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Inhomogeneous Problem for the Ginzburg-Landau Equation

on Two Dimensional Compact Manifolds

Li Ma and Jing Wang
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Abstract. In this paper, we consider an inhomogeneous problem for Ginzburg-
Landau equation on a two dimensional compact manifold with smooth bound-

ary. We prove that the problem has a unique global solution in a suitable
space.
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1. Introduction

Assume that Md is a compact smooth Riemannian manifold of dimension d

with smooth boundary ∂M . In this short note, we consider the inhomogeneous
initial-boundary problem of the Ginzburg-Landau equation:

(1.1)







i∂tu = ∆u − λ(|u|2 − 1)u, x ∈ M, t ∈ R

u(0, x) = φ(x)
u(t, x) = Q(t, x), (x, t) ∈ ∂M × R

with the dimension restriction d = 2, where λ > 0 is a parameter. Here we assume
that Q ∈ C3(∂M × (−∞,∞)) has compact support and satisfies the compatibility
condition φ(x) = Q(0, x) on ∂M in the trace sense.
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When M = Rd, the Ginzburg-Landau equation with the parameter λ is con-
sidered as a physical model for superconductivity and has been studied by many
authors. For some interesting results we refer the readers to [5] and [7]. Without
loss of generality, we shall fix the parameter λ = 1 and then the equation in (1.1)
is similar to the standard Schrodinger equation on manifolds. Though there are
a lot of works about the homogeneous problem for schrodinger equation (see, for
example, [1], [4], [9] and [10]), there are a few about the inhomogeneous problem.
New feature appears for inhomogeneous problem. For the inhomogeneous problem,
the mass and energy identities are not available, though we have

∂t

∫

M

|u|2 = 2Im

∫

∂M

< P, n > Q̄,

and

∂t

∫

M

|∇u|2 +
1

2
(|u|2 − 1)2 = 2Re

∫

∂M

< P, n > Q̄t.

It seems difficult to control the boundary terms, however in the paper [9], Strauss
and Bu have found interesting identities, which provide a technique of dealing with
nontrivial boundary term in the initial-boundary problem for nonlinear schrodinger
equation on a smooth domain in Rd. We notice that the technique is essentially
a Pohozaev type identity and it can be extended to the compact manifold with
boundary. The new ingredient for us to manage the nonlinear term in (1.1) is to
apply the Strichartz estimate on the compact manifold obtained in [2]. We will
concentrate our attention to two dimension case, i.e, d = 2. In this case, we prove
the following result.

Theorem 1.1. Let φ ∈ H1(M) and Q ∈ C3(∂M × (−∞,∞)) have compact
support and satisfy the compatibility condition φ(x) = Q(0, x) on ∂M in the trace
sense. Then for (p, q) being the Strichartz admissible pair with

σ = 1 −
4

3p
>

2

q

there exists a unique global solution for the equation (1.1) in the space C(R, H1(M))∩
L

p
loc(R, W σ,q(M)).

Here, by definition, the Strichartz admissible pair (p, q) satisfies

2

p
+

d

q
=

d

2
, (p, q, d) 6= (2,∞, 2).

We remark that our result also holds for the cubic defocusing Schrodinger equa-
tion and moreover in this case we have improved the result in [9]. The reason for
our restriction to dimension two is because of the Sobolev imbedding theorem in
this dimension and generally speaking, the 2-dimensional nonlinear Schrodinger
type evolution equation enjoys special structure.

We denote by n the unit outer normal vector field of ∂M . In the following, we
extend n to be a smooth vector field on M to which we denote by ξ. The divergence
of ξ is written as η. We also use the notations:

P := ∇u|∂M ,

f(u) = (|u|2 − 1)u,
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F (u) =
1

2
(|u|2 − 1)2.

<, > denotes the inner product of the Riemannian manifold M .

The paper is organized as follows. First we derive in section 2 the identities
corresponding mass, energy and the boundary term which will be used later; Second
we prove the local existence and blow up criterion by Strichartz estimate in section
3. In the last part, by showing the H1 norm will not blow up at finite time, we get
the global result in section 4.

2. Preliminary

In this section, we mainly prove some identities. Two of them correspond to
mass conversation and energy conversation in the homogeneous problem and the
others are used to control the boundary term. The proof is direct, though for
self-contained we give the details here.

Lemma 2.1. Let u be a smooth solution to the equation (1.1), then the following
identities hold. First,

(2.1) ∂t

∫

M

|u|2 = 2Im

∫

∂M

< P, n > Q̄,

Second,

(2.2) ∂t

∫

M

|∇u|2 + F (u) = 2Re

∫

∂M

< P, n > Q̄t,

Third,

∂t

∫

M

u < ξ,∇ū > −

∫

∂M

QQ̄t +

∫

M

ηuūt

= i

∫

M

< ∇ξ,∇u ⊗∇ū > −i

∫

∂M

| < P, n > |2(2.3)

−
i

2

∫

M

η(|u|2 − 1)2 +
i

2

∫

∂M

(|Q|2 − 1)2,

Fourth,

∫

M

iηutū = −

∫

M

η|∇u|2

−

∫

M

ū < ∇u,∇η >(2.4)

+

∫

∂M

ηQ̄ < P, n > +

∫

M

η(|u|2 − 1)|u|2.
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Proof. To prove (2.1), we differentiate |u|2 in t and then integrate over M to
obtain

∂t

∫

M

|u|2 =

∫

M

utū + uūt

= i

∫

M

(∆ūu − ∆uū)

= i

∫

∂M

< P̄ , n > u− < P, n > ū

= 2Im

∫

∂M

< P, n > Q̄,

where in the second equality we used the equation (1.1).

For (2.2), direct computation shows

∂t

∫

M

|∇u|2 =

∫

M

< ∇ut,∇ū > + < ∇u,∇ūt > .

Integrating by part, we get

∂t

∫

M

|∇u|2 = −

∫

M

ut∆ū +

∫

∂M

ut < P̄ , n >(2.5)

−

∫

M

∆uūt +

∫

∂M

ūt < P, n > .

Similarly we get

∂t

∫

M

F (u) =

∫

M

(|u|2 − 1)(utū + uūt).(2.6)

Combining the identities (2.5), (2.6) with the equation (1.1), we obtain

∂t

∫

M

|∇u|2 + F (u) =

∫

M

ut[(|u|
2 − 1)ū − ∆ū] +

∫

M

ūt[(|u|
2 − 1)u − ∆u]

+

∫

∂M

Qt < P̄ , n > +

∫

∂M

Q̄t < P, n >

= 2Re

∫

∂M

Q̄t < P, n > .

In order to establish (2.3), denoting the left hand side of (2.3) by LHS , we have

LHS =

∫

M

ut < ξ,∇ū > +

∫

M

u < ξ,∇ūt > −

∫

∂M

QQ̄t +

∫

M

ηuūt.(2.7)

Integrating by part we obtain
∫

M

u < ξ,∇ūt > =

∫

M

< uξ,∇ūt >= −

∫

M

div(uξ)ūt +

∫

∂M

QQ̄t

= −

∫

M

< ∇u, ξ > ūt −

∫

M

ηuūt +

∫

M

QQ̄t.(2.8)

Substitute (2.8) into the identity (2.7), then

LHS =

∫

M

ut < ξ,∇ū > −ūt < ξ,∇u > .
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By the equation, we have

ut∇ū −∇uūt = (−i∆u + i(|u|2 − 1)u)∇ū −∇u(i∆u − i(|u|2 − 1)ū)

= −i(∆u∇ū + ∇u∆u) + i(|u|2 − 1)∇|u|2

= −idiv∇u ⊗∇ū +
i

2
∇(|u|2 − 1)2.

So it is clear that

LHS = −i

∫

M

< ξ, div∇u ⊗∇ū > +
i

2

∫

M

< ξ,∇(|u|2 − 1)2 >

= i

∫

M

< ∇ξ,∇u ⊗∇ū > −i

∫

∂M

| < P, n > |2

−
i

2

∫

M

η(|u|2 − 1)2 −
i

2

∫

∂M

(|Q|2 − 1)2.

The last identity (2.4) is obtained by multiplying the equation by ηū
∫

M

iηutū =

∫

M

η∆uū +

∫

M

η(|u|2 − 1)|u|2

= −

∫

M

< ∇u,∇(ηū) > +

∫

∂M

ηQ̄ < P, n > +

∫

M

η(|u|2 − 1)|u|2

= −

∫

η

|∇u|2 −

∫

M

ū < ∇u,∇η > +

∫

∂M

ηQ̄ < p, n >

+

∫

M

η(|u|2 − 1)|u|2.

�

3. Local existence and blow-up criterion

We will apply the Strichartz inequality on a compact manifold to obtain the
local existence theory for the equation (1.1). First we recall the Strichartz inequality
on compact manifold with boundary or without boundary: the pair (p, q) (p, q ≥ 1)
is called an admissible if

2

p
+

d

q
=

d

2
, (p, q, d) 6= (2,∞, 2)

then

‖eit∆f‖Lp(I,Lq(M)) ≤ C(I)‖f‖
H

4

3p (M)

for any finite interval. Due to the Duhamel principle this inequality implies the
inhomogeneous estimate: if (p, q) is an admissible pair as above, then

‖

∫ t

0

ei(t−s)∆f(s)ds‖Lp((0,T ),Lq(M)) ≤ C(T )‖f‖
L1((0,T ),H

4

3p (M))

for any finite T > 0. We referee the reader [2] for the proof.

The main result of this section is the following local existence and blow up
criterion.
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Lemma 3.1. If ‖φ‖H1(M) ≤ c0, there exists T0 depending only on c0 such

that there is a unique solution to the equation in the space C([0, T0], H
1(M)) ∩

Lp([0, T0], W
σ, q(M)) for the admissible pair (p, q) with

σ = 1 −
4

3p
>

2

q

Moreover, if maximum time Tmax is finite, then the H1 norm of u blows up.

Proof. By the standard elliptic theory, there exists Q̃ ∈ C3 satisfying

∆Q̃ = f(Q) − iQt on ∂M(3.1)

Q̃ = Q on ∂M(3.2)

Writing v = u − Q̃, then v satisfies the following equation






ivt + ∆v = h

v(0) = φ − Q̃(0)
v|∂M = 0

(3.3)

where h = f(v + Q̃)− iQ̃t +∆Q̃. Notice that by (3.1) and (3.2), h vanishes on ∂M .
Let eit∆ be the linear Schrodinger evolution operator with homogeneous boundary
condition. We know that eit∆ is a group of unitary operators on H1

0 (M) to itself.
By the Duhamel formula , the equation (3.3) is equivalent to the integral equation

v(t) = ei∆tv(0) + i

∫ t

0

ei∆(t−s)h(s)ds.

We shall prove the local existence result by applying the Strichartz estimate
and Banach fixed point theory.
Define:

B = {u ∈ C([0, T0], H
1(M)) ∩ Lp([0, T0], W

σ,q(M)) :

‖u‖L∞([0,T0],H1(M)) ≤ C, ‖u‖Lp[0,T0],W σ,q(M) ≤ C}.

The Sobolev inequality gives us that W σ,q(M) →֒ L∞(M) (for the Sobolev imbed-
ding theorem on manifolds, a good referee is [8]). If we equip B with the distance
d(u, v) = ‖u − v‖L∞([0,T0],H1(M)) + ‖u − v‖Lp([0,T0]W σ,q(M)), it is obvious that B is
a complete distance space.

We define the operator F on B by

Fu(t) = ei∆tv(0) + i

∫ t

0

ei∆(t−s)h(u(s))ds.

Then

‖Fu(t)‖H1(M) ≤ ‖v(0)‖H1(M) +

∫ T0

0

‖h(s)‖H1(M)ds.(3.4)

Since f(u + Q̃) = (|u + Q̃|2 − 1)(u + Q̃), we deduce that

‖f(u + Q̃)‖L2(M)

≤ |u‖L∞(M)(‖u‖L∞(M) + ‖Q̃‖L∞(M) + 1)(‖u + Q̃‖L2(M) + C̃)

+ ‖Q̃‖L∞(M)(‖u‖L∞(M) + ‖Q̃‖L∞(M) + 1)(‖u + Q̃‖L2(M) + C̃)

≤ C̃(‖u‖2
L∞(M) + 1)(‖u‖L2(M) + 1),
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‖∇f(u + Q̃)‖L2(M) ≤

‖|u + Q̃|2 − 1‖L∞(M)(‖∇Q̃‖ + ‖∇u‖L2(M))

+ ‖∇u‖L2(M)(‖u‖L∞(M) + ‖Q̃‖L∞(M) + 1)(‖u‖L∞(M) + ‖Q̃‖L∞(M))

+ ‖∇Q̃‖(‖u‖L∞(M) + ‖Q̃‖L∞(M) + 1)(‖u‖L∞(M) + ‖Q̃‖L∞(M))

≤ C̃(1 + ‖∇u‖L2(M))(‖u‖
2
L∞(M) + 1).

Here and after we denote C̃ by the constants. They may be different but not depend
on u and T0.
Now we get the following estimate for h

‖h‖H1(M) ≤ C̃{(1 + ‖u‖H1(M))(1 + ‖u‖2
L∞(M)) + 1}.

Then from the inequality (3.4) we obtain

‖Fu(t)‖H1(M) ≤ ‖v(0)‖H1(M) + C̃

∫ T0

0

(1 + ‖u(s)‖2
L∞(M))(1 + ‖u(s)‖H1(M))ds.

By the Sobolev inequality we have

‖Fu‖L∞([0,T0]H1(M) ≤ ‖v(0)‖H1(M)

+ C̃T0(1 + ‖u‖L∞([0,T0],H1(M)))

+ C̃(1 + ‖u‖L∞([0,T0],H1(M)))

∫ T0

0

‖u‖W σ,q(M)ds.

Applying the Holder inequality, we show that

‖Fu‖L∞([0,T0]H1(M) ≤ ‖v(0)‖H1(M)

+ C̃T0(1 + ‖u‖L∞([0,T0],H1(M)))

+ C̃T
γ
0 (1 + ‖u‖L∞([0,T0],H1(M)))‖u‖

2
Lp([0,T0],W σ,q(M)).

Here γ = 1 − 2
p

and it is between 0 and 1 by the assumption.

Then we have

‖Fu‖L∞([0,T0]H1(M) ≤ ‖v(0)‖H1(M)

+ C̃T
γ
0 (1 + ‖u‖L∞([0,T0],H1(M)))(1 + ‖u‖2

Lp([0,T0],W σ,q(M)))

since we can assume T0 ≤ 1.
Similarly by the Strichartz estimate and the Holder inequality, we get

‖Fu‖Lp([0,T0],W σ,q(M)) ≤

‖ei∆t(1 − ∆)
σ

2 v(0)‖Lp([0,T0],Lq(M))

+ ‖

∫ t

0

ei∆(t−s)h(s)ds‖Lp([0,T0],Lq(M))

≤ C0‖(1 − ∆)
σ

2 v(0)‖
H

4

3
p(M)

+ C0‖(1 − ∆)
σ

2 h‖
L1([0,T0],H

4

3p (M))

≤ C0‖v(0)‖H1(M) + C0‖h‖L1([0,T0],H1(M))

≤ C0‖v(0)‖H1(M)

+ C̃T
γ
0 (1 + ‖u‖2

Lp([0,T0],W σ,q(M)))(1 + ‖u‖L∞([0,T0],H1(M)))
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where in the third inequality we used the definition of σ.
For u, w ∈ B, the following inequalities hold:

‖Fu − Fw‖L∞([0,T0]H1(M))

≤ C̃T
γ
0 (1 + ‖u‖2

Lp([0,T0],W σ,q(M))

+‖w‖2
Lp([0,T0],W σ,q(M)))‖u − w‖L∞([0,T0],H1(M)),

and

‖Fu − Fw‖Lp([0,T0],W σ,q(M))

≤ C̃T
γ
0 (1 + ‖u‖2

Lp([0,T0],W σ,q(M))

+‖w‖2
Lp([0,T0],W σ,q(M)))‖u − w‖L∞([0,T0],H1(M)).

Using the Strichartz estimate and the above inequalities, we conclude that

Fu ∈ C([0, T0], H
1(M)) ∩ Lp([0, T0], W

σ,q(M))

and

‖Fu‖L∞([0,T0]H1(M) ≤ ‖v(0)‖H1(M) + C̃T
γ
0 (1 + C2)(1 + C),

‖Fu‖Lp([0,T0],W σ,q(M)) ≤ C0‖v(0)‖H1(M) + C̃T
γ
0 (1 + C2)(1 + C).

Moreover, we have

d(Fu, Fw) ≤ C̃T
γ
0 (1 + C + C2)Cd(u, w)

Hence if we choose C to be max(2‖v(0)‖H1(M), C0‖v(0)‖H1(M)) and T
γ
0 to be

1
2C̃(1+C+C2)C

, then F maps B into itself and d(Fu, Fw) ≤ 1
2d(u, w). Thus F

is a contraction map on B. So there is a solution v corresponding (3.3). From
the proof we observe that T0 depends only on ‖v(0)‖H1(M) and then ‖v‖H1(M) will

blow up if the maximal time Tmax is finite. Because v = u − Q̃ and Q̃ has com-
pact support, the blow-up criterion for u is obtained. Since the above contraction
argument is standard, we refer the reader to [3] for similar applications. �

4. Global existence

From Lemma 3.1 we know if Tmax is finite, then ‖u‖H1(M) approaches to infinity
when t tends to Tmax. So if we can prove that at any finite time ‖u‖H1(M) will not
blow up, then we get the global result. All of this is reduced to the following result
which is essentially a Gronwall inequality involving ‖u‖H1(M).

Lemma 4.1. Fix T > 0 and assume that u is the solution of equation (1.1) in
the space C([0, T ), H1). Then ‖u‖H1 ≤ CT , ∀ 0 ≤ t < T .

Proof. In Lemma (2.1), we have proved the following identities for smooth
solutions. First,

(4.1) ∂t

∫

M

|u|2 = 2Im

∫

∂M

< P, n > Q̄,

Second,

(4.2) ∂t

∫

M

|∇u|2 + F (u) = 2Re

∫

∂M

< P, n > Q̄t,
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Third,

∂t

∫

M

u < ξ,∇ū > −

∫

∂M

QQ̄t +

∫

M

ηuūt

= i

∫

M

< ∇ξ,∇u ⊗∇ū > −i

∫

∂M

| < P, n > |2(4.3)

−
i

2

∫

M

η(|u|2 − 1)2 +
i

2

∫

∂M

(|Q|2 − 1)2,

Fourth,
∫

M

iηutū = −

∫

M

η|∇u|2

−

∫

M

ū < ∇u,∇η >(4.4)

+

∫

∂M

ηQ̄ < P, n > +

∫

M

η(|u|2 − 1)|u|2.

By the standard approximation argument (see, for example [3]), we know that
the above identities are available for the solution u in Lemma 3.1. We now take u

as the solution in Lemma 3.1 and integrate with respect to t in (4.3)
∫

M

u < ξ,∇ū > −

∫

M

φ < ξ,∇φ̄ >

−

∫ t

0

∫

∂M

QQ̄sds +

∫ t

0

∫

M

ηuūsds

= i

∫ t

0

∫

M

< ∇ξ,∇u ⊗∇ū > −i

∫ t

0

∫

∂M

| < P, n > |2

−
i

2

∫ t

0

∫

M

η(|u|2 − 1)2 +
i

2

∫

∂M

(|Q|2 − 1)2.

If we set J(t) =
∫ t

0

∫

∂M
| < P, n > |2, this implies

J(t) ≤

∫

M

|u||ξ||∇| +

∫

M

|φ||ξ||∇φ| +

∫ t

0

∫

∂M

|QQ̄s|ds

+ |

∫ t

0

∫

M

ηuūsds| + c

∫ t

0

∫

M

|∇u|2 +
1

2

∫

∂M

(|Q|2 − 1)2(4.5)

+ c

∫ t

0

∫

M

(|u|2 − 1)2.

Because of Q ∈ C3(∂M × (−∞,∞)), the terms involving φ and Q are bounded.
Here and after we denote various constants by c depending only on Q, T , but not
on u.
The identity (4.4) implies

|i

∫

M

ηutū| ≤ c

∫

M

|∇u|2 +

∫

M

|u||∇u||∇η| +

∫

∂M

|ηQ̄|| < P, n > |

+ c

∫

M

(|u|2 − 1)2 + c

∫

M

|u|2 + c.(4.6)
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Combining the inequalities (4.5), (4.6) and using the Holder inequality, we get

J(t) ≤ c

∫

M

|u|2 + |∇u|2 + cε

∫ t

0

∫

∂M

|ηQ̄|2

+ ε

∫ t

0

∫

∂M

| < P, n > |2 + c

∫ t

0

∫

M

(|u|2 − 1)2

+ c

∫ t

0

∫

M

|u|2 + |∇u|2 + c.

Then the following inequality holds

J(t) ≤ c

∫

M

|u|2 + |∇u|2 + c

∫ t

0

∫

M

(|u|2 − 1)2

+ c

∫ t

0

∫

M

|u|2 + |∇u|2.

From (4.1) (4.2), we obtain
∫

M

|u|2 −

∫

M

|φ|2 = 2Im

∫ t

0

∫

∂M

< P, n >

and
∫

M

|∇u|2 + f(u) −

∫

M

|∇φ|2 + f(Q)

= 2Re

∫ t

0

∫

∂M

< P, n > .

Set

γ(t) =

∫

M

|u|2 + |∇u|2 + f(u).

By the Holder inequality we have

γ(t) ≤ c
√

J(t) + c(4.7)

and

J(t) ≤ c + cγ(t) + c

∫ t

0

γ(s)ds.(4.8)

The inequalities (4.7), (4.8) and the Holder inequality again show that

J(t) ≤ c + εJ(t) +

∫ t

0

J(s)ds

with 0 < ε < 1. By the Gronwall inequality, we obtain

J(t) ≤ c

for any 0 ≤ t < T . Then from (4.7), we know

γ(t) ≤ c.

The proof is complete. �

Now we can prove the global result.
Proof of Theorem 1.1. We only consider the part [0, +∞) since the case (−∞, 0]

is similar. If u is not global, that is, Tmax is finite, then ‖u‖H1(M) tends infinity when
t → Tmax. However, this contradicts with the apriori estimate ‖u‖H1(M) ≤ CTmax
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∀0 ≤ t < Tmax. The contradiction shows that u is global. Thus, we have proved
theorem 1.1. q.e.d.
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