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ABSTRACT. Kinetic phase-space theories (see [3]) have long been associated
with successfully predicting the rheological properties of a variety of macro-
molecular fluids. Their cornerstone is the configurational probability density,
essential to calculating the stress tensor. This function is a solution to the prob-
ability diffusion equation. In Section 2 we prove the existence and uniqueness
of solutions to the corresponding evolutionary diffusion equation, in Section
3 to the stationary (time independent) equation; these problems, within the
context of polymer dynamics theory, did not receive attention until now.
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The macroscopic flow behavior of elastic liquids is strongly related to the fluid
microscopic architecture and molecular interactions. This has been recognized since
the early days of modern rheology. Consequently, scientists took on to obtaining
constitutive relationships relating the stress tensor to molecular complexity. A very
successful theory dealing with this difficult task is the kinetic (phase-space) one
developed by Bird, Curtiss, Armstrong and Hassager and their collaborators in [3]
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(for some early kinetic model fundamentals see Kirkwood’s [9]; for other accounts
on this topic and related molecular theories see e.g. [1], [8], [10], [11], [12], [13],
[14] and [15]). Tt has been applied to model and predict rheological properties of
both polymer solutions and undiluted (including mixtures of) polymers.

The polymer chains are modeled either as spring-bead or rod-bead mechani-
cal systems subjected to hydrodynamic, Brownian, intra-molecular interactions in
the phase space. Statistical mechanics techniques (averages and projections) re-
duce the problem of the multi-chain liquid to the configuration space of a single
macromolecule.

One of the salient ingredients in the polymer mean-field theories is the config-
uration (probability) distribution function, with the help of which the stress tensor
is calculated. This function is actually the solution to diffusion equations (see
equation 19.3-26 on page 322 and equation 19.5-1 on page 328 in [3]) pertaining
to the (large) family of Fokker-Planck-Smoluchowski partial differential equations
(PDEs). In [3] series expansion solutions are obtained.

We undertake to proving the existence and uniqueness of solutions to the fore-
mentioned PDEs obeying physically meaningful initial boundary conditions, an
issue that has not been addressed as yet. This work consists of two parts. Section 2
is devoted to the evolutionary (i.e. time dependent) boundary value problem and a
procedure based on the Galerkin approximation is used. In Section 3 we prove the
existence, uniqueness and positivity of a stationary solution. The proof uses the
Krein-Rutman theory (see also [5] and [4] for related works on a diluted polymer
FENE model and a neuroscience model respectively).

2. Evolutionary boundary value problems

2.1. The boundary value problems. The problems we study describe the
configurational dynamics of polymer melts made up of Kramers chains. Specifically,
each macromolecule is assimilated to a finite succession of freely jointed rods; the
orientation of each rod is given by the unitary vector € R®. The macromolecule
mass is concentrated on “beads” located at the joints. For full details see Chap. 19
in [3].

Let the unit sphere be denoted Sy := {z € R® s.t. |[z] = 1}. In the
following we denote by “V” the gradient on the sphere S5.

The first boundary value problem (referred to subsequently as P-1) reads:

Problem 1
Find ¢ : Sy x [0, 400[— R, with (z, ) solution to

(2.1) %—2{1 —aV - (VY) + V- (a(z))) =0,z € Sy, t >0
(2.2) >0
(2.3) Y(x,t)dz =1,Vt>0
Sa
(2.4) 3 (,0) = o (x)

_ where a > 0 is a given, fluid related, parameter, and a : R3? — R3, 150 1S5 — R,
1o > 0, are known functions (the later being an initial - or equilibrium - probabil-

ity distribution). Moreover, / z/;o(:v)dx = 1. With our notations, this problem is
S
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basically equation 19.5-1 on page 328 in [3].
The second boundary value problem (referred to subsequently as P-2) reads:

Problem 2 ~
Find v : S3%]0, 1[x[0, 400[— R, with ¢(x, 7, t) solution to

N -
(2.5) % _ 0418—1/} — V- (V) + V- (a(x))) =0,z € So, 0 €]0,1[, t >0
ot 002
(2.6) >0
(2.7) Y(x,0,t)dz = 1, Vo €]0,1], YVt > 0
Sa

- 1
(2-8) 1Moe{o,l} = E
(2.9)  (z,0,0) =P (x,0), Vo € So, Yo €]0,1]

where a1, a2 > 0 are given, fluid related, parameters and a : R3 — R3 is a
known function. Next, ¢§ : S2x]0,1[— R, 1§ > 0, is the known initial configura-
tional probability; it is such that Y (x)dz = 1, Yo €]0,1[. With our notations,

Qo
this problem is basically equation 19.3-26 on page 322 in [3].

In the following, for both P-1 and P-2, we assume that the following general
hypothesis holds true:

(H):a€€¢>(V)and a-x =0 for all z € Sp, where V C R? is a neighborhood
of Sg.

We shall make use of the short hand notation zz = z ® x. As customary in
engineering/applied mathematics literature, a dot “-” stands for summation over
one repeated (dummy) index, “:” for summation over two repeated indices. For
rigid dumbbell molecules, @ = A-x— A : xxx, where A is a 3 X 3 matrix, henceforth
compliance with hypothesis (H) is ensured.

From [2] we observe, in the case of spherical coordinates, that:

)
T %99 T 5in6 09

1 90 /. 0 1 02
V-V=A:= —Sineﬁ (Sln9%> + —sin29@

Moreover, for any vector b such that b-z = 0, denoting b, = b-ep and by = B-e¢,
one has
(bf) = — =

V- (®f) sin 6 00 (

Let us now denote

1 0 . 1 0
blfSIIle)"r ma—d)

(baf)
D =)0, w[x]0, 27|
and
D, = Dx]0,1[.

Making use of the above results, one may now re-state problems P-1 and P-2
in the following way:
Problem 1



248 IONEL S. CIUPERCA AND LIVIU I. PALADE

Search for solutions ¢ : D x [0, +00[— R to the following initial-boundary value
problem:

oY 1 0 . oY 1 0% 1 0 .
o {—sme a0 (Sm%> * 79997 | T smaag (@snoY)

1 0
(210) +ma—¢ (a21/)) = 0, (9,¢) S l)7 t>0
(2.11) 1 is a ¢ — periodic function, of period 27
(2.12) >0
(2.13) / ¥sinf0dOdg = 1, Vt > 0
D
where 1)y satisfies
(2.15) o > 0, / Yo sin #ddde = 1
D
Problem 2

Search for solutions ¢ : D, X [0,4+00[— R to the following initial-boundary
value problem:

W _ 82_1/1_a2[ ! %(sin@ai)—i— ! 821#}

ot~ “o0? sin 0 20 ) " sin?60 0¢%
0 .
+—sin0 20 (a1 sin b))
0
(216) +m8_¢ (ag’lﬁ) =0, (6‘,(}5) eD,t>0
(2.17) 1 is a ¢ — periodic function, of period 27
(2.18) >0
(2.19) / sin0dodg = 1, vt > 0, Vo €]0, 1]
D
(2:20) Yoy = 1=
. oce{0,1} = .
(2.21) (0, 9,t =0) =15 (0,9,0)
where 9§ satisfies
(2.22) wo > 0, / Yo sin 0dOde = 1
D

In the above we made use of the following notations: a1 = a-ep, az = a - €4.

2.2. Functional spaces framework.
2.2.1. Functional spaces for problem P-1. Let the following Hilbert spaces:

L3(D) := {v € Ll (D)s.t. /

v?sin §dfde < oo} ,
D
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HYD) := {’U € Li,.(D)s.t. vperiodic w.r.t. ¢,

ov
/D (sm@’ao

Notice the continuous, dense inclusions:

H)(D) ¢ LiD) = (LiD)) c (H{D))".

s
cont.

2 1 |ov?

sin6 |9¢

+02 sin9> dfd¢ < oo}

Let now the linear operators be defined as following: A; : H}(D) — (H (D))I,

Ou Qv 1 Ouodv
h that (A = 0 —_——
such that (Aju,v) a/D<sm 6969+sin96¢8¢
L?(D) — (Hsl(D))/, such that (Byu,v) = —/ <sm Gug + a2u3¢) dfd¢. Then,
D
multiplying formally (2.10) by vsin @, with v arbitrary in H!(D), and integrating
on D we deduce that P-1 can be written in variational form as

> dfd¢, Vu,v € H}, and B :

(2.23) % + A1+ By =0

(2.24) P(t = 0) = o

In the above, 1 must be positive, ¥ > 0, and such that / ¥ sin 6dfd¢ = 1.

D
2.2.2. Functional spaces for problem P-2. Let the following Hilbert spaces L2(D,)
and HZ)(D,) be defined as (with dD, = dfd¢do)

L%(D,) = {v € L} .(D,)s.t. / v?sinfdD, < oo}
D,

HY(D,) = {v € L (D,)s.t. vperiodic w.r.t. ¢, v(c = 0) = v(c = 1) = 0,

. ow\> o\’ 1 o> 9 .
/(, [sm@ (%> —|—sm9(89> +m<3_¢> + v*sinf dDU<oo}

Notice the continuous, dense inclusions:

/

HSIO(DU) Ct L?(DU) = (Lg(DU))/ Cc (Hslo(Da)) .
Let now the linear operators be defined as following:

A HY(D,) — (HYH(DS))

such that
Ou Ov 1 Ouodv Oou Ov
A = 00— — dD, 0——dD,,
(Azu,v) = an /D (sm 5000 " sind 00 8¢) ta /D Sl 5o
and
i
By : L}(Dy) — (H(Dy))
such that

v v
(Bau,v) = _/D(, (sm@uat9 +a2u8¢> déde.
Next, let
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(2.25) = E +9

Then, P-2 can be stated as: find ¢ : [0, +oo[— HL(D,) solution to the varia-
tional problem expressed as

dy

(2.26) %+A21/1+B21/1 f
2.27 Pt =0) =13 !
(2.27) Y(t=0)= (S
1 _
(2.28) = Tv=0
(2.29) /Esmedodgb:o, Vo € [0,1], V¢
D

4
with 7,60, ¢ being the spherical coordmates of a position vector x, denote

Q:={zeR’ 1<r<2},
and Q, the 4-dimensional domain
Qo = {(z,0) e R*x]0,1[, 1 <r < 2},

where (f,v) = i/ (al 51n9 +a23¢) dD,, Yv € Hl)(D,). Moreover,
D

and
Vo i={u€ H (Q),u(c =0)=u(c =1)=0}.

REMARK 2.1. Any function u(0, ®) defined in D can be viewed as a function
defined in ) independent on r.

Let us now prove the first result of this Section.

PROPOSITION 2.1. (i) u € L%(D) < u € L*(Q) and u independent of r; more-
over

(ii) w € HY(D) & uw € HY(Q) and u independent of r; moreover

1

lullzz oy < llulla @) < 2lulla@)-

(iii) u € L2(D,) < u € L*(Q,) and u independent of r; moreover
lull2(p,) < lullz2,) < 2l|ullr2(p,)-

(iv) u € HY(Dy) < u € V, and u independent of r; moreover
Sl o, < lulla @) < 2llulliz,o,)-

PROOF. The proof of the above statements is a direct consequence of the fol-
lowing formulae

1
IIUIIQN(Q):/D/O lu|?r? sin Odrdfde

i = [ [ () o ()
“ (@) DJo r? 00 ’I”2Sin29 8¢ “

72 sin Odrdfde
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11
2 _ 2.2
ullZ2(q, ) _/D/o /0 |u|*r* sin §drdfdede

W= [ [ () w5 () o () e
taen = [0 fo \ae) T2 \ae) TizsmTe\oe) "

r? sin Odrdfdedo

Before ending this Section, we prove the following;:

PROPOSITION 2.2. The inclusions HX(D) C L%*(D) and Hly(D,) C L?(D,)
are compact.

PROOF. We focus on proving the first inclusion as the proof for the second one
is similar in nature.

Let u, be a bounded sequence of elements of H!(D), then u,, is bounded in
H'(€). Invoking the compact inclusion H*(Q) C L?(f2), we get the existence of an
element u € H*(2) and of a sub-sequence of u,, - for convenience also denoted u,, -

Oy, 0
such that u, — wuin HY(Q), and u,, — u in L?(). Moreover % - 8_u in
n—oo n—oo r n—oo Or
Dy, 0
L2(2). As Tin 0, this gives a_u = 0, henceforth u = u(6,¢). Then u € L%(D)
T

and u,, — u in L%(Q).

O

2.3. Evolutionary boundary value problems: existence and unique-
ness results. Observe first that for any S > 0 the operator A; 4+ gId is invertible
and its inverse maps (H!(D))" onto H}(D).

As the inclusion H}(D) C L2(D) is compact, one deduces the existence of
a sequence of eigenvectors of Ay, i.e. 0 < M <A\ < ... < )\,1C < ... = 400,
and that of a orthonormal basis for the space L2(D) consisting of eigenvectors
o1, i ... ¢} .... Invoking arguments similar in nature one deduces the existence
of a sequence of eigenvectors of Ag, i.e. 0 < A2 < A3 < ... < /\i < .- = 400,
and that of a orthonormal basis for the space L?(D,) consisting of eigenvectors
R QR

One has the following result:

THEOREM 2.1. Let v € L2(D), T > 0. There exists a unique solution 1)

) . . dy
to equations (2.23)-(2.24), s.t. ¢ € L*(0,T; H}(D)) N €°(0,T;L2(D)) and 5 €

L2(0,T; (HYX(D))). In addition, whenever 1o obeys (2.15), ¥ also solves (2.12)-
(2.13).

PRrROOF. Multiply (2.10) by v sin(f) and integrate on D. It entails:

1d 2 o 2 1 oY 2

— /D <a11/)z—1g sin 6 + aﬂ/}?—i) dfde =0

Since:
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N . a AN 1 .
(2.30) Daﬂ/)% sm@d@dqﬁgg a0 sm@d@dd)—kg Da11/1 sin dfd¢

o 1 (o) 1 212
(2.31) /agz/J ¢d9d¢_ 2/Dsint9 (8_¢> d9d¢+%/Da22/J sin dfd¢

as a1, az € L*(D), the above estimates lead to:

d
(2.32) EWH%@ +all Yl < vl

where ¢ > 0. Further on, making use of Gronwall’s inequality, one gets:

(2.33) lo(t) I2e™?, vt €[0,T]

1
(2.34) IOz < — (Ioll3a + Lol F2e )
The rest of the proof is classical in the sense we use the Galerkin’s method

to obtain an approximate solution ™ = Z% (t)cp,lc. Next, estimates similar in
k=1
nature to those in equations (2.33)-(2.34) can be easily obtained. Letting n — +o0
leads to the result.
Taking now as test function ¢ = 1 in (2.23), invoking (A4, 1) =0, (B1,1) =
0, leads to

(2.35) i/ ¥ sin6dfdé = 0
it |,

from which one infers / 1 sin 6dfd¢ = / o sin fdfdeo = 1.

D D
Next, denote 1/)* = max{t,0}, ¥~ = —min{¢),0}, ¢ = ¢y — ™. Apply (2.23)
to ¢~. It gives _QEW 12 — (A1, 07 ) + (Biy~,9~) = 0. We easily obtain
(2.33) with ¢~ in the place of ¥. As ¢, =0, it follows ¢~ = 0, and hence ¢ > 0.

O
For P-2 we have the following existence and uniqueness result:

THEOREM 2.2. Let 9 € LQ(D ), T > 0. Then there exists a unique solution
¢ to equations (2.25)-(2.26) s.t. ¢ € L*(0,T; Hly(Ds)) N€(0,T]; L2(D,)) and
‘Z—If € L%(0,T; (HLY(D,))). In addition, whenever ¢ solves (2.22), ¥ solves (2.28)-
(2.29).

PROOF. The proof of the existence and uniqueness result is similar to that of
Theorem 2.1.

Let us now prove that ¢ = ﬁ +1 > 0. Applying (2.26) to
%~ € L*(0,T; Hyy(Dy))
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we obtafbn ” 1/17 L v ou
< x > /Da<39 50 9+ma—¢a—¢) Dot
9 . g—:ﬁ gg sin @ dD,, _/D(, (alz/J 0y Sin9+a2w8i¢> dDg, =

The above leads, as in Theorem 2.1, to 1/)_ =0, that is ¥ > 0.
In order to prove (2.29), consider in (2.26) an arbitrary test function ¢ €

H} (]0 1[), with ¢ depending uniquely on ¢. Denote 1) := / ¢ sin @dfd¢. Then

< > / was"d = 0, where ¢ € L2(0,T; H1(]0, 1[)), 9 (t = 0) = 0. This

eventually gives ¢ = O and (2.29) is proved.
O

2.4. Connection between the two probability configuration equations.
Denote 1 the solution to problem P-1, and v, the solution to problem P-2. Let

1
also ¥, = = + 1,. From now on we take a = as.

We shall prove in the following that 1, can be Fourier expanded as following:

oo

(2.36) Vo (t,0,6,0) =Y _sin(nwo)gn(t,0, ¢)

n=1
where g, is to be found.
00 1
Observe that 1 = Zd" sin(nwo), with d, = 2/ sin(nro)do. Moreover,
n=1 0

d,, = 0 for n even, and d,, = i for n odd.
nmw

Let 17 given by

(2.37) P =Y sin(kro)gi(t,0, )

k=1

denote an approximation for 1, for n large enough, where 17 solves

(2.38) %w_g + Aop? + Boypt = f kz::l dy, sin(kmo)
(2.39) PF(t=0) = gorsin(kro)
k=1

where goy; is given in equation (2.44) below.
Remark that

(2.40) A = oy Z k*n? sin(kwo)gr(t, 0, ¢) + Z sin(kmo) A1 (gx)

k=1 k=1
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(2.41) Byypp =Y _sin(kmo) By (gk)
k=1

From equations (2.38)-(2.41) above one concludes the g functions are solutions
to the following problem: find g € L?(0,T; HX(D)) N €°([0,T); L%(D)) s.t.

gk

(2.42) E + a1k27r2gk + Al(gk) + By (gk) = dkf
(2-43) gk(O) = 9ok
1
(2.44) ok = 2/ <1/)_8 - %) sin(kwo)do
0

We now prove the following result:

THEOREM 2.3. Let T > 0. Assume the initial data g is such that ||go| L2 <
%, with ¢ independent of k. Then ¥ — 1, in
L*(0,T; HY,(D,)) N L>(0,T; L2(Dy)).
PRrROOF. Existence and uniqueness of solutions to the problem given in equa-

tions (2.42)-(2.43) is easily proved as in Theorem 2.1. Applying (2.42) to gi one
gets:

1d
2dt
However, there exists v > 0 s.t.

(2.45) lgrllZz + ark®7®(lgill 22 + (Argr, gx) + (Big, g) = di. (f, gx)

(2.46) (Argr, gr) + (B1gr, g) + Vllgkll7z = azllgrllFn

from which one infers

1d
2dt

Further on, using the result for d,, previosuly obtained, we give for k large
enough:

(2.47) lgrllZs + (aak?a® =) lgrllLz + a2llgrlliy < di (f.gx)

(2.48)

4 811 f1I%-
di {f, gr) < HHfH%gHQkH%g < .

2k%2m2 (a1 k272 — )

(ak?m® =) llgkl72 +

N~

From (2.47) one deduces there exists ¢ > 0 s.t.

d c
(2.49) Dllgels + (@k?n ) lowl32 + 200 sy <

from which, upon integration from 0 to T, it gives
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C
(2.50) Hng%“’(O,T;LE) + ||gk||2L2(0,T;H51) < 7

C
(2.51) ”gk”%m(O,T;Lg) S5

Next, from equation (2.37) one gets:

(2.52)

o =3 [, [

In a similar way one obtalns that

Zsm kro)gk(t, 0, ¢) 51n9d0d6‘d¢ = Z HngLz(D)

o —|° 72 & 9
(2.53) H%% Lon) :7;:: 2llgrll2p)
Therefore
(2.54) 1312, (D, < CZ kllgkllZ2 )
+oo
As Z = is convergent, invoking equations (2.50)-(2.51) one observes that

k=1
92| L 0,1:22(D,)) and Hw_gHL2(07T;H;O( .y are bounded and independent of n.
Therefore, there exists £ € L>(0,T; L2(D,)) N L?(0,T; HY\(Dy)) s.t. ¥7 T ¢
weakly.
Taking the limit n — +o0 in equation (2.38) and using the uniqueness of the
solution to the problem P-2 leads to 1, = &.
(]

One can now state that

(2.55) Py = Z gn sin(nmo)

Before ending this Section we shall establish several connections between this
work results and those in Section 19.5 in [3].

Bi(1
Let us first notice that f = — i( )
7T
(2.42)-(2.43) it follows that 7 solves

0 di
(;7: + ark?n? (nk - 4—> + A+ B =0

d
nk(0) = gro + 4—k
T
Therefore one has:

Let . = gr + 4—k From equations
™

o k?mdy,
4

877k

(2.56) S

+ a1 k* 7y, + Ay + By =
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1
(2.57) N, (0) = nox, = 2/ g sin(kmo)do
0

— d 1
Since ,; ﬁ sin(kmo) = o by equation (2.55) one obtains

(2.58) Yo = Z Ny sin(nmo)
n=1

We must now calculate 7. To do so we first carry out the function change

2k(t,0,9) = e K (1,0, )
which, after some calculations, gives

9 k*md

(259) ﬁ + Alzk + Bizp = Q1 R™TT kea1k2ﬂ'2t
ot 4

(2.60) Zk(t = 0) = Mok

The solution to the above given problem may be obtained using Duhamel’s
formula and written in the following form:

t 2
(2.61) 2 = e APy, / e~ (A1 +BD () gk 70‘1’“4”1’“ ar’
0
. - 1. . di\ .
Now 7, can be calculated: assuming ¢§ = yp (in which case nor, = E), it

looks

t
(2.62) = dke_"”kz’rth(u,t,O)+a1k27r2dk/ e~ KT =) Pyt ¢t
0
1 ,
where, in the above, u stands for (0,¢), and F(u,t,t') = 4—6—(A1+Bl)(t—t ).
T

F(u,t,t') is a notation first employed on page 328 in [3].
Next, making use of equations (2.58) and (2.62) and using the fact that d,, = 0
for n even, leads to

00 t
(2.63) 1, = F(u,t,0) Z e~ Tt sin(nmo) + / P(o,t —t')F(u,t,t")dt
0

n=1
n odd
where
(2.64) P(o,s) = Z 4a1mr67°‘1"2”25sin(mr0)
n=1

n odd



ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS 257

Notice the above P is basically function P obtained on page 328 in [3]. Also,
1
taking F'(u,0,0) = o from our equation (2.63) one gets
T

Yolt = 0) = F(1,0,0) Y dysinfnmo) =

n=1

n odd
as expected. Moreover, in this case gor = 0 (see equation (2.42)), and the consti-
tutive assumption in Theorem 2.3 is obeyed.

3. Stationary boundary value problems

The corresponding stationary boundary value problems (referred to as SP-1
and SP-2) are:
Stationary Problem 1 (SP-1): Find ¢ € H}(D) that solves

(3.1) Aps + B1ys =0

(3.2) s >0, /D 1y sinfdfdeg = 1

Stationary Problem 2 (SP-2): Find 15 € H. (D) that solves

(3.3) Agths + Botps = —%Bz‘(l)

1 — —
(3.4) s >0, / 0y sin0d0do = 0, Vo €]0,1].
4 D

For convenience we recall operators A; 2, Bj 2 have been defined in Sections
2.2.1 and 2.2.2. Moreover, 1,0, ¢ are the spherical coordinates of a position vec-
tor x; denote 2 := {x eR 1<r< 2}, Q. the 4-dimensional domain 2, :=
{(z,0) e R3x]0,1[, 1 <7 < 2},and V, := {u € H*(Q),u(c = 0) = u(c = 1) = 0}.

We solve the above presented problems using, in each case, a specific method.

It is clear that any function u(6, ®) defined in D can be viewed as a function
defined in €2 independent on 7.

3.1. Existence and uniqueness of solutions for the problem SP-1.
Solving problem SP-1 boils down to proving A = 0 is an eigenvalue for the operator
A1 + Bi. Use fo the Krein-Rutman’s Theorem is made in the same way as in [5].

To begin with, by virtue of Lax-Milgram’s Theorem one sees that there exists
a large enough 8 > 0 such that A; + By + GId is invertible, with the inverse
operator mapping H}(D) onto (H}(D))'. Denote Lg = (A1 + By + ld)~!, Lg €
£ ((H{(D))',HX(D))). Then, for any g € (H!(D))’, one has Lgu = g iff u solves

(3.5) ag(u,v) = (g,v), Wve H(D)

where
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Ouodv . 1 Ouov
ag(u,v) = a/D(%%suﬁ—i——si 98_¢8_¢)d9d¢
ov
(3.6) - /D<a1u80 s1n9+a2u8¢) d9d¢+ﬁ/ uv sin dOd¢

We now prove the following result:

LEMMA 3.1. Let g € L?(D) and u = Lg(g). Then u € HY(Q) is the unique
solution to the problem
(3.7) a/Vzu-VI@dQ—/du~VI@dQ+/Bu@dQ:/g@dQ, Vo e H'(Q)
Q Q Q Q

where: @ : Q) — R3, B:QHR and §: Q) — R are such that

N a A _ay _ag _ﬁ .4
a-eT—O,a-eg——,a-e¢——,ﬁ—T—2,g——

r r r2

ProOOF. Equality (3.7), written in spherical coordinates, looks:

1 Ou 81} 1 oudvy o .
/ / (r2 20 (‘96‘ 3 sin26‘(9_¢(9_¢) 7 sin drdfde
/ / (—a 69 ﬁd . e¢g—:;) r? sin 6drdfd¢
2
(3.8) + / / Buir? sin 0d0deg = / / Gor? sin drdfde
DJ1 DJ1

Therefore, one must show that, for any ¢ € H*(€2), the following holds true:

ou Bv 1 Ouodv)\ .
/ / (ao BT, s1n2 696 8_¢> sin fdfdg
/ / (al 50 31119 3¢)> sin #dfd¢
(3.9) + 6/ / ud sin 0d0d¢o = / / g0 sin 0dOd ¢
D J1 D J1

2
Let v = / odr in (3.5), with & € H'(Q) arbitrary. It follows that u solves
1
(3.9).
O

REMARK 3.1. Observe that equality (3.7) is the weak (variational) formulation
of the following problem:

—a DNpu+Vg(au)+pu=g, on Q

ou
(3.10) —a E—i—a-VU—O, on 00
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LEMMA 3.2 (Maximum Principle). Let f € L?(D), u = Lg(g). Then:
(i) whenever g > 0, we have v > 0 (weak mazimum principle)
(i1) whenever g > 0, g # 0, we have u > 0 (strong mazimum principle)

PROOF. (i) it follows immediately by taking v = u~ in (3.5)
(ii) Denote Dy := {(6,¢) € D, u(6,¢) = 0}. The proof is by contradiction:
assume Dy # &. Then D — Dy # & as well. Let now (6g,¢9) € 0Dy. Let

3
20 = §(sin90 cos ¢, sin By sin ¢, cosfp), 2° € Q. One can find an y° € Q and

ar > 0 such that 2° € 9B(y°,r), whith B(y°,7) C {x € Q, u(z) > 0}. Since u
satisfies the problem (3.10) in €, one deduces by the strong maximum principle

(see e.g. [6]) that a—u(xo) < 0, where vg denotes the outward normal to B(y, r).
vp

On the other hand, since z
contradiction.

Y is a minimum point for u on Q we have Vu(z?) = 0, a

O

Denote by Cper(D) the set of continuous functions on D and periodic w.r.t.
variable ¢, endowed with the usual sup norm. Observe the following continuous

inclusion: Cper(D) < L2. One has the following result:

LEMMA 3.3 (Compactness). One has Lg € £ (Cper(D), Cper(D)), and Lg is
compact.

PROOF. Let g € Cper(D) and u = Lg(g). Then u solves equation (3.7). Clearly
g € LP(), for any p > 1, and by the interior smoothness property, it follows that
u € W2P(QY') for any open set Q' s.t. (/ C Q.

Next, there exists ¢ = ¢(@',p) s.t. [ullwzr@) < cllgllir@) < clgllc,,. B for
any g € Cper(D). However, the following Sobolev continuous inclusion W2P (') —
€°(Q) is compact for large enough p > 1. Then choose an open set €' so that it

contains the set {z € Q, r = 3/2}; the proof is over.
O

We are now in a position allowing us to state Section 3.1 main result:

THEOREM 3.1. The boundary value problem SP-1 given in equations (3.1)-(3.2)
has a unique solution s € Cper(D), s > 0. Moreover, any eigenvalue A € C of
Ay + By is s.t. Re(M\) > 0.

PROOF. Let the cone of non-negative functions be defined as P := {u €

Cper(D), u > 0}. Clearly its interior is given by Pi= {u € Cper(D), u > 0}.
By Lemma 3.3 and part (ii) in Lemma 3.2 one sees the strong version of Krein-
Rutman’s theorem can be applied to operator Lg. Then there exists a simple

eigenvalue u > 0 of Lg, and denote 15 € 1% the corresponding eigenvector. Also
1

observe that ¢s € H!(D). Next, A = — — 3 is a simple eigenvalue of A; + B, and
I

(A1 + B1)ps = Mps. Therefore, 15 solves, for any v € HL(D),:

0Ys Ov 1 Oys Ov
a/D ( 20 960 500 90 a¢> ddd¢

ov

(3.11) /D (aﬂ/}s% sin 6 + a21/158—¢) d6de = /\/D Vv sin 0d0de
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Let v = 1 in (3.11); as 15 > 0, it results that A = 0. Therefore A = 0 is a
simple eigenvalue for A; + B;, which ends the proof.
O

REMARK 3.2. One can also prove, using the strong version of the Krein-
Rutman’s Theorem as done above, that s granted by Theorem 3.1 is, up to a
multiplicative constant, the unique solution to the problem:

—a Agths + vx(d"/)s) =0, on Q
(3.12) —a s +a-vips =0, on 00
ov ’
3.2. Existence and uniqueness of solutions for the problem SP-2. We
first take on proving the following Poincaré inequality:

PROPOSITION 3.1. There exists ¢ > 0 such that, for any v € Hl)(D,),

(3.13)  ||v|%. <c/ 9 2sin6‘+ o 2sin6‘—i— L (v : dfd¢
Lio) == |, 1\ 9o o0 sinf \ ¢

ProOF. The above stated result is a straightforward consequence of part (iii)
and part (iv) in Proposition 2.1 and of the classical Poincaré inequality:

o\
2 < Jv 2
(3.14) [vllZ2(0,) < C/Qd l(aa) + (Vav)

dzdo, Vv € V,.

O

REMARK 3.3. From Proposition 3.1 one infers that the seminorm defined on
HY(Dy) b
50( U) Y

o> . o\’ . 1 ov\>
(3.15) v — /D(, [(8—0) sinf + <%) sin 6 + pr ((?_gb) ]d@dqﬁ

is equivalent to the usual norm on HLy(Dy).

THEOREM 3.2. There erists a unique solution 1 to the problem (3.1)-(3.2).

PrOOF. By Proposition 3.1, operator Ay is invertible; consequently, the prob-
lem (3.3) is equivalent to the following one:

1

(3.16) s+ Ay Baths = — - A7 (Bo(1)

Observe A, !By is continuous and compact and maps L2(D,) onto itself. By
Fredholm theory, proving the existence and uniqueness of solutions to (3.16) is
tantamount to proving the kernel of Az + Bs reduces to {0}.

Let u € HY(D,) be chosen such that Asu + Bau = 0. Then u € V, and we
have for any 0 € V,:

oy Ou 00 . . N .
(3.17) /SU (T—Q%a—a + asVu - va> dzdo — /sa au - Vytvdrdo =0



ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS 261

where a is the same as in Lemma 3.1.

+
Next, we proceed as in [7]. For any e > 0, let v = ———. Then:
N ut +e€
\%
Vit = GL%
(ut +¢)

One obtains:

/ a_;il 3 (%) + VauT) )2 dzxdo =
Q, [ (ut +¢)° \ 0o (ut +¢)

Veut Veut
/ aut —=4dedo < / ja [ ‘dxda
Q. (ut +e€) Q, ut +e€
2
e Veut
3.18 <= ——| dad
( ) =7 o ut e xdo + ¢
Therefore:
Veut
(3.19) 4 <c
ut +e L2(Q,)
where ¢ is a constant which is independent of e. Observe that
Y tos (14 ut Veou"
x,0 10 - | = -
o108 € ut + e
+
and that log [ 1 + v = 0 whenever 0 = 0 and ¢ = 1. Invoking Poincaré’s
€

inequality one gets < c. The latest, in turn, gives u™ = 0,

ut
log (1 + —)
€ L2(Q,)

therefore u < 0. Reasoning on 1~ instead on «* and proceeding likewise leads to
u > 0, which ultimately gives u = 0. We have thus obtained the existence and
uniqueness of ¢5 € L2(D, ), solution to equation (3.16).

1 —
Next, let ¢, = o + 5. Then 9, solves equation (3.17) (with 1) instead of u).
T

1

As s = o for o =0 or o =1, one has ¢; € V,. Let now a test function be given
T

Vs

Vs +€
Now, take any ¢ = (o) € H}(]0,1[) in the weak formulation given in equation

(3.3); it gives 042/ s '(0) sin@dfdedo = 0
D, 80’

1
by v = . Proceeding as above, one obtains ¢, = 0, therefore o + s > 0.
T

Denote 1, := / s sin@dfd¢. Then 1/55”(0) = 0. The latest result, together
D,

with 1), (0) = ¢s(1) =0, gives ¥ = 0, ending the proof.
O

— 1
REMARK 3.4. Notice that s = s + = is the unique solution to the following
T

1
problem: find s € V, + o such that, for allv € V,,
0

/ (ﬂaws o + @Vt - va) dzdo — / e Vaudzdo =0
Q, ¢

r2 9o Oo r

o
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The above is actually the weak formulation of the problem:

29hs 1
_%%1/)2 — Ay + V, <;E“/)s) =0, on
o
—0 e + v _ 0, on 09,
ov r )
¢S|o:0 = 1/Js|o:1 = -

4
4. Final comments

There is growing interest in using phase-space kinetical theories for modeling
the thermo-rheological behavior of complex fluids, all the more that, for polymer
mixtures and chemically reacting liquids, reptation based approaches seem to be
less suitable. In [3] Bird et al exposed at length the physical assumptions and many
underpinnings of their polymer dynamics theory.

Crucial to basically any mean field theory is the configurational (probability)
density function: it incorporates all inter- and intra-molecular interactions of rele-
vance to a given molecular system. It is thus quite natural to have one’s attention
focused on ways to solve it. To the best of our knowledge, the question of existence
and uniqueness of solutions to this PDE, within the framework of the general phase
space theory, has not been answered. In Section 2 we proved that, under physically
meaningful initial boundary conditions, the evolutionary PDE has unique solutions.

For large enough times, one is interested in stationary probability density equa-
tion solutions. In Section 3 we made use of the Krein-Rutman’s Theorem to prove
the existence and uniqueness of solutions to the steady-state probability density
equation of Bird et al [3] kinetic theory for polymeric systems.

The matter of time depending solutions convergence, for ¢ — 400, towards the
stationary ones will be addressed in a subsequent paper.
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