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ABSTRACT. We study the Whitham equations for all the higher order KdV
equations. The Whitham equations are neither strictly hyperbolic nor gen-
uinely nonlinear. We are interested in the solution of the Whitham equations
when the initial values are given by a step function.
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1. Introduction
It is known that the solution of the KdV equation
(L.1) g + 6uty + Ugpe =0
has a weak limit as € — 0 while the initial values

u(z,0;€) = up(x)
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are fixed.

This weak limit is described by hyperbolic equations. It satisfies the Burgers
equation
(1.2) ug + (3u?), =0
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until its solution develops shocks. Immediately after shock, the weak limit is gov-
erned by the Whitham equations [5, 6, 14, 15]

(1.3) wir + Ni(ur, ug, uz)u, =0, i=1,2,3,

where the \;’s are given by formulae (2.12). Equations (1.3) form a 3 x 3 system
of hyperbolic equations. After the breaking of the solution of (1.3), the weak limit
is described by a 5 x 5 systems of hyperbolic equations similar to (1.3). Similarly,
after the solution of the 5 x 5 system breaks down, the weak limit is characterized
by a 7 x 7 system of hyperbolic equations. In other words, for general initial data
uo(x), one constructs the weak limit by patching together solutions of (1.2), (1.3),
5 x 5,7 x 7, etc systems in the x-t plane.

The KdV equation (1.1) is just the first of an infinite sequence of equations.
All these so-called higher order KdV equations can be cast in the Hamiltonian form

ou 0 dH,
(14) E—F%(S—u—o, 7’)71—172,“-7

where H,,’s form a sequence of conserved functionals for the KdV equation. The
small dispersive parameter € is hidden in H,,. In particular, when m = 1, (1.4) is
the KdV equation.

The solution of the higher order KdV equation (1.4) also has a weak limit as
€ — 0. As in the KdV case, this weak limit satisfies the Burgers type equation

C
1.5 — ™), =0
( ) ut+(m+1u ) b

where C,, is given in (2.20), until the solution of (1.5) forms a shock. After the
breaking of the solution of (1.5), the limit is governed by equations similar to (1.3),
namely,

(1.6) wip + ’ugm)

where ul(-m)’s are given in (2.15). They will also be called the Whitham equations.

As in the KdV case, after the solution of (1.6) breaks down, the weak limit is
described by a 5 x 5 system of hyperbolic equations.

In this paper, we are interested in the solution of the Whitham equations for
the higher order KdV (1.4) with a step-like initial function

For such an initial function, the solution of the Burgers type equation (1.5) has
already developed a shock at the initial time, ¢ = 0. Hence, immediately after ¢ = 0,
the Whitham equations (1.6) kick in. Solutions of (1.6) occupy some domains of
the space-time while solutions of (1.5) occupy other domains. These solutions are
matched on the boundaries of the domains.

Equations (1.2) and equations (1.5) are prototypes in the theory of hyperbolic
conservation laws [7]. Their solutions will generally develop shocks in finite times.
The solutions can be extended beyond the singularities as the entropy solutions.

Solutions of equations (1.2) or equations (1.5), in the theory of the zero dis-
persion limit, are not extended as weak or entropy solutions after the formation of
singularities. Instead, they are extended to match the Whitham solutions of (1.3)
or (1.6). For initial data (1.7), the resulting solutions of the Whitham equations
(1.6) will be seen to be more complex than those of (1.3) in the KdV case.

(u17u27u3)uix =0 ) 1= 172a37
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The KdV case with the step-like initial data (1.7) was first studied by Gurevich
and Pitaevskii [3]. They found that it was enough to use the Burgers solution of
(1.2) and the Whitham solution of (1.3) to cover the whole z-t plane, without going
to the 5 x 5 or 7 x 7 system. Namely, the space-time is divided into three parts

WM I<-6, (2 —6<%<4, (3)%>4.

t
The solution of (1.2) occupies the first and third parts,
(1.8) u(r,t) =1 when ¥ < —6, wu(x,t)=0 when 3 >4.
The Whitham solution of (1.3) lives in the second part,
(19) ul(Iat)El s %Z)\Q(LU%O) ) ’u,g(CC,t)EO s

when —6 < z/t < 4.
Whether the second equation of (1.9) can be inverted to give us as a function

of the self-similarity variable x/t hinges on whether

OAa

—(1 0) #0.

au2( ) U2, ) 3&
Indeed, Levermore [8] has proved the genuine nonlinearity of the Whitham equa-
tions (1.3), i.e.,
o\
8ui

(1.10) (u1,uz,u3) >0, i=1,2,3,

for uq > us > ugz.

For the higher order KdV (1.4), equations (1.6), in general, are not genuinely
nonlinear, i.e., a property like (1.10) is not available. Hence, solutions like (1.8)
and (1.9) need to be modified.

Our construction of solutions of the Whitham equation (1.6) makes use of the
non-strict hyperbolicity of the equations. For KdV, it is known that the Whitham
equations (1.3) are strictly hyperbolic, namely:

A1(ur, ug,uz) > Aa(ur, ug, us) > A3(u1, ue, us)
for uy > ug > ug [8]. For the higher order KdV (1.4), different eigenspeeds of (1.6),
ul(-m) (u1,ug,us3)’s, may coalesce in the region uy > ug > us [9].

For the higher order KdV with step-like initial function (1.7), the space time

is divided into four regions (see Figure 1.)

) F<a, @a<z<f, @B<T<4", @T>4",

where a and 3 are some constants. In the first and fourth regions, the solution of
(1.5) governs the evolution:

u(z,t) =1 where z/t < @ and u(z,t) =0 where z/t > 4™ .
The Whitham solution of (1.6) lives in the second and third regions; namely:

X m x m
(1.11) ui(z,t) =1, 7= ug )(17u2,u3) ;7= ug )(17u2,u3) ,
when o < z/t < 3, and
(1.12) wlat) =1, T=p"(Luz0), usle,t)=0,

when 8 < z/t < 4™.
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Equations (1.11) yield

/’Lgm) (17 U2, ’U,3) = :u’gm)(lu Uz, ’LL3)

on a curve in the region 0 < us < ug < 1. This implies the non-strict hyperbolicity
of the Whitham equations (1.6) for the KdV hierarchy.
The m = 2 case has been studied in [9]. There, inequalities

oul™ 3 i m g m
1.1 3 < 2 3 2 f
(1.13) s R < 0y or uy > ug > ug >0

have played a crucial role in verifying that equations (1.11) or (1.12) can indeed be
solved to give the solution of the Whitham equations (1.6) when m = 2.

For m > 2, inequalities (1.13) are not valid any more. We therefore must use
a different approach to solve the problem. The calculations are considerably more
difficult than in the m = 2 case. This is mainly because ¢ of (2.25) is a polynomial
of degree m when m > 2 while it is only a quadratic polynomial when m = 2.

The organization of the paper is as follows. In Section 2, we will study the
eigenspeeds, uz(-m) ’s, of the Whitham equations (1.6). In Section 3, we will construct
the self-similar solution of the Whitham equations for the initial function (1.7). In
Section 4, we will use the self-similar solution of Section 3 to construct the minimizer
of a variational problem for the zero dispersion limit of the KdV hierarchy.

In a subsequent publication, we will study the Whitham solutions for all the
other step-like initial data.

2. The Whitham Equations

In this section we define the eigenspeeds of the Whitham equations for both
the KAV (1.1) and higher order KdV (1.4). We first introduce the polynomials of
Eforn=0,1,2,... 1, 4, 12]:

(21) Pﬂ(ga Uy, u2, Ug) = §n+1 + an,lgn +---+ An n+1
where the coefficients, an1,an,2,...,0nn+1 are uniquely determined by the two
conditions
P”l b) b) b) - —
(2.2) (s, uz, ua) =¢V2 L O@E3?)  for large [¢]
V(€ —u1)(€ — u2)(€ —u3)
and

v P (€, u1, ug, u3)
2.3
2 /ue V(€ —u1)(€ = uz) (€ — ua)
Here the sign of the square root is given by /(€ —u1)(§ —u2)(§ —u3) > 0 for

& > uy and the branch cuts are along (—oo, us) and (uz,u1).
In particular,

€ =0.

1
(2.4) Po(& ur,u,u3) =E+aon, Pi(& ur,ug,ug) = 52—§(u1+u2+u3)§+a1,2 ,
where
E(s)
K(s)

ap,1 = (Ul - US) — Uy,

1 1
a1,2 = g(ulw + uiug + ugus) + E(Ul + ug + u3)ao,1 -



SELF-SIMILAR SOLUTIONS 267

Here
U2 — U3
§=———
U] — us
and K (s) and E(s) are complete elliptic integrals of the first and second kind.
K(s) and E(s) have some well-known properties [10, 11]. They have the

expansions

1-3---(2n—1)

T S 9 2 2.n
(2.5) K(s) = 2[1+4+64s+ + ( 5 I 3 )sm 4],
T s 3 1 1-3--(2n—1)
26) E = n_-Z2_Zs2_ ... _ 2gn ..
(2:6) E(s) 1w -1 24 ) b
for |s| < 1. They also have the asymptotics
1 16
(2.7) K(s) = 510g T
1 1
(2.8) E(s) = 1—|—Z(1—5)[10g1_ -1],
as s is close to 1. Furthermore,
(2.9) dK (s) _ E(s) — (1 —9s)K(s) 7
ds 25(1 —s)
dE(s) E(s) — K(s)
2.10 _— = ——.
( ) ds 2s
It immediately follows from (2.5) and (2.6) that
1 K 1-2
(2.11) () 2 for0<s<1.

< <
1-5 E(s) 1-s

The eigenspeeds of the Whitham equations (1.3) are defined in terms of Py and
Pl of (24)7
Py (g, g, ug, u3)

Ai(ug, ug,ug) = 12P0(ui,u1,u2,u3) , 1=1,2,3,
which give
A (u1,uz, us) = 2(u1 + ug + us) + 4(ug — ug)g((z)) ,
(212)  Ag(u, uz,us) = 2(u1 + ug + us) + 4(uy — ul)E(s) —S(If(j)s)K(s) 7
Ag(u1,uz,us) = 2(u1 + ug + us) + 4(ug — %)%‘9}((5) :

In view of (2.5-2.8), we find that A1, A2 and A3 have behavior:
(1) At U2 = U3:

A (w1, ug, uz) = 6uy ,

2.13

(2.13) Ao (w1, ug, u3) = Az(u1, uz,uz) = 12u3 — 6u; .
(2) At uy = ug:

(2.14) A1 (ur,ug, uz) = Ag(u1, uz, uz) = 4uy + 2us

/\3(’(1,1,’(1,2,’(1,3) = 6’LL3 .
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The eigenspeeds of the Whitham equations (1.6) are

Py (wi, ur, ug, us)

(2.15) 1™ (uy, ug, ug) = 4™(2m + 1) . i=1,2,3.

Po(ui,ur, uz,uz)
The polynomial 4™(2m + 1) P, (€, u1,ug, us) can be expressed as [2]

4™ 2m + 1) P (&, ur, u2, ug) =
(2.16) 2(§ — ua) (€ — u2)(§ — us) (&, u, uz, us) + Q& ur, uz, ug) -

The function ® (¢, @) satisfies the boundary value problem for the Euler-Poisson-
Darboux equations

0%*® o 09
2.1 2(u; —uj) ———— = -,

9*® o 0P
2.1 26 —Uj) ——— = — —2—,
(2.18) (€ =) 5¢an, 9 “ou

2 d? m

(2.19) O(u,u,u,u) = EW[Cmu ],
where

2m+1 m "
(2.20) a - 12 - _ 2 2m+ 1) .

ST

The function Q(&, @) is a quadratic polynomial in &;

31](%1, Uz, U3)
8’&1

+2(& —u1)(€ —u2)

Q(£7U1,UQ,U3) = 2(§ - ’LL2)(§ - Ug)

+2(& —up) (€ — us)iaqwg;f’ ua)

(2.21) +q(u1, ug, u3)Po(§, u1, uz, us)

and ¢(@) is the solution of the boundary value problem for another version of the
FEuler-Poisson-Darboux equations

3Q(U1, uz, UB)
(9’(13

0%q dq Oq .
(2.22) 2(u; — “J)auiauj = 9w o i,7=1,2,3,
(2.23) q(u,u,u) = Cpu™.

The solution of equations (2.17-2.19) and that of (2.22) and (2.23) can be solved
explicitly [2]. In particular, the solution of (2.22) and (2.23) is [10]

Con / / (g Hru + 5 gtue g™
v .
Ve )1 VI m - A) 8

(m

i

(224) q(u17u25u3) = 9

The speeds uz(-m)’s of (2.15) for m > 1 are connected to u Vs for m = 1, which

are also given by (2.12).
LEMMA 2.1. Fori=1,2,3,

m 1 Oq(u1, uz,u
/Lz(- N(u, ug,ug) = §[Ai(u1,u2,us)—2(“1+u2+u3)]%

(2.25) +q(u1, uz, uz) .
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PROOF. We use (2.15), (2.16) and (2.21) to write
(m) o Q(u15u15u27u3)
i (g, 05) - = Po(uy,u1,uz,us)
2(uy — u2)(ur — uz) Oq(ui,usz,us)

2.26 = .
( ) Polar,ur, s, 03) u, + q(u1, uz,u3)

In particular, when m = 1, since the corresponding ¢ = 2(uy + ug + us3), we obtain

4(U1 — ug)(ul — U3)
P(uy, v, uz,uz)

A1 (u, ug, uz) = + 2(u1 + uz + us) .

This together with (2.26) proves formula (2.25) for ¢ = 1. The cases for i = 2,3
can be shown in the same way. |

LEMMA 2.2. [12]

1.
au(’”)
6uj B
[22¥%
i j
2.
(2.28)

0 < P (&, u1, ug, us) ) B /J,Em)(’ul,’U,Q,’U,g) 0 ( Po(&,u1, ug, us) )
Oui \ /€ —u)(€ —w)(—us) ) A"Cm+1) Oui \ /(€ —ur)(€ — u2)(€ — us)
fori=1,2,3 and n # uy, us, us.
The following calculations are useful in the subsequent sections.
Using formula (2.25) for 2 and pg and formulae (2.12) for A2 and A3, we obtain
2(ug2 —uz)K

(m) _,(m) _
(229) Ho (u17u27u3) H3 (u17u27u3) (K — E)[E — (1 — S)K]M(ulvu%ufi) )
where
_ 9 9q 99 9q
(2.30) M (uq,ug,ug) = [8U3 +(1- S)8u2]E —(1- s)(au2 + s VK .

We then use (2.9), (2.10) and (2.22) to calculate
OM (u1,u2,uz) 1 pi(ua, ug,us)

(2.31) o =5 P s - K]

OM (u1,uz,u3) 1 pa(ur,uz,us) 3 M(uyi,uz,us)
2.32 _ - E—(1—s)K]+ 2> 2\Unt2 Us)
( 3) 8u3 2 U1 — us [ ( S) ]+2 U1 — us ’
where

o . .

p1(ur,uz,uz) = 2(up — Uz)a—mle(Q) —div(q) , p2(u1,us,u3)

(2.33) = 2(uy — ug)idiv(q) —div(q) .
8’[1,3

We next consider
po (w1, u2, uz) — p3(u1, uz, us3)
U2 — U3 '

(234) F(ul,UQ,U3) =
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Using formula (2.25) for pe and ps and formulae (2.12) for A2 and A3, we obtain
(1-s)K 0q 5 K Oq

o= Py 09K ous 2K —F Ous
_ 4 s(1-9)K (w1 — ug) 0%q [ K  (1-s)K .09q
T T E— (19K T " ouou; 'K—EFE E-(1-9)K 0us

where we have used equations (2.22) in the last equality. Finally, we use the ex-
pansions (2.5-2.6) for K and E to obtain
0%q 3

—Z 41 0(s2
8u28u3 +( 4 + (S ))

dq

(2.35) F(ui,uz,u3) = —4[(2 — zs—|—-~-)(u1 — u3) N
us

4

].

3. Self-similar Solutions

In this section, we construct the self-similar solution of the Whitham equations
(1.6) when m > 2 for the initial function (1.7). The m = 2 result has already been
obtained in [9]. Even in the m = 2 case, the key calculations presented here are
different from those in [9].

THEOREM 3.1. (see Figure 1.) For the step-like initial data uo(x) of (1.7), the
solution of the Whitham equations (1.6) is given by

(3.1) up =1, x= ugm)(l,UQ,u?,) t, x= ugm)(l,UQ,u?,) t
for at <z < Bt and by
(3.2) =1, z=p"(1us0)t, us=0

for Bt < x < ~t, where a = ugm)(Lu*,u*), 8= ,uém)(l,u**,O) and vy = ,uém)(l, 1,0) =
q(1,1,0) = 4™. Here, u* is uniquely determined by the equation

(3.3) pr(Lu*,u*) =0,
and u** is uniquely given by the equation
(3.4) p§™ (1, 0*,0) = p$™ (1, u,0) =0 .

Outside the region at < x < 4™t, the solution of the Burgers type equation (1.5) is
given by

(3.5) u=1 z<at
and
(3.6) u=0 x>4mt.

The boundaries x = at and x = 4™t are called the trailing and leading edges,
respectively. They separate the solutions of the Whitham equations and Burgers
type equations. The Whitham solution matches the Burgers type solution in the
following fashion (see Figure 1.):

(3.7) u; = the Burgers type solution defined outside the region ,
(3.8) uz = us,

at the trailing edge;

(3.9) up = ugz,

(3.10) uz = the Burgers type solution defined outside the region ,

at the leading edge.
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FIGURE 1. Self-Similar solution of the Whitham equations for m >
2. The curve defines the function x(u).

The proof of Theorem 3.1 is based on a series of lemmas.
We first show that the solution defined by either formulae (3.1) or (3.2) indeed
satisfies the Whitham equations (1.6) [1, 9, 13].

LEMMA 3.2. (1) The functions ui, us and us determined by equations
(3.1) give a solution of the Whitham equations (1.6) as long as us and us
can be solved from (3.1) as functions of x and t.
(2) The functions uy, us and us determined by equations (3.2) give a solution
of the Whitham equations (1.6) as long as uz can be solved from (3.2) as
a function of x and t.

PROOF. (1) uy obviously satisfies the first equation of (1.6). To verify the
second and third equations, we observe that

ous™ _ opg™

3.11 = =0
( ) 8u3 8u2
on the solution of (3.1). To see this, we use (2.27) to calculate
m (oY
o™ _ Gk )
- - =0.
P e W G- R )

The second part of (3.11) can be shown in the same way.
We then calculate the partial derivatives of the second equation of (3.1) with
respect to x and t.

opy™ opy™ (m)
t T s - t ’
8U2 2 0 8’[1,2 uze + H2

which give the second equation of (1.6).
The third equation of (1.6) can be verified in the same way.
(2) The second part of Lemma 3.2 can easily be proved.

1=

O

We now determine the trailing edge. Eliminating x and ¢ from the last two
equations of (3.1) yields

(3.12) pS™ (1, uz, uz) — ™ (1, up,u) = 0 .
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Since it degenerates at ug = usz, we replace (3.12) by

™ (1, uz, uz) — pd™ (1, us, uz)

U2 — U3

=0.

(3.13) F(1,ug,u3) i=

Here, the function F' is also defined in (2.34).
Therefore, at the trailing edge where us = ug, i.e., s = 0, equation (3.13), in
view of the expansion (2.35), becomes

aQC](17U27U2) 6(](17U2,UQ)

8(1—u -3 =0.
( 2) 8’&28’&3 8’[1,3
2 2
Since 8‘9—1:12 = 86—53 and g—ug = 38u626‘1u3 on uz = ug because of (2.22), this equation is

exactly equation (3.3).

LEMMA 3.3. Equation p1(1,£,£) = 0 has a simple zero, denoted by u*, in the
region 0 < & < 1, counting multiplicities. Furthermore, p1(1,&,£) is positive when
& < u* and negative when £ > u*.

PROOF. We first simplify the polynomial p; of (2.33). In view of formula (2.24)
for g, we use the fact that ¢ is symmetric in uy, us and ug to obtain
(3.14)

(aQ(U17U27U3) n dq(uy, uz, usz) + Iq(u1, ug, us)

) |u2:u3:E — CmUO(§7u1) 5

8’&1 8U2 8’&3
where
1 ! m(1+—“§+1_—“u1)m_1
3.15 Up(&,u1) = 2 2 dp .
(3.15) o(§ u1) o5 /_1 N I
We can then write p; as
oUy(¢,1
(3.16) p(1,6.6) = Gl - 20D —vie, 1)
Denoting the function in the parenthesis of (3.16) by p(§), we claim that
d*p(0) d*p(1)
1
(3.17) dg >0, dgt <0
for k=0,1,2,--- ,m— 2.
Obviously,
dk dFH1U (6,1 d*Uy(€,1
dg dg dg

k
Since, d [Zlog(,f’l) is a positive function, this proves the second inequality of (3.17).

To prove the first inequality of (3.17), we use formula (3.15) to calculate

d*Uo (€, 1) m(m—1)---(m—k) [ k-3 k
——> e = 1—p)™ " 2(1 du .
e = [
The integral on the right can be evaluated using an iteration formula. Denote this
integral by A,, ;. An integration by parts gives A, = # A k—1. Since

Ao =2"F2 /(2m — 1), we thus obtain

2m+k+%k!
Amp = )
' 2m—-1)2m—3)---(2m — 2k — 1)
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which gives

d"Uo(&1), __ 2km(m—1)---(m —k)
(3.18) Tlf:o C2m-12m-3)---2m—2k—1)
Therefore
dp(0)  dMU(E, 1 d"Uo (€. 1
djz(k ) _ d§k0+(1 )|£:0 —(k+ 1);57(;6)“—0

2%k + D)Im(m—1)---(m—k) 0
C 2m—-1)(2m—3)---(2m — 2k — 3) -

We now use (3.17) to prove the existence and uniqueness of the zero of function
p®(&), k=0,1,---,(m —2). First, it follows from (3.17) that p(*)(¢) has an odd
number of zeros in 0 < £ < 1, counting multiplicities. Second, if p*)(£) has
more than one zero, it must have at least three zeros. Consequently, p(k“)({) will
have more than one zero; so it must also have at least three zeros. Repeating this
argument, we see that p(”~2) must have at least three zeros. This is an impossibility
since p(€) is a polynomial of degree m — 1 because Up(, 1) is so. Therefore, p(*) (¢)
has one and only one zero for £ € (0,1) when &k =0,1,---,(m — 2). In particular,
the £ = 0 case proves Lemma 3.3. (|

LEMMA 3.4. Equation (3.13) has a unique solution satisfying us = us. The
solution is ug = uz = u*. The rest of equations (3.1) at the trailing edge are uqy = 1

and x/t = uém)(Lu*,u*).
Having located the trailing edge, we now solve equations (3.1) in the neigh-

borhood of the trailing edge. We first consider equation (3.13). We use (2.35) to
differentiate F' at the trailing edge u; =1, ug = ug = u*

OF(L,u*,u*)  OF(1,u*,u*) 1082q(1,u*,u*) Bq(1,u*, u*)

= —8(1—u* 0
Ous Ous Ousdus (I =) Ouddus
3.19 = ——=[(1-¢§)——F—=—-Up(&,1)]¢=u- >0,
(3.19) 7 5l = 0T — ol e >
where in the second equality we have used (2.22), (3.14) and identities S—Zg = g—iq =
2 3

8%q _ . . .
3 5u,0a; O U2 = u3. The inequality is a consequence of Lemma 3.3.

Inequality (3.19) shows that equation (3.13) or equivalently (3.12) can be in-
verted to give ug as a decreasing function of us

(3.20) uz = B(us)

in a neighborhood of us = uz = u*.
We will extend the solution (3.20) of equation (3.12) by decreasing w3 in the
region 0 < ug < u* < ug < 1 as far as possible. We need to evaluate the derivatives

(m) _,(m) () (m)
0(py i ) and 22 r— ) on the solution of (3.1). Tt follows from (2.29), (2.31)
us3

U2

and (2.32) that

(3.21) ™ — 5™ __sKpi(1,ug, ug)
. Ouz E-(1-sK "’
(3.22) o™ — us™) sKpa(l,us,us)

8’[1,3 K—-F
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on the solution of (3.1).
We first study the two polynomials p; and ps of (2.33).

LEMMA 3.5. For each 0 < ug < 1, the polynomial p1(1,usz,us), as a function of
uz, has only one zero in the region 0 < ug < 1, counting multiplicities. Furthermore,
p1(1,ua, u3) is positive when ug is on the left of this zero and negative when us is
on the right.

For each 0 < ugy < 1, the polynomial pa(1,us,us3), as a function of us, has
only one zero in the region 0 < usz < 1, counting multiplicities. Furthermore,
p1(1,u2,u3) is positive when usz is on the left of this zero and negative when us is
on the right.

PRrROOF. We will prove the first part of the lemma; the second part follows from
p2(1,ug, u3) = p1(1, us, uz).

The proof of the first part is similar to the proof of Lemma 3.3. We will go
through it briefly.

We first have

9kp1(1,0, u3) OFpi(1,1,u3)

>0, <0
oub ouk
for k=0,1,2,--- ,m — 2. The second inequality immediately follows from formula
(2.33) for p1. The first inequality is derived from a formula similar to (3.18).
The rest of the proof is the same as the proof of Lemma 3.3. O

We now continue to extend the solution (3.20) of equation (3.12) in the region
0 <wug <u* <wug <1 as far as possible. When us and ug are close to u*, because

(m) _,(m) my_ (m)
of (3.19), we have Oz —its') 5 0 and 22_—#s ) 5 0 on the solution of (3.12).

dugz Ous

These along with (3.21) and (3.22) show that
(3.23) p1(1,u2,u3) <0, pa(1,uz,u3) >0
when us and ug are close to u*.

LEMMA 3.6. Inequalities (3.23) hold on the solution of equation (3.12) as long
as 0 <ug <u* <wug <1.

PROOF. We first prove the first inequality of (3.23). In view of (2.29), the solu-
tion of equation (3.12) is also governed by an equivalent equation M (1, us2,uz) = 0.
For each 0 < uz < u*, we study the zero of the us-variable function M (1, ug, u3) in
the interval uz < ug < 1. We obtain from formula (2.30) for M that M(1, ug, us) =
0 and M(1,1,u3) > 0. M(1,ug,us) is a decreasing function of ug when us is on
the immediate right of us. To see this, we note that py (1, us,usz) > 0 for ug < u*
according to Lemma 3.3. This and (2.31) prove that M is decreasing for ug on
the immediate right of us because F — K < 0 for s > 0; so M (1, us,u3) < 0 for
such ug. Therefore, M (1, uz2,us) has a ug-zero in the interval us < ug < 1 when
0 < ug < u*. Because of the uniqueness of the wus-zero of p(1,us,us) according to
Lemma 3.5, we conclude that M (1, ug,us) has only one zero and that this zero is
on the right of the zero of p;. Hence, the zero of M is exactly given by us = B(ug3)
and p; is negative on the solution. This proves the first inequality of (3.23).

We now prove the second inequality of (3.23) by contradiction. Suppose it first
fails at o and w3, where 0 < 43 < u* < 6y < 1; i.e.,

(3.24)
p2(1, B(usz),ug) > 0 when a3 < ug < u*, pa2(1,B(us),us) =0 when uz = ug .
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It then follows from (3.21) and (3.22) that solution (3.20) of equation (3.12) has a
zero derivative at ug = us; i.e.,

Bl(ﬂ3) =0.
Hence,
d 0 I 0 L
d—wpz(l’B(W)’u?’)'“Fﬁ?’ = 6—Wp2(1,B(U3),U3)B (U3)+6—UBP2(17B(U3),U3) <0,

where the first term vanishes because of B’(@3) = 0 and the second term is neg-
ative according to Lemma 3.5. In view of pa(1, B(us),us) = 0, this implies that
p2(1, B(uz),us) < 0 when ug is on the immediately right of @s. That contradicts
(3.24). This proves the second inequality of (3.23).

O

It follows from (3.21), (3.22) and Lemma 3.6 that

O™ — ui™] O™ — ui™]
8U2 8’[1,3

on the solution of (3.12). Solution (3.20) of equation (3.12) can then be extended
as a decreasing function of uz as long as 0 < ug < u* < ug < 1.
There are two possibilities: (1) w2 touches 1 before or simultaneously as ug

reaches 0 and (2) us touches 0 before us reaches 1.
It follows from (2.14) and (2.25) that

(3.25) >0, >0

/Jém)(L 1,’LL3) > Mgm)(L 1,’LL3) for 0 S us < 1.

This shows that (1) is impossible. Hence, ug will touch 0 before ugy reaches 1. When
this happens, equation (3.12) becomes equation (3.4).

LEMMA 3.7. Equation (3.4) has a simple zero in the region 0 < ug < 1, count-
ing multiplicities. Denoting the zero by u**, then ,ugm)(l,uz,()) — ,ugm)(l,uz,()) is
positive for us > u** and negative for ug < u**. Furthermore, 0 < u*** < u** <1

where u*** is the unique zero of p1(1,us,0).

PROOF. We use (2.29) and (2.31) to prove the lemma. In equation (2.29),
K — FE and E — (1 — s)K are all positive for 0 < s < 1 in view of (2.11).

Denoting the unique zero of p1 (1, uz,0) by ©***, it then follows from Lemma 3.5
that p1(1,u2,0) > 0 when 0 < us < u*** and p;1(1,u2,0) < 0 when u*** < ug < 1.
Since M (1, us,0) of (2.30) vanishes at ug = 0 and is positive at ug = 1 in view of
(2.5-2.8), we conclude from the derivative (2.31) that M (1, uz,0) has a simple zero
in 0 < ug < 1. This zero is exactly u** and the rest of the theorem can be proved
easily. (I

Having solved equation (3.12) for us as a decreasing function of ug for 0 <
uz < u*, we turn to equations (3.1). Because of (3.11) and (3.25), the third
equation of (3.1) gives ug as a decreasing function of z/t for a < z/t < (3, where
a = uém)(l,u*,u*) and § = ,ugm)(l,u**,()). Consequently, us is an increasing
function of =/t in the same interval.

LEMMA 3.8. The last two equations of (3.1) can be inverted to give uz and us
as increasing and decreasing functions, respectively, of the self-similarity variable
x/t in the interval a < x/t < (.
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We now turn to equations (3.2). We first use (2.9), (2.10) and (2.12) to calculate
the derivative of ;5™ of (2.25)

o™ 1 g 10\ 9g
8—11,2 = 5[)\2_2(1+u2+U3)]8—1L%+58—1L28—1L2
 2(up — 1)sK @ [ 2sK 1o E? —(1-s)K? g
- E-(1-s)K oui 'E—-(1-3s)K (E—(1—35)K)2 Ouy
2sK 0%q dq
(326) > _E—(l—S)K [(1_u2)8—u%_8—u2]7

where in the inequality we have used (E — (1 — s)K)? > E? — (1 — s)K?2, which is
a consequence of (2.11).
The polynomial in the parenthesis of (3.26) is connected to p;(1, us,0); indeed,
_2m+1

82q(17u270) 8(](1,’11,270)
(327) pl(]‘a uz, 0) - m [(1 - u2) aug - au2 ] .

This follows from the identity

0q(1, uz,0) 9q(1, us,0)
m— "% AT

Ous Oug
To see this, taking the derivative of (3.28) and using formula (2.33) for p; and
equations (2.22) for ¢ yield (3.27).
To prove (3.28), we use the integral formula (2.24) for ¢ to calculate both sides

of the identity. The left equals

O [/1 (14w (1 - u)l/zdu]

gm=193/27 | |

(3.28) 2 =(1—wug) +mq(1l,us2,0) .

Ul (L+v)+ (1 —v)u)™ (1 - 1/2)1/2dy] .

-1
The right is

Cmnm ! m _
Tr—i95/3, Ul(l+u) (1—p) ”2du]

[/1 (1+v)+ (1 —v)ug)™ (1 - 1/2)1/2du} .

—1

Both sides are equal in view of an easy identity

1 1
- 1 m —
m/ (1p)™ 1(1—u)1/2dﬂz§/ (L4 )™ (1= )~ 2dp

We have therefore proved identity (3.28).
By Lemma 3.5, p1(1,us,0) is negative for us > u***, where v*** is the unique
zero of py. Since u*** < u** according to Lemma 3.7, we conclude from (3.26) and

(m)
(3.27) that 92~ 0 on the solution of (3.2) when ug > u**. Hence, the second

8’[1,2
equation of (3.2) can be solved for us as an increasing function of z/t as long as

u** < ug < 1. When us reaches 1, we have

xft=v= ,uém)(l, 1,0) .

We have therefore proved the following result.

*




SELF-SIMILAR SOLUTIONS 277

LEMMA 3.9. The second equation of (3.2) can be inverted to give uz as an
increasing function of x/t in the interval B < x/t < ~.

We are ready to conclude the proof of Theorem 3.1.

The Burgers type solutions (3.5) and (3.6) are trivial.

According to Lemma 3.8, the last two equations of (3.1) determine uy and ug
as functions of x/t in the region o« < x/t < 3. By the first part of Lemma 3.2,
the resulting uy, us and ug satisfy the Whitham equations (1.6). Furthermore, the
boundary conditions (3.7) and (3.8) are satisfied at the trailing edge z = « t.

Similarly, by Lemma 3.9, the second equation of (3.2) determines uy as a func-
tion of z/t in the region § < z/t <~ = 4™. It then follows from the second part of
Lemma 3.2 that uy, ug and us of (3.2) satisfy the Whitham equations (1.6). They
also satisfy the boundary conditions (3.9) and (3.10) at the leading edge = v t.

We have therefore completed the proof of Theorem 3.1.

4. The Minimization Problem

The zero dispersion limit of the solution of the higher order KdV equation (1.4)
with step-like initial function (1.7) is also determined by a minimization problem
with constraints [5, 6, 14|

Y N
Minimize {—— 1 ‘—‘ dnd
{wzl(?lrul)lelzfi}{ 27r/0 /0 og —— Y)Y (p)dndp

1
(4.1) + / [z — 47 g (n)dn}

In this section, we will use the self-similar solution of Section 3 to construct the
minimizer for m > 2. The m = 2 result has already been obtained in [9]. Even in
the m = 2 case, the key calculations presented here are different from those in [9].

We first define a linear operator

1t n—p\’
Lyp(n) = %/0 log (m) Y(p)dp

The variational conditions are
(4.2) Lip = on — 4™tn*™ Tt where ¢ > 0,
(4.3) Loy < xn —4™tn*™ T where ¢ =0 .
The constraint for the minimization problem is
(4.4) P >0.
The minimizer of (4.1) is given explicitly:
THEOREM 4.1. The minimizer of the variational problem (4.1) is as follows:
(1) For z < at,

P, (77271)U* )U*)
P

—xn+4"(2m+ 1)ty
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(2) For at < x < f3t,

—anPo(n®,1,u2,u3)+4™ (2m+1)tnPum (n°,1,uz,u3) 0
— <n <,u
V=) (2= ) (us—12) T Vs
¢(77) = ) 0 , Vuz < n < \/ug
—xnPo(n”,1,u2,u3)+4™ (2m+1)tnPm (n~,1,uz,us3) i < < 1
V(@=n2) (1% —u2) (1%~ us) 2o ’

where Py and P, are defined in (2.1) and uz and ug are determined by
equations (3.1).
(8) For Bt <z < 4™t,

{ 0 0<n<u2

—2Py(n?,1,u2,0)+4™ (2m+1)t Py, (n?,1,u2,0)
us <n <1
VA=) (P—u2) vz SIS S

Y(n) =

where ug is determined by (3.2).
(4) For x > 4™t,

Y(n) =0.

PROOF. We extend the function + defined on [0, 1] to the entire real line by
setting ¥(n) = 0 for n > 1 and taking ¢ to be odd. In this way, the operator L is
connected to the Hilbert transform H on the real line [5]:

n +oo
Lot = [ Holdn where Hut) = 2Pv. [ LIOP)

—c0 N—H
We verify case (4) first. Clearly ¥ (n) = 0 satisfies the constraint (4.4). We now
check the variational conditions (4.2-4.3). Since ¢ = 0,

Ly =0 < an — 4™ t>m |

where the inequality follows from xz > 4™t and 0 < n < 1. Hence, variational
conditions (4.2-4.3) are satisfied.

Next we consider case (1). We write 1(n) as the real part of g1(n) for real 7,
where

2 * ok
V=T[=an + 4™ (2m + 1)ty Pr i)
Vi -1 '

The function ¢ is analytic in the upper half complex plane Im(n) > 0 and ¢1(n) ~
O(1/n?) for large |n| in view of the expansion (2.1) for P,. Hence, Hi(n) =
Im[gi(n)] = x —4™(2m + 1)tn®>™ on 0 < 5 < 1, where H is the Hilbert transform
[6]. We then have for 0 <7 <1

g1 = V—1(xz —4™(2m + 1)tn*™) +

n
Lyp(n) = / Hu(p)dp = xn — 4™ >
0

which shows that the variational conditions (4.2) and (4.3) are satisfied.
To prove (4.4), we first claim that

Pm(7727 1,U*,U*)

4.5 —a+4"2m+1
(4.5) a+4m(2m+1) e

>0,
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for 0 < 1 < 1. To see this, we use (2.13) and (2.25) to calculate o = ugm)(l,u*, u®)
and (2.16) and (2.21) to evaluate P, (1,u*,u*). The left hand side of (4.5) equals
20" = (0 —u")2(n*, 1,u",u*) + 2(n* — u”)
[8q(1,u*,u*) n Aq(1,u*, u*) n 8q(1,u*,u*)]
6’11,1 8u2 (9’(13

=2(n* = D[CLU(n* 1) = Cp,U(u*, 1)] 4+ 2(n* — u*)C, U (u*, 1)
(4.6) =2[(1 = u")CpU(u*, 1) = (1 = p*)CrU (1%, 1)]

where in the first equality we have used (3.14) and the identity (cf. (3.28) of [2])

(b(n27 ]‘7u*’u*)

772 — U :
In view of (3.16), we have
U (n*,1)
.2 2 _ .2 ) 2 _ 2 2

This derivative is positive when n? < u* and negative when n? > u* because p;
is so according to Lemma 3.3. Therefore, (1 — 72)C,,,U(n?,1) has a maximum at
n? = u*; ie, (1 —12)CUn%1) < (1 —u")CpU(u*,1) for 0 < n? < 1. This
together with (4.6) proves (4.5).

It follows from x < ot and inequality (4.5) that ¢» > 0. Hence, the constraint
(4.4) is verified.

We now turn to case (2). By Lemma 3.5, the last two equations of (3.1)
determine us and uz as functions of the self-similarity variable z/t in the interval
a<z/t<p.

We write ¢ = Re (g2) for real 7, where

go = V—1(x — 4™ (2m + 1)tn*™) +
V=1[=anPo(1?, 1, uz, us) + 4™ (2m + 1)tnPr (1%, 1, uz, us)]
V2= 1)(0? — u2)(n? — u3)

The function gs is analytic in I'm(n) > 0 and g2(n) ~ O(1/n?) for large |n| in
view of the asymptotics (2.2) for Py and P,,. Hence, taking the imaginary part of
go yields

x — 4™ (2m + 1)tn*™ 0<n< us
x —4™(2m + 1)tn*™
Hp(n) = [~aPo(n?1uz,0)+4™ (2m+1)tPu (% 1,u2,0)]n
- <n<
V=) (w2 =) (72— us) Vi3 SIS Vi
x —4™(2m + 1)tn*™ fuz <n<1.
We then have
an — 4" 0<n</uz
( ) ( ) xn — 4mtn2m+l
4.7 Lp(n) = _ (1 [caRo+d™ @mi1)tPulu g
s o gy V<<V
xn — 4mnp?m iz <n<l,

where we have used
/W_z [—2Py + 4™ (2m + 1)tPy,)u
vis V(1= p?)(uz2 — p?)(p* — us)

dp =0,




280 V. U. PIERCE AND FEI-RAN TIAN

which is a consequence of (2.3) for Py and P,,.
To verify (4.4), we derive an integral formula for 1. We use (2.28) and (3.1) to
calculate

nPo(n?,1,uz(,t),us(z,t)) n
—2) (w2 (@,t) 1) (ua (@, t)— %) 0 << us(@,t)
Yu(n) = 0 Vus(z,t) < n < \Jua(z, t)

—nPo(n°,1,uz(z,t),0) \/m <n<l.

V(1=n2) (02 —uz(,0)) (% —us(x,t))
Integrating yields

(4.8)
_pxt nPo (0% Lus(y,) us(wt) g 0 ¢
fm vV (1=n2) (w2 (y,6)—n) (us (y,t)—n?) Y =< Vsl )
’(/1(77) _ ] 9 1/U3($,t) <n< UQ(Iat)
fwx(n )t nPo(n%,1,u2(y,t),0) dy Vus(z,t) <n<1,

VA=12)(? —uz(y,t)) (0 —us(y,t))

where x(n?) is deﬁned in Figure 1. The polynomial Py of (2.1) is hnear in n? and
has a zero for uz < 7% < ug because of (2.3). Py must be positive for n? > uz and
negative for n? < uz. This combined with (4.8) proves ¢ > 0; so (4.4) is verified.

We now continue to verify the variational conditions (4.2) and (4.3). Again, we
use (2.28) and (3.1) to calculate

0 <[—:UP0(,u2, Lug(z,t), uz(z,t)) + 4™ (2m + 1)t P, (12, Lw(x,t),w(x,t))]u)
Oz VA = p2)(ua(,t) — p?)(u? — u3(w,1))
Po(p?, 1, ua(x,t), uz(x,t))

va uz)(w( £) = 1?)(H2 = u3(y. 1)

Integrating yields
[—2Po(p?, 1, uz(z,t), us(z,t)) +4™(2m + 1)t Py, (12, 1, ua(z, t), us(x, t))]u
V(= p2)(ug(,t) — p2) (2 — uj(z,1))
:_/m ,uPO(MQ,1,u2(y7t),u3(y,t))
)t /(1= p2) (ua(y, 1) — p2)(p? — u3(y, t))

for \Jus(z,t) < p < y/uz(x,t). The single integral in (4.7) can then be written as
a double integral. After interchanging integrals and using (2.3) for Py, the double

integral is simplified as

dy

/ / uPo(u Lus(y, 1), us(y,t))
)t ) fustgr) (1 — 1?)(ua(y, t) — p2)(p? — u3(y, 1))

The polynomial Py is linear in p? and has a zero for us(y,t) < p? < ua(y,t). In
view of (2.3) for Py, we must have

/77 MPO(/LQ,17u2(y,t)7u3(y7t))
Vastwn V(1= p2)(u2(y, t) — p?)(u? — u3(y, 1)
for \Jus(y,t) < n < y/ua(y,t). Hence, the integral in (4.7) is positive and this
verifies the variational conditions (4.2) and (4.3).

We finally consider case (3). By Lemma 3.6, the second equation of (3.2)
determines us as an increasing function of x /¢t in the interval 8 < x/t < 4™.

dudy .

dp <0
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We write ¢ = Re(gs) for real n, where
g3 = V—1(x —4™(2m + 1)tn*™) +
\4 _1[_‘TP0(7727 1a Uz, O) + 4m(2m + 1)tpm(7727 1a Uz, O)]
V=10 — uz)

The function g3 is analytic in I'm(n) > 0 and g3(n) ~ O(1/n?) for large |n| in view
of the asymptotics (2.2) for Py and P,,. Hence, taking the imaginary part of g3
yields

x —4™(2m + 1)tn®™

) —2P(n?,1,u2,0)+4™ (2m+1) P (n°,1,u2,0)
Hom) = V (1=1%)(uz—n?) 0<n<vu
x —4™(2m + 1)tn®™ Ve <n<l.

We then have
_ gmp2m—+1 (1 —xPo+4™ (2m41)t Py,
Lo =" e 0 /(U—p2)(uz—p2) dp 0<n<uz
an — 4m Pl Vur <n<1,

where we have used
/m —2Py(p?,1,us,0) + 4™(2m + 1)t Py, (12, 1, uz, 0)
0 V(= p2)(uz — p?)
which is a consequence of (2.3) for Py and P,,.

The variational conditions (4.2-4.3) and the constraint (4.4) can be verified
using the method for case (2).

du =0,

d
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