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ABSTRACT. This work is concerned with showing the existence of chaotic dy-
namics in the flow generated by an infinite system of strongly coupled ordinary
differential equations with a finite dimensional hyperbolic part and an infinite
dimensional center part. This theory can be applied to partial differential
equations by using a Galerkin expansion which is illustrated by the problem
of oscillations of a buckled elastic beam.
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1. Introduction

To motivate the ideas of this work consider the partial differential equation
™
(1.1) i = —u"" — Pou” + {/ u/(s5)? ds] u’" = 2p9t + 1 coswot
0

where Py, p1, p2, wo are constants and u is a real valued function of two variables
t € R, x € [0, 7], subject to the boundary conditions

w(0,t) = u(m,t) =u"(0,t) = u"(m,t) =0.
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p1 coswot

u(z, t)

j:

FIGURE 1. The forced buckled beam (1.1).

In (1.1), a superior dot denotes differentiation with respect to ¢ and prime differ-
entiation with respect to x. This is a model for oscillations of an elastic beam with
a compressive axial load Py (see Figure 1). When P, is sufficiently large, (1.1) can
exhibit chaotic behavior. The first work on this was done by Holmes and Marsden
[18]. Some more recent work on the full equation is by Rodrigues and Silveira [32],
by Berti and Carminati [4] and by Battelli, Feckan and Franca [2]. An undamped
buckled beam is investigated by Yagasaki [41] to show Arnold diffusion type mo-
tions. We will discuss some of this in more detail when we return to this problem
in Section 5. -

In (1.1) substitute u(z,t) = > ug(t)sin kz, multiply by sinnz and integrate

k=1
from 0 to w. This yields the infinite set of ordinary differential equations

2
n=12,....

.. 2 2 T 9 — 2 2 . 1—(=1)"
n — Py — n 5 k n — 2 n 2 ta
i n°(Pp — n*)u n Lgl uk] U oty + 201 [ - COS Wy

We see that the linear parts of these equations are uncoupled and the equations
divide into two types. The system of equations defined by 1 < n? < P, has a
hyperbolic equilibrium at the origin whereas, for the system of equations satisfying
n? > Py, this equilibrium is a center.

For simplicity let us assume 1 < Py < 4. Then only the equation with n =1
is hyperbolic while the system of remaining equations has a center. To emphasize
this let us define p = uy and ¢, = up41, 7 = 1,2,.... The preceding equations now
take the form
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.2 T 2 - 2 2 ., 4
Bo= a’p—5|p +kz_:l(k+1) qk]p—ngp—i— ;ulcoswot, (1.2a)
. T -
G = —wign— 5 (n+1)? p2+;(k+1)2m§
] 1_(_1)n+1
QG + 2y | — t, 1.2b
H2dn + Ml[ T+ 1) COS wo ( )
n=12...

where we have defined a® = Py — 1 and w2 = (n + 1)? [(n + 1) — By].
In (1.2) we project onto the hyperbolic subspace by setting ¢ = 0 in (1.2a) to
obtain what we shall call the reduced equation. In our example this is

(1.3) p=a’p— gp?’ — 2u9p + %ul cos wot.
We see that this is the forced, damped Duffing equation with negative stiffness for
which standard theory yields chaotic dynamics. The purpose of the present work
is to show that the chaotic dynamics of (1.3) are, in some sense, shadowed in the
dynamics of the full equation (1.2).

To put our example in first order form we define z = (p,p) and

y=(q1,q1/w1,q2,42/wa, . ..).

The equations (1.2) now become

"tl = x2, (14&)
iy = a’m Z (k+1) y2k;_1‘| 1
k=1
4
—2puowe + — 11 coswot , (1.4b)
T
anfl = WnlY2n, (14C)
. (n +1)2 >
Yon = —WnlY2n—-1 — 2 ; k+ 1 y2k—1 Yon—1
_ (_1)n+1
—2u2y2n + 211 ( Do cos wot. (1.4d)

For these equations we define the Hilbert space

Y = {y ={yn}oly | wmeER, D wius, +13,)< OO}

n=1
oo
with inner product (u,v) = > w2(u2n_1v2n_1 + U2nv2,). By a weak solution
n=1

o (1.4) we mean a pair of functions o : R — R2 3y : R — Y such that zg
is differentiable and yo has a derivative o — ¢* and which satisfy (1.4a), (1.4b)
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pointwise in R?; (1.4c), (1.4d) pointwise in £2. Note that in this case we have
o0
(u17u2a"'> = (I,p1,p2,---), I2+Zw2pi<oo’
n=1

(01, 79,...) = (&p1,p2...) €L2
so that for the original differential equation (1.1), v € H?(0,7) N H(0,7) and
@ € L2(0, 7). This is discussed in [10].

In the next section we will formulate an abstract problem for which the hy-
potheses will consist of the essential features of (1.4). We have already mentioned
one of these: when y is set equal to zero in (1.4a) the resulting equation is the
transverse perturbation of an autonomous equation with a homoclinic solution.

To see another important property we linearize (1.4c), (1.4d) about the origin
which yields the system of equations

(15) 1)271.,1 =  Wnl2p, n=1,2,....
Vop = —Wplap—1 — 2/2V2,

Note that for each n we get a pair of equations uncoupled from the others and for
|p2| < wy, we have a fundamental solution for (ve,—_1,ve,) given by

- 2 . . .-
cos Wt + lf— sin w, t g—" sin wy,t
w n — ¢
Va(t) = won On e
—— sinwyt COS Wyt — £2 sinwy,t
w
Wn, n

where @,, = \/m . This solution has the properties V,,(0) = I and
Vi)V ()Y = Vi () Vi (=8)| = [Viu(t — )| < K el2(=)

where K > 0 is independent of n.
Using the sequence {V,,}~, we can define a group {V,,,(¢)} of bounded oper-
ators from Y to Y by

(V,uz (t)y)z -1 ] [ Yan—1 ]
n = V(¢ .
[ (Vuz (t)y)gn ( ) Yon
Then |V, (t)V,,(s)7Y < Ket26=D. For y° € Y, y(t) = V,,(t)y° is the weak
solution to (1.5) satisfying y(0) = y°.
If we retain the forcing term from (1.4d) we obtain the system of nonhomoge-
neous variational equations

Voap—1 = WnU2p,
'0277, = —WplU2n—-1 — 2,“2”271 + p1vp €os wot )
where o, — 2L= (D™
m(n+ Dw,

Here we encounter the question of resonance. In the nonresonant case, i.e.
wp, # wp, the preceding has a particular solution in Y with components given by

von—1(t) | W1Vn wr (w2 — wg) coswot + 2pswowy, sin wot
[ V2 (t) } T (W2 —w2)? +4p2w? | —wo(wh — wi) sinwot + 2psw] cos wot
We make the existence of such a solution a separate hypothesis.
Finally, we mention others works on chaos in partial differential equations. For
the complex Ginzburg-Landau equation in the near nonlinear Schrodinger regime
(i.e. perturbed nonlinear Schrodinger equation), existence of homoclinic orbits is
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proved by Li, McLaughlin, Shatah and Wiggins [21, 27, 28], and existence of
chaos is shown by Li [22, 23] under generic conditions. For perturbed sine-Gordon
equation, existence of chaos and chaos cascade around a homoclinic tube was proved
by Li [24, 25, 26]. For the reaction-diffusion equation, entropy study on the
complexity of attractor is conducted by Zelik [36, 37, 38]. Chaotic oscillations of
a linear wave equation with nonlinear boundary conditions are shown by Chen, Hsu
and Zhou [6]. The development of chaos and its controlling for PDEs is summarized
by Zhao [39]. Chaos for elastic beams is shown by Battelli and Feckan [1].

2. The Abstract Problem

Using the example in the preceding section as a model we now develop an
abstract theory. Let Y and H be separable real Hilbert spaces with Y C H.
We now consider differential equations of the form

(21) T = f(‘ruyaﬂ7t) = fO(xay) + lel(xuyaﬂ7t) + /1'2f2(x7y7/1'7t) 3
v =gz, y,1,t) = Ay + go(z,y) + pav coswot + praga(z,y, i) ,

with z € R®, y € Y, u = (u1, p2) € R%, v € Y. We make the following assumptions
about (2.1):

(H1) A:Y — H is a continuous and linear transformation.
(H2) The functions f; and g; are in the spaces:

fo € CHR™ x Y, R"); fi, f2 € CHR™ x Y x R? x R,R");
g €C*R" xY,Y); g €C*R™ x Y x R%Y).

(H3) f1 and fo are periodic in ¢ with period T' = 27 /wy.

(H4) fo(o, O) =0 and Dgfo(i[:, 0) =0.

(H5) The eigenvalues of D1 fy(0,0) lie off the imaginary axis.

(H6) The equation & = fy(x,0) has a nontrivial solution homoclinic to z = 0.
(H?) go(I, O) = QQ(I, O,,u) = O, Dlggo(o, 0) =0 and Dgggo(I, O) =0.

(H8) There are constants K > 0, 6 > 0 and b > 0 so that when 0 < |uo| < §

the variational equation
v = (A+ p2D2g2(0,0,0))v

has a group {V,,,(t)} of bounded evolution operators from Y to Y satisfying
|VH2 (t)Vﬂz (S)_l| S Kebuz(s_t)'

(H9) There is a constant K > 0 such that the nonhomogeneous variational
equation

0= [A+ p2D292(0,0,0)] v + p1v coswot

has a particular solution ¢ : R — Y satisfying | (t)| < K|u1||v|.

By a weak solution to (2.1) we mean a pair of continuous functions zg : R — R,
yo : R — Y such that z( is differentiable and yy has a derivative gp : R — H and
which satisfy (2.1) pointwise in H.

By (H8) we mean that V,,(s)™! = V,,(=s), V() o Vi (t) = Vi, (s + 1),
V.,(0) = T and that for yo € Y, y(t) = V,,(t)yo is the weak solution to v =
[A + p12D2g2(0,0,0)] v satistying y(0) = yo.
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3. Chaos on the Hyperbolic Subspace

The reduced system of equations for (2.1) is

(31) = f(xaouuat) = fo(.’I],O) + lel(:EanM?t) + /1'2f2(x707/1'7t)

with 2 € R™. In [3, 13, 14, 15] a general Melnikov theory is developed for first
order systems in R™. We summarize those results here as applied to (3.1).

By (H6), (3.1) has a nontrivial homoclinic solution v when p = 0. By the
variational equation along v we mean the linear equation

(3.2) i = D1 fo(y,0)u

and by the adjoint the system

(33) V= —leo(’}/, 0)*’1} .

We let {ug,...,uq} denote a basis for the vector space of bounded solutions to
(3.2) with ug = % and we let {v1,...,v4} denote a basis for the vector space of

bounded solutions to (3.3). Now define the functions a;; : R — R, constants b,
and function

M:R?>x R x R — R?

by
i1=1,...,d; j=1,2;
(3.4) bij = [ o (vi, D1 fo(y, 0)ujug) dt;

i=1,...,d; j,k=1,...,d—1;
2 | 4=l '
M;(p, o, 8) = Elaij(a)uj+§ kE bijBiBe; 1<i<d.
Jj= J,k=1

The function M is our bifurcation function and is used in Theorem 1 below.

Suppose that (3.2) has a (d — 1)-parameter family of homoclinic orbits given
by t — v5(t) with 8 € Uy where Uy is an open neighborhood of the origin in R4~
Then in (3.4) all b;j5 = 0, the hypotheses of Theorem 1 below cannot be satisfied
and an alternate bifurcation function is required.

For each fixed 8 we let {vg1,...,vgq4} denote a basis for the vector space of
bounded solutions to the adjoint equation v = —D1 fo(vs,0)*v. Without loss of
generality we can assume that each vg; depends differentially on 3. Now define
functions a;; :RxUy—Rand M :R? xR x Uy — R by

aij(a,B) = [ (vgi(t), f;(78(t),0,0,t + o)) dt;
1=1,...,d; j7=1,2;
(3.5)

2
j=1
This function, M, is the bifurcation function for this situation.

The concept of exponential dichotomy is important in our next consideration
so we state the definition for easy reference (cf. [7]).
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DEFINITION 1. We say the linear differential equation & = A;(t)x has an ex-
ponential dichotomy on R if its fundamental solution U has a projection P along
with constants (A, a) such that:

i): [UG)PU(s)"Y < Ae*=0 for s <t,
ii): [UG)([I—P)U(s)" 1 < Ae®t=%) fort < s.
The following result can be proved as in [3, 9, 15, 29, 30].

THEOREM 1. Let M be as in (3.4) or (3.5) and suppose o, g, Bo are such
that M (po, o, Bo) = 0 and D4 gyM (po, 0, Bo) is nonsingular. Then there exists
an interval J = (0,&] such that for each £ € J the equation & = f(x,0,Euo,t) has
a homoclinic solution v¢ to a small hyperbolic periodic solution.

Furthermore, ¢ depends continuously on &,

lim 7¢(6) = (¢ — a0) (or = 3yt = ), respectively)

uniformly in t and the variational equation along ¢ has an exponential dichotomy

on R.

We can use the preceding result to obtain chaos for (3.1) as follows: Let ¥
denote the space of doubly infinite sequences with entries from the set of integers
{0,1}. The space ¥, endowed with the metric

/ R (e
d({on}tnezt {ontnez}) == Z oI+t

nez
is a compact metric space. Let ¢ : ¥ — X be the Bernoulli shift map defined by

v({oj}jez) = {0j}jen, Gj =041
The dynamics of ¢ is extremely rich as it is indicated in the next theorem [8, 19,
31, 35].

THEOREM 2. ¢ is a homeomorphism having

i) a countable infinity of periodic orbits of all possible periods,
i) an uncountable infinity of nonperiodic orbits, and
iii) a dense orbit.

Suppose Theorem 1 holds. Then we can show chaos for the differential equation
& = f(x,0,&uo,t) by establishing a topological conjugacy between ¢ and some
multiple of the period map of the flow for the differential equation [34, 35]. For
this, first, for any m € N, { € J and o € ¥ define the function v¢ 5,m € L>®(R,R")
by

(1) = ve(t —2mT) if (2j—1)mT <t<(2j+1)mT and o;,=1

Veom{t) =1 0 if (25— 1)mT <t<(2j+1)mT and o;=0.
We now use Theorem 1 to show chaos for (3.1) following [1, 11, 29, 30].
THEOREM 3. a): Let po, ao, Bo, & be as in Theorem 1. Fix & € (0,&]

and let ¢ be obtained from Theorem 1. Then there exist an g9 > 0 and a
function e — M (e) € N such that given € with 0 < € < g9 and a positive
integer m > M(g) the equation & = f(x,0,€uo,t) has for each o € ¥ a
unique solution t — x,(t) satisfying

|I0(t) - 7§7U,m(t>| <e VteR.
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b): z, depends continuously on o and x,(t + 2mT) = x4 ,)(t) where ¢ is
the Bernoulli shift on 3.

c): The correspondence ¢(c) = x,(0) is a homeomorphism of ¥ onto the
compact subset A of R™ given by

A:={z,(0)|oc X}

on which the 2mth iterate F?™ of the period map F of (3.1) is invariant
and satisfies F*™ o ¢ = ¢ o .

Theorem 3 asserts that the following diagram is commutative
D) D)
‘| |+
A A

This means that F2™ : A — A has the same dynamics on A as the Bernoulli shift ¢
on 3. Moreover, it is possible to show a sensitive dependence on initial conditions
of F?™ on A in the sense [8, 31, 35] that there is an ¢ > 0 such that for any = € A
and any neighborhood U of z, there exists u € U N A and an integer ¢ > 1 such
that

©

F27n

|F2mq(:v) — F2mq(u)| > cp .

Consequently, F?™ is chaotic on A, so (3.1) is also chaotic.
This construction is sometimes referred to as embedding a Smale horseshoe in
the flow of the differential equation [8, 31, 34].

4. Chaos in the Full Equation

Since the homoclinic orbit ¢ obtained in Section 3 is hyperbolic the variational
equation @ = D1 f(ve, 0, & 1o, t)u has an exponential dichotomy on R with constant
K¢. Now, we show in [12] that the K¢ tends to infinity as £ — 0. For this reason
we consider the following modification of (2.1

)
(4.1) T o= flx,y,pmAt) = flx,\y,pt),
' v =g(z,y,m, A\ t) = Ay + go(z,y) + Av coswot + page(z,y, 1)

for a parameter A € [0, 1].

Now let (po, o, Bo) with g2 # 0 and ¢ be as in Theorem 1. Following the
arguments of [12, pp. 82-85], we obtain a constant & and for each ¢ € (0,&)] a
homoclinic orbit

L&) = (T1(A (1), T2 (A, (1))
for (4.1) with p = Euo such that

Ty (A €)(t) = y(t —a0)  (or — 7, (t — ap), respectively)
and FQ(A,&)(t) —0

as & — 0 uniformly for A € [0,1]. Moreover, we have I'(0,£) = (7¢,0) and I'(1,€)
is a homoclinic solution for (2.1). The linearization of (4.1) with p = &uo along
T'(A €)(t) has an exponential dichotomy on R with dichotomy constants uniform
with respect to 0 < A <1 and fixed &.
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Analogous to the construction in Section 3, for each o € X, ¢ € (0,&)] and
m € N we construct from I'(\,§) a corresponding

Po’()‘a 67 m) = (1—‘1,0()‘7 67 m)u F2,U()‘7 67 m)) .
Similarly, from 7¢ we obtain ¢ 5.m,m. Then we have I'1 5(0,£,m) = v¢,o.m and also
I'3,,(0,£,m) = 0. Using the uniform exponential dichotomy, following [1, 11], we
now obtain the following extension of Theorem 3.

THEOREM 4. a): Let po, ag, Bo be as in Theorem 1 with pio2 # 0. Fix
€ € (0,&)] and let T(X\, &, m)(t) be obtained above. Then there exist an
g0 > 0 and a function ¢ — M(g) € N such that given ¢ with 0 < ¢ < &g
and a positive integer m > M (g) the equation (4.1) with u = &ug has for
each o € ¥ a unique weak solution t — (zoA(t), yo,A(t)) satisfying

|.TE07)\(t) - Flyﬂ(/\vga m)(t>| + |yo,>\(t) - F2,U(/\7§a m)(t>| <e VteR.

b): The functions (xsx(t), Yo x(t)) depend continuously on o, A and we also
have x5 A(t + 2mT) = Ty A (1), Yo r(t +2mT) = Yy 2 (t) where ¢ is
the Bernoulli shift on 3.

c): The correspondence ¢x(0) = (251(0),Ysx(0)) is a homeomorphism of &
onto the compact subset Ay of R™ x Y given by

Ax = {(252(0),55,1(0)) | 0 € X}
on which the 2mth iterate Ffm of the period map Fy of (4.1) is invariant
and satisfies F3™ o ¢y = ¢y o .
d): (26,0(t),Y00(t)) = (x5(t),0) and ¢o = ¢ where ¢ is as in Theorem 3.

Summarizing, we obtain the following main result.

THEOREM 5. Suppose (H1)-(H10) hold. Let M be as in (3.4) or (3.5) and
suppose (po, o, Bo) are such that M (o, o, Bo) = 0 and D(a)ﬁ)M(,uo,ao,ﬁo) 18
nonsingular. Then there exists & > 0 such that if 0 < & < &, if the parameters
in (2.1) are given by p = &po, and po2 # 0 then there exists a homeomorphism,
é1, of ¥ onto a compact subset of R™ x Y on which the 2mth iterate, FZ™, of the
period map Fy of (2.1) is invariant and satisfies F2™ o ¢1 = ¢1 0 o where @ is the
Bernoulli shift on X.

We might paraphrase Theorem 5, loosely, as saying that the Smale horseshoe
embedded in the flow of the reduced equation (3.1) is shadowed by a horseshoe in
the full equation (2.1).

5. Applications: Vibrating Elastic Beams

We now return to the example in Section 1 and apply our theory to the prob-
lem of vibrating elastic beams. We shall consider a number of different cases and
generalizations. In each case our procedure will be:

i) Use a Galerkin expansion to convert the partial differential equation to
an infinite set of ordinary differential equations as (2.1).
ii) Truncate the equation to get the finite problem (3.1).
iii) Apply Theorem 3 to get a Smale horseshoe for the finite problem. For
this we must verify (H1) through (H6).
iv) Use Theorem 5 to lift the horseshoe to the flow of the original partial
differential differential equation. This requires (H7)-(H9).
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5.1. Planer Motion with One Buckled Mode. The boundary value prob-
lem for planer deflections of an elastic beam with a compressive axial load Py and
pinned ends is

= —u"" — Pyu” + [/ u/(s5)? ds} u” — 2uat + 1y coswot,
0
w(0,t) = u(m,t) = u”(0,t) = u"(m,t) =0

where u(x,t) is the transverse deflection at a distance x from one end at time ¢.
We consider the yu; terms as perturbations.

Our first step is to consider the linearized, unperturbed problem. We compute
the eigenvalues at the origin to be \,, = n?(n? — Py) with corresponding eigenfunc-
tions ¢, (z) = sinnz for n = 1,2,.... For small Py the origin is a center. As Py is
increased the first bifurcation occurs at Py = 1, the first Euler buckling load. The
corresponding eigenfunction, o1 (x) = sinz, is referred to as the first buckled mode.
The second bifurcation occurs at Py = 4. Thus, the simplest case, which we now
consider, consists of 1 < Py < 4.

In the first equation we define a> = A\, = Py — 1. The eigenvalues for the center
modes or unbuckled modes, provide the frequencies used in (2.1) as we define

1 =X =n%n? - PR, n=23,.... Wenow use the eigenfunctions for the

o]
Galerkin expansion u(z,t) = Y ux(t)sin kz and obtain the system of equations
k=1

1— (=)™
— 20Ty + 201 [(7)] coswot, n=1,2,....
™

(5.1)

To obtain a first order system as in (2.1) we define
= (u, ), y= (ug,l2/wi,us,iz/wa,...).
The reduced equations are

il = T2,
5.2 4
(5.2) Tg = azgvl — g:vi — 20T + — iy coswot
T
obtained by setting y = 0 in the hyperbolic part. When p = 0, (5.2) has a homo-
clinic solution given by v = (r,7) where r(¢) = (2a/y/7 )sechat. Equation (3.3)
becomes

1.)1 = —(CL2 — 32777”2)’02, 1.)2 = —U1

with solution (v1,wvs) = (=¥, 7).
In (3.4) we have d = 1 so the variable 8 does not appear, M is a scalar function,
and the function M = M; becomes

)= s 2]~ (42)

Thus, the conditions M (g, ap) = 0, (OM/0a)(po, o) # 0 are satisfied for all pg

such that
3\/_“‘}0 Tw
93 sech T

Ho,2
Ho,1
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FIGURE 2. The chaotic open wedge-shaped region of (5.1) in R2.

Now we check condition (H9) which, for the present problem, requires us to consider
the equation
Vop—1 = WnV2n )
U2n = —Wnl2p—1 — 2[i2V2n + [11Vn COSwol

21— (=" "]
m(n+1)wn
This system has a particular solution in Y with components given by
[ Vap—1(t) H1ln wn (w2 — wg) cos wot + 2pawowy, sin wot
2

V2 (t) ] - (w2 — wd)? + 4p3w? —wo(w? — wy) sinwot + 2u2w§ cos wot

where v,, =

From this we see that (H9) is satisfied whenever wy # w,, for all n.

We note that while the conditions M (a) = 0, M'(«) # 0 can be satisfied with
o = 0, a = 0 we require u2 # 0 in Section 4 where we use a weak exponential
dichotomy to lift to the full equation. Thus, we obtain the following result using
Theorem 5.

THEOREM 6. If wg # wy, for all n then whenever ug satisfies o1 7 0 and

3ﬁw0 TWo
3 sech 520
2a

Ho,2
Ho,1
there exists a corresponding & > 0 such that if 0 < & < &, if the parameters in
(5.1) are given by u = Eug then there exists a compact subset of R? x Y on which

the 2mth iterate, F*™, of the period map F of (5.1) is invariant and conjugate to
the Bernoulli shift on X.

<

(5.3) 0<

These results are stated in terms of the Galerkin equations (5.1) but they can
be transferred back to the original partial differential equation. In this case we
get a Bernoulli shift embedded in [H{(0,7) NH?(0,7)] x L2(0,7). This is dis-
cussed in [10]. In the pj-po plane we get from the condition (5.3) four small
open wedge-shaped regions of parameter values for which the partial differential
equation exhibits chaos (see Figure 2). These regions are bounded by the lines

w1/ pe = :I:B‘Q/Ef" sech 20 and pp = 0.
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It is interesting to look at some history of this problem. The first work was
by Holmes [17] in which he started with the partial differential equation and car-
ried out the Galerkin expansion but restricted his analysis to the reduced equation
(5.2). The significance of that work is that it introduced the idea of Melnikov anal-
ysis. In subsequent work [18] Holmes and Marsden extended the results to infinite
dimension but abandoned the Galerkin approach in favor of nonlinear semigroup
techniques directly in infinite dimensions. In our work we go back to the original,
simpler analysis of the reduced equation and then show that the results apply to the
original partial differential equation. Some advantages to this are that the Galerkin
projection is a technique familiar to many engineers and physicists and, also, we are
able to utilize our general Melnikov results in Section 3. This is illustrated further
in the generalizations which follow. We note that equation (5.1) was treated also
in [4].

5.2. Nonplaner Motion of a Symmetric Beam with One Buckled
Mode. Let us consider a beam with symmetric cross section, pinned ends and
compressive axial load Py and assume now that the beam is not constrained to
defect in a plane. If u(z,t) and w(x,t) denote the transverse defections at position
2 and time ¢ we obtain the following boundary value problem.

= | [ 6 as] o

— 22t cosn + 1 cos ( coswot

W = //// P w//_|_ |:/ (U/(S)Q +’LU/(S)2) dS:| w//
0
— 29w sinm + pq sin ¢ coswot ,
w(0,t) = u(m, t) = u"(0,t) = " (7, t) = w(0,t)
=w(m,t) =w"(0,t) =w’(m,t) =0

where 7, ¢ are constants.

The parameters 1, pe represent the coefficients of, respectively, total transverse
forcing and total viscous damping. These effects are distributed between the two
directions of motion. The quantity tan( represents the ratio of forcing in the
u-direction to forcing in the w-direction while tann plays the same role for the
damping. We suppose 7, ¢ € (0,7/2) in order to avoid certain degeneracies.

In these equations we use the Galerkin expansions

= Zuk(t) sinkz, w(x,t)= Zwk(t) sin kx
k=1 k=1
and proceed as before. This yields the system of equations
iy, = n*(Py — n®)u, — En? {Z k2 (ui +wi) | u
—291y, cosn + 241 cos ¢ [M} coswot,

54
B P — ) — 2 [z k2<u2+wz>}w
k=1

— 2oy, Sinn + 21 sin ¢ [ 1) ] cos wot .
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As before, we assume 1 < Py < 4 and define a®> = Py — 1 and
w2 =nn?—-P),n=2,3,....
The equations (5.4) take the form of (2.1) when we define z = (uq, @1, wy,w;) and
y = (ug, lz/w1, wa, W2 /w1, u, Uz /w2, w3, W3 /wa, . . .).
The reduced equations are

T 4
&o = a’xy — 5(33% + 22)21 — 292 cosn + — iy cos C coswot
™

Ty = a2x3 — g(xf + x%)xg — 2u90x4sinmn + %ul sin ¢ coswot .

When g = 0 we have a two-dimensional homoclinic manifold given by vg =
(rcos 3,7 cos B, rsin 3,7 sin 3) where, as before, r(t) = (2a/y/7 )sechat and f is
a parameter. The adjoint equations (3.3) take the form

01 = {—a2 + g(?)rz cos? 8+ r? sin® 6)} vg + (71'7“2 sin (3 cos 5) vg,

Vg = —1,

b3 = (mr? sin Bcos B) va + [—a2 + g(r2 cos? 3 + 3r? sin? 6)} V4,

Uy = —U3.
A one-parameter family of bounded solutions to these equations is given by

vgr = (—rsing,rsin B, 7 cos 3, —rcos 3) ,

(5.5) vge = (—icos B, T cos B, —isin B, 7 sin )

and the function, M, as in (3.5) becomes

Mi(p, o, B) = [% sin (8 — ¢) coswpa sech %] 1,

8w ) o
Ma(p, o, B) = [77? cos (8 — () sinwpa sech Q—GO} I

3T Hz -

Next, the conditions M (po, o, Bo) = 0, D(a,3yM (110, o, o) nonsingular are satis-
fied in two different cases. Of course, we suppose p9,1 7# 0, 1,2 7 0 and then put

Ao = % We have the following two cases:

[ 16a°(cosn cos? 3 + sinnsin? 3)

Case 1. We can choose either Gy = ¢ and then look for a simple root of the
equation

(5.6) Ao = my sinwpar,
or choose By = ¢ + m and look for a simple root of the equation
(5.7) Ao = —m sinwoo

for
3\/%(4)0 TTWo

my = sech — .
' 92 (cosncos? ¢ + sinnsin? ¢) 2a
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Supposing the condition
(58) 0< |)\0| <my,

there is a simple root ag of (5.6). Similarly, (5.7) has also a simple root —ayp.
According to the formulas (5.5) for vg, and vg,, these simple roots (¢, ap) and
(¢ + 7, —ap) give two different solutions of (5.4).

Case 2. In this case we begin by choosing woag = (2ko + 1)7 for ko € {0,1}
and then we look for a simple root Gy # ¢ + km, Vk € Z of

(5.9) Ao = (=)@ (3)
where
3 _
B(3) = wor/T cos (B .C) __sech
2a3  cosncos? 3+ sinnsin® B 2a
Let mo = maxger ®(3). We discuss the computation of the constant ms in Appen-
dix A. Since ®(8 + 7) = —®(3), the range of @ is the closed interval [—mg, ma].
We now split this case into two parts:

TWo

Part 2A). For n = /4 we get ®(3) = my cos(8 — (), so ma = my. Equation

(5.9) has now the form

(=1)*my cos(B —¢) = Ao,
so under condition (5.8), there is a simple root §y different from ¢ + kw, Vk € Z.
This holds for both cases ko € {0, 1} so we have two different solutions of (5.4). In
addition, the results of Case 1 still apply here.

Thus, in this situation, we have in the p1-us plane four wedged-shaped regions
of parameter values bounded by pe/p1 = +mq, pa = 0 for which the partial
differential equation exhibits chaos. In particular, (5.4) has four distinct homoclinic
solutions, two from Case 1, two from Case 2A. These regions are labeled I7 in
Figure 3. In this case there are no regions labeled 1.

Part 2B). For n # ©/4 we get ®'({) # 0, so m; < ma. Certainly for the
solvability of (5.9) we need |A\g| < ma. Now we claim:

LEmMmA 1. If
(5.10) Ao € (—=ma,m2) \ {£ma,0},
then equation (5.9) has a simple root By € [0,27] \ {{,{ + 7}.

PROOF. Assume to the contrary that (5.9) has no simple roots for a Ay €
(=mg, ma) \ {tm1,0}. Then there are 0 < 8; < B2 < 27 such that

(5.11) B(B12) = ()% Ny, @'(B12) =0, @"(B12)=0.

Note then (1,2 # (+ km and 812 # ¢+ %THW, Vk € {0,1}. After some calculation

we derive from (5.11) that cos20; 2 # 0, sin201 2 # 0 and that (5.11) is equivalent
to

cos(fB1,2 — () _ sin(f1,2 — ()
(5.12) cosncos? By o +sinnsin® B o (cosn —sinn)sin2f; o
. _ COS(/BLQ - C) _ (—l)ko 2a3 cosh TWo Mo

2(cosn — sinn) cos 201 2 3wo/T 24
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FIGURE 3. The chaotic wedge-shaped regions of (5.4) in R2.

From (5.12) we derive

cosn + sinn

5.13 2 =
(5:13) cos 2012 3(cosn — sinn)

5 2tan(ﬁl72 — C) = tan 26172 .

Hence

Bo € {m—pi,m+ f1,21 — B} .

If B3 = m — (1 then from 2tan(f — ¢) = tan28; we get 2tan(B; + ¢) = tan 2/,
but 2tan(8; — ¢) = tan 204, so

tan(B1 + ¢) = tan(f — (),

ie. ( =kmw/2, k € {0,1}. This contradicts ¢ € (0,7/2).
If Bo = m+ (31 then

(—1)k0/\0 =0(02) =0(01+7) = —2(61) = (_1)k0+1/\0,

which implies Ay = 0, a contradiction.
If 8 = 27— (31 then again we derive tan(8;+¢) = tan(6; —(), so that { = kn /2,
k € {0,1}, a contradiction to ¢ € (0,7/2). The proof is finished. O

Note By € {¢,¢ + «} for the Case 1, while By € [0,27) \ {¢,{ + n} for the
Case 2. Lemma 1 can be applied to both cases ag = 3Z- (2ko + 1), ko € {0,1} so
Part 2B yields, in the pi-po plane, four wedge-shaped regions of parameter values
bounded by pa/p1 = £ma, pa/u1 = £mq, pe = 0 for which (5.4) has two different
homoclinic solutions. These regions are labeled I in Figure 3. Note we have four
different solutions of (5.4) on regions labeled I, since there the Case 1 can be also
applied (see (5.6) and (5.7)). This completes the analysis of the Melnikov function.

We now check for resonance. Because in the present problem all coupling terms
are nonlinear, the linear equation in (H9) consists in two copies of the system of
equations in the preceding example. This yields the following result obtained from
Theorem 5.

THEOREM 7. Suppose wy # wy for all n and let my, mo be as above.
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i) If mo # 0 satisfies one but not both of |mg| < m; then if poa/po1 =
mg there exists a corresponding & > 0 such that if 0 < & < &, if the
parameters in (5.4) are given by p = pg then there exist two homoclinic
orbits which can be used to construct a compact subset of R* x Y on which
the 2mth iterate, F*™, of the period map F of (5.4) is invariant and
conjugate to the Bernoulli shift on X.

ii) If mg # 0 satisfies each of |mg| < m; then there are four homoclinic orbits
as in (i).

Summarizing, we obtain eight open small wedge-shaped regions of parameter
values in the pi-po plane bounded by the lines po/pu1 = +ma, pe/p1 = £me and
2 = 0 with m; < meo for which the partial differential equation exhibits chaos
(see Figure 3). In the regions labeled I there are two homoclinics while in regions
I1 there exist four. It is interesting to note that in this case, by adjusting the
parameters 77 and ¢, it is possible to make the size of the wedge arbitrarily close to
filling the p1-po plane.

5.3. Nonplaner, Nonsymmetric Beam with One Buckled Mode in
Each Plane. For the case of a nonsymmetric beam with nonplaner motion we
have the boundary value problem

i = —u"" — Pyu’ + [/ﬂ (u'(s)* +w'(s)?) ds} u”
—02ugu cos 1 + ju1 cos ¢ cos wot ,
W= —R*w"" — Pyw" + [/ﬁ (u'(s)* +w'(s)?) ds] w"
—22211) sinn + p1 sin ¢ coswot ,
w(0,t) = u(m, t) = u”(0,t) = u"(m,t)
=w(0,t) = w(m t) = w’(0,t) = w'(7,t) =0,

where R? is constant representing the stiffness ratio for the two directions. We
assume R > 1 which amounts to choosing w as the direction with stiffer cross-
section. Note that R = 1 reduces to Section 5.2. As before we assume 7, ( €
(0,7/2).

The Galerkin expansion becomes

> K (uf + wi)
k=1

iy, = n*(Py — n®)u, — gn2 Uy,
1—(=1)"
— 2420y, cOsN + 2141 cos [L} cos wot ,
™
(5.14) -
Wy, = n?(Py — n®R*)w, — gn2 [Z k2 (ui +wi) | wy
k=1
1—(=1)"
— 29wy, sinn 4 2p1 sin [ (=1 ] coswot .
™

If Py is increased only enough to give one buckled mode, necessarily in the u direc-
tion, the problem reduces to Section 5.1. We shall assume here the next simplest
case consisting of one buckled mode in each direction which occurs when 1 < Py < 4
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and R? < Py < 4R?. Note that this requires R < 2 and we assume R? < Py < 4. If
the stiffness ratio is too high there will be multiple buckled in the u (soft) direction
before occurrence of the first buckled mode in the w (stiff) direction.

We define

a3 = Py — 1, wp_y 1 =n°[(n" = R], n=2,3,..;

a3=Py—R*, W,  ,=n’n’R*-P), n=2.3,....
We put (5.14) in the form of (2.1) by defining

x = (ug, Uy, wy, W),

y = (ug, U2 /w11, W, Wa /w1 2, us, Us/wa 1, W3, W3 /wa 2,...).

The reduced equations are
.2 T 2 2 4
To = ajT] — 5(331 + x5)x1 — 2u12 cOST) + —H1 cos ¢ cos wot ,

T 4
T4 = a3rs — 5(3:% + 23)x3 — 29w sing + —py sin  coswot .
™
For the unperturbed equations we have two homoclinic solutions given by
71 = (71,71,0,0), 72 = (0,0,72,72)

where 71 (t) = (2a1/+/7 ) sechait and ro(t) = (2a2/+/7 ) sech ast
Using 71 the adjoint equations (3.3) become

v = (—a% + %”r%) Vg,
1.)2 = —V1,
U3 = (—a% + %r%) vy,
Vg = —Us3.

The essential question here is to determine the space of bounded solutions to these
equations. We can write these in the form

Ug = (a% — 37”7“%) Vo, Uy = (a% — %r%) vyg.

The vo equation has a one-dimensional space of bounded solutions spanned by the

solution vo = 71, obtained from 4;. For the v; equation we have the following
result.

LEMMA 2. Let k > 0. The equation
o+ (=X + Ksech® t)u =0
has a bounded solution if and only if there exists an integer M such that

A = (VIRFT—4M —1) for 0<M<i(VIRFI-1)
or A = (VIRFT1-4M-3) for 0<M<i(VIn¥i-3).

The idea for the proof of this lemma is to express the solution as the product
of a power of secht and a hypergeometric function with argument —sinh?®¢. The
condition for the existence of a bounded solution is that the hypergeometric series
terminate and the resulting polynomial be of sufficiently small degree. The details
for this have been worked out by Yagasaki in Appendix of [40]. See also Sections
23,25 of [20].
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Applying Lemma 2 to the equation for vy we find that the condition for a
bounded solution is a; = as which is ruled out by the assumption R > 1. Hence,
the system of equations for v has a one dimensional space of bounded solutions
spanned by v = (—74,7,0,0) and the Melnikov function (3.4) is

8wp cos 16a3 cosn
LS 3 H2:

The non-resonance hypothesis follows as in the previous examples which leads, in
the present case, to the following result obtained from Theorem 5.

M(a) = sin wpa sech %ﬁ} 1 — (

THEOREM 8. Ifwy # wy,; for all n and for i = 1,2, then whenever uo satisfies
Ho,1 # 0 and
Ho,2
Ho,1
there exists a corresponding & > 0 such that if 0 < & < &, if the parameters in
(5.14) are given by u = Eug then there ewists a compact subset of R* x Y on which
the 2mith iterate, F*™, of the period map F of (5.14) is invariant and conjugate to
the Bernoulli shift on X.

3/ wp cos
< Msechw

0<
’ 2a3 cosn 2a1

Replacing 1 with 2 yields the following analogous result.

THEOREM 9. If wy # wy,; for all n and for i = 1,2, then whenever po satisfies
po,1 # 0 and
Ho,2
Ho,1
there exists a corresponding & > 0 such that if 0 < & < &, if the parameters in
(5.14) are given by u = Eug then there ewists a compact subset of R* x Y on which
the 2mth iterate, F*>™, of the period map F of (5.14) is invariant and conjugate to
the Bernoulli shift on X.

34/T wp sin
< Msechm

0< :
2a3 sinn 2az

In the p1-po plane in this case we get a diagram as in Figure 3. For parameter
values in the regions labeled I there is one homoclinic orbit while for those in IT
there are two.

5.4. Multiple Buckled Modes. It remains to consider the situation where
the axial load, Py, is increased sufficiently to produce multiple buckled modes. We
will look at the case of a beam constrained to planer motion. The calculations for
the non-planer case are similar.

We return to the boundary value problem of Section 5.1 and use the same
Galerkin equations

. ™ =
i =n2(Py — n?)u, — 5112 [Z k2u4 U,
(5.15) k=1

. 1-(-n"
— 22y, + 21y | ————— | coswot, n=1,2,....
™m

In the present case we assume there exists an integer N such that N? < Py <
(N +1)2. We then define

a2 =n*(Py—n?), forn=1,2,...,N;

n

W27N:”2(”2—P0), forn=N+1,N+2,...

n
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and put (5.15) in the form of (2.1) by defining
X :(Ul,’l:tl,UQ,’(.l,Q,...,UN,’l:LN),
Y = (UN41,UN41/W1, UNS2, UNt2/W2, )

A truncated version of the resulting equations with N = 2 was studied in [40].
The reduced equations are

Top—1 = Tan

N
. _ 2 _ mn? 2.2
Top = apTon—1 — 5 (Z k $2k—1> Ton—1 n=12,...,N.

1-(—1)"

—2u2$2n + 2,u1 |: :| COS u}ot
When g = 0 we have N homoclinic solutions given by
Ym = (0,...,0, "y T ,0,...,0), m=1,2,....N
~——

2m—1.2m

where 7, (t) = (2a,,/m?y/7 ) secha,,t and the adjoint equation (3.3) along 7y, is

g _ 2 mm3n? 2
Uoap—1 = (_an + D) Tm) V2n , }n ?é m

V2an = —V2p—1,
: _ 2 3rm? 2
V2m—1 = \|—a,, + 2 Tm | UV2m ,
U2m = —V2m—1.
For the distinguished equation we have the bounded solution vg,,—1 = —Fp,, Vo =

7m while for the equations with n # m we must solve

d*va, a?  2n? 9
= = — —=sech” x| vo,.

dx? a? m?2

m
Using Lemma 2 we find that this last equation has a bounded solution if and only
if there is an integer M such that one of the following conditions hold:

n2(P0 —7’L2) 1 / 8n? ?

m = 12 [ W+1_4M—1] (5.16&)
for0§M<i(\/§nL§+1—1),

n?(Py —n?) 1|, /8n? ’

— = 3 L4+ 1—4M -3 5.16b

mQ(PO_mQ) 4 |: m?2 + :| ( )

for0§M<i(\/§nL§+1—3).

If, for some fixed m, none of the equations in (5.16) are satisfied for n # m we can
proceed much as in Section 5.1 since then the adjoint equation obtained from -,
has a one-dimensional space of bounded solutions spanned by

v=1(0,...,0, —Fpm, Fm,0,...,0).
——
2m—1.2m

One complication has been introduced by our assumption in the original partial dif-
ferential equation that the transverse applied load is uniform in x. This assumption
causes the p1 terms to drop out in (5.15) for n even which prohibits nonsingular
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solutions of M (a) = 0 as can be seen by examining Section 5.1. For this reason,
we must choose m odd. Theorem 5 now yields the following result.

THEOREM 10. Let m be an odd integer, 1 < m < N, and suppose Py is chosen
so that none of the equations in (5.16) is satisfied. If wy # wy for all n, then
whenever p satisfies po,1 # 0 and

3my/mw
< ﬂsechm

Ho,2
0<|—= 2(13’7@ Qe

Ho,1
there exists a corresponding & > 0 such that if 0 < & < &, if the parameters in
(5.15) are given by = Epg then there exists a compact subset of R*Y x Y on which
the 2kth iterate, F%*, of the period map F of (5.15) is invariant and conjugate to
the Bernoulli shift on X.

We can simplify the preceding results by finding cases where the equations in
(5.16) can never have a solution. The following is a helpful result along these lines.

LEMMA 3. The equations in (5.16) can never be satisfied forn < m < N.

Proof.  For (5.16a) we have } (\/8712/7712 +1- 1) < 3 so we have only one

n?(Py—n?)
) 'm2(Py—m2)

2 2
] 2 (2 — 1)
Z{ ?nij_'—l_l} _"_22: 2 2 <0
20 +14+4/8 +1
so that the equation (5.16a) has no solution for any FPp.

Next we note that in when n < m, we have § (\/8112/7712 +1- 3) < 0 so that

there are no equations for (5.16b). "

2
> Lo and

equation to consider with M = 0. But then we have, first Pl

also

When m = N the preceding result will eliminate any restriction, obtained
from (5.16), on Py. This fact was shown with a different technique by Berti and
Carminati [4] where they used a more general transverse forcing term which allowed
for the possibility of a g term for each n in (5.15) and, hence, also for each n in the
reduced equation. They then take m = N. Since, for our specific form of loading,
we must have m odd we have the following result.

THEOREM 11. Let N and Py be as for (5.15) and suppose one of the following
hold:

(i) N is odd and m = N.
(ii) N is even, N >4, m=N —1 and

N?— (N—1)2[\VONZ—2N +1-3(N —1)]
AN? - [ONZ 2N +1-3(N-1)]"
(iii) N=2, m=1 and

4
Py #

37+ 5v33 55 4+ 9v33
Pt ————, Pt —m——.
0 3& 16 ) 0 # 16
Suppose in addition that w, # wo for all n. Then whenever py satisfies po,1 # 0
and
0< |Ho2|  3mVTWo e
o1 2(1;0’71 2am
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there exists a corresponding & > 0 such that if 0 < & < &, if the parameters in
(5.15) are given by pu = Epg then there exists a compact subset of R?N xY on which
the 2kth iterate, F?*, of the period map F of (5.15) is invariant and conjugate to
the Bernoulli shift on X.

Proof. The result is obtained by using v,, and proceeding as in Section 5.1. This
is valid as long as the equations (5.16) have no solutions for n # m so it remains
to show this is true in each case. If (i) holds we can use Lemma 3.

If m = N — 1 then, using Lemma 3, we need check only n = N. Define

) =4 (Ve 1-1), ) =4 (e +1-3).

Then (5.16a) must be checked for integers M € [0, fo(N)) and (5.16b) for integers
M € [0, fo(N)).
In case (ii) we have N > 4 which implies 1/2 < fo(N) < (V137 —3)/12 < 1 so
we need consider only M = 0. In this case we solve
N2%(Py — N?)

1P - v e

for Py to get
N —Afu(N)P(N - 1)*
© N2 —4fo(N)2(N - 1)?
But this value is negative and so can be discarded.
Similarly, we have for N >4, 0 < f,(N) < (v/137—9)/12 < 1 so in (5.16b) we
need also consider only M = 0. Here we get
_ N A4/ (N)*(N - 1)
T NI Af(NP(N -1
CANY - (N - 12 [VONZ 2N +1-3(N - 1))’

 AN2- [\ONZ 2N +1-3(N-1)]

P

B

Next, we consider (iii) where N = 2, m = 1. Since 2 > f,(2) = (v/33—1)/4> 1
we must consider M = 0 and M =1 in (5.16a). When M = 0 we get the value
Py = —(7 +v/33)/2 < 0 which can be discarded while for M = 1 we have Py =

(37 + 51/33)/16.
Finally, 0 < f,(2) = (V33 —3)/4 < 1 so only M = 0 must be considered in
(5.16b) and this yields Py = (55 + 9v/33)/16. .

Appendix A. Appendix

We propose here a method for computing the constant msy of Section 5.2. For
this reason, we first search for critical points of the function ®(8) from equation
(5.9). Note

2(8) = 2T oot 0w (5)
for
w(3) = cos (8 — ()

cosncos? +sinnsin® 3
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Since U(8 4 7) = —¥(B) and ¥(0) = <& > 0, ¥/(0) = 228 > 0, we restrict our

cosn cosn
analysis to § € (0, 7). Taking z := tan /2 and using the formulas
2t 2 2 1 — tan?(5/2 1—2?
sin 8 = an(Qﬁ/ ) L , cosf= anz(ﬁ/ ) = i ,
1+ tan?(3/2) 14 a2 1+tan®(8/2) 1422

we get U(8) = T (z) for

(1 —z*)cos( + 2z(1 + 2?) sin¢

Al T(x) :=
(A1) () (2 —1)2cosn + 4a?siny

We compute
2f(x)sinnsin

2
((x2 —1)? cos  + 422 sin 77)

Y'(z) = —

for
f(z) := Ga® +2°(4Z — 2GZ) + z*(5G — 4)

+4GZ2® + 2%(4 - 5G) + 2(4Z — 2GZ) - G,
where Z = cot ¢ > 0 and G = cotn > 0. Hence Y/(x) =0, > 0 if and only if

(A.2) f(z)=0.

Verifying

(A.3) BSF(~1/x) = —[(z) Ve A0,

f(z) is an anti-reciprocal polynomial [33]. Due to f(0) = —G < 0, certainly

f(z) = 0 has a positive root. Also if f(z¢) = 0 then f(—1/z¢) = 0. Using (A.3),

we put
Y ="

Note the mapping = — x— ! is increasing on (0, co) with the range R. Its inverse
isx = 7‘7#\/2‘7!2?
(Ad) Gz® —Gr 3+ (2® +272)(4Z - 2GZ) + (x — 7 1)(5G — 4) +4GZ = 0.
From

. Next we rewrite (A.2) as

=2+ -2 yP=2-a3-3@—-z",
in the variable y, (A.4) has the form

(A.5) p(y) =Gy +2Z(2—-G)y?> +4(2G - 1)y +8Z =0.
Rewriting (A.1) in the variable y we get

_ 2sin(—ycos( o
(A.6) Oly) = y2cosn + 4siny v Ea

Recally = —x~1,y = —2cot Band ¥(B) = Y(x) = O(y) for B € (0,7), x € (0, 00),
y € R. We can easily check that
2p(y)sin(sinn
o/(y) = ~— 2] .
Y2 + 4 (y2 cosn + 4sinn)

Hence ©'(y) = 0 if and only if p(y) = 0. Note

fl@)=2p(z—a").
Summarizing, in order to find ms, we need to solve (A.5) and then insert its solu-
tions to (A.6).
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FIGURE 4. Sign regions of the discriminant D.

Next we compute the discriminant D of (A.5) (see [5]):
64
27G4
Now (see Figure 4) we have the following possibilities:
1) D >0« (G—-2)322 > (2G — 1)3, and then (A.5) has 3 different real
roots.
2) D=0« (G-2)32% = (2G — 1)3, and then (A.5) has 3 real roots, but
one is double.
3) D<0« (G—-2)32Z%2 < (2G —1)3, and then (A.5) has 1 real root.
These roots are done by the Cardano formulas [5]. For general ¢ and 7 these
formulas are rather awkward, but for concrete values of ( and 7, we can easily
check which one of the above cases (1)-(3) hold, and then we easily compute the
roots by using these Cardano formulas. Inserting these roots into (A.6) we are able
to find my for concrete values of ¢ and 1. Moreover, in the cases (2), (3) there is a

D= (Z? +G)((G —2)*Z% — (2G —1)%).

unique simple zero yo of p(y) and then my = 3”2‘;3” sech 22O (yo).

Summarizing, we suggest this simple algorithm/method for finding mso: For
general ( and 7, the formula for ms is very awkward, so we do not derive it, but for
concrete values of ¢ and 7, we can directly calculate mo avoiding the use of some

numerical/approximation methods.
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