.8 and 1.10 in [24], we can give the following definitions
on abstract functions.

DEFINITION 3.9. We say that an abstract function f : T — E is right-increasing
at a point tg € T\{max T} (maxT is the mazimum value in T) provided that
(1): if to is right-scattered, then f(o(to)) — f(to) > 6;
(ii): if to is right-dense, then there is a neighborhood U of to such that f(t)—
f(to) >0 for all t € U with t > to.

Similarly, we say that f is right-decreasing if f(o(to)) — f(to) < 6 in (i) and f(t) —
f(to) < 0 in (ii).

DEFINITION 3.10. We say that an abstract function f: T — E attains its local
right mazimum at point to € T\{maxT} provided that
(1): if to is right-scattered, then f(o(to)) — f(to) < 0;
(ii): if to is right-dense, then there is a neighborhood U of to such that f(t)—
f(to) <0 for allt € U with t > to.

Similarly, we say that f attains its local right minimum if f(o(to)) — f(to) > 0 in
() and f(2) — £(t0) > 8 in (i),

By using the closely similar proofs as that of Theorems 1.9, 1.11 and 1.12
in [24], we can obtain the following Theorems on abstract functions on time scales.
We will use these theorems in the proof of our main result in the next section.

THEOREM 3.11. Suppose that the abstract function f: T — E is differential at
a point tg € T\{maxT}. If f2(to) > 0, then f is right-increasing. If f>(to) < 0,
then f is right-decreasing.

THEOREM 3.12. Suppose that the abstract function f : T — E is differential at
a point to € T\{maxT}. If fA(to) > 0, then f attains a local right-minimum at to.
If f2(to) < 0, then f attains a local right-mazimum at tg.
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THEOREM 3.13. Suppose that the abstract function f : T — E is differential at
a point tg € T\{maxT}. If f attains a local right-minimum at to, then f2(to) > 6.
If f attains a local right-mazimum at ty, then f=(ty) < 6.

4. Existence of Positive Solutions

Let E; be a compact real Banach space and define the norm as || - ||, . Let
X =C([0,T)p, E1)NCA((0,T)pe , E1) N ...V CA" ((0,T)pen , E) , and define the

norm as

July = max {fu(®) s [ Ol - 02" @), }

where u € X, then X is a Banach space.

Define P; = {u € X|u > 0}, then P; is a cone in X. The partial ordering < in
X can be defined as: for Vv, we Ej,v<wifw—v € Py.

To demonstrate the existence of positive solutions to the problem (1.3)-(1.4),
our idea is to approximate the singular problem by means of a sequence of nonsingu-
lar problems and by using the lower and upper solutions of the nonsingular problem
in conjunction with Theorem 2.6, then we establish the existence of solutions to
each approximating problem.

Now we state our main result as follows:

THEOREM 4.1. Let ng € {1,2,...} be fized. Assume that (H1)-(H3) hold and
the following conditions are satisfied:

(A1): let e be the unit element in the Banach space Ey. For each n €
{no,no + 1,...} = Ny, there exists a sequence {pne} C X such that {p,}
is a strictly monotone decreasing sequence with lim, . pn = 0, and

AOF (b pues by, 0) > 0 for t € [, T — 714]

where p, € R;
(A2): there exists a function a(t) € X and @,(a®(t)) € CV((0,T)y, Er)
such that a(0) =6, «(t) > 6 on (0,T];, and

S ¢i(al€))) = i vi(aB (&) <0,
together with (o, (™ ()Y +q(t)f (t,alt),a®(t),...,a”"(t)) > 0 fort €

(OvT)']l‘f'
(A3): there exists a function B(t) € X and @,(B2(t)) € CV((0,T)y, Er)
such that
B(t) > alt) and B(t) > proe for t €0, Tly, > 6;(B()) = D_ il B(&)) >0,
j=1 i=1

(o8O +a0f (1.6, 52 ()..... 52" (1)) <6 for t € [2nj+l - 2"3“]? ,
(@p(F )T + a(B)] (ke B, B2(1) . 057 (1) <0 Jor t € (0, yrer).

and

(O + a0 (T = goeg 50,00 5" 0)

1
§9f0rt€ (T—W,T)T
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Then the BVPs (1.3)—(1.4) has at least a positive solution u(t) € X such that
op(uP(t)) € CV ((0,T)g, Er) with u(t) > at) fort € [0,T]y.

PROOF OF THEOREM 4.1. Since the cone P, = {u € X|u > 60} induces the
partial ordering < in X. Let & = min{&;, &5}, Without loss of generality, fixing
n € Ni, we suppose that infic(e ), (t) > pne. Let t, € (0,&)r satisfy

a(ty) = ppe and at) < ppe for t € [0, 6]y,

and
| pne ifte€[0,t,]y, _
(4.1) an(t) = { a(t) i€ [t Tl here a(t,) = ppe.

Assume that w,, = [2”%, T-— 2"%}11" then we have

won(t) = max{ﬁ,t}, for t € [O,T— 21@%]?,
" min{T—#,t}, forte[T—#,T]

T
and
fo(t,zo, 21, ..., 2n) = max {f(t,x0, 21, .., 2n), [ (wn(t),x0,21,...,2,)}.
We define a sequence hy,, (t, 2o, X1, ..., Zn) = fne(t, o, 21,...,2,) and
hn(t, o, 21, .oy xn) = min{ fn, (¢, o, X1, ooy Tn )y ey St Zo, X1y ooy 20) T

where n =ng+1,n9g+2,....
Then, for (t,x0,z1,...,2,) € (0,T)r x Py x E} we have

fl,xo, 21,0 xn) < < g1 (b o, 1y - Ty),
< hu(t,xo, X1y X)),
(4.2) < < B (20, X1, e T

For (t,x0,21,...,2y) € (0,T)r X P; X E we get
ho(t, o, 21, xn) = f(t, 20,21, .., Tn)-

Consider the BVPs
(43) (ool ()T +a(Ohs, (g () un (). ul () =0, te (0, ),

(4.4) u(0) = pnge, 3277 65 (ung (€)) — 22025 ¥ (upy (6)) = o

where

(4.5)
Ty (8 Qg (8), 0, (8, 0 (1) + 17 (ang (8) = (1)), ult) < any (2),
Mg = 4 g (£ tng (t), Uy (8), -ty (1) Qg (8) < g (1) < B(E),
hao (£, B(1), B2 (2), ﬁA (1) +7r(B(t) = uny (1)), Un,y (t) = B(t)
0 (a(&})), 2] < oo (&) = al&),
9;(25) = 95(2)), oo (&) <27 <B(&), j=1,...,m1—1,
0;(B&))), =5 = B(E),
and
wi(aA(gi))v zi < ar%[) (51) = aA(&)7
Vi (z) = Yi(zi), O‘ﬁo (i) <z < BA(fi)a i=1,...,mq,
Ui(BR(&)), 2z = BA(&).
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Let r(u) : By — Bg,(0,1) = {z : € FEy and ||z||g, < 1} be the radial
retraction function defined by

T(U) _ U, ||U||E1 S 17
”“ﬁEl’ HU‘HE1 > 1.

Assume that
C2" ([0, T)gun , B1) = {u € X : u(0) = 6},
and
Cor ([0, Tlwn » B1) = {u € X : u(0) = pyye} -

We define the mappings L, F : C’ﬁ:} ([0, Tgen  B1) — C2" ([0, T)pun , E1) as

Lyu(t) = (120 (u®(®) = p(u(0)). T2, 5 (u(€))) -

and

Fu(t) = (= Jy a(@)hi, (@, u(2),ud @), ..., ud" (@) Va, 0% 07 (0D (6)) + pug ) -
Moreover, if
Lyv = (u,v) for u e C'eAn ([0, T]pun , Er),
then we have

= 0 85 (pn + Jo7 0u (u(@) = X7 65 u(E))) A).

This yields v(t) = pny + Jy 4 (u(z) = X272 65 (u(€]) ) Aw. Hence L exists. Tt is
clear that solving the BVPs (4.3)—(4.4) is equivalent to finding a fixed point of u,,, =
L, 'Fun, = Nuy,, where N = L 'F CPATLD([O,T]TM JEv) — Cﬁno([OvT]’ﬂ%" JEv)
is monotone because of inequality (4.2). In order to apply Theorem 2.6, we only
need to prove that conditions (i) and (iii) of Theorem 2.6 hold.

For V t € [0,T]y., the bounded set B in CPY:; ((0,T)p, En), if u(t) € B, we
deduce that

sup [ L, Fu(®)l|z, < sup | L, Fllllulle, < oo
For V t1, ta € [0, T]pr, we obtain that
|Ly " Fu(ty) — L Fu(ts) | .
_ t " n
Ly (U a@)hi, (@ u(@). ud @), ... wd" @) As) |

< sup HL;lu f:f llg(z)hy, (x,u(x),uA(x), Ul (a:)) |, A,
— 0 as t1 — to.

It follows from Theorem 3.8 that N is compact, so the condition (i) holds.
In the following, we shall show that
(4.6) Qg (1) < up,(t) for t € [0, T .

If inequality (4.6) is not true then the abstract function uy,(t) — an,(t) has a
local right minimum at some 7 € (0,7, . We consider two cases, that is, 7 € (0,7
and 7 =1T.

Case I. Assume that 7 € (0,7, then we claim

(4.7) (2p (up))V (7) = (p(am,))V (1) > 6.
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Since the abstract function wuy,,(t) — an,(t) has a local right minimum at some
7€ (0,T)y, in view of Theorems 3.11-3.13, we have u5 (1) — a4 (1) > 0 and there
exists a § with 7— 6 € [0, 7) such that u£ (t) — a& (t) < 6 for t € [r — 4, 7)7. Thus
we have

SOp (U’r%g (T)) - @P(aﬁo (T)) - ((pp (U’r%g (t)) - @P(aﬁo (t))) Z 9 fOl“ t € [T - 67 T)T7
which leads to
(4.8) Pp(ut, () —pp(ur (1)) > eplan () —ep(an, (1))

t—1 — t—1

fort € [t — 6, 7).
If 7 is left-dense, for t € [1 — §,7) we derive that

(B NV (r) = lim P = 2n(tny (7))

t—T t—1T1 ’

> lim Pp(an, (t)i — oplan, (7))
= (p(a)) (1) = (plam )Y (7).

If 7 is left-scattered, by virtue of (4.8) we deduce that

pp(upy (7)) — ep(up, (p(7)))

)

A \\V no
(@P(uno)) (T) - T — p(T) )
-~ wulany (1) = eplag, (p(r))
- 7= p(7) ’
= (eplan)¥ (7).

Hence, we see that inequality (4.7) is true.
However, by (4.1), (4.5) and up,(7) — an, (1) < 0, we obtain

(0p (U, (7)Y = (pp(aimy (1)))Y
— [q(q‘)hn0 (T, g (T), aﬁo (T), . ,aﬁon (T))

+a(T)r(ang (7) =ty (7)) + (pp (i, (T)))V} ;

—[q(T) g (75 prge, 0, ..., 0) + q(T)1(pnge — uny (7))],
T E (O tno)']r,
_ ] =iy (ra@ad )02 ()
() (alr) =ty (7 )
+pp(@® (MY, 7 € [tny, T

Assume that 7 € [anl)ﬂ T — 2,10“} then we have
P (T, %0, @1,y ) = f(T, 20,21, .., @), for (zo,21,...,2,) € P x B L.
It follows from (A1), (A2) and ¢(7) > 0 that
(0p(umy (M))Y = (wplapy, (7)Y
—[a(™) (T, pnoe, 0, ..., 0) +q(7

(o
L e (el ().t 1
~g(r)r(alr) — g (7)) ~ (pp(0® (7

)noe uno( ))] y TE (07 tno)Tv
MY, T € [tny, T)r-
<46.
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This yields a contradiction with (4.7).

Similarly, assume that 7 € (0, Qno%)ﬂ, U (T — W;ﬁ, T),ﬂ,, then we have

P (T oy X1, -+, )
= an(T,(EO,CEl,...,.’L'n),
= max{f(r,20,Z1,...,Zn), f(Wne(T),T0,T1,...,2n)},

1
= max f W,xo,xl,...,xn 5
1
f T_va()vxlv"'axn 7f(75I0;x17"'7xn) .

In view of (A1), (A2) and ¢(7) > 0, we deduce that

(p(upy (M)))Y = (p(amy (1))Y
B [Q(T)f (2”0+17p"06 g, . 70) tQ(T) (pno uno(T) } » T € (Ovtno)']l’u
—[‘J(T)f(Taa(T)aaA(T)w--aOéA (7)) + (pp(a®(7))V]

< _q(T)T(O‘(T) = Unyg (T))vT € [tnovT - W)vﬂ-a
— [q(T)f (T - 2”0%7 Pro€, 0, ..., 9) + q(M)r(pnge — Ung (T))] ,

7€ [T —5a.T)y,

< 0.
This gives another contradiction with (4.7).

Case II. Assume that 7 = T. It gives, amn,(T) — un,(T) > 6, which implies
Gy (A (1)) = Gy (Uny (T)) > 0. By using the closely similar discussion as that
used in [10] we can obtain the same contradiction.

Thus, in cases I and IT inequality (4.6) is true. In particular, since a(t) < ap, (%),
for t € [0, T we obtain «(t) < ap, (t) < up,(t) for t € [0,T]; . Essentially, by the
same discussion as that for inequality (4.6) we have w,,(t) < B(t) for t € [0,T];.
Hence, we obtain that

(4.9) a(t) < ap(t) < upy(t) < B(t) for t € [0,T];
Now, we discuss the BVPs

(ot 1 ()T +aWRS i1 (£ tngs1 (B uly 1 (8- ui i () =0, te (0,T)r,

un0+1(0) = Pno+1€; Z;n:ll (;5;(’(1,”04_1 (5;)) - Z?:l ;ﬁ(uﬁoqtl(gi)) = Pno+1>

where

h:;le (tv Ung+1 (t)7 u?%oJrl(t)’ s ur%()nqtl (t)) "
hno+1 (tv anoJrl(t)v O‘ﬁo-i-l (t)v SRR O‘ﬁo-i-l (t))
+T(an0+1(t) - un0+1(t))7 " u(t) < an0+1(t)a
= hno-‘rl (t7 Ung+1 (t)7 ur%o-i-l(t)v . 'nuﬁoﬂ (t)) y  Ong+1 (t) < uno+1(t) < Unyg (t)v
Brgt1 (8, tng (), u (), ... ub) (1))
+T‘(’un0 (t) — Ung+1 (t))7 uﬂ0+1(t) > Ung (t)v

dj(a(&))), 2 S anga(§) =
oi(z) = ¢5(25), ang+1(€) < 25 <
¢J(un0(§§))a Z; 2> Un, (f;)7
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and
Vi(@®(&)), 2 < ab (&) = a® (&),
Vi(zi) = § ilz), af (&) <z <ub (&), i=1,...,my

Dl (€)=l (&)
Applying the same argument as that of inequality (4.9), we derive
a(t) < ang+1(t) < Ung41(t) < upy(t) for t € [0,T];.
Assume that we have ug(t) for some k € {ng + 1,n0 + 2,...} satisfying
ap(t) < up(t) <up—1(t) for t € [0, 7).
Then we consider the BVPs
(o ()T + a4y (b w1 (), iy (), us (1)) = 6, £ € (0,T)s,

ur1(0) = pryre, 307 5 (w(€))) — 071 U (uidyr (€0) = P,

where
it (ta Uk+1(t)vukA+1(t) ukA-:1 (t)) .
iy (8 arga(t), 0‘?+1(t) o (t))
+r(om41(t) — Uk+1(t))7 up1(t) < g (t),
=3 b (i (0,0 (0, B 0) 1 0 (8) S ka9 < o),
b)) ..,uﬁ (t)
r(ug(t) — upga (¢ U1 (t) = uk(t),
z; < ag1(8)) = al)),
ak+1(§;‘) <z <wug(§F), j=1,...,m — 1L
(bj uk Z; Z uk(&;)v
an

Pi(a®(&), 2 < ap (&) = a2 (&),
Vi (z) = (%), apy (&) <z <up(&), i=1,...,my.
O (uk(&)), 2 > ug(&).

Again applying the same discussion as that for inequality (4.9) we find
a(t) < apyr(t) < upga(t) < up(t) for t € [0, Ty

For n € {ng,no +1,...}, by applying mathematical induction, we can obtain the
sequence {up(t)}nen, with

a(t) < anp(t) Sup(t) Sup—1(t) < ... Sup(t) < B(t) for t € 0,7

Thus, the condition (¢i7) holds.

From the above, we obtain that there exists at least one solution of the BVPs
(4.3)—(4.4). Tt still remains to show that u(t) is continuous at 6.

First, it follows from lim,,_, o u,, (0) = 6 that there exists an ny € {no,no +1,...}
with [lun, (0)||z, < §. Since un, (t) € C([0,T]r, E1) and 5= € T, then we have
o(0) = 0 and there is a d,, € (0,T)r with ||uy, (t)||g, < § for t € [0,0,,)r. By the
monotonicity of {un ()}, cy, for each t € [0,T];, we have [|a(t)|z, < [|un(t)|E, <
ltun, (O, < § fort €[0,0n,)r and n > ni, which means |la(t)||z, < ||u(t)|z, <
5 fort € [0, 6y, )p. This implies that u(t) is continuous at . Consequently, we have
completed the proof. O
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Note that if we replace [ﬁ,T — ﬁ]T with ¢ € [O,T— ﬁh, then the
singularity occurs at v = 6 and t = T. If we replace [ﬁ,T— 2"%]? with
t e [#,T]TN , then the singularity occurs at v = 6 and ¢t = 0. If we replace
(g, T — #],ﬂ, with ¢ € [0, T]. , then the singularity occurs at u = 6.

REMARK 4.2. Note that if we adjust (A3) appropriately, then one can replace
te [z, T — #}T in (A1) by

te 0.7 gl

(4.10) t € [z T g »

or
t€[0,T)pw .
For example, if (4.10) occurs, then (A3) is replaced by

(A3’): There exists a function 5(t) € X and ¢,(82(t)) € CV ((0,T)y, Er)
which satisfies 5(t) > «(t) and B(t) > pn,e for t € [0,T]; and

PIENCGHESACHIE
with
(o8N +a®)f (£ 8(0). 82®), ... 82" (1)) <0 for t € (0, )y,
and

(ep(B2NY +a()f (gmer, B(2), B2(1), ..., 82" (1)) < 0 for t € (0, gger ) -

Assume that (H1)-(H3), (A1) and (A2) hold. Suppose that the following con-
ditions are satisfied:

(A4): (g (@)Y +a) f (t,u(t),uP(®),...,ud"(t)) > 0 for
(t,u(t),uA(t), . ,uAn(t)> € (0,T)r x (0, a(t)] x B,

where u(t) € X;
(A5): There exists a function 3(t) € X and ¢, (8°(t))

S
such that 3(t) > pp,efort € [0,T];, ZT:ll Vi(BE]) =i Vi(BA (&) >
0, and

(eu(BX )T +a()f (180, 82(1)..... 52" (1)) <6 for t € (0,T);.

(o (B ONT +a(0)] (k. B0, B3, ..., 62 (1)) <0 for t € (0, 5ker)
and
A v 1 A A"
(PN + a0 (T = 5z 50.00) ... 55" (1)) <0

for t € (T — 557, T)
(A6): 5(T) = T).

'JI‘;
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Then the conclusion in Theorem 4.1 is also true. This follows immediately from
Theorem 4.1 if we show that (A3) holds. Assume that it is not true. In view
of (A6), we obtain there is a 71 € (0,7); such that §(t) — «(t) has a local right
minimum at 7; € (0,T)r, so (8 — a)?(r1) > 6. Using the same reasoning as that
of inequality (4.7), we have

(4.11) (¢p(a®)¥(11) = (0p(82))Y (1) < 0.
However, by (A4), (A5) and
Oé(Tl) > ﬁ(Tl) > 9,

we get

n

(eo(@®)¥ (1) + a(r)f (1, B(r), B (), ., B
Hence, we deduce
(o) (1) = (2p(8*))7 (1)
> (pp(@®) (1) +a(r)f (1.8(m). B2 (7). ... B
> 0,

(ﬁ)) )

n

().

which gives a contradiction with inequality (4.11).

COROLLARY 4.3. Let ng € {1,2,...} be fized. Suppose that (H1)-(H3), (A1),
(A2) and (A4)-(A6) hold, then the BVPs (1.3)—(1.4) has at least a positive solution
u(t) € X and p,(u”(t)) € CV ((0,T)y, E1) with u(t) > a(t), where t € [0,T);.

5. Construction of «(t) and ((t)

In this section we will consider how to construct a lower solution «(t) and an
upper solution §(¢) under certain conditions. We assume that

(5.1) S i) — YT (%) > 0 for @y, 2% € R.

LEMMA 5.1. If there exists a nonincreasing sequence {ene} C Ey which sat-
isfies €, > 0 (e, € R) and lim,—ocen = 0, then there exists a function A(t) €
C2 ([0, Ty, Er) and it satisfies

(i):
SDP()‘A(t)) € Cv ([07 T]T ’ El) ’

A(t) > 0 fort e (0,T)r and H(gop()\A(t)))vHEl >0 fort e (0,T)r;

(iD): A(0) = 0, 37 & (A(E))) — X325 vi(A(&:)) < 0 and 0 < A(t) < ene
fort € (0,T)r.

PROOF OF LEMMA 5.1. Let L, = |55, T — 2"%}? (n > ng). Assume that
r:[0,T]r — {u € X|u > 0} satisfies

r(0) =0,
r(t) = el te/(2T)P ™ for t € Ly, \ Ln_1,n > no,

and

1 1
r(t) =ebte/(2T)PH for t € { T } .
T

SRR T



POSITIVE SOLUTIONS 165

We define

1
u(t) = /tr(s)As,v(t) = [/tu(s)Vs} o ,w(t) = /t v(s)As.
0 0 0
Assume that » € L, \ L,—1 forn > ng, and 73 € (0,7)r with 7o < 73 and
213 — T > 79. It is easy to show that
u,v,w: [0, 2] — {u € X|u>0}
are continuous and increasing. Denote
a(t) = elco (13 — t) + c1t] 71 for ¢ € [ro, T,
where

T2 T3 — T2

co = ——u(m2) + l(U(Tz))%1 and ¢; = u(r2) + i(”(ﬁ))pA'
T3 73 3 73

Hence, we deduce that a(t) > 6 for ¢t € [r2, T)r and is nondecreasing. Define
b(t) : [m2, 3]y — {u € Eqr|u > 6},
by

b(t) = / a(s)As + w(re),

T2

b(t), t € 79, 73], w(t), t e [0, ],
Bi(t) —{ b2rs 1) te [Tl O —{ Bult). t  [ro. T

It is easy to see that
w(rs) = Bi(r2), w™(r2) = B (1), (pp(w™))Y (12) = (¢p(BY))Y (1),
w e C2([0,m)r, E1), By € C?(r,Tr, E1),
" ep(w?) € CV([0,7]r, E1), @p(BT) € CV([r2, Tlr, Ev).
Thus, we know A € C2([0, Tz, E1) and ¢,(A\>) € CV ([0, T, F1) with
(s3T5, > 0.

Since w(t) > 6 for t € (0, 72]; and By(t) > 6 for t € [12, T, we have A(t) > 0
for t € (0,77 . On the other hand, we know that

p—1
En €

u(r) = /07'2 r(s)As < W,

1
2 =T Eneé
v (T = u(s) Vs < ,
) [/0 (®) } 25 1T
En€ En€
’LU(TQ) < T9 X 2%11 T
By virtue of the monotonicity of Py (t) on |12, T3]t and [73, T|T, we have
A (T = max A (),
(73) e (t)
T3
= / a(s)As +w (12),
T2

1
< (=) max el (=) +eat]T +w(n),
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< (13— 72) [(13 — T2)u(r2) + (v(72))" ] T 4w (),

1

< T Taﬁ’le N gh=le 7T L En€ _ En€ | ne
T — e
QD) 20201 2 S 2 T3

Hence, we derive
(5.2) 0 < \t) <epe, te(0,T)g.
From (5.2), we have
0 < Pmy—1(A(t)) < Ppmy—1(ene), t € (0, T]r.
Using the inequality
SR G 6)) = T 65(6) 2 dmi—1(ene) > by (A (E,)) = by (A (T)),
we obtain

Gy (A (E5,)) + 0 5(€60) — M (VA (&) <

Consequently, this completes our proof. O

Now we discuss how to construct a lower solution «(t) in (A2) and (A4). As-
sume that

(AT): for each n € {1,2,...}, there exist a constant kge € E with kg > 0
and a strictly monotone decreasing constant sequence {p,e} C E with
limy, oo pn, = 0, such that

q(t)f (t, u(t),u®(t),. .., u?" (t)) > koe,

and

(t,u(t),uA(t), o ,uA”(t)) € {%T - #]T x {u(t) € X : u(t) < pne} x EV;

(A8): there exists a function

B(t) € X, ¢p(B2(t) € OV ((0,T)p, En),
such that (t) > 6 for t € [0,T]; and

D Gi(BE)) = DB (&) > 0

~(ep B2 2 a®)f (.56, 550),.... 55 (1)) for t € (0, T,
~(p (BT 2 a(0)f (rber, B0, B2, ., 5" (1) for t € (0, 5eker)

and
—(pp(B2W)))Y = a(O)f (T = g7, BE), B2(1), ..., B2 (1)) for t € (T — 5z, T

THEOREM 5.2. Let ng € {3,4,...} be fized. If (H1)-(H3), (5.1) and (A7) (A8)
hold, then the BVPs (1.3)~(1.4) has at least a solution u(t) € X and p,(u™(t)) €
CV ((0,T)y, Er) with u(t) > a(t), where t € [0,T]y .

T
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PrOOF OF THEOREM 5.2. By Corollary 4.3, we only need to show that con-
ditions (A1), (A2), and (A4)-(A6) are satisfied. Without loss of generality, we
suppose that
(5.3)

B(t) > pnee for t € [0, T]; and Zmll 9;(B(&;)) — i ¢Z(5A(€Z)) > Png-

By virtue of (A7), (A8) and (5.3), we know that (A1) and (A5) hold.
From Lemma 5.1 there exists a function A(t) € C2([0,T];, X) satisfying
(i) pp(A2(1) € CV ([0, Ty, E1), A(t) > 0 for t € (0, T and

Ry = 02007 5, > 0

(ii): A(0) = 6, 271 65 (A(&)) — 2012 (A2 (&) < 0 and A(t) < ppe for
S (O,T)'ﬂ*.

Assume that
1/(p—1)
. koe Prg ©
m = min {6, (_210%1> ’ II/\(t)DIIEl } '

Let a(t) = mA(t) for t € [0, Ty . Then we have a(t) € X, p,(a?(t)) € CV((0,T)r, E1)
and a(0) = 0 with 6 < a(t) < A(t) < pne for t € (57,7, . Furthermore, we have

Yot ¢5(a(€)) = 300 (e (&) <0

For an arbitrary
(t,u,u®, ... ,uAn) € (0, Tt x (0, a(t)] x EY,

there exists an n € {ng,no + 1,...} such that

(tu,u®, . ut") €[5, T — 2"%]? x (0, a(t)] x E}.
So we have
a)f (1), w2 1), wd" (1)) + (pp(a® )7
koe + (pp(mA2(1)))Y
koe +mP = (o, A2 ()Y

(

> koe —mP " [[(0p(A2 ()Y || 5, »
koe

> ke — % (s ANV 5, »

B koe

= 5 > 0.

Thus, we see that (A4) holds and (A2) is true if u(t) = a(t). Since a(T) <
la®) |z, = MA@ B, < prgy, we have B(T) > pn, > a(T), so (A6) is fulfilled. By
Corollary 4.3, the BVPs (1.3)—(1.4) has at least a solution

u(t) € X, wp(u®(t)) € CV ((0,T)y, Er) with u(t) >0,
where t € [0, 7. O

According to Theorem 5.2, it may be difficulty for us to construct § in a
straightforward way due to the assumption (A8). The following theorem may enable
us to find 8 by replacing (A8) with a simply verified condition.
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THEOREM 5.3. Let ng € {1,2,...} be fized. Suppose that (H1)-(H3), (A1) and
(A2) hold, and that the following conditions are satisfied:

Mie > 0 and Mse > max {a(t), pn,e}, where My, Ms € R,
q(t)f(t, Myet + Maoe, Mye,0,...,0) <6 forte (0,T)r,

(5.4) q(t) f (271[1)%, Miet + Mae, Mye,0,...,0) <6 forte (0, 2"++11)11"
q(t)f (W’ Mlet + Mge, Mle, 9, ey 0) S 0 fOT te (T T e jﬂ’),ﬂ,7

and
(5.5) S 6y (Mie€t + Mae) — Y02 ohy(Mye) > 0.
Then the BVPs (1.3)-(1.4) has at least a solution

u(t) € X, p,(u?(t)) € OV ((0,T)p, Br) with u(t) > 6,
where t € [0, Ty .

PRrROOF OF THEOREM 5.3. Denote §(t) = Miet + Mse for t € [0,T];, then we
have 3(t) € X, p,(B2(t)) € CV((0,T)y, Er) and B(t) > a(t) and B(t) > pp,e for
t € [0,T];. A direct calculation gives

Zwi<ﬁ<s;>> — me%» >0,

(o (B2 +a(t)f (8, 8(2), B2(2),... 27 (1)) < 6 for t € (0,T)r,
(ep(B2)Y +a(t)f (zmaer, B(8), B2(2), ... 427 (1) < 0 for t € (T — ggrrs gmorr ) s

and
(2p(B2)Y + a(t)f (zmar, B(8), B2(2), ... B2 (1)) < 0 for t € (0, gmaer ) -
This implies that (A3) holds. By virtue of Theorem 4.1, we complete the proof. [
From Theorems 5.2 and 5.3 we can obtain the following theorem directly.

THEOREM 5.4. Let ng € {1,2,...} be fized. Suppose that (H1)-(H3), (5.1) and
(A7) hold, and that there exist real constants Mye, Mse € Ey such that (5.4) and
(5.5) are true, where My and My are positive. Then the BVPs (1.3)-(1.4) has at
least a solution u(t) € X, op(u(t)) € CV((0,T)y, Er) andu(t) > 0 fort € (0,7 .

PRrROOF OF THEOREM 5.4. Without loss of generality, we suppose that p,,e <
Mse. From (A7), we know that (Al) holds and

(5.6) Mae > ppoe > png+1€ > ... and lim ppe = 6.

n—oo

By using a similar argument as that of Theorem 5.2, there exists a function «(t) €
X, and @, (a®(t)) € CV((0,T), E1) with a(0) =0,

qu] sz &)) <0,

and «a(t) > 0 for t € (O,T]T, such that

(epla® @)Y +a(®)f (ta),0®(B)....,a%" (1)) = 6
for t € (0,7); and a(t) < pp,e. This together with (5.6) gives that
My > max {a(t), pnoe} -
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This implies that all conditions of Theorem 5.3 are fulfilled. Consequently, we
complete the proof. (I

6. One Example

In this section, we present an example to illustrate our main results.
Let By =1°° = {u= (u1,u2,...,Un,...)|sup, |u,| < +oo} with norm ||u| g, =
sup,, |u,| and Fj is a finite dimensional space. Define

Py ={u=(u,ug,...,un,...)|up >0,n=1,2,...},

then P, is a normal cone in the compact Banach space Ej.
Assume that
T={0}u{(1/2)"}Ul1/2,1].
Consider the following boundary value problem in E; of the form:
(6.1)

(¢4 (uA(t)))v +q(t)f (t,u(t),u”(t)) =6 for t € (0,1)r,
u(0) =6, u(l) + 3u (5) — 5u= (5) — v (7) — 50 (3) — u™ (1) =0
It is obvious that T'=1, p =4, p1(z) = Y1 (x) = %x, Yo(x) = ll—ox, Y3(x) = %:1: and

ta(r) = z. Denote q(t) = t* + 4 and

f () = &

u(t)

where A2 > 10 and e = (1,1,...,1...). Letting

) 17
nog € {1,2,...}, Pn = (m)

and kg = a; > 0, we have p,, < 1. Note that (H;)-(Hs) and (5.1) hold. For
ne{l,2,...},te [ﬁ,l—w—lﬂhand9<u§pne, we have

q(t)f (t, U, uA)

4 e 2
(t +4)(W—)\ 6),
> (" +4) (Ne+aje — Ne),
> ae >0,

which indicates that (A7) is satisfied.
Now we show that (A8) holds with 3(t) = t'/7e, t € [0,1]y. Notice that if
t € (1/2,1]r, then we have

+ub(t) + (tu™(t)? — N2, t € [0,1]1, u € Ey, X\ €R,

Y%

B0 = 5(0) = 2T,
o1 (B20) = (%) e,

and
25

(e (B2®))7 = = (F5et T ) e <.
If t = 1/2, then we get
BA() = 10T,

o1 (B20) = (St ) e,
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and
(ea (350) = (% (3) 7 — ) e~ ~0.1T14e <.
When t=1/2" (n =2,3,...), we deduce that o(t) = 2t, p(t) = %, u(t) = t,
v(t) = 5, and
o) = [T 7 e, o (850) = & [0V 7] e

By induction, we can derive that

(¢a (5A(t)))v

1/7 1/773 1/7 1/773
24n+1 % _ i e — 24n+4 i _ 1 e,
2n 1 2n 2n 2n+1
0.
Thus, for ¢t € (0, 1]y we have

(pa (521))" +at)f (t.5(t). 52(1))
(4 +4) (Ee+t?e+(%t1/7)ze—/\%), te[l]

IN

‘]1‘7
2
(t* +4) (—e—|—t7e—|— ((2 )1/7—151/7) e—)\ze), te{1/2",n=2,3,...,},

< (t* +4)(10e — \2e),
< 6.

For t € (O, zniﬂ)T, we have

(04 (35@))™ + 4] (g, 60, 820)

< (tr+4) (lete + () e+ ((215)1/7 - t1/7) e— )\26> ,
< (t* +4) (10e — A%e) ,

<4.

Moreover, we obtain

B) +e1(B(5) —v1 (8% (5)) —¢2 (B(3)) —¥s (6% (3)) —¢a (B(1)) > 0.

Hence, all conditions of Theorem 5.2 are satisfied. As a result, the problem (6.1)
has at least a solution u € Ey = [> with @4 (u®(t)) € CV((0,T)y, E1) and u(t) > 6
for t € (0, Ty
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