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Existence of Global Attractors for Wave Equation of
Kirchhoff Type with Nonlinear Damping and Memory Term
at Boundary
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ABSTRACT. In this paper, we prove that the existence of global attractors in
the phase space Ho = H(Q) x L%(Q) for wave equation of Kirchhoff type
with nonlinear dissipation and memory term at boundary. To this end, we
first obtain an bounded absorbing set by the perturbed energy method (see
Zuazua [9, 22], combined with techniques from Munoz Revera [13]). Then we
utilize an especial method of decompose to verity the asymptotic compactness
for the problems.
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1. Introduction

In this paper, our main purpose is to study the existence of global attractors for
a nonlinear wave equation of Kirchhoff type with nonlinear damping and memory
term at boundary. To formalize this problem let us take {2 a open bounded set
of R™ with smooth boundary I" and let us assume that I" can be divided into two
non-null parts
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and I'g, I'; have positive measure. Let us denote by v(z) the unit normal vector at
x € I" outside of € and let us consider the following initial boundary value problems:

(1.1) ugy — M (|| Vul|?)Au — aAuy — Aug + f(u) = h(z) in Q x (0,00),

(1.2) u=0 on Tyx(0,00),

ou 8utt 8ut
M(||Vluﬁ§)$ + > + 5 +u+u+ gt)|uel’ur = gx |ul"u on Ty x (0,00),
(1.4) u(z,0) =uo(z), w(z,0)=wus(x) in Q.

Bmi

Here, a > 0, h(z) € L*(Q), |Vul> = X [, | 2% (x)]dz, Au= Y T4, gxu =
=1 =1 o

f(f g(t — r)u(r)dr and
1
(1.5) O<7,p§m if n>3 or v,p>0 if n=12.

Problems (1.1)-1.4) has its origin in the mathematical description of small ampli-
tude vibrations of an elastic string [15]. In fact, a mathematical model for the
deflection of an elastic string of length L > 0 is given by the mixed problem for the
nonlinear wave equation

0%u Eh % /0u\2 0%u
. 5 — a >
(1.6) ph6t2 {po—l— 2L/0 (6:10) d:c} 92 for 0<zx<L,t>0,

where u is the lateral deflection, = the space coordinate, ¢ the time, E the Young’s
modulus, p the mass density, h the cross section area and pg the initial axial tension.
Kirchhoff was the first to introduce (1.6) in the study of oscillations of stretched
strings and plates, so that (1.6) is called the wave equation of Kirchhoff type after
him. There is an extensive literature on the study of wave equation of Kirchhoff
type. For example, the existence of global solutions and exponential decay to
problem (1.1) and (1.2) with 9Q = T’y and f(u) = h(xz) = 0 has been investigated
by many authors [12, 14].

On the other hand, there exists a large body of literature regarding viscoelastic
problems with the memory term acting in the domain or in the boundary. Among
the numerous works in this direction, we can cite Santos [19, 20]. Cavalcanti et al.
[2, 3] studied the existence and uniform decay of strong solutions of wave equation
with nonlinear boundary damping and memory source term. Park et al.[17] have
been investigated the existence and uniform decay of the solutions of (1.1)-(1.4) with
M(s) =14 s and f(u) = h(x) = « = 0. While Bae et al.[1] have been obtained
the same results for problems (1.1)-(1.4) with M(s) =1+ s and f(u) = h(z) = 0.

As far as dynamic is concerned the existence of the global attractors for wave
equations with nonlinear damping and memory term acting in the domain is study
by authors(for example, see[4, 8, 18] and the references therein). Also, there exist
some literature considering the same questions for nonlinear damping acting on
the boundary (for example, see[5, 6, 7, 10]). It is important to mention that
Papadopoulos and Stavrakakis [16] have been investigated the existence of global
for nonlinear Kirchhoff equation on R".

In the present paper, our main goal is to show the existence of global attractors
for problem (1.1)-(1.4). It is well known that the proof of the existence of a compact
global attractor for the semigroup will follow the traditional scheme (see, for exam-
ple, [11, 21]). A compact global attractor exists if and only if the semigroup has a
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bounded absorbing set and is asymptotically compact. To obtain bounded absorb-
ing set we used the perturbed energy method, see Zuazua [9, 22], combined with
techniques from Munoz Revera [13]. Generally, one can obtain asymptotically com-
pact by decompose the solution operator into a compact part and a asymptotically
small part. However, there are additional difficulties when proving asymptotically
compact because M (||Vu||?) is nonlinear. To overcome the difficulty, we utilize a

especial method of decompose to verity the asymptotic compactness for problem
(1.1)-(1.4).

2. Preliminaries and main result
Now let us introduce the functional spaces. Let
Vi={uc H'(Q); u=0 on Ty},

which equipped with the topology given by the norm || V|| z2(q) is a Hilbert subspace
of H'(2). We denote

(u,v) = / wvdz,  |ul]? = / lu|?dz,
Q Q
(e = [ wodt, ullp, = [ ular, =l
Fl l—‘1
and let
Ho = H'(Q) x H'(Q),  [[(w,ur)lFy, = IVl + (| Vg || + [|ue]|*.
Let Ao > 0 and Ar > 0 are two constants such that for Vv € V'
[vll < AalVoll,  lvllr, < Arl[Voll.

Let us make some hypothesis for function f, M and g:

Hyp.f The function f € C*(R) satisfy
(2.1) f(0) =0,

and f is super-linear, that is
(2.2) f(s)s > (24 0)F(s), F(s) + Ko >0, F(s)= / f(z)dz, Vs € R,
0

for some § > 0 and Kq > 0 with the following growth condition:
(2.3)  |f@@) = fWI < KL+ 2"+ [yl Yz —yl, Yo,y € R,
for some K; > 0 and g > 1 such that (n — 2)u < n.

Hyp.M  The function M € C*([0,0)) satisfy

(2.4) M) >mo >0, MMA>M()), YA>0,
where ]/\/[\()\) = fOA M (s)ds.

Hyp.g The function g € W1H°°(0,00) N WH1(0,00); g(t) > 0, V¢t > 0 such that
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—aog(t) < ¢'(H) < —arg(t), Vi > to,
9(0) =0, [g'(t)] < azg(t), te 0,ta],

1- g(s)ds > 0.
0

(2.5)

for some constants ag, a1, as > 0.
We define the energy e(t) of problems (1.1)-(1.4):
1 2 @ 2 1+ 2
eft) = Sl + LIV (0] + SI(IVut)?)
1
(26) + [ Flu)ds + 511,

Applying almost the same argument as that used to in [1, 2, 3, 17] we can show
the well-posedness of problems (1.1)-(1.4):

Lemma 2.1. Assume that conditions (2.1)-(2.5) hold, if (ug,u1) € HY(Q) x
HY(Q) and p > v, then there is only one solution u of system (1.1)-(1.4) satis-

fying
(2.7) u € C(0,00; HY()), u € C(0,00; H'(Q)).

Lemma 2.1 allows us to define the semigroup S;. For every ¢ > 0, we define the
operator S; mapping Hj into itself by

S+ (uo,ur) — (u(t), u(t)).
Now we are in position to state our main result:

Theorem 2.2. Under the hypotheses of Lemma 2.1, if p = vy, then the semigroup
Sy associated with problem (1.1)-(1.4) possesses a global attractor A in Ho.

Our paper is organized as follows: in section 3, we shall show the existence of
absorbing set in Hp, and in section 4, we shall show the asymptotic compactness
for the semigroup S;.

3. Absorbing set in H

In this section we shall show that the semigroup S; has a bounded absorbing
set, i.e., a bounded set B C Hj satisfying the following condition: for any bounded
A C Hy there exists t(A) > 0 such that S;A C B for all ¢t > t(A).

Theorem 3.1 There exists a bounded absorbing set B for the semigroup Sy in
Ho.
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To this end, let us make some preliminaries. Firstly, let us denote by

B.) o) = [ = o)lutsPats) —ueo| as
a simple computation gives us
o @: = [ o)) - o] as

+ (1) [ ot
-2 [ gt =) ()Pt 1), s

= o0 + 5 (@R, [ al)is) - aluto)1?,

—2/Otg(t —3) (|u(s)|7u(s)7ut(t)>rlds.

Thus we get
| att= 9 (e rue. ) i
- —%(gDu)'(t) + %(Q/DU)(t)
+%%(||u(t)||%l/(3 9(s)ds) —%g(t)llu(t)ll%l-
(3.2)

Next we introduce the following modified energy:

B@) = lu®l® + 2NVudI? + 537 Tu(t)P)
1 ¢ )
+ [ Pluwyde + 5 (1= [ ats)as) )12,
5o O35, + 50T,

(3.3)
and let us define the perturbed modified energy, for every € > 0,

(3.4) E.(t) = E(t) +=0(t),

where

35) i) = IVu@l? + |

u(t)us(t)dx + a/ Vu(t) - Vue(t)dx.
Q Q



252 CHAOSHENG ZHU

Applying Cauchy-Schwarz inequality and assumption (2.4), we get
1 1
WOl < SIVu®I® + 3r(lVu@)* + lud)l)
« «
F2Tu(t)? + S V)P

1 o
—/\Q||Ut(t)||2 + —IIVut(lf)ll2

<
1+ Mg +a— 9
2 )
< XNE(1),
where \g = max{\q, M ,a}. Thus we get
(3.6) |E5()— E(t)| < MeE(t), Ve>0,t>0.

Lemma 3.2 If p = ~, then there exist C1,Co > 0 and 1 > 0 such that for
e € (0,e1],

d
EEa(t) < —eCLE(t) + Cao|[h|%.

Proof Multiplying equation (1.1) by u; we get

Lo = /Qh(mut(t)dz—||Vut<t>||2— Ol

dt
—— g O 755 r, + 90) (Ju®) () ui(®))

~ SO, ~ ), + 5(T)0).

(3.7)

1

(3.8)
Differentiating the equation (3.5) with respect to ¢ and from equation (1.1)-(1.3)
we get

1d

d 2 2 2
Su(t) = 5 SIVu®IP + ol Vu®) + Jue)]

u QAU u 2 u
+ [ ) (adun () + MV 2000
+Au(t) — f(u(t)) + h(x))dm + a/ Vu(t) - Vu(t)dzx

Q
= (O +alVu®I = [ ut)fu(t)da
M (T2 ~ [u(t) [, — (ualt),u(®)r,
(s OPu.u®)  + [ s

1

- (e = 5)(ju(e) Pu(s).u(t)) _ds.

1

(3.9)
From (3.4), (3.8) and (3.9) it follows that
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Yo = (ae—nuwt()nuLg()n O

—g®) IS, + 9t >(|u<t>|7u<t>,ut<t>)r

~ 59O, ~ )3, + 5(sTu)(0)

—l—/ﬂ h(z)ut(t)dz—5/Qu(t)f(u(t))dx

—eM([Vu®) )] Vult )||2+5/ h(z)u(t)dz
Q

(112 = = (9Ol ue (1), u(®))

/ (t—s) (|u )N u(s) ))Flds

—ellu®lf, = e(ur(t), ul))r,

+5||’U,t

1

1

253

We now majorize the right-hand side of (3.10). Firstly, using Schwarz’s inequality
and Young’s inequality, we get the following five inequalities:

(3.11)

(3.12)

(3.13)

o) (Rt "a),a(0))
s =) ([ waorar)

2 1 2
ng(®) w250, + 1 7 g@)llw@®) 5,

IN

IN

_g(g<t)|ut<t)|Put<t>7W))pl

< ey lue®pizr, +eng®lu®llfsr,,

/h(:v)ut(t)dx < Aal V|4l
Q
2 A e
< el V| +4a5||h||
2 5)‘52 2
e [ h@u(t)ydz < emon||Vul]® + —L||h||?,
Q 4m0

eN
4mgn

IN

enM (| Vul*)[|Vul|* + IRlI?,
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(3.14)
and
2 5/\12“ 2
—e(ue(t),u(t))r, < emon||Vull +4m077||ut||F1’
2 2 5)‘% 2
< enM([[Vu|H)[[Vull +4mOnIIUtllr1-
(3.15)

On the other hand, applying Young’s inequality and (3.2), we get
t
_ ¥
: [t =9 (uPue). ), ds
t
= 5/ gt — s)(|u(s)|7u(s) — u(t)m(t)) ds
0

IS

e / g(t — s)ds||u(t)|2,

e [t 2
< 5 [ ott=9)lru - u] ds
0 I
3e ¢
+ SR, [ gls
0
e t
= S+ S e}, [ s)ds
(3.16)
Thus, from (3.10)-(3.16) and considering p = v we get
d
(3.17) i Be(t) < Gi(u),
where
Gi(w) = (206 + N4 — DIV + (ol — 1)
1 Q t 4m077 T,
A2 ENZ
_ t )d 29 4 =72 Y12
[ u) e + (G2 + 2]

+(2n = DeM([Vu(®) )| Vu(t)|?
+(n+ e0(n) — Dg(t) ue()1215 1,

ai 2
oI,
g aq

HE — D)D) ~ 5o,
3e

5 | aaslul?,

+(en+ 177ﬁ —

—efu(®)lI?, +

(3.18)
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On the other hand, for C; = 2(1 — 2n), n = 277, we have
)‘Q ) 2, eAt 2
-1
20 02+ (L - 1),
+(3ae + 26X — 2aen — 2\3ne — 1) ||V () ||?

+5/Q (200 = 2 F(u(t) — u(t)f(u(t)) ) da

+e(1 = 2m) M (|| Vu(t)|?)
+(2n = DeM([Vu®) )| Vu(t)]?
+(n+0(n) = Dg(®)]lue(t)|215r,

G1 (’U,) + ClaE(t) = (

1 2e—den—ay +2
+(en+n" 7 + T)g(t)IIU(t)HLz,pl
3e aq 1
+E -8 ey - Sewll,

—2enllu(®)lf, + 5 +2e0) [ (o)),

(3.19)
Noting that

: / (201~ 20)F(ut)) — u(t)f(u(t)))dz < .

e(1 = 20) M(|Vu(t)||?) + (2 = DeM (| V()| Vu()|* < 0,

and
t
13
—2enllu(®lf, + (5 +2en) [ gslu)lR, <o
we obtain
A2 ¥ 5)\2
B < Q Q 2 1 2
Gilw) +CreB(t) < (T + T BIP + (oL — 1)l
+(3ae + 2e)3 — 2aen — 2X\3ne — 1)||Vu (t)]|2
+(n+e0(n) — Dg(®)]lue()|213 1,
_1 2e—dem—a +2
+En+n 7T + T)g(t)llu(t)lllﬂ,rl
3 a1
+H(5 = 5 = 2en)(g0u)(0)
(3.20)
Let
(3.21) « min{4m0n ! L-nm-2-4" a }
. 1= 3 ) ) )
AL TaB=2n)+2X045(1—n) 0(n)  2—2n+n’ 3 —4n

For each 0 < € < g1, then (3.20) implies that

/\Q € /\Q
4a5 4mon

(3.22) Gi(u) + CreE(t) < (% + 2 )|hlf*.
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Thus by (3.17) and (3.22) we get
A2 A2
Q A0)

d
—FE.(t) < — E(t —c
(t) < —Che ()+(4a5 4mon

dt
The proof of Lemma 3.2 is completed.

(3.23) Al

Proof of Theorem 3.1 Let ¢y = min{ﬁ,al} and let us consider ¢ € (0,eg].
As we have € < ﬁ, we conclude from (3.6)

(I1—eXo)E(t) < E:(t) < (1 +eX)E(t)
and so
1 3
(3.24) SE() < Be(t) < SE(1).
From (3.7) and (3.24) it follows that

d 2

T Be(t) < =3 CreEL(t) + Ca |2
By Gronwall’s inequality we get
(325) Es(t) < EE(O)ei‘%ClEt _|_03(1 _ 67%01‘%).

Inequality (3.25) implies
(3:26)  Jur(®I* + | Vue(®)|* + M(|Vu(@)|*) < Cae™ 3 + O5(1 — e 59<).
The proof of Theorem 3.1 is completed.

4. Asymptotic compactness

By definition, the semigroup S; is asymptotically compact if for any bounded
A C Hp and any € > 0 there exists a precompact set K C Hy and a time ¢ such
that dist(SiA, K) < e.

To establish the asymptotic compactness of the semigroup generated by prob-
lem (1.1)-(1.4) we adopt the general scheme([11, 21]). The idea is to decompose
the solution operator into two parts:

St(uo,u1) = Vi(uo, u1) + Wi(uo, u1),

where V; is a contraction in the sense that V;(ug,u1) — 0 as t — 400 uniformly in
(ug,u1) € A, and Wy is a compact mapping for all ¢. Then choosing t sufficiently
large so that ||Vi(ug,u1)|] < € for all (ug,u1) € A, we have dist(SiA, W A) < e,
which proves the asymptotic compactness.

However, there are additional difficulties when proving asymptotically compact
because M (||Vul|?) is nonlinear. To overcome the difficulty, we utilize a especial
method of decompose to verity the asymptotic compactness of problems (1.1)-(1.4).

Firstly, let us define V; as the solution operator of the following problems:

(4.1) v — Av — alAvy — Ay =0 in Q x (0,00),

(4.2) v=0 on Ty x(0,00),
ov (%tt (%t -

(43) 5 + OZW E =0, on 'y x (07 00)7

(4.4) v(x,0) = up(z),ve(z,0) =us(xz) in x €.
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Proposition 4.1  Assume that (ug,u1) € Ho, then the problem (4.1)-(4.4) admits
a unique global solution v satisfying

v € C(0,+o00; H(Q)), v € C(0,+00; L*(Q)).
Moreover, for each bounded A C Hy,

(4.5) sup  ||Vi(uo,u1)||re — 0, as t— +oo.
(uo,u1)€EA
Proof For
: P 2 2%
60,60, 6o = min{bp|1 — o — X — 5 > 0,14 af*—0— —= >0},
it is easy to obtain,
(vt + 0v)y + (af — 1)A(vy + Ov) — O(vy + Ov)
+(0 — af? — 1)Av — aA (v + Ov); + 6% = 0.
Multiplying above equation by v + 6v we get
1d
5702 (0) + (1= ad)[[V(vy + 60)|* = Olvr + ]

+0(1 + ab* — 0)||Vv||* + 6% (v, v + 6v) =0,

(4.7)
where
(4.8)  Go(v) = ||vs + 0v[]® + (1 + ad* — 0)|Vu|* + ||V (vs + 6v) %
Here we note that
(1 —ab)|| V(v + 6v)|* — 8]|v, + 6v]|?
+0(1 + ab? — 0)||Vv|* + 0% (v, v + 6v)

> (1= ab)|[V(vr + 00)[* = 0NV (vs + 0v)|?
2 2 92)‘?1 2
01+ a8 — 0)[[Vo]* — 27|
6222
289w, 4 002
2 92)\?2 2
> (I-af =0\ — 5 NIV (v + 6v)||
0 2
+O(1+ab® — 0 — %)Hwn%

(4.9)
From (4.6)-(4.9), there is a constant K > 0 such that

d
(4.10) %Gg(v) + KG2(v) <0
By Gronwall’s inequality we can get

(4.11) Go(v(t)) < Ga(v(0))e K.
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On the other hand, we have

loe@)* = [lve(t) + Ov(t) — du()]”

< o) + Ou@®)]1* + 0%[|u(B)])*

< o) + 0u@)]17 + 02X Vo (b)]17,
(4.12)
and

IVue@I* = IV (0i(t) + 0u(t) — OVo (1)

< IV (ue(t) + o)l + 6% Vot
(4.13)
From (4.11)-(4.13) we get, for some constant C' > 0
(4.14) lve @I + Vo] + [Vo(®)]* < Ce .

The proof of Proposition 4.1 is completed.

Secondly, we now pass to the proof of the compactness of mapping W; = S;— V4.
Clearly, if w is the first component of W (ug,u1), then its second component is w;
and the function w satisfies the following problems:

wyy — Aw — aAwy — Awy = M(HVU”2)AU
—Au— f(u)+h(z) in Qx(0,00),

(4.15)
(4.16) w=0 on Tyx(0,00),
0 rali O M Tul g +
—u —ug — g(t)|ue|’ur + g x Ju|"u  on Ty x (0,00),
(4.17)
(4.18) w(z,0) =0, w(z,0)=0 in Q.

Proposition 4.2 For each t € Ry the mapping Wy: Ho — Ho is compact.

Proof Fix an arbitrary bounded sequence (uo,ul) € Ho. Let uF(x,t), v*(z,1),
w”(z,t) denote the first components of Sy(uf,u¥), Vi(uf,u¥), and Wi (uf,ul) re-
spectively.

The first step is to show that for any p, 1 <p < ¢ = 2" 5 (in the case n = 1,2

choose any finite ¢ > 21 + 2), the sequences u* is precompact in C((0,00), LP(Q)).

The energy equation e(t) for (1.1)-(1.4) implies that u* and u¥ are bounded in

L>(0,00; HY(R)). By the Sobolev Embedding Theorem in particular we have u*

is bounded in L°°(0, 00; L4(£2)), and u*(¢,-) is precompact in LP(Q) for almost all
€ (0,00). By the interpolation inequality for almost all ¢, s € (0, 00) we have



EXISTENCE OF GLOBAL ATTRACTORS 259

(- 8) = (-, 8) oo
uF(, 8)|Zellut (5 8) = u* (- 9)l1

(] Ik lznds)” (et e + sl

IN

=
B

-

N—
I

IN

(4.19)

where 6 = ?172)1 € (0,1). The second factor at the right-hand side of (4.19) is
bounded, and the first one vanishes as |t — s| — 0 uniformly in k. Thus (4.19) show
that the functions u* are equicontinuous in C(0, c0; LP(£2)). So the sequence u* is
precompactness in C'(0, co; LP(2)). Fix two different integers ¢, j and observe that

the function U = w* k

— w" satisfies
Uy — AU — oAUy — AU, = M(||VuPi||?) AuPi
—M(|Vu® ) Auki + Auri — A

+H@) = f(uM), in Qx(0,00),

(4.20) U=0 on Ty x(0,00),

ou | U, v,
ov O‘ay ov
ouki
M k]‘ 2
FM(Tu 2

Huki
— M ki|2
(I9ut i)
ouki  Quki
ov ov
+(ukr — ko) + (u)? = uf)
kj kj q i
+g(t) (Jug” |Pug” — ug? [Pug?)

+g * (|u’“|7uki — |ukj|7ukj), on T x(0,00),

(4.21) U(z,0) =0,Us(x,0) =0, in Q.
Multiplying (4.20) by U; we get

1d

S 0P + ol VP + [V0))

= —||VUt||2—M(||Vu’“||2)/ Vuki . VU, dx
Q
M|k [2) / Vubs . VU,dz
Q
+ [ () = )

+ | V(k —ub) - VU dx
Q

+ / (u¥ — u*)\U AT + / (u¥ — uP\Uar
Fl 1_‘1

Puk\U,dD

4 [ gl —
I

+/ g% (|uFiuke — |k Y Udr.
I
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We now majorize the right-hand side of (4.24). Firstly, using Schwarz’s inequality
and Young’s inequality, we get the following four inequalities:

—M(||vu’%||2)/ Vuki . VU dx
Q
M(||Vukf||2)/ Vuki - VU dx
Q
= (MUTEIP) - MTER)) [ Tub - T
Q
M(||Vu’“||2)/ V(ub —uki) . VU dx
Q
kj||2 kip2y)
K () (M(IVub 12) = M(|Vub[?))

2
+ 0l V%,

IN

DINCEEEY

/ (f(uh) — f(uF)Upda
Q

< K| f) - 1|+ nlvo.p,

/V ki ki) VUtdx—i—/( i —u*UdD
I

< K|V — )|+ njvu?
and
k; k; i i
[ a0 ket vrar
Iy

2 kiip, ki k| 2
< Kmg*()|urouf’ - |+ mivo

1

On the other hand, by a simple computation, and taking (2.5) into account, we get

/ g+ (k|
Iy

= [ ot =) (e o) = B P ), U) ds

1

uFt — | | Yuki U dr

S / g )|l () P (s) = s () P (s) = U (1) d
= /0 i—s) |uki<s>|7u’“<s>—lu’“ﬂ'<s)l”u’“j(8>—U<t>’2lds
%di(”U ||F1/ 9(s)ds) — 5aDITIR,

< -sul (e = )l () (6) = W ) (s) = U s
a (WO, [ oas).
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From (4.24)-(4.29), choosing n > 0 sufficiently small we can get

d t
LI + all VU + 1901 - W, [ oty

[ ot o)l )~ s s ) - v as)
< K{|M(Ivub ) —M(||Vu’“||2)r T ‘2

+H“fj — i + Hf(u‘“f) — Fuh) ‘2

Ol — | )

Integrating (4.30) over (0,t) and taking (4.23) and (2.5) into account, we obtain
1T + | VU @)]|* + VU ()]

K/Ot{‘M(IIW’”(S)IF)—M(IIW’“(S)II2)

IN

‘ 2

2

vt = || + [l ) - )

s ) - pt ]
4925 lab )1 5) =l )l ) s
From (4.31) and (3.26), and noting that V < L2**2(T';) we get
Wi ) = Walug' uy”) 1y,
< & [{lmaves o - agwe o))

‘ 2

[k (s) — s )|+ fu ) — b (5]

2

| £t ) = £ (9))|

+g2(s)H|ufj (8)[Puy (s) — qui(s)l”ufi(s)Hil}dS

— 0, 14,5 — o0.

Thus the sequence Wt(ulg, u¥) contains a convergent subsequence, which completes
the proof of the Proposition 4.2.
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