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Regularity and blow up in a surface growth model
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ABSTRACT. The paper contains several regularity results and blow-up criteria
for a surface growth model, which seems to have similar properties to the 3D
Navier-Stokes, although it is a scalar equation. As a starting point we focus
on energy methods and Lyapunov-functionals.
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1. Introduction

Throughout this paper we analyse a PDE originated by a model of surface
growth. Our main motivation is to carry over the program developed for 3D-
Navier-Stokes to this equation, in order to study the possible blow up of solutions.
This paper is the starting point focusing mainly on Hilbert space theory (although
the understanding of the Navier-Stokes equation has gone much further, see [13]
for results that are the actual state of the art).
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228 D. BLOMKER AND M. ROMITO

Details on the model can be found in Raible et al. [19], [20] or Siegert and
Plischke [24]. In its simplest version, it is given by
(1.1) Oth = —9h — 02(9,h)?

subject to periodic boundary conditions on [0, L] and fOL hdx = 0. Although the
surface is not periodic, these boundary conditions together with the assumption of
a moving frame are the standard conditions in models of this type. Sometimes the
model has been considered also on the whole real line without decay condition at
infinity, even though we do not examine this case here.

From a mathematical point of view Neumann or Dirichlet boundary conditions
are quite similar for the problem studied here. The key point ensured by any of
these boundary conditions is that there is a suitable cancellation in the non-linearity,
namely

L
(12) h(hi)xx dr =0,
0
which is the main (and probably only) ingredient to derive useful a-priori estimates.

The main terms in the equation are the dominant linear operator, and the qua-
dratic non-linearity. Sometimes the equation is considered with a linear instability
—hgz, which leads to the formation of hills, and the Kuramoto-Sivashinsky-type
nonlinearity (h,)? leading to a saturation in the coarsening of hills. Both terms
are neglected here. They are lower order terms not important for questions re-
garding regularity and blow up. Moreover, the presence of these terms complicates
calculations significantly (see [5]).

Furthermore, the equation is usually perturbed by space-time white noise (see
for instance [7]), which we also neglect here, although many results do hold for the
stochastic PDE also.

For general surveys on surface growth processes and molecular beam epitaxy
see Barabdsi and Stanley [1] or Halpin-Healy and Zhang [12].

1.1. Existence of solutions. There are two standard ways of treating the
existence of solutions. The first one relies on the spectral Galerkin method and
uses energy type estimates for the approximation, which by some compactness ar-
guments ensure the convergence of a subsequence. See [25], or for the stochastically
perturbed equation [4, 3, 7]. In all cases initial conditions in L? ensure the exis-
tence, but not uniqueness, of global solutions.

The second way uses fixed point arguments to show local uniqueness and reg-
ularity using the mild formulation. An application of this method is given in [6],
although the optimal case is not treated. In Section 2 we give a local existence re-
sult, which is optimal in the sense that initial conditions are in a critical space (see
[10] for a detailed account on this topic for the Navier-Stokes equations). We also
establish uniqueness among mild solutions and, less trivially, among weak solutions.
For these smooth local solutions we can easily show energy estimates, and discuss
possible singularities and blow up.

Standard arguments assure uniqueness of global solutions using a fixed point
argument in C°([0, T], H') for sufficiently small regular data in H'. We can even go
below that for uniqueness of solutions in H* for any o > % This improves results
of [6]. But we are still not able to prove uniqueness of global solutions without
a smallness condition on the initial data. Nevertheless, we can give easily several
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conditions that imply uniqueness of global solutions. All of them assume regularity
in critical spaces or more regularity (see Section 3).

In Section 4 we study possible singularities and blow up. Based on energy-type
estimates, we establish Leray type estimates for lower bounds on blow up in terms
of H%-norms. Moreover, we study an upper bound on the Hausdorff-dimension of
the set of singularities in time, and show that a blow up to —oco is more likely to
happen.

REMARK 1.1. All results for regularity and Leray type estimates are based on
energy estimates. These are optimal in the sense that they also hold for complex
valued solutions. Furthermore, using the ideas of [15], [16], one should be able to
construct a complex valued solution with strictly positive Fourier coefficients that
actually blows up in finite time. This is the subject of a work in progress.

This would show that results based on energy-estimates are useful to describe
a possible blow up, but they alone will never be able to rule it out.

1.2. The energy inequality. We outline the standard idea for energy es-
timates, which is to our knowledge the only useful idea for this equation. If we
formally multiply the equation by h and integrate with respect to x, then we ob-
tain using (1.2),

t
1.3) |h(t))2: +2 [ |02h(s)|2 ds < |h(0)]2..
( L 0 T L L
Thus, using the Poincare inequality,
Ol < e O and [ h(OFe dt < B
0

As explained before this estimate is only valid for smooth local solutions, or one
could use spectral Galerkin approximation to verify it for global solutions. Note that
the regularity implied by this estimate is enough for proving existence of solutions,
but is lower than the critical regularity, that is, the minimal amount of regularity
that would ensure uniqueness.

1.3. A Lyapunov-type functional. We can prove another a-priori estimate
either for smooth local solutions or via spectral Galerkin approximations,

1d [F

L L
i) e dy = /0 " hyhgyy do + 2 / e h2hyy dx

0

L L
—/ e h2 dx+ (2 —a) / e h2hy, da
0 0

L L
—/ e h2 dx — %(2—04)&/ e pl dx.
0 0

Thus, for a € (0, 2),

L L
/ ) gy < / ™) do for all £ > 0
0 0

and

[eS) L [e's) L L
(L4)  E5%0° / / e it dr dt + o / / M B2 du dt < / () g
0 0 0 0 0
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FIGURE 1. A snapshot of a numerical solution to the surface
growth equation with additional linear instability —30h,,. The
hills look like parabolas with sharp valleys in between.

With some more effort (see Stein and Winkler [25]) one can see that these terms
are bounded independently of i(0) for large ¢.

The positive part AT = max{0,h} now has much more regularity than the
negative part h~ = max{0,h}, so a possible blow up seems to be more likely to
—oo than to +00. We will illustrate this in Subsection 4.3. Unfortunately, this
regularity is still not sufficient for uniqueness of solutions.

2. Existence and uniqueness in a critical space

Prior to the details on some regularity criteria for equation (1.1), we introduce
the scaling heuristic which explains the formulae that relate the different exponents
in the results of the paper. An account on the scaling heuristic for the Navier-Stokes
equations can be found for example in Cannone [10], such argument are the basis
of the celebrated result on partial regularity for Navier-Stokes of Caffarelli, Kohn,
and Nirenberg [8].

The rationale behind the method is the following. First, notice that the equa-
tions are invariant for the scaling transformation

(2.1) h(t,z) — ha(t,z) = h(\*t, \x).

If X is a functional space for h (for example L°°(0,T; L?(0,L))), we can consider
how the norm of X scales with respect to the transformation (2.1) above. Say the
following relation holds,
[hallx = A7[|Rllx.

We have the three cases

1. sub-critical case for a < 0,

2. critical case for a = 0,

3. super-critical case for a > 0.
The super-critical case corresponds to small-scales behaviour and is related to low
regularity, typically to topologies where possibly existence can be proved, but no
regularity or uniqueness. For example, one gets a = % (hence, super-critical) for
X = L°°(0,00; L?) or X = L?(0,T; H?), which are the spaces where existence of
global weak solutions can be proved.
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The general scheme is the following. Consider spaces X (depending on the
space variable) and Y7 (depending on both variables, with ¢ up to T' > 0), then
in order to have a regularity criterion based on Y7, the following statements must
hold,

1. there is a unique local solution for every initial condition in X,

2. the unique local solution we have found is regular, and

3. the unique local solution can be continued up to time 7', as long as its
norm in Y7 stays bounded.

The above analysis has been extensively carried out by a large number of au-
thors for the three dimensional Navier-Stokes equations (see for examples references
in Cannone [10]). The first paper dealing with such aims were Prodi [18] and Ser-
rin [23], see also Beale, Kato and Majda [2].

2.0.1. Function spaces. We shall mainly work in the hierarchy of Sobolev spaces
of Hilbert type. Since the equations are considered on [0, L] with periodic boundary
conditions and zero space average, we shall use the following homogeneous fractional
Sobolev spaces. For a > 0,

e = {u € LQ(O,L) cu(-+ L) =u(-), wu=0, Zk2a|uk|2 < oo},
k=0

where uy, is the k™ Fourier coefficient, and H~* = (H®). We shall consider the
norm on H® defined by

(2.2) Jul2 =D K url?,

k0

which is equivalent to the norm of the Sobolev space H*(0, L) on He.

We also use the space LP with norm | - |» for the Lebesgue space of functions
with integrable p-th power, the space W*® with norm | - [yy+» for the Sobolev
space, where the k-th derivative is in LP, and the space C* of k-time continuously
differentiable functions with the supremum-norm.

2.1. Existence and uniqueness in H?. This section is devoted to the proof
of existence and uniqueness in the critical space H 2, which improves significantly
some results of Blomker and Gugg [6]. Here we shall follow the results of Fujita
and Kato [11] on the Navier-Stokes equations with initial conditions in the crit-
ical Sobolev Hilbert space. This is optimal in the sense that local existence and
uniqueness with lower regularity should imply uniqueness by rescaling.

DEFINITION 2.1. Given T > 0, § > 0 and « € (0, %), define the complete metric
space So = So(T') as
Sa() = {u € CUO.THE): sup (5™ u(o)rza)} < o0},
s€(0,T]

with norm
2a+41

HU”a,T: SUP]{S 8 |U(S)|1+a}

s€(0,

and the d-ball
SUT) = {ue Su(T) : Jlular < 5}.

Let us remark that for any h € S,(T), & € (0,a) and 6 > 0 one can find
T € (0,T) such that h € S(T).
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THEOREM 2.2. Given an arbitrary initial condition hy € H%, there ezists a
time Ty > 0, depending only on hg, such that there is a unique solution h €
C([0,T.); H2) to problem (1.1). Moreover,

1. h e C*((0,T,) x [0, L]),
2. the solution satisfies the energy equality

t
O +2 [ bl ds = [HO)
0

for allt < T,, and
3. there exists as > 0 such that Ty = +00 if |h0|% < Qe-

4. Either the solution blows up in H® for all 3 > % atT' =T, or Ty = 00.

REMARK 2.3. If the maximal time T, of a solution h is finite, we know that
|h(t)||sg — oo as t T Ty for B > 3. We cannot conclude that the same is true for
[2(t)]| 1. Indeed, h can be discontinuous at the maximal time T, so either [|A(t)]|1
is unbounded, or is bounded and discontinuous in T,.

The reason behind this is that a solution in Hz can be continued as long as
there is a control on the quantity Ky of the type (2.6), and this quantity is not
uniformly convergent to 0 on bounded subsets of H 2. In different words, K, can
be controlled as long as one can control the way the mass of h(0) is partitioned
among Fourier modes.

The proof of this theorem is developed in several steps, which we will prove in
the remainder of this section.

First, we prove existence and uniqueness (together with the global existence
statement). Then we prove an analogous result in HP, for all § > % By a standard
bootstrap technique, this implies the smoothness of solutions.

Let A be the operator 9 with domain H*. Tt is a standard result that A
generates an analytic semigroup. Using for example the Fourier series expansion,
it is easy to verify that

(2.3) A7 emt4 ooy < cat™,

for every t > 0, where v > 0 and # € R. By £(H?) we denote the space of linear
bounded operators on HP. Moreover, it is easy to verify that the norm |Ag Lz,
which we use several times in the paper, coincides with the standard norm (2.2) on
HP.

Proposition A.4 implies that for a € (0, %),

1(da—
(2.4) ‘A8(4a 5)(h3:)m|L2 < Ca|h|%+a
(just apply the proposition with a = 3, v = % — 2« and use the dual formulation

of the L? norm).
Consider now the right hand side of the mild formulation,

(2.5) F(h)(t) = e ho + /0 te_(t_s)A(hi)m(s) ds,
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and define
1 .1
Ky(t) = sup (s§(2a+1)| e A h0|1+a)7 for hg € H2,
s€(0,t]
K(t,h) = sup (s3@*D|h(s)11a), for h € Su(T), t €[0,T).
s€(0,t]

The triangle inequality easily implies that K(¢,h + k) < K(t,h) + K(¢,k). The
following lemma analyses the term K.

LEMMA 2.4. If hy € H%, then
(2.6) Ko(t) -0 ast—0.
Furthermore, for each B € [%, 1+ o] there is a constant cg > 0 such that
(2.7) Ko(t) < cat5C0D |ng| 5.

PROOF. By assumption A8 hg € L2, hence by Lemma C.1,

S§(2a+1)| o—sA hol1ga = |8§(2a+1)Ag(1+2a) e~ 54 A%hO|L2 —0.

as s — 0. Since by (2.3),

Ko(t) = sup stCotD|AR04a=5) o=sd 45 p5] 0 < cqtd (0D |pgl 5,
s€(0,t]

the second claim follows. ]
Now we proceed to find a solution to the equation h = F(h).

LEMMA 2.5. There is a small number § > 0 depending only on « such that the
following statement is true. For all hg € H? there exists a time T > 0 (sufficiently
small) such that the map F is a contraction on S3(T).

PRrROOF. First we show that 7 maps S into itself for 7' and § sufficiently small.
To be more precise, there is a number ¢, > 0 such that for all ¢ € [0,7] and all
hesS?

(2.8) K(t,F(h)) < Ko(t) + caK(t,h)* < Ko(T) + cad?.

Thus for § < (2¢,)~! and T sufficiently small F maps SO into itself.
In order to prove (2.8) we consider

t
IFR) (O 14a < ‘eftA holisa + / |e7(t*5)’4(hi)m|1+a ds = 1o+ 1.
0
For the first term,
5ot ) — ot o=t pol < Ko(T) — 0

as T — 0, by (2.6).
For the second term we use (2.4), as well as (2.3), to obtain

t
I :/ |A5—84a+1'f'T“ e~ (t=9)A Aé(4a75)(hi)ww|L2 ds
0

t
< cK(t,h)z/ sTH@atD) (¢ 5=(7-20) g
0

= Cot 520 (¢ p)?,
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where C,, = cB(3(3—20), £(1+2a)) and B(z,y) = fol t*=1(1—t)¥~1dt is the Beta
function.

Now let us show that F is a contraction on S,. If h,k € S,, then by following
essentially the above estimate of I7, one can derive the following estimate

K(T, F(h) — F(k)) < CoK (T, h — K)K (T, h + k) < 26Co K (T, h — k)
Thus F is a contraction if § < (4C,)~ . O

The following corollary is obvious, if we use (2.7) for 3 > 1. The same conclu-
sion cannot be drawn in the case 3 = % (see Remark 2.3).

COROLLARY 2.6. Ifhg € HP for B > %, then the time T in the previous lemma
depends only on the quantity |ho|s.

Thus, as long as a solution is bounded in any H” with 8 > 1, the interval of
existence can be extended by a fixed length T', which depends only on the bounding
constant.

The next lemma shows that the solution to the fixed point h = F(h) in S, is
continuous with values in H'/2.

LEMMA 2.7. If h € S4(T), then F(h) € C°((0,T], H?).

PROOF. Obviously, it is enough to show that F(h) is continuous in ¢t = 0. First,
e A hg — hyin H? by continuity of the semigroup. It remains to show that

t
/ e~1=9A(h_()2).. ds — 0
0

in Hz for t — 0. We know already by (2.4) that f(s) = s3(2e+D Az(4a=5)(p2) g
bounded in L2 for s € (0, 7] with |f(s)|z2 < c¢K(s,h)?. Thus from Lemma C.1,

t
/ s~ H@at) g~ a5 +] —(-94 f(5) ds s
0

in L?, as t — 0. U

PROPOSITION 2.8. Given hg € H? and a € (0,1), there exist Ty > 0 and
S0, depending only on o and ho, such that there is a unique solution in S2°(Tp) to
problem (1.1) starting at hy.

Moreover, the solution is in C°([0,Ty), H'/?) and there exists ag > 0 small
enough such that, if |hol|i/2 < ao, then Ty = oo.

PROOF. Most of the proof is already done. We only need to prove the last
statement of the proposition. By (2.7), Ko(t) < colholy, so that, if we choose
ap < (coca)™ ! (where ¢, is the constant in formula (2.8)) and K = (2¢,) (1 —
V1 = coeqag), by (2.8) it follows that, for K (¢, h) < K,

K(t,F(h)) < Ko(t) + ca K(t,h)? < coap + ca K* < K,
independently of ¢. Hence, Ty = oc. [l

REMARK 2.9 (Criticality of S4(T")). Following the same notation used in Sec-
tion 2, we have that if h € S,(T), then hy € So(T\) and K(T,hy) scales as
A8(1=69) [((T ). So, apparently, the || - lo,r does not obey the scaling heuristic.
On the other hand, this information is of no use. Indeed, the scaling behaviour is
hidden, as it is shown by Lemma 2.13 below, where the boundedness in a space
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which is almost S, implies boundedness in the critical space L9(0,T; H'T®), with
8
4= 179a-

Next, the case of more regular initial conditions is considered. The result is
stated for integer exponents only, since for showing regularity the present version is
sufficient (we already know that solutions with initial value in H2 are continuous
in H D). Tt is easy to adapt the proposition to non-integer exponents, with some
slight changes.

PROPOSITION 2.10. Let n € N, n > 1. Given an arbitrary hy € H™, there
exist T > 0 and a solution h € C([0,T); H") N L2 ([0,T); H""2) to problem (1.1),
with initial condition hg.

PrOOF. We only prove the core a-priori estimate for the Theorem. Existence
of a solution can be proven by means of Proposition 2.8 or by an approximation
procedure (such as finite-dimensional approximations).

Start by n =1,

D1z = 20, 00}y = 200~ 2{h, (1)),
By integration by parts and Sobolev, interpolation and Young’s inequalities, we get
2haz, (h3)we) = —2(hawas 2hohes)
(by Hélder’s inequality) < 2|Rpgp|r2|ha|r6|has| L3

(by Sobolev embedding) S C|h|3‘h| 4 |h| 13
3 6

7 5
(by interpolation) < C|h|§ |h‘f
(by Young’s inequality) S |h‘§ + C|h|%0.

In conclusion, if we define p(t) = |h(t)|? + fot |h|2 ds, the above inequality reads

. d 5
& = Il + B3 < clhi® < e

and by solving the differential inequality, we have a time T such that h is bounded
in C([0,T); H') and in L2 ([0, T); H?).

The method is similar for n > 2. By computing the derivative of |h(t)[2, it
turns out that it is necessary to estimate the term originating from the nonlinear

part. By integration by parts and Leibniz formula,
2(D*"h, (h3)za) = 2(D"*2h, D" ()

-9 z": <Z> <Dn+2h, (Dk+1h)(Dn+1_kh)>.
k=0

By applying Holder’s inequality and Sobolev embedding, the above sum can be
estimated as above. All terms |h|, with @ < n can be controlled by |h|,, while all
terms with a € (n,n+2) can be controlled by |h|, and |A|,+2 by interpolation. We
finally get the estimate

d
£|h\72z +2|h|2 5 < |hIZ o+ calh

QAn
n o

with suitable ¢, and a,, depending only on n. By solving, as above, the implied
differential inequality, the solution % turns out to be bounded in C([0,7); H") and
in L2 _([0,7); H™*?2). O
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Everything is now ready to carry on the proof of the main theorem of this
section.

PrOOF OF THEOREM 2.2. The existence of solutions with initial condition in
H'/2_ as well as the Ty = 0o statement, follow from Proposition 2.8.

The regularity statement (1) follows from Proposition 2.10. Indeed, by Propo-
sition 2.8, a solution starting in H'/? is continuous with values in H'. By applying
Proposition 2.10 on each h(t) € H', for t < T,, it follows that the solution is in
C((0,T,); H") and L2 ((0,T.); H?). The last statement implies that h(t) € H?,
for almost every ¢ € (0,7,) and so Proposition 2.10 can be used with n = 3, and
so on. By iterating the procedure, it follows that h € C((0,T,); H’B) for all g > 1.
Time regularity now follows from this space regularity and the mild form (2.5).

The energy equality in (2) is now easy using the space-time regularity in (0, T,)
and the continuity at ¢ = 0 in the L? norm. O

2.2. Uniqueness among weak solutions. A weak solution to equation (1.1)
is a function i € L ([0, 00); L2)NL2 ([0, 00); H?) that satisfies the equation in dis-
tributions. Existence of such solutions for all initial data in L? has been established
in [25] (or [5, 7]). The following theorem shows that the solutions provided by
Theorem 2.2 are unique in the class of all weak solutions h that satisfy the energy

inequality (1.3).

THEOREM 2.11. Let hg € H? and let h € C([0,T,); H2) be the solution to (1.1)
provided by Theorem 2.2 and defined up to its maximal time T,. Then every weak
solution to (1.1) starting at h(0) coincides with h on [0,T,).

In order to prove the theorem, we shall proceed in several steps. We will essen-
tially prove that any solution in S, (7") with an additional integrability condition
is unique in the class of weak solutions (Proposition 2.12 below). Then we prove
that solutions in S, (7") satisfy the additional condition (Lemma 2.13 and 2.14).
It is worth remarking that the additional integrability condition (2.9) turns out to

correspond to the critical space L7 (0,T; H'T2) (see Section 3.1).

PROPOSITION 2.12. Let h € S, (T') be a solution to (1.1) and assume moreover
that

r =5 -
(2.9) / ()T dt = b < 0.

L7 (j0,7), 1)
Then h is the unique weak solution starting at h(0).

PROOF. Let k be any weak solution starting at h(0). Since h € C*°((0,T] x
[0, L]) and h is continuous in H =, it follows that

(h(t), k(1)) + 2/Ot<hm,km> ds = |h(0)[7. — /Ot /OL(hmkg + kpeh?) da ds

which, together with the energy inequality for k& and the energy equality (see The-
orem 2.2) for h implies that the difference w = h — k satisfies the following energy
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inequality,

t t L
o(t) 2 +2/ lpa|22 ds < 2/ / (k2 + kypoh2) da ds
0 0 0
t L
= 4/ / kpWpWgy dx dt
0 0

Pook? + kyph? = 2k Way + Wapw? + hagh? + kpok? .

where we have used (1.2) since

The conclusion now follows from the assumption (2.9) and Gronwall’s lemma, since

L
/ krwawer dz < |Weg| L2 Wy ,|k: |L1 7
0
< C|U)|2|’wx‘%|km|a
< clwlalklialw]s=20
8
< fwly 4 okl [wl?e

where we have used Hélder’s inequality (with exponents 2, é, and 2 ) the

Sobolev embeddings H® ¢ L2 “5** ¢ L%, interpolation of H be-
tween L? and H?, and finally Young’s inequality. O

Since there seems to be no obvious way to prove property (2.9) for any arbitrary
element of S, (T), we are led to prove this additional regularity for solutions of (2.5).
To this end, define for 7' > 0 and « € (0, %)7

(Jullzr)? = 2 K0+ (sup s34 ()]} )

k£0
and
So(T) = {u € 8a(T) : [Jul|3, 7 < o0}
Assuming that SX(T') C S,(T) is not restrictive, since it is easy to verify that
I Mo < I 115 2
LEMMA 2.13. If h € SX(T), then F(h) satisfies (2.9) on [0,T].
Proor. We write F(h)(t) = Ho(t) + Hy(t) where Ho(t) = e *4 h(0) and H;

contains the nonlinearity. Now,

[Ho(8)3 0 = > K20+ o727 |y (0)|2,

k£0
and so, if ¢ € L9(0,T) with p = 1+2 and 1 + L—q,
T
—2ctk?
[ o= SR [ a
k0

T 1
< el La Zk2(1+a)|hk(0)|2 (/0 o—2ctpk dt) P

k0
< ¢pllellzal R(0)3 -
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By duality, the L7 norm of |Ho|1+q is finite. The second term is more delicate,
we shall proceed as in the proof of Proposition A.4,

00 = SR ([ e 12),00)°

k0
2
= SR (5 ) [ I 5] )
k0 l+m k
t
< Zk2(3+a)( Z |lm|hfh:n)2(/ e—c(t—S)k4 s_1+42a ds)z,
k0 I+m=Fk 0

where hj = sup,<p sTEE |hi(s)|- Hence, for every ¢ € L9(0,T),
T
| el @ de <
0
2

Szkmm)( 3 |lm|hl*hfn)2/T<P(t)(/te_c(t_s)k4 s‘ﬁ) .
0 0

k£0 l+m=k
Suppose that

T t
(2.10) / go(t)(/ e clt=o)k! o= ”“ds) dt < c||| Lk .
0 0

In this case we can proceed as in the proof of Proposition A.4 (where the h} replace
the Fourier components and v = % — 2a) to obtain that

T
/0 () Hy (1) 14t < el o (BI])%.

and, again by duality, boundedness of F(h).
So, everything boils down to proving (2.10). Using Hoélder’s inequality and
(twice) a change of variables,

T t 4 142 2
/ ga(t)(/ etk =7 ds) dt <
0 0
T t - 2p 1
sllw\lyv (/ el = ) T an)
0 0
k4T ot Lo 2p 1
< llgllzak®~7| / ( / o= =2 ) " ]
0 0

It is elementary now to verify that the integral on the right-hand side is uniformly
bounded in k and T (by bounding the integral on [0, k*T] with the same integral

on [0,00)). Indeed,
%
/ e—c(t—s) s
0

whose pth-power is integrable at oo, as well as
t

)

—elt=9) =TT ds < et (1 —e 3 <ct™ =5

m\

2a+1
4

since ¢~ 2P =12 O
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The final step is to prove that solutions exist in the smaller space S;. This
coincides then with the unique weak solution and the solution given by Theorem 2.2.

LEMMA 2.14. Let hg € H= and o € (0, 1). Then there is T, > 0 such that
there exists a unique solution h in Sk(Ty).

PROOF. The proof is essentially a fixed point argument, as in Proposition 2.8.
Let
Ho(t) =e " n(0) and  H; = F(h) — Hy,
then it is sufficient to show the following facts:
L. [|Hol[&,z < [|P(O)]]5,

2. [Holl,r — 0asT —0,

3. thereis ¢ > 0 (independent of T') such that for all h € SX(T'), ||F(h)]|
|Hollz 1 + (A5, 1)? and

4. there is ¢ > 0 (independent of T') such that for all g, h € SX(T),

1F(9) = FMWer < cllg = e rllg + hllE 7

<

*
a,T =

Notice that
sup 55| [Ho (£)]] = |hx(0)] sup s 5 e~ < ck= "5 |1y (0)]
s<T s<T
and so
(1Holl% 7)* < D~ K Ry (0) ek~ 29 < cf|h(0)]3
k#0 ’
In order to prove the second property, we have to refine the previous calculation.
Fix ¢ > 0 such that € < ¢, (where ¢ is the point where the function P
attains its maximum), then

(Hlar?=( 3 + 3 JRODROF sip (5 e

s€[0,T]

1
|k|<eT™ % |k|>eT™ 4

ST R 0) + Y ki (0)?

1 1
|k|<eT™ 7 |k|>eT ™1

<O e Y [khO)

1
|k|>eT™ %

IN

Now, limsupy_ || Holl% 7 < €'72%||h(0)||3 and, as e | 0, the conclusion follows.
’ 2
In order to prove the last fact, we follow the proof of Lemma 2.13,

t
H)) ()| < k2 Im|hrh* . [ eclt=9k" == g
1 "m
l+m=k 0
and so
t
sup (£ ()]} <Y [mlhghy, sup {15 / o= = gL
t€[0,T] Ifm—k t€[0,T] 0

Assume that the supremum in the above formula is bounded by c,k~ = (we shall
prove this later), then, as in the proof of Proposition A .4,

_7T=2a 2
(I ) < ca SR (6777 S minih;,) " < cllbllsz)*
k70 I+m=k




240 D. BLOMKER AND M. ROMITO

As it regards the remaining bound, we use e~<(:=%" < ¢ [k (t — 5)]~ = in order
to get

t
sup {tHSM / emclt—s)kt e ds} < co B3R, Bk =
te[0,T] 0
and B is the Beta function.

The proof of the last fact is similar. Indeed, if g, h € SX(T), then

[F(9) (@) = F(R)(B)]x] < kQ/O U= [(g = h)o(g + h)ali] ds

t
<k Y iml / e (g = hy)(gon + Pom)| ds
I+m=k 0

and so, by proceeding as above, the last fact follows. (Il

PROOF OF THEOREM 2.11. Given h(0) € Hz, let h € C([0,T,); H2) be the
solution provided by Theorem 2.2 and fix T' < T,. By Lemma 2.14 we know that
h € S§X(T}), so Lemma 2.13 implies that h satisfies the integrability condition (2.9)
on [0,T,]. By property (1) of Theorem 2.2, h satisfies trivially (2.9) on [T%,T]. So
Proposition 2.12 applies and the conclusion follows. O

3. Regularity

3.1. Criticality. In this section, we carry out the program described in the
beginning of the previous section. We will find spaces Y7 such that boundedness
in these spaces imply uniqueness for solutions starting in H'/2.

Let us first discuss regularity criteria in Lebesgue spaces. Set T\ = A™*T and
Ly = X"'L and consider the space X (\) = L4(0,Ty; L?(0, Ly)), for some values of
p and ¢. Under the scaling (2.1) we have that

_4_ 1
Pallx () = A" 7 7[Rl x ).

so that the space L>((0,7T) x (0, L)) turns out to be the only critical space in this
class. All other Lebesgue spaces are super-critical.

The conjecture now is that solutions in L>°(0,T; L>°(0, L)) or C((0,T) x (0, L))
are unique and regular. We believe that with similar methods, as in the existence
for initial conditions in H'/2, one should be able to prove existence of unique local
solutions. But this is much more involved, especially results like Lemma C.1 are
hard to obtain in C° instead of L2.

In order to consider Sobolev spaces, we set X (\) = L2(0, Tx; W*?(0, Ly)) and

_4_ 1
1hallx ) = X777 |[h] x 1)

(this is easy for integer k and tricky for non-integer values, but it can be done).
Hence, the space is critical for

-+ - =k

qa p
In the following subsection, we will give the corresponding criteria for p = 2, k ar-
bitrary and p = 4, k = 1. The extension to k£ = 1 and p arbitrary is straightforward
and not presented here.

Let us finally remark, that in the following, we also give regularity criteria for

L*(0,T,C*(0, L)), which is also a critical space.
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2. Regularity Criteria. In principle the following Meta-theorem should
hold: If a solution is bounded in a critical space, then it is unique, and does not
have a blow up. This means that the unique local solution exists as long as at
least one (hence all, as the solution is then proved to be regular) of the critical
norms is finite over the time horizon. The main obstruction to the application of
the meta-theorem is the boundedness of critical quantities. While there are cases
(the Navier-Stokes equations in dimension two, for instance) where the a-priori
estimates provide such bounds, this does not happen, as far as we know, in the
problem studied here.

For simplicity, in the rest of the section we focus only on some examples and
we consider solutions with sufficiently smooth initial condition, in order to have
energy type estimates for the H!'-norm without any trouble at ¢ = 0.

We just remark that energy estimates in any other H®-space with s > 35 yleld
exactly the same result.

THEOREM 3.1. Let hg € HY, let h = h(-, ho) be the unique local solution started
at ho and let T(hg) be the maximal time of h. Then h is C* in space and time on
(0,7(ho)) and for every a € (3, 3),

T
/0 IA()IZ ds = oo.

Moreover,

7(ho) 16/3 7(ho)
/ Ih()X3 ds = 0o and / h(s) [ ds = o
0 0

Proor. We already know by Theorem 2.2 that there is a unique local solution
in C((0,7); H") for initial conditions in H', which is actually smooth. Indeed
h e C>((0,7) x (0 L)) Furthermore, the H'-norm blows up as t — 7.

Now fix a € (1 then by integration by parts and the Sobolev embedding

Hs C L3,

27 2)

|h|1 + 2|h|3 = - <h (hZ)x;c>1 = _2<hx7 2)3c9m>L

(3.1) - —4/ hahashams da:—Q/ K3
< clh3s.

By interpolation, it is easy to see that

|lis < By [Blalhly
and so using Young’s inequality,

d ot
Z 1Pl A+ 2AR[E < [R5+ clpl T AL

Finally, by Gronwall’s lemma, the proof of the first statement is complete.
Let us turn again to (3.1). The Sobolev embedding Hi C L* yields

d
B3 + 20hl3 < Clhlwr.alhla. s
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Again by interpolation and Young’s inequality
d 16/3
T Ih[E - 20hff < (B3 + Clag Al
which yields the result using again Gronwall’s lemma.
The last claim follows similarly, using
d
£|h\% +2|h[3 < Clhlcr |hl2|h]3 -
d
3.3. H3-regularity. In this section we show that h € LP(0,T, H3) for some

small p > 0 (possibly less than 1). The idea is that we gain spatial regularity by
paying time regularity.

THEOREM 3.2. Assume that a solution h satisfies h € L"(0,T, H') for some
r € (0,8). Then h € L"/°(0,T,H®) and there is ¢ > 0 such that

T T
/ |hm|r/5dtgc/ (1 + |he|") dt.
0 0

REMARK 3.3. It is easy to check that the space L™/®(0,T, H?) is critical if and
only if L"(0, T, H') is critical. Thus this result respects the criticality heuristic. In
particular, the case r > 8 is covered by Theorem 3.1 above (for a = 1).

REMARK 3.4. If h € L>(0,T, H'/?) (critical) then by interpolation of H'/?2
and H? we obtain from the energy estimates that h € L5(0,7, H'), hence h €
L5/5(0,T, H*). So by interpolation of H? between H'/? and H® we recover h €
L?(0,T,H?). Thus this regularity result gives no improvement of the regularity
given by the energy estimate in Section 1.2. It respects the level of criticality of
the spaces.

PRrROOF. Let p =4 — 7, then
i 1 =2 <hxt7hx>L2
dt (1+ [ha|7.)P (1 [PalZ2)P
The fact that h satisfies the PDE and integration by parts yield

<hwt7hw>L2 = %|h$w‘i3 - |hwzx|%2a

while by the embedding of H'/% into L3, interpolation and Young’s inequality it
follows that

5/4 7/4
|hzw‘3L3 < C|h‘§3/6 < Clhw|2/2 |hwm L/2 < C‘hwllLO? + |hwm|%2-
Combining both results with the computation above yields

(L4 [halZ2)PtE = " (14 [halZ2)PF - pdt (1+ |hal72)P

Hence by the choice of p,

T |h |% T
e T 1+ |he|72)dt.
/o (1+ |hal72)PH _C/o (ot helie)
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By Holder’s inequality and the above estimate,

T T |h |2 a T N 1-g
P | %2 dt < B e VS / 1+ |hy|? 725 (0+1) g4
/0 | |L2 = (A (1 + |hx‘%2)p+1 ) ( o ( + | |L2)2 )

T a T " 1—a
g(/)u+wugad02(/ (4 [haf3) =570 ar)
0 0

and thus fixing the value a = £ yields the claim. O

3.4. Blow up below criticality. In this section we will study the blow up in
a space below criticality, i.e. in some H?® with s < % This is a slight generalisation
of Theorem 3.1 and prepares the results of Leray type shown later.

For i < ¢ <1 we obtain:

1d

- 2
(3.2) 2"

IN

L
_C|h’|%+5 + 2/0 (_ai)(sha: . hxhww dz

IA

—clhl31s + Clhli12slh|3|h]s
where we have used the Sobolev embedding H i c LA

REMARK 3.5. As it is used several times in the proofs, we state the following
elementary interpolation inequality. For v > « and § € [a, 7],

y—B B—a

|hlg < Clhla™ |hl3™.

Fix v € (3,2]. If in formula (3.2) we use interpolation of H'+2°, H5/ and

H9* between H and H20, we get
1d 2 2 1 3;:5262 2-%—32—(2%
§@|h|5 < —clhlyys + ClAly ™7 [R5
Using Young’s inequality with exponents p = (8 + 45 — 4)/(9 + 40 — 67) and
q= (8446 —4v)/(2y — 1) we derive
1d 2(3+25)
~—|h3 < Clhl,7 .
2dt| ‘5 — | |'Y

This inequality implies the following result.

THEOREM 3.6. Fiz numbers v € (3,2] and 6 € [%,1] and let h € C*°([0,t0) X
[0,L]) be a solution. If |h(t)|s — oo as t T to, then

to 2(3+26)
/ (O dt = oo
0

Note that for a blow up below criticality with 6 < & the LP([0,7T], H?)-norm
in this theorem has a smaller p than assured by Theorem 3.1. The spaces in the
above theorem should always have the same level of criticality.

4. Blow up

In this section we discuss some properties of the blow up. First, at a possible
blow-up time, one expects that all norms with higher regularity than the critical
norm will blow up, in particular all H*-norm with s > 1/2 should blow up. In
Subsection 4.2 we give a lower bound on the blow up in H®-spaces, while in Sub-
section 4.4 we show a bound on the size of the set of singular times. We illustrate
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that a blow up to —oo is more likely, but first we give some remarks on possible
shapes of a blow up.

4.1. Some remarks. Let us first give examples on which blow-up profiles
v = h(7) are possible at the blow-up time 7.
o If v exhibits a jump like sign(z), then the Fourier-coefficients decay like
1/k, and thus v is in H* if and only if s < 1.
o If v exhibits a logarithmic pole like log(|z|), then the Fourier-coefficients
decay like 1/k, and thus v is in H? if and only if s < %
o If v exhibits a cusp like |z|* for o € (0,1), then the Fourier-coefficients
decay like \k|_(1""")7 and thus v is in H'/2, and not a possible blow up.
4.1.1. Stationary solutions. The L? estimates (1.3) show that the only station-
ary solution is h = 0, as |h(t)|r2 — 0 for t T oco. On the other hand the problem is
one-dimensional, so it is worth trying to look for solutions directly. The equation
for stationary solutions is
so there are constants A, B such that h,, +h2 = Az+ B. By the periodic boundary
conditions, A = 0.
Case 1: B = 0. By direct computations, we get

h(z) = c1 + log |1 + coz|,

and the only periodic solution corresponds to co = 0, a constant function. Notice
that, anyway, the solutions are singular with a log-like profile.
Case 2: B = b?. Again by direct computations,

h(x) = ¢, + log | cosh bz + %2 sinh bz,

and there are no periodic solutions. We remark that again the singularity has a
log-like profile.
Case 8: B = —b%. By elementary computations,

h(z) = c1 + log|bcos bz + co sin bz,

all solutions are periodic on [0, L] as long as b = Q%k, for some k € N. If z( is any
zero of b cos b+ ¢y sin b, we can write the solution as h(z) = ¢; +log | sinb(x —x¢)|)
(with a different value of ¢1). Again, the stationary profile is log-like.
4.1.2. Self-similar solutions. By exploiting the scaling (2.1), we may look for
solutions of the following kind,
T

h(t,x) = ,
(1:3) = ¢l 7=
where ¢ is a suitable function. The equation for h reads in terms of ¢ as
(4.1) Pyyyy + (@i)yy +ypy =0, y € R,

and, by the regularity of weak solutions one shows easily that ¢, ¢,, € L? and
hence ¢ € H?(R). Here for simplicity we have neglected boundary conditions and
formulated the problem on the whole real line. The problem above can be recast
in weak form as

/wnyyyyder/@Znyydy—/wndy—/ywnydy=0, neCg,

where the solution ¢ € HL (R).




SURFACE GROWTH BLOW UP 245

There is quite strong numerical evidence that there are no solutions to (4.1)
defined on the whole R. This fact would rule out self-similar solutions'.

4.2. Leray type results. We will prove the following theorem, which is based
on one of the several celebrated results of Leray [14] on the Navier-Stokes equations.
This relies mainly on a comparison result for ODEs (see Lemma B.1) and energy
estimates. It improves the results of Theorem 3.1, which states that at blow up for

s > 1 the function ¢ — |h(t)|§/(28_1) is not integrable. The result now says that it
1
?.

THEOREM 4.1. Let h € C*([0,to) x [0,L]) be a smooth local solution. Then
for s > % there is a universal constant C > 0 such that |h(t)|s — oo for t T to (or
for any subsequence) implies

()]s > Cltg —t)~@=D/8  for all t € [0,t0).

diverges at least as fast as

PrOOF. We proceed by using energy estimates. Again use the notation D =
AY4 =10, and B(u,v) = (uzvz)za-
From (1.1) we obtain for s =1+ 6 with § € (-3, 3)

d L L
%|h|f+5 +2|h|3, s = 72/ D*hy, B(h,h) dx = 4/ D% h,B(h, hy) dz
0 0
< C|h|1+6+e|h|g_e\h|g+s,

where we used Proposition A.4 with a =246, 8 = % —¢, and v = —a + € for some
small € € (0,3) such that e + 6 € (—3,3). Now interpolation (see Remark 3.5)
yields

d ) 1(7-20), L(5+2)

ZplMis + 2lhl54s < Clhlis lhlzys
As (54 2§) < 8, we can apply Young’s inequality with p = 8/(7 — 26) and ¢ =
8/(1 + 24) to derive

di|h|?+5 < C‘hﬁf;'%)/(l-i-%) _ C|h|2(3+25)/(25*1) .
t —_ S

Thus Lemma B.1 implies the theorem for s € (%, %)

Consider now s =2+ ¢ with § € (—3, 2).

d L
GBes+ 2y = 2 [ Db BN da
L
= _4/ D26hw$$B(ha ha;)d$
0

L
— —4/ D% hyy [B(he, he) + B(h, hay) da
0

IN

Clhlosstelhlz _ |Plsts + Clhlsrorelhlz _ Rl ,

lExistence of self-similar solutions has been a long standing problem for the Navier-
Stokes equations. The problem was firstly posed by J. Leray [14] in 1934 and finally in 1996
Necas, Rizicka and Sverdk [17] proved that there are no self-similar solutions with locally finite
energy. Lately, Cannone and Planchon [9] proved existence of self-similar solution in Besov spaces.

Necas et al. exploited a non-trivial maximum principle for |u|? + p (where u is the velocity
field and p is the pressure). We remark that no such fact seems to be true in this case.
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where we again used Proposition A.4 with the same choice of a, 3, 7 and €. Now
using interpolation,

1(5-26)

(T+26)
lhlivs

|h|2+5 +2[h1s < C|h|2+
while by Young’s inequality with p = 8/(5 — 24) and ¢ = 8/(3 4 20) it follows that

2(74+26) /(3428
Gl < CIRBTY 20 — cpperaa/ e,

Now Lemma B.1 finishes the proof for s € (2, ).

The general case is proved similarly, by distributing the derivatives as evenly
as possible on the tri-linear terms, as in the proof of Proposition 2.10, and then
applying Proposition A.4, possibly with different a’s for different terms. ([l

REMARK 4.2. We can also give a lower bound on the blow-up time ¢y depending
on |h(0)|5 for 6 > % To be more precise, using the upper bound in Lemma B.1 the
following is straightforward to verify. For all s > % there is a constant c¢; > 0 such
that the solution is regular and smooth on (¢, t.) if cs|h(t) g/(%_l)(t* —t) < 1.

On the other hand, Theorem 4.1 immediately implies that near a blow up at
t. we obtain for all r € (¢,t,), that cs|h(r)|§/(2571)(t* —r)>1.

4.3. Criterion for point-wise blow up to —oo. We show that for a blow
up in L* the blow up to —oo is much more likely than the blow up to +o0o. This
is mainly based on the a-priori estimate from Section 1.3, but first we derive the
following estimate:

1d

L L
h3d =— | h2hyppsdz — h2((hp)?) ey d
s [ mae=— [ o= [ BB o

L L
= 2/ hhyhyys dx + 4/ h(hg)?hye dz
0 0

- - / () do— 4 / ()t .

0 0

where we used the cancellation property (1.2). Thus

// dxdt</ R3(0 dx—i—/ / h™ (hay) da:dt+/ h™h*dz.

This implies a point-wise blow up to —oo, as stated by the following theorem.

THEOREM 4.3. Let h € C*([0,7) x [0,L]) be a smooth local solution. If
fOL h*(0) da is finite and ||h||La(o,r,w1.4) = 00 then the negative part h™ has to blow
up. In other words, there are t, T 7 and x,, € [0, L] such that h(t,,x,) — —oco.

COROLLARY 4.4. If fOL h3(0) dx < oo and if h™ is uniformly bounded, then one
obtains ||| a0, 1,w1.4) < 00 and fOT fOL ht (hyy)? dx dt < oo.
Let us now show that not only we have a point-wise blow up, but also a blow

up for some fOL e~ 7M1 dz, while we know already by Section 1.3 that fOL e dg
is finite for v € (0, 2).
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LEMMA 4.5. Let h € C*([0,7) x [0, L]) be a smooth local solution. If

// |he || R|® da dt — oo

ast 1 7 for some a € (0,4) and k > 0, then
L
/ e dr — o
0

ast 1T, for all v > 0.

ProoOF. Applying twice Holder’s inequality and using (1.4) yield for any e €
(0,%) (that is, 2 € (0,2)),

// I | |h\’fdxdt) <
4

gc/ (/ oo |BJ* da) * at

0

t e L d4—a
SC/ (/ e7h|hm\4d:v)(/ e~ |p|is ad:v) < dt

0 0 0

L de h 4k 47% t 45h 4

SCsup(/ e 1-a |h\mdz) // | |* da dt

[0,¢] *Jo o Jo

L N d—a
< C(a, h(0)) sup (1 +/ e d:c) °
[0,1] 0

. Since € can be chosen arbitrarily small, the lemma follows. O

4.4. The set of singular times. Let h be a weak solution to (1.1) and
consider the set of regular times of h,

# = {t € (0,00) : h is continuous with values in H' in a neighbourhood of ¢}.

By Proposition 2.10, Z is equal to the set of all times t such that h is C'*° in space
and time in a neighbourhood of ¢. Define the set of singular times . = [0, 00) \ Z.

The next theorem proves (in the spirit of results of Leray [14], Scheffer [22] for
Navier-Stokes), that the set of singular times is “small”.

THEOREM 4.6. Given a weak solution h to (1.1), the set Z of singular times
of h is a compact subset of [0,00) and

H () =0,

where H7 is the %—dz’mensz’onal Hausdorff measure.

ProOF. Fix a weak solution h and define # and . as above. The proof is
divided in four steps.

1. .7 is compact. The set Z is clearly open, hence .# is closed. We prove that
. is bounded. Let a, be the constant given in part 3 of Theorem 2.2. Assume by
contradiction that as < |h(t)|y for all ¢ > 0. By interpolation and using the energy
inequality (1.3),

s t s t 2 2t s
a3t</ |h(s)|gds§/ |h(s)\22|h(s)|§ds§|h(0)|22/ |h(s)[3 ds < 2|h(0)|3,.
0 0 0
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Hence for some tq > 0, |h(to)]
solution h is regular in [tg, 00).

2. . has Lebesgue measure 0. As any open set of R is the countable union
of disjoint open intervals we have #Z = |J I I;, where the open intervals I; are the
connected components of Z.

Define .% = {t : h(t) ¢ H?}. Trivially, Z C .75, hence % C .. If t; €
'\ S, by Proposition 2.10 ¢y is the endpoint of some I;, hence %\ .7, is at most
countable. Finally, the energy estimate (1.3) implies that .# has measure 0.

3. Estimate on the length of bounded I;. Indeed, let I; be a bounded component
of #Z and let t,ts € I;. From Remark 4.2 we know c(t2 fs)|h(s)|§/3 > 1, and hence
c(ty — 5)73/% < |h(s)|3, for s € (t1,t2). Integrating for s € (;,t3) and using the
energy inequality (1.3), yields

< ae and Theorems 2.2 and 2.11 imply that the

1
2

to 1
(42) clta =)t < [ Ihs)B ds < SIHO)-
ty

4. Hi() = 0. Write I; = (a;,b;) for bounded intervals. From (4.2) it follows

that
Z(bj - aj)% < 00,
J
while > .(b; — a;) < oo, by the first step of the proof. Now we can proceed as in

J
the proof of Theorem 2 of [22] to get the conclusion. O

REMARK 4.7. It is possible to give a further limit to the set of singular times
by showing that its box-counting dimension is smaller or equal than %. This result
can be proved as in [21] and we refer to this paper for further details.

Appendix A. An inequality for the non-linearity
Given three real numbers «, (3, v, consider the following condition.

CONDITION A.1. The real numbers «, 3, v satisfy
«a,B>0,
e a+pf+v> % with strict inequality if at least one is equal to %, and
e if v < 0, then either at least one of o and § < %, or at least one > —~.

LEMMA A.2. For every v € R there is ¢ > 0 such that for every a > 1,

cal=2 <3,
Y kT < {cloga V=3
|k|<a ¢ 7> 3.

LEMMA A.3. Let o, B and v satisfy (A.1) (with o < § or 8> —v when v < 0).
Then there is ¢ > 0 such that for each m € Z, with m # 0,

1 23
Z Ik — m|2o k27 < c|m|™.
|k|<2|m|

0<|k—m|< 3|k
PROOF. Notice that, if [k| < 2|m| and |k —m| < [k[, then 2|m| < |k| < 2|m,
since 5 5 5 1 5
Zim| < Sk — k| < <|k| + k| = ||
2l < 2l —ml + 21K < SIM + 21kl = [K
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Then apply Lemma A.2. ([l

Consider
B(u,v) = (ugty)gz-
PROPOSITION A.4. If a, B and 7y satisfy (A.1), there exists ¢ > 0 such that for
allue H', v € H'P and w € H?>T,
(B(u, ), w) < clulitalv]isplwlasy-
PROOF. Step 1. Write the functions u, v, w in the Fourier expansion,
u= Z uy e
k0
(and similarly for v and w), so that
(UzVa)ae = Y k2( > lmuzvm) e’
k#£0  l+m=k
and by the Cauchy-Schwarz inequality,

(B(u,v),w) = Zk%ﬂ( Z lmuwm)

E#0 I+m=k
241
< ol [ Y722 fimurwn) ]
k#£0 l+m=k

Hence, it is sufficient to analyse only the second term in the above product. Set for
every k # 0,

1 1
A= {0m) s U = ko 12 LIk Il = a1,
1
By = {(l7m) cl+m =k, ‘l| < §|k|}a
1
Ck:{(lvm)l+m:ka |m| <§‘k|}v

and, for simplicity, U; = [I|'**%|w;| and V,,, = |[m[*T#|v,,|.
Step 2. We start by analysing the sum on Ay.

S (X lmvl) < S (S 0%, )

k20 A k£0 Ay,
2
(using Young’s inequality) < CZ |k“_2'y (Z ‘l|_a_ﬁUle>
k=20 Ay
2
e 7 (3D im0
k0 Ap

the two terms are similar, we bound only the first one,
(using the Cauchy-Schwarz inequality) < CZ |k“_2'y (Z ‘l|—2(04—/3)Ul2> (Z Vn%)
k#0 Ay Ag
(switching the sums) < C|’U|§+B Z |l‘_2(a+ﬁ)Ul2( Z |k“_2'y)
1#0 |k|<2[l|

(using Lemma A.2) < C|U|%+a|'0ﬁ+g'
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Step 3. Next, we analyse the sum on By (the sum on Cj being entirely similar).
Notice that, when using the Cauchy-Schwarz inequality below, we are free to weigh
either the terms in w or in v with derivatives. We shall choose one of the two
depending on the values of v (wherever we need an exponent to be < % or > —v,
according to condition (A.1)).

Z |k| =27 (Z |lmulvm|)2 < Z k|2 (Z |l|_o‘|m|_ﬁUle)2
By By

k0 }£0
(Cauchy-Schwarz’ inequality) < Z |k|_27 (Z |l|‘2“\m\‘25V£) (Z UIZ)
k#0 By, By

(switching the sums) < |u|?+a Z |m|‘25V,i< Z |k — m|_2a‘k|_2’y)
m#0 |k|<2|m]|
0<|k—m|<1|k|

(using Lemma A.3) < c|u|§+a|@|f+ﬁ.

The proof is complete. O

Appendix B. Blow up for ODEs

The following elementary lemma is crucial to prove Leray type bounds. We
state and prove it for completeness.

LEMMA B.1. Let ¢ : (0,tg) — R be a non-negative function such that forp > 1
we have < CpP, on (0,tg). Then, p(t,) | oo for a subsequence t,, T to, implies

o(t) > [(p— 1)C(ty — )]~/ P~ for all t € (0,to).

Moreover,

1

o(t) < p(s)" Y 4 C(p—1)s — C(p— l)t} o forall0 < s <t<tp.
ProoF. We have for t > s

(t) t .
L(go(s)*(P*l)fga(t)*@*l)):/w idz:/ Par<c(t—s)
o s o0 T

o(s) ZF

Now for t,, T to we obtain

ch(t)f(pfl) < C(tg —1)

p—1
and finally
p(t) > [(p—1)C(to — 1))/~
for all ¢t € (0,tp).
For the second result
p(s)"PV —Clp = 1)(t =) < p(t)~ P~V

and thus
—1/(p—1)
ot) < [o(s) PV +Cp-s—cp-1e]



SURFACE GROWTH BLOW UP 251

Appendix C. Analytic Semigroups

The following properties of analytic semigroups are well known, but we give
short sketches of proofs for the sake of completeness.

LEMMA C.1. Consider A = 0% subject to periodic boundary conditions on [0, L]
and T > 0. For allu =), uyey, € L* and a > 0,

|s*A% e *A |2 — 0, for s — 0,
and for all f € L>(0,T,L?), with 0 average on (0,1), and 1 +a — b = 0, with
a>—1andb<1,

L0 = [ oA e f(g) ds

converges to 0 in L? ast — 0.

PROOF. The first statement is obvious by Lebesgue theorem, since

|SaAa e sA ul%ﬁ < CZ(kAS)Qa e—csk4 u2
k

For the second statement note that (with a change of variables) [I,(f)(t)]3. is
equal to

ksb/ / apafSh o= Ct=s =0k £ () f(r)d ds dr =
k20

‘tw/ / L= 9)7(1 = 1) SR eI [ (4 1) it — tr) dsdr

k0
1 1
—e [ s
bt %,
4 Z )ka —c(s+r)tk* £ (t _ ts)fk (t B tr)} s dr
(s+r)tkt>e
<c/ / 5_|_7~ 2_{)7") ( 2 I fllzee(z2) + Z fk(tfts)fk(tftr» ds dr,

(s+r)tkt>e
which goes to zero by Lebesgue theorem if one first takes the limit as ¢ — 0 and

then as e | 0, since the function (1 —7)%(1 — s)*(r + s)~2 is integrable and the
other term is bounded for e <1 and t <T. O
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