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Global attractor and asymptotic smoothing effects for the
weakly damped cubic Schrodinger equation in L*(T)
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ABSTRACT. We prove that the weakly damped cubic Schrédinger flow in L2(T)
provides a dynamical system that possesses a global attractor. The proof relies
on a sharp study of the behavior of the associated flow-map with respect to
the weak L?(T)-convergence inspired by [18]. Combining the compactness in
L2(T) of the attractor with the approach developed in [10], we show that the
attractor is actually a compact set of H2(T). This asymptotic smoothing effect
is optimal in view of the regularity of the steady states.
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1. Introduction

The cubic nonlinear Schrédinger equation (NLS) can be derived as an asymp-
totic model to describe long wave propagation in different dispersive media. In
some physical contexts, an exterior forcing and damping effects have to be taken
into account and this can lead to the following cubic NLS equation

(1) Ug 4+ YU + ity FiluPu = f,
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where v > 0 is the damping parameter and f is the forcing term. In this paper we
focus on the case where u(t, x) is a function from Ry x T to C, with T = R/27Z, and
f € L?(T) does not depend on time. Also since the sign in front of the nonlinear
term will not play any role in our analysis, we will take the + sign in all this paper.

It is well-known since the work of Bourgain [3] that (1) provides an infinite
dimensional dynamical system on H*(T) for s > 0. Using an a priori estimate in
HY(T) related to the energy conservation of the classical cubic NLS equation, the
existence of a global attractor in H!(T) can be obtained by a standard method
(see for instance [22] or [9] where the additional regularity of the attractor is also
proved). This method principally contains two steps. A first step consists in proving
the continuity of the flow-map associated with the equation with respect to the
weak topology of the phase space. This ensures the existence of a compact global
attractor for the weak topology. The second step uses the argument of Ball [2] to
convert the weak convergence to the attractor into a strong one. The standard way
to prove the first step is to use the well-posedness of the equation in a larger function
space where the phase space is compactly embedded (cf. for instance [6]). This
approach cannot be applied to (1) in L?(T) since the well-posedness of this equation
is not known in such a space. Actually, the strong ill-posedness of the classical cubic
NLS equation in H*(T), s < 0, has been even proved (cf. [5], [18]). In [12] Goubet
and the author used another approach involving the so called Kato local smoothing
effect for (1) on R to establish the weak continuity of the flow-map in L?(R). The
situation in L?(T) seems more complicated since, as was shown in [18], the flow-
map of the classical cubic NLS equation is discontinuous for the weak topology of
L?(T). Note however that the result in [18] shows that the flow-map associated
with the modified Schrodinger equation (see (16 below) introduced by Christ [4] is
continuous for this weak topology. Let us mention here that the well-posedness of
the modified NLS equation in a function space where L?(T) is continuously (but not
compactly) embedded is obtained in [4] (see also [13] for a related result). Using
results of [18], we clarify some behaviors of the flow-map of (1)with respect to the
weak L?(T)-convergence. From this information supplemented with the argument
of Ball we deduce the existence of a global attractor in L?(T). Finally, combining
the approach developed in [9]-[10] with the compactness of the attractor, we prove
that the global attractor actually belongs to H?(T) which can be viewed as an
asymptotic smoothing effect. This smoothing effect is optimal since for f belonging
to L*(T) but not to H*(T), with s > 0, the steady state to (1) does not belong to
H#(T) for s > 2.

Denoting by S(-) the nonlinear group associated with (1), i.e. S(t)ug :=
u(t), t € R, where u is the solution of (1) associated with the initial data wo,
our main result is as follows :

THEOREM 1.1. The nonlinear group S(-) associated with (1) provides an infinite-
dimensional dynamical system in L*(T) that has a global attractor A which is a
compact set of H?(T). More precisely, A is a connected and compact set of H?(T),
invariant (positively and negatively) by S(-) that attracts for the L?(T)-metric all
positive orbits uniformly with respect to bounded sets of initial data in L?(T).

REMARK 1.2. Ezactly the same proof as in Section 5 below shows that the
L2(R) global attractor to (1) on the line, that was constructed in [12], is actually a
compact set of H*(R).
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The main new ingredient for proving Theorem 1.1 is the following result on the
behavior of the flow-map of (1) with respect to the weak L?(T)-convergence.

THEOREM 1.3. Let {ug,} be a sequence of L*(T) converging weakly to ug in
L*(T) and let {u,} be the sequence of the associated emanating solutions of the
weakly damped cubic Schrédinger equation (1). For any adherence value ag of
{lluonll22} there exists a continuous function t — a(t) from R to Ry, with a(0) =
ap, and a subsequence {un,} of {un} such that, for any t € R, uy, (t) converges

weakly in L*(T) to v(t) where v € C(R; L3(T))N L?OC(R x T) is the unique solution
to

@) { o+ e 0+ b0+ 2 (a0) ~ O o = £
v(0) = ug

REMARK 1.4. It is worth noticing that this theorem ensures that, in sharp
contrast with the case on the line (cf. [12]), the flow-map associated with (1) is not
continuous for the weak topology of L*(T). Indeed, following [18], let ug € L*(T) be
different from 0 and let {¢,} C L*(T) be a sequence such that ¢, — 0 in L*(T) and
|fnll2: — 27 as n goes to infinity (one can take for instance ¢, = €™ ). Setting
Ug,n = Uo + P, we get that ug, — ug in L*(T) and |juou||2: — |luol|2: + 27 as
n — 0o. On account of Theorem 1.3, the emanating solutions wu, tend weakly in
L2(T) for any fized t € R to v satisfying (2). Observe that w = v —u is solution of
3) { Wy + Wes + YW + i(|v|2w + (wu + wﬁ)u) = —% (a(-) - ||v()||%2)v

w(0) =0

Since v(0) = ug # 0 and a(0) = [Juo||32 + 27 # ||[v(0)||3> we infer that the L*(T)-
norm of the right-hand side of (3) cannot vanish for small t # 0. Hence w(t) =0
is not a solution of (8) and thus v(t) # u(t) for small t # 0.

Finally, note that, since L*(T) is compactly embedded in H*(T) for s < 0, this
proves that (1) is ill-posed in H*(T) as soon as s < 0.

This paper is organized as follows. In the next section we introduce some
notation and the function spaces we will work with. Section 3 is devoted to the proof
of Theorem 1.3 and Section 4 is devoted to the existence of the global attractor.
Finally in Section 5 we prove the asymptotic smoothing effect.

2. Function spaces and notation

When we affirm that a proposition is valid for z+ (respectively x—) with « € R,
we mean that there exists a small real number € > 0 such that the proposition is
valid for any real number in the interval |z, z + €[ (respectively |z — €, 2[). For
(x,y) € R?, 2 < y means that there exists C' > 0 such that z < Cy. We will also
denote by € any function from R into itself that goes to zero at infinity.

For a 2m-periodic function ¢, we define its space Fourier transform by

1 )
o(k) /e*““ o(r)dx, Vk€EZ,
T

T2

and we denote by Pyy and Qn¢ the L?(T) orthogonal projections on respectively
the space Fourier modes |k| < N and |k| > N.
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We denote by V(-) the free group associated with the linearized Schrodinger equa-
tion,

VOp(k) == e *t p(k), keZ.

The Sobolev spaces H*(T) for 2m-periodic functions are defined as usually and
endowed with

el zs Ty = IKk) @ (k) li2(z) = I ToellL2T) 5

where () := (1+ - [*)1/? and J3p(k) == (k)*3(k).
For a function u(t,z) on R x T, we define its space-time Fourier transform by
1 _
(7, &) = Fyp(u)(1,€) := —/ e TRyt 2)dt de, (k) e R X Z.
RxT

27

and define the Bourgain spaces X** and Xbs of functions on R x T respectively
endowed with the norm

lJull xe.s := [[{T + k2>b<k>sa”L2(R;l2(Z)) = H<T>b<k>s—7:t,ac(v(_t)u)||L2(]R;l2(Z)) .

and
[l go.. o= (T = 2P (k) till L2 muzzy) = 1) (k)* Foa(V ()l 2R (2)) -

Finally, for an open interval I C R we define the restriction in time spaces X?’S of
functions on I x T endowed with the norm

lullype = inf {ollxoe, o) =u() on T}

It is worth noticing that the X?’S spaces are Hilbert spaces with dual (for the
L2-duality) X; "% and that for any 6 € [0,1] it holds

0b1+(1—0)ba,s by,s b2,5160
XI - [XI ’XI ] .

Moreover, for b > 1/2, X;”S is continuously embedding in L*°(I; H*(T)) with a
constant of continuity that depends on b and on |I| the length of I, i.e.

(4) el oo (ris () < O D[] oo, Vu € X7°

3. Proof of Theorem 1.3

Theorem 1.3 is based on the observation made in [18] on the cubic NLS equation
posed on the one-dimensional torus. We first recall the following well-posedness
result due to Bourgain ([3]) for (1). Let us mention that this result was established
for the cubic Schrodinger equation without damping and forcing but the adaptations
for (1) are straightforward.

THEOREM 3.1. Let s > 0. For any ug € H*(T), f € H*(T) and any T > 0,
there exists a unique solution

ue L] - T,T[xT)

satisfying (1) in D'(]| — T, T[xT). Moreover u € C([-T,T]; H*(T)) N X]li/;-_’_T’f and

the map data to solution ug — u is real analytic from H*(T) to C([-T,T]; H*(T)).
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Let us recall that this theorem principally use the linear estimates in Bourgain’s
spaces for the free evolution and the retarded Duhamel operator

(5) VOellxrs < CTH)llella b ER, s€R, 0<T <1,

and forany 0 < e << land 0 < T <1,

t

6) N VE=t)gt)dt'|xp. < Cbe)Tgll xo-r14e0,1/2<b < L,
0 ]—T,T[ 1-T,T[

as well as the following linear dispersive estimate

(7) [Vl L@y S Iollxarso, Vo€ X350,

This estimate is proven in [3] for functions on T? but also holds for functions on
R x T (See [17] for a shorter proof that works also clearly on R x T ). Moreover,
according to [7], (7) ensures that for 0 < T' < 1 it holds

(8) IVOellpag-rripm STV llellramy, Ve € LA(T),

which gives directly the existence and uniqueness in L*(] — T, T[xT) by classical
TT* arguments. On the other hand, to prove that u € Xff?%?
that, applying (7) with 7, (7) clearly also holds with X3/80 replaced by X?3/30,

Therefore,
(9) IF =D acrzy S 10l oo = vl xarso , Vo € X380,

and (7)-(9) yield

one has to notice

3
— < . ‘ 1/2,0
(10) ||U1UQ’U,3||X]11T/,2T+[,0 N 1_[1 Hu1||X]17/;,,0T[, Yu; € X]—T,T[ .
=
Writing the Duhamel formulation of (1), using (5)-(6) and (10) and choosing some
small positive real number €, one can eventually derive the key estimate:

0+ 2
(A1) Jullgzzso S Iuollzace) + T [(fulldarase + Mllulgarzse + 1) -
1/24,0

This leads to the local existence result in X]_T 7 Finally, the fact that the time

of existence in Theorem 3.1 can be chosen arbitrarly large follows from the a priori
bound on the L?(T)-norm of the solution (see (13)-(14) below).

Now, let ug € L*(T) and {uo,} C L*(T) be a sequence converging weakly to
ug in L*(T). Note that, from Banach Steinhaus’theorem, {||uon||r2(r)} is bounded
in R;. It is well-known that the solutions of (1), given by Theorem 3.1, satisfy for
all t € R,

1d
12 ——||ul|? + | |ul|? :Re/fﬂd:v
(12 53l + llulltan = Re |

By Young’s inequality and Gronwall’s lemma, we deduce that the L2-solutions
satisfy for any t € R,
1—

_ et
(13) lu(®)|72ery < € " [uol |72y + T||f||%2(1r)-
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Performing the change of variables (¢, z) — (—t,z) and proceeding as above we also
infer that for any ¢ € R_ it holds
2 3|t 2 et —1 2
(14) u)[|Z2ry < e luollz2(r) + T”JC”L?(T)

Therefore, from (12), we deduce that for any (to,t1) € R? with ¢; > to,

(b)) B — [uto) |3

tl tl
- ’27/ ||u(r)||§2(T)dT+2Re/ /fﬁ(T)d:Z?dT’
to T

to
. ) e3vltl 1 9
< |t1 — t0| [3’}/(6 it ||u0||L2('JT) + 72 ||f||L2(T)>
1
(15) 2l -

Denoting by u,, the solution to (1) associated with the initial data wg ,,, this last in-
equality ensures that the sequence {t — ||u, (t)”%Q(T)} is uniformly equi-continuous
on any bounded interval of R. It follows from Ascoli’s theorem that there exists
a subsequence {t — [|un, (t)||%2(71‘)} that converges to some function ¢ +— a(t) in
C([-T,T);Ry) for any T > 0. Moreover, from Theorem 3.1 we know that {un, }

is bounded in Xllf §+T’? and thus, up to the extraction of a subsequence, converges

weakly to some v in X]lf ;JFT([)
Now, in ([18], Lemmas 2 & 3 ) it is proven that the nonlinear term of the modified

Schrédinger equation introduced in [4]:
2 Loz
(16) Alu) = |u"u = —lullz-u

is continuous from (X 11 / 2+’0)3 into X, 7/16,0 equipped with their respective weak

topology. We thus rewrite the Duhamel formulation for u,, in the following way :
t
un(t) = V(t)uon — z/ V(t —t")A(un(t')) dt’
0
i [t t
——/ V(1) (a3 un(t)) d” 7/ Vit — ¢ Yun ()t
T Jo 0
t
(17) + / V(t—t)fdt .
0

Since u,, — vin X]l_/ifTv‘[) < C([-T,T]; L*(T)) and a, (-) — a(-) in C([=T, T]; L*(T)),
it follows that a,, (-)un, — a(-)v in C([-T,T]; L*(T)). According to the continuity
of the Duhamel operator from C([-T,T]; L*(T)) into itself, the linear estimates
(5)-(6), the continuity result on A for the weak topology and the above convergence

results, we can pass to the limit to obtain that
t
v(t) = V(t)uo — z/ Vit —t)A(v(t")) dt’
0
i [t ! '
—— / V(t —t ) (a)v(t))dt' — 7/ V(t—tu(t)dt +/ V(t—t)fdt
T Jo 0 0
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and v is solution of the following Cauchy problem on | — T, T'[:

as) Ut + Vg + Y0+ iA(V) + %a(-)v = f in D'(] - T,T[xT)
v(0) = ug
Proceeding exactly as for the cubic Schrodinger equation, it is easy to prove that this
Cauchy problem is globally well-posed! in H*(T), s > 0, with a solution belonging
for all T > 0 to
C([=T,T); H*(T)) N L*(] = T, T[xT)

with uniqueness in L*(] — T, T[xT). Therefore, there exists only one possible limit
and thus the sequence {uy, }, and not only a subsequence of it, converges weakly to v

in Xllf ﬁ[o Moreover, using the equation satisfied by the u,, and the uniform bound
in L>°(] — T, T[; L*(T)) N L*(] — T, T[xT), it is easy to check that for any smooth
2m-periodic function ¢, the family {¢t — (un, (t), )2} is bounded in C'([—1,1]) and
uniformly equi-continuous on [—1,1]. Ascoli’s theorem then ensures that (un, , @)
converges to (v, ¢) on [—1,1] and thus up, (t) — v(t) in L*(T) for all t € [—1,1].
By direct iteration this clearly also holds for all ¢t € R.

Finally, according to (16), v can be also characterized as the unique solution in

L*(] = T, T[xT) to

(19) { V¢ + g + Y0 + i|v[*0 + %(a() — ||v()||%2>v =f
v(0) = uo

4. Existence of the global attractor

Let us denote by S(t) the nonlinear group associated with (1), i.e.
S(t)ug :=u(t), teR.
On account of Theorem 1.3 and (13), we infer that the ball of L*(T),

X = {’U S L2(T>a Hv||L2('JI‘) < MO — 2@ }

is a global absorbing set for the dynamical system under consideration and that
S(t) acts continuously on X . To prove that there exists a global attractor it suffices
to check the relative compactness in L?(T) of sequences of the type {S(t,)b,} with
t, T 400 and {b,} C X. This is the aim of the following proposition.

PROPOSITION 4.1. For any sequences {b,} C X and {t,} 1 +o0, the sequence
{S(tn)bn} has an adherence value in L*(T).

Proof . We combine Theorem 1.3 with the famous J. Ball’s argument (see [2],
[22], [16]). Let {b,} C X and let {¢,} be a sequence of positive real numbers that
goes to infinity. From (13) the sequence {S(t,)b,} remains bounded in L?(T) and
thus, up to the extraction of a subsequence, converges weakly in L?(T) to some vy.
According to Theorem 1.3 there exists a subsequence {S(tn, )bn, } and a continuous
function t — a(t) from R to Ry such that the solutions emanating from {S (¢, bn, )}
converge weakly in L?(T) for all t € R to v(t) where v is the unique solution to

20) { o+ ives 0+ iloPo+ = (a0) = O3 o = £
v(0) = vo

INote that the L2-norm is controlled on any bounded interval of R
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From (12) we infer that for 7 > 0 fixed and ny large enough,
(21)

18t Yoy [y = €27 S (b, — )b [y~ 2Re / / €=0F S(tn, —5)bnydsda

where [|S(tn, —T)bn, [|72(r) < MG and, according to the weak convergence and the
dominated convergence theorem,

(22) lim 2Re/ / 25 S (b, —8)by, drds = 2Re/ / 25 fo(—s)dads .

ngp— 400

On the other hand, using the energy identity for equation (20) , we get

@) loolftacn = e e = 2Re [ [ T os)aads
But since S(tn, — 7)bn, — v(—7) in L*(T), it follows from (13) that

[o(=m)172(r) < Mg -
Gathering the above three equalities, we thus infer that for any fixed 7 > 0,
(24) Lim Sup [|S (tn, )on, 1722y < IlvollZ2(r) + 26777 Mg,

ngp— 400
which ensures that S(t,,)b,, converges actually strongly to vg in L?(T). This
completes the proof of Proposition 4.1.

Proposition 4.1 ensures the existence of a compact global attractor in L?(T). More
precisely, from classical arguments (see for instance the proof of Theorem 1.1 in
[20]), it follows that the positively invariant connected closed set

=N UJsmx
s>01t>s

is non-empty and attracts any bounded set of L?(T). The compactness of A follows
as well. Indeed, let {a,} C A. Taking a sequence {t,} 1 +oo and setting b, =
S(—=tn)an, we get that a, = S(t,)b, with {b,} C A C X and thus {a,} has got an
adherence point in L?(T). Finally, it is worth noticing that, by construction, A is
also negatively invariant.

5. Asymptotic smoothing effect

In this section we prove that the global attractor lies actually in H?(T) and is
moreover compact in this space. Following the approach developed in [10], we split
the solution u(t) = S(t)uo emanating from ug into two parts by setting?

(25) Vg + e + YU + i|v|2v =f- iPN(|u|2u) + iPN(|v|2v)

Wi + W + yw = —iQ N (Jw|?w — 2|w|*u — w?a) — iQ N (2|u*w + u*W)

with initial conditions

(26) v(0) = Py (ug) and w(0) = Qn(uo) -

2Recall that Py and @ are the projections on respectively the spatial Fourier modes |k| < N
and |k| > N.
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REMARK 5.1. Proceeding as for the equation (1) it is easy to check that, u €

X%/2+’0 and f € L*(T) being given, the Cauchy problems (25) and (26) are locally
1/2+.0

well-posed in L*(T). Hence, there exists a > 0 and a unique solution v € a0l

of (25) and w € X\>" of (26). Actually we will see in this section that w €

]_0‘70‘[

C(Ry; L3(T)) and v € C(R; H?(T)).

In [10], Goubet introduced this decomposition for the weakly damped KdV
equation. A first step of his analysis consists in proving that the high frequency
part w(t) is decreasing to 0 in L*(T). This decay of ||w(t)| r2(r) , which is uniform
for all ug in the absorbing ball, is obtained by using the dispersive damping effect on
the high-high frequencies interactions that occurs for the nonlinear part of the KdV
equation above H~/2(T). This is related to the fact that the associated Cauchy
problem is well-posed in H*(T) for s > —1/2. For the cubic Schrédinger equation
the situation is more delicate since as recalled in the introduction this equation is
ill-posed in H*(T) for s < 0. Actually, due to some resonant parts in the nonlinear
term, there is no damping effect on high-high-high interactions. To overcome this
difficulty we will work directly on the global attractor and use in a crucial way that
we already proved that it is compact in L?(T). Note that the a priori compactness
of the global attractor is not required in [10] where the compactness of the attractor
can be obtained as a consequence of the asymptotic behavior of v and w.

The second step of the analysis in [10] consists in proving an uniform bound
in H3(T) on v. This uniform estimate follows from an uniform bound in L?(T) on
the time derivative v, of v. To get this last bound the author uses that, in view of
the equation satisfied by v, the low frequencies Pyv; belongs to any H*(T), s € R.
We will not be able to use this approach here since for v € L*(T), Py(|v|?v) does
not belong a priori to any H*(T). Inspired by [21] we will instead introduce the

f(k)
7ik2+’y )

auxiliary function z := Qn (v — g), where g is defined by g(k) :=
that z is uniformly bounded in H?(T).

and prove

The key proposition to derive the regularity of the attractor is the following.

PROPOSITION 5.2. There exist functions h and K : Ry — Ry with lim;—, o h(t) =

0 such that for all N > 0 large enough and all ug € A the function v and w con-
structed in (25)-(26) satisfy

(27) lw®l L2y < h(t) and [[v(t)]| 2y < K(N), Vi € Ry

With Proposition 5.2 at hand it is straightforward to check that A is embedded
in H2(T). Indeed, let a € A and {t,,} T +oo. For all n € N we can write a as

a=S(tn)S(~tn)a = S(t)bn

with b,, = S(—t,)a € A. From Proposition 5.2 it follows that, for any n € N, a
can be decomposed as a = vy, + wy, With [|v,[|g2ry < K and [|wy|[z2(r) — 0 as
n — +o0o. Therefore a € H*(T) and ||al|g2(ry < K. Hence, there exists K > 0,
such that the following uniform bound holds on the attractor :

(28) lallry < K, Va € A

5.1. Proof of Proposition 5.2.
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5.1.1. Preliminaries. The L?(T)-compactness of A ensures the following uni-
form bound on the L?(T)-norm of the high frequency part to the elements of A.

PROPOSITION 5.3. There exists a function € from Ry into itself that goes to
zero at infinity such that

(29) l@nallr2(r) < e(N), Vac A.

Thanks to this remark we will have to prove a damping effect only on terms of
the form Py /ou1 Py/au2@Qnus. This is the aim of the following lemma :

LEMMA 5.4. Let I C R be a bounded interval and let u; € X}/Q’O, i=1,2,3.

Then for € > 0 small enough it holds
3

(30) HPN/ZUIPN/2U2QNU3||X;1/2+€’0 SNt H ||Ui||X11/2,0 :
=1

Proof. We take extensions v; of the u;’s such that ||v;||xi/2.0 < 2[luil| y1/2.0.
I
By duality we have to prove that

3
)‘ ,S N71/4+2€ H ||’Ul'||X1/2,0 .
=1

sup ‘ (w, PN/2U1PN/2U2QNU3))

2
lwll y1/2—c,0=1 L2(RXT

It thus suffices to estimate
T= [ BRI k)Gl k) [Fa (e, k)| dr
R (k) k. ks) € A(N)
where T =7 + 0 + 73, k= k1 + ko + k3 and
A(N) = {(k1, ko, k3) € Z°, |k1| < N/2, |ko| < N/2 and |ks| > N }.
To do this we will use the famous resonance relation for the Schrodinger equation.
Setting o = 7+ k?, 01 = 71 + k?, 02 = 7o + k3 and 63 = 73 — k3, it holds
(31) 0'—0'1—0'2—5'3:2(k3+k1)(k3+k2) .
This ensures that on R? x A(N),
max(|o], |o1], |o2], |53]) 2 N? .
Therefore we get, thanks to (7) and (9),
J 3 N_1/4+2€/ > o5 @, k)lloa [V3[31 (1, k)|
R (k1 k2 ks ) EA(N)

|ora| /8|3 (o, ko) ||G3 | 805 (73, ks)| dry dra dis

S NV (oY) | o ey 1 F (16 B8] | o ey
2
LTI o2 15D by
i=1
3
5 N_1/4+2€||’w||X1/2fe,o H ||vi||X1/2,o .
i=1

This completes the proof of the lemma.
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We are now in position to prove the Proposition 5.2. Let ug € A we decompose
u(t) = S(t)up by
(32) u(t) = v(t) + w(t)
where v and w are defined as in (25)-(26). Note that (26) can be rewritten as
Wi + 1w +yw = —iQn (Ju*u) + QN (Jv]*v)

which clearly ensures that (32) holds.

5.1.2. Decay in time of w. From Theorem 3.1, (11) and the fact that u belongs
to the attractor, we know that for all ¢ € R (recall that A is positively and negatively
invariant by the flow),

(33) ||u||X1/2+,0 S MQ and ||QNU||X1/2,0 S E(N) .
Jt—1,t+1] Jt—1,t+1]

Since u € Xff?}’? for any T > 0, proceeding as in Theorem 3.1 it is easy to

prove that the Cauchy problem for w is locally well-posed in L?(T) and thus w €
C([~a, a]; L3(T)) for some o > 0. Moreover, proceeding as in the proof of Theorem
3.1, we get the following estimate on w for all ¢ €] — a,af and 0 < § < min(|t —
al, |t + af),

(34)

< Mlw(t 50+ ( 2 2 1) '
lollprzro S lw®llzeem) + 0wl crzno Hw”XffI;ia[ + HuHXffI;i(;[ +
Assuming that ||w(t)||z2() is bounded by some constant A > 0 on [0, T] for some

positive time T €]0, o[, we deduce that there exists dg = do(A) > 0 such that for
0 < § < dg small enough,

(33) el S lw@llzm, Ve e 0.7].

From now on, we fix 0 < ¢ < dp such that (35) holds. From this last inequality and
(4) we infer that

36 inf > Jlw(t Ve [0,7].
(36) Te]lg}t+6[|\w(7)||m(1r) 2 w2 [0, 7]
Multiplying (26) with 2w and integrating over T we get
d N
Gl +2lulbe < 2| [ @l vo]

(37) +2‘ / u%?‘ .
T

Integrating (37) with respect to time we obtain the following estimate for any
t€[0,T],

t+5
lw(t + )2 < Hw(t)||%2(qr)€_”6—7/t e 07w (s) |2y ds
t+48
+2‘/ e_V(t+6_s)/(2|w|2u —’UJQE)EdS‘
t T

t+6
(38) +2’/ e_V(t+6_s)/u2E2 ds‘ .
¢ T
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From (36) we infer that,

t+6
(39) / e 1H5-9) 4(8) |24y ds < —C (1 = e |w(t) [2cq, -

Let us estimate now the two last time integrals in (38). To do this we will extensively

use that, following [11], for h € X];if;[ﬂa Xﬁ{f:&?»o with 0 < a0 << 1, it
holds

40 ‘/ y(t+6— S)/h(s,x)g(s,x)dzds‘ﬁ C(5,Oz)||h||X71/2+a,o||g||X1/2+a,o.
T 1t,t+8( 1t,t46]

and g €

Indeed, taking time extensions i and § of h and g such that ||§||x—1/24a0 <
2||g||X—1/2+a,0 and ||h||X1/2+a,0 S 2||h||X1/2+a,o, we have
Jt,t+5[ 1t,t+8[

‘/ y(t+o— S)/h(s x)@dzds’

= ’// s, @) Xpetsie TG (s, x)dwdS’

e —(t+o- S)gHXl/Q o,0

||h||X*1/2+avU||X[t,t+6]
with

(t+5*5)§||xl/270h0 < ||X[t,t+6]€77(t+575)||mo||§||X1/27a,0

Flxgeersie” 7

S Cle0)]gllxi/zvan0

With (40) at hand, we deduce from (10), (33) and (35) that
t+6

/ e V(tHo=s) /(2|w|2u - wzﬂ)wds‘
t T

2 2—
S @y —w u)”X]Z,I/fJ’“Hw”Xﬁffig?

X[t e+50€7

| zr2r2=a |Gl Loo ;L2 (T))

Il =

< 3 ( )
S el (Rl ey + Nl ze

(41) S s (el + Mo)

To estimate the last time integral we split it into two parts in the following way:

’/ v (t+5— S)/u2ﬁ2ds‘
T

\/ 51 [ Q) (Quauls) + 2Py au(s) (W () s

+‘/ e~ (t+6—5) /(PN/QU(S))2(E(S))2 ds
t T
(42) = Iy +1xn.
To estimate Io; we proceed as above and use (33) to get
In < K
21 X HUHX]I/SQF ”QN/Qu”Xﬁ{fB? Hw”X]l/fia?

(43) < Moe(N/2)|lw(t)|Zac) -
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Finally, to estimate Iy we use Lemma 5.4 (recall that w = Qyw) and (35) to
obtain

2—
Iy < [[(Pnj2v(s)) wHX]I,ﬁ/faT’OHw”Xﬁ{ﬁ(é?

Mg o
S Wllwllxﬁ{m

M2
(44) S Nl—/?;_Hw(t)HQN(T) :
Gathering (38)-(44) we thus infer that for all ¢ € [0,T],
lw(t + )72y — ||w(f)||i2(1r)€776

Mg
<0 (el U@l 2w + Mo) + Mo =(N/2) + 5= )

(45) ~Co(1 = )| Jw(®)l3cry -

Since w(0) = @n(up), according to Proposition 5.3, we can choose N > 0 large
enough so that the right-hand side of the above inequality is negative at ¢ = 0. By
direct iteration in time and (36) we thus infer that
(46)

lw(®)llz2ery S e lw(0)ll L2y £ e lQ@nuollL2er) S e e(N), vt € [0,T].

In particular, |[w(t)||z2(1) is bounded by A = Cljw(0)|z2(1y on [0,T] and from the
local well-posedness of (26) we infer that w € C(R,;L?(T)) and that (46) holds
actually for any 7" > 0. This proves the first assertion of Proposition 5.2.

5.1.3. Estimate on Qnv. First since u = v + w we deduce from the preceding
subsection that, for N large enough, v is well defined for all positive time and
v € C(Ry; L*(T)). Now, since by construction Pyv = Pyu and u belongs to the
global attractor, we get thanks to (33) that

(47) [Pvo() a2 S |1Pvut)|az < C(N), V&= 0.

It thus remains to control the high frequencies of v. Inspired by [21] we introduce
the functions g and g defined by

(18) R

so that gy satisfies the equation

and gy = Qng

OtgN + 10229N + 79N = QN f .
Therefore, setting z := Qnv — gn, 2 = Qnz and is solution of

{ 2t +i2e0 +y2 +iQn(|[v]?v) = 0

o 0) =~

We plan to prove that z(t) is uniformly bounded in H?(T) for positive times. We
will need the following result on the behavior of gn with respect to N.
LEMMA 5.5. gy € H2(T)N X]lff:}[ and it holds

(50) lgn [l 2Ty + ||9N||x]ljf’;[ <e(N)

where e(N) — 0 as N — +o00.
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Proof. 1t is clear that

lgn a2y < 1Q@Nfllz2my — 0 as N — 400
Let now ¢ € C5°(] — 2, 2[) such that ¢y =1 on [—1, 1]. It holds

||9N||X]1jf’i[ < wgnlixiza = (7 + &2 (k) bgnll L2 @xz)

()20 L2y 1) g | 22y +
91l L2 @) 1) 2 gn [l 2z) S lgnllaz ey -

IN

This completes the proof of the lemma.

It is worth noticing that combining (29), (50), (33), (35) and (46), there exists
0o > 0 such that

(51) l=@llzzr) < (N) and 2l gayap0 S Mo, V20,
t—30,t+dg

where e(N) — 0 as N — +o00. Therefore, taking 5 > 0 small enough, it holds

283 1
52 z i < ||z||* 22 z|| 28 < (N
(52) l ||X]1t/j§<;’t+ao[w|| ”X]D{EJO,H%[H ”Xﬁ/fif,’;iao[w (V)

where ¢/(N) — 0 as N — +o0.
According to the linear estimates (5)-(6), to prove that the equation (49) is
globally well-posed in H?(T), it suffices to prove the following estimate :

1/2+,2

LEMMA 5.6. Assuming that z € X; for some time interval I C R with
|[I| < 1. The following estimate holds :
(53) [@x(ePo)]| s S OO+ el e

Proof. We decompose v as v = Pyu + z + gy so that we have to estimate
HQN (|PNu + 24 g2 (Pyvu+ 2 + gN)> HX;1/2+e,2 )

Let us first estimate the expression containing gy, i.e. terms of the form
1@n (@ w1ws)| g 172402 o8 QN (Wrgnw2)l| y—1/242

with (wy,ws) € {gn, Pyu, z}2. By the triangle inequality we can write
||QN(9_NU/1’UJ2)||X;1/2+€,2

< ll@v@rwiws)ll y-1/20e0 + ||QN(9_ND§@1M2)||X;1/2+&0

+||QN(9_N7~U1D§7I’2)||X;1/2+6w0 + ||QN(%U}1M2)||X;1/2+610

(54) HIQN (@GN DZgnwa) | 172400

with (wy,w2) € {Pyu,z}. The terms containing no derivative on gy of the above
right-hand side can be estimated thanks to (7), (50) and (51) by

ol o201 Pl yorea + 12l o722 +
ol 2720} (1Pwull 1720+ 2l /20 + gl r20)

(55) S e(N)(MGN? + Mo|z]| y1/22 +€(N)) -
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For the terms that contains two derivatives on gy we write
||QN(D92cg_Nwlw2)||X;1/2+é,0
||9N||H2(1r)||w1||L7°Loo(1r)||w2||L;°Lw(1r)

e(N)|wnl| e 1y w17 2oy 0 1158 e oy w2 58 o
e(N)(MGN? + (N2l 17242 + (V) -

AR ZANRZA

(56)
The terms of the form
QN (@gnw2)l y-1/24e2

can be treated exactly in the same way. It remains to consider the terms where gn
is not involved. From (7) and (52) ,

(57) 2?2ll  -1/24e2 S ||2||§(}/2,0||z||X}/2,2 S e(N)? |2l /2,
and
2 D .. .2
||PNU|Z| ||X;1/2+e,2 + ||PNUZ ||X;1/2+e,2
SIPvull garzollzll y1/2ollll 1722 + [Pl xaszall2lZo 20
,S 6(N)M0||Z||X1/2,0 + N2M0€(N)N_2||Z||X1/2,2
I 1
(58) < (V) Mollz ] g1/2z -
I
To deal with (Pyu)?z we decompose it as
(59) (PNU)QE = (QN/QPNU)(QN/QPNU + 2PN/2U)E+ (PN/QU)ZE = A+ Ay .
Clearly, (33) yields

(60) [ Al -1r24e2 S €(N/2) Mol |2l /22
and using Lemma 5.4 it is easy to check that

(61) lAslx-s/2es S NTVAMZ 2] 1720
Finally,

B ulPzlll x-1/2e S I Prull araoll Prull yarealizl pao + |1 Puulliasaollzl oo

(62) SMENINT2 4 1)z 120 S ME|2] /2
and
(63) |||PNU|2PNU|HX;1/2+E,2 S N2M03 .

Gathering all the above estimates, (53) follows.

1/2+,2

t— 6,016 for any ¢ > 0 and

From the above lemma and (5)-(6) we deduce that z € X,
any 0 < § < §p. Moreover, it holds

l2llgrszse S @lazm + €6 (CON) + |12l 1202 )
Jt—8,t4+8[ 1t—5,t45[
This ensures that for g > 0 small enough,

(64) Izl x/2r2 S llz@®)la2m + C(N) -
1t=30,t+30(
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We will proceed as in the preceding subsection. From now on we fix 0 < § < dg
such that (64) holds. As in (36), this implies that

(63) o e =l — OW), ¥ 20

On the other hand, taking the real part of the H?(T) hermitian-product of (49)
with 2z, we get

d )
(6) 20 ry + 232y = R | =i2( @ ([00), 2

Integrating with respect to time this implies the following estimate for any ¢ > 0,

t+46
12t + ) Zr2zy < Il Fr2mye ™ = v/t e V|2 (5) | Fpa gy ds

t+98
2 [ IR (Qu ol o), 2(5))a ] s
<z Olrz e + (1= ) (CIN) = Cllz®llz())

(67 +2fa e (u(5) P(s) 2(5) s |

To estimate the last term of the above right-hand side we decompose v as in Lemma
5.6. In view of (40) and (54)-(62) to get the following estimate :

o3 [ e () Po(e), 26)) s ] | € COV) e

we only have to care about

t+6
= }/ eI Pru(s)P2(s), 2(5)re ds|
t
To deal with this term we decompose I((|Pyu(s)|?2(s),2(s)) g2 as

S((|Pyvul?z, 2) g ds —I—%/(28x(|PNu|2)8zz+3§(|PNU|2)Z)8£E
T

(69) —|—$/ |Pnul?|022)? da
T

and notice that the last term vanishes. We thus get thanks to (40) and (10),

I<|||Pyul?z|| «-
S|Pyl Z”X]tifﬁé[”ZHX]I/EL‘IH[

—|—H28m(|PNu|2)8wz + 8§(|PNu|2)zHX71/2+YO 121 122

Jt—8,t+8] Jt=8,t+4]

S Mge(N)|2ll grr2s2  +
Jt—8,t+8]

(MEN(N) 2]+ MENZE(N)) 2] 12
1t—38,t+35] Jt—6,t468]
(70) SE(N)HZ”il/H,z +C(N) .
Jt—8,t48]

Combining this last estimate with (55)-(62), (68) follows.
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We thus infer that
12(t + O 172 my < 201302 (mye ™ + C(N)
(71) +C1 (e(N) = o1 =€) [2(®) ey -

For N large enough the last term of the right-hand side is clearly negative and is
bounded from above by

—a Hz(t)H%n(qr) 5
for some small real number o > 0. This ensures that, taking N > 0 large enoug,
there exists C'(IV) > 0 such that

(72) Izl g2ery < C(N), ¥Vt >0,

and thus on account of (47), (50), (64) and the definition of z, there exists K (N) > 0
such that

(73) lo®) g2ry < K(N), Vt>0.
This completes the proof of Proposition 5.2.

5.2. Compactness in H%(T). To prove the compactness in H?(T), it suffices
to show that

(74) 2@ 2(r) < e(N), VE=20.

Indeed, this will imply the same estimate on v and thus on any a € A which will
clearly prove the H?(T) compactness of A. For proving (74), we revisit Lemma 5.6
with (28) at hand. It is then easy to check that the terms involving g in Lemma
5.6 (see (55)-(56)) can now be controlled by

75

g sy (g Wz oy I Pl sz cmpy 2l e stz oy ) S €0 (112l e 1)
and that (see (69) above)
t+6
‘3/ e_V(tM_s)(|PNu(s)|2z(s),z(s))
t

S NPwul?zl| oo gt e ops 2 (v | 2 Lo e, e o122 (1)

+(||3z(|PNU|2)3xZ||Loo(]t,t+6[;L2(1r)) +

ds’
H2(T)

||3§(|PNU|2)Z||Lw(]t,t+6[;L2(1r))) 21| Loo 12,6452 (T))

S IPNUull T oo gt erspmzemy (N 72+ N D207 oo gt e s m2(m))
(76) SN_1H2||X1/2+,2 .
1t t46]

To conclude we need the following estimate that we will prove hereafter.

(77) HQN(lPNUPPNU)‘ <e(N), Vt>0.

—1/24,2 ~
Jt—1,t41]

Proceeding as in the derivation of (68) but with(75)-(77) at hand it is now easy to
see that it actually holds

R O W EX e
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and thus
I2(t + 6l 2(ry < |2(8) || r2emye ™ + e(N)
(78) +C1 (2(N) = Ca(1 = 7)) 2(®) sy -

which proves (74).
5.2.1. Proof of Estimate (77). Note first that due to the frequency projections
it clearly holds

HQN(|PNU|2PNU)H L S HQN(|PNU| PNQN/SU)H Cjaie

1t,t45( 1t,t46[

+ex (evwrPRans)| i

]t t+5[

X,

Therefore, on account of (28) it is easy to check that we have only to care about

(79) HQN(|PNU| 32PNQN/3U)H e T HQN( Pyu) aQPNQN/W)H 120

Jt—1,t4+1] ]t 1,t+1[

since (77) is obvious for terms that involved less that two derivatives on Qn/su.
To bound (79) we will use that there exist C' > 0 such that for all ¢ > 0,

u—ge X]lt/fltil[ (see (48) for the definition of g) with

(50) = gllguaes <C.
Tt—1,t+1[
Indeed from (72) and (64) we know that for Ny > 0 large enough there exists § > 0
and C(Ny) > 0 such that
1Qno(v =gl 17242 =2l 417242 < C(No), Vt=>0,
1t—5,t45] 16—5,t48]

1/2+,2
t—6,t+3]

proof of (28) we can decompose u as u = vy, + wy, With [|wy | fee (=1, 400[;22(T)) — 0
asn — oo and |[v, — gl[y1/242 < C for all £ > 0. We thus infer that
Jt—1,t+1]

and thus v—g is bounded in X] uniformly in ¢ > 0. Now, proceeding as in the

wy, — 0 weakly star in L>(Jt — 1, + 1[; L*(T))
and thus

1/2+,2

—g—u—gin X]tfl,t+1[

which proves (80).
Now, on account of Lemma 5.5, it clearly holds

|on (IPxulPo2Pe@nsag) | oo + @ (Pxw)*TZPa Q) | oo

Jt—1 t+1[ Jt—1,t41]

< ||QN/39||H2||PNU||%°°(R+;H2('J1‘)) Se(N).

It thus remains to estimate

HQN(|PN’UJ|28£PNQN/3(’UJ_ )H —1/2+4,0

Jt—1,t41]

+HQN((PNU)23§PNQN/3(U— )H ~1/2+.0

]t 1,64+1[
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We take extensions 0 = Py of Pyu and ¥ = Qn/3PnY of Qn/3Pn(u—g) such that
||9||X1/2,0 < 2||PN’LL||X1/2,0 and ||19||X1/2,2 < 2||QN/3PN19||X1/2,2 . By duality it
Jt—1,t+1] Jt—1,t+1]

suffices to prove that for e > 0 small enough,

sup H (h, QN(|9|2a§ﬁ)) L M (h, QN(QZaﬁ)) L H S ()10 %1 /2.0 19| x1/2.2

IRl 41/2—c,0=1

and thus to estimate

/ ST (k)0 k)02, )l s 20 (7s, ks)| dry dry dis
k}l,kg,kg EA(N)
/ ST ()0 k)02, ko)l ks 2[0(73, ks)| dry s drs

kl,kg,ks)eA )

where T =71+ + 73, k=k1 + ko 4+ k3 and
A(N) :={(k1, k2, ks) € Z°, |k;i| < N
for i € {1,2,3}, |ks| > N/3, N < |ky + ks + ks| <3N } .
On R3 x A(N), the resonance relation (31) clearly yields
max(|ol, |o1], 02|, |63]) Z (k1 + ks) (k2 + ks)| 2 N?

where o =7+ k%, 01 =11 + k%, 09 = To + k% and 03 = 73 — k% Moreover, noticing
that k1 + k2 # 0 on A(N), we infer that

max(|ol,|o1], |G2l, |o3]) 2 [(k1 + k2) (ks + k2)| 2 N,

where 6o = 7o — k3 and 03 = 73 + k3. Therefore proceeding as in the proof of
Lemma 5.4 we obtain

3
T SNTYEE R xa2-co [T 100 20 [0 x2/2- 2
=1
SCMEN Y34 A x1/2-c0

which completes the proof of (77).
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