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On the KP I Transonic Limit of Two-Dimensional
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ABSTRACT. We provide a rigorous mathematical derivation of the conver-
gence in the long-wave transonic limit of the minimizing travelling waves for
the two-dimensional Gross-Pitaevskii equation towards ground states for the
Kadomtsev-Petviashvili equation (KP I).
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1. Introduction

1.1. Statement of the results. The Gross-Pitaevskii equation

(GP)

10,0 = AU + T (1 — |T]?) on RY x R,
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appears as a relevant model in various areas of physics: Bose-Einstein condensation,

fluid mechanics (see e.g. [13, 27, 19, 8]), nonlinear optics (see e.g. [23])...

At

least on a formal level, this equation is hamiltonian, with a conserved Hamiltonian
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given by the Ginzburg-Landau energy,

(1) B =5 [ vepeg [ a-pprs [ e

Note that the boundedness of the Ginzburg-Landau energy implies that in some
sense,
[ (z,)] — 1, as |z| — +oo.

As a matter of fact, this condition provides a richer dynamics than in the case of
null condition at infinity which is essentially governed by dispersion and scattering.
In particular, (GP) has nontrivial coherent localized structures called travelling
waves.

The existence of finite energy travelling waves was addressed and established in

several papers (see [20, 22, 21, 6, 5, 7, 3]). Travelling waves are special solutions
to (GP) of the form

V(z,t) =u(x1 —ct,zr), z1 = (T2,...,2N).

They are supposed to play an important role in the full dynamics of (GP). The
equation for the profile u is given by

(TWe) icOiu + Au+u(1 — |ul?) = 0.

The parameter ¢ € R corresponds to the speed of the travelling waves. We may
restrict to the case ¢ > 0. Indeed, when u is a travelling wave of speed ¢, the map
% obtained by complex conjugation is a travelling wave of speed —c.

The existence of solutions to (TWc) was obtained in the above quoted papers
through variational arguments, namely minimization under constraints [5, 3], or
mountain-pass theorems [6, 7]. In dimensions two and three, a full branch of
solutions is constructed in [3] minimizing the Ginzburg-Landau energy E under
fixed momentum p. In this context, the momentum is defined by

(2) p(u) = l/ (iOhu ,u —1).

2 Jr~
This integral quantity is also formally conserved by (GP). A notable difficulty in
the variational approach is to give a meaning to the momentum in the space of
maps of finite Ginzburg-Landau energy (see e.g. [2, 4]). However, the momentum
is well-defined for finite energy travelling wave solutions. Indeed, it is proved in
[16] that they belong to the space W (RY), defined as

W(RY) = {1} + V(RY),
where we have set
VRY) = {v:RY —C, st. (Vv,Re(v)) € L*(RY)?,
Im(v) € LY(RY), and VRe(v) € L3 (RY)}.
Separating real and imaginary parts, a direct computation shows that the quantity
(i01v,v — 1) is integrable for any function v € W(RY), so that the momentum of
travelling wave solutions is well-defined.
The main focus of this paper is a qualitative description of small Ginzburg-

Landau energy solutions in the two-dimensional case. Such solutions are known to
exist in view of the following result.
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THEOREM 1 ([3]). i) Let p > 0. There exists a non-constant finite energy
solution uy, € W(R?) to (TWc), with 0 < ¢ = c(up) < V2, and
1 .
pun) =5 [ li0smuy = 1) =,
R2
such that uy is solution to the minimization problem
E(up) = Emin(p) = inf {E(U)v (S W(]Rz)ap(v) = p}

ii) There exist some positive constants Ko, K1 and Skp, not depending on p, such
that we have the asymptotic behaviours

(3) 0< p? — Kop* < V2p — BE(up) < K1p®,

Skp
for any p sufficiently small.

A more precise definition of the constant Si p will be provided in the course of
our discussion of the Kadomtsev-Petviashvili equation (KP I). It should be noticed
that we have, in view of (3),

E(up) ~ \/§p7
for small values of the momentum p, so that Theorem 1 provides a branch of
travelling wave solutions with arbitrary small energy. Our aim is to describe the
asymptotic behaviour, as p — 0, of the solutions u, constructed above.

We recall that, in view of [6, 15, 17|, any finite energy travelling waves are
subsonic in dimension two, i.e. any non-constant finite energy solution v to (TWc)
satisfies

(4) 0 < le(v)] < V2.

The speed /2 corresponds to the speed of sound waves at infinity around the
constant solution ¥ =1 to (GP). Moreover, the quantity

e(v) = /2 — ¢(v)?
is related to the energy F(v) and the uniform norm of 1 — |v| as follows.

PROPOSITION 1 ([3]). Let v be a non-constant finite energy solution to (TWc)
on R2. Then,
e(v)’
: [t =101 2

Moreover, there exists a universal constant Ko > 0 such that

e(v) < KyE(v).

In particular, the solutions u, given by Theorem 1, satisfy in view of Proposition

ep=¢(up) — 0, asp — 0,
so that we deal with a transonic limit. In [20, 22, 21], it is proposed to study this
transonic limit of solutions v in the new anisotropic space scale,

e(v)?

fl = E(U).Il, and 572 = x2.
Considering the real-valued function

n= 1- |1}|27
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and performing the change of variables above, we introduce the rescaled map N,
defined by

e(v)’ e(v)?

Notice that the same long-wave anisotropic scaling is performed to derive the
Kadomtsev-Petviashvili equation, for instance in the water-wave context (see e.g.
[1, 25]). It is formally shown in [20, 22, 21] that the renormalized amplitude NN, of
solutions to (TWc) converges, as the speed c(v) converges to v/2, i.e. as e(v) — 0,
to solitary wave solutions to the two-dimensional Kadomtsev-Petviashvili equation
(KP 1), that is

(KPI) O + YO + 93y — 07 1 (93¢) = 0.

Our main goal in this paper is to provide a rigorous mathematical proof of that
convergence for the branch of minimizing solutions presented in Theorem 1.

Solitary waves are localized solutions to (KP I) of the form v (z,t) = w(x; —
ot,x3), where w belongs to the energy space for (KP I), i.e. the space Y (R?) defined
as the closure of 9;C2°(R?) for the norm

(6) Nv(x):%n( T \/5352)

1

1017y @) = (IS W eqee) + 102/ I3 eqer )

The parameter ¢ > 0 denotes the speed of the solitary wave. The equation of a
solitary wave w of speed o =1 is given by

(SW) Ow — wdw — Fw + 9 H(O3w) = 0.

When w € Y (R?), the function 0] 'dow is well-defined (see [10]), so that (SW)
makes sense.

In contrast with the Gross-Pitaevskii equation, the range of speeds is the full
positive axis. In particular, there are no solitary waves of negative speed (see [10]).
Given any o > 0, a solitary wave w, of speed ¢ is deduced from a solution w to

(SW) by the scaling
(7) wo (21, 22) = ow(Vowy, ox2).

Solitary waves may be obtained in dimension two minimizing the Hamiltonian keep-
ing the L2-norm fixed (see [9, 10]). Like (GP), equation (KP I) is indeed hamil-
tonian, with Hamiltonian given by
1 1 _ 1
Ber) = [ @up+3 [ @ @wr-g [ v
2 R2 2 R2 6 R2

and the L?-norm of v is conserved as well. Setting

S(N) = Exp(N) + 3 | N,
2 Jre
we term ground state, a solitary wave N which minimizes the action S among all
non-constant solitary waves of speed o (see [11] for more details). In dimension
two, a solitary wave is a ground state if and only if it minimizes the Hamiltonian
Ekp keeping the L?-norm fixed (see [9]). The constant Sk p, which appears in
Theorem 1, denotes the action S(N) of the ground states N of speed o = 1.
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Going back to the solutions u, of Theorem 1, we may drop the invariance under
translations of our problem, assuming without loss of generality, since |u, (z)| — 1,
as |z| — +oo (see [14]), that 7, = 1 — |u,|* achieves its maximum at the origin, i.e.

||77P||Loo(R2) = |1y (0)]-

We next consider the map

Np =N, .

Notice that the origin is a maximum point for N, and that in view of (5), we have
3
(8) Ny(0) = 5

Our main result is

THEOREM 2. There exists a subsequence (pp)nen, tending to 0 as n tends to
+00, and a ground state No of (KP 1) such that

Ny, — Np in WFH(R?), as n — +oo,
for any k € N and any 1 < ¢ < 400.

REMARK 1. There is a well-known explicit solitary wave solution to (KP I) of
speed 1, namely the so-called ”lump” solution, which may be written as

3—a? + a3
(3 +af +a3)*
It is conjectured that the ”lump” solution is a ground state. It is also conjectured

that the ground state is unique, up to the invariances of the problem. If this was
the case, then the full family (NNy)p>0 would converge to wy, as p — 0.

wy(z1,22) = 24

So far, we have only discussed properties of the modulus of u,. However, in
our argument, the phase is central as well. More precisely, if p is sufficiently small,
then u, has no zero in view of (5), and we may lift it as u, = o, expip,. Setting

(9) 0, (x) = @ p(f—:,%),

we prove

PROPOSITION 2. Let (pp)nen and Ny be as in Theorem 2. Passing possibly to
a further subsequence, we have

010,, — Ny in WH(R?), as n — +oo,
for any k € N and any 1 < ¢ < 400.

REMARK 2. Equation (KP I) is a higher dimensional extension of the well-
known Korteweg-de Vries equation (KdV), which may be written as

(KdV) O + Yortp + 97y = 0.

In dimension one, travelling wave solutions v. to (TWc) are related to the classical
soliton of the Korteweg-de Vries equation as follows. Setting e = /2 — ¢2, we
consider the rescaled function

Ne(z) = %nc(g),



246 FABRICE BETHUEL, PHILIPPE GRAVEJAT, AND JEAN-CLAUDE SAUT

where 7. = 1 — |v.|?. An explicit integration of (TWc) in dimension one leads to

3
cb*(3)’

N.(z) = N(x)

where NV is the classical soliton to the Korteweg-de-Vries equation. Concerning the
phase ¢, of v., we consider the scale change
62 T

0ctr) = ==4:(7)

€

so that we obtain similarly

L CE Nw
O (z) = 1_21—5N(x) N(z), ase — 0.

REMARK 3. Let u, be a solution to (TWc) in dimension three, which may be
written as u. = g, expiy., and denote
6 (Il \/5172 \/ixg
2
€

Nc(x)zgnc 2022

), and O.(z) = GT\/igpc(

where 7. = 1 — g2 and € = /2 — ¢2. Then, it is also formally shown in [20, 22, 21]
that the functions N, and 0,0, converge, as the parameter € converges to 0, to a

solitary wave solution w to the three-dimensional Kadomtsev-Petviashvili equation
(KP I), which writes

O + por + O3 — 97 (93¢ + 93¢) = 0.

In particular, the equation for the solitary wave w is now written as

T \/51172 \/5173 )

e’ g2 7 g2

Ow — wow — dw + Oy (93w + d3w) = 0.

However, the existence of a transonic branch of solutions is still an open problem, at
least on the mathematical level. This branch of solutions is conjectured in [20, 22]
in view of numerical computations and formal arguments.

1.2. Some elements in the proofs. The first element in the proofs of The-
orem 2 and Proposition 2 deals with the asymptotic behaviour of €, as a function
of p.

LEMMA 1 ([3]). Let ey = e(up) = /2 —c(up)?. There exist some positive
constants K3 and K4, not depending on p, such that

(10) Kap < ep < Kup,
for any p sufficiently small.

The second step is to derive estimates on the renormalized maps N, which do
not depend on p. More precisely, we prove

PrROPOSITION 3. Let k € N and 1 < ¢ < 400. There exists some constant
K(k,q), depending possibly on k and q, but not on p, such that

(11) [ Npllwe.arz)y + [101Op[wr.amz) + €pll02Op lwr.amey < K (k,q),
for any p sufficiently small.
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At this stage, we may invoke standard compactness theorems to assert that
there exists some subsequence (p,)nen, tending to 0 as n tends to +oo, and a
function Ny such that, for any £ € N and any compact subset K of R?,

N, — Np in CF(K), as n — 4oo0.

n

In view of (8), we have
No(0) > 2,
so that Ny is not identically constant. Moreover, we also have
LEMMA 2. The function Ny is a non-constant solution to (SW).

In order to complete the proof of Theorem 2, it remains to establish strong con-
vergence on the whole plane. For this last step, we essentially rely on a variational
argument, proving a kind of gamma-convergence of the energies, combined with a
concentration-compactness result for constrained minimizers of (KP I) established
in [9].

As a matter of fact, considering scalings (6) and (9), the momentum p(u,) can
be expressed as

€
p(up) = 7_5 /]R? Npalgpv
while the energy E(uy) has the expansion

5
E(up) = \/51751 (EO(Npaep) + 5§E2(va Op) + 5§E4(Npa Gp))-

It turns out that the functions Ey, Fo and E4 are uniformly bounded for p ap-
proaching 0. Moreover, Fy and E3 are given by the expressions

Eo(N,,0,) =/R2 (N,,2+(61®p)2),

and
1 2, 1 2 1 2
12) B0y = [ (501N +5(0:0,)" = 2N, (016;)%).
R2
In the course of our proof, we will show that
(13) Np Nalgp, aS]J—>O,

and that the difference is actually of order sg. This yields, at least heuristically,

€ €
pun) ~ 2 [ NZ and Bluy) ~ VI [ N~ Vapun)
72 Jg2 72 Jg2
so that the discrepancy term
S(up) = V2p(up) — Euy),

tends to 0 as p — +o0.
The (KP I) energy appears when we consider the second order term. Inserting
at least formally relation (13) into (12), we are led to

(14) E5(Ny,©p) ~ Exp(Np), as p — 0.
Using some precise estimates on the solutions, we will actually show that

(15) EQ(NP,GP)NEKP(&@,,), asp—»(),
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since it turns out that it is easier to work, in view of the nonlocal term in the (KP I)
energy, with 010, than with Ny, these two terms having the same limit in view of
(13).

The proof of (15) amounts to a careful analysis of any lower order terms, includ-
ing terms provided by FEy. In particular, we obtain for the discrepancy functional,

LEMMA 3. We have

ﬁsg 3
(16) E(up) :—mEKp((?l@p)—Fpgo(Ep).
We then use the lower bound on ¥(uy) provided by the left-hand side of (3) to

derive a precise upper bound on Ek p(810,). More precisely, we show

LEMMA 4. We have
(17)
1

3 3
2 1 2
. < e :
54S%p (/R (9:6:) > < Exr(@6p) < ~gper (/R (0:6,) > 520

In particular, the function 0, 0,, or alternatively IV, has approximatively the
energy of a ground state for (KP I) corresponding to its L?norm. The proof of
Theorem 2 is then completed using a concentration-compactness argument of [9].
This result yields the strong convergence of some subsequence (010, )nen in the
space Y (R?).

PROPOSITION 4. There exists a subsequence (pn)nen, tending to 0 as n tends
to +00, and a ground state No of (KP I) such that

010y, — Np in Y(R?), and N,, — Ny in L*(R?), as n — +oo.

In order to improve the convergence, we finally invoke the estimates of Propo-
sition 3. This concludes the proofs of Theorem 2 and Proposition 2 giving the
convergence in any space W*4(R?) by standard interpolation theory.

To conclude this introduction, let us emphasize that the results in this paper
only concern travelling waves. This raises quite naturally the corresponding issue for
the time-dependent equations. More precisely, in which sense do the Korteweg-de
Vries equation in dimension one and the Kadomtsev-Petviashvili equation in higher
dimensions approximate the Gross-Pitaevskii equation in the transonic limit ? No-
tice that this question has already been formally addressed in the one-dimensional
case in [24)].

1.3. Outline of the paper. The paper is organized as follows. Sections 2
and 3 are devoted to various properties of solitary wave solutions to (KP I) and
travelling wave solutions to (TWc¢) which are subsequently used. In Section 4, we
perform the expansion of (TWc) with respect to the small parameter € occurring in
the definition of the slow space variables. Terms in this expansion are more clearly
analyzed in Fourier variables. Various kernels then appear, which are studied in
Section 5. In Section 6, we provide Sobolev bounds on N, and prove Proposition
3. Finally, we prove our main theorems in Section 7.

2. Some properties of solitary wave solutions to (KP I)

We first recall some facts about equation (KP I), which will enter in some places
in our proofs.
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2.1. Rewriting the solitary wave equation. The existence and qualitative
properties of the solutions w to (SW) in the energy space Y (R?) are considered in
the series of papers [10, 11, 9]. In [11], a new formulation of (SW) is provided
which turns out be also fruitful in our context. Applying the operator d; to (SW),
we obtain

1
(2.1) Otw — Aw + 5812(11)2) =0.
The Fourier transform of (2.1) has the following simple form

& =

EErE

so that we may recast (2.1) as a convolution equation

(2.2) () =

1
(2.3) w=gKoxuw?,

where the Fourier transform of the kernel K is given by

= &
(2.4) Ko(§) = w1
€17 + &1
In view of (2.2), equation (2.3) provides an equivalent formulation to (SW), i.e.
any solution w to (2.3) in the energy space Y (R?) is also solution to (SW).
Several properties of the kernel Ky are studied in [18]. In particular, it is
proved there that K, belongs to LP(R?) for any 1 < p < 3 (see also Lemma 5.1).

2.2. Existence of ground state solutions. Given any p > 0, the minimiza-
tion problem

EP(1) = in w), w 2 w|? =
(Prcr (1) i) = int { Brcp(w).w e YE), [ o =},

is considered in [9], where the existence of minimizers is established. The minimizers
N for this problem happen to be ground states for (KP I). They are solutions to

(2.5) 00N — NN — 93N + 9, ' (93N) = 0.

The speed ¢ appears as a Lagrange multiplier associated to (Pxp(u)). In par-
ticular, o is not necessarily equal to 1. The proof in [9] relies on the following
concentration-compactness result, which gives the compactness of minimizing se-
quences to (Pxp (1))

THEOREM 2.1 ([9]). Let u > 0, and let (wp)nen be a minimizing sequence
to (Prp(u)) in Y(R?). Then, there exist some points (an)nen and a function
N € Y(R?) such that, up to some subsequence,

wn(- — ap) — N in Y(R?), as n — +oo.

The limit function N is solution to the minimization problem (Pxp(u)). In par-
ticular, N is a ground state for (KP I).
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2.3. Scale invariance. As mentioned in the introduction, if w is solution to
(SW), then, for any o > 0, the map w, defined by (7) is solution to (2.5), i.e. w, is
a solitary wave solution to (KP I) with speed o. Concerning the energy, we notice
that

/|wg|2:ﬁ/ |w|2,/ |wg|3:a%/ |w|3,/ |alwg|2:a%/ Drul?,
R2 R2 R2 R2 R2 R2
and
-1 2 3 -1 2
(al (azwg)) = o3 (al (azw)) .
R2 R2
It follows that

(2.6) Exp(w,) = 02 Exp(w), and / lwe|? = \/E/ lwl?.
R2 R2

It is shown in [9] that ground states N with speed ¢ = 1 correspond to solutions
to (Pxp(u)) for

p=p" =3Skp.
As a matter of fact, it is proved in [10, 18] that any solution w to (SW) satisfies

the relations

1 1
Exp(w) = ——/ w?, and S(w) = —/ w?,
6 Rz 3 R2

so that the energy and the L2-norm of ground states NV with speed o = 1 are given
by

1
Exp(N) = —551(13, and - N? =3Skp = p*.

Relations (2.6) then provide

LEMMA 2.1. Let N € Y(R?). Given any o > 0, the map N, defined by (7)
is a minimizer for EEL(\/ou*) if and only if N is a minimizer for EEF(u*). In
particular, we have

3

(2.7) EXP

W
. - > 0.

Moreover, N, and N are ground states for (KP 1), with speed o, respectively, 1. In
particular, they are solutions to (2.5), respectively, (SW).

PROOF. Given any p > 0, we denote A2 (R?) = {w € L*(R?), s.t. [p, [w]* =
p}. In view of (2.6), the function w — w, maps A2.(R?) onto Ai*ﬁ(Rz), such
that
EKP(wa') = O'%EKP(’U}).

Hence, N, is a minimizer for ££F
EEP (%), Moreover,

min

(u*+/o) if and only if N is a minimizer for

3
0'2SKP

Enin (W'/o) = 2R (W) = ——3

Identity (2.7) follows letting o = T 52)2. The last statements of Lemma 2.1 are
proved in [9]. O
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In the course of our proofs, we will encounter sequences (wy, )nen which are not
exactly minimizing sequences for (Pxp(u)), but which satisfy

(2.8) Exp(wn) — EXF(1), and / W2, as n— too,
R2

for some positive number p. In this case, we will invoke the following variant (and
in fact, consequence) of Theorem 2.1.

PROPOSITION 2.1. Let pup > 0, and (wy)nen denote a sequence of functions
in Y (R?) satisfying (2.8) for = po. Then, there exist some points (an)nen and

2
a ground state solution N, to (2.5), with o = (:T")Q, such that, up to some subse-
quence,
Wy (- — an) — Ny in Y(R?), as n — 4oo0.

Proor. We denote

Lin, :/ wi, and o, = —,
R2
and consider the functions
2n (1, ®2) = opwp (\/OnT1, onT2).
In view of (2.6) and (2.8),
(2.9) o, — 1, as n — +oo,

and (zp)nen 18 a minimizing sequence of (Pxp(p)) for p = po. Therefore, by
Theorem 2.1, there exist some points (an)neny and a minimizer N, to (Prp()) for
1 = po such that, up to some subsequence,

(2.10) 2n(- — an) — N, in Y(R?), as n — 4o00.

In particular, it follows from Lemma 2.1 that N, is solution to (2.5), with o = (:5)2 .

We now denote .
X1 o
Nn 5 - _NU( 7_)5
(@1,22) On Von og

so that, by the change of variables (y1,y2) = (\/TnZ1,0nT2),
2n(- = an) — NUH?/(W) =Voul[wn(- — an) — NnH%P(R?)

3
+ o5 ||81wn( - an) - 81Nn||%2(R2)

+02 107 Bawn (- — an) — O DNl 2e o).
By (2.9) and (2.10), we have
W (- — an) — Np — 0in Y(R?), as n — +oo.
Proposition 2.1 follows provided we first prove that
N,, — N, in Y(R?), asn — 400.
This last assertion is itself a consequence of the general observation that
Aw(\/ﬁ-,u ) — 1) in L*(R?), as A — 1 and p — 1,

which may be deduced from the dominated convergence theorem, when v is in
C>(R?), then, using the density of C:°(R?) into L?(R?), when ¢ only belongs to
L?(R?). O
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3. Some properties of solutions to (TWc)

In this section, we gather a number of properties of solutions to (TWc¢), which
enter in our asymptotic analysis. Most of these results are available in the literature
on the subject.

3.1. General solutions. Let v be a finite energy solution to (TWc) on R?.
It can be shown using various elliptic estimates (see [12, 28, 3]) that there exists
some positive constant K, not depending on ¢, such that

3.1 H1— <1,
(3.1) -
and

EN
(3.2) IVl < K (1+5)

In view of (4), estimates (3.1) and (3.2) may be recast as
(3.3) 712 ®2) + [[VV]| Lo r2) < K,

where we have set 7 = 1 — |v|?. For higher order derivatives, it similarly follows
from the proof of Lemma 2.1 in [3] that there exists some positive constant K (k),
not depending on ¢, such that

(3.4) lvller 2y < K(k),
for any k£ € N.
More generally, we have
(3.5) Il we.a@ey + IVOllwramey < Kle,k,q),

for any k € N and any 1 < ¢ < 400 (see [16]). Notice that the constant K(c, k,q)
possibly depends on the speed ¢, so that we may have

K(c,k,q) — +o0, as ¢ — V2.

Before establishing the convergence of the rescaled functions N, and ©,, we shall
need to establish their boundedness in the spaces W*4(R?). This requires to get
some control upon the dependence on ¢ of the constant K(c,k,q). The proof of
Proposition 3 in Section 6 below provides such a control.

We will also take advantage of the fact that the maps u, have small energy.
Indeed, in view of (4) and elliptic estimate (3.3), we may show that, if a solution v
to (TWc) has sufficiently small energy, it does not vanish. More precisely, we have

LEMMA 3.1 ([3]). There exists a universal constant Ey such that, if v is a
solution to (TWc) which satisfies E(v) < Ey, then

1
(3.6) 3 <|v| <2.
If v satisfies (3.6), then we may lift it as

v = 0exp iy,

where ¢ is a real-valued, smooth function on R? defined modulo a multiple of 2.
We have in that case,

;v = (ig(?jgo + ng) exp i,
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so that
; 2 1 2 2 2 1,
(3.7) <Z(91U,U> = —0 (91907 and e(@) = 5(|VQ| +o |V<p| ) + 177 )

Moreover, the momentum p takes the simple form
1
p(v) = 5/ e
R2

The system of equations for g and ¢ is written as

(3.8) galf - div(g2vso) =0,
and
(3.9) codp — Ap — 9(1 - Q2> +0|Ve|* = 0.

Combining both the equations, the quantity 7 satisfies
A%y —2An + 20 = —2A(|VU|2 o i) — 2co1div(nVe),

where the left-hand side is linear with respect to 1, whereas the right-hand side is
(almost) quadratic with respect to n and V.

Multiplying (3.8) by ¢ and integrating by parts, we obtain a first relation for
the momentum

(3.10) ep(v) = / 0|Vl
RN
In another direction, Pohozaev identities yield
(3.11) E(v) = / |01v]?, and E(v) = / |020]2 + ep(v).
R2 R?2

Introducing the quantities ¥ (v) = v/2p(v) — E(v), the second identity in (3.11) may
be recast as

2 = - —e(v)? )p(v) = e(v)® v
12 [ 1000l + 20 = (V2= VI0P)plo) = i)

In the case ¥(v) > 0, this yields an interesting estimate for the transversal derivative
O2v. Adding both the equalities in (3.11), we also derive a second relation for the

momentum
1 2
5 0" = cp(v).
R2

With similar arguments and combining with (3.10), we are led to

LEMMA 3.2 ([3]). Let v be a finite energy solution to (TWc) on R? satisfying
(3.6). Then, we have the identities
e(v)®

(313) S+ [ Vel = 2o,

1
3.14 / Vol* (14 = =/ Vol?,
(3.14) Vel (14 5) = [ vyl

and the inequality

(3.15) E(v) < 7c(v)2/ n.

R2
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In view of definition (1), we have
2
n° < 4E(v),
R2

so that inequality (3.15) shows that the energy is comparable to the integral of n?
for any solutions v satisfying (3.6). When X(v) > 0, identity (3.13) shows that

p(v) < KE(v)*p(v) < 2Kp(v)?,

where we have invoked Proposition 1 for the second inequality. In particular, we
obtain

E(v) ~ V2p(v),

as FE(v), or p(v), approaches 0.
In several places (in particular, in the proof of Proposition 3), we shall need
estimates for higher order derivatives. For that purpose, we shall use

LEMMA 3.3. Let 1 < g < 400, and let v be a finite energy solution to (TWc)
on R? satisfying (3.6). Then, there exists some constant K(q), not depending on
¢, such that

(3.16) Vol arey < K(q)|InllLae2),

More generally, given any inder o = (a1,a2) € N2, there exist some constants
K(gq,a), not depending on ¢, such that
(3.17)

10%(Vo)llLa(rzy < K(Qaa)(HaanHLq(Rz)"’_ Z |\5ﬁ77||L°°(R2)H5Mﬁ(VSD)||Lq(R2))-
0<B<a

ProOF. First notice that in view of (3.4) and (3.5), the functions n and V¢
belong to W*4(R?) for any k € N and any 1 < ¢ < +oco. In particular, the norms
in inequalities (3.16) and (3.17) are well-defined and finite. Lemma 3.3 is then a
consequence of the elliptic nature of equation (3.8), which may be written as

Ap = galn + div(nVy),
so that, more generally,
(3.18) A(9%p) = galaan +div(6° (V)

for any o € N2. Using standard elliptic estimates and inequality (4), we derive
from (3.18) that

(3-19) ”v(aa‘P)HLq(DV) < K(‘]) (H‘?anHLq(Rz) + Haa (anﬁ) HLQ(]R?))'

For a = (0,0), inequality (3.16) is a direct consequence of (3.19) invoking (3.3).
For a # (0,0), the derivative 0%(nVg) may be written as

*(Ve) = > (g)aﬁnﬁ"‘_ﬁ(vso),

0<p<a
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by Leibniz formula, so that
10° (V) o) < K(q,oo(naamLq(Rznwum(Rz)
+ Y ||aﬁn|Lx<Rz>|aaﬁ(w)mmz)).

0<8<

Estimate (3.17) follows from (3.19) using again uniform bound (3.3). O

3.2. Properties of u,. We now restrict ourselves to the solutions u, provided
by Theorem 1. We begin with the

PROOF OF LEMMA 1. In view of (3), we have

- 482
= Skr

Yp = E(up) p? — Kop*,

for any p sufficiently small, whereas, by (3.13),
&
Xy < pﬁv
so that, combining both the inequalities, we obtain
€p = lp.
Skp

On the other hand, in view of Proposition 1, we have
ep < KE,,

where we have set E, = E(uy). Since E, < v/2p, we conclude that (10) holds.
Moreover, we also have

(3.20) K5E, <&y < K¢Ey,

for any p sufficiently small, and some positive constants K5 and Kg, not depending
on p. ([

Finally, since ¥, > 0 by (3), we deduce from Lemma 1 that (3.12), (3.13) and
(3.14) may be recast as

321 (9 + @u?) +| [ il

where we denote u, = g, expipy. Since (aup)? = 05 (Datpp)? + (D205)° and [n| <
39'2,, we deduce that

< Kp?,

/Rz 10| (D20p)* < 3/11@2 0p(D2pp)* < Kyp?,

so that

(3.22) ‘/ np(algopﬁ’ < Kp3.
R2
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4. (TWc) in the slow space variables

4.1. Expansion of the energy functionals. In this subsection, we consider
a finite energy map v on R?, satisfying (3.6), and a small given parameter & > 0.
In view of assumption (3.6), we may lift v as v = pexpip. Following the expansion
given in the physical literature, we introduce anisotropic slow space variables T; =
exy, and o = 5—22962. We then consider the rescaled functions N = N, . and
O = O, defined as follows

and O(x)

T1 \/§$2
g2 )’

>
S

= -0 (2 L)

We next express the functionals p and E in terms of the functions N, © and . In
the course of the analysis, we will also compute several other integral quantities in
the rescaled variables. For instance,

18v/2 18v/2
NQ:—/ %, / (OIN)? = —; /(3177)2,
R2 & R2 R2 & R2

2= [ @,

b

whereas

/RQ(‘%@)Q _30V2 [ 6 o and / (0,02 = T2V2 /Rz(aw)?.

9 R2 R2 g3

A rather tedious computation along the same lines allows to derive the following
expansions.

LEMMA 4.1. Let v be a smooth map on R? satisfying (3.6), and let N and © be
the corresponding functions defined by (4.1). The momentum p(v) can be expressed
in terms of the new functions as

€
(4.2) p(v) = w5 . NO, O,

while the energy E(v) has the expansion
€

(4.3) E(v) = V2 (EO(N, ©) + 2E5(N, ©) + 4 Ey(N, @)),

where the functions Ey, Es and E, are given by

(4.4) Fo(N,0) = /

R2

(N2 + (616)2),

(4.5) Fa(N,0) = / (%(ale)2 + %(32@)2 - %N(&@)Q),

R

(4.6) E4(N,0) = /

R2

(N)* | N(@iN)* 1 2
<4 —ZN t sy 12V(29))

REMARK 4.1. Recall that the map u, found in Theorem 1 minimizes the
Ginzburg-Landau energy keeping the momentum p fixed, equal to p. If one takes
instead only the first term of the energy in expansion (4.3), i.e. if one minimizes



TRANSONIC LIMIT 257

Ey keeping the momentum p equal to p, then 4, will be a minimizer for the new
problem if and only if
~ ~ 72
Ny =00, and | N2= P
R2 e
Notice in particular that ép = 8;1]\~JP, so that 8{1(82]%) = 82(:)p. If we insert
these relations into the definition of Es(N,,©,), one obtains

Ea(5,8y) = [ (50082 + 307 @uN)? - 65 ) = Bucn(y).

This identity gives a first heuristic relation between the (GP) functional and the
(KP I) functional, as well as between the solutions u, and the ground states for
(KPI).

Specifying the above change of variables to the case v = u, and € = ¢, set-
ting Ny = Ny, ¢, and ©p = Oy, ¢,, we obtain bounds for the integral quantities
appearing in Lemma 4.1. In view of (1) and (3.20), we have

R2

p =
Ep R2 Ep

3

where K is some universal constant, whereas by (3.6) and (3.7),

3612 144f 288v/2E (uy)
010,)* = D1pp)? < / (Orpp)? < ———F
/11@2( 10p) & R2( 1pp)” < 1pp)” < & ’

so that

(4.7) /Rz <(Np)2 + (81®p)2> <K.

Similarly, it follows from (3.21) and (3.22) that

(4.8) /R ((alN,g)2 ) }/ Ny (0,0

For various other quantities, we only have at this stage rather crude estimates. For
instance, concerning the uniform norm of N, the bound provided by (3.3) yields

K
(4.9) [[NpllLoe(re) < —

b
We also only have for the transverse derivatives

(4.10) /RQ(82NP)2 +/1R2 }Np(32@p)2} = ?2

It follows from (4.8) that
}E2(NP7 @P)| < Ka
whereas for Ey, we only obtain combining estimates (4.8), (4.9) and (4.10),
K
|E4(Np,©,)] < .
b
Hence, going back to the expansion of the energy, we deduce
(4.11) |B(uy) - \/_1234E0(Np,6p)‘ < Keb.
This leads to
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LEMMA 4.2. There exists some positive constant K, not depending on p, such
that

2
2
(4.12) /Rz (N - 218,) < K<,
for any p sufficiently small.
ProOF. Using (4.2), (4.4) and (4.11), we are led to

2 144B(u,)  144p
N, — 010 = Eo(N,,0,) —2 N,0,0, < —
[ (v=08,) = o052 [ M0, N

Since E(up) < \/Qp, the conclusion follows. O

+ng.

Estimate (4.7) provides a first step to compactness. In particular, there exists
some map Ng € L?(R?) such that, up to a subsequence,

Ny, — Ng in L*(R?), as p — 0.
As a consequence of Lemma 4.2, we also have
010, — Ny in L*(R?), as p — 0.

To improve this convergence and characterize the limit function Ny, we turn to the
equations for Ny, and ©,.

4.2. Expansion of the equations. We now consider a finite energy solution
v to (TWe) satisfying (3.6), so that v may be written as v = gexpiyp, and the
functions ¢ and ¢ satisfy the system of equations (3.8)-(3.9). At first order, each
of the equations (3.8) and (3.9) express the fact that

N ~ 0,0, ase — 0.
Indeed, we first have

LEMMA 4.3. Assume o and o satisfy (3.9), and let N and © be the correspond-
ing functions defined by (4.1). Then, N and © satisfy

(4.13) N — 8,0 = &2 (Eg,l(N, ©) + Ro1(N, e)),

where the remainder terms Lc1(N,0) and R.1(N,©O) are given by

1 2 1 2
Loa(N.©) = 5 (y1- % ~1)00 + SOIN + %agzv,

and

1 2
Re1(N,0) =15 (21\]2 —24/1 - %Nale + (81@)2>

v (37(‘9”)2 ~ N(:0)* + 3(826)2>

2\"1-2N

e (82]\])2 2

— (32, N .
+144<31—%N (82@)>

We similarly have
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LEMMA 4.4. Assume o and ¢ satisfy (3.8), and let N and © be the correspond-
ing functions defined by (4.1). Then, N and O satisfy

(4.14) ON = 016 = &2(L.2(N, ) + Rea(N,0) )

where the remainder terms Lc 2(N,0) and R.2(N,O) are given by
1 g2 1.,
L.5(N,0) = 5—2(1 /1 3)61N + 5050,

1 2
R.(N,0) = =01 [NO0] — 50:[N96).

and

As mentioned above, equations (4.13) and (4.14) twice express the fact that
the functions N and 0:0 are equal at the limit € — 0. In order to identify their
common limit, we expand some combination of (4.13) and (4.14) to deduce

PROPOSITION 4.1. Let v be a finite energy solution to (TWc) on R? satisfying
(3.6), and let N and © be the corresponding functions defined by (4.1). Then, N
and © satisfy

1 1
(4.15) L(N) = —0F[zN?+ 6(61@)2] + e (Eg(N) +R.(N, e)),
where L is the linear operator given by

L(N)=0d{N — AN,
and the remainder terms Lo(N) and R.(N, ©O) are given by
2

L.(N)=—-0{03N — Zaglzv,

and

R.(N,0) M}

- <za§ [V@6)’] - 60F [ 1= ZN

—2492(N?) — 64/1 — ialaz [ND»©]
+124/1 — —82 [N9,1©] — 307[(020)?] —685[(819)2})

2( 3812 (92N }_i_az[ ((92@)2}

144
—603 [%] +203[N(9,0)’]
—303 [(826)2]> + 2%:8 ( — 303 [%] +05[N (32@)2]>.
6

PROOF. Equation (4.15) is derived applying the differential operator —9? —

%822 to (4.13), the operator /1 — %81 to (4.14), and adding the corresponding
relations. O
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Notice that we have at this stage,
1 1
OIN — AN + ZOIN? = ZO}(N? = (910)?) + &° (£.(N,©) + R.(N,©)),

where we recognize equation (2.1) for N in the left-hand side. Specifying this
relation to the solutions N, and ©,, it remains to prove that the weak limit Ny of
the sequence (IVp)p>0 is a solution to (SW), and to show some strong convergence.
This requires to establish that the nonlinear remainder term R. is small in some
suitable sense. Indeed, the first term on the right-hand side will tend to 0 in view
of Lemma 4.2, whereas the linear term L.(N) presents no difficulty.

The remainder term R. is a sum of several second order derivatives. We order
them according to the type of second order derivatives, writing

o)=Y io4R,

i+j=2
where
&1 N)>2 1
r20 — Lypep- OGN 1,0y
€ 36 (0:0)% — 12(1- 2N) 24(2 )
92N 2
4.16 — 2(7+—N 9,0)?
N2 1 82 ((91@)2 (61N)2
RY? = —— 4+ \/1- N3O - —&?
¢ 376 2 2 2u(1-2N)
g2 g2 (BQN) gt
4.17 —N@@Q——8®2—47 —N (020
(4.17) +5N(010)" — 2(820) 696(—F)+288(2)’
and
1 g2
11 _ b e
(4.18) R. D 5 NO,O.

In several places, it will be convenient to write
L] — RLI 2,63
Ry = Ry 4+ e7v27,

where v1'! = 0,

2,0 (02N)?
oo BN 1 yige

ve 48(1-£N) 144 (626"
and
0,2 (31]\])2 1 1 2 2 (32]\])2 e
02— O N(310)2 — — (8,0 —2— 2+ ° N(5,0
’ 24(1— ZN) 72 (2:0)° - 75(2:0) 96(1— < N) = 288 (0:0)"
Notice in particular that
(4.19) R0 < K ((01N)? + (2:0) + IN(2:0)?)),
whereas
(4.20) |RMY < K|N|[0,0], and [R22| < K(N2 + (616)2).
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Similarly, we also have

V20] < K (022 + [N (@:0)?]),
(4.21)
92| < K(((%N)Q + |N(010)2] + (220)% + £2((3:N)? + |N(82®)2|)).

Specifying the previous quantities for N, and ©,, we obtain some initial bounds on
the nonlinear remainder terms, which will prove essential to compute the estimates
of Proposition 3.

LEMMA 4.5. There exists some positive constant K, not depending on p, such
that

(422 (R 1me2) <

and

(423) (1B201+ 120+ 1221) < 5
: R €p €p €p = Eg’

for any p sufficiently small.

PROOF. Bounds (4.22) and (4.23) are consequences of bounds (4.7), (4.8) and
(4.10), and inequalities (4.19), (4.20) and (4.21). Concerning the term [, Np(010,)?
in (4.23), we have to invoke the crude bound (4.9), which yields

/ K
R2

K
M@0, < % [ @i, < 5
p /R? p

4.3. Estimates for the phase O,. In the previous discussion, we did not
consider the function ©. In particular, we did not compute any rescaled equation
for this function. Applying the partial differential operator £ — e2£. to (4.14)
and introducing equation (4.15) in the resulting equation in order to eliminate the
function N in the linear part, we compute

O

1 1
(424)  L0}O) = —0} (GN? + £(010)?) + 2% (Los(O) + Rea(N, ).
where the remainder terms £, 3(0) and R 3(V, ©) are given by

2
£.5(0) = £.(370) ~ LL(30) + 5 L.(336),

and

1 e? 1 1 e?
Re3(N,©) = = (1 —\1- 3)5f(§N2 + 6(819)2) +14/1- EalRa(Nu 0)

— L(Re2(N,0)) + 2L (R 2(N, 0)).
At least formally, this may be written as

1 1
0}(010)~A(0:0)+50%(50)* = g(?f((81®)2—N2)+a281_1 (,csyg(@)wzs,g(zv,@)).
We recognize once more equation (2.1) for 910 in the left-hand side. However, the
analysis of equation (4.24) is substantially more difficult than the study of (4.15),
due to the intricacy of the remainder terms and the necessity to apply the operator

07! to (4.24) to recover (2.1). Hence, our argument to deal with the phase © does
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not rely on (4.24). Instead, we invoke the estimates of Lemma 3.3, whose rescaled
versions give bounds on © in function of those on N.

LEMMA 4.6. Let 1 < ¢ < +00. There exists some positive constant K(q), not
depending on p, such that

(4.25) [01Op || La(rz) + €pl|02Oy | Lare)y < K ()| NpllLa(r2),
for any y sufficiently small. Similarly, given any o € N?, and denoting
Ep(q, @) = [|0%01Oyp || Lar2) + €pl|0% 0204 || La(r2),
there exists some positive constant K(q, «), not depending on p, such that
(4-26) Ep(q,a) < K(‘LQ) (|8QNPHL‘1(R2) +5§ Z HaﬁNP||L°°(R2)EP(Qa0‘ - 5)>,
0<B<a

for any p sufficiently small.

PROOF. Inequalities (4.25) and (4.26) are rescaled versions of (3.16) and (3.17).
In view of scalings (4.1), given any 1 < ¢ < 400, the L%-norm of the function 9*N
is related to the L%-norm of 0%n by

o K(q, o o
(4.27) 10N sy = =8yt
q

E2+O¢1 +2a0—=2

where K (g, ) denotes some positive constant, not depending on e. Similarly, we
compute for the functions 09,0 and 90%020,

o K(g,a) o
H8 816”1’ﬂ(1R2) = orohtza. 2 ||8 81‘PHL‘?(R2)7
I q
o K(g, ) o
(4.28) and [|0%0:0 Lo(r2) = o 10%Pl| La(r2)-

Inequalities (4.25) and (4.26) then follow from rescaling (3.16) and (3.17), specifying
identities (4.27) and (4.28) for the functions N, and ©,. O

In view of Lemma 4.6, we will not invoke equation (4.24) to bound the function
Oy. Instead, we will take advantage of the regularizing properties of equation
(4.15), and rely on the initial estimates of Lemma 4.5, to bound the L%Z-norm of
N, (and actually, its first order derivatives) independently on p. We will then
deduce from (4.25) and (4.26), L%-estimates of some low order derivatives of ©,.
This in turn will provide new bounds on the nonlinear terms Rgg, and on their
first order derivatives, improving the estimates of Lemma 4.5. Using in particular,
the inductive nature of (4.26), we will iterate the argument to obtain LZ-bounds
on any order derivatives of IV, and Oy, and complete the proof of Proposition 3
(see Section 6 below). Notice that this strategy will first require to analyse the
regularizing nature of (4.15) which becomes more transparent taking its Fourier
transform.

4.4. Kernels of the rescaled equations. We derive a new formulation of
(4.15) which brings out its regularizing properties. Taking the Fourier transform of
the previous rescaled equations, we deduce
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COROLLARY 4.1. Let v be a finite energy solution to (TWc) on R? satisfying
(3.6), and let N and © be the corresponding functions defined by (4.1). Then, N

~

and © satisfy

2 4 . 2 _—

(429) (145 +T8)N© - i1 - S68() = 2R 6),
2 R 2 _

(4.30) (& +56)8(©) +iy/1 - TaN(© = 2Rou(©),

and
@3) (68 + 1P + 286 + €)M = & (2720 + 2@BOP() + 2Re(9)
. 1 162 4 2 — 61 3 6 1 £ .

ProOF. Equations (4.29), (4.30) and (4.31) follow from taking the Fourier
transform of equations (4.13), (4.14) and (4.15). O

At this stage, it is presumably worthwhile to compare equations (4.31) and
(2.2). This leads us to consider the perturbed kernel K., whose Fourier transform
is given by

Re() = ‘i
TP+ regg + 5e
The kernel K. is a regularization of the kernel Ky, since it belongs to H7 (R2)
(see Lemma 5.1 below), and tends to Ko in L?*(R?), as € — 0, by the dominated
convergence theorem. We will extensively use this additional regularizing property
of K. to compute estimates of the function N.
More generally, since

R =— Y agR7 (@),

it+j=2
we also introduce the kernels K27 defined by

—! giel
432 Kg)] = 1 )
(4:32) © €2 + &1 + e26263 + &5

for any 0 <4, j < 4 such that 2 <i+j <4 (so that, in particular, K. = K>9). We
then recast equation (4.15) as a convolution equation

(4.33) Ny =KZ2' s fo— Y epKiI xRE,
i+j=2
where

(4.34) fo= %

§N§ + %(816,3)2.

In view of the multiplier properties of the kernels K;;j (see Lemma 5.2 below),
equation (4.33) provides a control on the L9-norm of N, in function of the L9-
norms of the nonlinear terms f, and Rz This control is the starting point of
the proof of Proposition 3, which follows combining the superlinear nature of the
nonlinear terms f, and RL/ with the estimates of ©, provided by Lemma 4.6 (see

Section 6 below).
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5. Properties of the kernels K;J

We now turn to the analysis of the kernels K2J. In particular, we provide a
number of estimates, which are required by the proof of Proposition 3.

5.1. H%-estimates of the kernels. For given 0 < a < 1, we establish H-
estimates for the kernels K. We first consider their H%-semi-norms defined in
the Fourier space by

1K By = [ €K ()P,
(R2)
R2

LEMMA 5.1. Let 0<e <1 and 0 < a < 1. Then,
(5.1)  [IK20 ooy < K(a)(1+272), [|K2H | jragpey < K(a)(1+e7272%),
and

_3_94

(5.2) K2 e ey < K(a)(14+e72722).

PROOF. The proof is an explicit computation. In view of the definition of the
semi-norms, we compute using polar coordinates, and noticing that ¢ + 57 = 2,

2 i/ jPegdiey e
He®2) — [, 2 ¢4 | 2¢2¢2 | tpd)\2
R (|§| +& te §1§2+Z§2)

[ 527]

_ / h / Ty cos(6)” sin(6)” drdd
0 0 (1 + 72 cos(6)* + £2r2 cos(6)? sin(0)? + %73 sin(6‘)4)2

too ptoo 2j(1 2\3—i—j
= 4/ / r2atl wI{1+ ) " sdrdu,
0 0 (14 u?)? + 72 + 2r2u? + Sr2u?)

where we have set u = tan(f) in the last integral. The previous computation leads
us to introduce the quantity

’U,2ﬁ

—+o0
J3,e(1) :/ du,
o 0 ((T4u?)?4r2+e2r2u? + %r2u4)2

so that
2,7 112 e 2 1
(53) I g <[ 720 (Tlo) + T )

where 81 = j and B2 = 3 —i. We now claim that

+o0 N 1
(54) /0 r2 +1J57€(r)dr < K(a,ﬁ) (1 + m),

for any 0 < 8 < % and any 0 < a < 1. We postpone the proof of Claim (5.4),
and first complete the proof of Lemma 5.1. Combining identity (5.3) with (5.4), we

obtain

| 527]

1 1
2
Ho(R?) < K<1 + cda+2j-3 + €4a+32i>’

and the conclusion follows applying this inequality for the various choices of ¢ and
j. O
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PRrROOF OF CLAIM (5.4). In order to estimate the integral in the left-hand side
of Claim (5.4), we first compute some bounds for the function Jg .. When0 < r <1,
we have

+oo 23
(55) T < [ P < KO)

since 0 < B < % On the other hand, when r > 1, we compute

1 1 23 +o0 23—-8
du B U u
< K - —d —d
[75.2(r)] < (/0 1474 +/1 (ut + r2)2 u+/1 (14 7r2e4)2 u),

so that, since 0 < 3 < %,

1
(56) o) < K(B) (=5 +177F +7%),
r
when 1 <r < E% Similarly, when r > E%,
1 1 g2
(5.7) s.c(r)l < K(ﬁ)(r_‘l t At 1+ 7"254)2)'

Estimates (5.5), (5.6) and (5.7) finally provide Claim (5.4), when 0 < a < 1. O

Since inequalities (5.1) and (5.2) are also valid for o = 0, i.e. for the L*norm,
we may remove the dots in inequalities (5.1) and (5.2). Notice in particular that
we have the bounds

(5-8) (e

mo®2) + €| K22 | ga@e) + €2 | K22 o re) < K (a),

1
foranyOSaSZ.

5.2. Multiplier properties of the kernels. We now provide some multiplier
properties of the kernels K/. Our analysis relies on a theorem by Lizorkin [26] !
, which we first recall for sake of completeness.

THEOREM 5.1 ([26]). Let K be a bounded function in C2(R%\{0}), and assume
that
&1 0 K (€) € L(R?),
for any 0 < k1, ko < 1 such that k1 + ko < 2. Then, Kisa multiplier from L1(R?)

to LY(R?) for any 1 < q < +oo. More precisely, given any 1 < q < +oo, there
exists a constant K(q), depending only on q, such that

(5.9) 1K  fllpagzy < K(@)M(K)|| fllzae), Vf € LI(R?),

where we denote

~

M(R) = sup {|&1]™ 2]

OO R(E)] €€ R0 < ki 1,0 kp < Lky+hy <2},

Applying Theorem 5.1 to the kernels K27, we obtain

lEstimate (5.9) in Theorem 5.1 is more precisely a consequence of Lemma 6 and of the proof
of Theorem 8 in [26].
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LEMMA 5.2. Let 1 < q¢ < +o00. Given any integers 0 < 4,5 < 4 such that
2 <i4j <4, we denote

ki = max{i+2j — 4,0},
Then, there exists some positive constant K(q), not depending on e, such that

K(q)

ehiyg

(5.10) K27 % fllpaey < IfllLar2),

for any function f € LY(R?) and any £ > 0.

PROOF. Inequality (5.10) is a consequence of (5.9) once we have checked that
the functions I/{é\] satisfy the assumptions of Theorem 5.1, and established the
dependence with respect to e of the quantity M (I@ ).

First notice that the functions K27 , which are bounded on R?, and belong to
C%(R?\ {0}), may be written as

K2 (¢) 00"

where Q(&) = [€]2 + & + 26263 + %fé. We therefore compute

aaie) = éé) - ffé% 0
and
e (6) = 3(55 <J G+ ,)516162(% ?5282@(5)
(5.12) _a&gg@@ . 2512%9 5222%@ )

On the other hand, we check that
"l €l < 4Q(6), [€6]10xQ(€)] < 4Q(€), and [&1]1€2110:0:Q(6)] < 4Q(¢),
so that, by (5.11) and (5.12), there exists some universal constant K such that
e"i M(KY) < K.
Inequality (5.10) then follows from (5.9) applying Theorem 5.1. O
6. Sobolev bounds for N, and ©,

This section is devoted to the proof of the Sobolev estimates of Ny, 010, and
0.0, stated in Proposition 3. As previously mentioned in Section 4, we focus on
Sobolev bounds on N,.

PROPOSITION 6.1. Let o € N2 and 1 < ¢ < +oo. There exists some constant
K(q,a), depending possibly on o and q, but not on p, such that

(6.1) 0% NpllLarz) + [[010% Np|| Lare) + [[020% Ny || La(r2)
' +H8f8"‘Np||Lq(R2) + €p|01020% Ny || La(r2) + EiHaSaaNpHLQ(R?) < K(q, ),
for any p sufficiently small.
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REMARK 6.1. The proof of Proposition 6.1 is by induction on the derivation
order . The inductive assumption is given by (6.1). This explains the redundant
form of this inequality.

Proposition 3 is a direct consequence of Proposition 6.1 invoking rescaled in-
equalities (4.25) and (4.26) to bound the functions 0:10, and 020,.

PROOF OF PROPOSITION 3 (ASSUMING PROPOSITION 6.1). In view of (6.1),
given any k € N and any 1 < ¢ < 400, there exists some positive constant K (k, q),
not depending on p, such that

(6.2) [ Npllwr.are) < K(k, q),
for any p sufficiently small. In particular, by Sobolev embedding theorem,
(6.3) [ Npller ey < K (k).

Using (6.2) and (6.3), inequality (4.26) becomes

(6.4) =,(0,0) < K(g,0) (1 12 Y Sga- ﬁ)),

0<B<a

where we have set as in Lemma 4.6,
Ep(g, @) = [|0%01Op | La(rz) + €p[|0% 02Oy || La(r2).-

By (4.25) and (6.2), the quantity =, (g, (0, 0)) is bounded independently on p, so that
it follows by induction from formula (6.4) that =, (g, a) is bounded independently
on p for any 1 < ¢ < 400 and any a € N2, Inequality (11) follows invoking Sobolev
embedding theorem for ¢ = +o00. This completes the proof of Proposition 3. (|

The remainder of this section is devoted to the proof of Proposition 6.1. As
previously mentioned in Subsection 4.4, the proof relies on decomposition (4.33).
Recall that it is proved in [16] that the functions 7 and ¢, and therefore N, and
Oy, belong to W*4(R?) for any k € N and any 1 < ¢ < +oco. Hence, we can
differentiate (4.33) to any order a € N? to obtain

(6.5) 9Ny = K20 % 0°f, + &5 Z K2 % 0°RY.

i+j=2
Taking the L?-norm of this expression and invoking the regularizing properties of
the kernels provided by Lemma 5.2, we are led to

66) 10" Nollpaes) < K@) (10l o)+ D 10°RE paceny).

i+j=2
In view of definitions (4.16), (4.17), (4.18) and (4.34), the derivatives 0°f, and
9*RZJ in the right-hand side of (6.6) are nonlinear functions of the derivatives of
Ny and Oy, so that we may estimate their L-norms using Sobolev bounds on N,
and ©,.

This provides an iterative scheme to estimate the Sobolev norms of N,. Us-
ing the available information on the nonlinear source terms f, and R;g , which is
initially reduced to Lemma 4.5, we improve the regularity and integrability prop-
erties of N, using inequality (6.6). This in turn provides improved bounds of the
nonlinear terms f;, and RZEPJ .

As a consequence, we prove (6.1) by induction on the derivation order a. We

first compute Li-estimates of the nonlinear terms f, and Rég , and of convolution
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equation (4.33). In particular, this requires to bound some derivatives of the phase
Oy, which is made possible invoking Lemma 4.6. Using the initial bounds given by
Lemma 4.5, we conclude that inequality (6.1) holds for & = (0,0). We then turn
to higher order estimates. Assuming that (6.1) holds for any index « such that
|a| < k, we derive L%-estimates of the derivatives of order k 4+ 1 of the functions
fy and RLJ. In view of (6.6), this provides bounds for the derivatives of order
k+1 of N, so that we can prove that (6.1) is also valid for any index « such that
|a] = k + 1. This completes the sketch of the proof of Proposition 6.1, which is
detailed below.

6.1. Li-estimates of nonlinear terms. We first compute L%-estimates on
the nonlinear terms f,, Rz and vz/.

LEMMA 6.1. Let 1 < q < 400. There exists some universal constant K such
that

(6.7) 1 follLaeey + 1R | Laqee) + epl| RS a2y < K[INpl|7 20 g2y,

(6.8) IRZ%]| Loy < K(5.§2||Np||%2q(ua2) + | Np |7 50 rey + ||31Np||%2q(ua2))v
(6.9) 120 ar2)y < K(5;2||Np||3L3q(R2) + ||82NP||%2‘1(]R2))7

and

(6.10)

22| Lo g2y < K(‘Sp_QHNP||%27(R2)+”NP||i3q(]R2)+||alNP||%27(R2)+5;23||82NP||%241(R2))'

PRrROOF. Bounds (6.7), (6.8), (6.9) and (6.10) are consequences of inequalities
(4.19), (4.20) and (4.21) using Holder inequalities. For the quantities involving the
functions 610, and 9,0,, we also use (4.25) to compute

1(010p)2[| Larz) + €pl| Np 02Oy [l oy + €4 [1(920p)? || Loy < K ()] Npll 20 ()
whereas
Ny (010p)?|| Lare) + &7 I Np (020p) (| Lo(r2)
< K(q)||Npllpsare) (||81®P||2L3‘1(R2) + 5§||32@p||2L3q(R2)) < K ()[INp 1750 r2)-
O

6.2. Li-estimates of the convolution equation. We now compute L9-
estimates of equation (4.33) invoking the multiplier properties of the kernels K’
given by Lemma 5.2, and the previous L?-estimates on the nonlinear terms f,, RQFJ

and v%J. This provides
P

LEMMA 6.2. Let 1 < q¢ < 400. There exists some constant K(q), depending
only on q, such that

(6.11)
[ NpllLarz) + [|01Np [l Larz) + [[02Npl| La(re2)

+||812NP||L‘?(]R2) + epl| 0102 Np|| La(r2) + 5g||822Np||LQ(R2)
< K(Q)(HNpH%M(W) + 5| Np 17202y + €5 101 Npl|7 20 g2y + 5§||62NP||%2‘1(]R2))7

for any p sufficiently small.
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PROOF. Given any a = (aq, as) such that 0 < a3 + as < 2, we estimate the
Li-norm of 9*N,, using equations (4.33), so that

0% Ny || La(r2) §||3QK§;O * follLare) + 5§ Z ||3QK§;j * Ré’ijLq(R?)
it+j=2
+epllO“ K2 % V20| Larz) + 5 0° K20 % 122 | Loy

Since by (4.32), _ _
aaKg;k _ ia1+a2Kg:a1,k+a2,

the multiplier properties of Lemma 5.2 provide

INplzaezy < K@ (I follzomn) + 23 > IR |poqee)
i+j=2

+eplv20N e + epllv 82l ),

01 Npllamey < K(Q)(||fp||Lq(R2) + e IRZ Loy + 5| RE | Lor2)
+5p||Rg;2||Lq(R2) + 5§|\V§;0||LQ(R2) + 5§||Vg;2||Lq(R2)),
and

02Ny [l La@2) + 107 Npl| az2) + €p 10102 Ny || Lo2) + €31l05 Nyl Lo(2) <

K(q) <||fp|Lq(JR2) + 5§”R§;0”L‘1(R2) + €p||R;;,1HLq(R2)

P e P Py
Estimate (6.11) follows invoking nonlinear bounds (6.7), (6.8), (6.9) and (6.10). O

6.3. Initial bounds on N, and its first order derivatives. In view of
(6.11), some preliminary L?-bounds on N,, 01N, and 02N, are required to in-
ductively estimate the L%-norms of these functions. These preliminary bounds are
consequences of the uniform estimates given by (3.3), and the L2-bounds provided
by (4.7), (4.8) and (4.10).

LEMMA 6.3. Let2 < q < %. There exists some constant K(q), depending only
on q, such that

(6.12) [ NpllLare) < K(q),
for any p sufficiently small. Moreover, given any % < q < 8, we have
2
(6.13) ep IVl La(re) < K(q),
whereas, given any 2 < q < +00,
6_3
(6.14) |01 Np || La(rz) + pl|O2NpllLarz) < K(q)eg -

PROOF. For estimate (6.14), we have in view of (3.3),

K K
||(91Np||Loo(R2) < 3> and ||82Np||Loo(R2) < -
p p
so that (6.14) is a consequence of (4.8) and (4.10) using standard interpolation
between L9-spaces.
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The proofs of (6.12) and (6.13) are more involved. The first step is to compute
H“-estimates of N,, combining equation (4.33) with H“-bounds (5.8) on the kernels.
STEP 1. Let 0 < o < %. There exists some constant K («) such that
(6.15) [Noll ey < K(a),

for any p sufficiently small. In particular, there exists some constant K(q) such
that (6.12) holds.

Applying Young inequality to decomposition (4.33), we have
Nyl 2y < IKEL e o) (1ol o) + €RIBEL N ooy + epllv2 0N o))
e | B e ey IRE,) 1 rey + €5 1 K22 e ey (IIRS;2||L1<R2) + 6§IIV§;2||L1(R2>)-

Combining (5.8) with (4.7), (4.22) and (4.23), we derive (6.15), whereas (6.12) is a
consequence of Sobolev embedding theorem,

H*(R?) — LY(R?),
forany2§q§1i.

—x

The second step is to compute uniform bounds on N, using Sobolev embedding
theorem.

STEP 2. Let v > 0. There exists some constant K (v) such that
(6.16) 1N oo (g2 < K(V)(l + 5;1*'/),
for any p sufficiently small.
In view of (6.12) and (6.14), there exists some number ¢ > 2 such that

[Npllwoe) < K@) (1+2,17).

Estimate (6.16) follows by Sobolev embedding theorem.
Combining with (6.12), and invoking standard interpolation between L?-spaces,
estimate (6.16) yields (6.13). O

6.4. Proof of inductive assumption (6.1) for o = (0,0). We now rely on
Lemma 6.2 to improve the preliminary estimates of Lemma 6.3. This gives

LEMMA 6.4. Let 1 < ¢ < 4+00. Then, assumption (6.1) holds for o = (0,0),
i.e. there exists some constant K(q), not depending on p, such that

[ Npllarzy + |01 Ny || Larz) + [[02Npl| La(r2)
|0 Np | Lar2) + €p 110102 Np|| La(g2) + £51105 Npl| Lo (r2) < K (9),
for any p sufficiently small.

(6.17)

PROOF. The proof relies on some bootstrap argument. Given any 1 < ¢ < %,
we deduce from (6.11), (6.12), (6.13) and (6.14),that

[ Npllar2y + |01 Nyl Lar2) + [[02Npl| La(re)
+|0F Nyl La(rz) + €pll0102Np || acrey + 31105 Nyl arey < K(q),
so that by Sobolev embedding theorem,
| Npll a2y + €pll O Npll La(rz) + 5§||82NP”L‘1(R2) < K(q),
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for any 1 < ¢ < 4. Invoking (6.11) and (6.13) once more time, we are led to
[ NpllLarz) + |01 Np || La(rz) + [[02Np || La(re)
H|OFNp | Lar2) + €p 10102 Np|| Lo g2y + £51103 Npl| Lo 2y < K (9),
for any 1 < ¢ < 2. In particular, we have by Sobolev embedding theorem,
| Npll a2y + €pllO1 Npll La(rz) + 5§||82NP”L‘1(R2) < K(q),
for any 1 < ¢ < 400, so that (6.11) now yields (6.17) for any 1 < ¢ < 4+o00. This
completes the proof of Lemma 6.4. O

6.5. Higher order estimates of the nonlinear terms f, and R;pj We

now assume that assumption (6.1) holds for any 1 < ¢ < +o00 and any « € N? such
that |a| < k, and prove that it remains valid when |a] = k 4+ 1. Invoking again
equation (4.33), we first derive improved Sobolev bounds on the nonlinear terms
fp and RZEPJ In view of definitions (4.16), (4.17), (4.18) and (4.34), this requires to
compute LI-bounds on the derivatives of ©,. Hence, we show

LEMMA 6.5. Let k € N, and assume that (6.1) holds for any 1 < g < 400 and
any o € N2 such that |a| < k. Then, there exist some positive constants K (q, ),
not depending on p, such that

(6.18) ||8a61®p ||Lq(R2) +€p ||8a62®p ||Lq(R2) < K(q, a),

for any 1 < ¢ < +o0, any o € N? such that |a| < k+ 1, and any p sufficiently
small.

PROOF. Inequality (6.18) is a consequence of (4.26). Applying Sobolev em-
bedding theorem to assumption (6.1), we have

[ Npll ok rey < K (),

where K (k) is some positive constant, not depending on p. Therefore, given any
a € N2 such that |a| <k + 1, (4.26) may be written as

10%01Op || La(e2) + p [0 0204 || La(r2)
SK(q,a)<||5“NpIILq<R2)+€§ > (”aa_%l@pHLq(R?)+5P||aa_ﬁa2®”||Lq(R2))>'
0<8<a

Denoting

St= 3 (10°0:18pllnages) +£p19°020p | o) )
|a|<k+1

we deduce that

SE< K@) (38 + D 10" NollLaes) )-
|a| <k+1

Combined with assumption (6.1), this provides (6.18) for any p sufficiently small.
O

We now turn to Li-estimates of the functions f, and RZJ.
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LEMMA 6.6. Let k € N, and assume that (6.1) holds for any 1 < ¢ < 400 and
any o € N2 such that |a| < k. Then, there exist some positive constants K (q, ),
not depending on p, such that
(6.19)

10% foll Laqre) + Ha"‘Rgf

La(R2) + EpHaaRi;l La(R2) + 5;2:||8QR§;0||LQ(R2) < K(q, ),

for any 1 < ¢ < +o0, any o € N? such that |a| < k+ 1, and any p sufficiently
small.

PROOF. Lemma 6.6 is a consequence of assumption (6.1), and Lemma 6.5. For
instance, applying Leibniz formula to definition (4.34), we have

0°Fo] < K@) D2 (107N ]|0° 7Ny + [0°010, | |02 010, ),
0<p<a

so that, by (6.1), (6.18), and Holder inequality,
10% follLar2y < K(q, ).

The proof is identical for the function Ri;l, which verifies, in view of (4.18) and
Leibniz formula,

PRE| < K(@) Y (07N ||0" 00,0, .

0<B<a

Similarly, for 9*R2? and 9*R2?, it follows from (6.1), (6.18) and Leibniz formula,

that
La (R2)) ’

so that the proof of (6.19) reduces to estimate the L?-norms in the left-hand side
of (6.20). In view of (6.1), we deduce from Sobolev embedding theorem that

||3QR2;2||L<1(R2) + €§||3QR§;O||L<1(R2)

2 2
r(LEL) vl (220

(6.20) SK(Q7Q)<1+E§‘

4
+£p‘

Le(R?)

(6.21) HaﬁNpHLw(R?) < K(p),

for any 3 € R? such that 3 < k and any p sufficiently small. When |a| < k, the
chain rule theorem combined with (6.1) and (6.21) again provides estimates (6.19).
When |a| = k + 1, this argument yields

3

O1Ny)?
g aa(( ! ) SK(q’a)(l+€§H6Q61NPHLL1(R2)) < K(q, ),

F 1-— %NP La(R2)
and
2
sé (’90‘(%) < K(q,a)(l + EéHBO‘BQNpHLq(W)) < K(q, @),

5
1— &Ny llLar2)

where we have used the estimates in the second line of (6.1) for the second inequal-
ities. Combined with (6.20), this completes the proof of inequality (6.19). O
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6.6. Proof of Proposition 6.1. We are now in position to conclude the
inductive proof of Proposition 6.1.

PROOF OF PROPOSITION 6.1. Given any k € N, we assume that (6.1) holds
for any 1 < ¢ < +o0o and any a € N? such that |a| < k, and consider some index
v € N? such that |y| = k + 1. Invoking equation (6.5) and the kernel estimates of
Lemma 5.2, we compute

1070 Npllpoey < K (@) (107 follaces) + 3 (107 RE | acas)
(6.22) HIORE | azey) + epl"RE2 age ).

and

(6.23)
10702 Ny || Loy + 110707 Np|| Lo(r2) + €107 0102 Np|| La(r2) + 5110705 Np | Lo (2

<K(@) (107 foll o) + 210 RE | aqee) + gl OV RE pagey) + 107 REZ e, ).

In view of inequalities (6.6), (6.22) and (6.23), and estimates (6.19), assumption
(6.1) also holds for @« = «. This completes the inductive proof of Proposition
6.1. (I

7. Convergence towards (KP I)

This section is devoted to the proofs of Theorem 2 and Proposition 2. As
mentioned above in the introduction, our strategy is to prove that the sequence
(010y)p>o0 is, for p sufficiently small, a minimizing sequence for minimization prob-
lem (Pxp(p)) We then invoke Proposition 2.1 to obtain the strong convergence of
some subsequence towards a function Ny, which is a solution to minimization prob-
lem (Pgp(p)), i-e. a ground state for (KP I). Finally, we improve the convergence
using the previous Sobolev estimates.

7.1. Weak convergence towards (KP I). We first use the Sobolev bounds
provided by Proposition 3 to establish the weak convergence of some subsequence
(Np,. )nen to some non-constant solution Ny to (SW), as p, — 0.

PROPOSITION 7.1. There exists a subsequence (Pn)nen, tending to 0 as n —
+00, and a non-constant solution Ny to (SW) such that, given any 1 < g < 400,

(7.1) Ny, — N in WH9(R?), as n — +oo.
In particular, given any 0 <~y < 1, we have

(7.2) N,, — Np in C*7(K), as n — +oo,
for any compact subset K of R2.

PROOF. In view of bounds (11), there exists a subsequence (p,)nen, tending
to 0 as n — +oo, and a function Ny such that (7.1) holds for any 1 < ¢ <
+00. Convergences (7.2) follow by standard compactness theorems. The proof of
Proposition 7.1 therefore reduces to prove Lemma 2, i.e. to establish that Ny is a
non-constant solution to (SW). O
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PrOOF OF LEMMA 2. Denoting

we deduce from (4.33) and Lemma 5.1 that

INy = Noll2ezy < g5 D IKE « R | c2rey
i+j=2

IN

3 1
e IRZ N L @ey + €8 IR | L2 (m2) + €2 IR 11 r2)-
In view of estimates (6.7), (6.8), (6.9) and (6.10), and L?-bounds (11), we obtain
1
[Ny — N;?||L2(R2) < Keg,
so that
(7.3) Ny — NJ — 0 in L*(R?), as p — 0.

We now claim that, up to some subsequence (p,)nen satisfying (7.2),

(7.4) N?

1
P §K0 * NZ in L*(R?), as n — +oo0.

Invoking the weak L2-convergence provided by (7.1), we deduce from (7.3) and
(7.4) that the function Ny satisfies
1

N0:§ o* Ng,

so that, in view of (2.3), the function Ny is solution to (SW).
Finally, in view of (8) and convergences (7.2), we have

3
NO(O) Z ga

so that Ny cannot be a constant solution to (SW). This ends the proof of Lemma
2. O

We now show Claim (7.4).

PRrROOF OF CLAIM (7.4). Claim (7.4) follows from (7.2) after the following sim-
plification.

STEP 1. We have
1
Ny = 5 Kox Ny — 0 in L*(R?), as p — 0.

In view of (4.34), we have
1 1 1 1
Ny = 3Kox Ni = (K20 = Ko) « (33 + 2(016,)?) + Ko+ ((010,)2 = NZ).
so that, by Young inequality, and estimates (11),
(7.5)

1
0 2
HNP 2K0*Np’

pocay < K (IEZD = Koll oy + Kol e 1910 — Nyl ey )

In view of definitions (2.4) and (4.32), we have

K2°(6) — Ko(€), as p — 0,
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and o
0< K2°(6) < Ko(9),

for any e, > 0 and any £ # 0. Since K belongs to L?(R?) by Lemma 5.1, it follows
from the dominated convergence theorem that

J.

Hence, by Plancherel formula, the first term in the right-hand side of (7.5) tends
to 0, as p — 0, whereas the second term also tends to 0 by (4.12). This completes
the proof of Step 1.

Invoking Step 1, the proof of Claim (7.4) reduces to

e - e
e (&) — Ko(§)| d6 — 0, asep — 0.

STEP 2. Given some subsequence (pn)nen such that (7.2) holds, we have
Kox N — KoxN§ in L*(R?), as n — +o0.

First notice that, in view of (11), there exists some constant K, not depending
on n, such that

150 % (Ng, = Ng) 22y < [ Koll2e) I NG, — N§llpiee) < K,
so that by density of C°(R?) into L?(R?), the proof of Step 2 reduces to prove that

(7.6) / (Ko * (N7 — N§)>w — 0, as n — +o0,
R2

for any function 1 € C°(R?). Moreover, given any § > 0, the density of C2°(R?)
into L?(R?) also implies the existence of a function x5 € C2°(R?) such that

|1 Ko — IilsHLz(Rz) <.
Given any function ¢ € C3°(R?), this gives by Young inequality,

[ (o052, -33) o < | [ (052, ~98) ) 6108, =l ey s
R R
which may be written as

[, (0 (03, = 53| < ’/R (s % ) (N2, — N2)

denoting #s(x) = ks(—x), and invoking (11) and Fubini theorem. Since the function
ks x 1) belongs to C2°(R?), we deduce from (7.2) that

+ K9,

/ (1%5 *w) (Np2n — Ng) — 0, as n — 400,
R2
so that (7.6) holds. This completes the proof of Step 2 and of Claim (7.4). O

7.2. Convergence of the energies. In order to apply Proposition 2.1 to the
family (010p)p>0 to deduce its strong convergence in the space Y (R?), we first
prove

PROPOSITION 7.2. Let (pn)n>0 denote some subsequence, tending to 0 as n
tends to 400, such that (7.1) and (7.2) hold. Then, up to some further subsequence,
there exists a positive number pg such that

(7.7) Exp(010y,) — EEL(1p), and / 1010y, |* — o, as n — +oo.
R2
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Proposition 7.2 is a consequence of Lemmas 3 and 4, so that we first address
the proof of Lemma 3.

PrROOF OF LEMMA 3. In view of formulae (4.2) and (4.3), the discrepancy
quantity ¥(uy) = v2p(up) — E(up) may be recast in the slow space variables as

€ 1 1
(up) = — ﬁﬂl (/R (Np — 010,)" + €2 /R (g(alzv,g)2 + 5(826,3)2

_l 2 4/ (82Np)2 Np(ale)2 _ i 2
Ny (010,)?) + =1 3 <4_ Zye +tiaaw, ~ 12 @0’ ) ).

Hence, we deduce from Proposition 3 and estimate (4.8) for the function 9.0, that
3l _ 2, 2 (L 2
Bw) = V2o (/R (Np = 010;)" +¢; /R (2 (O1Ny)
1 2 1 2 2
(78) +§(82®p) — ENP(&@,J) ) +pgo(8p)).
Let us now recall that the value of Exp(8:10,) is given by

Exp(0:10,) :/

R2

1 1 1
(50100 + 5(226,)* = =(010,)°).
In particular, provided we may prove that
(7.9) N, — 070,, asp — 0,

we have, in view of (11) and (4.12),
1 1 1
(7.10) / (5(31%)2 +5(0:05) - ng(alepf) — Exp(10,) — 0, asp — 0.
R2

Hence, by (7.8),
€ 2

(711)  S(uy) = —\/517”4 (/R (Np — 010,)" + e2 Exp(010y) + pgo(aﬁ)).
We then claim that
1
5'23 R2
which gives (16) using (7.11).

In order to complete the proof of Lemma 3, it only remains to prove Claims (7.9)

and (7.12). For Claim (7.9), we invoke equation (4.14) and the Sobolev estimates
of Proposition 3. Taking the L?-norm of (4.14), we deduce from (11) that

01N, — 07Oy [l 2(r2) < Keyp,

(7.12) (Ny —910,)° =0, as p — 0,

where K is some universal constant. Claim (7.9) follows taking the limit p — 0.
Similarly, for Claim 7.12, we take the L2-norm of equation (4.13), and obtain by

(11),
[Ny = 010p |22y < Kep,

so that
1

= (Np—81®p)2§ng—>0, as p — 0.
p JR?

This concludes the proof of Lemma 3. O
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REMARK 7.1. Equivalence (15) is a consequence of inequality (7.10), since it
will be proved in the sequel that the quantity Exp(0:10,) has a nonzero limit as

p—0.

We now turn to the proof of Lemma 4.

PrROOF OF LEMMA 4. Lemma 4 is a consequence of estimate (3) of Theorem

1. Combining (3) with (10) and (16), we obtain

3
6912p o (1),

Skpes =0

Exp(0:10,) < —

so that by formula (4.2),

1 3
< -
EKP((?l@p) < 548%(13( - Np81®p> =+ 00(1).

p~>

In view of (4.12), we have

1 3
Exp(0:10y) < —@(/Rz(al@py) + 30(1)-

On the other hand, it follows from Lemma 2.1 that

1 3
EKp<alep>>5§;f:( / <81®p>2>———2< / <81@p>2>,
R2 54SKP ]R2

which completes the proof of Lemma 4.
We finally deduce Proposition 7.2 from Lemma 4.

PROOF OF PROPOSITION 7.2. In view of (4.12) and (7.1), we have

n—-+4oo R2

so that we may assume up to some further subsequence7 that
(7.13) / (61®pn)2 — o, as n — 400,
R2

where

po > | NG >0.
R2

Assertion (7.7) is then a consequence of (17), (7.13), and formula (2.7) of EXP.

min

O

7.3. Strong convergence towards (KP I). We now show Proposition 4. i.e.
the strong convergence of the family (Np)p>o in L?(R?) (up to some subsequence).

PROOF OF PROPOSITION 4. In view of Proposition 7.2, we may construct a
subsequence (py,)nen, tending to 0 as n — 400, and some positive number po such

that
Exp(910y,) = Emim (110), and / 1010y,,|* — po, as n — +oo.
]R2

By Proposition 2.1, up to some further subsequence, there exists some points

(an)nen and a ground state solution Ny to (2.5), with o = %, such that

010y, (- — an) — No in Y(R?), as n — +o0.
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By (4.12), we are led to
(7.14) Ny, (- — a,) — No in L*(R?), as n — +oc.

Invoking Proposition 7.1 for the subsequence (Ny, (- — an))nen, there exists a non-
constant solution Ny to (SW) such that weak convergences (7.1) hold, up to some
further subsequence. In particular, by (7.14), Ny = Np, so that Nj is a ground
state of speed 1 of (KP I).

In order to complete the proof of Proposition 4, it is now necessary to drop the
invariance by translation, i.e. to prove that convergences in Y (R?) and in L?(R?),
also hold for the sequences (910, )nen, respectively (Ny, Jnen. Assuming first that,
up to some further subsequence, there exists some number a such that

an — a, as n — +0o,
we obtain that
Oy, — No(-+a) in Y(R?), and N, — No(- +a) in L*(R?), as n — +oo,

using the continuity of the map a — (- — a) from R to any space L4(R?) (with
1 < ¢ < +00). Since the function z — No(z + a) is still a ground state of speed 1
of (KP I), this completes the proof of Proposition 4.

Hence, it remains to prove that the sequence (a,)nen contains some bounded
subsequence. Assuming by contradiction that this is false, we may construct some
subsequence, still denoted (ay, )nen, such that

(7.15) an — +00, as n — +o0.

In view of (8) and (11), there exists some positive number §, not depending on n,

such that
/ N7 > 26,
B(0,1)

for any n sufficiently large. By (7.14), we also have
/ |No(x + an) — Ny, (x)]*dz — 0, as n — +oo,
B(0,1)
so that
/ |No(z + an)|?dz > 6,
B(0,1)

for any n sufficiently large. However, it is proved in [18] that there exists some
positive constant K such that

No(z) < ————, Vz € R?
O(x)— 1+|x|27 T e 9
so that
10K
— >
L+ an|> =7

for any n sufficiently large. This provides a contradiction to (7.15) and completes
the proof of Proposition 4. O
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7.4. Proofs of Theorem 2 and Proposition 2. We finally conclude the
proofs of our main theorems.

PROOF OF THEOREM 2. In view of Propositions 3 and 4, given any k£ € N and
any 1 < ¢ < 400, the family (Ny)p>0 is bounded, uniformly with respect to p small,
in W*4(R2), and converges, up to some subsequence, to some ground state Ny of
(KP 1) in the space L?(R?), as p — 0. Hence, by standard interpolation theorem, it
actually converges to Ny in W*4(R2). This concludes the proof of Theorem 2. [J

PROOF OF PROPOSITION 2. The proof is identical to the proof of Theorem 2,
considering the function d;©, instead of Ny, and noticing that Y (R?) continuously
embeds into L?(R?). O
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