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On a Semi-Linear Wave Equation Associated with Memory
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ABSTRACT. In this paper the stability and asymptotic expansion of the weak
solution of an initial-boundary problem relating to a semi-linear wave equation
and two integral equations at the boundaries are given.
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1. Introduction
We study the solution wu(z,t) of following semi-linear equation
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where 0 < x < 1, 0 <t < T, associated with initial-boundary values given by

a t
(1.2) M(O,t)a—z(o,t) =go(t) +/ ko(t — s)u(0, s)ds,
0
ou t
(1.3) —u(l,t)%(l, )=g1(t)+ | ki(t —s)u(l,s)ds,
0
ou
(1.4) u(z,0) = up(x), E(m,O) = uy (),
where u, G, H, F, go, ko, g1, k1, ug and u; are given real functions satisfying
conditions specified later. The terms G (u(x,t)), H (%(x,t)) are, respectively,

called the damping, the source term of Eq. (1.1), and we shortly call the sum
G (u(z,t)) + H (%%(x,t)) the damping-source term.

The problems of wave equations associated with memory conditions or integral
equations at the boundaries have interested many mathematicians (see [5], [11],
[14], [15], [19]-[25], [27]).

When p(x,t) =1 and F(z,t) =0, in [19], Nguyen and Alain considered prob-
lem (1.1), (1.4) in the case of the full nonlinear damping-source term of u and %
associated with the homogeneous boundary at = 0 and the non-homogeneous
boundary condition at x = 1 given by

(1.5) —%(1, t) = Q(t) = hu(l,t) — g(t) — /0 E(t — s)u(l, s)ds,

where h is a positive constant; @), g and k are given functions. We note that
(1.5) is deduced from a Cauchy problem for an ordinary differential equation at the
boundary x = 1 as follows

(1.6) {Q"(t) +wQ(t) = hZx(1,1), t € (0,T),

Q(0) = Qo, Q'(0) = Qn,
where w > 0, Qo and @)1 are given constants. This problem is a mathematical
model describing the shock of a rigid body and a nonlinear viscoelastic bar resting
on a rigid base. In this article, the authors obtained the unique solvability of the
weak solution.

In [25], Santos studied the asymptotic behavior of the solution of problem (1.1),
(1.2), (1.4) in the case of p(z,t) = p(t), G(u) = H (2%) = 0, F(z,t) = 0 associated
with a boundary condition of memory type at x = 1 as follows

(1.7) u(1,t) —i—/o g(t — s)u(s)%(l, s)ds =0, t >0,

in which g and p are given functions. It is noted that the boundary conditions (1.5)
and (1.7) are similar since their formal differences can be crossed out after solving
the Volterra equation with respect to the variable u(1,t) given by (1.7).

In [21, 22, 23|, Nguyen, Lé and T. Nguyen considered the unique existence,
stability, regularity in time variable and asymptotic expansion for the solution of
problem (1.1)-(1.4) when p(z,t) = p(t), Gu) = Ku, H (2%) = A2 and the
boundary condition (1.2) is homogeneous and the boundary value at = = 1, (1.3),
is

Ju ou ¢
(1.8) —u(t)%(l,t) =g(t) + K1(t)u(1,t) + Al(t)g(l,t) + /0 E(t — s)u(1, s)ds,
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where g, K1, A1 and k are given functions.

When p = 1, G(u) = Klu|*u and H (2%) = \|Z% 5‘9“ for K, \,a,8 > 0,
Nguyen, Alain and Tran [20] studied the unique solvablhty, the regularity of the
weak solution of problem (1.1), (1.4) associated with the boundary conditions as

follows:

19) {Z“(Ot):g()—i-huOtafo (t — )u(0, s)ds,
9u (1) + Kyu(l,6) + M 22(1,8) =0,

where h, Ki, A1 are given constants and ¢, k are given functions. In the case of
a = = 0, the authors obtained the asymptotic expansion of the weak solution
with respect to non-negative constants K and \.

In the above articles, the authors mainly applied Faedo-Galerkin approximation
to study the unique solvability.

In the case of homogeneous boundaries, in [26], Sengul investigated the exis-
tence of the global attractor of Eq.(1.1) in the case of

ou ou
wlz,t) = 1H(8t>—aE,a>O

associated homogeneous boundary conditions and the initial conditions similar to
(1.4). In [1], Aassila and Benaissa obtained the global unique solvability, also
by Faedo-Galerkin approximation, and the decay for the solution of the following

problem:
/ Z Ou ~0u
Q =1 8(1712

0%u
(1.10) +g<8t2)+f( )=01in Q x [0, +o0],
u(z,t) =0 on T x [0,+o0],
’UJ(.’,E,O) = UJO(I)) %(xvo) = ul(x) on Qv
for €2 a bounded domain in R™ with a smooth boundary 02 = I', where @, g, f,
up and u; are given functions. In [4], Benaddi and Rao obtained the energy decay
rate of the solution by a shooting method for problem (1.1)-(1.4) where pu(x,t) = 1,
G and H are linear, F(z,t) = 0, and go = g1 = ko = k1 = 0 (or (1.2)-(1.3)
are homogeneous). In addition, Phung [24] studied the stabilization of the wave

equation with a localized linear dissipation in a three-dimensional bounded domain
on which exists a trapped ray given by

G- 324 ra@i —0m xR,
(1.11) U(I,t) “oon aQ x RY,

u(z,0) = ug, at Y(z,0) = uy(x) in Q,

for Q a bounded domain in R3 with a boundary 9Q at least Lipschitz; o, ug and
w1 are given functions.

Regarding Mikusinski calculus, D. Takaci and A. Takaci studied the existence
of the solution of problem (1.1), (1.4) in the field of Mikusiriski when u(x,t) = 1,
G and H are linear, and the boundary conditions are non-homogeneous.

In this paper, we study the stability and asymptotic expansion of the weak
solution of problem (1.1)-(1.4). What we obtain here is considered as both the
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generalization and the more effective approach of those in Aassila and Benaissa [1],
Nguyen and Alain [19], in Nguyen, Alain and Tran [20], in Santos [25], in Sengul
[26], D. Takaci and A. Takaci [27] and in mine [11, 14, 21, 22, 23].

Furthermore, to obtain the unique solvability of problem (1.1)-(1.4), we apply
a contracted procedure (see [12] and [15]) which exceeds a routine application of
usual methods, namely the Faedo-Galerkin method with the compactness argu-
ment and the monotone operator method, for semi-linear damped wave equations
as popularized by Jacques-Louis Lions several years ago (see [16], [17]) and also
by Songmu Zheng [30]. Moreover, by this contracted procedure, we can cover un-
solvable cases related to problem (1.1)-(1.4) regarding the solvability, and if the
solvability does not hold then we obviously fail to discuss neither the stability nor
the asymptotic expansion involved in this paper.

2. Preliminary results and notations

First we introduce some preliminary results and notations used in this paper.
We omit the definitions of usual function spaces: C™, LP, WP H™ for p € [1, 4+00]
and m € N.

We denote by (-, -) the scalar product in L?(0, 1) or pair of dual scalar product
of a continuous linear functional with an element of a function space. We denote by
I || x the norm of a Banach space X and by X’ the dual space of X. We denote by
LP(0,T;X),1 <p<oo, T >0, the Banach space of the real measurable functions
v:(0,T) — X, such that

T 1/p
1ol Lo go,7;x) = (/0 |U(t)||§(dt> < oo for 1 < p < oo,

and

|\v||Lm(O)T;X) = esssup ||v(t)||x for p = cc.
0<t<T

In H'(0,1), we use the norm

ol o) = y/TolBaor + 17130y v € H'O, 1)
Then we have the following lemma whose proof is omitted:
LEMMA 1. The embedding H*(0,1) — C°([0,1]) s compact and
(2.1) [vllcogoay < V2[0llar0,1),
for all v e H(0,1).

Now let z = (21,22), y = (y1,y2) € Z2, we denote

y<x<:>{y1§171,

Y2 S T2,
! = x1lxs!,
y !
& y!l(z—y)!

Then there is a lemma as follows:
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LEMMA 2. Let m € Zy and n,i,j € N. Then, the equality

(2:2) ST oaged | = > ayl,, &'
1<itj<n m<itj<mn
holds for e, 6, a;; € R and
CLU,’L‘F] S n, m= 17

(23)  layly, = Yo Ai-k)G-h) Akn] 1, m<i4 G <mn, m > 2,
(k,h)€[Zis],,

in which the family [Zi;), is given by
{(k,h) € Z3 : (k,h) < (4,5), 1 <i—k+j—h<n,
m—1<k+h<(m-—1)n}.

PROOF. In the case of m = 1, it is clear that (2.2) holds with respect to
laij]; = aij, 1 <i4j <n. When m > 2, by putting

m

(2.4) f(e )= Z aijedl |,

1<i+j<n

we have the Maclaurin formula of f up to order mn as follows

fled)= Y L oy (0,0)e67

0<i+j<mn Z|_']' et 097
(2.5) == o
_ Z L 8Z+Jf (0 0)615]'
I N V1N oL '
m<i+j<mn
Therefore, we deduce from (2.2) and (2.5), that
1 oitif o
(2.6) [aijl,, = 71 957007 (0,0), m <i+j<mn.

Moreover, from (2.2) and (2.4), f can be rewritten as follows

f(E,(S):fl (575)f2 (556)7

€, 0) = a; ‘Ei(sj ,
2.7 fE={ 2 )
fa(g,0) = > laijl,, 1 Ei5j> .
m—1<i+j<(m—1)n
Since f is differentiable at (0,0), it follows from (2.7), that
oy () O FTp Oy
(28) o5 0.0)0= >0 O ogmiasn (0,0) 5555 (0,0)

(k,h)<(4,9)

Since (2.2), (2.7)2 and [a4;]; = a;j, we obtain
1 o

Ajj = P
T i1 01067

(2.9) (0,0), 1<i+j<n.
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Hence, we have

(2.10) w(oo)z(i—k)'(j—h)'a- s 1<i—k+j—h<
: Dei—kgsi—h : Ai—k)(j—h), L =1 +J = n.
Moreover, we also obtain from (2.2), (2.6) and (2.7)s, that
(2.11) w(() 0) =klh![a —1<k+h<(m-

) Sekgah (0 0) = klh! kb1 T <k+h<(m-1)n.
On account of (2.6), (2.8), (2.10) and (2.11), we deduce that (2.3) hlods. Thus, the
proof of this lemma is complete. O

REMARK 1. In [18], we obtained an original result which is more general than
Lemma 2. However, since [18] was unpublished, we must give the detailed proof of
Lemma 2 in this paper.

3. Unique solvability and regularity

In this section, we shortly list some results which were obtained in [15] and can
be independently studied by the contracted procedure in [12].
We make some following essential assumptions:

(Au) 3 € L' (0,75 L>(0,1)), u(,t) > o > 0;
(A%)) G, H € L2 (R);
(A2)) 3K, Ky >0
|G(u) — G(v)] < Kglu -],
[H(u) — H(v)| < Kp|u—vl,
for u, v € R;
(Ap) F e L?((0,1) x (0,7));
(Ag) go,91 € H'(0,T);
(Ak) ko, k1 € Wl’l(O,T);
(Ay) up € HY(0,1), u; € L*(0,1).
In this paper, we say that a function
uwe H'(0,T;L%(0,1)) N L> (0,75 H'(0,1))
is a weak solution of problem (1.1)-(1.4) iff

i (G0, 0) + (D FE(#),0) + Qo(t)v(0) + Q1(t)v(1)
+ <G (u(t))+ H (%(t)) ,v> = (F(-,1),v),

’UJ(.’,E,O) = UO(x)v %(xvo) = ul(x)v

Qo(t) = go(t) + fot ko(t — s)u(0, s)ds,

Qu(t) = g1 (t) + [y ki (t — s)u(l, s)ds,
for each v € Hl(O7 1) and a.e. time 0 < ¢ < 7. In this case we can also say that
problem (1.1)-(1.4) is weakly solvable in H* (O,T; L?(0, 1)) N L*>® (O,T; H(0, 1))

Then we have the following theorem:

TuEOREM 1. Let (A,), (AS)), (AZL), (Ar), (A,), (Ar) and (A) hold. Then,
for T > 0, problem (1.1)-(1.4) has a unique weak solution u(x,t) satisfying

(3.1) we H'(0,T;L%(0,1)) N L>® (0,T; H(0,1)).
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REMARK 2. When H (%) = /\}‘9“ b %1;, p >0, A <0, it fails to apply Faedo-
Galerkin method for the unique solvability of problem (1.1)-(1.4). This method is
only applicable for linear or some special nonlinear problems (as in [5], [11], [14],

[19]-[25)).

REMARK 3. For some special nonlinear forms of G(u) + H (%%) such as
oul? o
Klul’u+ ) |52 52 () € B3\ (0,0), (K, ) € BY,

ou
G(’U/)‘FKE, K e R,

it is possible to apply Faedo-Galerkin approximation for the unique solvability of
problem (1.1)-(1.4); however, some more assumptions for p, G and H must be
modified and unfortunately the proofs in such cases are usually not only very long
but also truly messy such as a priori estimates or passing to the limit by monotone
techniques as in [16] and [17].

To study the weak solution’s smoothness with respect to the smoothness of
given data, assumptions (4,), (A%)), (AZ)), (Ar), (Ay), (A) and (A,) are
strengthened as follows:

(Ay) peC([0,1] x

(AGH G H € Cl(

[
) |
F, 22 ¢ 12((0,1

) "(n)] < Cxlnl®, Vn € R, and o > 0, Cyg > 0;
(Ar) F, G

9)

k)

0,77), f;tg € L2(0,T; L>=(0,1)), pu(x,t) > po > 0;
) % (0,7));

( 90,91 € H*(0,T);

( ko,kl S W2’1(O,T);

(Au) UOEH2(O,1), U1 EHl(O,l).

It is clear that problem (1.1)-(1.4) has a unique weak solution
uwe H' (0,T;L%(0,1)) N L™ (0,75 H'(0,1))

for which (4,), (Acr), (Ar), (4,), (A) and (A,) hold. The regularity of this
weak solution is stated in the following theorem:

THEOREM 2. Let (gu), (Acn), (Ar), (A,), (Ax) and (A,) hold. Then, for
T >0, problem (1.1)-(1.4) has a unique weak solution u(x,t) satisfying

(3.2) ue H?(0,T;L*(0,1)) N H" (0,T; H'(0,1)) N L> (0,T; H*(0,1)) .

4. The stability of the weak solution

In this section, we study the stability of the weak solution of problem (1.1)-(1.4)
in the sense that this weak solution continuously depends on some given data.

By assuming the functions G, H, ug and u; satisfy (Agy) and (A,), we have
from Theorem 2 that problem (1. 1) (1 4) has a unique weak solution u depending
on u, F, go, g1, ko and k.

Consider

u=u (,U, F go, g1, kOa kl)
where 11, F', go, g1, ko and k1, respectively, satisfy (A ), (Ap ); (A,) and (Ay). Let
G, H, ug and uy be fixed functions such that (Agy) and (A,) hold. For to >0
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given, we put

E(MO) :{ (M7F7907glu kOakl) L, F7 9o, g1, kO and kl
satisfy (AH), (Ar), (A,) and (Ay), respectively }.

Right then, we have the following theorem:

THEOREM 3. Let (AH), (Acn), (Ap), (A,), (Ax) and (A,) hold. For every
T > 0, the weak solution u(z,t) of problem (1.1)-(1.4) is stable with respect to u, F,
90, 91, ko and ky in the sense that if (1, F, go, g1, ko, k1), (i, Fiy oi, 914, koi, k1i) €
E(po) and

Wi = i C([0,1] x [0,TY),
F,—F, % 98 in L2(0,7;L2%0,1)),
goi — 9o, g1i — g1 in  H?*(0,T),

kOi — ko, kli — kl mn Wz’l(O,T),

(4.1)

when © — 400, then

42) {u S in L™ (0,T; H'(0,1)),

Qus — 9ujn L= (0,T;L*0,1)),

as 7 — +OO, where U; = Uy (/Ll, Fi,g()i,gli, k()i, kM) .

PRrROOF. From Theorem 2, we can deduce that

(4.3) 15 HL22(0 1)+“0| HL201) < Mr,

. 82
9 u t < M
’ ort ( )’ £2(0,1) +,u0’ ‘%6‘5( ) £2(0,1) T

for all t € [0, 7] if the given data u, F, go, g1, ko and ky satisfy

”MHCl(Ol]X[OT]) < B
< F,

ot HL2 (0,1)x(0,T)) =
901l 20,7y + 1921l 20,7y < T
||k0||W2~1(0,T) + HleWM(o,T) <k

(4.4) IF Nl 2201y x 0.1y + 115

where 71, F, § and k are fixed positive constants, and My is a positive constant
depending only on T, yig, ug, ui, @i, F, g, k but is independent of ju, F, go, g1, ko,
k1.

From (4.1), it is clear that there exist positive constants 7z, F, § and k such that
iy Fiy gois 914, koi and ky, satisfy (4.4) for (u, F', go, 91, ko, k1) = (ts, F3, ois 914, ko, k1s) -
Therefore, we conclude that the weak solution u;(z,t) of problem (1.1)-(1.4) with
(,u, F, g0, 91, ko, kl) = (,Uza Fi, gois 91i, k()i, klz) satisfies (43), namely we obtain

|5 G ( HL2 0,1) 'HLO, HL2 01 = Mr,

(45) 8%y 8%y, 2
H ot* ‘ + o ‘ 9zt (t)‘ L2(0,1)

< Mt

L2(0,1)

for all ¢ € [0, T7.
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1\IOW7 by letting ﬁi, ﬁi, /g\Oi; §1z‘, EOi and Eli be functions given by

— Yo, glz = 9g1i — 91,
P k()v klz - kl’L - kl;

N

2
S B

I
pv le )11 t
uj t

we deduce that w;(z,t) = u;(z, t)—u(z,t) satisfies the following variational problem:

(Zw.0) + {052 0.07) + Qule)e(0) + Qulo)

=—<G<<>> G (uft) + (‘%l())—H(%@)),Q

(4.7) - <ﬁ 5% ’ < ’

QOi(f) = goi(t) +f0 ko(t — s)w; (0, s)ds,
Qli(t) = J14 (f + fO kl t— s)wz( ,S)dS,
Joi(t) = goi(t) + fo ko t — s)u;(0, s)ds,
g1i(t) = qui(t) + fo k1 —s)ui(1, s)ds

for each v € H'(0,1) and a.e. time 0 <t < T.
In (4.7), replacing v by %, then integrating from 0 to ¢, we obtain that

@) =/t <%<-,s>,\%<s> 2>ds—2/0t (9529, St o) s

G (u(s)), ‘95? (s)> ds

() (5] e

N ow;
-2 ; Qol-(s) . (0, )ds—2/ QM( )— s (1,s)ds
b 6’[1}1'
w2 [ (R G is
in which
0 i 0 i
(49) =[G, +|veage|,
£2(0,1)
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From (4.5), (4.8), (4.9) and assumptions (4,), (Aqn), (Ay), (A)), we have some
estimates as follows:
> ds < —
Ho

(4.10) /0 <%(~,s)

(4.11) —2/0t<m<-,s>‘2’;i<s>,§i§;<>>ds<M+6© )+ [ @

<G (us(s)) — G (u(s)). 8611: (5)> ds < (1+TGp) /0 ©,(s)ds

o () - (3e) S

< (1+Hg)/0 ©;(s)ds

ow;

op
5 )

ds )

©i(5)d8,

Lo°(0,1)

(4.12) =2

S—

(4.13)

4 t
(4.14) —2/ Qji(s)——(4,8)ds < gjui + u—f(@i(t)Jrfl}'zi/ ©;(s)ds, j =0,1,

(4.15) 2/0 <E(, s); 8;:( )>d5§/0t L201) / Ol

for some 8 > 0 and ]\Z, Go, Ho, Gj1i, @j1: are non-negative constants given by

ﬁi('u

7 ~ 2 ~ 2
M; = Aj_gT (% ”uiHLOO((O,l)X(O,T)) +4T ||Ni||cl((0,1)x(o,T))) )
Go = max |G'(y)], |y| < \/2 (||u0||%2(011) + (T2 + t) MT),

Ho = max |[H'(2)], |2] < /2 (1 + H—{)MT),

(4.16)

. 2 .
j ||L2(0T)’ j=0,1,

N 2
Giai = (4BT+ [T? . —] [4+4|k O+ sl

~ 10~ 2
@i = 5 195illcopo,m

+ 2T||k;|%2(07T)] ) j=0,1.

As a result, we deduce from (4.8), (4.10)-(4.16), that

— 4 t
@i @0 =i+s(1+ )00+ [ neos
0 0
where ]/\/[\T is a non-negative constant given by
AN N 2
418 M, = M + Govi + Guns , ’
(4.18) + qo1s + qi1i + (- 9) L10.1) s
and
2 2 L |l op
(419) pz(t) :4+TGO+HO +(J02 +Q12+ — || = .
Ho L°°(0,1)
Hence, by choosing 3 > 0 such that 3 < 5 # + oD We conclude from (4.17), that

(4.20) ©,(t) < 2M; exp < /O tm(s)ds) for all t € [0, 7.
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From (A,) and (4.19), we have

t
(4.21) p; € L'(0,T), Vi =1,2,..., and exp (/ pi(s)ds) < +oo.
0

In addition, on account of (4.1), (4.7)5.6, (4.16)1,4 and (4.18), we deduce that

o~

(4.22) M; — 0 as i — 4o0.
Finally, it is clear that (4.2) is obviously concluded from (4.1), (4.9) and (4.20)-
(4.22). Hence, this proof is complete. O

5. Low-frequency asymptotic expansion of the weak solution

In this section, let G (u(z,t)) = eG (u(x,t)) and H (2% (z,t)) = 0H (2 (z,1))
such that
(Aes) &0 €eR
In addition, we modify smooth assumptions for G and H as follows:
(Agu) G, H e C"Y(R) for n € N given.
Now we consider the following initial-boundary value problem:

0%u 0 ou
@0 = 5 (w0 Ghw0) +26 (ulo.)
(5.1) +6H(g?(:c,t) =F(z,t), 0<z<1 0<t<T,

t — s)u(0, s)ds,

+
h
=&

_/L(la t)%(lv t) - gl(
u(z,0) = up(x), %—?(:v,O) = uy(x).

On account of (gu), (Acn), (Acs), (Ap), (Ay) and (Ag), by Theorem 2,
problem (5.1) has a unique weak solution u(x,t) depending on (e, d) such that
u=u(e,d)

~
~—
o
3
—
—~
~+
|
V)
~—
—~
—_
V)
~—
U
V)

satisfying (3.1), namely,
we H?(0,T;L%(0,1)) N H" (0,T; H'(0,1)) N L™ (0,T; H*(0,1)) .

Our purpose here is to investigate the low-frequency asymptotic expansion (see
[9]) of the weak solution wu(z,t) of problem (5.1) with respect to two parameters e,

J.
By putting
2
OUvu = —p(1,1)9%(1,1),
we concern the solvable problem (Ua;) given by
0
Uu = —eG (u) — 5H(6u) F(z,t), 0<z <1, 0<t<T,
AUou = go(t) + fo ko(t — s)u(0, s)ds,
OUu = g1(t) + fo ki(t — s)u(l, s)ds,

u(@,0) = uo(z), Gf(z,0)=wu (),
u=u(e,0) € H*(0,T;L*(0,1)) N H' ((0,T) x (0,1)) N L> (0, T; H*(0,1)),
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which is perturbed with respect to both small parameters €, § such that
(5.3) le] <1, 4] < 1.

Firstly we construct a sequence of weak solutions {u;; } from a family of solvable
problems {(U;;)}, respectively, such that ¢,j € Nand i+ j < n.
We begin with the case ¢ = j = 0. Let upo be the weak solution of problem
(Upp) in regard to e = § = 0, namely we have
(5.4)
Uugo = Ago = F(z,t), 0<az <1, 0<t<T,
AUgugo = go(t) + fot ko(t — 8)ugo(0, s)ds,
(Uoo) 8U1u00 = g1 (t) + f(f kl (f — S)’u,oo(l, S)dS,
ugo(z,0) = uo(z), e (z,0) = ui(x),

Juoo
Upo € H? (O,T; LZ(O, 1)) NH! ((0, T) X (O, 1)) N L (O,T; H2(O, 1)) .

When 1 < i+ j < n, consider {u;;} as the sequence of the weak solutions of

the family of solvable problems {(U;;)}, which is defined as follows

(5.5)
Uuijj =4, 0<z<1, 0<t<T,
8U0uij = f(f ko(t — S)’U,ij (0, S)dS,

(Uij) aUluz'j = fg k1 (t - S)Uij(l, S)ds,

wij(x,0) = 0, 24 (z,0) =0,
ui; € H?(0,7; L*(0,1)) N H' ((0,T) x (0,1)) N L> (0, T; H*(0, 1)),

where A;;, 1 <7+ j < n, are defined by the following recursive scheme:

Ao = —G(ugo),
Ao = —H (%52)
i1

Ay = — kZ £GW (ug) [U(ifl)o]w 2<i<n,
-1

itj—1
(56 Y Ay = 5 AH® (2) 2] <<,
k=1 k

ot =7 =
itj—1
. Augo (i1
Aj=-3 7 (G(’“)(uoo) [ugi-1],, — H® ( ot ) {%L) ’
k=1

2<i+ji<ni>1, j>1,

in which [a;;], is defined as what in Lemma 2.
Then we obtain low-frequency asymptotic expansion of the weak solution u(z,t)
of problem (5.1) with respect to two parameters ¢,  in the following theorem:

THEOREM 4. For e, § € R, if (A,), (Acn), (Aam), (Ar), (4,), (Ay) and
(5.3) hold, then problem (Ues) has a unique weak solution u = u(e, ) satisfying the
asymptotic estimates with respect to two parameters € and 6 up to order n + 1 as
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follows:

(5.7)

= — —c'¢’ + || — uije" o’
ot <Z< ot <Z< v
0<i+j<n Lo (0,T5L2(0,1)) 0sit+j<n Lo°(0,T3H' (0,1))
ntil
S C (52 +62) 2 ,
in which u;; is the unique weak solution of problem (Ui;), respectively, for 0 <
i+ 7 <mn and C is a positive constant independent of €, 0.

PRrROOF. By putting

v= > wEtdl,
(5.8) i+j<n
w=u-—v,

we have that w satisfies the following problem

Uw:—s(G(w—i—v)—G(v))—&(H (%(w—i—v)) —H(%))
+Wh(e,d), 0<az<1, 0<t<T,

(5.9) OUgw = fot ko(t — s)w(0, s)ds,

U vw = [ ki (t — s)w(1, s)ds,

w(z,0) =0, 22(x,0) =0,

w € H? (0,7 L*0,1)) N H* ((0,T) x (0,1)) N L> (0,7 H*(0,1))

where
ov .
(5.10) Wp(e,8) = F(x,t) —eG(v) — 6H 5 ) Z Aietd.
i+j<n
The estimate of W, (e, ) is given in the following lemma:

LEMMA 3. Under assumptions (Aﬂ), (Agn), (/AlGH), (Ap), (gg) and (Ay), the
following estimate

n+1
2

(5.11) W (e, )l Lo 0,7522(0,1)) < W (2 +6%)

holds for e,6 € R satisfying (5.3), where Wr is a non-negative constant depending
only on G, H, u;; and 815;]' for0<i+j<n.

The detailed proof of this lemma will be specified later.
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Now, by multiplying the two sides of (5.9); by 5 w and taking into account
(5.2), we deduce after integrating with respect to time variable that

@<t>=/ <‘2’j< >(‘§—j<s>)2>d8

i ‘Zw (0, 5) </0 o (s — T)w(O,T)dT> ds

O

(5.12) —2) ?9?1 5) </0 k(s — T)w(l,T)d7'> ds

—25 < (w +v) (v),%—?(s)>ds
) 0 (3) e
/<W(55)‘2 ()>ds

where

(5.13) o(t) = H%—Zj(t)

+|[vimgee

L2(0,1) '

From (2.1), (AH), (A,) and (Az), also taking into account (5.12) and (5.13),
we deduce that

A <%<> <‘2—;"<s>>2>ds

<_
Ho

o

Bs - 8) O(s)ds,

L>=(0,1)

(5.15) —2 ‘?;:(ys)(/Osky(s—T)w(u,T)dT)ds<_ +k/®

0

in which ¢ > 0 and k,, v = 0, 1, are non-negative constants defined as follows:
- 2, 1 2 2 2
(5.16) k, = (T +% 2+2QT+4|kV(O)|+EHI€VHL2(O,T) + 27|k (172 (0,7 |-

In addition, also regarding (5.12) and (5.13), we obtain from (5.3), (5.8) and (Agx),
that

(5.17) { 2e fo < w+v) —G(v), %_7:(5)> ds < éfot @(_S)ds,
26 [y (H (& (w+v)) — H (32),22(s)) ds < H [y O(s)ds,
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for non-negative constants G and H given by

G =1+ T2sup|G/(n)]?,
H =1+ sup |H'(0)

(5.18) nl < V2| llullz=orm o) + 3 ”uij||L°°(O,T;H1(0,1))2i+j> ;
0<i+j<n

o] < V2 (||U||L°°(0,T;H2(o,1)) + X |uij||L°°(0,T;H2(0,1))2i+j> :
0<itj<n

From Lemma 3 and (5.13), it obviously follows that

(5.19) 2/(: <Wn(5,5),28( )>ds<TWT (e? +52 / O(s

Combining (5.12)-(5.19) by choosing ¢ € (0, ﬂ), we conclude that

o) 2
. <
(5.20) T C(2+62)7  forall t € [0,7]
for
2TW 0 ’
=_2 7T el
(5.21) C' = in {1 o lexp < 63( ,S) o) ds)]

Finally, it is clear that (5.7) is deduced from (5.13), (5.20) and (5.21). Hence, the
proof is complete.
O

6. Appendix: The detailed proof of Lemma 3

Recall Lemma 3 in the previous section as follows: B N
Lemma 3. Under assumptions (A,), (Acu), (Agm), (Ar), (Ay) and (Ay), the
following estimate

n41
(6.1) W€, 0)ll Lo o,:2(0,1) < W (€2 +4%) 2

holds for e,6 € R satisfying (5.3), where Wr is a non-negative constant depending
u” for0<i+4+j<n.

only on G, H, u;; and

PROOF. In the cases of n =0 and n = 1, the proof of Lemma 3 is easy, hence
we omit the details, here we mainly prove this lemma for n > 2.
By putting

(6.2) T= ) uigE'd,
1<itj<n

we have that Taylor’s formulas of the functions G(v) = G(up + v), H (%) =

H (%(Uoo + 5)) about the points ugo, ‘9520, respectively, up to order n are given
by
(6.3

G(uoo) + Z G (o) 0% + LG (ugp + £0)T",

u o\ F n ~ T\
= $°)+k§1mH<’“’ (%) (57) + arH™ (F(uoo +¢0)) (57)"

Q>|QJ
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where £, and ¢ € (0,1). Applying Lemma 2, we deduce from (6.3), that

n— 1
G(’U) G UOO + Z G(k) UQO) Z [uij]k gl
! k<i+j<kn
+ —|G(") (ugo + &0) Z [uij],, €67,
n<i+j<n?
(64) o du Pu dus;
() = 00 k) 00 1] iéj
(m) ( ) Zm ot Z a |, °©
k<it+j<kn

1 0 O ; o
—gn Z7 1857

ot (at(“°°+<”)> > { ot ] .

n<i+j<n? n
in which
Uij, 1§Z+]§7’L, k:17
[uij]k = > U(i—p)(j—q) [upq]k_l ,k<i+j<kn, k>2,
(p7(ge[zij]k
Ouij gzj7lgi+j§n7k:1’
%] =9 % uipume [Mea] R <i+j<kn k22,
(p,a)€[Zij],, k=1

Zij), = {(p,@) €23 : (p.q) < (i,§), 1 <i—p+j—qg<m,
k—1<p+q<(k—1)n},

uU10, iznzl, jZO,

U, 1 =0, j=n=1,

Wil =
sl UG—p)(i—aq) [Upg] n<i4+j<n? n>2
(i—p)(G—q) Ypalp_1> v = J=n" nz=z
(p,9)€[Zi],,
9 . .
5;077’:”’:17.]:07
(2] =3 %, i=0 j=n=1
t Ouii—p)i—a) | Ou C 2
i N P S

(p,a)€[Zi;],,
[Zij]n = {(p7Q) € Z?i- : (pvq) < (27])7 1 Sl—p‘f'J_q < n,
n—1§p+q§n2—n}.

In addition, on account of these identities

n—1 z+j

1 . . .
19 E EGUC)(UOO) E [uij]kaléj = E E k'G(k) UOO ] +16J,
k=1 " k<it+j<n-—1 1<i+j<n—1k=1

ou Ou;; ;o
(k) 00 ij Vi
6Zk'H ( ot >k<i+gz<n—1[ ot LE(S
= Z ga: % Juij cigitl
m! ot |, ’

1<i+jij<n—1k=1
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we obtain from (6.4), that
(6.5)
i+7—1

eG(v) = eGluge) + 3 S RG® (ugo) [ug—1);], €' + G(G, B, ¢,0),

2<i+j<n,i>1 k=1

ov Juoo ey () (Ouoo \ [uiG—1) ] i
6H(8t) 5H(8t)+ 2 Zk'H ot o | 50

2<i+j<n,j>1 k=1

~ ov
+ H (H,E,E,é) s

in which é(G, v,€,0) and ﬁ( , at,s 5) are given as follows

G v, ¢, —EZ G( k) (ugo) Z [uij]kaiéj
! n<i+j<kn
+ —,G ™ (ugo +&0) Y [uig], €07,
(6.6) g 5
77 H® Uoo Uig icj
i (.G S () 3 [,
n<i+j<kn
) 0 Oy o
Zgn) Z7 i
+ o H <6t(uoo+ﬁ> Z { (%} €'o’.
n<i+j<n? n
From (5.10), (6.5) and (6.6), we deduce that
9%
(6.7) Wi(e,0) = —G(G, 7, 2,0) — (H 8—:,5,5) .
Recall that u;;, 0 < i+ j < n, are the weak solutions of problems (Uj;),
respectively. From (2.1 ( 3)-(5.5) and (6.2), we deduce that

);
(6.8) [ugo(z, )] < \/§”u00”L°°(O,T;H1(O,1))7
a,t) + €0(x, )] < V21w + €0 oo 0 111 (0,1)) -
for (z,t) € (0,1) x (0,7) and £ € (0,1).
Since (Agp) and (6.8), it follows that Cy, 1 < k < n, such that
C) = sup ‘G(k) (Uoo)‘ forevery 1 <k <n-—1,
(6.9) oo (n) ~
C, = sup }G ™) (ugg +§v)| £e(0,1)
ugo+£0
are non-negative constants. Now, combining (6.6); and (6.9), we conclude that

<Gy (2+0%)T

6.10 Hé G.7,e,0 H
( ) ( e ) L==(0,T;L2(0,1))

for Gy a non-negative constant given by

- s2yn Gy
Go=>_ > 27 ikl eorizaouy
(611) k=1 n<i+j<kn

Cn itji—n
e D DR [ PRSP

n<itj<n?
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(6.12) 5t
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Moreover, let C},, 1 < k < n, be non-negative constants defined as follows:

C}. = sup ‘H(k) (%)’ for every 1 <k <n—1,
dugo

Cl = sup ’H(n)(%_f_g%)

dugg 9%
ot TCat

, C€(0,1).

By the same way for the estimate of é(G, v,€,0) in L™ (O,T;L2(O, 1)), we also
obtain

(6.13) HfI(H 7€, 5)H < Hy (2 +82)7

L~ (0,T;L2(0,1))

in which Hy is a non-negative constant given by

(6.14)
n—1
B iti—n C || [ Ouyj
w-y 5 g5
k=1 n<i+j<kn kL (01T7L (011))
I L ..
s Y [8%} .
M <iti<n? ot |, Lo (0,T3L2(0,1))
Finally, it is clear that (6.10) and (6.13) imply (6.1). O
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