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Regularity of attractor for 3D Ginzburg-Landau equation
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ABSTRACT. In this paper, a three dimensional Ginzburg-Landau type equa-
tion with periodic initial value condition is considered. Firstly, the smoothing
property of the solution is obtained by a uniform priori estimates; then, the
existence of the global attractors, A; C H;(Q) (i =2,3,---), of the semi-group
{S(i)(t)}t>0 of operators generated by the equation is presented by using the
Compactn(?ss principle; finally, the regularity of the global attractors is proved
by the decomposition of semi-group.
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1. Introduction

The Ginzburg-Landau-type equation, which arises in many mechanical, phys-
ical and chemical phenomena, is an important nonlinear evolution equation and
has many concrete types. In particular, there is considerable attention on the
Ginzburg-Landau equations (GLE) of type

(1.1) ug — (14 iv)Au+ (1 4+ ip)|[ul* v — yu = 0,

in one or two spatial dimension. For example, Ghidaglia and Héron [1], Doering et
al. [2], Promislow [3], Bu [4] studied the finite-dimensional attractor and related
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dynamical properties for 1D or 2D GLE (1.1) with nonlinearity where o = 1 or 2.
Lii [5] obtained the upper semi-continuity of approximation of attractors of (1.1)
in 1D space with ¢ = 1. For the dynamical behavior and asymptotical analysis of
2D GLE, some qualitative results have been established in [6-9]. Nevertheless, it
seems that relevant results for the 3D case are very few. The main reason lies in
the fact that some of the Sobolev interpolation inequalities used in 1D or 2D case
become invalid in the 3D case. It is necessary to make more subtle estimates for
nonlinear terms to overcome this difficulty. Doering at al. [10] considered the 3D
case for equation (1.1) with periodic boundary conditions and proved the existence
of global solutions under the following assumptions on o, v and u:

2y/30 -1 —vp V2o +1

ZvoT T if 9.
" lv] < 3.5 O |’/—M|< p— if 0 <24
230 -1
v < X2 it o> 2.
30 —2

Okazawa and Yokota [11] proved the global existence of unique solutions for equa-
tion (1.1) with initial boundary value conditions under the assumption:

(A2) < Y22

g

In [12, 13], Li and Lu discussed the initial-value problem of the following
Ginzburg-Landau type equation with the spatial periodicity condition in the three-
dimensional space:

(1.2) ug — (1 +iv)Au+ (1 +ip)|ul*v—yu =0, z € R® tcRT,
(1.3) u(z,0) = ug(z), =€R3,

(1.4) u(z +ej,t) =u(z,t), j=1,2,3, teRT,

where v, u,~y are real constants and v > 0, and they satisfy

—1—vpu - V2o +1 2y/30 -1

if o0 <2;
(A3) lv — o vl < 302 ~7=7
V2 1 2y/30 — 1

In [12], the existences of the unique solution, finite-dimensional global attractor
and exponential attractor was obtained, and the upper semi-continuity of global
attractor was established in [13]. A global compact attractor and asymptotic be-
haviors for high-dimensional defocusing nonlinear systems were presented in [14,
15].

It is notable that condition (A3) improves that of (A1) and (A2). This can be
clearly seen from the curves illustrated in Figure 1.

In this paper, we wish to further consider the regularity of global attractors
for problem (1.2)—(1.4). The regularity is to be understood here in the sense of
partial differential equations, i.e., if the date is sufficiently regular, then the global
attractor lies in a Sobolev space H}"(€2) for an appropriate number m.

The rest of this paper is organized as follows. In Section 2, the smoothing
property of solutions is obtained by a priori estimate (see Lemma 2.2), and then
the existence of the global attractors A; C H}(Q) (i = 3,4, - -m) for the semi-group
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FIGURE 1. Two curves in (Al) and (A3).

of operators, { S (t)};>0, generated by problem (1.2)—(1.4) is proved (see Theorem
2.4). In Section 3, the solution operator S (t) is decomposed as Sf)(t) + 5’52) (t),
where S§2) (t)ug is more regular than S (t)ug, and |\S§2)u0||2 approaches zero as ¢
tends to infinity, uniformly for ug bounded in H?(Q) (see Theorem 3.2). In Section
4 we present the result on regularity of global attractors , namely, Ao = A3 =--- =
A, (see Theorem 4.1).

Throughout this paper we will use the following notations: Q = [0, 1] x [0, 1] x
[0,1], (-,-) denotes the usual inner product of L?(2), || - || denotes the norm of
Sobolev spaces H™(Q2), || - || = || - o and || - oo = || - [|zoo(2)- Let L%(Q) ={¢ €
L2(Q)|¢(z +e;) = ¢(x), j =1, 2, 3} with the norm defined just as that of L2(2).
Let H'(Q) = {¢ € H}(Q)|¢p(x + e;) = ¢(x), j =1, 2, 3} with the norm defined
just as that of H?(Q).

In order to present our results in a straightforward manner, we need the fol-
lowing three technical lemmas:

LEMMA 1.1. [16] (Sobolev interpolation inequality) Suppose that u € Li(Q),
DMy e L"), Q C R*, 1 <r < oo, 0<j<m. Then there exists a constant
c=c(j,m,Q,p,q,r) independent of u such that

1D ullze < ellullfymr o lullpa",
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where

1 ] 1 1 ]
p n roomn qg m

LEMMA 1.2. [17] (uniform Gronwall’s inequality) Let y(t), g(t) and h(t) be
three non-negative functions satisfying
Y (1) < g(B)y(t) + A1), V>t 20,

and

t+r t+r t+r
/ g(s)ds < ay, / h(s)ds < ag, / y(s)ds < az, Vit>t.
¢ t t

Then we have o
y(t+r)§(—3+a2>eo‘1, YV t>t.
r

LEMMA 1.3. [18] Let £ be a Banach space, and suppose that {S(t)}i>0 is a
semi-group of continuous operators, i.e., S(t) : £ — &, with
St)-S(r)=St+7), S0)=1I,
where I is the identify operator. We also suppose that the operator S(t) satisfies
that
(i) operator S(t) is bounded, i.e., for any given R > 0, if ||ulle < R, then there
exists a constant C(R) such that
[S(t)ulle < C(R), for t € [0,+00);
(i1) there is a bounded absorbing set By C &, i.e., for any given bounded set
B C &, there exists a constant T = T(B) such that
S(T)B C By, fort>T;

(iii) S(t) is a completely continuous operator for t > 0 sufficiently large.
Then, the semi-group {S(t)}1>0 of operators has a compact global attractor
AcCE.

This lemma will help us better understand the proof of Theorem 4.1.

2. Existence of the Higher-order Attractors

In this section, we prove the existence of the global attractor A, C H}"(£2)
(m =2, 3, ---). Hence, the high-order smoothness of the solution is a prerequisite.
To this end, we need the following lemma;:

LEMMA 2.1. [12] Suppose that condition (A3) holds and ug(x) € H}(2). Then
problem (1.2)-(1.4) possesses a unique global solution u(x,t) € L>(R*; HZ(2)) N
L?([0,T); H3(R)), and for any R > 0 given, there exists a value ty = t2(R) such
that

lullz < B2, ¥V t>0 and ug satisfying |Jugll2 < R,

lulla < Ma, Vt >ty and wug satisfying ||uoll2 < R,
where the constant Ey depends on the parameters o, v, u, v and R, and My only
depends on the parameters o, v, u and 7.

Furthermore, when o > 3 then the semi-group {S(t)}i>0 of operators gener-

ated by problem (1.2)-(1.4) has a compact global attractor A; 2AcC H2(Q), i.e.,
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there exists a set A C H2(Y) such that
(a) S(t)A=A forallt>0;
(b) dist(S(t)B, A) — 0 for any bounded set B C H2(), where

disp(X,Y) = sup inf ||z — y||2.
zeX YEY

Using this lemma, we can now show a property of the high-order smoothness
of the global solution for problem (1.2)—(1.4).

LEMMA 2.2. Under the conditions of Lemma 2.1, suppose that m > 2 is a given
positive integer, and o > %([%] — 1) or o is a positive integer. Then there exists
tm = tm(R) such that

(2.1) lee|lm < My, for all ¢ > ¢, if |Juoll2 < R,
and
(2.2) llwllm < Ep, for all ¢ > 0 if |uol|m < R,

where the constant E,, depends on the parameters o, v, u, v, m and R, and M,
only depends on the parameters o, v, u, v and m.

Thus, problem (1.2)—(1.4) possesses the global smooth solution v € C(R*; HJ*(22))N
CY(RT; H"2(9)), and the closed ball

Bm = {90 € H;n(Q)‘ ”90”771 < Mm}a
is a bounded absorbing set of the semi-group of operators {S™ (t)} ;0.

PROOF. We prove (2.1) and (2.2) by using mathematical induction. Appar-
ently, for m = 2, (2.1) and (2,2) can be deduced by Lemma 2.1 immediately.

We suppose that (2.1) and (2.2) hold for m =2,3,--- ,k —1 > 3, where k is a
positive integer, i.e.

(2.3) lte|lm < My, for all t > t,, if |Juglla < R, m=2,3,k—1,
and
(2.4) [u|lm < By for all ¢ > 0 if |Jug|lm <R, m=2,3k—1.

Then by using the Sobolev interpolation inequality (see Lemma 1.1), there exist
constants E/, = E! (R) and M/, such that

(2.5) |lullwm-200 <M, YVt>ty,, 3<m<k-—1,
and
(2.6) [ullwm-2 < E,, ¥Yt>0, 3<m<k-1

We shall prove that both (2.1) and (2.2) hold for m = k.
Taking | = [£51] and differentiating (1.2) for I times with respect to ¢, we have

(2.7) g1 — (14 1v)Aug 4+ (1 +ip)(Jul* u)p — yug = 0.
If k=20 + 1 is an odd number, then the real part of the L2-inner product of (2.7)
with —Auy is

1d . - —
(2.8) §E||Vutl|\2+|lﬂutzll2 =7|\Vutz||2+Re((1+lu)/ﬂ(|U|2 u)tlAutldx)-
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For t > tp_1 = toy, 0 > %(l —-1) = %([%] — 1) or ¢ is a positive integer, in view
of Holder’s inequality, the Sobolev interpolation inequality and Young’s inequality
together with (2.3)—(2.6), for the last two terms in (2.8) we have

1
‘(1+m)/(|u|2ffu)tlmtldx | < J1Auall? + e, M),
Q

1
NVuall® < yllAup| lug]l < ZHAUth + 72| ||
Thus, equation (2.8) can be rewritten as
d
(2.9) &HVUHHQ + [ Aug||* < CL(M{_y, My_1), Y t>t, 1.

Taking the L2-inner product of (2.7) with uu and using a similar procedure to the
deduction of (2.9), we obtain

d
(210) Ll + [ Vual? < Co(Mio, M), Vit

Thanks to (2.10), it is found that

t+1
[ Vo) Pds < a0 + CalM_y M),
t

< C(My_y, M}_ )+ Co(M]_,, My_1) S as, Vit>tp .
In addition, we set
as = C1(Mj_y, My_1).
Applying the uniform Gronwall’s inequality (see Lemma 1.2) to (2.9), we have
(2.11) [Vua(t+1)|? <az+ag, ViE>t,_ 1,
which leads to
[VFu||? = ||V2 1 u||? < Clag, a3), YV t>t_1+ 1.

Let My = \/O(OQ, as)+ M2_, and t; = t;_1 + 1, then (2.1) holds for m = k.

If ug € HF(Q), using a similar procedure to the deduction of (2.9), then equa-
tion (2.8) can be rewritten as

d
&Hvutl||2 + Hvutl||2 + ||AutlH2 S C?,(E]IC_:L,Ek_l), V t Z 0.

Multiplying the above expression by ef and integrating it with respect to ¢, we
deduce
IVupl* < e[ Vuu (0)|* + Cs < C(R) + C3(Ej_y, By—1), V120,

which leads to
IVEul|? = V25 1u)? < C(Cs, C) 2 BY.

Let Ey, = \/E} + E?_|, then (2.2) holds for m = k.

If k = 2]+ 2 is an even number, then taking the L?-inner products of (2.7) with
A2uy and —Auy, respectively, and similar to the deduction of (2.9) and (2.10), we
can obtain

d
(2.12) EHAWII2 + [VAu|? < O (My—1, My_y), Y12 tga,
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and
(213) SVl Dl < Co(Mer, M), V> s,
respectively. Using the same arguments as that of (2.11), we have
[Augp(t+1)]? < of +aby, V> ty1,
which leads to
[VFul|? = |V 2u? < Ok, o), ¥Vt >tg_1 + 1.

Let My = \/C(ag,ag) + M} | and ¢ = tx—1 + 1, then (2.1) holds for m = k.

If up € HZ’f(Q), then similar to the deduction of (2.12) and (2.13), it is derived
that

%”AUtZH2 + ([ Dug |2+ IV Aug || < C3(Ey-1,E_y), Vt=0.

Multiplying the above expression by e! and integrating it with respect to ¢, we have

JAugl? < A (O)]2 + Cy(Eav, By_y) < C(R, Bpr, Bpy), V120,
which leads to

IV*ul|? = |V2+2u||? < B{(R, Ex—15, ) = E, Vt>0.

Let By, = \/E?_ | + E}/, then (2.2) holds for m = k.

By means of mathematical induction, both (2.1) and (2.2) hold for any positive
integer m > 2. Consequently, the proof of Lemma 2.2 is completed. (|

In order to obtain the existence of the high-order global attractor A,,, we
introduce the following technical result:

LEMMA 2.3. Suppose that the conditions of Lemma 2.2 hold with o > %( [TH} —
1) or a positive integer. Then the semi-group of operations S™(t) (t > 0) :

HJM(Q) — HM () is uniformly compact for sufficiently large t > 0.

PROOF. If m = 2[ is an even number, then taking the real parts of the inner
products of (2.7) with —Awuu and uy, respectively, and applying Lemma 2.2, we
find that there exist constants C1 = Cy(My,, M) and Cy = Co(M,,, M],) such
that

d
(2.14) T Vs 12+ | Aup||* < Cr(My,, M), Y 8> t,
and
d
(2.15) &HWHQ + [[Vug ||? < Co(Myy, ML), Y >t

Applying the uniform Gronwall’s inequality to (2.14), using (2.15) and Lemma 2.2,
we obtain
IV |2 < Ca(My, ML), ¥ 8>ty =t + 1,
which leads to
IV ul? = |V > < C(Mp, M) [[Vual® < Mipr, V>t =t + 1.
If m = 2[ is an odd number, then using the similar arguments to that of (2.11) and
(2.12), we obtain

d
(2.16) a”utlw +[Vugl? < CL (M, M) (ugl® +1), ¥t > t,
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and
d
(2.17) &vaflnz + [ A ||? < CH (M, ML), Yt >ty,.

Again, applying the uniform Gronwall’s inequality to (2.16) as well as (2.17), we
find

IV |2 = |22 < C(Man, Ml |2 < Ming1, V12 by = b + 1.

By using the Sobolev compact imbedding theorem, we know that the semi-
group of operators S(™(t) is uniformly compact for ¢ > t,,41. So the proof of
Lemma 2.3 is completed. ([

On the other hand, if ¢ > 1([%2]) or & > 0is an integer, then similar to Lemmas

2.2 and 2.3, it can be proved that S(™) (t) is strongly continuous. Therefore, by
virtue of Lemmas 2.2 and 2.3, we obtain the main result immediately in this section
as follows:

THEOREM 2.4. Suppose that all conditions of Lemma 2.3 hold. Then there ex-
ists a global attractor An,, C H}'(Q) of the semi-group {SM)(t)}4>0 of the operators
generated by problem (1.2)-(1.4).

3. Decomposition of Semi-group

In order to prove the regularity of global attractor, it is necessary to decompose
S@)(t) appropriately. In this section, we decompose S (t) as S2(t) + S{2 (1),
where S’§2) (t)uo is more regular than S (t)ug, and |\S§2)(t)u0|\2 approaches zero
as t goes to infinity, uniformly for ug bounded in Hg (Q).

For any given positive integer N, let Sy = Span{e?™*# : |k| < N} and denote
the orthogonal projection operators by Py : Lg(Q) — Sy and Qn = I — Py (see
[19]). Then we have

LemMA 3.1. [19] If v € H}'(Q2), then there exists a constant ¢ independent of
v and N such that

HPNUHmSCNm_jHPNUHj, VO0<j<m,
1Qnvll; < eN"™|QNVllm, ¥V 5=0,1,---,m,
and

IVIQnv| < eNI=™|V"Qnv|, VY j=0,1,---,m.

We now decompose the solution u(z,t). Suppose that ug € H}(Q2) and u =
S(t)ug is the solution of problem (1.2)—(1.4), then we have

u = Pyu+ Qnu :p(t) + q(t),

where p(t) = Pyu is the low-frequency part of v and ¢(t) = Qnu is the high-
frequency part of u.
We split the high-frequency part ¢(t) as

q(t) =y + =z,
where y, z € Q NLZ%(Q) are the solutions of the following equations for ¢ > t5:
(3.1) ye =7y — L+ ) Ay + (L+ip)Qn (Jul* (p+y)) =0,

(32) y({E,t) = y(I + ejat)v .] = 17253; y(IatQ) = 07
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and
(3.3) 2 =vz+ (1+iv)Az — (1 +ip)Qn (Ju*72),
(34) Z({E,t) :Z(x+ejat)7 .] = 17253; Z(xth) :QNU(tQ),

respectively. For ¢ < 5, we have that y(¢) = 0 and z(t) = Qnu(t), where 3 is given
as that in Lemma 2.2.

Next, we prove that y is smooth for ¢ > t,, and z converges toward 0 in H7 (1)
when ¢ goes to infinity.

THEOREM 3.2.  Under condition (A3), if ug € H(Q) satisfies |Juoll2 < R, then
there exist a unique solution y of (3.1) and (3.2), and a unique solution z of (3.3)
and (3.4), which satisfy

Y.z € C1([0,00); Ly(2)) N C([0, 00); Hp (),

respectively. Moreover, there exist a number N3 large enough, constants K,, =
K. (N) and A = \(N) > 0 such that for any given N > N3, the following estimates
hold:

(3.5) ly(Ollm < Ky YV E>tm, m=23---,

(3.6) Iz(t)]l2 < C(Mp)e 2752) V¢ >ty
where Ms, t,, and R are given as that in Lemmas 2.1-2.2.

PROOF. The existence and uniqueness can be proved by using the usual Galerkin
methods [12, 13], so we omit it. In what follows, we separate our proof of estimates
(3.5) and (3.6) into three steps.

Step 1: estimate for y in H2(Q).

Since the real part of the inner product of (3.1) with y is

1d
o5 102+ 1912 =yl + Re((L+ i) (@ (ju” (0 + )).) ) =0,

for the last term in the left-hand side of the above equation, from the definition of
QN we have

Re(1-+ i) (Qu (10" ).9) = [ o lyPde + Re((1+ ) [ [uf"pigaz).

By applying Holder’s inequality, Young’s inequality, the Sobolev interpolation in-
equality and Lemma 2.2, we can obtain

: fo : o 3 o 3
Re((1+i) | fuPopmas) < [1+ial( [ JuPlyPde) " ([ pPolpPds)”,
Q Q Q

1 i 1+ ip)? i
< 3 [ peiar+ EEEE [ upeippas,
Q Q

1
< 5 [ lPolyPds + co).
Q

(3.7)

Substituting this inequality into equation (3.7) yields
d
al\yl\r‘) +2[[Vy[? = 29[ly[? < C(My).

Notice that
IVyll*> = coN?|| g%,
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then we can write q
al\yl\2 +2(coN? =) |lyl|> < C(My).

Let Ny be large enough such that co NG —+ > 0. Then for N > Ny, multiplying the

above inequality by eQ(CoNz_V)t, integrating it for ¢ from ¢2 and using y(t2) = 0, we
deduce
C(M3) A )

3.8 < 2 S KZ O Yit>t.
( ) HyH = 2(00N2 _"Y) 0> = 02
Note that the real part of the inner product of (3.1) with —Ay is

1d . -
(39) 5319912+ 18512 = 1yl + Re((1+ i) (@n ([uP” (0 + ). &) ).

By using the Sobolev interpolation inequality and inequality (3.8), we have the
following estimates for the last two terms in the above expression:

[Re((1 + 1)@ (a0 + 1), 59) )| < F18017 + O, M),

1 1
YIVylZ <llyll 1291 < 718912 +71lyl* < Z1A911* + K.
Thus, equation (3.9) can be rewritten as
d
3 !IVuI? + 18y)1* < C(Ko, My).
Noticing that ||Ay||? > e¢N?||Vyl|?, we derive
d
LI+ N2V < a0, ),
cN?t

Multiplying the above inequality by e , integrating it for ¢ from ¢2 and using

y(t2) = 0, we have

C(MQ Ko) A
2 ) A -2
Since the real part of the inner product of (3.1) with A2y is
1d ) -
311) S I8uP+IVAYI* = Al AylP =Re((1+ip) (Qn ([ul* (p +9)), A7),

we can estimate the last two terms in (3.11) for o > % By using Holder’s inequality,

the Sobolev interpolation inequality together with (3.8) and (3.10), we can derive
the following estimates:

[Re((1+ i) (@n (0l (0 -+ ), £%) )| < FI9 29| + C(Ko, Ko, M),

IVAY|? + K7

B~ =

1
YAyl <AIVylLIVAYL < ZIVAYI* + 22Vl <

Thus, equation (3.11) can be rewritten as

d

aHAyHQ + [VAY[]* < C(Ko, K1, Ma).
Thanks to ||[VAy|? > c¢N?||Ayl|?, we have

d
(3.12) al\AyI\QﬂLdVQHAyHQ < O(Ko, K1, My).
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Multiplying (3.12) by eN*t integrating it for ¢ from ¢ and using y(ta) = 0, we
have
O(Ko, Kl, MQ) é I?2
cN? 7

If we choose Ky = \/ K2 + K2 + K2, then (3.6) holds for m = 2.

Step 2: estimate for y in H}*(Q) (m > 3).

In this step, we prove that (3.6) holds for any m > 3 by using mathematical
induction.

For m = 3, differentiating (3.1) with respect to ¢ and taking the real part of
the L?inner product with —Ay,, we have

1d . o
(3.13) §§||Vyt|\2+||ﬁyt|\2 = Y|Vl —Re((1+ip) (Qn (Jul* (p +9)),—Ayt)).
For t > t,, by using Holder’s inequality, the Sobolev interpolation inequality and

Lemma 2.2, we estimate the last two terms in (3.13) as follows:

[Re (1 + i) (@n (1l (0 + ) s ~201) )| <

Ay < Vit

1
ZHA%HQ + C(K2, M3),

| Ayel|? + C (K, My).

|

1
YVull* < 21897 + 7wl <

Thus, equation (3.13) can be rewritten as
d
T IVull® + 1891 < C(K, Mo).

Due to the inequality ||Ay||? > ¢N?||Vy:||? (see Lemma 3.1), the above expression
can be rewritten as

d
(3.14) El\vytll2+cN2HVytll2 < O(Ka, My).

Multiplying (3.14) by eeN’tintegrating it for ¢ from t» and using [Vy(t2)| <
cllu(t) |37 < C(Ms), we have

cN? ’
O(KQaMQ) é
~eN2

[Vyel|? < e N (=12) | Wy, (¢2)]|2 +

S echQ(tftz)C(M2) +

pga V t Z t27
which implies
A o~
IVAY| < |IVyel| + Co(Ma, K3) < p3 4+ C(Mz, Ka) = K3, Vit >t3=1t+1.

If we choose K3 = \/ K2 + K2, then (3.6) holds for m = 3.

Suppose that (3.6) holds for any 3 < m < k — 1, where k is a positive integer.
Namely, there exists constants K, such that

(3.15) lyllm < K, Vit>t,,, m<k-—1.
Then it is yielded by using the Sobolev interpolation inequality that
(3.16) lyllwm-=200 <K, Vt>ty, m<k-—1,

where the constant K/, depends on K,,. In addition, from Lemma 2.2 and the
definition of Py, we also have

(3.17) [pllm < My, lpllwn-20 < C(Kp,), Vit 2tm, m<k-—1,
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where t,, in (3.15)—(3.17) is the same as given in Lemma 2.2.

Next we prove that (3.6) holds for m = k.

Taking | = [k—;l} and differentiating (3.1) for [ times with respect to ¢, we have

(3.18) Y — (L+1w)Ayp 4+ (1 +ip)([u*7 (0 + y)e — yya =0,

If k=204 1 is an odd number, then taking the real part of the inner product
of (3.18) with —Agyy, we deduce

1d . - —
319) 5 IVl 1830 2 =219y P+ Re((1+i) | (0P (-4 AFud).

We can estimate the last two terms in (3.19) by using Holder’s inequality, the
Sobolev interpolation inequality and Young’s inequality together with (3.15)—(3.17).
For t > tp,_1 =ty and o > é or a positive integer, we have

[Re((1+i) [ (P (o +)ussguda )|
1
< Z”AytlH2 + O(kalv K]/c—l’ Mkflv M]/c—l)a

1
YVyel® < Ayl lye ] < Z18y0* + 72 lye*.
Hence, equation (3.19) can be rewritten as
d
(320) IVl + [1Ayul* < Cv (K1, Koy My Mi—a), ¥ 82 b,

Using an analogous argument as that of (3.20) and taking the inner product of
(3.18) with yu, we have

d
(3.21) &Hytz||2 + [|[Vyull? < Co(Kp—1, Kjp_y, My_1, Mi_), Y t>tp 1.

When ¢ > t_1, it is implied by (3.21) that

/:H IVys (s)Pds < Jlya 0 + Co(BEp—1, Ky, My, Mi—1),
< O(Kior) + CoKio1, Kf_y My, My_y) = as.
On the other hand, we set
oy = C1(Ky—1, Kj_q, My_y, My_1).
Then, applying the uniform Gronwall’s inequality to (3.20) yields
[Vyat+ D> < az+ a2, ViE>tp,
which leads to
(3.22) IV*y)? = [V**y|* < Clag, as), V2t +1.

If we choose M), = \/O(ag,ag) + K? | and t; = tx—1 + 1, then (3.5) holds for
m = k.
If £ = 2l + 2 is an even number, taking the real parts of the inner products

of (3.18) with A%y, and —Ayy, respectively, and using an analogous argument as
that for (3.20) and (3.21), we have

d
O l® + IV Ay |* < CL Ky, Kooy, Mioy, M), V2>t
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d
E”VWHQ + HAytlHQ < Co(Ky—1, Kjy, M1, Mj,_y), Vit>tg1,
respectively. Using the same procedure as the deduction of (3.22), we have

IVRyII* = [V**2y|* < C'(ap,05), V¢ >ti-1+1.

If we choose K = \/C’(o/Q,o/g) + K2 | and t; = tg—1 + 1, then (3.5) holds for
m=k.

Step 3: estimate for z in H2(Q).

Taking the real part of the inner product of (3.3) with z and recalling the
definition of @y, we have

d
(3.23) &H2H2 + 2| V2|2 + 2/Q |u|?7|z|2dx — 27]|2]|? = 0.
Since Lemma 3.1 implies
IV2]* > coN?| 2%,
equation (3.23) can be reexpressed as
d
31217 + 2(coN* = )lll* < 0.

Let N7 > Ny be large enough such that coN7 — v > 2e~!. Thus for N > Ny,
multiplying the above inequality with e*? and integrating it for ¢ from to gives
(3.24) IO < [l2(t)[Pe M0, > 1y,
where A\; = A (N) = 2(coN? — ) > 2e~ L,
Taking the real part of the inner product of (3.3) with —Az yields
1d
(3:25) 5 GIVEP A2l = 2| VaI? = Re((1+ i) [ Quuf72)b3ds).
Q

For the last two terms in the above expression, by using Hoélder’s inequality and
Young’s inequality we obtain

V2 < ZIAz)2 + 2|21,

RNy

IN

3 g =, 1 g
Re((1+in) [ Quuo2)ade) < 1A+ (1412 [ul 2)2]P

IN

1 {0}
10217 + Mz 2]
Thus, (3.25) can be reexpressed as

d o

VAP + 1182]1% <2077 + ey 2]

Inserting the inequality ||Az||? > ¢1 N?||Vz||? (see Lemma 3.2) into the above ex-
pression yields

d o
VA + N[ V2|* < 297 + M7 2]

Let Ny > Nj be large enough such that ¢; N3 > 2e~!. Thus for N > No, multiply-

ing the above inequality by eVt integrating it for ¢ from ¢2 and using (3.24), we
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derive
V22 < [[Va(ta)[Pe N (1) 4 2(y2 4 eMET)ME (t — ta)e a2,
< M2emerN*(t=t2) 4 9(~2 4 e do) M2~ (Vome i—t2)
3.26 =
20 < (202 + M) + 1) Mge~Pame Nli—t2),

1>

C1(Mg)e=A2(t=t2), Vit >t
where A, = min{\;,c;N?}, et < Ay = N, —e™! < A\ and C1(Ms) = (2(72 +
eMi7) + 1) M.
Taking the real part of the inner product of (3.1) with A2z gives
1d
518517 + VA =2 221 = ~Re((1 +in) [ Qu(fuo2)A%zda).
Q

For the last two terms in equation (3.27), again using Holder’s inequality and
Young’s inequality we can deduce

(3.27)

1
Re((1+ i) | Quuf72)A%ds) < ZI9A2] + M (V2] + ]2,
Q

YA < ZIIVAZ|? + 4%V,

FNgpre.

From Lemma 3.1 we have
[VAZ||? > caN?|| Az
Then (3.27) can be reexpressed as

d o
FID2P + NI A2* < 297 V2]” + eMy7 |27

Let N3 > N3 be large enough such that co N2 > e~ 1. Thus for N > N3, multiplying

the above inequality with eCZNzt, integrating it for ¢ from ¢, and using (3.24)—(3.26),

we deduce
1822 < || Az(to)]|2emcaN 7 (1—t2)

2
+CM510+2 cklt;;cziv ¢ (e(czsz)q)t _ e(C2N27)\1)t)
caN?—Xy

to—coN2t
H(27+eMF7)Cr (M) 5 T (oM — oo 2ot),

(328) < M226_02N2(t_t2) + ((2’}/2 + CM240)01 (Mz)
+eMyTT2) (t — ty)eMalt—t2),
(M3 + (292 + eM7)Cr (M) + My )e=(ome D=t

>IN

Cs(Ma)ePslt=ta), Vi 2>t
where A\, = min{caN% A1, A2}, A3 = Ay — e ! and Co(Ma) = M3 + (292 +
cM37) Oy (M) + My 2,
1
Let A = §min(>\1,A2,)\3) and O(Mg) = maX{MQ,Cl(MQ),CQ(MQ)}. Then

combining (3.24), (3.26) and (3.28), we can see that the estimate (3.6) holds. There-
fore, we have completed the proof of Theorem 3.2. (|
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In virtue of Theorem 3.2, the solution operator S(t) = S®(t) : H2(Q) —
H(Q) generated by problem (1.2)-(1.4) can be decomposed as

$O @ = 57() +537), V=0,
where S’§2) (t) and 5’52) (t) are defined by
5(2)(t)u _ Pru(t) +y(t) = p(t) + y(1), i 2 1,
1 0 Pyu(t) = p(t), t < to,

and

(2) | =), t > tg,
UL _{ Qnu(t) =q(t), t<ty,

where u(t) = S@ug, and for t > ty, y(t) and z(t) are solutions of (3.1) and (3.2),

and (3.3) and (3.4), respectively.
Hence, for every u € H?(), we have

(3.29) S t)u = S () + 52 (t)u.

4. Regularity of Attractor
In this section, we will present our main result on regularity of attractor.

THEOREM 4.1. Suppose that condition (A8) holds and o is a positive integer
or o > L([Z]) for any positive integer m > 2. Let Ay, be the global attractors of
semi-group of the operators, {S™ (t)};>0, generated by (1.2). Then we have the
following results:

(i) For any m >3, Ay is a bounded closed set in H)"(12).

(ii) Az = Ay, for m > 3.

PROOF. (i) Suppose that u € Az. We shall prove u € H,"(§2) for any m > 3.

Due to a well-known characterization of w-limit sets (see [18]), there exist a
sequence of elements u, in By and a sequence of positive real numbers ¢/, which
approaches infinity as n tends to infinity such that

(4.1) St )up — win H2(Q), asn — +oo.
We also have from (3.29) that
(4.2) SO Y = SP(# Yug + SO (¢ um, ¥V eN.

From the definitions of S’§2) (t) and Séz)(t), using Theorem 3.1 and ||p(t)||2 < Ma,
we deduce that if N is large enough (as given in Theorem 3.1), then

(4.3) ||S§2)(t;)unHm <C(N,m), VneN,
and
(4.4) 1552 (th)un |, < C(Mz)e ™, ¥ neN.

Thanks to (4.3) we infer that there exist subsequences {t/,},~o and w €
H}'() such that

(4.5) Sf)(t;,)un/ —w weakly in H*(), asn’ — oo,
and

(4.6) wllm < lim inf |[S8(t un ||, < C(N,m).
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By taking account of ¢ € L2(Q), it is implied from (4.2) that

(8@ ) (), ) = (81 (1)), ) + (857 (1) (i), )
Taking the limit n’ — 400 in the above expression and using (4.1), (4.4) and (4.5),
we deduce

(u,0) = (w,9), Vo€ Ly(Q).
Setting ¢ = (—A)™u in the above expression and using (4.6), we derive
VT ul] < flwlm < C(N,m),
which shows u € H]'(2). In other words, Az is a bounded set in H"(2).
(ii) On the one hand, we prove that Ay C A,,.

Since A, attracts all bounded sets in H}"(€2) and Ay is bounded in H,"(€2)
(due to (i)), we have

diStH;ﬂ(Q)(S(2) (t) Az, Ap) = diStH;n(Q)(S(m) (t)Az, Ap,) — 0, ast— oo.
In addition, Ay is an invariant set of S (t), namely, S (t)Ay = Ay, which leads
to
diStH;n(Q) (Az, Ap) = 0.
Hence, by virtue of the fact that A, is closed in H"(§2), we have
Ag C Am.

On the other hand, we show that A,, C As. Since Ay attracts the bounded
set A, in H2(Q), we have

diStHg(Q)(S(m) (t)An, A2) = diStHg(Q) (8(2) t)Am, A2) = 0, ast— oo.
It is obtained by using S (t)A,, = A,, and the Sobolev embedding theorem that
diStHg(Q) (A, A2) =0,

that is,
Am C AQ.
Therefore, the proof of Theorem 4.1 is completed. O
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