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ABSTRACT. In this paper the unique existence and regularity of the weak solu-
tion of an initial-boundary value problem relating to a semi-linear wave equa-
tion and two integral equations at the boundaries are given.
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1. Introduction

We study the solution u(z,t) of following semi-linear equation

2u i
g?(x,t) - % (u(:z:,t)%(x,t)) + G (u(z,t))

ou

(L.1) n <a(x,t)> — Fla.1),
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where 0 < x < 1, 0 <t < T, associated with initial-boundary values given by

a t
(1.2) M(O,t)a—z(o,t) =go(t) +/ ko(t — s)u(0, s)ds,
0
ou t
(1.3) —u(l,t)%(l, )=g1(t)+ | ki(t —s)u(l,s)ds,
0
ou
(1.4) u(z,0) = up(x), E(m,O) = uy (),
where u, G, H, F, go, ko, g1, k1, ug and u; are given real functions satisfying
conditions specified later. The terms G (u(x,t)), H (%(x,t)) are, respectively,

called the damping, the source term of Eq. (1.1), and we shortly call the sum
G (u(z,t)) + H (%%(x,t)) the damping-source term.

The problems of wave equations associated with memory conditions or integral
equations at the boundaries have interested many mathematicians (see [5], [10]-
20], [22], [24], [25]).

When p(x,t) =1 and F(z,t) =0, in [10], Nguyen and Alain considered prob-
lem (1.1), (1.4) in the case of the full nonlinear damping-source term of u and %
associated with the homogeneous boundary at = 0 and the non-homogeneous
boundary condition at x = 1 given by

(1.5) —%(1, t) = Q(t) = hu(l,t) — g(t) — /0 E(t — s)u(l, s)ds,

where h is a positive constant; @), g and k are given functions. We note that
(1.5) is deduced from a Cauchy problem for an ordinary differential equation at the
boundary x = 1 as follows

(1.6) {Q"(t) +wQ(t) = hZx(1,1), t € (0,T),

Q(0) = Qo, Q'(0) = Qn,
where w > 0, Qo and @)1 are given constants. This problem is a mathematical
model describing the shock of a rigid body and a nonlinear viscoelastic bar resting
on a rigid base. In this article, the authors obtained the unique solvability of the
weak solution.

In [20], Santos studied the asymptotic behavior of the solution of problem (1.1),
(1.2), (1.4) in the case of p(z,t) = p(t), G(u) = H (2%) = 0, F(z,t) = 0 associated
with a boundary condition of memory type at x = 1 as follows

(1.7) u(1,t) —i—/o g(t — s)u(s)%(l, s)ds =0, t >0,

in which g and p are given functions. It is noted that the boundary conditions (1.5)
and (1.7) are similar since their formal differences can be crossed out after solving
the Volterra equation with respect to the variable u(1,t) given by (1.7).

In [16, 17, 18], Nguyen, Lé and T. Nguyen considered the unique existence,
stability, regularity in time variable and asymptotic expansion for the solution of
problem (1.1)-(1.4) when p(z,t) = p(t), Gu) = Ku, H (2%) = A2 and the
boundary condition (1.2) is homogeneous and the boundary value at = = 1, (1.3),
is

Ju ou ¢
(1.8) —u(t)%(l,t) =g(t) + K1(t)u(1,t) + Al(t)g(l,t) + /0 E(t — s)u(1, s)ds,
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where g, K1, A1 and k are given functions.
In the above articles, the authors mainly applied Faedo-Galerkin approximation
to study the unique solvability.
In the case of homogeneous boundaries, in [21], Sengul investigated the exis-
tence of the global attractor of Eq.(1.1) in the case of
Ju ou
)=1, H|l — | =a—, a>0
ui, 1) <8t> “or @
associated homogeneous boundary conditions and the initial conditions similar to
(1.4). In [1], Aassila and Benaissa obtained the global unique solvability, also
by Faedo-Galerkin approximation, and the decay for the solution of the following

problem:
0%u " ou\? " 9%u
FTE (/QE (5=) dl‘) Drr
2
(1.9) +g (%) + f(u) =01in Q x [0, +o0],
u(z,t) =0 on T x [0, +00],
u(z,0) = up(x), %(m,O) =uy(z) on Q,

for €2 a bounded domain in R™ with a smooth boundary 02 = I', where ®, g, f,
up and u; are given functions. In [4], Benaddi and Rao obtained the energy decay
rate of the solution by a shooting method for problem (1.1)-(1.4) where pu(x,t) = 1,
G and H are linear, F(z,t) = 0, and go = g1 = ko = k1 = 0 (or (1.2)-(1.3)
are homogeneous). In addition, Phung [19] studied the stabilization of the wave
equation with a localized linear dissipation in a three-dimensional bounded domain
on which exists a trapped ray given by

3
2 2 .
%Tfj—_ %—l—a(m)%—?:OanxR‘*,

=1
(1.10) (,£) = 0 on 9 x R,

u(z,
u(z,0) = uo, %—;‘(a:,()) = wuy(x) in Q,

for  a bounded domain in R3 with a boundary 99 at least Lipschitz; «, ug and
w1 are given functions.

Regarding Mikusinski calculus, D. Takacéi and A. Takaci studied the existence
of the solution of problem (1.1), (1.4) in the field of Mikusinski when u(x,t) = 1,
G and H are linear, and the boundary conditions are non-homogeneous.

In this paper, we apply a contracted procedure (see [8], [13], [23]) to obtain the
unique solvability of problem (1.1)-(1.4), and it is believed that the essential proofs
must be shorter and easier than what has been brought up since the difficulties
relating to the nonlinear damping source can be solved by a suitable contraction.
What we obtain here is considered as both the generalization and a more effective
approach of those in Aassila and Benaissa [1], in Benaddi and Rao [4], Long and
Dinh [10], in Phung [19], in Santos [20], in Sengul [21], D. Takaci and A. Takaci
[22] and in mine [16]-[18], [24], [25].

Furthermore, we can affirm that this work exceeds a routine application of
usual methods, namely the Faedo-Galerkin method with the compactness argument
and the monotone operator method, for semi-linear damped wave equations as



316 UT V. LE

popularized by Jacques-Louis Lions several years ago (see [9], [15]) and also by
Songmu Zheng [27].

2. Preliminary results and notations

First we introduce some preliminary results and notations used in this paper.
We omit the definitions of usual function spaces: C™, LP, W™P H™ for p € [1,4+00]
and m € N.

We denote by (-, -) the scalar product in L?(0, 1) or pair of dual scalar product
of a continuous linear functional with an element of a function space. We denote by
|- |lx the norm of a Banach space X and by X’ the dual space of X. We denote by
Lr(0,T;X),1 <p<o0, T >0, the Banach space of the real measurable functions
v:(0,7) — X, such that

1/p

T
lollo o.2x) = (/ ||v(t)|§dt> <oofor1<p< oo,
0
and
HU”LOO(O,T;X) = %istsup [v(®)]|x for p = ooc.

In addition, we denote by W™P (0,T; X) for p € [1,+00] and m € N the Sobolev
space of all functions v € L? (0,T; X) such that v(™ exists in the weak sense and
belongs to L? (0,7; X) and

m 1/p
T i
(# Epoora) 1<

m .
esssupy Hv(l)(t)HX, p = oo.
0<t<T i=0

HU”WWP(O,T;X) =

Shortly we write
H™(0,T;X)=W™2?(0,T; X).
Furthermore, we denote by C ([0, T]; X) all of continuous functions

v:(0,T) - X
with
ol = o [o@)]x <o
and C! ([0, T]; X) all of differential functions
v:(0,T) - X
with

ov
lollesdomi = o, (1@l + | G0 ) <o

In H'(0,1), we use the norm
ol oy = /10032 0,0) + 10Ba,0) v € HY(O,1).
Then we have the following lemma whose proof is omitted:
LEMMA 1. The embedding H*(0,1) — C°([0,1]) is compact and
(2.1) [vllcooay < V2[vll (0,1
for all v e H*(0,1).




ON A SEMI-LINEAR WAVE EQUATION 317

Moreover, let a real function u = u(x,t) for (z,t) € (0,1) x (0,7 such that
u(t) € X where X is a real Banach space defined on (0, 1), there are two following
results whose proofs are able to be seen in [8]:

LEMMA 2. Let u € Wl’p(O,T;X) for some 1 < p < oco. Then
ue C([0,T]; X).
LEMMA 3. Suppose u € L? (O,T;HQ(O, 1)) , with % €L? (O,T;LQ(O, 1)) . We

have

uweC([0,T; H'(0,1)).

3. Unique solvability

First and foremost, we make some following essential assumptions:
(Au) G € L1 (0,75 L°°(0, 1), pu(x,t) > o > 0;
(A%)) G, H € L2 (R);
(A2)) 3K, Ky >0
G(u) = G(v)| < Kalu =],
[H (u) — H(v)| < Kplu— v,
for u, v € R;
(Ap) F € L*((0,1) x (0,T));
A ) go, g1 € H1(07T);
A ) ko, k1 € Wl’l(O,T);
(Au) up € Hl(O, 1), uy € LQ(O, 1)
In this paper, we say that a function
we H'(0,T;L%(0,1)) N L>® (0,75 H'(0,1))
is a weak solution of problem (1.1)-(1.4) iff

d (B 0,0) + ()52 (8), ") + Qo(t)v(0) + Qa(t)v(1)
+(G (u(®) + H (5 (1)) ,v) = (F(t),v)
(I 0) = uo(x), %ﬁf(ﬂ? 0) = ua(x),
Qo(t) = go(t) + fo ko(t — s)u(0, s)ds,
Q1(t) = g1(t) —|—f0 k1 (t — s)u(l,s)ds,
for each v € H'(0,1) and a.e. time 0 < t < T, where u(t) = u(-,t) and F(t) =
F(-,t). In this case we can say that problem (1.1)-(1.4) is weakly solvable in
H' (0,T; L2(0,1)) N L (0, T; H(0, 1)).
Then, we have the following theorem:

o~~~

TuEOREM 1. Let (A,), (AS)), (AZ)), (Ar), (A,), (Ar) and (Ay) hold. Then,
for T > 0, the problem (1.1)-(1.4) has a unique weak solution u(x,t) satisfying

(3.1) we H' (0,T;L%(0,1)) N L> (0,75 H'(0,1)).
PROOF. The proof consists of two steps as follows.

Step 1. The solvability in H* (0,T; L*(0,1)).
Let an operator W be defined as follows. For a given function

ue H'(0,T;L%0,1)),
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set
ou
(3.2) L(z,t) =G (u(z,t))+H (8t (z, t)) F(x,t) for (z,t) € [0,1] x [0,T].

From (Ag}{) and (Ar), we deduce that
(3.3) £¢€ L*((0,T) x (0,1)).
We have the following lemma.

LEMMA 4. With the presence of (3.3) and assumptions (A,.), (Ag), (Ax), (Au),
the linear initial-boundary value problem given by

?;’tgv 51 (u(:v t) )+£—Om(0 1) x (0,7),
( t);,—”( ) Qm(>
(34) vl )= ), % 2,0) = (@),
Qow(t) = )"’fo ko(t — s)w(0, s)ds,
Quu(t) = g1(t) + [} k1 (t — s)w(1, 5)ds

has a unique weak solution w(z,t) such that
(3.5) we H' (0,T;L*0,1)) N L™ (0,T; H'(0,1)) .

In addition, w(x t) satisfies the estimate

o V50

for which © is a positive constant independent of t.

< © forallt €10,T]
L2(0,1)

s |G

Since (3.4) is a linear problem, the proof of this lemma is really simple and is
similar to what in [14].

REMARK 1. The unique solvability of problem (3.4) is independent of assump-
: 2
tion (A5y)-

It is clear that w satisfies the variational problem
(3.7)

(@), v) + (&) G2 (1), v") + Qow(H)v(0) + Quu(t)u(1) + (£(2),v) =0,

for each v € H'(0,1) and a.e. time 0 <t < T.
Define & : H* (O, T; L?(0, 1)) — H! (O,T; L?(0, 1)) by setting

(3.8) Wu = w.

It is claimed that if 7" > 0 is small enough then W is a strict contraction. To prove
this, let u, u € H! (O, T; L?(0, 1)) arbitrarily and define w = Wu, w = Wu as above.



ON A SEMI-LINEAR WAVE EQUATION 319

As a result, w verifies (3.7) for £ given by (3.2) and w satisfies the problem
(3.9)

V') + Qou()0(0) + Quuty(1) + (Z(1),v) =0,

@(@,0) = uo(z), %?(x 0>: 1(z),
Qow(t) = go(t) + [ ko(t — s)@(0, s)ds,

for each v € H(0,1) and a.e. time 0 < ¢ < T. In addition, we have from (3.7) and
(3.9), that

(3.10)

(T - S5m0y + (uo [ 320 - S0 )
+ (Quul®) = Qou () v(0) + (Quult) = Q) v(1) + (£(8) = Z(1),v) =0,

for each v € H'(0,1) and a.e. time 0 < ¢t < T. Now, in (3.10), replacing v by

%—f — % and then integrating with respect to t, we get

o) = /<‘2—“<> - g—§<5>}2>d5

. —2/(: [‘Zf(o 5) — ‘Zf(o,s)] (/0 ko(s — 7) (0, 7) — @(0, 7)] m) ds
—2/Ot [‘Z—f(l,s) - ‘Z—f(l,s)] (/0 ka(s — 1) (1, 7) — @(1, 7] m) ds
~2 [ {29~ 2. 520 - 5200 ) s

in which

s eo=gro-Gol v [Fo-ge]|
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From (2.1), (3.3), (3.11), (3.12) and assumptions (A,,), (Ax), we deduce some fol-
lowing estimates:

A <%<s>, 220 - ‘g—f<s>]2>ds

(3.13) o
<0 Jo (359, @I
314 = [ [0 = Gea] ([ 566t - stiopar) a
< %@(tﬂ& (T,uo,ki)/o ©(s)ds,
(3.15) 2/ot <’€(S) - (), %(8) - %(s)> ds
S/O £(8)_z(8)‘L2(0,1)d8+/0 ©(s)ds,

for i = 0,1, n > 0, where

Ci (T7 Mo, kl)
(3.16) 1 2
=T+ (7% + - ) (24 2V2k(O) + ZllkillZaom) + KT 0.
are positive constants depending on T', uo and k;, i = 0, 1. With the relevant choice

of , namely n = £, using Gronwall’s inequality, we conclude from (3.11)-(3.16),

that

(3.17) <wﬂ§@AWH$—ﬂ$

where

2

w%mwm

L2(0,1)

! 0
(318) ®(t> = 2/0 1+ Z C; (T, o, kl) + i Ha—f:(:ﬂ ds.

i=0,1

L>(0,1)

From (3.16) and (A, ), we deduce from (3.18) that there exists a constant ®, > 0
independent of ¢ such that

(3.19) 2exp [®(t)] < ®, for all t € [0,T].
From (3.19) and (A(GQL), we discover that (3.17) is equivalent to
(3.20) ©(t) < 2®o max { K&, Ki } [lu— a||%r1(0.,T;L2(0,1))7

for all t € [0,7] and u,u € H' (O,T; L?(0, 1)) arbitrarily.
Combining (3.12) and (3.20), it follows that
2

ow w ~
(3.21) Hg(t) - E(t) < 2®p max { K&, K7 } [lu — @3 0,7 02(0.1))

L2(0,1)

for all t € [0,7] and u,u € H* (O,T; L?(0, 1)) arbitrarily.
Moreover, it is not difficult to affirm that

(322)  fw(t) = W(t)ll72(0,1) < 2@0T* max { K&, K7} llu = @l 0.1,22(0,1)
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for all ¢ € [0, 7] and u,u € H* (0,7; L*(0,1)) arbitrarily.
Hence, from (3.21) and (3.22), we deduce
(3.23) lw = @3 010201y < K llw = @l 3 0.1.02(0.1))5

where K1 = /2®, (T? 4+ 1) max {K2, K%} and u,u € H' (0,T;L*(0,1)) arbi-
trarily. Thus,

(3.24) | & u—waulgio,m:020,1)) < Karllu— 0l gro,7:22(0,1))

u,u € H (O,T; L?(0, 1)) arbitrarily. Therefore, W is a strict contraction, provided

T > 0 is so small that K1 < 1.

As a result, with the application of Banach’s fixed point theorem, we conclude that

there exists u € H' (0,75 L(0,1)) which is the weak solution of problem (1.1)-(1.4).
In the case of T' > 0 given, we select 77 > 0 so small that

K = /2@, (T2 + 1) max (K2, K3} < L.

Then we are able to apply Banach’s fixed point theorem to find a weak solution u
of problem (1.1)-(1.4) existing on the time interval [0, 71]. Due to u(-,t), 2%(-,t) €
L?(0,1) for a.e. 0 <t < T}, we can continue, upon redefining 7 if necessary, by
assuming u(-,T1) € H(0,1), at( T1) € L?(0,1). We can then repeat the above
argument to extend our solution to the time interval [T%,273]. Continuing, after
finite steps we construct a weak solution existing on the full interval [0, T.

Step 2. The solvability in L> (O, T; HY(0, 1))

Step 1 shows that the operator W defined by

Hu = w

for all u € H' (O,T;L2(O7 1)) has at least one fixed point. Hence there exists
uwe H' (0,T; L0, 1)) such that w = Wu = u. Then we can deduce from (3.6) that

In addition, from (3.25) and (A,,), it is easy to compute that

{|u( )HL2 01) <2 HUOHL2 0,1) T 272©, < @1,

I5 HL2 on S P

3u

5 < ©, for all t € [0,T].

(3.25) }

L?(O 1) L2(0,1)

(3.26)

for all ¢ € [0,T], where (©), is also a positive constant independent of ¢.
After taking the essential supremum of the left sides of (3.26) with respect to ¢, we
deduce that

(3.27) ue L (0,T;H'(0,1)).

As a result, problem (1.1)-(1.4) is also solvable on L> (0,7 H'(0,1)).

Step 3. The uniqueness of the weak solution.

To demonstrate uniqueness, suppose both u and w are two weak solutions of
problem (1.1)-(1.4) in H' (0,7;L?(0,1)) N L*> (0,T; H'(0,1)). Then we can have
w=wu, w=u in (3.11), hence we discover

. 2@,
(3.28)  fult) 50|20 < 0 / () — )12 0.1y,
i {0
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where

t

. 1|0
(3.29)  ©p > 2exp / 3+ Y Ci(T, po, ki) t (s ds |,
0 - 85 I,00
i=0,1 (0,1)
Because of Gronwall’s inequality, we deduce from (3.28), that
|[w — @l Lo 0, 7;H1(0,1)) = O-
So, we obtain that u = w.
The above three steps show that the proof of the theorem is complete. O

REMARK 2. When H ( ) A ‘ Qu P 8“, p >0, A <0, it fails to apply Faedo-
Galerkin method for the unique solvablhty of problem (1. 1) (1.4). This method is
only applicable for linear or some special nonlinear problems (as in [5], [10]-[20],

[24], [25]).

REMARK 3. For some special nonlinear forms of damping-source terms G(u) +
H (%) of problem (1.1)-(1.4) such as

ou|? du

K [uf” e
[u|” w4 A priliers

(p,q) € RZ\ (0,0), (K,\) € R?

ou
K—, KeR
G(u) + 5 KER,

it is possible to apply Faedo-Galerkin approximation for the unique solvability of
problem (1.1)-(1.4); however, some more assumptions for p, G and H must be
added and unfortunately the proofs in such cases are usually not only very long
but also truly complicated such as a priori estimates or passing to the limit by
monotone techniques as in [9] and [15].

4. The regularity of the weak solution

In this section, the investigation for problem (1.1)-(1.4) is to study its weak
solution’s smoothness with respect to the smoothness of initial data. Specifically,
assumptions (A,,), (A(G%}i), (A(2) ), (Ar), (Ag), (Ax), and (A,) are strengthened as
follows

(Ay) pec([0,1] x [0,7]), § G4 € L2(0,T; L(0,1)), p(x, ) > o > 0;
(AGH) G,H € C'(R), |H'(n)| < Cx|n|*, Vn € R, and a > 0, Cy > 0;
(Ap) F, %7 € L*((0,1) x (0,7));
(Ag) 90,91 € H?(0,T);
(A k) ko, k1 € W2L0,T);
(Ay) uo € H2(0,1), uy € H(0,1).
It is clear that problem (1.1)-(1.4) has a unique weak solution
uwe H'(0,T;L%(0,1)) N L™ (0,T; H'(0,1))

for which (AH), (Aan), (Ar), (A,), (Ay), and (A,) hold. The regularity of this
weak solution is stated in the following theorem:

THEOREM 2. Let (AH), (Acn), (Ap), (Ay), (Ax), and (Ay) be hold. Then, for
T >0, the problem (1.1)-(1.4) has a unique weak solution u(x,t) satisfying

(4.1) we H?(0,T;L%(0,1)) N H" (0,T; H'(0,1)) N L™ (0,7; H*(0,1)) .
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PROOF. From the previous section, (A,,), (A%)), (AZ)L), (Ar), (A,), (Ar),
and (A,) ensure that problem (1.1)-(1.4) has a unique weak solution u satisfying
(3.1) and verifying the following variational problem

(Z(1),0) + (D) ZED),v') + Qolt)e(0) + Qu(t)v(1)
+(G (u(t)) + H (F5(2)) ,v) = (F(t),0)
(42) u(z,0) = uo(z), %(m, 0) = uy(x),
Qo(t) = go(t) + [ kolt — s)u(0, s)ds,
Qi(t) = g1(t) + [y ka(t — s)u(l, s)ds,

for each v € H'(0,1) and a.e. time 0 < ¢ < T. Certainly (AH), (Aan), (Ap), (Ay),
(Ag), and (A,) also give the same result. Now, the matter is to prove that u also

satisfies (4.1). Indeed, differentiating (4.2); with respect to t, replacing v by %
and then integrating with respect to the time variable from 0 to ¢, we obtain that

2
>ds

-2 FOZO 550) +2 (050 750)

0%
0xds (s)

S0 =50+ [ <‘2{j<>

" =7 <%<s>%<s>,§jgs<s>>ds
~2 [ Q50902 [ QU5 E. s
= t (6" o) %@ w1 (GH6)) G560, S5 s
+2/0t<a—f<s>,%< )) s,
in which
9% 2
(44) el = ’(% £2(0,1) H\/—axﬁt L201)

From (2.1), (3.25), (4.3), (4.4) and assumptions (AH), (Acn), (Ar), (4y), (Ax),
A

and (A,,), we deduce some following estimates:

2 2
®0) = } L

(T

2 2
s + |F<o>||m<o,1>) + 110 I oy

H Bacat

2(0,1) L2(0,1)

2 2
||U/1||L2(0,1) + po ||U6I||L2(0.,1) + HGHL2(0,1)
> (0,1)
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L ou Pu , |
/0 <§(S) 8:1083( )| )ds
(4.6) o
op 2
<L el wes / & (s
Apg Jo 1195l Lo 0.1y
o, Ou 0%u > ’8u (@0 )
4.7 —2 ), ——() ) < ||I== 0 4 A®®) ),
an 2(Fonoage) <5 (e
ou . Ou 0%u ou ,
. e < - 2 2
49 A FOFOg50) 2G| eleonlleon
L%, ou 0%u
" 2 [ <@<S>£<S>’—axas<s>>“
N S A TN / 2
—— —(s) ds+ [ ®(s)ds
MOV (f% 1(0,T;L°°(0,1)) 4pg 0s? L°°(0,1) 0
t 0%u
(4.10) _2/ QU()5 3 (i )ds <D + R0 /@
0 S

-2 [ {6 ) B0, 220 ) o

(4.11)
ST©O( sup G'(e) ) /@

|5‘SHUHLOO(O,T;H1(O 1))

-2 [ (5t)) St 20 ) o

<20y | t (©o + i@(s)) F o(s)ds.

€ 0 L A

in which v > 0 and D; are non-negative constants given by
D; =(2y+ T)©q + 2/u1(0)] (|g7(0)] + [£:(0) |10 (0)[)

1 2
(4.14) + 5 {ng/'”C([O,T]) + V2|ul| oo 0,711 0,1y (I1KH L0,y + |ki(0)|)}

(4.12)

¢ 2
+ [ [VElullmoan o) (KO + O]+ 1K 2 0m)]

fori=0,1.
In the sequel of (4.3)-(4.14) and by choosing 7 such that

1

)

4

<
2% +
Lo=((0,1)x(0,T)) Mo

ot
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we deduce that

t
(4.15) @@S&+/K@®M&
0
where
(4.16)
T / 8:“
®o =2D1 + 2Dz + 2po [|ur[I72(0,1) + 4lluoll 220, 1wl 220,1) || 57 (0)
L>(0,1)

32
o (17, +2|5
/‘07 ((0,1)%(0,T)) ot L1(0,T;L°°(0,1))
u)?
|5, «* |
4#0 L2(0,T;L>°(0,1)) ot L2(0,T;L>(0,1))
, 2
oF
+2 H o +2T@©, sup |G’ (¢)]
2((0,1)x(0,T)) lel<llull Lo (0,7: 11 (0,1))
o 2
+ 32(|U1|L2(0 1) ’(9 (0) (o) + Ho ||U8||L2(0,1) + ||GHi2(O,1)

2 2
oo + |F<o>||Lz<o,1>),

1 1 \2
K(n)z <2+%+2CH (@04—%77) >n+2772.

It is clear that @) is a non-negative constant and K (7)) is non-decreasing for all
n € [0,T]. Thus, we deduce from (4.15) and (4.16), that

(4.17) ©(t) < ©1(t) for all t € [0, T,

where ©1(¢) is the maximal continuous solution of the nonlinear Volterra integral
equation with non-decreasing kernel (see [2], [3], [7], [12]) on an interval [0, T] given
by

@@=@+[K@mws

From (3.1), (4.4) and (4.17), we deduce that
(4.18) uwe H?(0,T;L*(0,1)) N H' (0,T; H'(0,1)) .
In addition, we have from (4.2), (4.18), (A,), (Agx), and (Ap), that
(4.19) % = (% - %% +Gu)+H (%) - F) € L™ (0,7;L%(0,1)) .
Hence, (3.1) and (4.19) verify that
(4.20) ue L™ (0,T;H?0,1)).
Finally, it is clear that (4.18) and (4.20) make the expected proof complete. O

REMARK 4. Without assumption (KG 1), we also obtain the regularity of Nthe
weak solution u(x t) of problem (1.1)- (1 4) with respect the assumptions (A,),
(A5, (AZ)), (Ar), (A,), (Ax) and (A,). However the smoothness of u(z,t) in
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this case is less than what in Theorem 2. Specifically, we have the following theorem
whose proof is similar to Theorem 1’s and is obviously omitted:

THEOREM 3. Let (A,), (Agn), (Ar), (Ay), (Ar), and (A,) hold. Then, for
T > 0, problem (1.1)-(1.4) has a unique weak solution u(x,t) satisfying

(4.21) uwe C'(0,T;L%(0,1))NC (0, T; H'(0,1)).

From Lemma 2 and Lemma 3, we have that (4.21) can be deduced from (4.1),
this means the regularity of the weak solution u(x,t) by Theorem 2 is better that
what in Theorem 3.

REMARK 5. In the case % € L'(0,T;L>(0,1)), Theorem 2 still holds but
provided that H € L*>°(R).
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