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A symplectic non-squeezing theorem for BBM equation
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ABSTRACT. We study the initial value problem for the BBM equation:

Ut + Uy + Uy — Utgr = 0 zeT,teR

u(0,z) = uo(x)
We prove that the BBM equation is globaly well-posed on H*(T) for s > 0 and
a symplectic non-squeezing theorem on H1/2(’]I‘). That is to say the flow-map
up — u(t) that associates to initial data ug € H'/2(T) the solution u cannot
send a ball into a symplectic cylinder of smaller width.
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In 1877 Joseph Boussinesq proposed a variety of models for describing the

propagation of waves on shallow water surfaces, including what is now refered to
as the Korteweg-de Vries (KdV) equation. A scaled KdV equation reads

ut + Uy + (g + Ugzy) = 0.

The Benjamin-Bona-Mahony (BBM) equation was introduced in [1] as an al-

ternative of the KdV equation. The main argument to derive the BBM equation is
that, to the first order in ¢, the scaled KdV equation is equivalent to

ut + Uy + e(utly — Utgy) = 0.

Indeed, formally we have us + u, = O(g), hence uzpy = —Utzr + O(€).
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In this article we shall consider the rescaled BBM equation:
Us + Uy + UUG — Upzr = O.

In 2009, Jerry Bona and Nikolay Tzvetkov proved in [2] that BBM equation is
globaly well-posed in H*(R) if s > 0, and not even locally well-posed for negative
values of s (see also [8]). The result extends to the periodic case (see section 3
below). Let us denote ®; the flow map of BBM equation on the circle T. In this
article we prove a symplectic non-squeeezing theorem for ®;. That is, the flow map
cannot squeeze a ball of radius r of H'/? (T) into a symplectic cylinder of radius

1’ < r. Precisely, let Hy/*(T) = {ue H'?/ [Lu=0} with the Hilbert basis

orf () = "

m Sin(nx).

cos(nw), o () = p R

Set
B, = {ue HY*(T) / Jullpos <7},

_ 1/2
Crino = {u = papih + anen € Hy2(T) [p2, +d3, < rz} :
The goal of this paper is to prove

THEOREM 1.1. If ®4(B,) C Crp, then r < R.

S. Kuksin initiated the investigation of non-squeezing results for infinite di-
mentional Hamiltonian systems (see [7]). In particular he proved that nonlinear
wave equation has the non-squeezing property for some nonlinearities. This result
were extended to certain stronger nonlinearities by Bourgain [3], and he also proved
with a different method that the cubic NLS equation on the circle T has the non-
squeezing property. Using similar ideas Colliander, Keel, Staffilani, Takaoka and
Tao obtained the same result for KdV equation on T (see [4]).

In this article we will use the original theorem of Kuksin. In section 2, we
present the construction of a capacity on Hilbert spaces introduced by Kuksin in
[7]. This capacity is invariant with respect to the flow of some hamiltonian PDEs
provided it has the form “linear evolution + compact”. As a corollary of this result
we get a non-squeezing theorem for these PDEs. Then we apply this theorem to the
BBM equation in section 3. We prove the global wellposedness of BBM equation
on H*(T) for s > 0, and some estimates on the solutions.

2. Symplectic capacities in Hilbert spaces and non-squeezing theorem

2.1. The frame work and an abstract non-squeezing theorem. Let
(Z,{-,-)) be a real Hilbert space with {cpji/j > 1} a Hilbert basis. For n € N
we denote Z™ = Span({goji/l < j <mn}),and I" : Z — Z" the corresponding
projector. We also denote Z,, the space such that Z = Z" @ Z,. Then, every
z € Z admits the unique decomposition z = 2" + z,, with z, € Z,, and 2" € Z".

We define J : Z — Z the skewsymmetric linear operator by

Joi =Fof

and we supply Z with a symplectic structure with the 2-form w defined by w(¢,n) =

(T m).
We take a self-adjoint operator A, such that

(1) Vj € Z, ApT = Aoy
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Define the Hamiltonian
1
f(z)= 3 (Az,z) 4+ h(z)

where h is a smooth function defined on Z x R. The corresponding Hamiltonian
equation has the form

@ { i =JAz+ JVh(z)

20, )=z0€Z
If Z_ is a Hilbert space, we denote
Z < Z_

if Z is compactly embedded in Z_ and {gp]i} is an orthogonal basis of Z_ (not an
orthonormal one!). Clearly Z is dense in Z_. We identify Z and its dual Z*. Then
(Z_)* can be identified with a subspace Z; of Z and we have

Zy < Z < Z4_.

Denote || - ||— (resp. || - ||+) the norm of Z_ (resp. Z;).
We also denote Br(Z) the ball centered at the origin of radius R.
We impose the following assumptions:
(H1): The equation (2) defines a C''-smooth global flow map ® on Z. That
is, for all zgp € Z the equation (2) has a unique solution z(t) = ®4(z) for
t > 0, and the flow map ®; : zg — 2z(t) is C*-smooth.
(H2): The flow map @ is uniformely bounded. That is for each R > 0 and
T > 0, there exists R’ = RS‘%,T such that

(I)t(BR(Z)) C BR/(Z), for |t| <T.

(H3): Writing the flow map ®, = e//4(I+®,), we also impose the following
compactness assumption : fix R > 0 and T > 0, there exists C'rr such
that

Yuo, u6 S BR(Z),

’5T(U0) - E’T(UB)HZ+ < Crrlluo —ugll 5 -

Under these assumptions, it is well known that the flow maps ®; preserve the
symplectic form.
The aim of this section is to show the following non-squeezing theorem

THEOREM 2.1. Assume @t is the flow map of an equation of the form (2) and
satisfies the previous assumptions. If ®r sends a ball

B, ={z€Z/|z—Zz| <r}, Z fized
into a cylinder
Crjo = {Z = il + W}/ (Pjo — Pio)* + (@jo — Tjo)* < RQ}
j07]§jovqjo ﬁxed
then r < R.

In fact, this theorem is a simple version of the conservation of a symplectic
capacity on Z by the flow map @1 (see subsection 2.3.2 below)
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REMARK 2.2. This theoreme implies the following fact. Fiw ¢ > 0, a time
T > 0, a Fourier mode ng and r > 0 (no smallness conditions are imposed on r or
T), then there exists ug € H'/?(T) such that

lwoll e <7
and

— r—e

|u(T)(no)| > W

where u solves (2).
The non-squeezing theorem remains true if we don’t suppose that the flow map
is global in (H1), but the conclusion would be :
either
— r—¢
[u(T")(no)| > W
or

sup ||u(t)| g1/2 = +o0.
0<t<T

So we impose the global wellposedness in time for (2) in order to rule out the second
case.

2.2. An approximation lemma. In order to define a capacity, we will need
to approximate the flow by finite-dimentional maps. We shall use the following
lemma

LEMMA 2.3. Let @ the flow at time T of an equation (2) satisfying the previous
assumptions. For each e > 0 and R > 0, there exists N € N such that for u € By :

(3) D(u) = I + D) (I + D) (u)
where (I + (,138) and (I + &)N) are symplectic diffeomorphisms satisfying
(4) [@-(u)| <& forue (I+Pn)(Br)

(5) (I—I—&)N) (u™ +un) = (I—I—&)N) (W) +uy  foru®™ € ZN un € Zy.

PROOF. Recall that ® = ¢774(I 4 ®). First, we observe that for [t| < T, any
R >0 and u,v € Bg(Z) we have

(6) Hi(u) - HNé(u)HZ <) — 0.

Indeed, as K = U|t\§T&)(BT(Z)) is precompact in Z (by (H3)), then (6) results
from the following statement

N
31612 Hu —1I uH N:w 0.

Suppose that the convergence does not hold, then we can find a sequence (u,,) in K
such that ||(I —II")u,|| > ¢ > 0. As K is precompact there exists a subsequence
(un;) such that u,, — u. For n; sufficiently large we have

(I =T (u)|| <e/2, ||un, —ul| <e/2.

Hence ||(I —I1"7)(uy, ) || < € and we get a contradiction.
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Now we set hy = hoIIV. Then Vhy = IINVAIIYN. We define ®N the time T
flow of the equation

(7) 0= J(Av + Vhn(v))
or, equivalently, v = vV + vy € Z¥ 4 Zy and

oV = J(AvN + TINVA(WY))
i)N = JAUN

We write @Y = eT7A(I 4+ dy).
Since ®x = 0 outside ZV, ®y has the desired form (5). Define
~ ~ o~ ~ o\ -1
.= (®-dn) (1+3n)
so we have N B B
CTIA (I+<I>5) <I+<I>N) — TJA (I+<I>) — 3.
Next we estimate the difference ® — ® . For u € Br(Z) we have
H%(u) - &)N(U)HZ < Hci(u) - nNci(u)HZ + HH%(U) - HNci(HNu)HZ
+ HH%(HNU) - iN(u)HZ.
Hence by (6) and assumption (H3), for u € Br(Z) we have
B0 - B

<Ce(N) — 0
,<CeN) — 0.

N——+oc0

so for u € (I + (I)N) (Br(2))
|#w)]| <en — o
[ |

2.3. Symplectic capacities and non-squeezing theorem.
2.3.1. Capacities in finite-dimentional space. Consider R?" supplied with the
standard symplectic structure, that is w(x,y) = (Jx,y) where

J= ( ot >
For f:R?” — R a smooth function we define the hamiltonian vectorfield
Xy =JVf.
DEFINITION 2.4. Let O an open set of R?", f € C*°(O) and m > 0. The

function f is called m-admissible if

e 0 < f(x) <mfor z € O, and f vanishes on a nonempty open set of O,
and flso = m.

e The set {z/f(2) < m} is bounded and the distance from this set to O is
d(f) > 0.

Following [6] we define the capacity c2,(O) of an open set O of R*" as

can(0) = inf {m, /for each m > m, and each m-admissible function f in O

the vectorfield X; has a non constant periodic solution of period < 1}.
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THEOREM 2.5. cgy, is a symplectic capacity, that is
[ lf O, € Oy then an(Ol) < an(Og)
and if p 1 O — R is a symplectic diffeomorphism then co,(0) =

can(p(0)).
o c2,(M\O) = N2¢2,(0).
o con(B1) = c2n(Cr1) = ™ where

B, = {(p, 0/ (P +q) < 7“2} , and Cry = {(p,q)/ (07 + ai) <7*}.

See [6] for a proof. An immediate consequence of this theorem is the non-
squeezing theorem of M. Gromov [5].

THEOREM 2.6. The ball B, can be symplecticaly embedded into the cylinder
Cr, if and only if r < R.

2.3.2. Construction of a capacity on Hilbert spaces. In this section we define a
symplectic capacity on Hilbert spaces which is invariant with respect to the flow of
the equation (2). We will follow the construction of S. Kuksin (see [7]).

For O an open set of Z we denote O™ = O N Z™ and observe that 0™ C
oonzm.

DEFINITION 2.7. Let f € C*°(O) and m > 0. The function f is called m-
admissible if

e 0 < f(x) <mfor z € O, and f vanishes on a nonempty open set of O,
and flso = m.

e The set {z/f(2) < m} is bounded and the distance from this set to O is
d(f) > 0.

REMARK 2.8. If f is m-admissible, denoting supp(f) = {z/0 < f(z) < m} we
have

dist(f~1(0),00) > d(f),
dist(supp(f), 00) = d(f).

Denote f, = f|o» and consider X, the corresponding hamiltonian vectorfield
on O™.

DEFINITION 2.9. A T-periodic trajectory of Xy, is called fast if it is not a
stationnary point and 7' < 1.

A m-admissible function f is called fast if there exists ng (depending on f)
such that for all n > ng the vectorfield X, has a fast solution.

LEMMA 2.10. Each periodic trajectory of Xy, is contained in supp(f) N Z™.

PRrROOF. Pick z € O™\supp(f), fn takes either its minimal or maximal value
in z, hence Xy, (2) = 0. Therefore z is a stationnary point and a fast trajectory
cannot pass through it. |

We are now in position to define a capacity c.
DEFINITION 2.11. For an open set O of Z its capacity equals to
¢(0) = inf {m. /each m-admissible function with m > m, is fast}.

PROPOSITION 2.12. Assume that O1, Os and O are open sets of Z and X\ # 0
(1) Zf O, C Oy then C(Ol) < C(Oz) ;
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(2) c(\O) = \2¢(0).

PROOF. (1) Assume m < ¢(O1), by definition of ¢ there exists a m-admissible
function f of Oy which is not fast. Hence, there exists a sequence (n;) — +oo such

that for every j € N, X fo, has no fast periodic trajectory. Define f on Oz by
= { flx) ifzeO

flz) = m otherwise

The function ]7 is clearly m-admissible on Os. N
By lemma 2.10, for each j € N, each fast solution x(t) of Xz lies in suppf N
nj

Z™ =suppf N Z"i. Hence z(t) is a fast trajectory of Xi., (Xf and Xy, = are the
mj

same vectorfields on supp(f) by definition of supp(f)).
Therefore, for each j € N the vectorfield X 7 of Oy has no fast trajectory. Hence
nj

f is m-admissible but is not fast. Thus ¢(Oz) > m, and the first assertion follows.

(2) Define f» = A2f(A~1-) on AO. Clearly f is m-admissible on O if and only
if f* is A2m-admissible on A\O. Moreover z(t) € O™ is a T-periodic trajectory
of Xy, if and only if Az(t) € AO™ is a T-periodic trajectory of Xya. Therefore
c(AO) = \2¢(0). ]

LEMMA 2.13. If F: Z — Z has the form
F(z"+2z,) =F"(2") + 2, z2=2"+2,€Z2=2"® Z,

with F™ a symplectic diffeomorphism of Z™, then ¢(O) = ¢(F(O)), for each open
set O of Z.

PROOF. We observe that if f is m-admissible in F(O) and f is fast then fo F
is m-admissible in O and f o F' is fast. Indeed F* : f — f o F clearly sends
m-admissible functions in F(O) to similar ones in O, and for p > n it tranforms
X(foryr into Xyr. Hence admissible and fast functions are preserved by F' and its
inverse (F' is the identity outside of Z™ which is a finite-dimentional space), and
the result follows. |

PROPOSITION 2.14. For each open set O of Z and & in Z, we have
c(0) = c¢(0 +¢).

PRrROOF. Denote O = O + &. It is sufficient to prove that ¢(O) < ¢(O + &)
(change ¢ into —¢).
Denote £ = &m0 + &,, € Z™ + Z,, (no will be fixed later) and O = O + {"™.By
lemma 2.13 ¢(O1) = ¢(O). We also remark that Of = O1 + &,,.

Take any m-admissible function f on O¢ with m > ¢(O). We wish to check
that f is fast.
Since 00 C 001 + &, and ||&,|| T 0, we have

—+oo

diSt(aol, 605) S diSt(aol, (901 + fno) S ”5710” — 0.

0—+o0
Pick ng such that
. 1
(8) dist(901, 00¢) < [|&no | < Fd(f)-

We extend f outside O¢ with f(z) = m if z ¢ O¢ and we denote f its restriction
to 01.
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f equals m on a d(f)-neighbourhood of 0O0¢. By (8), we deduce that f equals
m on a +d(f)-neighbourhood of HO;.

By remark 2.8 we have dist(f~1(0),00¢) > d(f). Hence, by (8),we have
dist(f~1(0),00;) > 3d(f), and in particular f vanishes on a nonempty open set of
01N O¢ C O;. Therefore fis m-admissible.

Since ¢(01) = ¢(0) < m, it follows that X; has a fast trajectory in OF if
n > ng is sufficiently large. By lemma 2.10 this trajectory lies in Suppfz suppf C
O1 N O. Hence this trajectory is a fast solution of X , and the function f is
fast. |

If » = (rj)jen- is a sequence of R} U {+oo} with 0 < r = ‘ian r; < 400, we
JEN*

define

+oo
D(r) = Z—ZPW;FJF‘JM;/WEN p+a<rie,
j=1
+oo +oo 2 2
B P2+ g
E(r)=qz=)_pief tag; [ D 25t <1
=1 = "

Remark that if » = (r, 400, ..., +00), D(r) is a symplectic cylinder C,. 1.
THEOREM 2.15. We have ¢(E(r)) = ¢(D(r)) = 7r?

PROOF. We have to check the following inequalities
(1) ¢(E(r)) > nr?
(2) ¢(D(r)) < 7r?
then we will conclude by proposition 2.12.
(1) Tt is sufficient to prove that ¢(B;) > 7 (then the result follows by proposition
2.12).
Define m = —e. Choose f : [0,1] — R, satisfying :
0< f'(t) <mfortel0,1]
f(t) =0 for ¢ near 0
f(t) =m for t near 1
Then, define H(z) = f(||z]|?) for # in B(1). H is m-admissible. We want to
prove that H is not fast. Consider

n

Hy(x)=f|Y (02 +d) |, wherez =Y (pjo] +q;¢;)-

Jj=1 J

Using the variables I; = %(pf + q?) and #; = arctan (’q)—j) we observe that non-
constant periodic solutions corresponding to this hamiltonian has a period T > 1.
Hence Xy, has no fast trajectory and H is not fast.

(2) Denote O = D(r). Pick m > mr? and f a m-admissible function in O. Since
£71(0) is not empty, there exists n such that f=1(0) N Z™ # (). Denote f, = f|on.
Since 00™ C 00, we deduce that f,, equals m on a neighbourhood of 0O™. Hence
fn is m-admissible.

Since c2,(O™) =7 min r? , we have
1<j<n 7

con(0") — minfr? = r? < m.
n—+too  j>1 7
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Hence, for n sufficiently large c2,(O™) < m. Therefore Xy, has a fast periodic
trajectory and the function f is fast. ]

COROLLARY 2.16. We have ¢(B,) = ¢(Cr1) = 7r?,
and for each bounded open set O of Z we have 0 < ¢(O) < +0o0.

The essential property of the capacity c is its invariance with respect to the
flow maps of PDEs satisfying assumptions (H1), (H2) and (H3). In fact the non-
squeezing theorem 2.1 is a consequence of the following result.

THEOREM 2.17. Let ®r the flow of an equation (2) satisfying the assumptions
(H1), (H2) and (H3). For any open set O of Z we have

(®7(0)) = ¢(0).

PROOF. Let us denote ® = &7 and Q = ®(0). One easily checks that &1
satisfies (H1), (H2) and (H3), therefore it is sufficient to prove that ¢(Q) < ¢(O).

Take any m > ¢(0O) and any f m-admissible in Q. We want to prove that f is
fast.

Since f is m-admissible there exists R > 0 such that suppf C Bgr. Define
Ry =R+d(f), @ = QN Bgr and O’ = &~1(Q'). By assumption O’ is bounded,
hence there exists R’ such that O C Bg,. Moreover we clearly have O’ C O, thus
by proposition 2.12

9) c(0) < c(0).
We apply lemma 2.3 with N so large that & < £d(f), and we use the notations of

the lemma 2.3 : ® = 7/4(I+®.)(I+®y). We denote Oy and O, the intermediate
domains which arrise from the decomposition

TJA

’ I+$N I-‘r‘f? e ’
o [ = Oy Q.

We also denote
f2 _ (fo eTJA)‘O2'

Observe that fy is m-admissible on Os. Indeed f is m-admissible on Q and
also on @' (by definition of Q). Since e*/4 is an isometry, fo is m-admissible.

Then, we extend fo as m outside Oz, and we denote f its restriction to Oj.
By (4) the e-neighbourhood of d0; is contained in the 2e-neighbourhood of 9Os.

Since € < %d( f), we deduce that f equals m on a neighbourhood of dO;. Moreover
F710) = f571(0) € O1 N Oy. Indeed by remark 2.8

dist(f; '(0),002) > d(f)
and dist(00,003) < %d(f)

Hence fis m-~admissible on O;.
Using lemma 2.13 and (9), we deduce that

c(O01) = ¢ ((1 + &)N)(o')) = ¢(0') < ¢(0) < m.

Hence fis m-admissible on O; and ¢(O1) < m, thus fis fast. So for n sufficiently
large, the vectorfield X 7. (where f, = flor) has a fast solution. By lemma 2.10

this solution lies in suppf and by remark 2.8 suppf~ =supp fa, so this solution is
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also a fast solution of Xyn (where f3' = fao|oy). Hence fo is fast too. Finally f is

also fast (f2 = (f oeTJA)|02). |

3. Application to the BBM equation
In this section we prove that the BBM equation

Up + Uy + UUy — Ugyr =0, €T
(10) { u(0, z) = ug(x)

is globally well-posed in H*(T) for s > 0 (we will follow the proof given in [2] for
x € R) and has the non-squeezing property (theorem 1.1).

3.1. Bilinear estimates. We start by two helpful inequalities.
Let p(k) = H-% and ¢(D) the Fourier multiplier operator defined by ¢(D)u(k) =
p(k)u(k).

LEMMA 3.1. Let u € H™(T) and v € HT/(T) with 0 < r <s,0<7" <s and
0<2s—r—1"<1/4. Then

le(D)(wo)ll s < Crpr s lull g [0l e

ProoF. We want to prove

< Cllullgr l[vll g -

By duality it is sufficient to prove

s ko
(0" @) < Clullg ol ol

that is

I=3 k{k) 2 ao(k)@(k) < Cllull g oll o el -
keZ

Let f(k) = (k)" @(k), g(k) = (k)" 5(k) and h(k) = k (k) 207" =29 G(k). Since

uv(k) = > _a(l)o(k —1)

IeZ

we have

<k>735+2r+2r’

0" (k=1)"

=22

keZ leZ

FD)g(k = Dh(E).

We have —2s+r+7r" <0and —s+r<0and —s+7" <0 so
—3s4+2r+2r=—-2s+r+1r' +(—s+7r')+r <rand —3s+2r+ 2 <r'.
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<k>—35+27‘+2r/

0"k =1)"

equality and Young’s inequality)

ISy Y fDglk—Dh(k)

kEZ IEZ
S fllez lg * h(=-)llp2

S I llez [1gllez 1Al

Hence is bounded for k¥ and [ in Z. Then (by Cauchy-Schwarz in-

k
(1 + k2)1+7‘+7"—2s

Sl g 1ol g 1wl 22

Zi'
Since 2s —r —r’ < 1/4 we have 1 +r + 1" — 2s > 3/4. Hence
| <+
oy 0.
(1+k2)1+r+r 2 Ei

In subsection 3.3 we will use this lemma in the particular case r = ' = s > 0,
that is

(D) (wo)|| = < Cs llull s [[v]] =
whereas in subsection 3.4 and 3.5 we will need the general case 0 < r,7" < s.

LEMMA 3.2. Letu € H"(T) and v € H*(T) with 0 < s <r and r > 3, then
(D) (o)l groer < Cllullgr 0]l g -

PROOF. Since r > % and r > s > 0, the elements of H"(T) are multipliers in
H*(T), which is to say
luoll s S Null g ([0l -
Hence
k s+1 k/\
(k)

< [k @ e

(D) (uo)l o1 =

&%

— [luv]l.
S llallge loll -
|

3.2. Hamiltonian formalism for BBM equation. Recall that BBM equa-
tion reads
U + Uy + UUL — Upzr = O.
Let us prove that BBM equation is a hamiltonian equation (2).

First BBM can be written
2
up = —0p(1 — 82 Nu+ L.

2
Denote Z = H3/2(T) ={ueH/?/ Jpu =0} with the following norm

1+ k2
hul, = > ——(a}+b})
keZ\{0}
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where aj, and by, are the (real) Fourier coefficients of u.
Consider the Hilbert basis of Z given by

oy n o n .
o (2) = m cos(na), o (x) = m sin(nx).
We have Z; = Hé/2+8 < HS/2 < Hé/2_€ = Z_, where ¢ > 0 will be fixed later.
Define ) X
b = [ (M2 Y g,
T\ 2 6
we have )
VieH(u) =u+ —
Assume
u(t) = an(t)<ﬂn + an(t) e,
and

V2 H(u Zanson + Bio,

Denoting H (p, q) = H(Y, pn(t)e) + an(t)e;, ) we deduce that
oH

Opn = <VL2H(U‘)’¢Z>L = Qn H‘pn HL2 = 1?22
and _
OH  nB,
8gn  1+mn?
Hence
W= Pun +dnpn = (1= 03) ' 0p(= V2 H (u))
—-noy, nfBn n
Z1—1—712%0” 1+n2™n
SO
A OH
= Tt = o,
. —noy oOH
= T gy,

That is @ = JVy H(u).

3.3. Verification of (H1).
3.3.1. Local well-posedness. Recall that ¢(k) = 1+k2, the equation (10) can be
written in the form :
u(0,2) = up(x)

Let e~ (D) be the unitary group defining the associated free evolution. That
is, e~ *¢(P)yq solves the Cauchy problem

iur = o(D)u
(12) { u(0,2) = up(x)
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Then, (11) may be rewritten as the integral equation
ot
u(t) =Py — & [ T (D) ulr ) = A1)
0

Let X5 = C%([-T,T],H*(T)). The H® norm is clearly preserved by the free
evolution, thus

(13)

eﬂ't«:(D)uO’

i = Il

THEOREM 3.3. Let s > 0. For anyug € H*(T), there exist a time T (depending
on up) and a unique solution u € X5 of (10). The maximal existence time Ty has
the property that .

>
' 2 36 Tuall
with Cs the constant from lemma 3.1 (in the special case r =1" = s).

Moreover, for R > 0, let T denote a uniform existence time for (10) with

uog € Br(H?*(T)), then the map @ : ug — u is real-analytic from Br(H*(T)) to X5.

PROOF. Let R = 2||ug||y.. For any u € Br(X4#), by (13) and lemma 3.1 (with

r=1r'=s) we have

t
JAG) . < [|e P uo| [P utryan
0

+1
Xz 2

T

Xz

c,T 2

< Juoll g + =5 luliky

c,T
2

<R for T =

R2

< uoll g +
2
CsR
and for any u,v € Br(X%), by lemma 3.1 (with » =’ = s) we have
CsT

[A(u) = A@)[ x, <

flu — UHX; [|u+ U”x; < CTRu— UHX; :

Hence, A is a contraction mapping of Bg(X4%) for T = 201 E = 10 ”iD” . Thus A
s s HS

has a unique fixed point which is a solution of (10) on time interval [T, T].
Let us consider now the smoothness of ®. Let A : H*(T) x X5 — X5 be
defined as
ot
Afuo,0)() = 0(0) = =Py — L [P (D) u(r2)ar
0
Due to lemme 3.1 (with r =’ = s), A is a smooth map from H*(T) x X5 to X35.
Let u € X% be the solution of (10) with initial data uy € H*(T), which is to say
A(ug,u) = 0. Thus, the Fréchet derivative of A with respect to the second variable
is the linear map :
t

N )] = b= [ AP D) (b))

Still by lemma 3.1 we get

/Oei(tT)@(D)@(D)(U(T)h(T))dT

< CT ||ullgs ([Pl g5 -

X
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So, for T" sufficiently small (depending only on |[ul;.), A'(ug,w)(t) is invertible
since it is of the form Id + K with
1K s(xs, xs,) <1
where B(X#%,, X3,) is the Banach space of bounded linear operators on X3,. Thus
® : Br(H*(T)) — X4 is real-analytic by Implicit Function Theorem. |
3.3.2. Global well-posedness.
THEOREM 3.4. The solution defined in theorem 3.3 is global in time.

ProoOF. Fix T' > 0. The aim is to show that corresponding to any initial data
uo € H?, there is a unique solution of (10) that lies in X%. Because of theorem 3.3,
this result is clear for data that is small enough in H*, and it is sufficient to prove
the existence of a solution corresponding to initial data of arbitrary size (uniqueness
is a local issue). Fix up € H® and let N be such that

DR k) < T2
|k| =N
Such values of N exist since (k)* [ug (k)| is in £2. Define
vo(x) = Z er g (k).
|k| =N

By theorem 3.3, there exists a unique v € X3 solution of (10) with initial data
vo. Split the initial data ug into two pieces: ug = vg+wq; and consider the following
Cauchy problem (where v is now fixed)

Wi — Wegt + W + WWy + (vw)x
(4 {womzats

If there exists a solution w of (14) in X% then v + w will be a solution of (10) in
X5,

First, wo is in H"(T) for all r > 0, in particular wy € H'(T). And (14) may be
rewritten as the integral equation

2

This problem can be solved locally in time on H!(T) by the same arguments used
to prove theorem 3.3. Indeed for any w € Bg(X{), by lemma 3.2 (with r = 1 and
s =0) and lemma 3.1 (with r =1 =s=1)

1K@y < lwoll s+ ([0l xg Il + el )
(15) < OS]y R

et
w(t,z) = e PPy, — 2 / e~ D) o( D) (vw + w?)dr = K(w).
0

and for any w; and ws in BR(Xé)
[K(w1) — K(wa)] 1
<CS (HUng lwy = wallxy + [[wr —wal xy [lwr + w2||x;)
(16) < 08 (ol xg +2R) flwn — ws |,

Hence, by (15) and (16), K has a unique fixed point in Xi. Therefore we have a
solution w in X} for a small time S.
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If we have an a priori bound on the H!-norm of w showing it was bounded on
the interval [T, T] it would follow that a solution on [=T,T] could be obtained.

The formal steps of this inequality are as folllows (the justification is made
by regularizing). Multiply the equation (14) by w, integrate over T, and after
integration by parts we get

%% T(w(t7 .%')2 + walt, .%')2) dr — /];)(157 x)w(t, z)wy (¢, z)dx = 0.

By Holder and Sobolev inequalities we deduce

/v(t, x)w(t, T)wy (t, z)dx

T

< ot )l g Nlw(t, )l poo lwa ()l 2

< Clult, )l e wt, )| -

Hence
2 2
St < 2C ot o ot

and by Gronwall’s inequality

t
ot M gr < el g exp (c / o o df) .

We deduce from this a priori bound that the solution w of (14) exists on the
interval [T, T], and v + w is a solution of (10) in X3%. |

3.4. Verification of (H2).

PROPOSITION 3.5. For any T >0, R > 0, and s > 0 there exists R’ such that
V0 <t <T,®,(Br(H®)) C Br/(H?).

With s = 3 we deduce that ® satisfies (H2).

PROOF. The result is clear for s > 1, so we assume that 0 < s < 1. Fix T' > 0,

R > 0 and ug in H® such that [lugl| 5. < R. Using the same idea as in theorem 3.4
split ug into two pieces ug = vg + wop, where

vy = Z Tp(k)et™®.
|k| =N

Using the same notations, let v be the solution of BBM equation with the initial
data vy and w the solution of (14). We want to control v and w in H*-norm.
Fix € > 0 such that ¢ < 1/8 and s — e > 0, we have

l[voll s« < N7 [lvol| - -

We choose N = (%)UE where C' is the constant of lemma 3.1. Hence we have

1
s—g < _— =
HU0||H° = 4CT

By local theory (theorem 3.3) the flow map
®:By(H®) — X5 °
is continuous. Since H® N By (H*™¢) is precompact in By (H*~¢) we have

Sup [®(vo)]| oo = C1(R,T).
'UOGHSﬂB]\/[(HS*E)
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By lemma 3.1 with r = 7' = s — ¢ we have

Iollx. < l[vollz. + CT |[ollx.- < R+CTCi(R,T)* = Ca(R,T).

The a priori bound on w gives

t
lw®l g < lw@ll g < llwoll s exp (C/O l[o(r, )l 2 dT)
< Nl—s HwOHHS eCTCg(R,T)

< C'3 (R7 T)

Hence, we have
HUHX,} < C2(R7 T) + C3(R7 T)
|

COROLLARY 3.6. For each T' > 0 and s > 0, the flow map ® : H® — X7 is
real analytic.

PRrOOF. Let ug € H®, R = |jug| . and T > 0. By proposition 3.5, there
exists R’ such that ®,(Bar(H?®)) C Br/(H?), for all t € [0,T]. And by local theory
(theorem 3.3) there exists a small time 7 such that ® : Bp/(H®) — X? is real
analytic. Splitting the time intervalle [0, 7] into |J[kT, (k + 1)7], we deduce that
& : H° — X7 is real analytic. u

3.5. Verification of (H3). Recalll that ® denote the non-linear part of the
flow, that is ®; = e~#?(P)(I + ®,). The assumption (H3) results from

PROPOSITION 3.7. For any ug,vo € Br(H'?(T)) we have the following esti-
mate

| #(u0) — B(w0)

for 0 <e<1/12.

Hx””s < Cr,1.e ||luo — vol| grj2--
T

PROOF. Let 0 < € < &, ug and vy in Br(H'/2). Denoting u and v the solutions
of BBM equation with initial data ug and vg. By lemma 3.1 with s = % + ¢ and
r=1andr =1 —¢cand (H2) we have

[eCuo) = Beto0) | . < Ot vl e 1w = ollgye-s
S QOTRQQ)T ||u - ’U||X1/27£ .
T

Since up and vg are in Br(HY?) and ® is C* on Br(H'/?) which is a relatively
compact subset of H'/?7¢ we have

= vl 2o = () — Bew0)| -«
< sup ( d®(wq B _ > ug — Vg _
woEBR(H/2)NH/2—< ld( )”B(Hm # X/ E) | i o

< CR.,T.,s ||UO - UOHH1/275 .
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Hence, we can apply the non-squeezing theorem (theorem 2.1) and that proves

the theorem 1.1.

Acknowledgments: I'm grateful to Nikolay Tzvetkov for introducing me to

this subject and for his advices on my work. I would also like to thank Patrick
Gérard for many helpful discussions.

[1]

(2

[3]

5

6

(8]

I thank the referee for pointing out an error in a previous version of this paper.

References

Thomas B. Benjamin, Jerry L. Bona, John J. Mahony, Model equations for long waves in
nonlinear dispersive systems, Philosophical Transactions of the Royal Society of London 272,
no. 1220 (1972), 47-78.

Jerry L. Bona, Nikolay Tzvetkov, Sharp well-posedness results for the BBM equation, Discrete
and Continuous Dynamical Systems 23, no. 4 (2009), 1241-1252.

Jean Bourgain, Aspects of long time behaviour of solutions of nonlinear Hamiltonian evolution
equations, Geometric and Functional Analysis 5, no. 2 (1995), 105-140.

James Colliander, Markus Keel, Gigliola Staffilani, Hideo Takaoka, Terence Tao, Symplectic
nonsqueezing of the Korteweg-de Vries flow, Acta Mathematica 195, no. 2 (2005), 197-252.
Mikhail Gromov, Pseudo-holomorphic curves in symplectic manifolds, Inventiones Mathe-
maticae 82, no. 2 (1985), 307-347.

Helmut Hofer, Eduard Zehnder, Symplectic Invariants and Hamiltonian Dynamics,
Birkhauser, 1994.

Sergei Kuksin, Infinite-dimensional symplectic capacities and a squeezing theorem for Hamil-
tonian PDE’s, Communications in Mathematical Physics 167 (1995), 531-552.

Mahendra Panthee, On the ill-posedness result for the BBM equation, arXiv:1003.6098v1,
preprint 2010.

UNIVERSITY OF CERGY-PONTOISE, DEPARTMENT OF MATHEMATICS, CNRS, UMR 8088, F-

95000 CERGY-PONTOISE

E-mail address: david.roumegouxQu-cergy.fr



