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ABSTRACT. This paper is concerned with the blow-up solutions of the focus-
ing fourth-order mass-critical nonlinear Schrodinger equation. Establishing
the profile decomposition of the bounded sequences in H?, we obtain the vari-
ational characteristics of the corresponding ground state and a compactness
lemma. Moreover, we obtain the L2-concentration of the blow-up solutions
and the limiting profile of the minimal mass blow-up solutions in the general
case.
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1. Introduction

In this paper, we study the Cauchy problem of the focusing fourth-order mass-
critical nonlinear Schrédinger equation

(1.1) iut—A2u+|u|%u:O, te[0,T), z € RN,
(1.2) u(0, z) = uy,
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where i = v/—1; A? = AA is the biharmonic operator defined in RY and A =
N

J;l a%zf is the Laplace operator in RY; u = wu(t,z): [0,T) x RY — C is the
complex valued function and 0 < T' < +o00; N is the space dimension. Fourth-
order Schrodinger equations are introduced by Karpman [I1] and Karpman, Sha-
galov [12] to take into account the role of small fourth-order dispersion terms in
the propagation of intense laser beams in a bulk medium with Kerr nonlinearity,
and such fourth-order Schrodinger equation are written as

(1.3) iy + LG+ pAG+ 9P o =0, ¢ =g(t,x): Rx RN —C.

Note that Equation () is a special case of Equation ([C3) by taking e = 1,
p=0and p =1+ %. For the Cauchy problem ([CI)-({3), Kenig, Ponce and
Vega [13], Ben-Artzi, Koch and Saut [2] established the local well-posedness in
H? = H?(RY). Equation ([J) is called the mass-critical due to the mass M (u) =
S lu(t, z)|?de and the equation itself are invariant under the rescaling symmetry
u— AT u(\4, M),

We recall some known results for the classical focusing mass-critical nonlinear
Schrodinger equation

(1.4) v+ Av+ | Vo =0, v(0,2)=pec H.

Ginibre and Velo [8] showed the local well-posedness in H* = H*(R"). In fact,
in this space energy arguments apply, and a blow-up theory has been developed
in the last two decades (see [4], [29] and the references therein). This theory is
connected to the notion of ground state: the unique positive radial solution of the
elliptic problem

(1.5) AR—R+|R|¥"R=0, ReH"
Weinstein [33] exhibited the following refined Gagliardo-Nirenberg inequality:

yt NaLr
N <(L+N>(Hﬂ;

Lty =

(1.6) /]

4
~N
) IVFlZa, feH"

Combined with the conservation of energy, this implies that: if the initial data
llellzz < ||R| 2, then the solution v(t, z) exists globally; if the initial data ||¢|| 2 >
||R|| L2, then the solution v(t, x) may blow up. The value || R|| 2 is the sharp value of
blow-up and global existence of the solutions in terms of Merle’s [I7] results. Using
the variational characteristic of the ground state elliptic equation (LX), Weinstein
[34] showed the structure and formation of singularity of the minimal-mass blow-up
solution (i.e. ||¢|lr2 = ||R||r2). It reads that the corresponding blow-up solution
v(t,x) remains close to R(x) in H' up to scaling and phase parameters, and also
translation in the nonradial case. In other words, the blow-up solution has the
same shape as the ground state R(z). Thus, basing on this structure and formation
of singularity, Merle and Raphaél [I8[T9] obtained a large body of breakthrough
work on the qualitative properties of blow-up solutions with the help of the Spectral
Properties [18], such as blow-up rates, profiles of blow-up solutions, etc. On the
other hand, for ¢ € H', Merle and Tsutsumi [20J30] (for radial data), Nawa [23] and
Weinstein [35] (for general data) proved the following L?-concentration property of
the blow-up solutions by using the variational characterization of the ground state:
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there exists z(t) € RY such that V r > 0

lim inf/ lo(t, z)|>dx > /R2d:1:,
t=r |lz—a(t)|<r

where 7 is the blow-up time. These results are extended to ¢ € H*(RY) for some
S0 < 8 < 1(see [BBLT0,T4 05 BT32]) by using the variational characteristic of the
ground state elliptic Equation (CH) and harmonic analysis techniques.

In Equation (), if we replace the nonlinearity |u|~u with [u[P~ u, it is a class
of semilinear fourth-order Schrodinger equations similar to Equation (I, which
N

has been widely investigated. For 1 < p < % (where (N27—4)+ = +00, when

N < 4; % = 2% when N > 4), Ben-Artzi, Koch and Saut [2] established
the local well-posedness in H?2. Fibich, Ilan and Papanicolaou [6] obtain the gen-
eral results of global well-posedness in H2. Pausader [25] and Segata [28] studied
the global well-posedness and scattering of the fourth-order nonlinear Schrédinger
equation with cubic nonlinearity. For p = %, Miao, Xu and Zhao [21]], Pau-
sader [26] studied the global existence and scattering of the focusing fourth-order
nonlinear Schrédinger equation; Miao, Xu and Zhao [22], Pausader [24] studied the
global existence and scattering of the defocusing fourth-order nonlinear Schrodinger
equation. The above studies focused on global solutions. From the view-point of
physics, physicists are very interested in the elaborate description of the blow-up
solutions in H?, such as blow-up rate, L?-concentration, limiting profile of the
blow-up solutions, etc.

In this paper, we study the limiting profile of the blow-up solutions to the
Cauchy problem (CI))-(C3) in H?. Motivated by the study of the classical mass-
critical nonlinear Schrédinger equation (L), we consider the ground state solution
of the Equation (1))

(1.7) A2Q+Q-|QI¥Q=0, Qe H?

which is a special periodic solution of Equation ([l) in the form u(t, z) = Q(z)e

Fibich, Ilan and Papanicolaou [6] showed some numerical observations of the
solution to the Cauchy problem ([I)-([C2), which implies that if the initial data
[luollL2 < |@]| L2, then the solution u(t, x) exists globally; if the initial data ||ug|| 2 >
|Q|l2, then the solution wu(t,z) may blow up in finite time. Since the effect of
fourth-order dispersion A2u, whether the variance identity arguments can be ex-
tended to show the existence of blow-up solutions for the biharmonic nonlinear
Schrédinger equation is still unknown (see [IL6]). On the other hand, the numer-
ical observations in [6] showed the existence of blow-up solutions. Baruch, Fibich
and Mandelbaum [1] obtained some dynamical properties of the radially symmetric
blow-up solutions, such as blow-up rate, L?-concentration. However, to our knowl-
edge, the existence of ground state of the elliptic Equation (), the variational
structure of the ground state solution () and the limiting profile of the nonradially
symmetric blow-up solutions are not addressed.

In the present paper, establishing the profile decomposition of the bounded
sequences in H?, we prove the existence of the ground state of elliptic Equation
([C3), and we obtain the variational characteristics of the ground state solution
Q(x). Moreover, we obtain a compactness lemma adapted to the analysis of the
blow-up phenomenon of the fourth-order nonlinear Schrédinger equations in H?,
as follows.

it
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Theorem 1.1. Let {v,}%; be a bounded family of H? functions such that

(1.8) lim sup ||Avyllz2 <M and  lim sup||og| .. > m.
n—00 n—00 L“T™N

Then, there ezists a sequence {x,}5°; of RY such that up to a subsequence
(1.9) vp(z +2,) = V(z) weakly in H2

¥ o1&
QI N m?>+F

38
with ||V||lz/\72 Z W

, and Q is the solution of ground state Equation [I_7).

Finally, we apply them to obtain some dynamical properties of the blow-up
solutions in the general case: the L2-concentration of the blow-up solutions, limiting
profile of the minimal-mass blow-up solutions, as follows.

Theorem 1.2. Let u(t,x) € C([0,T); H?) be the corresponding blow-up solu-
tion of the Cauchy problem (IL)-{LA). Suppose that a(t) > 0 is any function such
that

T —t)s
(1.10) lim a(t) =0 and lim D" g
t—T t—T  a(t)
Then, there ezists y(t) € RN such that
(1.11) lim inf/ |u(t,x)|2d:c2/|Q|2d:17,
T Je—y@)l<a)

where Q is the ground state solution of Equation ([I7).

Theorem 1.3. Let ug € H? and ||uol|zz = [|Q|z2. Suppose that u(t,z) €
C([0,T); H?) is the blow-up solution of the Cauchy problem (I1)-(LA) in finite
time 0 < T < 4+00. Then Ve >0, 3§ > 0 s.t. when |t —T| < §, there are functions
y(t) € RN, 4(t) € R such that

(1.12) AE@u A0 @ + ) - Q@) | <.

1
where A\(t) = (lll‘ifll“ Lj ) * and Q(z) is the unique solution of ground state Equation
L
(e

In this paper, the main tools of the proof of the compactness lemma in this pa-
per are an argument of profile decomposition, introduced by Gérard [7] and Hmidi
and Keraani 9] to study the defect of compactness for Sobolev embedding. We
obtain the existence of ground state of the elliptic Equation () and variational
characteristic of the ground state Q(z) of Equation () by establishing the pro-
file decomposition of the bounded sequence in H?, which which are important in
studying the blow-up dynamic of the blow-up solutions for fourth-order nonlinear
Schrédinger equations. Moreover, we extend the results in [1] to the nonradially
blow-up solutions of the Cauchy problem ([II)-([T2).

In this paper, We use the denotes L7 := LY(RN), || - ||y := || - [|pa(ry), H® :=
H*(RN), H* := H*(R") and [ -dx := [, dz. The various positive constants will
be simply denoted by C.
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2. Preliminary

For the Cauchy problem ([CI))-([C32), the energy space H? is defined by

H? :={u € S(R") | /RN(l +[€*)*a(€)[Pdg < +o0},

with the norm )

lull ez = (lull3 + Va3 + | Aul3)=.
H? is a Hilbert space. It is easy to check that, there exist two positive constants
Cy > 0 and C3 > 0 such that

Cr(llull3 + [|Aul3) < ullzr < Ca(llull3 + [[Aul3),

which implies that (||u]|2 4 |Au[2)2 is an equivalent norm of H2. In this paper,
we shall use this equivalent norm of H2: (||ul|3 4 ||Au[2)? to study the profile
decomposition of the bounded sequences in H2. Moreover, we define the energy
functional E(u) on H? by

1 1
B(u) = —/|Au|2d:v— ; /|u|2+%dx.
2 2+ £
The functional E(u) is well-defined according to the Sobolev embedding theo-
rem(see [4]). Ben-Artzi, Koch and Saut [2] established the local well-posedness
of the Cauchy problem ([[I)-(TC2) in H?, as follows.

Proposition 2.1. Let ug € H?. There exists an unique solution u(t,x) of the
Cauchy problem ([I)-(TA) on the mazimal time interval [0,T) such that u(t,z) €
C([0,T); H?) and either T = +oo(global existence), or else 0 < T < +oo and
tli_)Ir% llu(t,z)|| gz = +oo (blow-up). Furthermore, for all t € [0,T), u(t,x) satisfies

the following conservation laws:

(i) Conservation of mass

(2.1) /IU(t,w)Ide=/|u0l2dw~
(ii) Conservation of energy
(2.2) E(u(t,x)) = B(uo).

Baruch, Fibich and Mandelbaum [I] obtained the lower-bound for the blow-up
rate of the blow-up solutions to the Cauchy problem (II)-([T2).

Lemma 2.2. Let u(t,z) be the blow-up solution of the Cauchy problem (L1)-
(C32) at finite time 0 < T < +o00. Then, there exists a constant K = K (]|ugll2) > 0
such that

(2.3) [[Au(t)]2 > Ll, 0<t<T.
(T —1t)=
In order to study the variational characteristic of the ground state correspond-
ing to Equation ([CTI), we need the following profile decomposition of the bounded
sequences in H2, which is also our main tool. Similar results for bounded sequences
in L? and H! have appeared in Gérard [7] and Hmidi and Keraani [9].

Proposition 2.3. Let {v,}22, be a bounded sequence in H2. Then there exist
a subsequence of {vn}52q (still denoted {v,}72,), a family {x],}32, of sequences in
RN and a sequence {V7}32, of H? functions such that
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(i) for every k # j,
(2.4) |zF — 2) | = 0o as n — oo,

(i) for everyl > 1 and every x € RN
1
(2.5) (@) =Y V(@ —a),) + vy (2),
j=1
with
(2.6) lim sup ||v} ]|, — 0, as | — oo,

2N
for every p € (2, W)'
Moreover, as n — oo, we have
1

(2.7) lonll3 = IIVIII5 + 04113 + o(1)
j=1
and
l
(2.8) [Avall3 =D IAVI|3 + 14055 + o(1).
j=1

Proof. Since H? is a Hilbert space, we denote p(vy) is the set of functions
obtained as weak limits of subsequences of the translated v, (z 4+ ) with {z,}2°
in H2. We denote

(2.9) n(vn) = sup{||V[]2 + |AV |2, V € p(vn)}.
It is obvious that
(2.10) n(vn) < Tim sup{[| V]2 + [ AV},

Next, we shall prove that there exist a subsequence {V7}32, of u(v,) and a family
{2d 724 of sequences of RY such that

(2.11) Vk#j |af — 2| — 0o asn — oo

n

and up to extracting a subsequence, the sequence {v,}>2 ; can be written as
!
(2.12) vp(x) = Z Vil —ad) 4+ ok, nil) — 0 — o)
j=1

and &) and ) are true.

Indeed, if n(v,) = 0, we can take V7 = 0 for all j, otherwise, we choose
V1 € pu(v,) such that

1
1AV 2 + [V = 5n(va) > 0.

By the definition of u(v,), there exists a subsequence x} of RV such that up to
extracting a subsequence, we have
(2.13) vp(z + L) = Vi(z) weakly in HZ.

Setting v} (z) = v, (z) — V(z — zL), by @I3), we have v} (z 4+ ) — 0 weakly in
H? and

(2.14) lvnll3 = VI3 + llvnlI3 + (1),
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(2.15) [Avnll3 = [AVHZ + | Avg |13 + o1).

Now, replacing v,, by v} and repeating the same process. There exists V2 € pu(v,,)
such that [[AV?Z[|s + V2|2 > n(v)) > 0 and

(2.16) vh(x +22) = V3(z) weakly in H?.

Setting v2(z) = vl (z) — V*(z — 22), by @I3), we have v2(z + 22) — 0 weakly in
H? and

(2.17) a3 = [IVZ]3 + lonll3 + o(1),
(2.18) [AwpI3 = AV + [|Avz]13 + o(1),
and

(2.19) |zl — 22| - 00 as n — oo.

Indeed, if ZT9) is not true, then
(2.20) Vi +22) = vl (x + 22 —xh +ah) + V3(2),

which implies that V2 = 0 by vl(- + z1) — 0 and v2(- + 22) — 0 in H?, a
contradiction.

An argument of iteration and orthogonal extraction allows us to construct the
families {#7,}52, and {V7}52, satisfying the claim above. Furthermore, since the

l . .
convergence of the series Y (||[V7||3 + [|AV7]|3), we have
j=1

(2.21) V73 + 1AVIZ — 0 as j — oo,
which implies that
(2.22) n(v}) <2V 2 + [AVITH2) = 0 as j — oo
Therefore, (), @) and ZI2) are true. n
)

In the end, we shall prove that for p € (2, =L

(2.23) [vhll, — 0 as 1 — oo.

Let xr € S(RY) such that supp Xr(€) = {55 < [§] <2R}, xp =1 on {5 <[] <
R}, and 0 < xr < 1 on supp xXr(€), where " denotes the Fourier transform. It is

obvious that
(2.24) vfl :XR*UL—I—((S—XR)*UL,

where * is the convolution and ¢ is the Dirac function. Using the the definition of
XR, We have

04, ()Pdg + e p 194 (©)PdE)

Since v!, is bounded in L2, for any n > 1, we have

(2.26) /|£|§

L
R

(225) |6 —xRr)*xv). <C (fms

WKW%+/ 51 (6)2d — 0, as R — oo,

[€I=R
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Using the Sobolev embedding H? < Lﬁ, we have
l L.
(6 — xr) * vn”L—;(Ni]\i) < C(6 = xr) * vyl g2
(2.:27) < C([IEM( = xr(©)0n(&)[PdE)?
O (fige g 1611 dE + figs 1 100,(€) P

Since v!, is bounded in H?2, for any n > 1, we have
e2) [ el ©@Pde+ [l @PdE 0. as R oc.
l€1<% [EI>R

Taking p € (2, %) and using the Holder interpolation inequality and (28)-

E2]), we have

16 = xr) *vhll, <16 = xr) * vk II811(6 — xr) * vh[I' 2
(2.29) (=0T
— 0, as R — oo,
where—-——!— 2N and 0 < 0 < 1.
4+

On the other hand by the definition of xyg one can estimate

p=2 2
(2.30) Ixr*vhllp < Clixr*vhllad lIxr*vhll3-

In view of the definition of u(v,), we have

(2.31) Timsup [[xr * vy |0 < sup{]| /XR(—x)V(x)dSCI, V€ p(un)}-
Using the Parseval identity and Holder inequality, we have
|/ xr(=2)V(2)de| = [[ F xr(=2)|F[V(2))d¢]

= | [TV (©)de]
< Cf <\g\<2R% €2 [V (€)|de

< CRVF2||AV |2 < CRN*2p(ul).

(2.32)

1 _¢
Taking R = (n(vl )) Y With V e > 0 sufficient small, we have

o | ratcewtos
It follows from [Z30), 31) and Z33) that for p € (2, —(NQ—JYL)Jr)’
(2.34) xR * Ulep — 0 as | — .
Applying 24), (ZZ9) and ), we have

(2.35) lim sup |||, — 0, as | — oo.

This completes the proof.
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3. Variational Structure

In order to study the variational structure of the ground state, we consider the
following elliptic equation

(3.1) AQ+Q—-1QIFQ=0, Qe H

Define the variational problem

(f ([ |u|?dz)~ (f |Au|?dz)
[P da

By some basic calculations, it is easy to check that if W is the minimizer of J(u),
we have the following lemma, one can also see [GL[I6]. But we provide the detail
here for the reader’s convenience.

(3.2) J:=min{J(u) : u € H*}, where J(u):=

Lemma 3.1. If W is the minimizer of J(u), then W satisfies

£ 2

8 4
(33) Wy A*W + N||AW||2||W||2 W—-Jl+ )IWINW =0.

Proof. It follows from the fact that W is a minimizing function of J(u) in H?,
and we have V v € C§°(RY)

d
(3.4) d_sJ(W +¢ev) |._, = 0.
By some computations, we have
d 2 5 o _
(35) AW + 20} g = IWIF 2 [ 2w,
d 2 2717

(3.6) AW + <o)} | = [ 2RA*WEds
and

d 2+ 8
(3.7) E{HW+E vy, } l._p = (1 + 2R |W|NWvda:
By B)-B), we have
(3.8)

£ 2

2+8 2+ _
N Wl 3 IAWIE WIS [ 2RWodz + W], N||W||2 J2RAZWd

8
= L+ PIAWBIW 2R [ |W|¥ Wdz,

which implies that B3) is true.
Now, we use the profile decomposition of the bounded sequence in H? to obtain
the following proposition.

Proposition 3.2. J is attained at a function U(x) € H? with the following
properties:

(3.9) U(x) = aQ(Ar + xo) for some a€C*, A>0and zo€ RY
where Q is the solution of ground state elliptic Equation ). Moreover,

8
N
2

(3.10) J =

1+ 5
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N, 1
Proof. If we set u™* = pu(\r), where yu = flall! ~ and A = &li, we have
12w 15wl
(3.11) [uMH]l2 =1, |AuMH|a =1 and J(uM) = J(u).

Now, choosing a minimizing sequence {u,}>; C H? such that J(u,) — J as
n — 00, after scaling, we may assume

(3.12) [unllo =1 and [[Auylls =1,
and we have
1
(3.13) J(up) = ——5——J, as n— oo.

J Jun |7 da

Note that {u,}5°; is bounded in H?. It follows form the profile decomposition
(Proposition 2.3)that

and
! !
(3.14) YA <1 Y IAUAIE <1,
j=1 j=1
where UJ = U’ (z — zJ,). Moreover, since 2 <2+ £ < %, for !, we have

(3.15) /|r;|2+%dz — 0, as | — +oo.

Using the orthogonal conditions and the following elementary inequality (p > 1)

(3.16) IZG 17— Zlagl”” <O lajllaxl?,

J#k

we have

(3.17) /|ZU] |2+Ndx—>2/|UJ|2+Ndx as n — oo.
Therefore, by (B13), BI3) and BID), we have
l s 1
(3.18) Z/|U7|2+Wd:v — 5, as m— oo
j=1
For another thing, by the definition of J, we have
(3.19) 7[R e < U a0

Since the series Y, [|U7||3 is convergent, there exists a jo > 1 such that

(3.20) 1U7]l2 = sup{|U7]|2 | j > 1}.
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It follows from (BI8)-(EZ0) that
l l
1< (z i |Uj|2+fvdx> <sup{|U7)F | j>1} (z ||VUJ‘||§>
i=1 j

Jj=1
(3.21)
s f 1 . .8
< Uy < 1||VUJ||§> < Ul
J:
It follows from (BId) that |[U%|2 = 1, which implies that there exists only one
term U’0 # 0 such that
1

(3.22) |U%|l =1, |AU®|; =1, and /|Uﬂ'0|2+%d:c =5

Therefore, we show that U7 is the minimizer of J(u). It follows from Lemma 3.1
that

) 4 . 4 s
2 A2[770 Jo _ (1 Jo|wJdo — (.
(3.23) U + S0P = (14 ) J[UP [N 0% =0

We take U’ = aQ(Ax + x¢) for the reason of symmetric invariance of Equation
@), where a € C*, A > 0, 79 € RN and Q is the solution of EI).
On the other hand, if @ is the solution of Equation BII), we claim

(3.24) /|AQ|2dI—|—/|Q|2dar—/Q2+%d:17:0
and

N ) N ) N 2rt
(3.25) (2—3)/|AQ| dm—?/|Q| dz+2+%/Q+ dr = 0.

Indeed, Multiplying BI) by @ and integrating by parts, we have that @24 is
true.
Multiplying BI) by = - VQ and integrating by parts, we have

/NQx-VQd;H/Qx-Vde—/|Q|%Qx-VQd:c =0.

For another thing, we have

/AZ’QI-VQda;: 2/|AQ|2d:1:+/:1:-V( Ydr = (2 — g)/|AQ|2d:c,

/Qx-VQd:z;: —g/QQd:c

N
/|Q|%Qx VQdr = ——— /Q2+%dx.
2+ 2
Collecting the above identities, we have that 20 is true.
Now, we return to the proof of Proposition 3.2. By some computations, we have
. 2 . 2 .
that [U%[3 = S [QI3 = 1, [AU|3 = 7= AQIE = 1 and [[U7PFFdr =

2+ %

la'/\N [1Q** ¥ da = 1. Applying Claim ([E24) and EZH), we have
1
[1aetian = [180Pa,

1+ %

|AQI?
2

and
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which implies that

A 1

T JaFF QPR 1
This completes the proof Proposition 3.2.

(3.26)

8
Trlals

Remark 3.3. In [6], Fibich etal also showed the following sharp Gargliardo-
Nirenberg inequality

1
. /|u|2+%da: L — /| 2dax) ™ ( /|Au|2da:),
1+ f|Q|2d

where Q is the solution of ground state Equation [Zl), but the existence of the
ground state Equation {81) is not addressed in their paper. In this paper, we prove
the existence of the ground state Equation [Edl). Our results are more strong than
Fibich etal’s results and the methods are different.

At the end of this section, we prove Theorem 1.1 by applying the profile de-
composition of the bounded sequence in H? and the sharp Gagliardo-Nirenberg
inequality (Proposition 3.2).

Proof of Theorem 1.1. By extracting a subsequence, we may replace lim sup in
the assumption in Theorem 1.1 by lim. According to the profile decomposition in
Proposition 2.3, the sequence {v,}22 ; can be written up to a subsequence, as

l

(3.27) vp(x) = Z V(e —a2d) + ol ()

j=1
with
Jim Tim sup [|uy, [, = 0,
for p € (2, %), and we have the following estimations

l

(3.28) lvalls =D IVN5 + [k 15 + (1),
j=1
l .
(3.29) [Avnll3 =D IAVI[I3 + [ AvL]I3 + o(1).
j=1

This implies that

m2ty < hm supanH2Jr8

! . . 2+ 8
lim sup|| > VI(z —ad) + vl ()|, %

248
i=1 TN

IN

(3.30)

IN

. 2+ 5
Jim_sup (I Vi —af)largy + IUL(I)IIH%)

Jj=1

l . . 2+§
<l Zlvj(x—af%)|‘2+% as | — oo.
=
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Using the elementary inequality

(3.31) Iza e —Zla PRI <O lagllar

J#k

and the pairwise orthogonality of the family {z7 }3°

11521, we have that the mixed terms
in (B30) vanish. Hence, we have

8

8 2+ 8
(3.32) t~ Z ||V3||2+%.

On the other hand, using the Gaghardo—Nlrenberg inequality, we have

4

2+
(3:33) ZIIWIIM < LEN v E, ey (S lave

”Q”Q =

By([y) and (IB:ZQ)7 we have
(3.34) S IAVIE < lim sup | Av, 3 < M2,

j=1
Therefore, we have

8
8 N o2+

(3.35) SupHV]HzJ%J = QI3 m*Fw

i>1 T+ )M

9 , -
Since the series Y ||V7||3 is convergent, we have that the supremum of {|| V7| ;5 >
j=1
1} is attained. In particular, there exists a jo > 1 such that

8
N2+ %
(3.36) vy > 19l
(14 %) M?
By a change of variables, we have
(3.37) vp(z + 230) = VIo(z) + Z VI — ad, + x00) + 0l (2),
J#jo

where ! (x) = vl (z + 2°). Applying the pairwise orthogonality of the family 7,

to B3M), we have

(3.38) Vi(x — ) +29°) =0 weakly in H?
for j # jo. Hence, we have
(3.39) v (x4 290) = Vo 4 3,

where ' denote the weak limit of ¢,. Using the Proposition 2.3, we have
~1 . ~1 . 1
(3.40) ([t 5 < lm sup||ty[lay s = Tim sup oy flo s — 0, asl— oo,
which implies that
(3.41) ot =0 for 1> jo,

by the uniqueness of the weak limit.
Therefore, we have

(3.42) V(2 4 290) = VI weakly in H?,
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which implies the sequence xJ° and the function V7 now fulfill the condition of
Theorem 1.1. This completes the proof.

4. L?-Concentration

In this section, we shall use the compactness results in Theorem 3.4 to study
the L2-concentration properties of blow-up solutions to the Cauchy problem ([C])-
([C2) in the general case. This result extends the results in [I] to the non-radially
symmetric blow-up solutions. More precisely, we have the following theorem.

Theorem 4.1. Let u(t,x) € C([0,T); H?) be the corresponding blow-up solu-
tion of the Cauchy problem (1)-({LA) such that

(4.1) thrr% [Au(t, z)||2 = 4o0.

1
Suppose that a(t) > 0 is any function such that a(t)||Au(t)||3 — +o0 ast — T.
Then, there exists y(t) € RN such that

(4.2) lim inf lu(t, z)|>dx > /|Q|2d:v,
=T Ja—y@)<a)
where @Q is the solution of ground state Equation [Z1).
Proof. Since u(t,z) € C([0,T); H?) is the corresponding blow-up solution of
the Cauchy problem ([LI)-([T2) such that tlirr% |Au(t, z)||2 = +oc. For any t, — T
as k — 400, we take

1
2= [[Au(z, tr)||2 — 400, as k — 4o0.
k

(4.3)
Considering Uy, = /\? u(Agx), by direct computations, we have

1Ukllz = [lutr)ll2 = [luoll2,

[AULllz = Al Aulte)ll2 = 1.
Therefore, Uy, is a uniformly bounded sequence in H? by ({4). Note that

B(Uy) =3 [1AURds - ol [ U2 R da

(4.4)

(4.5) = M E(uo)
— 0, as k — +o0,

by the conservation of energy. Combining ) with ([EH), we have

. 248 > i
(4.6) kl;n;o/|Uk| Ndr > 1+ N

Applying Theorem 1.1 to the sequence Uy, (with M =1, m2ty =1+ %), we have
that there exists {yx} C RV

(4.7) Uk(z + yx) = U(x) weakly in H?, with |U|s > |Q]l2,
where @ is the ground state solution of Equation BI]). That is,

(4.8) )\k%u(tk, Me(z 4+ yx)) = U(z) weakly in H?



LIMITING PROFILE OF THE BLOW-UP SOLUTIONS 201

which implies that for every A > 0
(4.9) i inf [ AN julte A (4 ) [2de > / U2
koo |z|<A |z|<A

Since the assumption igi’;g — 400 as k — +00, we have

lim inf sup / |u(t;€,;v)|2dx2/ |U|dz.
lz—y|<a(tx)

k—oo  yeRN lz|<A
For every A > 0, we have

(4.10) lim inf sup / |u(tk,x)|2d:c2/|U|2d:1:.
|z—y|<a(tk)

k—oo yERN

Therefore, since the sequence {t;} is arbitrary and (1), we have

(4.11) lim inf sup / lu(t, z)|*dx > /|Q|2dac.
=T yerN Jjz—y|<a(®)
On the other hand, for every ¢ € [0,T'), the function y — f|
is continuous and goes to 0 at infinity, and we have

(4.12) sup/ |u(t,x)|2d:1::/ lu(t, z)|*dz,
yeRN J|z—y|<a(t) lz—y(®)|<a(t)

for some y(t) € RY. This completes the proof.

Applying the lower blow-up rate of the solutions to the Cauchy problem ([LIJ)-
(32 obtained by Baruch, Fibich and Mandelbaum [1] (see Lemma 2.2), we have the
following rate of L2-concentration of the blow-up solutions to the Cauchy problem
([CI)-C2) (see Theorem 1.2). At the end of this section, we give the proof of
Theorem 1.2

Proof of Theorem 1.2. The result follows immediately from Lemma 2.2 and
Theorem 4.1.

s—yi<a(p [0(t ) dx

5. Limiting Profile of Minimal Mass Blow-up Solutions

In this section, we assume that the ground state solution of Equation (BII)
is unique up to translations in space, phase and dilations, which is also denoted
by Q(z), where it is assumed as the same as in [33] for the classical Schrodinger
equation (Cl). Using the compactness lemma obtained in Section 3 and the char-
acterization of the corresponding ground state, we obtain the limiting profile of
the blow-up solutions in H? for the Cauchy problem ([[I)-(TZ). More precisely,
we obtain that if the initial data ug € H? satisfies ||ugll2 = ||Q(z)]]2, then the
corresponding blow-up solution of the Cauchy problem ([Cl)-(C2) w(t, z) remains
close to Q(x) in H? up to scaling and phase parameters, and also translation in the
nonradial case. At first, we consider the variational characterization of the ground
state of Equation(@), as follows.

Lemma 5.1. If u € H? is such that ||ull2 = ||Q||2 and E(u) = 0, then u(x) is
of the following form

(5.1) u(zx) = e”)\%Q(/\x + ), for some € R,\>0,z9€ RV,
where @ is the unique solution of ground state Equation {E1).
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Proof. Since E(u) = 0, we have

(5.2) /|Au|2dac -

Hence, we have

(J fulda)> (] |Aul’dz)

(53)  J(u) = Tl % ds 1+ 7 llul

SR PN
2 —ﬂHQHz =J,

which implies that u is a minimizer of J(u). By Proposition 3.2 and the uniqueness
of @, we have that u is of the form u(z) = aQ(Ax + x¢). On the other hand, by
lull2 = ||Ql|2, we have |a| = A¥. Therefore, since the value of u(z) is in C, there
exists v € R such that

u(z) = e”)\%Q()\x + xp),

where A > 0, 79 € R and @ is the unique ground state solution of Equation (BII).
This completes the proof.

Now, we are in proposition to prove Theorem 1.3 by applying the variational
characteristic of the ground state of Equation (BII).
Proof of Theorem 1.3. We show that for any sequence ty; — T, there is a
subsequence ty,, yx; and 7(tx,) such that

(5.4) )\%(tkj)u(tkj,)\(tkj)(a:—|—y(tkj)))e”(t"f) — Q(x) strongly in H? as j — oo,

where Q(x) is the unique ground state solution of Equation BI). If not, then (&4
does not holds along some sequence t;.. But then we can find a subsequence of
t, along with (&) holds, this is a contradiction. Since ¢, is an arbitrary sequence
approaching T, and ([LI2) follows.

Since u(t,z) € C([0,T); H?) is the blow-up solution of the Cauchy problem
[CI)-(C32), there is a 0 < T' < 400 such that tlLIr% |Aullz = +o0. For any ty, — T

as k — 400, we take

1
(5:5) = = I1Aul@ te)l2 — oo, as k — oo
k

N
Consider U, = A2 u(Agx), by direct computations, we have

{ 1Okl = [lu(ti)llz = [luollz = lQ(2)]l2;

(5.6)
[AUllz = Al Au(ts)]l2 = 1.

Therefore, Uy, is a uniformly bounded sequence in H? and Uy, has a weakly conver-
gent subsequence Uy, (still denoted by Uy). Note that

2+ %
E(Uk) = 3/AU3 ﬁ”UkHH%

(5.7) )
= M. E(u) — 0, as k — 4o0.

Combining (B8) with (&), one has

2+N71+i

i [[U[l5, ¥ N
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Applying Theorem 1.1 to the sequence Uy (M =1, m2te/N =14 %), one has that
there exist {yx} C RY and U € H? such that

Up(z +yr) — U(z) weakly in H?

with ||U|l2 > ||@Q]l2. Since ||U|l2 < ||Uk(z + y)ll2 = ||Q|l2 and the Brézis-Lieb
Lemma, one has

(5.8) Up(z +yr) — U(x) strongly in L2

By the Gagliardo-Nirenberg’s inequality (see Proposition 3.2), there exists v, € R
such that

Yk 2+%

[Uk(z +yr)e™ = Ull,, X

N

. 8 .
< C|Uk(x + y)e ™ = U3 | AUk(2 + yr)e™ = U)|f3-
It follows from &6) and ||AUg(z + yx)||2 < C that

(5.9) Ui(z + yr)e"™ — U strongly in L>T~ |

Next, we shall show that Ug(x + yi)e?* converges to U strongly in H?. We
need only now show that |AU||2 = 1 by the Brézis-Lieb Lemma. Note that

0 = klim E(Ue?)

_1 19 2+ %
(5.10) =3~y Jm Ul ¥
2+%
—} - 2 0I5
Therefore, we have || AU ||z = 1 and the fact U # 0, which implies that Uy (z+yy,)e®*
converges strongly to U in H?2.
Therefore, applying the variational characteristic of the ground state of Equa-
tion(B1]), we have, 3y € RY, v € R such that U(x) = Q(x + y)e*?, which implies
that

(5.11) )\,?u(tk, Me(z 4 yx))e™ — Q(x + y)e™ strongly in H? as k — oo.

By redefining the sequences yj, and ~y,, we have (B4 is true. This completes the
proof.
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