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Global Well-Posedness for Energy Critical Fourth-Order

Schrodinger Equations in the Radial Case
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ABSTRACT. Energy-critical fourth order Schrédinger equations are investigated.
We establish local well-posedness and stability in a general setting, and we
prove global well-posedness and scattering in the defocusing case for radially
symmetrical initial data.
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Fourth-order Schrédinger equations have been introduced by Karpman [13]
and Karpman and Shagalov [14] to take into account the role of small fourth-order
dispersion terms in the propagation of intense laser beams in a bulk medium with

Kerr nonlinearity. Such fourth-order Schrodinger equations are written as

(1.1) 0w+ A%u+eAu+ f (Jul*)u=0
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where € € R is essentially given by e = +1ore = 0, and u : I xR™ — C is a complex-
valued function. Sharp dispersive estimates for the biharmonic Schrédinger opera-
tor in (1.1), namely for the linear group associated to i9; + A% + €A, have recently
been obtained in Ben-Artzi, Koch, and Saut [1], while specific nonlinear fourth-
order Schrédinger equations as in (1.1) have been recently discussed in Fibich, Tlan,
and Papanicolaou [5], Guo and Wang [9], Hao, Hsiao, and Wang [10, 11], and
Segata [25]. Fibich, Ilan and Papanicolaou [5] describe various properties of the
equation in the subcritical regime, with part of their analysis relying on very in-
teresting numerical developments. Guo and Wang [9] prove global well-posedness
and scattering in H® for small data. Hao, Hsiao and Wang [10, 11] discuss the
Cauchy problem in a high-regularity setting. Segata [25] proves scattering in the
case the space dimension is one. Related equations also appeared in Fibich, Ilan,
and Schochet [6], Huo and Jia [12], and Segata [23, 24].

When n < 4, and f has polynomial growth, equation (1.1) is subcritical and
its analysis follows from standard developments. When n > 5 criticality in the
energy space appears with the power-type nonlinearity f(u) = |u|2n_2u, where
2% = 2n/(n — 4) is the critical exponent for the embedding of H? into Lebesgue’s
spaces. Following classical notations, we let H? be the space of square integrable
functions whose first and second derivatives are also square integrable. We concen-
trate here on (1.1) with a pure power-type nonlinearity and aim in proving global
existence in the critical defocusing regime of (1.1) for arbitrary initial data. Global
well-posedness for the classical second order Schrédinger equation in the critical de-
focusing regime with a pure power-type nonlinearity has been recently established
in a series of papers by Bourgain [2], Colliander, Keel, Staffilani, Takaoka, and Tao
[4], Grillakis [8], Ryckman and Visan [22], Tao [26], and Visan [29]. We refer also
to Kenig and Merle [17] for a similar result in the focusing case for solutions whose
energy and kinetic energy are smaller than that of the ground state, and to Killip,
Visan, and Zhang [18], where a quadratic potential is added to the classical second
order Schrédinger equation. By analogy with second order Schrodinger equations
it can be conjectured that global well-posedness holds true for (1.1) with a pure
power-type nonlinearity, in the critical defocusing regime, for arbitrary initial data.
We prove such global well-posedness when the initial data is radially symmetrical.

As already mentioned, the equations we consider in this paper correspond to
(1.1) when f is a pure power-type nonlinearity. They are written as

(1.2) i0pu + Au + eAu + Mu|P~ru = 0,

where A € R, and p € (1,2 — 1]. The energy critical regime in (1.2) corresponds
to the case p = 2 — 1, and the defocusing regime to the case A > 0. As a remark,
when ¢ = 0, (1.2) enjoys scaling invariance. The scaling, as expressed in (4.1)
below, preserves the homogeneous Sobolev space H? when p = 2¢ — 1. Our main
result states as follows.

THEOREM 1.1. Let n > 5, € R, A >0, and p € (1,2* — 1]. For any radially
symmetrical data ug € H? there exists a unique global solution u € C(R, H?) of
(1.2) such that u(0) = ug.

When p is subcritical, or ug has small energy and p is critical, the radially
symmetrical assumption on ug in Theorem 1.1 is not needed. We refer to Corollary
4.1 in Section 4 and Corollary 5.1 in Section 5 for more details on such assertions.
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We mainly concentrate in this paper on the critical case of (1.2). In this case we also
prove stability for all €, see Proposition 6.1 in Section 6, and scattering when £ < 0,
see Proposition 9.1 and Proposition 9.2 in Section 9. Needless to say, scattering
and stability are important notions for physical considerations.

Our paper is organized as follows. We fix notations in Section 2. Strichartz type
estimates, a classical one and one with gain of derivatives, relying on the dispersion
estimates in Ben-Artzi, Koch, and Saut [1], and on the Strichartz type estimates of
Keel and Tao [16], are proved in Section 3. The local theory for (1.2), without the
radially symmetrical assumption, and for arbitrary \’s, is established in Sections 4
to 6. The subcritical case of (1.2) is briefly discussed in Section 4. Local existence
in the critical case is proved in Section 5, and stability in the sense of Tao and
Visan [28] is discussed in Section 6. We prove localized Morawetz estimates and
almost local conservation of mass in Section 7. Such estimates and conservations
laws are crucial for the proof of Theorem 1.1. The theorem is proved in Section 8
following the strategy initiated in Bourgain [2] and developed in Tao [26]. Finally,
in Section 9, we briefly discuss the scattering assertion we made after Theorem 1.1.

2. Notations

We fix notations we use throughout the paper. In what follows, we denote by C
a generic constant that is allowed to depend on the dimension and the nonlinearity
through |A| and p. The exact value of that constant may change from line to line.
We write C'(a), C(a, b) when there is more dependence. More significative constants
are often denoted by K, K1, K5 to highlight their role. We let L? = LY(R"™) be the
usual Lebesgue spaces, and L"(I, L) be the space of measurable functions from an
interval I C R to L? whose L"(I, L?) norm is finite, where

1

I ( / |u<t>||zth) |

Two important conserved quantities of equation (1.1) are the mass and the energy
defined by

(2.1) M(u) = /n |u(z)|*da

on what concerns the mass, and

1
(2:2) B =3 [ (8u(@)? ~ [Tu@)] + F(lu(w)?)) do
on what concerns the energy, where F(s) = [; f(t)dt. Several norms have to be
considered in the analysis of the critical case of (1.2). For I C R an interval, they
are defined as

lullaey = AUl 20y zngnia
L % (I,L n24+16 )

Iellwen =WVl agep o 2ptsza

lull zry = ||U||L%(LL%) , and

el = IVal ., , 25,
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Accordingly, we let M(R) be the completion of C°(R"*!) with the norm || - ||y (r),
and M (I) be the set consisting of the restrictions to I of functions in M(R). We
adopt similar definitions for W, Z, and N.

An important quantity, which turns out to be closely related to the mass and
the energy, is the functional £ defined for u € H? by

A 2d ife =0
R4 e = e e b
Jan (|Au(2)]? = &|Vu(@)]? + [u(z)?) dz  ife = £1.
Note that when e = 0, £(u) is nothing but ||u||§12, while when e = +1, £(u) controls
the full inhomogeneous norm ||u|| gz = [|Aul|rz + [Jul| 2.

In what follows we let F f = f be the Fourier transform of f given by
. 1 .

F&) =g [ f)e Sy

(2m)2 Jgn

for all £ € R™. The biharmonic Schrodinger semigroup is defined for any tempered

distribution g by

(2.5) eit(A2+sA)g _ f*leit(|§|475\f\2)]_-g.

Let ¢p € C°(R"™) be supported in the ball By(2), and such that ¢ = 1 in By(1).
For any dyadic number N = 2* k € Z, we define the Littlewood-Paley operators
PN by

(2:6) Py f(€) = ($(&/N) = w(2¢/N)) f(€)-

These operators commute one with another. They also commute with derivative
operators and with the semigroup e?(2’+¢4) I addition they are self-adjoint and
bounded on LP for all 1 < p < co. Moreover, they enjoy the following Bernstein
property:

(2.7) IIV[=*Px fllr < CN**||Py flle < ON**| f] s,

for all s > 0, and all 1 < p < oo, where |V|* is the classical fractional differentiation

operator, and C > 0 is independent of f, N, and p. Given a > 1, we let a’ be the
conjugate of a, so that % + % =1.

3. Strichartz-type Estimates

We prove Strichartz type estimates for solutions of the linear equation associ-
ated with the biharmonic Schrédinger operator and forcing term h € L}, (I, H™%)
for I C R an interval. In other words, for

t
(3.1) u(t) = A Hel)y —l—i/ (=) (AR (6)ds,
0

where vy € L?. Key estimates in this section are given by the dispersion estimates
of Ben-Artzi, Koch, and Saut [1]. Let I. be given by

(3.2) L(t,x) = # /Rn eit(€1*=l€l?) =) g

Using (2.5), one sees that I. is the fundamental solution of (3.1). Let also o € N™.
Then, according to Ben-Artzi, Koch, and Saut [1], the following estimates hold
true. Namely,
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(a) estimates for the homogeneous equation:

nt|al

(3.3) |DIo(t,z)| < Ct~ 3 (1+t_i|x|)‘a‘%

for all ¢ > 0 and all z € R",
(b) short time estimates for the inhomogeneous equation:

lal=n

(3.4) IDOL(t,z)] < Ct~" 7% (1 + t~%z])

forall 0 <t <1andallzeR" orallt>0andall |z| >t
(c) long time estimates for the inhomogeneous equation:

n+t|ol
2

(3.5) DIy (t,2)] < Ct= "2 (14t 2 |z)l]
for all t > 1 and all |z| <,

where D stands for differentiation in the = variable. Useful consequences of (3.3)-
(3.5) are that

(3.6) |DL(t, )| < CJt| "%
and that
. 2 _n(_2
(3.7) e A =Dl < Ol 5073 g]| v

for all v such that |a| =n, all p € [2,00], all g € L? | and all time ¢ # 0, where p’ is
the conjugate exponent of p and, if ¢ = 1, we also require that [¢| < 1. Inequality
(3.6) is a direct consequence of (3.3)-(3.5). Inequality (3.7) follows from the remark
that by (3.2)-(3.5) we can write that

e .
A8 g|| oo = |1 (t) * gll e < Ll llgllze < Cle ™ Fllgll e

while Plancherel’s theorem ensures that e?(2*+¢4) is bounded L? — L2. By the
Riesz-Thorin theorem, interpolation between the L? and L* bounds gives (3.7).

Following standard notations, we say that a pair (g, r) is Schrodinger admissible,
for short S-admissible, if 2 < ¢,r < 00, (¢,7,n) # (2,000,2), and
2 n n

3.8 2422
( ) q+r 2

Also we add the terminology that a pair (g, r) is biharmonic admissible, for short
B-admissible, if 2 < ¢,r < o0, (¢,7,n) # (2,00,4), and
4 n n
3.9 L=
(3.9) q + r 2

Our Strichartz type estimates for (3.1) are stated as follows.

PROPOSITION 3.1. Letu € C(I, H*) be a solution of (3.1) withe € {—1,0,1}
on an interval I = [0,T]. Ife = 1, suppose also |I| < 1. For any B-admissible pairs
(¢;7) and (q,7),

(3.10) lullzagr,zry < © (lollze + Il o 1,1 )

whenever the right hand side in (3.10) is finite, where C' depends only on n, and ¢’
and 7 are the conjugate exponents of ¢ and 7. Besides, for any S-admissible pairs
(¢,7) and (a,b), and any s > 0,

2
q

s—2 s—2_2
(311 IVFulzarery < C (I ol + 11918 2 Al 001 )
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whenever the righthand side in (3.11) is finite, where C depends only on n, and a’
and b’ are the conjugate exponents of a and b.

It can be noted that, when n > 4, estimates (3.11) implies estimates (3.10).

PRrOOF. Estimates (3.10) are easy to obtain. They directly follow from the
linear estimates of Ben-Artzi, Koch and Saut (3.7) with p = +00 and p = 2, and
the theorem in Keel and Tao [16] applied to the operator U(t), where

eit(A2+€A) ife <0
3.12 Ut) = . -
( ) ( ) {ezt(A2+A)l[_1)l] (t) ife =1.

Now we turn to the proof of (3.11). Since the free propagator et (A%+22) commutes
with the derivative operator |V|?, it suffice to prove (3.11) with s = 0. For N a
dyadic integer and Py as in (2.6), we let Qn = P2 + Py + Pan. The Littlewood-
Paley projector @y is such that Py Qx = Py. For any A > 0, let dy be the rescaling
operator defined on all functions g by dxg(z) = A% g(Axr). We consider the family
of operators

(3.13) Vn(t) = dNQNU(L).
By Plancherel’s theorem and since dy is an isometry on L2, we get that
(3.14) Wn (@O lr2—r2 < C.

Independently, it is easily seen that
QNeit(A2+aA)uO _ eit(A2+€A)QN5 % o,

where ¢ denotes the Dirac measure. Then, as a consequence of (2.7), of the bound-
edness of the Riesz transform, and of (3.6), we can write that

Qe A M) yg|| e < (| AR Q6| o o] 1
< N7V A ) Q6| oo o 1o

< CN™" sup [|[D* A D) Qg || po o] 1

lee|=n

< CIN*t7 % [luoll 1,

(3.15)

where C' does not depend on N, ug or t, and, in case e = 1, we assume |¢| < 1.
Now, we can use (3.13) and (3.15) to compute

VN ()Y ()" gll e = [dnQRU()U ()" dngl L
< N% ”CgNei(sfit)(AQJrsA)d?VgHLDo
< ON™2 [t~ % ||dygllr
< Clt™ % lgll .

By (3.14) and (3.16), we can apply the results of Keel and Tao [16] to the operators
Vn(t). We then get that for any S-admissible pairs (¢,7) and (a,b), the following
holds true:

ldn@NU(t)uol|Lar,zry < Clluo||z> , and

dn . Q?\,L{(t — s)h(s)ds||par,Lr) < C||th||La’(R,Lb’)~
s<

(3.16)

(3.17)
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Now, applying the first inequality of (3.17) to Pnuy, the second inequality of (3.17)

to Py h, and considering the effect of dilations dy on space norms, we get
N%_%HPNU(t)u0||Lq(R,LT) < C||Pnuo||r2 , and

(3.18) a_n n_n

N=z"7r H/ PyU(t = s)h(s)ds||La,zr) < CON 27 || Pyh| por g, 1oy
s<t

At this point, using (2.7), (3.8), (3.12), (3.18), and the Littlewood-Paley Theorem,
we prove (3.11) by writing tha

1
llull pocr,zry < OH(Z |Pyul?)? llar,m)
N

1
t 2
<cC (Z [P (%2 41 [ 0182050 ||%qu,m>
N 0

1

2
_4 _4_ 4
O(ZN qHPNUOH%z*'N a4 a|PNllh’||ia/(R1Lb’)>
N

IN

: :
_2 _2_2
sc(ZHw qPNuO@z) +c(z|m q aPNlmuza/(R,Lb,))
N N

_2_ 2
< CHUOHH% +WIVITa =Rl por 1,0y

where 17 stands for the characteristic function of I, and summation in the above
inequalities occurs over all dyadic integers N. This ends the proof of (3.11) and of
Proposition 3.1. |

A direct consequence of (3.11) and Sobolev’s inequality is that when n > 5,
for any B-admissible pair (g,7), if u € C(I,H=%) solves (3.1) with ug € H? and
h € N(I), then u € C(I, H*) N M(I), where N(I) and M (I) are defined in (2.3),
and

(3.19) I8ulznr 2y < € (I8l + 191, )

A key feature of (3.19) is that the second derivative of u in the left hand side of
(3.19) is estimated using only one derivative of the forcing term h. Note that for
classical second order Schrédinger equations, estimates like (3.11) and (3.19) do not
hold true as they would violate Galilean invariance.

Another estimate we need when discussing scattering in Section 9 is stated as
follows.

PROPOSITION 3.2. Let ¢ = —1 or e = 0. Let also (a,b) and (q,7) be S-
admissible pairs, s > 0, and h € L (R, Hs_%’b/). Then

—q 2 s—2
(3.20) || / D)t . < O[T R

where C > 0 depends only on the dimension, and a’, b’ are the conjugate exponents

of a and b.
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PROOF. Again, we may assume s = 0. For N a dyadic number, we let Vy(t)
be as in (3.13). Applying the result in Keel and Tao [16], thanks to (3.14) and
(3.16), we get that

n / Qe O () ds | 2 = | / Viv(s)*dyh(s)ds]| 2
R R
(3:21) < Clldyhll o e o)
= Ngi%HhHLG’(R,Lb')'

Applying estimates (3.21) to Pyh, using (2.7), and the Littlewood-Paley theorem,
we finally get

H/e—is(A2+aA)h(s)ds||%2 < CZHPN/e_is(A2+5A)h(S)d8||%g
R ~ R

2
(3.22) <CY N a||PvhFe g oo
N

_2
S C|||V| ah||2a’(R1Lb’)7

where the sum in (3.22) is over all dyadic integers N. This ends the proof of
Proposition 3.2. ([l

4. Local and Global Existence in the subcritical case

For the reader’s convenience we very briefly discuss the local and global theory
for (1.2) in the subcritical regime where 1 < p < 2¢if n > 5, and 1 < p < oo if
n < 4. Most of the results in this section go back to Fibich, Ilan, and Papanicolaou
[5]. They can be seen as a direct consequence of the straightforward Strichartz
estimates (3.10) of Proposition 3.1. As a preliminary remark, it can be noted that
for a > 0, the scaling

(4.1) u(t,x) — aﬁu(o/lt,a:c)

preserves (1.2) when e = 0, and that letting o = |¢| /2, (4.1) transforms a solution
of (1.2) with £ # 0 into a solution of (1.2) with |¢| = 1. In particular, we may
assume in what follows that e € {—1,0,1}. As another easy remark, it can be noted
that equations like (1.1) also enjoy time reversal symmetry, and time translation
symmetry. Unless otherwise stated, A and wug in this section are arbitrary.

PROPOSITION 4.1. Given any initial data ug € H?, any p € (1,2% — 1) when
n > 5, and any p > 1 when n < 4, there exists T > 0 and a unique solution
u € C([0,T), H?) of (1.2) such that u(0) = ug. The solution has conserved mass
and energy in the sense that

(4.2) M(u(t)) = M(uo) and E(u(t)) = E(uo)

for allt € [0,T), where the mass M is defined in (2.1), and the energy F is defined
n (2.2). Besides, if T* is the maximal time of existence of u, then

(4.3) tlil;l* lu(t)|| gz = +o0
when T < +00, and the solution map vy — wu is continuous in the sense that for
any T € (0,T*), if uf € H? is a sequence converging in H? to ug, and if u* denotes

the solution of (1.2) with initial data uf, then u* is defined on [0,T) for sufficiently
large k and u* — u in C([0,T], H?).
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PROOF. Proposition 4.1 follows from an easy adaptation of the standard proof
for second order Schréodinger equations, as developed, for instance, in Cazenave [3],
once the Strichartz estimates (3.10) have been established. (]

A direct consequence of Proposition 4.1 is as follows.

COROLLARY 4.1. Letp € (1,28 —1) whenn >5, p> 1 whenn < 4, ug € H?,
and u be the solution of (1.2) with initial data ug. Then w can be extended to a
solution on the whole of R in the following cases:

(a) A >0,

(b) A<Oandp <1+ 32,

() A<0,p=1+ % and uq is sufficiently small in L?,
(d) A <0 and ug is sufficiently small in H?.

In particular, when n > 5, for any ug € H? there exists a unique global solution
u € C(R, H?) of (1.2) such that u(0) =ug if A > 0 and p € (1,2% — 1).

PROOF. The first assertion directly follows from conservation of energy. The
second and third assertions follow from Gagliardo-Nirenberg’s inequalities and con-
servation of mass and energy. Indeed,

/ |Au(t, z)|*dx < E(ug) —i—s/ |Vu(t,z)|*de — i/ lu(t, z)|PT dx
R" R p+1 Jgn

ph1-ne=1) n-1)
< E(uo) + |luoll 2| Aull 22 + Clluoll [Aullp

and, when p < 1+ %, or when p =1+ % and ||ug||z2 is sufficiently small, we get a
contradiction with (4.3) if T* < +o0. The last assertion follows from a Payne and
Sattinger [21] type argument similar to the one developed in the proof of Corollary
5.1 in Section 5. O

Following the strategy in Lin and Strauss [19], see also Cazenave [3], we can
prove that scattering holds true in the whole energy space H2 when A > 0, n > 5,
£<0,and 14+ & < p < 2f — 1. We also refer to Guo and Wang [9] and Wang [30]
for similar considerations in the small norm setting.

5. Local existence in the critical case

We briefly develop the local theory for (1.2) in the energy critical case. Here
p=2¥—1and n > 5. As in the preceding section, X\ and ug can be arbitrary. If
u € C(I, H?) is a solution of the critical equation (1.2) with initial data ug, then

t
(5.1) u(t) = (A Hel) i)\/ ei(tfs)(AQ“A)|u(s)|%u(s)ds.
0

Conversely, if ug € H?, and u € W(I) solves (5.1), then |u|%u € N(I), where
W (I) and N(I) are defined in Section 2, u € C(I, H?) by the Strichartz estimates
(3.10) and (3.19), and u is a solution of the critical (1.2) with initial data wo.
Equations like (5.1) are often referred to as Duhamel’s formula. Here again, because
of the scaling invariance (4.1) we may assume that € € {—1,0,1}. Local existence
is settled by Proposition 5.1. Stability, and uniform continuity of the map ug — wu,
are discussed in the following section.
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PROPOSITION 5.1. Let n > 5 and p = 2¥ — 1. There exists § > 0 such that for
any initial data ug € H?, and any interval I = [0,T] with T < 1 when € = 1, if

(5.2) A"+ D0l ) < 6,

where W(I) is as in (2.3) in Section 2, then there exists a unique solution u €

C(I,H?) of (1.2) with initial data ug. This solution has conserved mass and energy
2(n+4)

in the sense of (4.2), and satisfies u € M(I)N L™= (I x R™). Moreover,

llullwry <26, and

(5.3) wts
lallaecry + a2y < © (llwollz + %)

for some C > 0 independent of ug. Besides, the solution depends continuously on
the initial data in the sense that there exists dg, depending on &, such that, for any
91 € (0,00), if ||vo — uol| gz < 61, and if we let v be the local solution of (1.2) with
initial data vy, then v is defined on I and

(5.4) |lu — U||Lq(17Lr) < Céy,

for any B-admissible pair (q,r) in the sense of (3.9), where C' > 0 is independent
of ug and vy.

PROOF. The proposition follows from a contraction mapping argument. For
u € W(I), we let ®,,(u) be given by the right hand side in (5.1). Thanks to the
Strichartz estimates (3.10) and (3.19) stated after the proof of Proposition 3.1, ®,,
is a contraction on the set

X ={v e MD);|vllwy <26, HUHLM(I N <2M}

for M = Cllugl|r2, and 6 > 0 sufficiently small, where we equip Xpss with the

2(n+4) 2(n+4) . . . .
L= (I,L~ = ) norm. The contraction mapping theorem gives a unique solu-

tion w in X/ s, and a standard variant of the argument gives (5.4). The Strichartz
estimates (3.19) give that uw € M (I)NL>(I, H?) and (5.3). A straightforward adap-
tation of Cazenave [3, Chapter 4] gives uniqueness in C/([0, T, H2) and conservation
of mass and energy. O

As a remark, for any ug € H?, (5.2) holds true for T > 0 sufficiently small.
Global existence for small data in the energy space, as mentioned in the remark
after Theorem 1.1, is a direct consequence of Proposition 5.1.

COROLLARY 5.1. Let n > 5 and p = 2% — 1. There exists g > 0 such that for
any ug € H? satisfying &(uo) < o, where € is as in (2.4), equation (1.2) possesses
a unique solution u € C(R, H?) with initial data ug.

PROOF. By the Strichartz estimates (3.19), we see that if u exists on [0, to],
and if the H2mnorm of u(to) is sufficiently small, then we can use (5.2) to extend
w on [tg,tg + 1]. Hence, in order to prove global existence, it suffices to prove that
lu(t)]|| ;7= remains small on the whole interval of existence of u. We prove this now.
Let t > 0 be such that u is defined on [0, ¢]. By conservation of energy and Sobolev’s
inequality we can write that

(5.5) E(u(t)) = E(ug) < C (g(uO) n E(UO)Qu/g) '
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When A\ > 0, global existence follows from (5.5) since ||u(t)||i12 < E(u(t)). When

A < 0, we write with conservation of energy and Sobolev’s inequality that

n—4 #
() F= < 2B (uo) + el [[u(®)]| 2w g2 + Al - [G]
5.6 < O (Eluo) + E(w0)*/2) + (o) ul s + Cllult) 2

# 1 #
< € (E(uo) + E () /2) + Euo) + 7 ullys + Cllu()]Z..

Here again it follows from (5.6) that if £(ug) is sufficiently small, then u stays small
in the H%-norm. O

In order to end the section we now discuss a useful criterion for global existence.

PROPOSITION 5.2. Letn > 5 andp =28 —1. Letu € C([0,T), H?) be a solution
of (1.2) such that ||ul| z(0,r7) < +00. Then there exists K = K(||uol| g2, ||[ull zo,17))>
respectively K = K (T, ||uoll g2, ||ull z(0,r7)) when e >0, such that

61l e s el + Relbgoy < K.

and u can be extended to a solution @ € C([0,T"), H?) of (1.2) for some T" > T.
PROOF. Let 1 > 0 be small. Let also B = ||ul| z(j0,77)- For > 0 we let [z] be
the largest integer not exceeding x. If € < 0, we split [0, T] into

2(n+4)

N =[(B/n) =+ ]+1

intervals I;, j = 1... N, such that for 1 <j < N —1, [[ul|z(z;) =0, and [[u[| z(1) <
n. If e = 1, we split [0,7] into N intervals I;, j = 1... N, for which |[ul[z,) <n
and |I;| <1, one of these inequalities being an equality if j < N. Then,

2(n+4)

N <|T|+3+[(B/n) ).

Applying the Strichartz estimates (3.19) in I; = [t;,t;41], we get, for ¢ € I;,
letllar(rey ) < Cllutts) | g+ Clllul 7wl e,
(5.8) < Cllu(t))ll g2 + Cllal 37 el asgiey
< Cllult)l = + Cn7 ullare, )

where C > 0 depends only on n and A. Applying the Strichartz estimates (3.10) in
I;, and conservation of mass, we get that

_8
[ull | 2ea 2osn < Cllulty)llz2 + Cllful ™= ull 20

RFE (15,0 XR")

([tj7t]7L
_8
(5.9) < Cllullzs + Clul 55, ol st

2(nt4)
([tj)t])L "

_8
< Clluollzz + Cn=t flull  2twsn

2(n+4) .

)

([tj 7t] L
If n is sufficiently small, (5.9) implies that

HUHL%(Q,L%) < Clluol| 2,
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while (5.8) implies that [lu||az(z;) < 2C]|u(t;)|| g=- Applying again the Strichartz es-
timates (3.19) this gives ||“||L°°(Ij,H2) < 2C||u(ty)|l =~ Inparticular, |lu(t;jy1)] g2 <
2C||u(t;)|l 72, and finally,

||u||L2(n7:r4) 2(n7:r4)) < N2("n+4) C'||u0||L2 ,

([0,T),L
(5.10) lull oo 0,7y, 7r2) < (2C)N [Juo|l = < +00 , and
lullarcryy < 2C) [luoll g

for all j. By (5.10) we get that (5.7) holds true. Now, let ¢ty € Iny. Duhamel’s
formula (5.1) gives that

t
(5.11) u(t) = ei(t_to)(Az"’aA)u(to) + i)\/ ei(t_s)(A2+8A)|u(s)|ﬁu(s)ds

to
for all ¢, and (5.11), Sobolev’s inequality, and the Strichartz estimates (3.19) give

i(t— 2 _8
(5.12) ([N (t0) lw (it 1) < Nullw (10,77 + Clllel ™2l 3 (20, 77)

n+4
< ullwigeoszy + Cllall e, 7,
Since the W([0,T])-norm of u is finite, dominated convergence ensures that the

W ([to, T])-norm of u can be made arbitrarily small as t; — T, and (5.12) shows
that the W ([to, T])-norm of the free propagator

t— ei(t—to)(A2+€A)u(tO)

is like o(1) as to tends to T'. In particular, we can find ¢; € (0,7) and 7" > T such
that u(t;) € H? and

Sy 2
(5.13) e EH R (81) [l 1y ) < 6.

Now, it follows from (5.13) and Proposition 5.1 that there exists v € C([t1,T"], H?)
such that v solves (1.2) with p = 2% — 1 and v(t;) = u(¢1). By uniqueness, v = v in
[t1,T) and u can be extended in [0, T’]. This ends the proof of Proposition 5.2. O

As a direct consequence of Proposition 5.2, if T* is the maximal time of exis-
tence of u, and T™ < +o0, then, necessarily, ||ul|z(o,7+]) = +oc.

6. Stability in the critical case

We briefly discuss stability in the energy critical case of (1.2) following the
approach developed by Tao and Visan [28] in the case of the energy critical second
order Schrodinger equation. Stability is of importance for physical considerations if
one keeps in mind that equations like (1.2) are often mathematical approximations
of more physically relevant equations, as pointed out in Fibich, Ilan, and Papanico-
laou [5]. Stability, in its global version, can be stated as follows. As in the preceding
sections, A and ug can be made arbitrary, and we may assume that ¢ € {—1,0,1}.

PROPOSITION 6.1. Letn > 5 and p = 28 — 1. Let I C R be a compact time

interval such that 0 € I, and @ be an approzimate solution of (1.2) in the sense
that

(6.1) it + A%+ e AT+ Na| i = e
for some e € N(I). Assume that ||il|z(r) < +oo and |Gl pec(f g2y < +00. For
any A > 0 there exists 6 > 0, do = do(A, [l z(r), |8l oo (1, 752y) if € < 0, and



ENERGY-CRITICAL FOURTH-ORDER SCHRODINGER EQUATIONS 209

80 = 8o (A Nall 2ty 1l oo (1 g2y 1) if € > 0, such that if ||e]| x(ry < 8, and ug € H?
satisfies
(6.2) 1(0) — woll g2 < A and ™A™ (@(0) — uo) [lw () < 8

for some & € (0,6¢], then there exists u € C(I, H?) a solution of (1.2) such that
u(0) = ug. Moreover, u satisfies

lu=allw < C (6 +6007)
(6.3) = @l gz gzary < C (A +04+07) , and
ol sy < C
for all B-admissible pairs (q,7), where C' = C(A, ||l z(r), |1l oo (s g2)) if € < 0,

and C = C(A, @]l z(ry, @l oo 1,72y, | I]) if € > 0, are nondecreasing functions of
their arguments.

Letting e = 0 in Proposition 6.1 provides the uniform continuity of the solution
map ug — u. On such a statement, recall that by the Strichartz estimates (3.19),

A2 - -
A8 (@(0) — wo) [lw(ry < ClE(0) = uo| o

In particular we can take 6 = CA in (6.2) and make ¢ small when A is small.
Proposition 6.1 is an easy consequence of the Strichartz estimates (3.19) when
n < 12, and is more delicate to prove when n > 12. We briefly sketch the proof
when n < 12, and refer to Tao and Visan [28] with only very little indications on
the proof when n > 12. As a first claim, because Proposition 6.1 can be localized,
we may assume, see Tao and Visan [28] for the argument in the second order case,
that ||a||w ) < ¢ and that [I| <1 when £ > 0. Let f be given by f(z) = )\|z|2n_2z
for z € C. Assuming that n < 12, letting v = u — @, where u solves (1.2) with
initial data ug, and I’ be the maximal time interval of existence of u, we can write,
using (6.1), that

(6.4) 1000 + A% +eAv+ f(a+v) — f(@) =e
in I NI'. The Strichartz estimates (3.19) then give that for ¢ > 0 such that
I, =[0,t] C I,
ol < Clle A8 @to) — o) wir,
+ Cllf (@ +v) = f(@)l[ny + Cllell v
<200+ Cf (fz(u+v) — f2() Vi

(6.5) + C| (f(a+v) —fz(ﬂ))Va||L2(Ith2_ﬁ2)

+ O+ )V
+ | f+(i 4 v) V]

2n
LQ(I“L n+2 )

2n_
2(I;,L7™+2)

_2n_
L2(I;,Ln+2)
<0 (8457 ollw + ol )

where f,, fz are the usual complex derivatives. Noting that g(t) = ||v||z, defines a
continuous function such that g(0) = 0, and since by (6.5),

g(t) < C8 + C5azag(t) + Cg(t) "=,
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we conclude that if § < §p is sufficiently small, depending only on n and A, then,
forall t € INT', g(t) < C¢ for some positive constant C. In particular, the
W (INI')-norm of u is bounded and Proposition 5.2 gives that TNI’" = I. Another
application of the Strichartz estimates (3.19) then gives the control equations (6.3).
When n > 12, the proof of Proposition 6.1 becomes very delicate because V f(u) is
no longer lipschitz continuous. The solution to this problem, as developed in Tao
and Visan [28], is some sort of Exotic Strichartz estimate in order to work with
spaces of functions with greater integrability and lesser regularity (in particular,
we require that they involve less than 8/(n — 4) derivatives), but which still remain
scale-invariant. To close the argument, we then need a good chain-rule for fractional
derivatives as proved in Visan [29]. We briefly discuss the proof now. Let X and
Y be the norms defined by

lullxey = IVl 2 2w 5 and
(6.6)
lullyy = I19]7 wull 6 2
(n— )(IL n+8 )

These spaces are involved in the following Exotic Strichartz estimates (6.7) which
we obtain as a consequence of the result in Foschi [7]. Namely,

t
i(t—s 2
(6.7) || / =B B3\ dsl 1y < CIF v 1)-

Now, the fact that the Y-norm involves less than 8/(n — 4) derivative enables us to
get the following nonlinear estimate.
LEMMA 6.1. Let n > 12. For any v € W(I), and any u € X(I),
(6.8) 1f=()ully ) < C||v||W{})HU||x<1)
where C' > 0 depends only on n and A. A similar estimate holds true for fz.

PROOF. We use the rule for fractional derivatives of products, see e.g. Kato
[15] to estimate

Sn 8n
VI8 (fo(0)u) | 20en SC(IIIVI"LIsz(v)II n2o [|ull 2n2 16
L nts L4(n—2)

[ n2—4n—16

8n
1L g 1197wt )

(69) 8n 8n
SC(IIIVI"Llﬂfz(v)II w216 V735w 2rn
LiI(n—2) L n

8n
+ I n2(4n+4) V]2 =10ul|  2(ta) )
“n—4 L n

Besides, using the chain-rule for fractlonal derivatives of fractional powers in Visan
[29, Appendix A], the boundedness of Riesz transforms, Holder’s and Sobolev’s
inequalities, we get

P T TTD 2| T
11V] L) 2216 < Clfv] | iz [[[V[F0]| 5,000
L3(m—2) L 8 LnZ—2n+4
(6.10) <Ol ("Jiﬂ Vvl ("333314?)
[ n2—2n+8

<C|Vy|" 2i<n+4> :

L n2—-2n+8
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Now, with (6.9), (6.10), and Sobolev’s inequality, we get

8n -8 8n
V== (f)u) || 2men < OV e IIVI==0u] 200a,
I, n®—2n+8

and applying Holder’s inequality, we finally get (6.8). This ends the proof of the
lemma. (]

Noting with (6.7) that the X-norm of a solution of the linear equation with zero
initial data is controlled by the Y-norm of its forcing term, we get with (6.8) that
the X-norm of & —u can be controlled in terms of § and A. Once this scale-invariant
norm has been controlled, straightforward applications of the Strichartz estimates,
as developed in the above mentioned [28], then provide the result.

7. Almost conservation Laws

In this section we prove almost conservation of the local mass, and localized
Morawetz type estimates. These are important ingredients in the process of proving
Theorem 1.1. As in the preceding sections we may assume that e € {—1,0,1}.
First we discuss almost conservation of local mass. Let x € C°(R") be a radially
symmetrical smooth nonnegative function such that x(r) = 1if r <1, x(r) = 0 if
r>2,and 0 < x < 1. We define the local mass M (u, By, (R)) over the ball B, (R)
of a function u € L? by

(r.1) M (. Bay(R) = [ Ju(o)*xh = 20) da,

n

where, for ease of exposition, the notation gr when g is a function stands for
gr(x) = g(x/R). Note that Holder’s and Sobolev’s inequalities give that

(7.2) M (u, Byy(R)) < C||Aulf3.R*,

where C' depends only on n. Now we claim that the local mass of a solution of (1.2)
varies slowly in time provided that the radius R is sufficiently large.

LEMMA 7.1. Letp € (1,24 — 1] when n >5, and p > 1 when n < 4. Let X € R,
possibly zero, and u € C(I, H?) be a solution of (1.2). Then

E(u)i
R

il

(7.3) |0 M (u(t), Bs, (R))| < C M (u(t), Bz, (R))
for allt € I, where C > 0 does not depend on u and I.

ProoFr. By translation symmetry, we can suppose zog = 0. Integrating by
parts, using (1.2), gives

d 1
EM(u(t),BO(R)) = E6Re/ iAuVT (VX) 5 X hdx
8 . 3 2 2\ —
(7.4) + ﬁRe 1Au (XR (AX) g +3xR (Vx)R) udx
Rn
8¢ . —_ 3
— ERG iVu (Vx) g uxgde.

Now we estimate each term in the right hand side of (7.4) independently one from
another. For the first term in the right hand side of (7.4), an application of the
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Cauchy-Schwartz inequality gives

/ XRAuVT (V) p do

<(VX) g e (/ |Au|2dm> (/ |Vu|2x%dx)
R~ R~

Integrating by parts,

6
/ |Vu|*x%dx = —Re/ u (Aux% + EVu (Vx)Rx%) dx
RTL "

and by using Holder’s and Sobolev’s inequalities we get that

/ Vulxde
RTL

! ;
< Ixallde ( / |u|2x;§dx) (/ |Au|2dx)

1 n—2 1
6 2 - 2n n
8 (/ |u|2x%dx) (/ IVuf? dz> < / (VX)EX%"M)

< C(Jlull = M (u(t), Bo(R))*

M ((t), Bo(R) ull R (VX))
< Cllulljr2 M (u(t), Bo(R)) *

for some C > 0 independent of u. The second term in the right hand side of (7.4)
is even simpler to estimate. We use the Cauchy-Schwartz inequality and (7.2) to
get

Aux%a (XR (Ax)p +3 (Vx)?%) dz

R

<C (/ |Au|2dx) (/ |u|2x‘§dm>
Rn Rn

< Clfull =M (u(t), Bo(R))*
< CRl|u]| %, M (u(t), Bo(R))*,

(S

where again C > 0 is independent of u. As for the third term in the right hand
side of (7.4), we remark that it only has to be considered if € # 0, in which case, £
controls the full norm H?2, and we estimate this third term by writing that

1 1
4 2 2
—25Re/ i suxEVu(VX)g | de < ¢ / u|?x fdx / |Vu|?
» \R R n R"

E(u)i 1

< 0= M (u(t), Bo(R))
where C' > 0 does not depend on u. Finally, putting all these estimates together,
we get (7.3). This ends the proof of Lemma 7.1. O

Now we discuss localized Morawetz type estimates for (1.2).
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PROPOSITION 7.1. Letn > 5, and p = 2% — 1. There exists C > 0 such that

(7.5) /I/|z|§K|1|l/4 de <CK3P+ K™ (sgpdu)) 11]4.

x|

for all T > 0, all solutions uw € C([0,T], H?) of (1.2), all K > 0, and all intervals
I C[0,T) such that |I| < 1/(2K)* when € > 0, where &(u) = £(u) +5(u)2n/2.

PRrOOF. We fix ug € C*(R"), h € C(R™1), and let v solve (3.1). We adopt
the convention that repeated indices are summed. Also, for f, g two differentiable
functions, we let

(7.6) {f,9}p =Re(fVg —gV ).

Given a smooth compactly supported real valued function a, we define the Morawetz
action centered at 0, M? by

(7.7) M2(t) =2 [ Oja(z)Im(v(t, 2)0;v(t, z))dx.
]Rn

Integrating by parts, straightforward though lengthy computations that we omit
here give that

(9,5Mg(t) :2/ (26jv6k178jkAa — % (ABG) |’U|2 - 48jka6ikv8ij17

+ A%a|Vo]? — ¢ (23jka8jv8k17 - %A2a|v|2> — 0ja{h, v}é)d:c.

n

(7.8)

By density, (7.8) remains true when h € N(I), and v € C(I, H?). Now we let
u € C(I, H*) N M(I) be a solution of (1.2) with p = 2¢ — 1. In particular, u solves
(3.1) with

h=Mu*"2u, h e N(I).

Hence, (7.8) holds true for u with h as above. Besides, using (7.6), we easily remark
that

(7.9) Re [ 9ja{h, u}%dw _ 4 (Aa)|u|2udx.
R™ n Jgrn

Now we let a(z) =< = >5 xr(z) in (7.8), where
1
<a>5= (8 +|2f*)?,

R > 0 is an arbitrary positive real number, and x g is as in (7.1). We observe that
if € N™ is a multi-index, if R > §, and if R < |z| < 2R, then |D%a(z)| < CR'~I°l.
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Consequently, integrating (7.8) over I and using (7.7) and (7.9), we get that

2// 43, (IVOul® — |0,0;ul?) N 2(n — 1) (|Vul® = 3]0,ul?) i
1 Jizi<r < T >5 <z >3 *
-1) 2 ~ )|l 2
vof [ (@R DY
|z|<R <:c>5 n<T>s
v 2 8,_ 2 _ _ 2
(7.10) // 2(IVul? = 10:ulP)  (n=1)(n 33)IU\ i
|z|<R <T>s5 <z >3

< c// (R—3|Vu|2+R—5|u|2—R-1|v2u|2+AR-1|u|2“)dm
I JR<|z|<2R

+C [|uVu|Kjdm

|z|<2R

Letting § — 0 in (7.10) we get that

4%, (IVoul? = |0,0:u?)  2(n —1) (|Vul?> — 3|0,ul?)

|| jz?

+2// (=D =3)|Vul’ 8- D)
|z|<R |[3 n|z|

// 2 (IVul? — |0rul?) (n —1)(n — 3)|u|? de
(7.11) |z|<R || |z[3
< C// (ltz*3|vu|2 + Rl — R V2u? + /\R*1|u|2“) dw
R<|z|<2R

+C [|uVu|Kjdm

|z|<2R

< IR sup (g(u) + s(u)Q“/Q) + CR? sup &(u),
I I

where C' does not depend on I, u, and R. The last inequality in (7.11) follows from
Holder’s and Sobolev’s inequalities and from the fact that, for any v € H?, the
L? norm of V2u is bounded by some constant times the L? norm of Au. Now we
remark that if u € H?(R™) then, as shown in Levandosky and Strauss [20],

n—1
(7.12) > (IVoul® = |0,0iu?) > e |8, u)?.

%

By (7.12) we see that

/1/ <R % > (IVoiul* - 0,0:ul*) dwdt

2(n — 1
+// Lg) (IVul® = 30ru|?) dadt > 0,
IJ|z|<R ||

and when ¢ < 0, letting R = K|I|%, we get (7.5). Now, we turn to the case
e = 1. We assume R < 1/2. The term (|Vu|? — |0,u|?)/|z| in (7.11) is controlled
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by the gradient term |Vu|?/|z|3. Independently, when n > 5, integrating by parts
[ Z -V|ul*dz for Z(z) = |z| 3z, we get that

Juf? 2 2/ |0,ul®
7.13 dz < dz.
(713) /]R B\ =3) e Rl

Then, using (7.13), we see that when R = K |I|3 < 1/2, the term |u|2/|z|? in (7.11)
is again controlled by the gradient term |Vu|?/|z|3. As a consequence, (7.5) also
holds true when e = 1 if |[I| < (2K)*. O

8. Global Existence

We prove Theorem 1.1 in this section. We follow the strategy initiated in
Bourgain [2] and developed in Tao [26]. As in the preceding sections we may
assume that ¢ € {—1,0,1}. We let H2 , be the subset of H? consisting of radially
symmetrical functions. We claim that the following proposition holds true.

PrROPOSITION 8.1. Let n > 5 and p = 20 — 1. Assume X > 0. Letu €
C([t—,t4], H2,,) be a radially symmetrical solution of (1.2) such that |ullw_¢,1) <

00. Then, there exists K > 0 depending only on n, A\, € = sup, E(u), and [ty —t_]|
if e > 0, such that

(8.1) lullze_ ey < K-

A
Besides, in case € <0, one can take K = A (1 + 5)5 , where A >> 1 is a constant
depending only on n and A.

First we prove that Proposition 8.1 implies Theorem 1.1. Then we prove the
proposition.

ProoOF OF THEOREM 1.1. By Corollary 4.1 in Section 4 me may assume that
n>5and p=2F—1. Let ug € H?2 . be radially symmetrical. By the Strichartz
estimates (3.10), there exists 7' > 0 such that (5.2) holds true for I = [0,T]. Then
Proposition 5.1 gives that there exists u € C(I, H?) which solves (1.2) with p =
2% — 1 and such that u(0) = ug. Proposition 5.2 allows us to extend u on a maximal
interval [0,7) such that u € M(I’) for any compact subinterval I’ C [0,7*), and
such that if T* < 400, then the Z([0,7™])-norm of u is infinite. Besides, it follows
from uniqueness that u is spherically symmetrical. Now suppose by contradiction
that T* < 400, and let I’ C [0,7*) be a compact subinterval of [0,7*). By
Proposition 8.1, the Z(I’)-norm of u is bounded by some finite quantity independent
of the subinterval I’. Since this contradicts the fact that uw must blow-up in the
Z-norm, we get that T* = +oo and that u is a global solution of (1.2). This proves
Theorem 1.1. ]

As a remark the bound (8.1) has interest in its own. It is of importance when
discussing scattering as in Section 9 below. Now we prove Proposition 8.1 and split
the proof into several steps.

STEP 8.1. Let u € C([t1,t2], H2,;) be a radially symmetrical solution of (5.1)
on I = [t1,t2]. If e = 1, assume also that |I| < 1. There exists ng > 0 depending
only on n and X\ such that if

1
(8.2) 1" < lullwa <n
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for some 0 <n <1y, then

1
(8.3) llukllwy = 5n,
8

where uj, = et A D)y (1) for k=1, 2.

PRrOOF OF STEP 8.1. We prove this for u;, the proof for us being similar.
Using Duhamel’s formula and (3.19), we write

8 1 ntd
(8:4) lurllwry = llullwery = Clllul»=tullxay 2 70 = Cnm=.
Noting that (8.4) gives (8.3) provided that 1 < g is sufficiently small, this proves
Step 8.1. 0O

From now on we consider a radially symmetrical solution v € C([t_,t4], H2, ;)
of (5.1) with A > 0. Besides, in case ¢ = 1, we also assume that [t —t_| < 1. By
energy and mass conservation, we have

&= sup E(u(t)) < E(ug) + M (up).

Moreover, by Proposition 5.1 and the Strichartz estimates (3.10), we know that
there exists ¢g > 0 such that (8.1) holds true if there exists a time ¢ such that
E(u(t)) < eo. Without loss of generality we may then assume that the energy is
not too small in the sense that, for any ¢ € [t_,t4], E(u(t)) > eo for some ¢y > 0.
Let n > 0 be small. We split [t_,¢;] into N disjoint intervals, (I;)1<;j<n such that
(8.2) holds true on each interval. We let

Uy (t) _ ei(tfti)(A2+5A)u(ti),

and, following the terminology in Tao [26], we call an interval I; exceptional if one
of the following conditions holds true:

lutllw,) > n2, or
lu—llw,) > n’,

where Ky = 24n2. An interval is said to be unexceptional if it is not exceptional.
Using the Strichartz estimates (3.10) and Sobolev’s inequality, we get an upper
bound for the number N, of exceptional intervals. Namely

(8.5)

2(n+4)
(8.6) N, <C (HUOHHzanz) n=d 4

If all intervals are exceptional, (8.2) and (8.6) give the bound (8.1), and this proves
the proposition. From now on we assume that there exist unexceptional intervals.
A consequence of Lemma 8.1 is that the extremal intervals I; and Iy are always ex-
ceptional, provided that 7 is sufficiently small. The next step exhibits concentration
when dealing with unexceptional intervals.

STEP 8.2. Letu € C([t—,t4], H?,,) be a radially symmetrical solution of (5.1)
and let I = [to,t1] be an unexceptional interval for u such that |I| < 1 if e = 1.

Then there exists xy € R™ such that for any t € I,
(8.7) M (u(t), Bay (20~ 1111)) = Cyfre =5 1),

where K1 = n?+6n+4, C > 0 is independent of I, xo and u, and we assume that
n is sufficiently small in the sense that n < E~5"n; for some m > 0 depending only
onmn and .



ENERGY-CRITICAL FOURTH-ORDER SCHRODINGER EQUATIONS 217

PROOF OF STEP 8.2. We consider I' = [to, 28] and I? = [*fh 4], By
time reversal and time translation symmetries, and by (8.2), we can assume that
1
(8.8) lullw 2y = i

Besides, by Duhamel’s formula, we get that for any t € 12,

to )
ua>=u_a>+¢\/ =) A+ () 55y () ds
(8.9) e
. 2
+i)\/ eit=9)(a +€A)|U(S)|%U(S)d8.

to

Since I is unexceptional, the first term in the right hand side of (8.9) is small in
the W-Norm. As for the third term in the righthand side of (8.9), we use Sobolev’s
inequality and the Strichartz estimates (3.19) to write that

s 8
I [ et e e s e us)dslw
(810) <c| / 1= 2) y () T us)ds e

n+4
< Clllul ™ ullner) < CIIUIIW (n < Cnnt

where C' > 0 depends only on n. Hence, if we define v(t) for t € I by

tO . 2 8
(8.11) o(t) = / e =) (AT HeR) |y (5) |- u(s)ds,
t

we get from (8.5) and (8.8)—(8.11) that, if n is sufficiently small, then

1 n+4 1
(8.12) lvllw 2y > i nfz — Cpr=r > 3"
For later use, we remark that, by (8.11), v satisfies the linear equation
(8.13) 100 + A%v +eAv =0,

and we get that

_ 1ol
(8.14) [0l poor, iz < (o)l g2 < ATH (fJulto)ll = + lu(t-)ll ) < 2A71€2.
Besides, the Strichartz estimates (3.19) give that

8 1 netd

lullarry < Clluto)ll g + Clllul™=7ul| ) < CE2 + Cn»=7 , and
lu—llar < Cllu(t-) 2 < CEX,
where C' > 0 does not depend on v and I. Then (8.9), (8.10), and (8.15) give

(8.15)

(8.16) [Vl sy < CE? + CE? + 201 < 3CE?.

Independently, integration by parts and boundedness of Riesz transforms give that
there exists C' > 0 independent of I such that for any function g € M (1),

1 1
(8.17) lgllw ) < C”QH?%([)HQH%(])-
Then, (8.12), (8.16), and (8.17) give that

(8.18) vl z(12) = C?E™ >
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where C' > 0 depends only on n and A\. Now, we prove that v enjoys additional
regularity. Let us define

1
(8.19) vate) = [ ot = (),
Bo(2)

where y is a bump function as in (7.1), 7 = **?|I|3, and V = [ xdz. We claim
that
2n+10

(8.20) ||U 'UavHZ 12) < ng(n 4)17 n¥d |

Now we prove (8.20). For k € R™, we let 74, be defined on a function g by 7xg(z) =
g(x+ k). We first assume that 5 < n < 12. Then, by (3.7) and Holder’s inequality,

letting f(u) = |u\%u, we get that

||’U o TkUHLoo(]{LQv?j'f )

to ) 2
< sup | =A%) (£ () — f(q-ku(s)))dsHL%

tel? t_

< Csup / e SR Fuls) — )] s ds

tel? nTiz
_n-d 8 8
< Ol FF | (Juf ™7 + nf ™7 ) fu = meull] s
SRSV
12— 2(n—4)
4 Tntd
< ||~ "+4||“||L00L2u||“ Teul| 2 o llu = T "*L%
neq  —n242dn— 2(n—4)
<C|| €& 2<"2*16) ||u—7'ku|| e
o[ n-2
By conservation of energy and Sobolev’s 1nequahty,
1
— < 2
B2 u—mal, e, <RIVl e, < ClHER

Combining (8.19), (8.21) and the above computation, we get with Holder’s inequal-
ity that

1
lo = vaullzar2) < 57 XW)llv = 7yl 2022y dy
Bo(2)
n—4
(8.22) < C|I|zFD / XWlo=meyoll 2 dy
2(n—4)

C (rfn74) T et

Since n < 1, (8.22) gives (8.20) when 5 < n < 12. When n > 13, we first estimate
the gradient of v with (3.7). We have that

i(t—s)(AZ%4eA)
A FUNI, o e
to L
(8.23) Sc/t, 6= sl 2”vf(u)”LW([t,,to],Lf—fs)ds
< 2 n—4
CUIH I ey IVl

elimiEcoN
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Besides, Sobolev’s inequality and (8.14) imply that HVUHL < CE%, and

2n
(12, 7-2)

by Hoélder’s inequality, this gives

n _1
(8.24) ||VUHL<>0(I2,L2“) <Og |71,
Then, an application of Sobolev’s inequality with (8.23) and (8.24) yields
n—4 8
wTa A
HU - Tkv||Loo(127L2(:jf)) < ||’U - Tkv||L°°(I2,L%)||v - Tkv||Loo(I27L2u)

n24+8n— _8
< O|I|" T £ T (|k||[|*i) R
Then, by proceeding as in (8.22), we finally find

n248n—16 =
(825) ||’U—’l}asz(I2) S CE 2(n2-16) (T|I|7Z) .
Combining (8.22) and (8.25), we get (8.20) for all n > 5. Now by (8.18) and (8.20),
we get that if 1 is sufficiently small, namely n < C£~°", then
(8.26) [vaw ]| z(r2y > CPE™%.
Independently, (8.14) and Sobolev’s inequality give the bound

n=4 1
(8.27) ||”av||L2“(12x]Rn) < C|I| = &=
An application of Holder’s inequality with (8.26) and (8.27) then gives
n+4 _n—4 _ n+t2

(8.28) [Vavll Lo (r2xmny = Cn = 1|75 &7,
and we obtain with (8.28) that there exists a point (tg,zg) € I? x R™ such that

n+4

1 ne
> SO E

_n+2
4

(8.29)

/ x(@)o(to, z0 — ry)dy
By (2)

It follows from (8.29) and Holder’s inequality that

n+2

(8.30) M (v(to), By, (27)) > Cpfr 112,

where K1 = n? + 6n + 4. Now, since v satisfies (8.13), using (7.3), we get that, for
any t € I,

3
(8.31) 00 (M ((w(t), Bay(2n~%111H)) )" < cEI 14
Integrating (8.31) over I, using (8.30), we get that for any ¢ € I,
(8.32) M (v(t), By (20754 11)) > O 1167747,

In particular, (8.32) holds true for ¢ = ty. Independently, since I is unexceptional,
by (8.5) we can find some time 7 € I such that

(8.33) l[u—(7)

|| 2(n+4) < O??K2 |I|7 2(7:;44) .
I n—4 Rn)
Then, (8.33) and Holder’s inequality gives
(8.34) M (u-(7), Buy (20~ |11)) < O )1
and, again, since u_ satisfies (3.1) with h = 0, we get with (8.34) that for any t € [

(8.35) M (u-(t), Bay (207" |111)) < ClIIn¥ e,
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Now, by (8.9), (8.11), and estimates (8.30) and (8.35), we get that, at time g,
(8.36) M (u(to), Buy (20754 111)) = Ol =",

A final application of (7.3), using (8.36), gives (8.7). This ends the proof of Step
8.2. (]

A consequence of Step 8.2 is as follows.

STEP 8.3. Letu € C([t—,t4],H2,,;) be a radially symmetrical solution of (5.1)

and let I be an unexceptional interval such that |I| <1 ife = 1. Then

2n_
t n—4 :
(837) // |u(t, z)| PN e > Cn13K1574n|I|%,
Bo(2n—4K1|1]1) |5U|
where K1 =n? +6n+4, and C > 0 is a constant depending only on n and \.

Proor or STEP 8.3. By Holder’s inequality and (8.7) the following bound
from below holds true. Namely, that for any ¢t € I,

(8.38) / |t )P de > opPFig—in,
eo (@K1 1)

Now we claim that |zo| < n~*51|I|3. Indeed, if this is not the case, then there
exists at least n—3(n—1FK1 /4"~1 disjoint balls which can be obtained by rotating
B.,(2n~%1). Using the radial symmetry assumption and (8.38) we get that, for
any t € I,

(839)  2B((t) > [u(t)|Zs > Ju S OpPRE I > oy g,

and (8.39) contradicts E(u(t)) < & if n is sufficiently small. Then, by (8.7) we get
that for any t € I,

(8.40) M (u(t), Bo(2y~ | 111)) = onfre=# 1]

provided that 7 < £75"n; where 7, is sufficiently small depending only on n and
A. Using Holder’s inequality and (8.40), we obtain (8.37). O

The bound from below in Step 8.3 can be combined with the bound stemming
from the localized Morawetz estimate (7.5), and we then get that the following
holds true.

STEP 8.4. Let u € C([t—,t+],H2,,) be a radially symmetrical solution of (5.1)
and let I =} <;<;,

I; be a collection of consecutive unexceptional intervals for u.
In case € = 1, suppose that |I| < n'%%1/256. Then there exists j1 < jo < jo such
that
(8.41) Zjo| = K11,

where K = Ont00K1£-20n " gnd C' > 0 is a constant depending only on n and .
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PROOF OF STEP 8.4. Estimates (8.37) and (7.5) give that

#
_ : ul?

gt 1% < / / T
Z ! Z I; Bg(2n*4K1|I-\i |z]

J1<5<g2

(8.42) |u|2”
/ / :
Bo(2n-i1 1) lel

< On 12K (g g7 1)

Let K = CE =251 We get from (8.42) that

N

1
s S
S N ) I SR ML A S D) I
J J
and Step 8.4 easily follows from (8.43). O

At this point we need a combinatorial argument. Such a result goes back to
Bourgain [2] and Tao [26]. In the form we use it here, the proposition is due to
Killip, Visan, and Zhang [18].

PROPOSITION 8.2. Let I be an interval tiled by finitely many intervals I, ..., In.
Suppose that for any contiguous family {I; : j € J} there exists j. € J so that

;.| > K| Ujes 1]

for some K > 0. Then there exists M > In(N)/In(2K '), and distinct indices

J1s- -+, JM, sSuch that
(8 44) |Ij1| > 2|Ij2| > 2 2M71|IjM| ) and
- diSt(IjHIjk) < (QK)_llljz|

foralll < k.
At last we need the following step.

STEP 8.5. Letu € C([t—,t4],HZ2,;) be a radially symmetrical solution of (5.1)
and let I; I;

j1s---2 Ly be a disjoint family of unexceptional intervals for u obeying
(8.44) with K = CnlPK1g=20n " In case e = 1, suppose also that |I;,| < 1. Then

M < CER~5900" In(1/n), where C depends only on n and A.

PROOF OF PROPOSITION 8.5. We let ¢, € I;,,. We can combine (8.40) with
(7.3) and (8.44) to get that for any 1 < k < M, the following mass concentration
estimate holds true. Namely that

(8.45) M (u(t.), Bo(2n M 1, | 1)) = Onfr e |1y, |
provided that n < CE~21". Besides, (7.2) also gives that

(8.46) M (u(ty), Bo(R)) < CER™.

Let us consider the family of annuli

k= oS L |F < 2] < 29710 1, A
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Then (8.45) and (8.46) give the following bound from below for the mass in Ayg.
Namely that

(8.47) [ttt s = o |,
Ay
and with Holder’s inequality we deduce from (8.47) that
(8.48) / lult, 2)[F dz > O,
Ay
where K3 = 3)n2. Now, it only remains to observe that, thanks to (8.44), if

5(10
l=405K;1n (%) /1n2; then the annuli A; are disjoint for all k. By conservation

J1+kl
of energy and (8.48) it follows that there are at most CEn~%2 such annuli, and this
proves Step 8.5. O

Thanks to Steps 8.1 to 8.5 we are now in position to prove Proposition 8.1.

PROOF OF PROPOSITION 8.1. Suppose first that € < 0. As mentioned before,
see (8.6), it is easy to bound the number N, of exceptional intervals. Now, consider
a gap J = Ujes1; between two exceptional intervals. The gap J is made exclusively
of unexceptional intervals I; and then, applying (8.41), (8.44), and Step 8.5, we see
that
7] < oper
if n < MmEO™ for m; sufficiently small depending only on n and A. Since there
are at most N, such gaps, we get the desired conclusion. In case ¢ = 1, we first
split [t_,¢,] into subintervals Iycx such that |I| < 1/2569%8"". Then, for any k,
we can apply on I the same strategy as in the case ¢ < 0, and we see that the
Z(I},)-norm of u is bounded by a constant C/(£,7,n). Then, since there are at most

Cn’48”2 |t —t—] + 1 such intervals, we also get Proposition 8.1 when e = 1. O

9. Scattering for the critical equation

We briefly discuss scattering in this section and prove that, by standard proce-
dures, an estimate like (8.1) implies scattering when € < 0. By scaling invariance
we may assume € = —1 or € = 0. In proposition 9.1 we prove that solutions of
(1.2) with p = 2 — 1 and A > 0 converge to a scattering state. We construct the
scattering operator in Proposition 9.2.

PROPOSITION 9.1. Letn > 5. Given anyu € C(R, H?,,) a radially symmetrical
solution of (1.2) with p = 2% — 1, A\ > 0, and € < 0, there exists u™ € H2, , such
that

(9.1) u(t) — AR E | — 0
as t — Foo. The functions u* are unique, they are determined by (9.1), and we
have that
M(ug) = M(u*) , and
(9.2)

2B (uo) = [lu™ |3 — ellu®|3.-

This defines two mappings S+ : u(0) — u* from H? ., into H? ;, and St and S_
are continuous in Hfad.
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PROOF. By time reversal symmetry it suffices to prove (9.1) for u*. From
Proposition 8.1, we see that v has bounded Z-norm over R, and from Proposition
5.2, this provides an a priori bound for the W(Ry)-norm of u. Independently,
Since €(A*+<2) ig an isometry on H?2, (9.1) is equivalent to proving that there
exists ut € H? such that

(9.3) e A=)y () — ut | g2 — 0

as t — 4o0o. Now we prove that e~ ®(A"+e2)y(¢) satisfies a Cauchy criterion.
Duhamel’s formula gives that

(9.4) eﬂtl(AQ“A)u(tl) - eﬂt"(AQ“A)u(to) = i)\/ eiZS(AQHA)|u(s)|%u(s)d8.
to

By (3.20) with (a,b) = (2,2n/(n — 2)), we see from the finiteness of the W (R )-

norm of u that the righthand side in (9.4) is like o(1) in H? as tg,t; — +o00. In

particular, e ~(A*+¢2)y(¢) satisfies a Cauchy criterion, and there exists ut € H>

such that (9.3) holds true. We also get that

(9.5) ut =g+ i)\/ e‘is(A%rEA)|u(s)|%u(s)d8,
0

and ut is unique. Let us now prove that the convergence holds true in the L2
sense. From (5.7) in Proposition 5.2 and (8.1) in Proposition 8.1, we get that

e L2 (R4 x R™). An application of the Strichartz estimates (3.10) shows that
the right hand side in (9.4) is like o(1) in L? when ¢y and ¢; tend to infinity. In
particular the convergence holds true in the L? sense. Now we prove (9.2). The
first equation in (9.2) is a direct consequence of conservation of mass and of the

convergence in L?. Concerning the second equation, since v € Z(R ), we can find
2(n+4)
a sequence t — +o00 such that the L™==7 -norm of u(tx) tends to zero. Combining

this with conservation of mass, we get that the L% norm of u(tx) tends to zero as
k tends to infinity. Let w(t) = e®(A*+e2)y+ Then, we have

2E(ug) = 2E(u(ty))
= llu(to) G2 — ellult)lF, + o)
= llw (o)l —ellwte)lF: +o(1)
= [[u™ 1%z — ellu™[7, + o(1),

and letting k& — 400 we get that the second equation in (9.2) holds true. The
continuity in H? of the mapping uo — ut follows from estimate (3.20), Proposition
6.1, and equation (9.5). The continuity in L? follows from the Strichartz estimates
(3.10) and the a priori bound on the Z-norm in Proposition 8.1. We may proceed

as when proving the control of the L5 (LQ(nnH) )-norm in Proposition 5.2. O

Conversely to Proposition 9.1, it is easy to show that the operators Si are
surjective.

PROPOSITION 9.2. Let n > 5. For any ut € H2,,, respectively u= € H?,,,
there exists a unique u € C(R, H?,;), solution of (1.2) with A >0 and p = 2% — 1,
such that (9.1) holds true. In particular, St are homeomorphisms from H?2 , onto
H2

rad*



224 BENOIT PAUSADER

PRrROOF. Again, by time reversal symmetry, we need only prove Proposition
9.2 for ut. Let w(t) = (A" +A)y+  Then by the Strichartz estimates (3.10),
w € W(R) and, given § > 0, there exists Ts such that the W ([Ts, 4+00))-norm of w
is less than §. For u € W([Ts, +00)), we define
(9.6) B(u)(t) = w(t) — iX / eit=9) (A7 HeR) |y (g) |75y (s)ds.

t
It is easily seen that for 0 sufficiently small, ® defines a contraction mapping on
the set
2(n+4) 2(n+4)

Xry ={u € W([Ts,+o0)) N L = ([Ts,+00), L~ = ); |lullw(zs,00)) < C9,

2nta) < Cllut|g2}

HUHLW ([Ts5,400),L

2(n+4) 2(n+4)

equipped with the L™= ([T5,4+00), L™ » )-norm. Thus ® admits a unique fixed
point w. It follows from the Strichartz estimates (3.19) and (3.20) that u €
C([Ts, +o0), H?) N M([T5,+00)). Besides, we can observe that

. Ts+t .
uw(Ts +1t) = e”(A2+8A)u(T5) + i)\/ el(t_s)(A%rEA)|u(s)|%u(s)d8.
Ts

Then, u solves (1.2) with p = 2% —1 on [T}, +00). Hence, using the radial symmetry

assumption, we see from Theorem 1.1 that u can be extended on R. Now, (9.1)
follows from (9.6) and the boundedness of w in W and Lw(Lw)morms.

Uniqueness follows from the fact that any radially symmetrical solution of (1.2)
with p = 2f — 1 and A > 0 has a restriction in X7 for some 7' > T}, and uniqueness
of the fixed point of ® in such spaces. The continuity statements can be proved
with similar arguments to those used in the proof of Proposition 9.1. O

ACKNOWLEDGEMENT: The author expresses his deep thanks to Emmanuel Hebey
for his constant support and for stimulating discussions during the preparation of
this work. The author also expresses his deep thanks to the referee for very helpful
comments that helped improve the manuscript.

References

(1] Ben-Artzi, M. Koch, H., and Saut, J.C., Disperion estimates for fourth order Schrodinger
equations, C.R.A.S., 330, Série 1, (2000), 87-92.

[2] Bourgain, J., Global well-posedness of defocusing 3D critical NLS in the radial case, JAMS,
12 (1999), 145-171.

[3] Cazenave, T., Semilinear Schrédinger equations, Courant Lecture Notes in Mathematics,
10, New York University, Courant Institute of Mathematical Sciences, New York; American
Mathematical Society, Providence, RI, (2003).

[4] Colliander, J., Keel, M., Staffilani,G., Takaoka, H., and Tao,T., Global well-posedness and
scattering in the energy space for the critical nonlinear Schrédinger equation in R3. Ann. of
Math. to appear.

(5] Fibich, G., Ilan, B. and Papanicolaou, G., Self-focusing with fourth order dispersion. STAM
J. Appl. Math. 62, No 4, (2002), 1437-1462.

(6] Fibich, G., Ilan, B. and Schochet, S. Critical exponent and collapse of nonlinear Schrodinger
equations with anisotropic fourth-order dispersion. Nonlinearity 16 (2003), 1809-1821.

[7] Foschi, D., Inhomogeneous Strichartz Estimates, J. Hyp. Diff. Equ. 2 (2005), 1-24.

(8] Grillakis, M., On nonlinear Schrédinger equations, Comm. Part. Diff. Equations 25 (2000),
1827-1844.

[9] Guo, B. and Wang, B. The global Cauchy problem and scattering of solutions for nonlinear
Schrodinger equations in H®, Diff. Int. Equ. 15 no 9 (2002), 1073-1083.



[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

27]

(28]
[29]

(30]

ENERGY-CRITICAL FOURTH-ORDER SCHRODINGER EQUATIONS 225

Hao, C. Hsiao, L. and Wang, B. Well-posedness for the fourth-order Schrédinger equations,
J. of Math. Anal. and Appl. 320 (2006), 246-265.

Hao, C. Hsiao, L. and Wang, B. Well-posedness of the Cauchy problem for the fourth-order
Schrédinger equations in high dimensions, J. of Math. Anal. and Appl. 328 (2007) 58-83.
Huo, Z. and Jia, Y. The Cauchy problem for the fourth-order nonlinear Schrédinger equation
related to the vortex filament, J. Diff. Equ. 214 (2005), 1-35.

Karpman, V.I., Stabilization of soliton instabilities by higher-order dispersion: fourth order
nonlinear Schrédinger-type equations. Phys. Rev. E 53, 2 (1996), 1336-1339.

Karpman, V.I., and Shagalov, A.G., Stability of soliton described by nonlinear Schrédinger-
type equations with higher-order dispersion, Phys D. 144 (2000) 194-210.

Kato, T. On nonlinear Schrédinger equations, II. HS-solutions and unconditional well-
posedness. J. Anal. Math. 67 (1995), 281-306.

Keel, M., and Tao, T. Endpoint Strichartz inequalities. Amer. J. Math. 120 (1998), 955-980.
Kenig, C. and Merle, F., Global well-posedness, scattering, and blow-up for the energy-critical
focusing nonlinear Schrédinger equation in the radial case, Invent. Math. 166 no 3 (2006),
645-675.

Killip, R., Visan, M. and Zhang X., Energy-critical NLS with quadratic potentials preprint,
(2006).

Lin, J.E., and Strauss, W.A., Decay and scattering of solutions of a nonlinear Schrodinger
equation. J. Funct. Anal. 30, (1978), 245-263.

Levandosky, S. and Strauss, W., Time decay for the nonlinear beam equation. Meth. and
Appl. of Anal. Vol 7 no 3 (2000), 479-488.

Payne, L.E. and Sattinger, D.H., Saddle points and instability of nonlinear hyperbolic equa-
tions, Israel J. Math., 22, 1975, 273-303.

Ryckman, E. and Visan, M., Global well-posedness and scattering for the defocusing energy-
critical nonlinear Schrodinger equation in R'*t4, Amer. J. Math. 129 (2007), 1-60.

Segata, J., Well-posedness for the fourth-order nonlinear Schrédinger type equation related
to the vortex filament, Diff. Int. Equ. 16 no 7 (2003), 841-864.

Segata, J., Remark on well-posedness for the fourth order nonlinear Schrédinger type equa-
tion, Proc. Amer. Math. Soc. 132 (2004), 3559-3568.

Segata, J., Modified wave operators for the fourth-order non-linear Schrdinger-type equation
with cubic non-linearity Math. Meth. in the Appl. Sci. 26 n 15 (2006) 1785-1800.

Tao, T., Global well-posedness and scattering for the higher-dimensional energy-critical non-
linear Schrédinger equation for radial data, New York Journal of Math. 11 (2005), 57-80.
Tao, T., Nonlinear dispersive equations, local and global analysis. CBMS. Regional Confer-
ence Series in Mathematics, 106. Published for the Conference Boardof the Mathematical
Science, Washington, DC; by the American Mathematical Society, Providence, RI, 2006.
ISBN: 0-8218-4143-2.

Tao, T. and Visan, M., Stability of energy-critical nonlinear Schrédinger equations in high
dimensions, Electron. J. Diff. Eq. 118 (2005), 1-28.

Visan, M., The defocusing energy-critical nonlinear Schrodinger equation in higher dimensions
Duke Math J. to appear.

Wang, B. Nonlinear scattering theory for a class of wave equations in H®. J. Math. Anal.
Appl. 296 (2004), 74-96.

UNIVERSITE DE CERGY-PONTOISE, DEPARTEMENT DE MATHEMATIQUES, SITE DE SAINT-MARTIN,

2 AVENUE ADOLPHE CHAUVIN, 95302 CERGY-PONTOISE CEDEX, FRANCE

E-mail address: Benoit.Pausader@math.u-cergy.fr



