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Nonlinear Stability of Rotating Patterns
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ABSTRACT. We consider 2D localized rotating patterns which solve a parabolic
system of PDEs on the spatial domain R2. Under suitable assumptions, we
prove nonlinear stability with asymptotic phase with respect to the norm in the
Sobolev space H2. The stability result is obtained by a combination of energy
and resolvent estimates, after the dynamics is decomposed into an evolution
within a three—dimensional group orbit and a transversal evolution towards
the group orbit.

The stability theorem is applied to the quintic—cubic Ginzburg—Landau
equation and illustrated by numerical computations.
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1.1. Rotating Patterns. Consider a system of reaction—diffusion equations

for a vector function U(z,t),

1991 Mathematics Subject Classification. 35B35, 35B40, 35K57.

Key words and phrases. Rotating patterns, asymptotic stability, nonlinear stability, relative

equilibria, group action, Ginzburg—Landau equation.

Supported by SFB 701 'Spectral Structures and Topological Methods in Mathematics’, Biele-

feld University.

(©2008 International Press

349



350 WOLF-JURGEN BEYN AND JENS LORENZ

(1.1) U= AAU + f(U), z€R? Uz, t)€R™,

where A € R™*™ is a positive definite matrix! and f : R™ — R™, f € C*, is a
smooth nonlinearity. We set

cosf —siné 0 -1
R9_<sin9 cos@)’ J_R’T/2_<1 O>’

and assume a solution U, (z,t) of (1.1) of the form

(1.2) Ui(z,t) = us(R_ct)

where ¢ € R, ¢ # 0, and u, : R?> — R™ is a smooth function. Writing (1.2) in polar
coordinates,

(13) UfOl(Ta ¢a t) = ui)Ol(,r, ¢ - Ct) ’

we see that the solution U, (z,t) = UP* (r,¢,t) given in (1.2) describes a pattern
that rotates with angular velocity ¢ about the origin, x = 0.

The aim of this paper is to give conditions for the pattern wu.(x) and the lin-
earization of equation (1.1) about wu,.(x) which guarantee nonlinear stability with
asymptotic phase of the rotating pattern under small initial perturbations. A pre-
cise stability statement is formulated in Theorem 1.1 below. In Section 8 we apply
the stability theorem to the cubic—quintic Ginzburg-Landau equation.

An essential assumption is that the pattern u.(z) is localized in the following
sense:

Assumption 1: For some constant vector u., € R™ we have 2

(1.4) sup |us(z) —us| —0 as R — oo,
|z|>R
(1.5) sup |D%u(x)] —0 as R—oo for 1< |al <2,
|z|>R

(1.6)  uye — us € H*(R,R™).

Remark 1: A class of patterns that are not localized in the above sense are
Archimedian spirals. These satisfy |2 (r, ¢) — uso (k7 4 ¢)| — 0 as r — 0o where
Uso(€) 18 @ non—constant 2r—periodic function. Spectral stability and instability of
Archimedean spirals is discussed in [17]. An extension of the nonlinear stability
results of the present paper to Archimedian spirals is non—trivial, however, and will
be the subject of future work.

The following assumption greatly facilitates our stability proof:

Assumption 2: Let uy, € R™ denote the constant asymptotic state of the
pattern introduced in Assumption 1. Then the matrix Boo = f(uco) is negative
definite:

1The Euclidean inner—product on C™ and R™ is denoted by (u,v) = >_ 4;v; with correspond-
ing norm |u| = (u,u)'/2. The matrix A € R™*™ is assumed to satisfy (u, %(A—i—AT)u) > 284|ul?
for all u € R™ where 84 > 0. We then write A > 2841 > 0.

2With D* we denote a partial derivative of order |a|. For the Sobolev spaces used see Section
2.1.
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By, <281 <0 .
Henceforth we will assume u., = 0 for convenience and without loss of generality.

Let us transform equation (1.1) to a co-rotating frame: The function U(z,t) =
u(R_ctx, t) solves (1.1) if and only if u(z,t) solves

(1.7) uy = AAu+ cDgyu + f(u)
with

D¢ = —$2D1 + xlDQ, Dj = 8/8IJ .

The function u.(z) determining the rotating pattern (1.2) is a time—independent
solution of (1.7), i.e., if we define

(1.8) Lou = AAu+ cDyu

then Lou. + f(us) = 0. In other words, u. is an equilibrium for equation (1.7).

A fundamental and well-recognized difficulty of any stability result of an equi-
librium w, is that w, is mot an isolated equilibrium. Besides wu,, any function
u(z) = u.(R_px) also satisfies

(1.9) AAu+ cDgu+ f(u) =0.

It is more important, however, that any solution u, of (1.9) gives rise to a three
parameter family of solutions U (z,t) of (1.1): If n € R? and @ € R are arbitray, then

(1.10) U(z,t) = us(Rct—o(x — 1))

solves (1.1), representing a pattern obtained from U, (z,t) = u.(R_cix) by shifting
and rotating the x—coordinates. For fixed ¢, the spatial patterns z — Ul(x,t)
in (1.10) form the three dimensional group orbit of u,; see Section 1.3. For the
perturbed dynamics near U, (x, t) one must expect different decay behaviour within
and towards the group orbit of u,, and any stability analysis must take this into
account.

We remark that the three—parameter family of patterns ¢ — U(x,t) in (1.10)
typically do not solve the equilibrium equation (1.9). Nevertheless, under suitable
assumptions, the linearization of (1.9) about . has a three dimensional invariant
subspace corresponding to three eigenvalues on the imaginary axis; these eigenval-
ues are 0 and +ic.

1.2. Outline and Discussion. The main result of the paper is the Stability
Theorem, Theorem 1.1. To motivate and formulate it, we present some background
material on group action in Section 1.3. The presentation is specialized to our
application, namely to take the 3—dimensional group orbit of u, into account. A
major step of the stability analysis is, then, to decompose the perturbed solution
u(zx,t) into two parts: One part evolves within the 3—dimensional group orbit of w.,
the other part in a linear complementary subspace W of codimension 3. Roughly
speaking, we show that the evolution in W decays exponentially; this allows us,
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a posteriori, to control the dynamics within the group orbit and to prove that it
settles to a precise asymptotic form.

To establish exponential decay of the (linearized) dynamics within W turns
out to be quite delicate. Our approach to obtain this result may be of some inde-
pendent interest and is formulated as a theorem on Cpy—semigroups in Section A.
The issue is the following: Suppose one has established exponential decay for some
Cy—semigroup,

let ) < Ce™?, t=0, B>0,
and wants to show exponential decay for a semigroup

oHA+B)

where B is a bounded linear operator. Of course, in general, exponential decay for
e!(A*+B) does not hold. Suppose, however, that

ReA<—-06<0
for all eigenvalues A of A+ B. In general, exponential decay of the semigroup e*(
still cannot be concluded since the operator e!AT5) ¢ > 0, may have continuous
spectrum reaching into the right-half plane (see [13] or [12] for an example * and
[8, Ch.IV] for a recent overview of the problem). However, if we add the assumption
that the operators

A+B)

Betd, t>0,
are compact, then exponential decay of e!(4T5) does follow. We will prove this in
Appendix A.

Using this abstract result, exponential decay of the linearized dynamics in the
complementary space W follows and the Stability Theorem can be proved. We refer
to Section 1.7 for a discussion of related techniques in the literature, in particular
for proving stability of traveling waves.

1.3. Relative Equilibria and Group Action. We will explain the notions
in the context of equation (1.1).
The Euclidean Group SE(2). Let

SE(2) =R?x S*
denote the Euclidean group consisting of all pairs
v=(n,0), neR? 0S8,
with group operation
voy = (n.6)0(7.6)
= (n+R9ﬁ,9+é) .
Here S' = R/(27) denotes the circle group. The unit element in SF(2) is denoted
by 1 = (0,0).

3Theorem 16.7.4 of [12] gives an example of an operator A with a value p # 0 in the
continuous spectrum of e? for which all solutions A of the equation e* = p lie in the resolvent of

A.
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Group Action. Let u : R? — R™ denote any function and let v = (n,0) €
SE(2). One defines the group action by

(1.11) (at)u) @) = u(Boo(z =m), @R v=(n,0).

Our analysis below will be carried out in the function space

H%,.,={u€ H? : Dyuec L*}.

(For definitions of spaces and norms, see Section 2.1.) It is easy to see that u €
HZ, ., implies a(y)u € Hz,,., and

aly 0 F)u = (%) (a(v)u) .

Let us define the operator F : Hz, . +— L? by F(u) = AAu+ f(u). It is well
known that F' is equivariant with respect to the action of the group, i.e.,

(1.12) F(a(y)u) = a(y)F(u), v€SE(2), ue€ Hp,,.

DEFINITION 1.1. A relative equilibrium of the system (1.1) is a solution U, (z,t)
of the form

(1.13) Ud(z,t) = [a(y(1)us](z), z€R? t>0,
where u, € Hg,,, and v € C1([0,00), SE(2)).

By definition, the group orbit of a function u, € H3,,., consists of all functions
a(y)us(-),y € SE(2). Using this terminology, a relative equilibrium of the system
(1.1) is a solution U.(x,t) of (1.1) that moves within the group orbit of some fixed
pattern u, € H}%ucl.

To ensure that the function (1.13) solves (1.1), the motion ~(¢) on the group
is by no means arbitrary. In fact, it always has the form v(t) = exp(gt) for some
element g in the Lie algebra, but we will not make explicit use of this fact, see [4,
Theorem 7.2.4].

In our case, assume that the functions

(1.14) w1 = Dius, 2 = Dous, @3 = Dyus

are linearly independent. Then one can show that a relative equilibrium (1.13) is
either a rotating wave,

(1.15) Ui(2,t) = us(R_ct(x — 20) + 10) for some ¢ #0, x9€ R?,
or a drifting wave,
(1.16) Uu(w,t) = us(z — tvg) for some vy € R?.

For the solution (1.15) of (1.1) the point xy is the center of rotation. For the original
solution u,(R_qtx) in (1.2), the origin = 0 is the center of rotation. Perturbing
the initial data u.(x) will generally excite rotational as well as translational modes
of the solution and, in particular, one must expect the center of rotation to move
out of the origin. For further details of the perturbed solution, see Theorem 1.1.
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1.4. Eigenvalues of the Linearized Operator L. Introduce the linear op-
erator

(1.17) Ly = AAv + cDgv + B(z)v

with

B(x) = f'(u.(x))

which is obtained by linearizing the equation
(1.18) Lous + f(us) =0

(with Lov = AAv + ¢Dyv) about u,. We consider £ and L, as operators from
H}%ucl to L2.

Applying Dy to the equation (1.18), one finds that Dyu, is an eigenfunction
of L to the eigenvalue zero. Also, applying D and D to (1.18), one finds that £
has the invariant subspace

(1.19) span{Diu., Douy }

with corresponding eigenvalues +ic (see Lemma 2.3).
Remark 2: One can obtain these results also by differentiating the equation

(1.20) (AA + cDg)(a(y)us) + fla(y)us) =0 forall ~v=(n,0) € SE(2)

with respect to the group variables 8,7, and 7. Here one should note that the
group SE(2) is not Abelian. Under the action of an Abelian Lie group with 3
dimensional Lie algebra, one can expect a zero eigenvalue of multiplicity at least
three. We also note that by differentiating (1.11) w.r.t. 71,72, and 8 and evaluating
at (n,6) = (0,0) one obtains that the space

@ := span{Dyu., Dau., Dyu.}
is tangent at w, to the group orbit of wu..

Assumption 3: The functions Dju., Dou, Dyus lie in HZ, ., are nontrivial,
and the corresponding eigenvalues +ic and 0 of £ : H%, , — L? are algebraically
simple.

As we will show, Assumptions 1-2 guarantee that the operator £ from (1.17)
has its essential spectrum in the region Res < —23. In fact, we will prove that
the operator Loov = AAvV + ¢Dyv + Boov has resolvent for Res > —20; here the
assumption B, < —281 < 0 is crucial. A compact—perturbation argument then
shows that the essential spectrum of £ lies in Res < —20.

The existence of eigenvalues s of £ with Res > —28 and s ¢ {ic, —ic,0} will
be excluded explicitly:

Assumption 4: The operator £ : Hz,, ., — L? (see (1.17)) has no eigenvalue
s € C with Res > —20, except for the eigenvalues s o = +ic and s3 = 0 mentioned
in Assumption 3.
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1.5. Stability Theorem. Consider the initial value problem

(1.21) up = AAu+ cDyu + f(u) = Lou+ f(u), u(x,0) = u.(z) + vo(z)

where vy € Hz,,; is small w.r.t. | - ||g2z. Our main result is the following.

ucl

THEOREM 1.1. Under the Assumptions 1-4 there exist constants € > 0 and
C > 0 so that the following holds for ||vo||gz < € :

(1) the solution u(x,t) of (1.21) exists for all t > 0;
(2) the solution u(x,t) can be written in the form

(1.22) u(z,t) = u, (R_g(t)(x - n(t))) +w(z,t)

where

n e Cl([O,oo), [R2)7 0 e Cl([O,oo),Sl) ,
(1.23) w(-, t)| g2 < Ce™H|vg| a2 5

[n(0)] +16(0)| < Cllvoll = ;
(5) there ewist oo € R?, 00 € ST, depending on vg, such that

(1.24) [1(t) = R—ctioo| +10(t) — Oso| < Ce™|Jvo]| 2.

Remark 3: The constants 7., and 6., specify the so called asymptotic phase
of the perturbed solution. For the original variable U(z,t) = u(R_¢2,t), solving
(1.1), one obtains

Uz,t) = u«(R_gu)y(Rctwx —n(t))) +w(R_sx,t)
= a(y(t))us + w(x,t).
Here, using the group action (1.11) we define
(1.25) v(t) = (7(t),0(t) + ct),  7i(t) = Ren(t), @d(x,t) = w(R_cex,t).
Then the estimates (1.23) and (1.24) can be written as follows:
[7() — 00| + 10(2) = boo| + U (- 8) — aly(t))usll 2 < Ce™ U, 0) — w2

That is, U(-,t) approaches, in H2-norm, a pattern a(vy(t))u, similar to the unper-
turbed pattern u,(R_.:x), but the perturbed pattern rotates about the center 7
and has a phase shift 6.,. The angular velocity c¢ is the same for the unperturbed
solution u.(R_.x) and the asymptotic solution a(v(t))u.. The decay of the error
term, w(-,t), to zero and the approach of the group variables 6(¢) and 7(t) to their
limit values 0, and 7. is exponential as t — oc.

Remark 4: In Theorem 1.1 we have left the notion of a solution imprecise. In
fact, to prove the theorem, we will use an integral formulation and a contraction
argument w.r.t. || - || gz, leading to a mild solution of (1.21). This is a function

ue ! ([0, ), L2) N c([o, ), H?)
satisfying the integral version of (1.21),

(1.26) u(t) = € v0) + [0 () dr
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Because of the simple structure of the nonlinearity, the contraction argument does
neither need nor provide any control of || Dgu(-,t)|| 2. However, using the assump-
tion vy € H%,,;, one can show, a posteriori, that || Dyu(-,t)|/ 12 exists and grows at
most exponentially in time. In fact, the constructed solution u(x,t) is a classical
solution of (1.7) and, for all ¢ > 0, we have

ug(+ ), Au(-,t), Dgu(-,t) € L*(R*,R™) .

See Section 7 for details.

Remark 5: We believe that, using Assumption 2, one can show that the
equilibrium pattern u.(z) and the solution u(x,t) of (1.7) decay exponentially as
|z] — oo. Moreover, we expect that (1.5) can be deduced from (1.4) under As-
sumption 2. However, we have not carried out detailed arguments.

1.6. Outline of Proof and Functional Analytical Setting. We will use
the linear operators

(1.27) Lv = AAv+cDygv+ B(z)v, B(z)= f'(u«(z))
(1.28) Lov = AAv+cDyv

(1.29) Loov = AAv+cDyv+ Boov, Bo = f'(ux) = f'(0)
with

Dyv = —z2D1v + 21D2v .

We consider £, Ly, and Lo as operators from Hz, ., into L?. Since the operator
Dy has unbounded coefficients, some of the results derived below do not seem to
follow directly from standard theorems.

In Section 3 we consider the resolvent equation

Lov—sv=h, helL? Res>-f,

and construct a solution v € H%
estimates

wei- For Res > —f3 we also show the resolvent

(Lo = 5) Al

Eucl

IN

C(1++ [Tm 52 ) 1]13,
1

< ———||h| 22

- 26+Res” e

These imply that Lo @ H%,, C L? — L? is a closed operator. Since Hz,, is
dense in L? one obtains existence of the Cy—semigroup et*= : L? — L? and for the
generator the domain of definition

[(Loc = 5) 'Rl 2

D(EOO) = H%'ucl .
The operator

Lv =LV + (B(x) — Boo)v
differs form L., by a term which is a bounded operator from L? into L?. One

obtains the semigroup e** : L? — L2. More generally, we show that the same
results hold for Sobolev spaces H™,n > 1, with H", Hg” replacing L2, H%ucl.

ucl
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Using the energy technique, we will show exponential decay estimates for the
semigroup e**= in H? in Section 5. A main difficulty is to extend these decay
estimates for e*“> partially to the semigroup e**: The purely imaginary eigenvalues
+ic and 0 of £ must be taken into account. To do this we decompose the space H?
as

(1.30) H =0 (H2 N \Ixi)

where ® is the 3-dimensional space (1.19), corresponding to the eigenvalues +ic
and 0 of £, and ¥ is the corresponding space for £*. Here the adjoint £* and the
orthogonal complement W+ are taken w.r.t. the L? inner product. In Section 4 we
justify the application of Fredholm theory.

In (1.30) the space H? is decomposed into invariant subspaces for £ and we
show the decay estimate

(1.31) e Cwoll e < Ce™P|lwol| gz,  wo € H2NTL,

in Section 5. A corresponding estimate holds for || -[[z2  but we will not use this.

Using the projector P from L? onto U1 along ® and an implicit—function
argument, we decompose the solution u(z, t) in the form (1.22) and derive (coupled)
evolution equations for the group variable v(¢) = (n(t),0(t)) and the error term
w(z,t). The evolution equations take the form

(1.32) Y= Eey = (@), w(, 1)
(1.33) wy—Lw = r(y(t), w(-, 1))

with coupling terms [} and 7[*); see Section 2 for details. Here the error term
w(z,t) evolves in the space H2 N WL, and the decay estimate (1.31) can be used
for the inhomogeneous equation (1.33).

Using an integral formulation of (1.33) (see (6.4)) and careful estimates of the
coupling terms 70! and 7[*!, a contraction argument is then used to prove Theorem
1.1. The details are provided in Section 6.

1.7. Remarks on the literature. Structurally, our approach for splitting the
dynamics as in (1.32), (1.33) follows Henry’s method [11, Ch.5] for proving stability
of traveling waves with asymptotic phase. A few generalizations and variations of
this technique have been developed since, and we refer to [18] for a recent survey.
Most results use analyticity of the semigroup and prove exponential decay by using
the integral representation of the semigroup and resolvent estimates. As noted
above, this approach does not apply when the linearized operator generates only
a C%semigroup. For this case Bates and Jones [2] set up an invariant manifold
theory allowing to decompose the dynamics near a traveling wave into a center
manifold (formed by the translates of the wave) and a stable manifold. Exponential
decay of the semigroup is obtained in a similar but somewhat more involved way
by comparing with a constant coefficient semigroup, see the application to the
FitzHugh Nagumo system in [2, Sect.4]. A general abstract principle that allows
to reduce the dynamics near a relative equilibrium to a center manifold is derived
n [16]. Moreover, using the arguments from [2] the authors prove that the center
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manifold is exponentially attracting for rotating waves satisfying our assumptions.
However, stability with asymptotic phase is not discussed in [16].

Finally, during revision of the manuscript we learnt of the recent work [9]
which uses compact perturbation techniques for C°-semigroups (see Appendix) for
proving nonlinear stability of traveling waves for some combustion problems.

Acknowledgement: The authors are particularly grateful to Vera Thiimmler
for her excellent numerical work on the Ginzburg-Landau equations in Section 8.
Not only did her results illustrate the theory at an intermediate stage, they also
stimulated completion of the spectral investigations.

2. Decomposition of the Dynamics

In this section, the solution w(z,t) of (1.7) with initial condition u(z,0) =

u(x) + vo(x) will be decomposed as
u(a, ) = wa(Rgn (x — (1) + w(w1), w(1) € B NwL

where w(x,t) will be shown to decay exponentially.
2.1. Spaces and Norms. On L? = L?(R?,C™) we define the inner product
(u,v)p2 = /[R2 (u(z),v(z)) dzx
with

(u,v) = Zﬂjvj .

For brevity we often write (u,v) = (u,v)z2. On the Sobolev space H"(R? C™) we
have a semidefinite and a definite inner product:

n!
(u,v)gn = Za(Do‘u,Do‘v)Lz
|a|=n
2
(2.1) = > (Di,+Di,u,Dj, - Di,v)p
i1 yeeeyin=1
! e, pa
((U,'U))Hn = Z ?(D U,D U)L2
la|<n
(2.2) =) (u,v)gr
k=0

with corresponding (semi) norms
Julfrm = (w,u)gn and lul[fm = ((u,0)) 6 -

A simple calculation shows that the inner products are invariant under orthogonal
transformations of the independent variable, i.e., (u,v)gn = (uo Q,v 0 Q)gyn if
QTQ = I. Thus we have for all v € SE(2) and all u,v € H™:

(2.3) (@(w, a(Mv)am = (w,v0)En, la(y)ulgn = |ulmn,
(2.4) ((a(y)u,a(y)o))an = ((w,0)em,  [la(V)ulam = [lufan
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Finally, for n > 2 we introduce the space
Hpw={u€ H": Dyuc H"?}
which is a Hilbert subspace of H™ with inner product
(w,v)my,,, = (W, 0)n + (Dyu, Dgv)) grn-—2.

The following lemma generalizes the rule

(2.5) (u, Dgu) =0 .
LEMMA 2.1. Forn € N we have
|
(2.6) S LD, D*Dyu) = (u, Dyu)m = 0

al

|a|=n
if u, Dgu € H"(R,R™).
PrOOF. From

D¢’U, = —x9Dju + x1Dou

we have

D1D¢ = D¢D1 + Do

and, by induction,

(2.7) D¥Dy = DyD¥ + kDY D, .
Similarly,
(2.8) DYDy = DyDs — 1D, DS

Combining these equations we have

(2.9) DY¥DYDy = DyD¥ DL + kD¥ 1 DLt — | DFF DL
From (2.5) and (2.9) we obtain

n

> —(D%u, D*Dyu) = Z(j) (DI DY Iu, DI D} Dyu) =

lajl=n j=0

—

> =) () 05w D3 D),
=0 J
Shifting the index in the second sum we end up with

n

> (j (?) —(n—j+1) (j " 1)) (D}Dy 7w, DI Dy 7wy = 0.

j=1
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LEMMA 2.2. Let u, Dgu € H"(R?,C™). Then we have

|
(2.10) 3 %Re (D*u, D*Dyu) = Re (u, Dyti) g = 0 .

lor|=n
PROOF. This follows from the previous lemma since we can write u = uy + ius
with u; € H"(R?, R™) and obtain
(u, Dgu)gn = (u1, Dypur) gn + (u2, Dyua)gn — i(ug, Dyur) gn + i(u1, Doug) gn
O
2.2. The Eigenvalues 0 and +ic of L. Recall that U.(x,t) = us(R_ctx)

denotes a solution of (1.1), thus u.(z) is a stationary solution of (1.7). The operator
obtained by linearizing the stationary equation (1.7) about wu, is

(2.11) Lv=AAv+ cDyv+ B(z)v, B(z) = Df(u.(x)).

LEMMA 2.3. Let U.(x,t) = u(R_ctx) denote a rotating pattern solving (1.1)
with u, € H%ucl, ¢ # 0, and nontrivial functions @1 = D1, w2 = Doy, p3 =
Dgyu, € H%,,.,- Then *ic are eigenvalues of L with eigenfunctions @1 +ips, and 0
is an eigenvalue of L with eigenfunction 3.

PROOF. Applying D; and Ds to the stationary equation (1.18) leads to
0= L(Dyus) + cDouy, 0= L(Dauy) — cDyus,

from which the first assertion follows. Similarly, we apply Dy to (1.18) and, using
DyA = ADy, obtain the second assertion. O

By Assumption 1 we have u.(z) — us = 0 as |z| — oo; therefore, the linear
operator

(2.12) Loov = AAV + ¢Dyv + Boov, Beo = f'(us) = f'(0),

also plays a role in our analysis. We consider Ly, £, and L, as linear operators
defined on H%, , taking values in L?.
The formal adjoint of £ is defined by

(2.13) L*u=Au—cDgu+ B(-)'u, L*:Hp,u— L*,
and satisfies
(2.14) (Lu,v)p> = (u, L*0) 2 for all w,v € Hayu -

(We will see below that the formal adjoint £* does, in fact, agree with the abstract
adjoint of £ as defined, for example, in [19].)
The following lemma summarizes important properties of the operator L.

LEMMA 2.4. For all complex s with Res > —20 the operator
Loo = s (Hgye |l lmz,.,) — (L2 1] - |l22)

Eucl

is a linear homeomorphism and the operator

L—s: (Hpye, || Nlaz,.,) = (L% lz2)
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is Fredholm of index 0. Moreover, there exist adjoint eigenfunctions 1,102,103 €
HZ (R? R™) with

L* (1 £ivhe) = Fic(yr £ irha),

(2.15) Loy — 0.
For sy =ic, sg = —ic, s3 = 0 the inhomogeneous equation
(2.16) (L—sj)u=h, hel? j=1,23,
has a solution uw € H%,, , if and only if
(1 +ith2, )2 = 0, j=1,
(1 —ith2, )2 = 0, j=2,
(Y3, k)2 = 0, j=3.

If the orthogonality condition is satisfied, then one can select a solution u of (2.16)
with

lullz2 < ClIA]] 2
where C does not depend on h € L2.

PROOF. Resolvent estimates for L, are shown in Section 3. Based on these,
the Fredholm property of £L—s follows essentially from the Riesz—Fréchet—Kolmogorov
compactness criterion; see Section 4 for details. ([l

Lemma 2.4 is written in spaces of complex valued functions. Since we have real
differential operators we can express the same results in terms of real-valued func-
. . . . 2 2 2
tions. If necessary we write the corresponding real function spaces as Lg, Hg, Hg p,,.-

Lemma 2.4 can be used to decompose the spaces L2, HZ and Hﬂ%,Eucl as follows.
First, define

(217) ¢ = Span{¢la P2, 903}5 U= Spa’n{wla 1/}271/)3}7 W = \I/la

where the orthogonal complement of ¥ is taken in L. Then, for n > 2, introduce
the subspaces

(2.18) W =H"NW, Wgua=Hpua "W.
With these settings we have

(2.19) Lg=2oW and Hp=0&W? HEp,,=2®Wz,, .

The decompositions (2.19) are compatible with the operator £ : Hz,, ., — L? in the
sense that

(2.20) L®)Cc® and L(WE,,)CW.
We can carry this argument further to show that
(2.21) H puet = P& Wiy and L(Wh,y) C W2
Note that & C H, é) Euct follows by Theorem 3.2 from
Loopj = sjpj + (Boo —B())g; j=1,2,3

and Assumptions 1 and 3.
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Using the simplicity of the eigenvalues +ic we have (¢ + itha, p1 + i) 2 #
0 and, therefore, may assume (¢ + itha, 1 + ip2)rz = 2. Combined with the
orthogonality of left and right eigenfunctions, this implies the normalization

(2.22) (’t/]j, ng)Lz = 0j.k for j, k= 1, 2, 3.
The projector P from L% onto W along @ is then given by

3
(2.23) Pu=u—>Y ¢;(th,u)re.
j=1

This projector P also maps Hy g, onto Wg,, ., and H" onto W"(n = 2,4).

2.3. Decomposition of the Solution u(z,t). Let u(x,t) denote the solution
of (1.21), i.e., u solves the differential system (1.7) (with stationary solution u.(z)),
but the initial data are perturbed, u(z,0) = u.(z) + vo(x). A major step is to
decompose u(x,t) into two parts: One part moves within the group orbit of u, and
the other part, which we call w(x,t), moves within the space W = ¥+:

(2.24)

where

w(,t) € W, ~(t) = (n(t),0(t)) € SE(2).

This decomposition follows the approach for traveling waves in [11, Ch.5] and
corresponds to a transformation to a local coordinate system. The local coordinate
system uses the group variables vy = (7, §) and the subspace W = ¥+ defined above.
Note that W is transversal to the space ® where ® is the tangent space, at u,, to
the group orbit of u, (cf. the slice theorem in [4]).

A rigorous formulation of the change of coordinates uses the derivative of the

group action
SE(2) ~— L?
a(-)uy :
©) { v = ayu
defined by (1.11). As follows from Assumption 3, this derivative exists and can be
evaluated at v = 1 = (0,0) as follows:

3
(2.25) Dla(Q)u.Jp =Y pjp; for pe R,

j=1
Here we have identified the Lie algebra Ty SE(2) = se(2) with R®. The following
result is then a consequence of the inverse function theorem.

LEMMA 2.5. Let P denote the projector (2.23). The map
SE(2) — )
2.26 T:
(2.26) { v = (I= P)a()u, )
satisfies T'(1) = 0 and is a local diffeomorphism near v = 1 with derivative
3

(2.:27) DU(W)p = np;, ner.

Jj=1
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Moreover, the transformation
T:{SE(Z)XW — L?
(vyw) = T(rw) =a(y)ux —us +w
is a local diffeomorphism near (1,0). The solution of T(y,w) = v is given by
(2.29) y=T"Y(I = P), w=2v+u,—a(y)u. .

(2.28)

PRrROOF. It suffices to note that the map
(2w) — DT(2,0)(1,10) = Dla(L)u.lps + w
is a linear homeomorphism from R® x W onto L? and that T'(y,w) = v and w € W

imply (I — P)(a(y)us — ux) = (I — P)v; hence we have v = I'"1((I — P)v) by the
first part of the lemma. O

2.4. The Decomposed System. Consider a solution u(-,t) of (1.21) for a
time interval 0 < ¢ < to where t is chosen so that u(-,¢) lies completely in a
neighborhood of wu, where the transformation T (see (2.28)) can be inverted, i.e.,
(2.24) can be re-written as

(2.30) u(t,t) —us(s) = T(v(),w(-,t), 0<t<tx
(The time interval 0 < ¢ < to may equal 0 < ¢t < oo; in fact, our arguments
will show that the choice t,, = oo can be made if the initial perturbation is small
enough.)

We derive differential equations and initial conditions for (¢) and w(-,t) € W.

At t = 0 we have

’U,(-, 0) = Uy + V0 = a(’Y(O))u* + w('7 0)7

hence by Lemma 2.5

Y(0) =0 :=T""((I — P)wy)

2.31
( ) w(.7 ()) = wWq 1= Vg + Usx — G(VO)U*'

In the following, we use the abbreviation

Y(B)x = R_giy(z —n(t)) if ~(t) = (n(t),00)) .
Insert u(-,t) from (2.2 ) into (1.21) and obtain for 0 < ¢ < ¢
0 = % (a(y(B)us)) + wi (1) — A Afa(y())us) — A Aw(-, )

—eDy (a(y(t))u.) = Dyl t) = f(aly(t)ue + w(-, 1))

Du.(4(t)2) | =Ry o0 (w = n(0)8(t) = R_p(uyi(t)]

—AAu (y(t)x) + wi (-, t) — A Aw(-,t) — eDyw(-,t)
—f(a(y(#)us +w(-, 1)) — cDus (Y(H)2)R_g(0)+ 5.

Now we use that
Du,(y(t)z)R-g()+ g7 = Dus(v(t)) Rz (v(t)z + R_gryn(t))
and evaluate (1.20) at v = ~(¢) to obtain
A Au,(1(8)2) = eDu. (1()2) R4 (1) + Flaly(t))u.).
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Therefore,
0 = —Du.(y(t)z) [R_g(r)(i(t) + cRgn(t))] — Dyu.(y(t)x)0(t)
+w(-,t) — A Aw(-,t) — cDgw(-, t) — B(z)w(-, 1)
= [fluc(v(®)z) +w(-,1)) = f(uc(y(t)z)) — D f (s (z))w(-, 1)] -
Introducing the remainder
(2.32) (v, w) = flaly)u. + w) = fla(y)us) = Df (us())w
we finally arrive at the equation
wi (- t) = Lw(, t) + P (y(8), w(-, 1)
+ Dux((t))R g0y [11(t) + cRzn(t)] + Dyu(v(1))6(t).
For v € SE(2) we define the linear mapping
R — @

po— =2 D) (B1) 4 Doty

Since S(1) agrees with DI'(1) from (2.27) we find that the inverse S(y)~!: ® — R3
exists and depends smoothly on « in a neighborhood of 1. Applying I — P to (2.33)
and using the inverse of S(y(t)),0 < t < ts, we obtain the following differential

equation for v(t) = (n(t), 6(¢)):

(2.33)

(2.34) S(y) :

. )+ cR=

¥—Eey = (n 0 277) = r(y,w),
2.35
2 gl Ry 0O -1 171 —ckg 0

r (’Y,U}) == 0 1 S(’Y) (I_P)T (77M)7 E. = 0 2 0/

In the next step we apply the projector P to (2.33) to obtain the w-equation:
(2.36)

wi— Lw = (P~ P (Du.(y ) Dous(y ) S (I~ P)) ) (3,w) = ¥ (5, w).

Together with initial conditions (2.31), equations (2.35) and (2.36) constitute
the transformed system. Working the way backwards, we see that any solution
(v(t),w(-,t)) of the transformed system that stays in a neighborhood of (1, 0) leads
to a solution of (1.22) via the transformation (2.24).

In Section 6 we will show that both remainders r[*! and [l are Lipschitz
bounded with respect to ||w|| g2 with Lipschitz constants that become small as
v — 1 and |w| gz — 0. This will lead to the proof of nonlinear stability.

3. Resolvent Estimates for L.,

Recall the definition

(31) Eoov = AAv + CD¢U + BOOU) v e H%ucl ’

where A, Bo, € R™*™ are constant matrices satisfying

(3.2) (u, Au) > 2Balul?, (u, Boou) < —2@Jul* for all ue R™

and
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Ba>0, B>0, ceR, c¢c#0.

THEOREM 3.1. Let s = 51 +1is3 € C with s; € R and s1 > —B. Then, for every
h € L2, the equation

LoV —8sv=nh

. . 2
has a unique solution v € Hg,, ., and

< 1
T 28+ s
(3.4) 132 + | Dgollz. < C(L+s3)l|hllZ- -
The constant C' depends only on (4,3, and |Bs|, |A].

(3-3) 0]l 2 1222

N

The theorem is proved in three steps. First, in the next section, we give a formal
derivation of the resolvent estimate (3.4), assuming existence of v. In Section 3.2 we
prove existence of a solution for a scalar equation like (3.1). The proof uses Fourier
expansion in ¢ and the solution of inhomogeneous Bessel equations. In Section 3.3
we generalize the existence argument from the scalar case to the case of a system
(3.1).

If h € H™ (instead of h € L?) one can extend the estimates of the previous
theorem to higher derivatives of v where v is the solution of the resolvent equation

(3.5) AAv + ¢cDyv + Boov —sv = h .

Note that this extension is not completely trivial since the term Dgyv has variable,
unbounded coefficients.

THEOREM 3.2. Let s = s1+1isy € C with s; € R and sy > —(3. Let h € H" and
let v € HZ,,, denote the solution of (3.5) of Theorem 3.1. Then v € Hpt? and

1
3.6 vign < ——
30 ol < g

(3.7) [l Frnee + [ DgvllFn < COL+ s AlFm -

|| frn

Remark: We found it instructive to derive detailed resolvent estimates via
the energy method. In Section 5 we use the resolvent estimates to construct the
corresponding semigroup e*“>. An alternative approach is to start with the known
semigroups generated by A + B, and Dy and to use their commutativity to con-
struct and estimate et£e. Then resolvent estimates for Lo, can be obtained from
the integral representation (Lo —5) ™' = [[* exp(t(Loo — 5))dt.

3.1. Formal Derivation of the Resolvent Estimates. We first note a
generalization of the estimates (3.2) to complex vectors. If u = uq + iug, u; € R™,
then we have

<u1 + iUQ, A(’U,l + ZU2)> = <’LL1,A’U,1> + <U2, AUQ> — i<UQ, AU1> + i<u1,Au2> .

Therefore, taking real parts,

Re (u, Au) > 264|ul? for all u e C™.
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Formal Derivation of the Estimates of Theorem 3.1: Taking the L?-inner
product of

(3.8) AAV 4 ¢Dyv + Bogv —sv = h
with v one obtains

(vaAv)L2 + C(U, D¢U)L2 + (’U, BOOU)L2 - S””H%ﬂ = (’U, h)Lz .
Integrating by parts and taking real parts yields

(3.9) —2Balvlipn = 2B|v]|1> — s1llvl|Z: > Re (v, h)Le -
Taking absolute values one obtains

2Balvlin + (28 + s1)llvlZ> < llvllzz R L2
which yields (3.3). Since 3+ s1 > 0 one also obtains

2Balvlf + Bllvlizs < llvllzzlhl e -
This implies that

[olin +llvllz: < ClIRlE., € =C(8a.0) -
Next, take the L?—inner product of (3.8) with Aw,

(Av, AAV) 12 + c(Av, Dyv) 12 + (Av, Boov) 2 — s(Av,v) 2 = (Av,h)p2 .

Taking real parts and using Lemma 2.1 yields

1
3 (Av, (A+ AT)Av) 2 — ZRe (Djv, BooDjv) 2 + s1|v]31 = Re (Av, b))z .
J
Here

—Re (D;v, Bo Djv) 2 > 26| Djul|?
and one finds that

2Bl Av|Z> + (28 + s1) vl < | Av]r2)] e -
Since 8+ s1 > 0 one obtains
(3.10) 264|022 < bl -
Finally, to estimate || Dgv| 2 we take the L?~inner product of (3.8) with Dyv:

(3.11) (Dyv, AAV) 12 + ¢||Dyv||22 + (Dyv, Boov) 2 — 8(Dgv,v) 2 = (Dyv, h) > .

Here (Dyv,v) 2 is purely imaginary. Therefore, taking real parts in (3.11) and then
taking absolute values yields

lelll DgvllZ- < (|BOO|+|52|)HD¢U”L2HUHL2+|A|||D¢v||L2HAUHL2+||D¢v||L2||h”L2 :

Divide by ||Dyv| 12 and use the estimates (3.10) and ||v||z2 < C| k|2 to obtain
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el Dgollzz < C(1++ sl ) 1A 2 -
This completes the formal derivation of the resolvent estimate (3.4).

Formal Derivation of the Estimates of Theorem 3.2: Take the H"—inner
product of the resolvent equation (3.8) with v to obtain

(v, AAV) o + c(v, Dgv) gn + (v, Bog) g — 8|0|5n = (v, R) gn
Then take the real part of the resulting equation and note that
Re (v, Dgv)pn =0
by Lemma 2.2. One finds that

(3.12) —2B 41031 — 2B|0|3n — s1]v[3n > Re (v, h)gn -

Taking absolute values the estimate (3.6) follows.

Similarly, taking the H"—inner product of (3.8) with Av the estimate (3.10)
generalizes to
(3.13) 2B4|Av|gn < |hlgn

Finally, taking the H"—inner product of (3.8) with Dyv leads to (3.7).

3.2. Existence in the Scalar Case. Consider a scalar equation

(3.14) Av+cDyv— (28+s)v="h

where & is a given complex valued function in the plane and

ce€R, ¢c#0, >0, s=s+iss, s1>-0.
To show solubility of the equation, we may put strong assumptions on h because

we can derive estimates of the solution v in terms of h and then can make an
approximation argument. If written in Cartesian coordinates, we will assume that

h e C(R*\{0}) ,
i.e., his a C° function compactly supported in R?\ {0}. The set of these functions
h is dense in L2.

To show solubility of (3.14) we will treat the equation in polar coordinates.
For simplicity of notation, we simply write h = h(r, ¢) for the right-hand side and
v = v(r,¢) for the solution to be constructed. Using Fourier expansion in ¢ we
write

h(r,@) = (e, v(r,¢) = > va(r)e™?
and obtain, formally,

1 n?

(3.15) v+ ;v; U~ (268 + s —icn)v, = hy(r), 7>0, nezZ.

Note that
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IBIJ2. = 2wz/0 Pl ()2 dr

If we abbreviate

@® =20+ s—icn=20+s; +isy—icn
then

Re¢? =2B+5 >3>0, Req>0.
We will prove:

LEMMA 3.1. Consider the ODE

(3.16) — (rv}) — 7:—2 Vn — ¢P0p = hp (1)
and assume
Reg*>3>0, Req>0, h,cC50,0).

The ODE has a unique solution v, € C°[0,00) which decays exponentially as
r — 00. This solution satisfies

(3.17)  Jua(P)|=0@™) as r—0 and |v.(r)] < e 2R 4o p oo

and satisfies the estimates

oo o0 1 oo oo
(3.18) / r|v;|2dr—|—n2/ ~|vn|? dr—l—/ rlog | dr < Cg/ |h|? dr
0 o T 0 0

Proof: Estimate and Uniqueness. First assume existence of a solution v,
of (3.16), (3.17). Multiply (3.16) by r7,, and integrate by parts to obtain

oo o0 1 oo o0
—/ vl |? dr—n2/ —|vn|? dr—qz/ r|og|* dr = / TOp Iy dr .
0 o T 0 0

Taking real parts and using that Req? > 3 > 0 the estimate (3.18) follows.
Existence. First consider the homogeneous equation

(3.19) r2u! + vl — ¢*r*u, —nPu, = 0.

Setting vy, (r) = y(igr) one obtains Bessel’s equations of order n:

2y'(2) + 29 (2) + (22 = nP)y(2) =0, z=iqr.
The function

’1)7(11)(7“) = Jn(iq'r‘)u r>0,
solves (3.19) and satisfies

M) =0y as r—0.
Write (3.19) in the form
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7’L2

1
" / 2
v, +—v, —q U, — v, =0.
noop " r2

For large r one obtains the constant coefficient approximation

V! — ¢*v, =0
which has the decaying solution e~9", Req > 0. A perturbation argument shows
that (3.19) has a nontrivial, exponentially decaying solution

v B (r) with  [o@(r)] < Ce 2Rea p>1.

n

The two solutions ’Unl) and v,(f) of (3.19) are linearly independent since otherwise

vV =0 by (3.18).

A solution v, of (3.16), (3.17) can be constructed as follows. Assuming that
the right-hand side h,(r) is supported in 0 < a < r < b, let vy, par(r) denote the
particular solution of (3.16) with

Un,par (a) = v;z,par (CL) =0 ’

thus

Un,par(r)zo for 0<r<a.

We construct v, in the form

Un (1) = Vp par(r) + avr(})(r)

for suitable . In fact, consider the boundary operator

Ryvn = 710n(b) + 7205, (D)
where (y1,72) # (0,0) is chosen so that va,(f) = 0. Then choose « so that

0= Rpyv, = van,par + O‘vav(zl) :

(Note that va,(ll) # 0 since v,(ll),v,(f) are linearly independent.) With this choice

of a, the function v, = vy par + owfll) is a multiple of vr(?) for r > b. Consequently,

(3.17) holds. <.

If ") (r, ) = Zf:[:_N hy(r)ei™® is a finite Fourier approximation of h(r, ¢),
we obtain the corresponding solution

N

WM g) = 3 valr)en?

n=—N
of (3.14) with right-hand side h(N). The estimate (3.18) yields

W™ i+ 072 < CllRZ. -

Clearly, the full estimate corresponding to (3.4), which we have derived formally
in Section 3.1, is valid for the finite Fourier sum v(™). For N — 0o we obtain the
solution v € H%,,; of (3.14) and the estimate (3.4).
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3.3. Existence in the Systems Case. Consider the equation Loov—sv =h
under the assumptions specified in Theorem 3.1 but assume h € C§°(R? \ {0}). As
in the scalar case, we write

h(ﬁ (b) = Z hn (’f‘)e““i?’ ’1}(7‘7 (]5) = ZU" (T)ei”¢ )

and obtain, for each integer n, the second order system

n2

1
(320) A(’U;{ + _’U;z - _Qvn) - Pvn — hn(r)a r> 0 )
T T

with

P=—-B, —icnl + sI .
LEMMA 3.2. All eigenvalues u of A~'P lie in

C\ (—o0,0] .
Proof: If A= Pu = pu,u # 0, then

wAu = Pu= —Byu + s1u+i(s2 —cen)u ,
thus

Re (u{u, Au)) = —Re (u, Boou) + s1|ul?
> Bu*>0.
Since Re (u, Au) > 0, it is not possible that p € (—00,0]. ¢
To solve (3.20) let us first assume that A~!P is diagonalizable,

T YA7'PT = D = diag(ps, . - ., fim) -
Then, if v,, = Twy,, the system (3.20) transforms to

2

n—wn — Dw, =T *hy(r), r>0,

1
1 /!
(3.21) wy + ~Wn ~

The above system consists of n scalar equations of the form

2

1 n
(3.22) o’ + ;o/ - Fa - pa= g(r), g€ C5°(0,00) .

Here p € C\ (—00,0] and we can write

pw=q>, Req>0.
We cannot directly apply Lemma 3.1 since we do not know if Re u = Re (¢?) > 0.
However, we know from the scalar case that (3.21) has two nontrivial solutions

aV(r), a®(r),
where oM (r) = O(rI"l) for r — 0 and where (? (1) decays exponentially as
r — oo. If the function a(? (1) would be a multiple of a") () then we would obtain a
nontrivial, exponentially decaying solution v, (r) of the homogeneous system (3.20)
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with v, (r) = O(r/™). This would contradict an energy estimate that one can derive
for (3.20) as in the scalar case.

Thus, we conclude that the two functions aV)(r) and o?(r) are linearly in-
dependent. We can then construct an exponentially decaying solution of the inho-
mogeneous equation (3.22) as in the proof of Lemma 3.1. These arguments show
the existence of an exponentially decaying solution v, € C°°[0,00) of the system
(3.20) under the assumption that A~! P is diagonalizable. By summing the Fourier
series, we obtain a solution v € Hz,,, of the equation Loov — sv = h.

If A='P is not diagonalizable, we approximate A and P by A, and P. so that
AZ1P. is diagonalizable. Since the estimates do not depend on €, we can make a
small perturbation argument and obtain a solution also in the case where A~!P is
not diagonalizable. This completes the proof of Theorem 3.1.

4. Fredholm Theory
Recall the definition

Lv = AAv + cDgv + B(z)v, v € Hipyer -
We show the Fredholm property for £ using the Riesz—Fréchet—Kolmogorov Theo-
rem (see, for example, [1, Ch.2], [20, Ch. X]).

THEOREM 4.1. (Riesz—Fréchet-Kolmogorov) A set V. C L%*(RY) is precompact
with respect to the L?-norm if and only if the following three conditions hold:

(1)

lim sup/ lo(z)[*dx =0 ;
R—oowev Jiz|>R

(2)
sup ||vf|pz < oo ;
veV

(3)

lim sup lo(z + &) —v(z)|*de =0 .
§—0 eV JRd

LEMMA 4.1. Let k > 0 and let M : R% — R™*™ be q matriz valued Ck-function
satisfying

(4.1) sup |[D"M(x)] -0 asR— oo, |y|<k.
|z|>R

Then the operator of multiplication

- Hk—"_l([Rd,[Rm) — Hk([Rd,[Rm)
(42 AR e it

is compact.
PRrOOF. Consider first the case k = 0 and apply Theorem 4.1 to the set
V={Mu:uec H,||u||m <1}.

From (4.1) we have

/ M (2)u(e) Pde
lz|>R

IN

sup{|M (x)| : |2| = R}Jul|Z-

IN

sup{|M (z)| : || > R} — 0 as R — c.
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Clearly, V is bounded in L?. For all ||u||z: <1 and & € R? we have

[t -utwypar = [ 2

1
/ODu(a:—l—sf)dsg dx
1
2 u(z 2dsdx
[t [ 1pute+ se) s

IN

1
= &P D *dad
€ [ [ 1Dute +se)Pdos
= e [ | 1Du(o)d < [€Plfuly

Therefore we can estimate for [£] < 1, [|ul|g <1

[ Mt Eulr+€) — M()ua)dr

2 /I>R('M(“5)' fu(z + ) + M (@) u(@)]?) do

IN

bz (IME+9 - M@+ OF + M@ Plule + €) - u(e)?) do
lz|<R

< 4 sup |M(2)]+2 sup [M(z+¢) — M(x)?
|e|>R~1 lo|<R

+ 2/[M()[L= /[Rd lu(z 4 &) — u(z)|*dz.

Given € > 0, choose R large so that the first term is < e and then choose |¢| small
such that the last two terms are < €. The proof for general k uses the first step
and the Leibniz rule for DY (M (z)u(z)). O

We proceed with the

PROOF. of Lemma 2.4 The homeomorphism Lo — s : Hz,; — L? is estab-
lished in Section 3. Then we can write

(43) L—-—5=Lo—5+B()=Boo =T+ (B—=DBs)(Low—5) ") Lo — 5).

By classical Fredholm theory (see, for example, [19, Ch.IV13]) it is sufficient to
show that the operator (B — Buso)(Loo — 8)~1 is compact in L2. But this follows
from Lemma 4.1 using Assumption 1 and the fact that (Lo — s)~! maps L? into
H%'ucl C Hl'

Since the Fredholm index of £ —s; is 0 we infer that codimR(L —s;) = 1 for all
three eigenvalues s;, see (2.16). Moreover, the relations dim(N(L* —s;)) = 1,5 =
1,2,3 and the Fredholm alternative for (2.16) follow from [19, Ch.IV11] provided
we show that the abstract adjoint £, : D(L.) C L? — L?, defined there, coincides
with the formal adjoint £* : H%, , — L? defined in (2.13). Recall that

D(L,) = {velLl?:3wel?st. (Lu,v)pe = (u,w)pe
(4.4) Yu € D(L) = Hppyer
where £,v is defined as w given by (4.4). Then (2.14) implies that H%,,., C D(L.)
and that L, is an extension of £*. By Lemma 2.4 and Assumption 4 we have that

L—s:Hz,, — L?is a homeomorphism for all s > 0. Applying the same theory
to the differential operator £* (note that BL satisfies Assumption 2 as well) we
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find for s > || BT ||« that £* —s: HZ,, — L? is also a homeomorphism. Now take
v e D(L,) withw = L,v € L? as in (4.4) and let © € H%,,, be the unique solution
of (L* — s)0 = w — sv. Then we obtain for all u € HZ,,

(L = s)u,v)r2 = —s(u,v)rz + (u,w) 2

(4.5) = (u, (L —8)0)r2z = ((L£L — $)u, D) 2.
Since £ — s is onto, we conclude v = 0 € Hz, ., and hence D(L,) = D(L*). O
5. Estimates for ¢/“>~ and e'*

Recall the definition

Lot = AAu+ cDgu+ Boou, u € Haper -
Here

Boo§_26[a 6>Oa
and
A>2064I, [a>0.

The operator L., has constant coefficients, except for the term Dgu which
reads

Dyu = —zoD1u + 21 Dot .
In Sections 5.1-5.3 we consider the Cauchy problem

ur = Loot, u(z,0) =up(z) ,
and denote the solution by

u(-,t) = eF=uq .
The proofs given below are formal in the sense that we assume u to be sufficiently
regular and to have sufficient decay as |z| — co. Note that in this section we work
with real valued functions only. Recall the norms and spaces from Section 2.1, and
for brevity let (u,v) = (u,v)re.

5.1. Decay Estimates in H"-Norm. Using Lemmas 2.1 and 2.2 we obtain
the decay from energy estimates.

THEOREM 5.1. For n € N we have

1d
2 dt
ProOF. For n = 0 this is the usual energy estimate:

(5.1) Jul Ol < =2Balu( ) Fn — 2BJul ) Fn -

d

E”UH2 = (u,w)
= (u, AAu) + c(u, Dyu) + (u, Boou)
< —2Balulfy — 26wl

where we have used that (u, Dgu) = 0. For n > 1 the proof proceeds in the same
way using Lemma 2.1. O

1
2
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Clearly, the previous theorem implies

(5.2) S luC )l Fe < =28[u(- )]} -

This yields the decay estimate

(53) ||€t£'°°||H2*,H2 < 6_2Bt .

The same estimate holds if we replace the H?-norm by the H'-norm or by the
L% norm.

5.2. Boundedness of ef~ from H? to H".

THEOREM 5.2. There is a constant C' > 0 so that for any t > 0:

C
(5-4) luls )l < 7 Juolze -

PRrROOF. First integrate (5.1) for n = 2 to obtain

t
(- £) Bz — ool + 462 / (-, 8)[ ds < 0,
0

thus
(5.5) / s ) s < ol
Consider

d 2 _ d 2
(5.6) = (HhuC D ) = [u, ) s + 1)

From Theorem 5.1 with n = 3 we obtain

d
Gt <0

Using this in (5.6) we find

% (t|u(-, t)ﬁqs) < |u(7 t)'%f?’

and integration yields

IN

/ lu(-, 8)|3s ds

45 |UO|H2

tlu(-, )%

This proves the theorem. (I
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Combining the result of the previous theorem with the decay estimate of
[lw(-,t)]| g2 we have
2 C 2
Hu('7t)HH3 < n HUOHHZ for 0<t.
In particular,

C
(5.7) et |l gops < — for 0<t.

Vit
5.3. Estimates of Dyu. The function Dyu satisfies

Dyuy = AADyu + cDyDyu + BooDyu, Dgyu(-,0) = Dyug .
The basic energy estimate applied to v = Dgyu yields

[ Dpu(-,t)||rz < e 2P| Dyuo| 12 -

We have shown:

THEOREM 5.3. Ifug € Hg,,., then

Dl + 1Dgu, D3 < e (Jluollfa + | Dguollfa)

Moreover, the same arguments as in the previous section yield

C
|u('7t)|§{1 < 7 ||U0||%2 for 0<t.

We may apply this estimate to Dgu instead of u:

C
Dyu( )i < 7 | Douolz= for 0<t.
5.4. Application of Theorem A.1. We apply Theorem A.1 to show that

Lu = Loou~+ (B(z) — Boo)u

generates an exponentially decaying semigroup.

THEOREM 5.4. Under Assumptions 1-4 the operator L generates a C°—semigroup
et on H?. For any 0 < 3 < 283 there exists a constant C = C(f3) such that

(5.8) lletu|| g < CeftBHuHHz for allu € W? = vt n H2

PrOOF. We use Theorem A.1 with X = H?, A = L, D(A) = H},,; and the
operator of multiplication Bu = (B(-) — Be)u. Since C§° C Hp,,, We obtain that
H# . is dense in H?. Closedness of L follows from the resolvent estimate (3.7)
for n = 2. The estimate (3.6) then guarantees via the Hille Yosida Theorem that
L+ generates a C%—semigroup on H? which is of type wa < —20; see also (5.3).

Next, we note that Assumption 1 implies

sup |D;j(B(x) — Bso)| = sup |D?f(us(x))Djus(z)| — 0 as R — oo,
|z|>R |z|>R

and, in a similar way,

sup |D7(B(z) — Bx)| — 0 as R— oo for |y]<2.
|z|>R
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From (5.7) we have that e/“> ¢ > 0 maps H? into H® and by Lemma 4.1 (k = 2)
we obtain that the operator
u — (B(z) — Boo)e*=u, t>0,

from H? into itself is compact.
Therefore, £ also generates a C°-semigroup on H? with

(5.9) |Tess (e5)] < e™28 < 1.

There is the slight complication that the eigenvalues A of £ satisfy

Red < -28<0
only if we restrict £ to W3,,., = Hz,.W. The space W2, is not invariant under
L. Therefore, we repeat the arguments from the proof of the second assertion in
Theorem A.1. 5
For a fixed 0 < 8 < 28 we have from (5.9)

|0’€55(6L+B)| < em(26-8) =, g<1
where the essential spectrum is taken in H2. Now, H? = ®@®W? is a decomposition
of H? into invariant subspaces of e~ (cf. (2.20),(2.21)) where e has three simple
eigenvalues 1, e in ® by Assumption 3. In particular, if we restrict eX to W2 the
essential spectrum does not grow, i.e.

(5.10) [0es (57 P)w2)l < g < 1.

Moreover, by Assumption 4 the operator £y 2 has no eigenvalues A with Re A >
—20. Then the spectral mapping theorem for point spectra [13, Theorem 2.4] shows
Tpoint ((¢7)w2) C exp(Tpoint (Liw2)) U {0}

and thus )
|opoint ((€“17) )| < q.

Combining this with (5.10) we obtain |a((e£+ﬁ)|w2)| < ¢ < 1. The remaining
arguments are as in Section A: There is a norm || - || on W?2, equivalent to || - || g2,
so that

1) wll+ <1

Therefore, ||(e!C*A) 2|+ < C , and ||(e'£)|w=|| 4 < Ce=P* for t > 0. Because of
the norm—equivalence:

I(e™ ) lwalls= < Cre™?" .

6. Proof of Nonlinear Stability

In this section we complete the proof of Theorem 1.1 by a nonlinear stability
argument applied to the integral equations related to (2.35), (2.36).

4The essential spectrum oess(A) of an operator A is defined in Definition 8.1 below. We
write |oess (A)] < g if |s] < ¢ for all s € gess(A).



NONLINEAR STABILITY OF ROTATING PATTERNS 377

6.1. Integral Equation Formulation. Recall the subspace from (2.18)
(6.1) W2 ={uec H?: (Y, w):=0,j=1,2,3}
and the linear operator from (2.11)
(6.2) Lv = AAv + cDyv + B(x)v, B(x) = Df(u«(z)), v € Hpyy-

In Section 5 we showed that £ generates a C%-semigroup e** on H? that has W?
as an invariant subspace and satisfies

(6.3) lle“Cwo| |z < Cwe P |jwol|gz for wo € W2, t > 0.

Here we can take § < B < 20 arbitrary with Cy depending on B By Duhamel’s
principle the integral formulation of (2.36) is

(6.4) w(t) = eFwy+ / " eli=m)E (v(1),w(r))dr,

(6.5) w(0) = wo=wp —I—Ou* — a0 ) tx,

where vy is given by (2.31) as follows

(6.6) 7(0) =50 =T~ (I = P)uo.

From (2.35) the integral formulation of the y-equation is

(6.7) Y(t) = eFeno + / =B Dl(y(7) (7)) dr.
0

We will estimate the remainders occuring in these equations.

6.2. Estimate of Group Action. The topology on the manifold SE(2) =
R? x S! is generated by the metric

(6.8) A0y, 72) = d ((Zi) ) (Zj)) = |m —n2| 4 d(61,62),

d(91,92) = min |91 — 92 — 27T7’L|.
nez

For convenience we use the same symbol d for the metric on S! and on SE(2).
We show that the action of the group SFE(2) on u, is Lipschitz with respect to the
metric on SE(2).

LEMMA 6.1. There exists a constant Cq > 1 such that for all v1,7v2 € SE(2)
(6.9) lla(y1)us — a(y2)us|[mz < Cad(y1,72).

Remark. The proof will show that the constant C, depends only on the semi
norms |Dyus|gr, |Djus|gr for j,k = 1,2 the existence of which is guaranteed by
Assumption 3.

PrOOF. From the triangle inequality
lla(y)us—a(y2)us|[g2 < [la(n, 61)uc—alnz, 01)usl| 2+ |a(nz, 01)us—a(n2, 02)u. || g2
it is clear that it suffices to prove the inequalities

(6.10) lla(n, O)us — a(ne, Ousl|gz < Clm —mn2| foralld € S*
(6.11) lla(n, 01)us — a(n, 02)us||gz < Cd(61,6) for alln € R?.
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Moreover, by invariance of the H2 norm with respect to the group action (see (2.3),
(2.4)) it is sufficient to consider (6.10) for § = 0,72 = 0 and (6.11) for n = 0,62 = 0,

i.e. we must show

(6.12) lla(n, 0)us — usl||gz < Cn| forn € R
(6.13) [|a(0, 0)us — us||gz < Cd(6,0) for e S
For 6 € S' take § € (—, 7] such that d(6,0) = |f]. We have
[us(Ropz) —us(@)] = [ue(R_gz) — uulz)] =
1 d 1 5
|/ — [us(R_g,@)] dt| = |/ Dyu.(R_g,x)dt o).
o dt 0

Integrating with respect to x and using Cauchy Schwarz and Fubini yields

1
/|u*(R,gx)—u*(x)|2d:c < //o |Dpus(R_,57)|*dt|0|*dx

d(0,0)*| Dy |-

1
/|/ Du(x — tn)ndt|*da
0

D[],

1
:d(9,0)2/ /|D¢u*(R_t(;x)|2dacdt
0

In a similar way
et =) - w(@)Pdo
1
< / /|Du*(x - tn)|2d:17|77|2dt
0

Summarizing, we have proved L? estimates (6.12) with C = ||Dgu.| and (6.13)
with C' = || Dux||-
Estimates of derivatives proceed in a similar fashion. Note that

D(a(0,0)uy — uy)(x) = (Dus(R_zx) — Duy(z))R_5+ Du(z)(R_5 —I)

IN

implies
1D(a(0, 0)ue — wa) || < ([[Dy D || + || Du|[)d(6, 0)-
Using the commutator relations (2.7),(2.8) leads to the estimate
1D(a(0, O)us — we)|| < ([Dgtis| a1 + 2| Dt | 1) (6, 0)-
Combining this with the estimate
1D(a(n, 0)us — w)|l < || D?usllIn]

we obtain the estimates in (6.12),(6.13) for the H! norm. Finally, the second
derivative satisfies

D*(a(0,0)u. —u.) = (D*un(R_g) — D*us)[R_5, R ]
+ D*u,R_;—I,R |+ D*u,[I,R_;—1I].
This leads to the estimate
1D?(a(0, 0)u. — w.)|| < (2| D?u.| + || Dy D?u.)d(8,0).

Again the commutator relations (2.7),(2.8) allow to estimate the constants in terms
of |Duy|gr and |Dyus| g2 which are finite by Assumption 3. The proof of (6.12) is
completed by the estimate

1D (a(n, 0)us — w)|| < [|D%ul||n].
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O

6.3. Estimates of Nonlinearities. Recall the Sobolev embedding estimate
(6.14) t]loo < Cellullg>  for u € H*(R?).
In the following we consider functions
(6.15) u=a(y)u. +w, v€SE?2),weH? |w|g < eo,

where €9 will be made small during the proofs. Our first condition is Ceeg < 1 so
that (6.14) and (6.15) imply

(6.16) lJulloo < [l o + 1.
Next introduce the constants
(6.17) My, = max{|D*f(€)] : €] < [Juslloo +1}, k=0,...,4.
LEMMA 6.2. There exist constants Cy, Cy,Ce > 0 and neighborhoods
Up = {yeSE?2):d(y,1) < po}
WO = {’LU € H%ucl : ||w||H2 S 80}

such that the following estimates hold for all w,wy,ws € Wy, ~v,7v1,7v2 € Ug :

1y wn) = 7 (3 w3) | e

(6.18) < Co(d(y, ) + max((leos s, s 42) ) s = wsl e,

(6.19) I (s w) a2 < Co(d3,1) + ez ) ol 2,
It (3 w1) = ) (3, )

(6.20) < Ca(d(y,1) + max(wn e, sl ) ) s = wall e,

(6.21) I, w2 < Oy (e, 1) + ol e ol

|7"M (y1,w1) — rl] (2, wa)| + ||7"[w] (Y1, w1) — rlv] (2, wa) || 2
(6.22) < Ca(d(y1,72) + lwr — w2 g2).

PRrROOF. Since 7l/1(y,0) = 0 it is obvious that (6.19) and (6.21) follow from
(6.18) and (6.20) by setting w; = w,wy = 0.
It is useful to introduce the mapping plf1 : SE(2) x R™ x R? s R™:
(6.23) Py, w,x) = fla(y)u(x) +w) = flaly)us () = Df (us(z))w.
The corresponding Nemitzky operator from (2.32) is then given by
(v, w)(z) = pP (v, w(x), ),z € R? fory € SE(2),w € H>.

Consider v € SE(2) and w; € R™, |w,| <1,j =1,2 and define w = w; —ws. Then
we obtain from (6.17)

(6.24)

1
P (v, w1, @) = p (7, w2, 2)] = | /O Df(a(y)us(z) + w2 + tw) — D f (u.(z))dtw]

< My (Ja(y)us (@) — ()| + max(fws ], [wa])) [w].
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Similarly,

(6.25) 1Dwp W (v, w1, 2) = Doptf (7, w2, )| < Mofw|
and

(6.26) |D2 plf (v, wy, )| < M.

Consider now wy,ws € Wy, let w = w; — wy and obtain from (6.24), (6.14) and
Lemma 6.1:

110, 1) — 791 (3, ) 2
/ )y, w01) — )y, ) P

2
< M3 (la(y)us = uslloo + max(|wi]loo, [lw2]loc)) /lw(w)|2dw
< M3CZ (la(y)ws = w2+ max(wnl| gz, wz | g2)* ]|
< MFC2C7 (d(7,1) + max(|fwi || g2, [lwz | 2)* ]|

We estimate the derivative
D(T[j] (77 ’LU1) - T[j] (FYa w2))
(Dwp (v, w1, 2) — Doypl (v, w2, ) Dy ()
Duyp (v, w1, 2)(Dwy — Dws) ()
(D f(a(y)us +w1i) = D f(a(y)us + w2))D(a(y)us — us)(z)
1
/ D?f(a(y)us + wo + tw) — D f(uy)dt [Duy, wy — ws)
0
= T+ Ty +T3+ Ty
Using (6.25) and Lemma 6.1 the estimates are

/ Ty (0)2de < M3 / () ? | Duwn () Pz

< MFC2|wllFpellwalle,

+ o+ +

IN

/ To(@)Pde < / D) (7, ws, )| D) P de
< MEC||wal el

/ Ty(x)Pdr < M3 / (@) P1D(a( s — w.) P
< ME|wl (s — uslZe
< MEC2C2|w|ed(y, 1),

JEZCRE

< [ M(atr)u. — el + max(fun, ) P Du Plufds

< MECH|Du e (la(u. — el + max(fn s, sl )* ]
2

< (MaC2Ca 0y, 1) + max(n e, ol )
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We evaluate the second derivative
D*(rU(y, wn))
= vapm (v, w1, x)[Dwy, Dwq] + Dy, pl! (v, w1, z)D*w,
+ 2D, Dyl (y, wi, ) [Dwi, 1]+ D3P (v, w1, 2)
= Ti(w1) + Te(wr) + T5(wr) + Ty(wy).

For the first term we use the Gagliardo—Nirenberg estimate
(6.27) / |Dul*dz < Cqllul|||D?ul|® < Cg||u||:  foru € H2.
R2

With the abbreviation -; = (a(y)us +wj)(z),j = 1,2 we have

Ti(wy) = Ti(wz) = D?f(-1)[Dw, Dur] + D?f(-1)[Dws, Dw]
(D?f(-1) — D*f(-2))[Dws, Dw,]
T11 +T1g + Ths,

_|_

/ Th@)Pde < M / Duwl?| D [P
%
< M3 (/|Dw|4d:v/|Dw1|4dx)
< M2Cg|wlelwn |

The estimate of T}o is analogous and for 773 we have

[1ta@Pds < 3l [1DusPds
< MEC2Colwl lws e
Setting -; = (v, w;(x),z), j = 1,2 we find with (6.25)
To(wr) ~To(ws) = Dup(1)D%w + (Dup (1) = Dl () D
= To1 + Tho,

/ Ton(@)Pdz < M2 (la()us — e oo + [Jwn | 112)? / | D2w|?dz

< MFCIC7 (A, 1) + wnllw2)” wllFe

[1a@Pae < 02 [ u@PiDu@)Pd
M3 C2||wllplwa |7
With ¢-; = (a(y)us + tw;)(z),j = 1,2 we write the T5 terms as follows
T3(w1) — T3(w2)
= Di(Df(-1) — Df(us))[Dwi,I] = Do(Df(-2) — Df(us))[Dwa, I]

_ /D3 (t-)dt[Da(y)tn, w1, D]

IN

/ D3 f(t-9)dt[Da(7y)us, wy, Dws).
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Telescoping in the usual way and using f € C* and ||[Da(y)us|loo = | Dt <
Ce||Dus|| g2 < C (cf. Lemma 6.1) we can estimate

/ITs(wl)—Ts(wz)FdI < C (lwilZllwllze + lwllZe lwa e + llwlZllwall3lwa]l3:) -

Finally, we have

Ti(wr) = / D3(t-4)dt [Da(y)us, w1, D(a(y)ius — 1)

1
+ [ DP(enat i, Da()u, - )
0

—|—/ D3 f(t1)dt [D(a(y)us — s ), Dy, w1]
0

+

1
/O (D?f(t1) — D f(u.)) dt [Du,, Du,, wy]

1
+ [ (D2 5(e) - Dfw)) dt (D ]
0
= Ty + Ty +Tu3 + Tyg + Tus.

All terms Ty, (w1) — Tyj(we),j = 1,...,5 can be handled by telescoping as before.
Note that w-differences are estimated by [|wi — ws|lec < Cel|lwi — wa| g2 whereas
DI(a(y)us — uy), 7 = 1,2 stays under the integral so that Lemma 6.1 applies. We
do not give the details.

Note that the small Lipschitz estimate (6.18) transfers directly from rl/! to r*l.

By (2.36) we have for w € H%,,
(6.28) Iy, w) = (P + P (Duc(y ) Dyusly ) S(v)~'I = P)) r (),

and the assertion follows from the uniform bound of ||Da(vy)u.|| g2 and of S(y)~!
for v € Uy, see (2.34) and Lemma 6.1.

Since r1) from (2.35) is of a similar structure as /1 we get a Lipschitz estimate
for 0! with respect to w as well.

Finally, we obtain a Lipschitz estimate for pl/] with respect to « from Lemma
6.1

|p[f] (717 w, :E) - p[f] (’727 w, JI)|
1
|/O D f(a(y)us(@) + tw(z)) — D f(a(y2)us(x) + tw(x))|dt]
Mala(m)u (@) — a(y2)us ()| |w]
MyCella(y)us — a(y2)us|| g2 |w| < MaCeCod(y1,v2)|wl.

Since S(y)~! is Lipschitz bounded this leads to (6.22) via equations (6.28) and
(2.35).

IAIA

O

6.4. Gronwall Estimate. The Gronwall-type estimate taylored to our needs
is the following.

LEMMA 6.3. Let ¢,C,C, B be positive constants such that C > 1 and

(6.29) e< b

~16CC’
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and let ¢ : [0,ts) — [0,00),0 < too < 00, be a continuous function satisfying for
0<t<teo

ot
(6.30) o(t) < Cee Pt + C/O e P (*(1) + (7)) dr.
Then ¢ satisfies the exponential bound

(6.31) o(t) < 2Cze™ "1, 0<t< to.

PRrROOF. First note that (6.31) holds at ¢ = 0. If (6.31) does not hold, let
T € (0,ts) denote the smallest time at which equality occurs. Then we have

2Ce eXP(—#) = ¢(T)
< Cee BT 1 & /OT G_B(T_T)(QD2(T) + ep(7))dr
< Cee 7T 42002 0T /OT 2C exp(—%) + GXP(%)dT
< CeePT 4 206’52% (C exp(—fGT) + exp(—#))
< 2Ce exp(—#) <% + 8C§~VE> .
This estimate contradicts (6.29), and the lemma is proved. O

6.5. Proof of Theorem 1.1. Let py > 0 and g9 > 0 denote constants spec-
ifying the neighborhoods in Lemma 6.2. For the initial value vy from (1.21) we
assume

(6.32) llvoll 2 < €1,

and we impose several restrictions on £ in the sequel. By Lemma 2.5 and Lemma
6.1 the initial values (6.6),(6.5) satisfy for sufficiently small 4

(6.33) d(y0,1) = d(T (I — P)vg, T71(0)) < Cr|lI — Pl g2 mr2€1 < pos

lwoll g2 < |lvollmz + llus — a(yo)us] gz < 1 + Cad(v0,1) < (1+ CCh)er < &o.

where C' = Crp||I — P||g2 2. Then Lemma 6.2 applies. We also introduce the
constants (cf. (2.34))

(6.34) Cy = Cs||I — P||g2.g2, where Cs= sup |S(y)"}.
v€Uo

As usual, the Lipschitz bound (6.22) ensures the existence of a local solution
in C([0,t), H?) for the system (6.4),(6.5),(6.6),(6.7). We use (6.3) with 3 = 23

and Cy = CW(B). Let C = CywCy max(C’, 1), where Cy is from Lemma 6.2, and
impose the following conditions on ;1 in (6.32)

) B €0 Bpo
6.35 €1 < min ,—, —= .
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Let [0,fs) be the maximal domain of existence for the solution (w(t),~(t)) in
Wy x Uy, cf. Lemma 6.2. From (6.4) and (6.3) we have the estimate

~ ¢ A
oo < Crve™ ool + GGy e Cer+ ot (el
0
Lemma 6.3 applies with € = £1, ¢(t) = ||w(t)| g2, since condition (6.29) follows
from (6.35). From (6.31) we obtain the estimate
(6.36) lw(t)|| g2 < 2Ce1e™Pt, 0 <t < to.

The condition (6.35) guarantees that w(t) stays in an < ball in H? and thus stays
away from the boundary of Wy. With (6.36) and (6.19) we obtain from (6.7) the
estimate

d(~(t), 1)

IN

d@“mD+AVMMﬂw@WT
< ﬂ%J%H%AHﬂWwﬂwhmmwr

t
< Ce + Cy(eo + 2081)/ 2Ce1e P dr
0

2 Po

B 2’

where the last inequality is a consequence of (6.35). Thus we conclude that ¢, = o0,
and the exponential estimate (6.36) holds for all ¢ > 0. In fact, for any vy satisfying
(6.32) we can repeat the a-priori estimate above with €3 = ||vg|| instead of e;. With
the same constants we then find

(6.37) lwt)|| g2 < 2C||vo|lg2e P, 0<t < oo,

< g(C+ =0,Ce(1+2C)) <

which proves the w-estimate in Theorem 1.1.
The smallness estimate for vo = v(0) = (10, 6o) follows directly from (6.33).
We define the asymptotic phase Yoo = (oo, 00) by

(6.38) Yoo = Y0 + /000 e e (v (1), w(r))dr.

Note that the integral exists because of |e”"F¢| = 1 and the exponential decay
shown above,
(6.39) [ (y (1), w(T))| < Cye™PT, €, = Cyeo(l + 20)e.
This leads to
d(Yoe, e Fo(1)) = d((sc, ), (Reen(t), 6(1)))

gcmw%+/aﬂwwwmmmm>

IN

0
|[ &7 Ber) (3 (r), w(r))dr)|
< C,e P

As before, the value ¢; that appears in C, can be replaced by |vo| g2, and this
proves the final estimate in Theorem 1.1.
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7. Existence and Estimate of Dyu

In this section we denote the L?-norm on L?(R%*,R™) by || - ||. We assume
f € C* to avoid counting of derivatives. The arguments in this section are only
needed to show existence of and bounds for Dyu.

The results of Section 6 yield existence of a solution u(x,t) in

cl([o,oo),ﬁ) N c([o,oo),H2)

of the integral equation

t
u(t) = etFouy + / e(t_T)LOf(u(T)) dr
0

if
Ug = Uy + v € H?

and ||vg|| g2 is small.

THEOREM 7.1. If ug € H%,,,; then u(t) € H%,, ., for allt >0 and

(7.1) [Dou(t)|] < Ce” || Dyuol|
where C' and ~ are independent of t.

PROOF. 1. We know that Lo : Hz,., C L? — L? is closed and, therefore, using
properties of the resolvent,

D(EO) = H%ucl .
It follows that e'“0 : H2, , — HZ, , and

< Ce”t”voHHz

2
< 2 for wg € Hpyy -

||et£0 Yo || H%ucl

2. Let r € C([O, ), H, ) and let vy € H%, ;. Set

ucl
t

v(t) = eFouy +/ e or () dr .
0

Then v € C’([O,oo),H%ucl) and

(7.2) [0

Eucl Eucl

t
< CMunly,,, +C [ ey, dr
0

3. Let |f'(w)| < Qo for all w € R™. Let r be as above. We have

[ Do f(r()]l < Qol[Derll -
Define

¢
v(t) = etko —|—/0 =L f(r (1)) dr .

Obtain the estimate
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t
(7.3) [Dov(t)]| < Ce™|[Dgvol| + CQo/ ()|l dr
0

4. For ug € H%,,,; define the sequence u™ by

ut) = e*ouy
t
u"t(t) = ew”uo—k/ (=0 f(y" (7)) dr
0

Fix a time interval 0 < t; < t < to. Parabolic smoothing estimates hold and one
obtains

u" e O ([R2 X [tl,t2]>
and the sequence u" is uniformly smooth on R? x [t1, #2]. This means that all deriva-
tives are bounded independently of n. (This follows from bounds for ||u™(t)]|| g+ for
all k. Time derivatives and mixed derivatives can be expressed by space derivatives
using the differential equation uf ' = Lou™t + f(u™).)
Iterating the estimate (7.3) one obtains

(7.4) [Dgu™ ()]l < Coe™ || Dyuol| -

5. Fix a compact region

Q= BR X [tl,tg]
in which the sequence u™ is uniformly smooth. By Arzela—Ascoli we obtain a smooth
function v on Q and a subsequence of 4™ so that (for any fixed K)

max |D%u"(z,t) — D%(x,t)] -0 as n—oo, neN;, |af<K.
(z,t)eQ
Here D% is a space-time derivative. (We do not know yet that this limit u is the
solution of the integral equation constructed above, but will show this below.)

A contraction argument in a weak norm (see below) will show that any possible
limit of any subsequence of u™ converges to the same limit on 2. Therefore, all
derivatives of the whole sequence u™ converge in maximum norm on £ to the
corresponding derivatives of u. One obtains that u € C*°(R? x (0, 00)).

One also finds that

max |Dyu"(z,t) — Dyu(z,t)] — 0 as n—oo.
(z,t)eQ

6. From (7.4) we have
[ IDa @) de < G 1Dyl
R
and find for n — oo:
[ Pouta 0 d < G Dyl
R

Now let R — oo to obtain
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(7.5) IDou(t)]| < Coe™ [ Dyuol| -

7. The sequence u" satisfies

U;H_l = LounJrl + f(un)v un(xv O) = UO(I) .
All derivatives converge pointwise on R? x (0, 00) to the corresponding derivatives
of u. Therefore,

uy = Lou+ f(u), u(x,0)=up(z) .
This implies that the function u which is constructed here as the limit of u™ agrees
with the solution constructed in Section 6.
8. The contraction argument is as follows. For

571 _ un-l—l _ un
obtain

t

5t = / 0N, (2, 1)67 (7) dr

0
with

| M (2, )] < Qo -
Therefore,

max ||(5"+1(T)H < Cqt max ||6"(7)]| -
0<r<t 0<r<t

If City < % a geometric-sum argument shows that any limit of any subsequence of
the u™ is unique on [t1, 2] for 0 < t; < t3. One can then restart the argument at

t2. The constant C; does not change.
O

8. The Quintic—Cubic Ginzburg—Landau Equation
Consider the quintic—cubic Ginzburg Landau equation (QCGL)
(8.1) up = alu+u(p + Blul® +ylul!)

where # € R?, u(x,t) € C and p € R,a, 3,7 € C. Since u is complex valued the
equation corresponds to a real system with two variables. In Section 8.2 we identify
the essential spectrum of the differential operator obtained by linearizing about a
spinning soliton. The result is consistent with the numerical findings in Section 8.1.

8.1. Spinning Solitons for the QCGL Equation. Spinning solitons are
solutions that rotate at constant speed and converge to us, = 0 as |z| — oo. Such
solutions are described in [6],[7], for example. We use the parameters

1 1
(8.2) a=g(1+i), f=25+i, y=-1-01i p=—g.

For the numerical computation we used Comsol Multiphysics T™™[5]. The prob-
lem is discretized on balls Bg(0) = {z € R? : |z|] < R} with Neumann boundary
conditions and piecewise linear finite elements of maximum diameter hpy.x. The
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initial solution is obtained from the freezing approach in [3]. Then the following
boundary value problem is solved (cf. the time dependent equation (1.7)):

0= AAu+ f(u) + cDyu+mDiu+neDou in Bg ,

(8:3) 0= % on OBg .

on
Here the parameter values c, 71,72 are included as additional unknowns and three
phase conditions are added in order obtain a well-posed boundary value problem
accessible to the package [5]. Real and imaginary parts of the solution are shown
in Figure 1.

With the numerical solution at hand, the same code is used to compute a
prescribed number neig of eigenvalues of the linearized finite element operator.
The code uses the package ARPACK with a prescribed real shift ¢ € R and is
expected to give the neig eigenvalues closest to o.

We have B, = pl, which satisfies Assumption 2 since p < 0. Assumptions 3
and 4 will be checked numerically. Our reference discretization uses the values

(8.4) R = 30, hmas = 0.25, neig = 400, o = 3

which leads to a matrix eigenvalue problem with about 10° eigenvalues. The spec-
tral picture corresponding to this choice is Figure 2 showing neig = 400 eigenvalues
close to o = 3.

We observe a zig-zag type cluster of eigenvalues which one expects to correspond
to essential spectrum. In fact, the structure will be explained by Theorem 8.1 below.

In addition, the three eigenvalues +ic and 0 on the imaginary axis are clearly
visible in Figure 2.

Moreover, Figure 2 suggests that there are eight additional complex conjugate
pairs of eigenvalues lying between the imaginary axis and the zig-zag structure.
For these eight pairs we have boxed the 8 eigenvalues with positive imaginary part.
Note that one of the boxed eigenvalues near the top is rather close to the zig-zag
structure, but does not belong to it. The eigenvalues +ic and 0 are also boxed. In
addition, we have boxed two (numerical) eigenvalues appearing near the center at
two tips of the zig-zag structure.

Figure 3 plots the real parts of the eigenfunctions corresponding to the 12 boxed
eigenvalues. Note that the eigenfunctions numbered 1 to 10 are localized; these
eigenfunctions correspond to the eigenvalues 0 and ic as well as to the eight isolated
eigenvalues not belonging to the zig-zag structure. The eigenfunctions numbered 11
and 12 correspond to the two boxed eigenvalues at the tips of the zig-zag stucture;
as expected, these eigenfunctions are not localized since they correspond to essential
spectrum.

To validate our findings we have varied two parameters in the reference config-
uration (8.4):

(1) Decrease radius to R = 20. The spectral picture is Figure 4 (left); the
eigenfunctions are similar to those in Figure 3 (not shown).

(2) Coarsen the grid to hpmq, = 0.5. The spectral picture is Figure 4 (right);
the eigenfunctions are similar to those in Figure 3 (not shown).

As already mentioned, the zig-zag structure in Figure 2 corresponds to essential
spectrum of £. Therefore, our tests confirm that there are eight pairs of isolated
eigenvalues between the essential spectrum and the imaginary axis. Since the cor-
responding eigenfunctions are localized and since there are no unstable eigenvalues,
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1.5

10¢

-10|

2% -10 0 10 20

FIGURE 1. Real and imaginary part of spinning solitons in the
QCGL-system

Assumptions 3 and 4 are confirmed. As one expects, variation of the size of the do-
main has a strong impact on the clusters that approximate the essential spectrum
while refining the mesh does no change the clusters very much.
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R=30, hmax=0.25, neig=400
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FIGURE 2. Spectrum of linearization about spinning soliton

On the other hand, looking at numerical values (not shown) one finds that
convergence towards the isolated eigenvalues is best observed when the mesh-size
is varied.

We refer to the work by Sandstede and Scheel [17],[14] on absolute spectra,
which is relevant when studying perturbations such as truncation to a bounded
domain.

For the three eigenvalues +ic and 0 on the imaginary axis we have also com-
pared the numerical eigenfunctions ¢; 5 with the eigenfunctions Dqu, £iDou, and
¢3 = Dgu, given by Lemma 2.3. Here we have used the computed numerical
approximation for wu, (as a solution of (8.3)) and have evaluated its derivatives
numerically. The resulting errors are

lern — il = 8.65107°

inf |2 — e (2, +igan)|Le 4.391073,
0€(0,27]

In view of the tolerances used, these results give satisfactory tests.
Remark : We note that equation (8.1) happens to have an extra S' symmetry
given by
(8.5) F(e"u) = e”F(u), 6ecS?,
where F' denotes the right hand side of (8.1). Numerical computations suggest

that the rotating wave u, satisfies u.(Rgx) = e®u.(z). Then u, is also a relative
equilibrium with respect to the group action of G = S x R? given by (cf. (1.11))

(a(n,0)u) (z) = e Pu(z —n).
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QCGL, real{ay), R=30, dx=0.25, N=400
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-20& -20 -0.599
-10
20 0 20

FIGURE 3. Eigenvalues and eigenvectors corresponding to boxes
in Figure 2, the first two correspond to 0 and ic, the next eight to
isolated and stable eigenvalues, the last two to spectral values at
the tip of the zig-zag structure

This leads to a simpler linearization where Dy is not present and, therefore, a
simpler stability analysis is possible than provided by our Theorem. However, this
special situation can be easily avoided by destroying the symmetry (8.5) in (8.1).
For example, we can perturb the complex factor v in the two-dimensional real
version of (8.1) so that it no longer corresponds to multiplication by a complex
number. Numerical experiments show that the spinning solitons and the structure
of the spectrum persist for the modified system.

8.2. On the Essential Spectrum of £. We use the following terminology
([11, Ch.5)):
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FIGURE 4. Spectrum of spinning soliton in the QCGL-system on
a smaller ball (R = 20, left) and for a coarser grid (Az = 0.5,
right)

DEFINITION 8.1. Let X denote a complex Banach space and let A : D(A) C
X — X denote a closed, densely defined linear operator. A point A € C is in the



NONLINEAR STABILITY OF ROTATING PATTERNS 393

resolvent set of A if A—X: D(A) — X is 1-1, onto, and (A — X\)™1 is a bounded
operator on X. An eigenvalue Ao of A is called isolated if for some ¢ > 0 all A
with 0 < [Ao — A| < € belong to the resolvent set of A. The multiplicity of the
eigenvalue \o is the dimension of the algebraic eigenspace {u € X : (A — Xo)ku =
0 for some k € N}. A point A € C is a normal point of A if either X is in the
resolvent set of A or X is an isolate eigenvalue of A of finite multiplicity. All points
of the complex plane which are not normal points form the essential spectrum of A,
denote 0ess(A).

Consider the linear operator £ in (1.17) under the assumptions of Section 1. A
part of the spectrum of £ can be determined in terms of the constant matrices A
and Bo,. To show this, we use polar coordinates and write

1 1
Lu = A(upr + ~ur + T—2u¢¢) + cug + (Boo + Bs(r, ¢))u

where Bs = B — By, thus (using Assumption 1),
NR := sup max|Bs(r,¢)] =0 as R — 0.
r>R @

First neglect the O(1/r) terms and the term Bsu in Lu and consider the simplified
operator

L5y = Aupp + cug + Boot .

If

(8.6) u(r, §) = e,

with

(8.7) neZ, keR, aweC™ |u=1,
then

(L5 — s)u = (=Kk2A 4 inc + Boo — 8)u .
Therefore, (L5 — s)u = 0 if and only if

(—k*A + Byt = (s — inc)i .
This suggests the following:

THEOREM 8.1. For k € R let \j(k) denote the eigenvalues of the matriz —r*A+
By for j=1,...,m. Then the numbers

s=inc+ \j(k), n€Z, keR, j=1,...,m,
belong to the essential spectrum of L.
PROOF. In this proof we denote the L?-norm on L?(R?,C™) by || - ||. Assume

that (—k2A + Boo)i = A\j(k)4, |4 = 1, and let s = inc + \j(k).
For large real R choose C* cut—off functions xg : [0, 00) — [0, 1] with

xr(r) = 1 for R<r<2R,
xr(r) = 0 for 0<r<R-1 or 2R+1<r<o0
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and derivatives bounded independently of R. Set

U‘R(Tv (b) = XR(T)U(’I“, ¢)
with u(r, ¢) given in (8.6). Clearly,

(L5 — s ug(r,¢) =0

unless

(8.8) R—1<r<R or 2R<r<2R+1.
Also, in the region (8.8),

(L™ = s)ur(r, )| < C
with C independent of R. We have

2R
llugl? > 271'/ rdr = 37 R?
R
and

(L5 — s)ug|®* < CR.

If we consider the operator £ instead of £5™, then

(L= s)ug(r,$)=0 for r<R-—1 and r>2R+1.

Furthermore,

(£ —s)ur(r,9)| <C for R—1<r<R and 2R<r<2R+1

and

(£ = s)ur(r,¢)| < g +nr for R<r<2R.

Therefore,

I(£ - $)urll® < CR+ CR% .

To summarize, the function up € L?(R?) satisfies

||uR||2 > 37R? and (L — s)uRH2 <CR+ CR217%3 )

If one sets vgp = upr/||ur| then

C
||(£—S)UR||2SE+C77%—>O as R—o0.

Therefore, either s is an eigenvalue of £ or (£ — s)~! is unbounded on L2. If
s = inc+ \;(k) is an eigenvalue of £, varying x shows that s cannot be isolated
in the sense of Definition 1. Therefore, all numbers s = inc + \;(k belong to the
essential spectrum of L. (I
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Illustration: The spectral values s of £ determined by Theorem 8.1 form m
sequences of lines,

s=s(k,n,j) =inc+ Nj(k), n€eZ, kreR, j=1,...,m.
For illustration, consider the scalar case where A = a = a1 + ias is a complex
number and Bo, = by is a real number with

a1 > 0> by .

Then the values s determined by Theorem 8.1 are

s =inc — K*(a; +iaz) + b, n€Z, KER.
If ag = 0 these are horizontal half-lines parallel to the subinterval (—oo, by of the
negative real axis. If az # 0 the half-lines are tilted. Since the sequence of these
half-lines belongs to the spectrum of £, the semi-group e!* cannot be analytic.
Application to QCGL: Proceeding as above, we find that the half-lines

s=inc—k’a+pu and s=inc—ka+g, neN, kKeR,
belong to the essential spectrum of £. Since o = (1 + 4)/2 is complex and u €

R, u < 0, the above lines form a zig-zag structure to the left of the imaginary axis;
this agrees with the numerical findings of Section 8.1.

Appendix A. Perturbation Theorem for Cy-Semigroups

In this section X denotes a complex Banach space and A: D(A) C X — X is a
densely defined linear operator generating the Cop—Semigroup e*4. For the general
theory we refer to [12], [13], [15], [8], see also Definition 8.1 for the notions of
spectra used in this paper.

It is known that e may have continuous spectrum unrelated to the spec-
trum of A; see, for example, Theorem 16.7.4 of [12]. This raises the possibility of
exponential growth of ||e*| even if the spectrum of A lies in the left-half plane.
Theorem A.1, shown below, can be used to prove that exponential growths of [|e!“||
does not occur for the operator £ defined in (2.11). In fact, if we restrict e!~ to the
space W = U+ defined in (2.17), then ||e’?|| decays exponentially.

Recall that the (Liapunov) type of the Co—semigroup e is defined by

1 tA 1 tA
(Al) wp = lim w — inf Og||€ ||
t—o0 t t>0 t
and that, for any w > wy, there is an equivalent norm || - ||, (see [15, Th.11.21])
with
(A-2) el < e, t>0.

In our main result we estimate the type number of a perturbed semigroup,
e!(A*+B) in terms of the type number w4 of A and a bound w, on the real parts of
the eigenvalues of A + B:

THEOREM A.l. Let A : D(A) ¢ X — X denote the generator of a Cp-
semigroup of type wa. Further, assume that B € L[X] is a linear bounded operator
so that

(A.3) Be!t s compact for all t > 0.
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Then A+ B : D(A) — X generates a Cy-semigroup on X that satisfies

(A.4) |Tess (eA1E)| < eva,
If, in addition,
(A.5) ReA <wy for all eigenvalues A€ C of A+ B,

then the semigroup e!A+B) s of type wa,p where
(A.6) warp <max(wa,wy).
The proof of Theorem A.1 uses two auxiliary results.

LEMMA A.l. Let exp(tA) be a Cy-semigroup on X and let M C X be precom-
pact. Then

(A.7) sup ||(exp(t4) — Tu|| =0 ast—0
ueM

PROOF. Suppose, to the contrary, that for some § > 0 we can find sequences
U, € M,t, — 0 such that

[|(exp(tnA) — Iuy|| > 6 for alln € N.

W .lo.g assume lim,,_, u,, = @& € X and choose £ > 0 such that ||(exp(tA)—1I)a|| <
g for 0 < ¢t < . Then we obtain for n large

[(exp(tnA) = Dunl| < [[exp(tnA)(un — @)[| + [|(exp(tnd) — D)

+la = un||

IN
CFRSS

= >

(Ce“* ™ + 1) [Juy — 0| + — <

a contradiction. (]
For the following perturbation result see [10, Ch.1],[11, Ch.5].

THEOREM A.2. Let T : D(T) C X — X denote a closed linear operator and let
S:D(S) C X — X be a linear operator such that D(T) C D(S) and S(A\g —T)~*
is compact for some A\g € C. Let Q2 C C be open connected and contain only normal
points of T'. Then either () consists entirely of normal points of T + S or entirely
of eigenvalues of T + S.

PRrROOF. (Theorem A.1) Let w > w4 be given and, as in (A.2), select a norm
| - ]|« such that

(A8) Il exp(tA)]|, < exp(%(wA F)), >0,

It is well known that A 4+ B is the generator of a Cy-semigroup that is of type
wars <wa + ||B||« (cf. [15, Ch.11.2]). In particular, it follows from (A.8) that
(A.9)

| exp(t(A+ B))||. < exp (t<||B||* pLate

>> <exp(t(|BIl. +w). > 0.

It remains to prove (A.6). By the variation of constants formula ® we have for each
uecX

5If a; = Aa,bs = (A + B)b,a(0) = b(0) = u, then (b — a); = (A + B)(b — a) + Ba and
b(t) = a(t) + fot e(t=5)(A+B) Bo(s) ds, yielding (A.10).
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(A.10)  exp(t(A+ B))u = exp(tA)u + /0 exp((t — s)(A + B))Bexp(sA)uds.

We multiply by e~“? and evaluate at t = 1 to obtain

(A.11) exp(A —w+ B)u = exp(4A — w)u+ Ku

1
(A.12) Ku = /0 exp((1 — s)(A — w+ B))Bexp(s(A —w))uds.
Note that by (A.8)
(A.13) || exp(A — w)]l« Sexp(—%(w—wA)) =¢qg<Ll

We show that for each € > 0 there exists a compact operator K. such that
[|[K — K.||« < e. Then the operator K defined in (A.12) is a uniform limit of
compact operators and hence compact itself.

First, we rewrite (A.12) for 0 < tp <1

Ku=Kou+ Kju

= /0 i exp((1 — s)(A —w + B))Bexp(s(A —w))uds

(A.14)

+ /t exp((1 — 8)(A—w+ B))Byexp((s — to)(A — w))uds,
where
(A.15) By = Bexp(to(A —w)).

Here we choose tg so small that for all u € X:

to
[ Koull« SC/O exp((1 — s)|[Bl[.)||Bl|«

S g
(A.16) exp(— 2 (w — wa))dsllull. < Zfull.



398 WOLF-JURGEN BEYN AND JENS LORENZ

We approximate the integral in K by step functions on the grid ¢; =
j=0,...,N

N-L ety

Kiu= ---ds

N-1 .1Zfo
_ /0 exp((1 = (; +7))(A —w + B))Boexp((t; + 7 — to)(A — w))udr
= Nzlex (1 —t41)(A—w+ B)B /N exp((1 4 j _to)(A—w))udT
= par p J+1 0 . p N

N—-1
+ > exp((1—tj1)(A—w+B))

j=0

—t V(A —w))udr

|7 (expl5 = A= w0+ B)) - DBaexn(
0
= Kpyu+ Ryu.

By our assumption the operator By in (A.15) is compact, hence Ky is compact
and can be taken as approximation of K. Compactness of K follows if we show
that ||[Ry||« — 0 as N — oo.

For ||ul[. <1land j=0,...,N —1,0 < 7 < 152 we have by (A.13)

(A.17) exp(((1 = to) + 7)(A — w))ull. < 1.

Now apply Lemma A.1 to the precompact set My = {Bou : ||u]|« < 1} and obtain
d =d(e) > 0 so that for 0 < s < §:

el B[«
(A.18) ngu]\g)QH(pr(S(A—W-FB)) —I)UH* < m-
Using (A.8) we then have the following estimate for N > }
ellBl|« (1=t 0)l1Bll. <
A1) IR < s Z <

This completes the proof of the compactness of K.

In the next step we apply Theorem A.2 with the settings T = exp(4 — w),
S=K, A =1and Q = {\ € C: |\ > q}. By (A.13) the operator (T'— 1)~}
exists and is continuous, hence K(T — 1)7! is compact. Since exp(A —w + B) is
bounded, the set 2 has points in the resolvent and thus

(A.20) |gess(exp(A — w + B))| < g.
We have shown

|oess(exp(A 4+ B))| < ge® =exp(=(w+wa)) forall w>wa,

N =

which proves our first assertion (A.4).

Now consider w > max(wa,ws ). For the point spectra we conclude from [13,
Theorem 2.4]
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(A.21) Tpoint (€xp(A —w + B)) C exp(0point (A —w + B)) U {0}.

(Note that in reference [13] the set oppin: contains, by definition, all eigenvalues,
not necessarily isolated or of finite multiplicity.) By assumption (A.5) we have
Re 0point (A+ B —w) < wy —w < 0 which leads to |0point (exp(A—w+ B))| < e“+~¢
. Combining this with (A.20) yields the estimate for the whole spectrum

(A.22) lo(exp(A — w + B))| < max(q,e“+~%) < 1.
Therefore, we can construct a new equivalent norm || - ||+ such that
(A.23) ||exp(A —w+ B)||+ < 1.

This implies || exp(n(A —w+ B))||+ < 1 for all n € N and, by filling the finite gaps
with the help of (A.9),

(A2fexp(t(A —w + B))[[+ < € = max [[exp(s(A —w +B))[l+, t=0.

This shows that the semigroup has type at most w. Since the choice of w >
max(wa,wy ) was arbitrary, the proof is complete. O
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