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On the Chaotic Behavior of a Compressed Beam

Flaviano Battelli, Michal Feckan, and Matteo Franca

Communicated by Michal Feckan, received January 6, 2007.

ABSTRACT. We study a PDE modelling a compressed beam with small friction
and subjected to a periodic forcing of small amplitude. We assume that the
load of the beam is resonant to the i-th eigenvalue of the associated unper-
turbed problem and prove that, when both forcing and damping are sufficiently
small the equation exhibits chaotic behaviour.
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1. Introduction

This paper is devoted to the study of a system modelling a compressed beam
with friction subjected to a small periodic forcing. In particular we want to indi-
viduate the existence of chaotic patterns. The model is described by the following
PDE

(1) Uty + Ugzas + Vlzz — ’iuzxf(/o ui(é,t)df) = e(vh(z, \/Et) — dug),

(2) w(0,t) = u(m,t) =0 = Uz (0,t) = uge (7, t)

where u(z,t) € R is the transverse deflection of the axis of the beam; v > 0 is
an external load, k > 0 is a ratio indicating the external rigidity and § > 0 is
the damping, ¢ and v are small parameters, the function h(z,t) represents the
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periodic (in time) forcing that is distributed along the whole beam. We assume
that h € L>(R, L([0,])) is a 1—periodic function of ¢ with || [ h(z, t)? d:vHoo =1.
Therefore ev represents the strength of the forcing.

The first work on oscillations of an elastic beam subject to an axial compression
was done by Holmes and Marsden [5]. More recent works on the full equation are
due to Rodrigues and Silveira [14] and Berti and Carminati [2]. An undamped
buckled beam is investigated by Yagasaki [19] to show Arnold diffusion type mo-
tions.

The above papers discuss equation (1) when the external load 7 is not resonant
and k € R is fixed. Here we discuss the complementary case. Precisely we assume
that ~ is slightly larger than the i-th eigenvalue of the unperturbed problem: v =
i? + eo?, where i € N is fixed, € > 0 and o € (0, 1]. Therefore we will also assume
that x = €k, so that the contribution given from the stress due to the external
rigidity, does not drive the system too far away from the resonance.

Next we briefly summarize the status on chaos in partial differential equa-
tions. For the complex Ginzburg-Landau equation in the near nonlinear Schrédinger
regime (i.e. perturbed nonlinear Schrédinger equation), existence of homoclinic or-
bits was proved by Li, McLaughlin, Shatah and Wiggins [6, 12, 13], and existence
of chaos was proved by Li [7, 8] under generic conditions. For perturbed sine-
Gordon equation, existence of chaos and chaos cascade around a homoclinic tube
was proved by Li [9, 10, 11]. For the reaction-diffusion equation, entropy study
on the complexity of attractor was conducted by Zelik [15, 16, 17]. Chaotic oscil-
lations of a linear wave equation with nonlinear boundary conditions are shown by
Chen, Hsu and Zhou [3]. The development on chaos and its controlling for PDEs
is summarized by Zhao [18].

The plan of our paper is as follows. In Section 2, we formulate weak solutions
to (1). Then in Section 3 we prove the main result Theorem 3 of this paper by
using some ideas of [1].

2. Formulation of weak solutions

It is easily observed that the unperturbed problem

Ugpzzrr T VUzz = 0,
w(0,t) = u(m,t) =0 = Uz (0, 1) = gy (m, t),

admits {j2|j € N} as set of eigenvalues and that the corresponding eigenfunctions

2 sin(jz), where j € N, form an orthonormal system in L?([0, 7]) which generates

the space W = HZ([0,7]).
First of all we make the linear scale ¢ < y/et. Then equations (1), (2) read:

Ut + %[umcmc + (i2 + 602)“11] - kf(A ui (57 t)df) Ugz = l/h(l‘, t) - \/E(Sutv
w(0,t) = u(m,t) =0 = Uy (0,t) = gy (m,t).

3)
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We want to solve (3) in a weak form, that is we look for a function u € U :=
L>*(R, W) C L*®(]0, 7] x R) such that

(4)
/_:O /OW“(“’”’“{‘I’“ + E[W + (% + e0”)Wog] — kf < /O ' ui(@t)d&) -

— bW, — v (z, )h(, t)}dmdt ~0
for any ¥(z,t) € C*([0, 7] x R) with compact support and such that
U(0,t) = U(m,t) = U, (0,8) = Upp(mr, t) = 0.

3. Chaotic Solutions

In this section we prove the existence of chaotic solutions for (1). The plan is
as follows: first by using a Galerkin method, we rewrite (4) as an infinite system
of differential equations (5)—(7). Then following [1], we apply a Ljapunov-Schmidt
reduction method for this system to derive a Melnikov function. The existence of
its simple roots predicts chaos for (1) (see Theorem 3).

To start with, note that we can expand the function u(x,t) € U as follows

\/ Z ¢ (t) sin(lz) 4+ y(t) sin(ix) Zz] ) sin jx

0<i<i j>i

where ¢;(t),y(t), z;(t) € L=(R), the expansion holding in HZ([0,]). Similarly we
write:

\/> Zwl )sin(lx) 4 1, (t) sin(iz) Z ;(t) sin jx ,

Jj=i+1
where, for any k > 1, ¢ (t) € C§°(R), the space of C°°—functions on R having

compact supports. Plugging the above expression for u(x,t) and ¥(x,t) into (4) and
using the orthonormality, we arrive at the system of equations for the components

(é1(8),y(t), 2 (1)) of u(x, )
Gi(t) = ELe 2, (0) + RiEF( S Pou(t)? + 5P + X 52 (0)? ) oul)

0<I<i >i

() ,
+\/€eddy(t) — 1/\/% Jy h(z,t)sin(lz) dz =0

(6)
§(0) = 2i2y(t) + ki2f (5 o) + 2P0 + Xy 2230 ) y(t) + Ve

0<i<i

_y\/g foﬂ h(z,t)sin(iz) dz =0

5(0) + T2 (0 + kP Pat) + 2520 + X 725(0?) %(0)

0<i<i )
+/€62(t) \/7f0 (z,t)sin(jz)dz =0

where 0 < [ < ¢ < j. This way we have decomposed the problem along three
submanifolds: a strongly hyperbolic second order problem in Ri~!, a hyperbolic
second order problem in R, and a second order problem in an infinite dimensional
center manifold.
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To simplify matter we replace (¢:(t), y(¢), z;(t)) with (i (t/3), iy (t/7), iz;(t/7)).
'(F71)16n, \Czlvrltmg again (¢;(t),y(t), z;(t)) for (i¢ ( /1), 1y(t/1),iz;(t/)) equations (5)-

q'zim ﬂ(é) ()

(8) ()f(0§< ()’ o +v@+ T (3) > <>2)¢l<t>
+\/€0i gy (t) \/7f0 (x,t/i)sin(lx) dw

o OO kf(o X070 + 70+ T (1) 50y

+/€di™ 1y _1\/7f0 (x,t/i)sin(iz)dr =0
zm — BT (1) (1) N
ay k() f( 2 R 20+ () 502) 50
+€8iT i (t) —vim \/>f0 (x,t/7) sm(y:z:)d:z:-O

Let C}(I) be the Banach space of C'—functions on the interval I C R that are
bounded together with their first derivative with the norm

£z = 1 e + 1f oo

Let k£ be a positive integer and set m = ki. In the following we will need to
consider the Banach space of piecewise C'* functions on R with possible jumps (of
the function or its derivative) at the points (25 — 1)m, j € Z and such that the
?lelg{||y||cb1([(2j,1)m7(2j+1)m])} < 00. We use the shorthand

Y i= MyezCi(((2) — Dm, (2 + 1)m])
to denote this Banach space with the norm
lylly == SUP{||y||c;([(Qj—1)m,(2j+1)m])}
JEL
We also introduce the following Banach spaces:
2= {2) = {50}, 1z € AR, |3 7220)| <o},
Jj>i
= {6(t) = {011} | (1) € CLR)},
U = {u(t) = (¢(t), (1), 2(1)) | ¢(t) € ®, y(t) €Y and 2(t) € Z}

endowed respectively with the norm

Izl = || [ 42| . ole= [ 3 a2, and
>t o o<li<i

lullo = ll¢lle + lylly + 2]z

where obviously u(t) = (¢(t), y(t), 2(t)). Observe that U C U therefore we will in
fact work in U.

oo
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We assume that f(x) satisfies the following:

Hypotheses
F1: The function f : Rj — RJ € C([0,00)) N C2((0,00)). Moreover we
assume the following conditions hold: f(0) = 0, limsup |zf'(z%)| < oo
r—0+
and limsup |2° '/ (z%)| < o0.

z—0t

F2: The equation
(11) j—o’y+kf(y*)y=0

has a positive homoclinic solution that is a C2—solution y(t) > 0 such
that lim ~(¢t) = lim 4(¢) =0.
t|—oo

[t]—o0 Il

1. REMARK. i) Observe that 7;(t) = ~(it)/i solves the equation
(12) j— ity + ki f(i*y*)y =0
for any ¢ € N\ {0}. That is ~;(¢) is a solution of the equation obtained from (6)
taking ¢;(t) = 0, z;(t) = 0 and € = v = 0. We will refer to equation (12) as the
unperturbed problem.

ii) Equation (11) has the energy function

2

By.i) = i+ | " (kf(s) — 0) ds

0
which is even in both y and g. Since tlim ~(t) = 0, we see that 4(t) = 0 has a

solution tg. It can be proved (see [4]) that this solution is unique. Hence we can
assume to = 0 and then ~(t) = y(—t) because of uniqueness. Thus either v(¢) has
a positive maximum or it has a negative minimum at the point ¢ = 0. Since —~(¥)
satisfies equation (11) when ~(t) does, we see that the assumption v(¢) > 0 is not
restrictive. Then, (¢) is increasing on (—o00,0] and decreasing on [0,00). As a
consequence 0 < y(t) < M := «(0). Since the energy function E(y,y) is constant

along (v(¢),74(t)) and %4(0) = 0 we get

M2
/0 (kf(s)—oQ)ds:O

(note that tli)r(r)lo E(y(t),%(t)) = E(0,0) = 0) and

2

/0m (kf(s)—o0?)ds <0

for 0 < z < M. Finally kf(M?) # o2, since, otherwise z = M would be a fixed
point of equation (11). As a matter of fact we have k f(M?) > o2, since the function

/ " (k) 0%)

passes from negative values to 0 when x — M~ and then its derivative at x = M
must be non negative. As a consequence assumption F2 implies that the following
condition holds:
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JIJ2
F2’: There exists M > 0 such that / [kf(s)—c%ds < 0forany 0 < x < M
0

M2
and / [kf(s) — o%|ds = 0. Moreover kf(M?) > o2.
0

On the other hand if condition F2’ holds then the solution ~(¢) of (11) such that
~(0) = M and 4(0) = 0 satisfies 0 < (t) < M for any ¢ # 0, and is homoclinic to
the (hyperbolic) fixed point =0, & = 0 of (11). Thus the two conditions F2 and
F2’ are equivalent.

Finally we observe that the curve (y(t),4(¢)) is contained in the sector {(y,9) | y >
0 and |g| < oy}, that is:

(13) Y()] < ov(1)
for any t € R.

iii) Since we look for solutions which are close to the homoclinic orbit, in fact
it is enough that f is defined just for 0 <z < M2 + 1.

iv) Assumption F1 is satisfied in particular if we take any function f(z) of
the form f(z) = g(z®), where @ > 1 and g(z) € C?([0,00),[0,00)) is a positive
function such that g(0) = 0.

v) From F1 it follows that:
. ’ T 2 p000,.2Y

Jim zf(z) = lim 2°f'(2%) = 0
and similarly

: 2 pn 1 4102\

mlg&x f (x)—il_r%;v f(x*)=0.

Hence the function zf(2?) is C* on R and its second derivative is bounded on
K\ {0}, K being any fixed compact subset of R. In fact, for = # 0, we have

L ef @) = 2227/ (0) 4 (&) = 0 = [ f (o

as z — 0 (see point v)). Thus -L[zf(z?)] is continuous in R. Next

d2
e ()] = 6af (o) + 457 (s?)
T
is bounded on K\ {0} for any, given, compact subset K of R because of assumption

F1.

It follows from Remark 1-v) that the functions f(z), zf'(z), 22" (x) are uni-
formly continuous in any compact interval [0, Mo]. We set

N = max{f(2®) |z € [0, /M2 + 1]},
N’ :=sup{2|zf'(z*)| |z € (0, vV M2 + 1]},
N = sup{|2®f"(2%)| | @ € (0,v/M> +1]}.
where, we recall, M = v(0), and:
(14) F(n,¢) = f(n* + ).



ON THE CHAOTIC BEHAVIOR OF A COMPRESSED BEAM 61

Then the following result hold:

1. LEMMA. We have F(n,¢) € CY(R?*)NC%(R?\ {(0,0)}) and, for any compact
subset K C R?, the second derivatives of F(n,¢) are bounded on K \ {(0,0)}.
Moreover F¢(n,0) = F¢(0,¢) = F,(0,0) = 0. More precisely

1, O < N (Inl + VP + )
. and |Fe(n, ©)| < N'min{|n|, ||} for any (n.C) such that v + ¢ < M? + 1.

PROOF. Only the estimate | Fy(n, ()| < N’ (|77| + /1% + C2> needs to be proved.
For any 0 < z < v/ M2 + 1 we have:
(15) fa?) = 1) = 10 = [ 26/t < N

0
Then

|y, O < 120f' (P + ) Il + 1f(” + ) < N (Inl + V02 + <2) -

In the following we will make use of the following constants:

ky =sup{|Fec(n, Q) : 0 < n® +¢* < M? +1},
k2:sup{|F”]7}(nuC)|:0<’r]2+<2§M2+1}u
ks =sup{|Fyc(n,Q)] : 0 <n? +¢* < M? +1}}.

It is easy to check that the constants k1, ko and k3 can be estimated in term of NV,
N’ and N”. We leave these computations to the reader.

We begin by solving (6) for any fixed ¢,z such that ||¢]le < p, ||2]lz < p,
through the Banach Fixed Point Theorem. We will adapt to this setting the ar-
gument given in [1]. Let m > [e=%/4] + 1, [e~3/4] being the integer part of ¢~3/4,
From now on we assume that 0 < ¢ < (1/2)*/? so that m > 3. We look for chaotic
patterns close to the homoclinic solution ~;(¢) sin(iz) of the unperturbed problem.
Thus writing

oo

\/jzu (x,t/i) = Z(bl sin(lz) + y(t) sin(iz) + Z zj(t) sin(jz)

j=i+1

we see that the components (¢;(t),y(¢), z;(t)) solve (8)—(10) and iu(z,t/i) is close
to y(t)sin(ix). Hence we introduce the following metric spaces. Let & = {0,1}%
be the space of doubly infinite sequences of 0’s and 1’s. Thus F € & if and only if
E ={e;} ez, with either e; =0 or e; = 1. In £ we take the norm

{e;}jezll = Z BIk

JEL

moreover for any E = {e;};ez € £, we put

x = {a ={aj}tjez € LR) |a; e Rand a; =0if e; = 0},
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¢*°(R) being the Banach space of bounded, doubly infinity sequences of real num-
bers, endowed with the sup-norm. We will also consider the closed and bounded
subset of £ x {*(R):

X={(E,a) e ExL®R) |a ety and || <2}.

In [1, p. 178] it has been proved that X is closed.
For any { = (E,a) € X we take the function v¢ = v(p,o) € L=(R) defined as

(1) = vyt —2im—a;) if (2j—1)m<t<(2j+1)m ande; =1
R if (2 —1)m <t <(2j+1)m ande; =0.
For sake of simplicity we will silently include, in the above definitions, also the end

points of the intervals [(25 — 1)m, (2§ + 1)m], j € Z. From [1, p. 178] it follows
that v¢(t) has the following properties

(i): 7¢(t) is a bounded, piecewise C2-function, with bounded derivatives and
possible jumps at the points (25 — 1)m, j € Z, and satisfies, in any of the
intervals ((25 — 1)m, (2j + 1)m) the equation

(16) i+ [kf(y*) — o’y =0.

Moreover e (t), 9¢(t), J¢(t) and are bounded uniformly with respect to
(&, m) and the following estimates hold:

Velloo < M, [[¥¢lloc < oM, 3¢l < M[o® + EN].

ii): ve(t), Ye(t), Ae(t) are Lipschitz continuous in a € ¢% uniformly with
3 3 3 E
respect to (E,m). Actually we have:

e = e loo < oM|la’ — |
(17) ||’y£/ — ")/5// Hoo S M[O'2 + kN]”O/ _ a//H
15er = Fer loo < (02 + kN )o M|’ — a”||.

Since 7(t) is a solution of (11) that tends to y = 0 as |[t| — oo, it follows from
standard theory that there is a constant A; > 0 such that

(18) Ie(t)] < Ayeolt=2m=asl -t e (25 — 1)m, (2 + 1)m].

From F1 it follows that 4(¢) is a bounded solution of the variational problem
associated to 4 + [kf(y?) — 0]y = 0. More precisely all bounded solutions of

(19) i+ 2EF (P @O)2 (1) + kf(V(t) — 0%y =0

take the form ¢y(t) where ¢ € R. We now study the problem of existence of solutions
y(t) € W2°°(R) of the following linear non-homogeneous equation

§+ 2 (ZOE ) + kf(E(E) — o]y = h(t)
y((25 +)my) —y((25 + Dm-) =T

§((2 + Vms) — (2 + Ym_) =T

y(2jm + «;) =0, for any j € Z such that e; =1

(20)

where h € L*°(R), and the ordinary differential equation in (20) holds almost
everywhere.
We note that

[kf(y*) = o®]y € C'(R)
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and L [kf(y?) — UQ]y‘ = —0? < 0 (see Remark 1-v)). Thus, adapting to this
Y y=0

setting the argument given in [1, Lemma 1] with few small changes, we obtain the
following result:

2. LEMMA. There exist positive constants A, B,C € R and mg € N such that
for any £ = (E,a) € X, m > myg, and j € Z, there exist linear functionals Ly, ¢, j :
L®(R)x £ (R)x {*(R) — R, such that ||Lm.¢ ;|| < Aeje™™, and with the property
that if h € L*(R), I' = {T;}jez, 1" = {I';}jez € €2(R) then (20) has a unique
solution y(t, &) which is bounded on R and C* in any interval (25 —1)m, (25 +1)m)
if and only if

(25+1)m
(21) Leih+ / 75(t)h(t) dt =0
(2j—1)m
for any j € Z. Moreover, the following properties hold:
2 1)
(22) 91, )lloo + 192, )lloo < BlllAlloo + ITI + o HIT]]]

: 4i) let y,(t) be the unique bounded solution, C* on ((2j — 1)m, (25 + 1)m),
of the equation

y - G2y = h(t) )
(23) y((25+)my) —y((2) + Dm—) =T
#(23 + Vme) — (25 + )m_) =T
then there exists a constant C' such that

[y(t,€) —yp(t)] < Cle™ ™2 4 emoU=2m=an ) p] o

for anyt € (2§ —1)m, (2j 4+ 1)m) and j € Z;

2 i) let & = (B, o), £ = (B,d") with o ,a” € {F(R) and & be either &’
or £". Assume that h(t,§) € L*(R) satisfies (21). Then there exists a
constant ¢, independent of & such that the following holds:

(24) max{|[y(-, &) = y( €)lloo, [19(,€") — 9(-, ") loc }

< B|A(t,€7) = h(t, €)oo + erl[B(E, )] [0 = .
Finally, for any m > myg, the map Ly, : X x L°(R) — (2°(R) defined as L, (§,h) =
{L ¢ jh}jez is Lipschitz in a € £ uniformly with respect to (E,m).

In order to apply Lemma 2, we consider the set

(2j+1)m

Sme = {h € L¥(R) | Lumch +/
(2j—1)m

Ae(t)h(t) dt = 0 for any j € Z}.
Note that when £ =0 (i.e. (E,a) = (0,0)) we have S, ¢ = L= (R).

Following [1] we obtain this result

1. PROPOSITION. There ezists a projection Qum, ¢ : L°(R) — L®°(R) onto Sy, ¢
which is uniformly bounded with respect to (m, &) and Lipschitz in « € (3 uniformly
with respect to (m, E), that is constants As, L, independent of (m, E), exist such
that

(25) 1Qmell < Az
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and

(26) ||Qm,(E,oc) - Qm,(E,a’)H < Llla - O/H
for any m > m and (E, o), (E,o') € X.

According to Lemma 2 we define a linear bounded operator Vi, ¢ : Spme X
®°(R) x £*(R) — Y, with ||V, ¢]| < B, where the norm on ¢*(R) x £°(R) is
defined as ||T'1]| + o 1||I‘2|| such that V;, E(h I, T")(t) is the unique weak solution
of (20). Note that, from (22) and (24) we obtain the following. Given h(t) € Sp, ¢,
hy (t) S Sm,éla hg(t) S Sm1£2, F,Fl,FQ € > (R), then:

@) Vin,ga (h2, T, T') = Vin g, (ha, T, T) |y < Bllha — halloo + c1llhz]|oolloz — o]
[Vin.g (h. T2, T%) = Vin e (h, D1, T9)ly < BI[[T2 = T | + o [T — Ty]]
since Vi ¢(h, T2, T%) — Vi ¢ (h,T'1,TY) is a bounded solution of
i+ 2k (V)7 () + kf(E(t) — o]y =0,
(2 + 1m) (2 + Dm-) = Ta; — T
y((25 + my) —9((25 + Ym-) =15, — T ;
Note that, for the same reason,
(28) Ve (0, T2, T%) — Vi (h,T'1,T}) = Vi e (0,T3 — Ty, T — ).

We are looking for solutions of equations (8)—(10) such that the sup-norm of y; (t) —
ve(t), ¢i(t) and z;(t) are small. Hence we replace y(t) by y(t) + v¢(¢t) and project
the right hand side of (9) obtained for the new y(t) onto S, ¢.

We set 6; = 6i~ L, v; = vi~! and

S(§7U,t) = %(£7¢7y72:,t)

1—1 0o
= [l PO + (e () +y(1))2 +i72 Y 223(1)]
=1

j=i+1

(29)

Then, recalling that 4(¢) satisfies (19) and that Q. ¢%e = 0, we obtain the following
system

ii(t) — o2y(t) + k[2F (ve(®)2)e()? + F(re()?) ]y
=—@M%mmwmu+wu1kﬂman>
(30) E[2F (7)) (®)® + F(re(D)?) Jy(t) + Vesii(t)

\f (/i) sin(iz) dz }

f)zqsl(t) +k (l>2 3(& u, t)eu(t)

7

2 — 12 + eo?

- £

€

(31)
+\/_5(J5l \/g/ohzt/zsmlm) 0<il<t
5+ LT {-2 2) (6 ut)z ()
(o)
+Vebizi(t) = v, - h(z,t/i)sin(jz)dz, j>i

0
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together with the jumping conditions

(33)
y((2k + )my) —y((2k + D)m_) =Tep 1= 7e((2k + 1)m_) — 7c((2k + 1)m)
92k + Dmy) = 9((2k + 1)m_) =T . := Y¢((2k + Dm_) — ¢((2k + 1)m)

for any k € Z. Of course, if i = 1 the set of equations (31) is empty. To solve
equation (30), (32) we want to use the Banach Fixed Point Theorem.

Let Ny, := {m € N : m > mg}. We define the operator T?(u,&, m,€) :
UxX xNp, xRy =Y as follows

T? (ua 57 m, 6) = Vm,E(h(’u, ga m, €; t)a {Ffﬁk}kGZv {F/ﬁ,k}kGZ)

where h is the right hand side of (30), I'¢x, I, are defined in (33) and Vi, ¢
is the linear map which associates to an element of S, ¢ X £>°(R) x (*°(R) the
corresponding solution of (20). In the whole paper we will denote by ®,, Y, and Z,
the balls of radius p > 0 centered at the origin, in the space ®, Y and Z respectively.
We also set

U,=®,xY, x Z,

Then we will define the operators T (u, £, m, €) and T3 (u, £, m, €) mapping U, x
X x Ny, x Ry into ®, and Z, respectively, in such a way that the fixed points
of the map T'(u,&, m,e) := (T (u,&,m,€), T?(u, &, my€), T (u, &, mye€) : Uy x X X
Npo % (0, €9) — U, are solutions of (30)—(32) and we show that T is a contraction
in U, with contraction factor that tends to 0 when € + p+ 1/m tends to 0.

We begin by proving that T2 is well defined, that maps U, into Y, and that
it is a contraction in u € U, uniformly with respect to (£, m,€). To reach this goal
we write T2 as the sum of two operators. Let:

hi(y;t) = Vedig(t) — Vi\/g/oﬂ h(x,t/i)sin(iz) dz

(34) ho (& u;t) = F(& u, )[ve(t) + y()] — f (ve(0)?) e (t) + y ()]
= 2" (7(6)*) e (1) *y (1)
= F(ye(t) + y(t), c(t)) — F(e(t),0) — Fy(ve(t),0)y(t)

where
. 1/2
(35) ety =it [D PG+ Y P
=1 j=itl
(see also (14), (29)). Note that
(36) lellZ < llells + i 1=11%-

Now we define the operators

T (&y) = —Vim,e(Qm.eh1(y; ), {Te e trez, {Th i rez),
Tb2(§7 ’LL) = _Vm,£(Qm,§h2(§u U; ')7 Oa 0)
and note that T?%(u, &) = T2(&y) + kTZ(&; u).
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3. LEMMA. There are constants ky > 0, ko > 0 such that for any £ € X and
Y, 9,9 € Y, it results:
IT3E )y < B{Asz(lvi| + Vedi|lylly] + 4A1e*e™™},
61 T2 - TEEDY < [l + ovElgly) + ke~ Ja -
+ A2 BVedillg — gl -

PROOF. We begin by giving an estimate of hq(y;t) and of I'y, I'}.. (From
Holder inequality we get that

\/g/ow h(z,t/i)sin(iz) dx

151.(y; oo < i] + di/ellylly-
Next, since (13) and (18) hold we get

k| < 241%™, |T| < 204;€%e™ ™7,
Then the first inequality in (37) follows from Lemma 2 and (25). Next
IT2(9) = THE Dy = IVediVin,g(Q, els — 31, 0,0)lly
< A2BVedillg — glly-

<sup [|h(-,t/i)l]2 <1,
teR

therefore

(38)

Finally, recalling (25)—(28), we get

T2 y) = T2Ey)ly <

S Vi (@ g1 (45 ), T Tg) = Vi (@ gha (y3-), T, T Iy +

1V 60T =T, T ~Tolly <

< BlQyne = @ cllPa (s )lloo + 1llQun P (45 ) llooll 6 — al|+

+ B[l = Tgl + o7 IT: = Telll <

< [BL + er Ao][Jui| + div/ellyllv]lla — all + BlIITg = Tell + o~ |T; — TEl].

(39)

Now, if e, = ex+1 = 1 we have:
ay,

|Fé,k — Ff,kl < / |7(m — 9)| + h/(—m — 0)|d6‘ < 2UA1€206_mU|dk — dk|

ay

and similarly

Gy
|F:§,k —Tg,l < / 5 (m — 0)| + [5(—m — 0)|df < 2(c* + kN)Are* e ™| ay — ay

o
Since similar estimates hold also in the other cases (i.e. when (eg,ex+1) = (0,1),
or (eg,ex+1) = (1,0) or e, = ex1 = 0) we obtain
[T —Tell < 204177 ||& — a|
IT = Tell < 2(0% + kN)A1e*7e ™ |a — a.

Hence using (38), (39) and the triangular inequality, the second estimate in (37)
follows with .

kl = BL + A201

ko = 21413620(20 + J_lkN).
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This concludes the proof. O

From Lemma 3 it follows that 72 is a contraction on Y, provided € and v are
sufficiently small. We now prove a similar result for T}?.

4. LEMMA. There exist pg > 0 and a continuous increasing function &(p)
defined for 0 < p < po and such that A(0) = 0, such that, for any 0 < p < po the
following hold

1
T3 (& wlly < 5A2Bmax{ky, ko, N'}|ul?
(40) IT(& @) — T2 a)lly < 3AsBmax{ki, ks, N'}plla — allu
+245BpA(p)|a - a

]iO’f’ any u f (¢ay7 )7 (¢ ya )7 (d),ﬂﬁ) € UP and any éag € X with
§=(E,a),6=(E ).

PROOF. We begin with an estimate of ||h2(§, u; +)||co- Using the second equality
in (34) we get:

ha (& ws )] <|F(e(t) +y(1), (b)) — F(re(t), 0) — Fy(1e(t), 0)y (1))

] / (e (6) + 0y, 0c(t)) — <<>7o>d9y<t>]

+

[ Eito) + outo, ocyasets|

0
Now, from Lemma 1 we obtain

1

/ (Fe (e (t) + By(t), 6e(t))]| dble(t)] < N / 06]c(t)[> <
0 0

Next we have, using again Lemma 1,
1
[ 1F 60+ 006 0c(e)) = 0. 0 latlae)

1 1
< [ timsup [ By 0e(6) + aBy(e), o8e(t) + N)lododely()
0 A—0+ 0

1 1
+/ lim sup/ | Foc(ve(t) + aby(t), obc(t) + X)|0dodb|c(t)] |y(t)]
0 X—0t Jo
<5kl + Shsly®)] e(D)] < 5 max{hz, ks}yOl(ly(0)] + le())
and then, using (36):

1
(41) 172 (€, w3 )lloo < 5 max{ha, ks, N'}H(I6]le + [lylly + 1] 2)*.

Then the first estimate in (40) follows from ||V, ¢|| < B and ||Qm ¢|| < As.
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Next, we observe that v/Y - | k?aZ defines a norm in the set of sequences {ay }«
such that >~ k%a? < co. Therefore, for any fixed ¢, the triangular inequality gives

1—1 o) 1/2 1—1 o) 1/2
o) —e < | |DPom+ D> PEm| - [ D P+ Y i*E )
=1 J=i+1 =1 Jj=i+1
i—1 00 1/2
<D oPlae) = a0 + Y 57150 =z (0
=1 Jj=i1+1

(here ¢;(t) and ¢;(t) are defined as in (35) with ¢;, ¢; instead of ¢; etc.). Hence
(42) e —ell3 < 11—l +i 12— 21I%.

Now we prove the second estimate in (40). First we take 4, a, € U, with the same
y component, that is @ = (¢, v, 2), @ = (¢, y, 2). Then, using also (42) we get

[h2(&, ., 2:1) = ha(&, 6.y, Z:1)| <
= [F(ye(t) +y(t), é(t) = Fye(t) +y(1), e(t))] <
< N max{]|¢]oo, [|€]loc }H[€ = €lloo
Thus using also (36) and (42) we obtain, for any (¢?,y, 2),(b,y,2) € U,
(43)  |lh2(&, 6.y, %) = ha(€, 65,7 ) oo < N'pV2[|Id = dlle +i72)12 — 2] 2]
Next we fix ¢ € ®,, z € Z, and take g,y € Y,. We have:
|ha(&, 0,9, 2:t) — ha(€, 6,9, 23 t]

< / IFy(ve + 05+ (1— 0)7,¢) — Fy(re.0)|d0lg(t) — (t)]

1 1
g{ /0 li;n?ﬁp/o | Fon (e + 009 + o(1 — )y, 0c¢+ \)| |09 + (1 — 0)y|dodd

1 1
+ / lim sup/ |Foc(ve + 00y +o(1 —0)y,0c+ )\)||c|dod9} [9(t) — y(t)]
0 A0+ Jo

<Ak max{[g(@)], [5(t)[} + kslc()[}(t) — 5(t)] < 3pmax{k, ks}|5(t) — 5(1)]
having also used (36). As a consequence for any (¢, 9, 2), (¢, 7, z) € U,, we have:

(44) ||h2(§a¢ay7z; ) - h2(§,¢,g72)7 )”OO < 3H1&X{k2,k3}p||g - QHOO

Now putting together the estimates (43), (44) and using ||Vi, ¢|| < B and ||Qum ¢l <
Ao we see that

(45) T3 (&) = T (&, a)lly < 3A2Bmax{ks, k3, N'}plli — v
where @ = (¢,7,2),4 = (¢,7,2) € U,. This proves (40) when £ = £ = ¢
Now we prove (40) when & = & = u € U, and £ = (E,q), € = (E,a), with
&, a € % . We have:
ha(€,ust) — ha(€ ust) = F(g(t) +y (1), elt)) — Flye(t) +y(t), e(t)
= F(7:(1),0) + F(7(1), 0) = [ (7(2), 0) = F (1), 0)]y(t)



ON THE CHAOTIC BEHAVIOR OF A COMPRESSED BEAM 69

Suppose that t € ((25 — 1)m, (25 + 1)m]. Then, if e; = 0 we have

ha (€, ust) — ha(€,ust) = 0
since, in this case, 7¢(t) = 7£(t) = 0. If, instead, e; = 1 we have v¢(t) = y(t—2jm—
d&;) and similarly ¢(t) = v(t — 2jm — a;). Assume, to fix ideas, that a; > &; and
set I;(t) :== [t — 2jm — &;,t — 2jm — &;]. Then we have, neglecting for simplicity
dependence on t in y, c:

|h’2(éa u7t) - hQ(gvu; t)| <

1
(a6 timsup [ {1 (1(5) 4 0,64 2) = Fop (1), ) I
A—ot+ J1;) Jo

+ | Fyc (1(5) + By, 0 + N)el }4(5)1do) ds

We have to distinguish two cases.
First case. If y(s) > 3p then from (13) and o < 1 we get, for any 0 € [0, 1]:

[Y(s)l < (s) <2(v(s) — p) < 2(7(s) + Oy).

Write, for simplicity, a(s) = ~(s) + 0y, b = 6c + XA and note that a(s) > 2p,
0<b<pv2+ A\ Then

19(s) Fye (als), b)| < 2|a(s) Fyc(a(s), )|
(47) = 2b4a(s)*f"(a(s)? + %) + 2a(s) f'(a(s)* + b?)| <

< 2b(N' +4N") < 2(N + 4N")(pVZ + ).
Next:

NF(0,¢) = 617 f' (0 + C*) + 4 f"(* + ¢?)

is continuous in R?, and hence uniformly continuous in compact subsets of R2,

since so are xf’(z) and 22 f”(z) (see Remark 1-v). A a consequence, for |ng| < M,
[Gol < 1 and | —nol,[¢ — Co| < p we have:

1 Fyn (1, C) = nFom(m0, Co)| < [nEy (0, C) — 10 Fnm (10, Co)l + [Fon (105 Co)l 11 — 10l
< A(ln —nol + |¢ = Col) + k2[n — nol
where A(p) is an increasing function of p such that A(p) — 0 as p — 0. Taking

m=7(s), =X n=7(s)+0y, (=0c+
we see that:
(48)  [Fyy((s) + 0y, 0+ X) = Fyy (v(5), V] ()] < 2A(Jy| + |e]) + 2kaly]

Second case. If v(s) < 3p then |¥(s)| < y(s) < 3p and

(49) |Fyc (1(s) + Oy, 6c + Nel 4(s) < 6kgp?
and
(50) | [Fon((5) 4 0y, 0 + A) = Foy (7(5), )] y(s))| < 6k2p?

Summarizing, from (46), (47)—(50), we get

o (€ i) = ha(E us )] < 20{ A(llul)) + 2(N" + AN")p + 3(ks + ks)p }|a; — iy
and hence
(51) h2(€,us-) = ha (€ ui ) oo < 20A(p) 6 — @



70 FLAVIANO BATTELLI, MICHAL FECKAN, AND MATTEO FRANCA

where A(p) = A(3p) + 2(N' 4+ 4N")p + 3(ka + ks)p. Thus (40) with @ = @ follows
from ||Vin¢l| < B and ||Qm,¢]| < Aa. The second estimate in (40) follows now easily
from (45) and (51). The proof is complete. O

Note that the second estimate in (40) implies that T} is a contraction with
respect to the w variable (provided 3A;Bmax{k1, ks, N'}p < 1) with factor of
contraction 3As B max{k1, k2, N'}p. Thus putting the results of Lemmas 3 and 4
together we find the following.

2. PROPOSITION. Consider the operator T? : U, x X x Ny, x Ry — Y. There
are constants kg > 0, and pg > 0 so that, for any 0 < p < pg, v € R, m > my and
€ > 0, we have the following:

(52)

T2, €., )y < Kalp] + 7] + AoB] macele b NV LY 4 25 Y
Therefore if 0 < p < pg and 0 < € < €y where py and €y satisfy:
3AsBlmax{ki, ka, N'}po + 2/€08;] < 2
and |v] < (p), m(p) < m € N are chosen so that
2ky[i 0(p) + e ™) < p,
then T? maps U, in Y,. Moreover if i := (6,9,2), 4 := (¢,7,2) € U, and £ =

(E,a),¢ =(E,a) € X, we have
||T2(ﬂ,é,m, 6) - T2(ﬂ,§_,m, E)HY < 3A2B[ID&X{]€1, ka, N/}p + \/251]”{1‘ - 17||U
+ [k1(Jvs] + Vedip) + kae ™™ + 24, BA(p)p| |l& — al.

In analogy to what we have done for the y—component, we construct an op-
erator T!, whose fixed points are the bounded solutions of equation (5). This
corresponds to looking for the unique bounded solution in the ¢ — 1 dimensional
hyperbolic manifold. Observe that, when the load + is close to the first eigenvalue
of the unperturbed problem (that is ¢ = 1), the hyperbolic manifold reduce to a
point: the origin. However when ¢ > 1 the hyperbolic manifold is not trivial; it fol-
lows that, in these cases, the chaotic phenomenon which will be described below is
highly unstable, even if it may influence the actual dynamics of the real phenomena.
Also observe that the number ¢ equals the number of humps that can be observed
in the beam (spatially), when the solution is close to the unperturbed homoclinic.

Consider the linear inhomogeneous problem associated to (8):

1242 -2 4+ e0?

(53) du(t) + Vedidi(t) — £ Gu(t) = hu(t) ,

where 0 < [ < i. Note that this part is needed only if ¢ > 2 and then 2 — %2 > 3.

€

We set X;(t) = ( z; Eg ) and rewrite (53) as
(54) Xi(t) = A Xy (t) + bu(t),
where
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The eigenvalues of A; are

As = (—56 + /022 + 4I2(2 — 12 + 602))

1
2i+/€
and hence are real and have opposite sign. Moreover 0 < Ay < |[A_| and

1
Ap| > 0= —=
| :‘:| Zt Z-\/Ev
provided de < i? — 2, since \/02€2 + 4I2(i%2 — 12 + €0?) > /62e2 +412(i2 — [2) >
2 + de.
As a consequence equation (54) with b;(t) = 0 admits an exponential dichotomy

on R with projection
1 Ay -1
P=
)\+—)\ <)\ Ap = )

and exponent ¢, if e§ < i — 2. However the constants of the dichotomy depend on
€. To study this dependence we observe the following. The eigenvectors of Ay are,

respectively:
. 1 . 1
L WO L N
(v4+ spans the unstable space and v_ the stable space). Let
1 1
().

Then the fundamental matrix et? of (54) is
eMt 0 _
eAzt =V ( 0 e}_t Vv 1 ,
from which we obtain:

NP =P, M(I-P)=M(I-P).

Next, since iy/e(Ay — A_) = \/02€2 +412(i2 — 2+ e02), i(A4 + A\_) = —\/€d, and
PALA = —12(i2 = 12 —i— 602)6_1, we have

0 1
A = (—/\+)\ Ay + /\) '

Hence it is easily checked that A;P = PA; and eAtPe~ 415 = ¢At=5)P_ So:

e s < [Per--) < [Pllet-9), for s <1
(= P)e- s < [T—PJer+(t9) < [T = Plle*-, for ¢ <5

Finally, it is a simple computation to verify that
(A + 1A +1) 116042 —03)2 +0(1)
(AL —A)2  de 402(i%2 — £2) 4+ o(1)

where o(1) — 0 as € — 0. Thus there are ¢y > 0 and K = %\/i‘l +4 > 1 such that
for 0 < € < ¢ it results

IT-P|* = |P|* =

IT—P| = |P|| < Ke /2.
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As a consequence (54) has an exponential dichotomy on R with projection P,
exponent # and constant Ke'/2. Hence, for any bounded function h;(t) €

L>(R), system (54) has the unique bounded (weak) solution:
X — él(t) . ' Ay(t—s) ( y )
Xi(t) = ( ) ) = /_Ooe P s )98
+oo
55 _ Au(t=s)(] _ 0
(55) /t e (I P)( ha(s) )ds

= /_; A =p < m(()s) > ds — /:OO M1 - P) < hl(()s) > ds

We construct the linear operator Lfb : L®(R) — C}(R) that associates to hy(t) the

function ¢;(t) € C(R) defined by (55). Then we define the operator T} (u, &, m, €) :
Uy, x X X Nppy x Ry — @ and T} (h,m,€) : L®(R) x N,y x Ry — @ as follows:

(56) T;(ua§7m7€) = {(I)?}[:l),,,7i_1a Tb h m, 6 {q)l }l 1,.

where

2 s
T k&(&u,t)i—z@ . @=L [1// h(:v,t/i)\/gsin(lx)dx}
0

Finally we introduce the operator T (u, &, m, €) = T (u, &, m, €) + T} (h, m, €) where
h is the forcing term of (1). We will need the following result.

5. LEMMA. Consider a function h € L>(R). Then L?(h) € C}(R) and
(57) 1LY (W)llep < 2iv/ellhl|oo
provided € > 0 is sufficiently small.

ProoF. The fact that Lf(h) € CL(R) is a trivial consequence of the definition
of the operator. To show (57) we first observe that
1+ 22 1+ 27 1

lim ——— =lim———+ = —,
O A ey A 4

0 1 1
= || <
P ()=l () =

provided e is sufficiently small. Similarly,

e ()] () 2

Then, from (55) we get

+oo 0
L2 (h)(1)] < [ [ | d} 1l
0

Then we get

1 1
< (5 = 50 ) Il < 20vElRI
+
for € > 0 sufficiently small, and (57) follows. O

Now we are ready to state and prove the following result.
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3. PROPOSITION. There exist positive numbers €y, po < 1 and mg > 1 such
that if 0 < p < pg, 0 < € < €9 and m > mg, u € U, we have

(58) 1T (u, &, m, €)|lo < 2Velv + kN[ ¢]|a]-
Hence T maps ®, into ®, provided 0 < € < €y where
4kNiy/eg <1 and 0<v <wv(p)=kNip.

Furthermore T is a contraction in the u and & variables. More precisely, for any
u,u € U, and any £,§ € X we have

17" 1, €, m,€) — T, m, )0
< 2kN'(M +1)ivi—1ve 2lla — allu + plla — all

PrOOF. We recall that T (u,&, m,€) = T (u,&,m,e) + T} (h,m,€) where T}
and T;!, have been defined in (56). We set, for simplicity

(59)

i—1 1/2
(60) a(t) = [i7% Y P60+ (e +y()* +i Y 723 ()
p=1,p#l 7>1
Note that, for any t € R
H p/Z )p (t) }l;ﬁp<z H
J/Z)ZJ( }J>1
Then, since (see (2 F(& u,t)t (t) |F(n,¢)] < N|n

when 7% +¢? < M2+1, aﬂd Cz( )+ (50 z) < ||¢||?1> (||7£||oo+||y||oo)2+i_4||2||2z <
2p? + (M + p)?%, we see that (if 0 < p < (VM2 +3—M)/3)

971l my < 2kive (1/i)* Nl|¢y lerm)

having used (57). As a consequence we obtain

(61) 1T, (u, &, m, €)lle < 2kNiv/el|¢]
Similarly, using again Lemma 5 we get
(62) Ty (hym, €) e < 20 Ve

Putting (61), (62) together we obtain (58) and
||T2(u7 f, m, 6)”‘1’ <p
for any ¢ € ®, provided
4kNiye <1 and v <wv(p)=kNip.

Next we prove (59). Let ¢, ¢ € Dy, 9,5 €Yy, 2,2 € Z, and write é(t), e(t) for the

functions defined as in (60) with (¢, 4, 2), resp. (¢,7,z), instead of (¢,v, z). Then
we obtain using Lemma 1:

[F (4t a0)) — F (bau(t).a(t)|
<N (pwi) [4u(t) = Gi(0)] + [en(t) — (o)

SN (p+VMZ+1) (V2|6 — ol + |5 — Flly + 12— 2] 2]
<2N'(M + 1)||ﬁ — v,

provided 0 < p < pg with pg > 0 is sufficiently small.
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Thus, since T} does not depend on u, we see that (59) is satisfied when E=C¢.
Finally we prove (59) when ¢ = 4 and é , € are possibly different. Again it is enough
to prove it for the operator T}, since Tb1 does not depend on &. From Lemma 1 we
get:

[F (Fou(t),a(t) — F (ton(t), a(t)| < N'Hen(0)]ler() — a(t)]
< N'plye(t) —72(t)| < N'Moplla —al < N'Mp|a—afl

and then (59) with @& = @ easily follows from Lemma 5. This concludes the proof
of the Proposition. O

Now we study equation (32) that is the restriction of the original problem to
the center manifold. Thus we construct an operator 73 (u, &, m, €) : U, x X x Ny, ¥
R}y — Z, whose fixed points solve (32). We consider, first, the following linear
problems associated to (32):

'2_,L'2_€O.2j2

(63) 5(t) + Ve (t) + () = byt >,

Assume €§; < 2 and €02 < 2. Then the only bounded solutions of (63) is given by

R 2ve [T _veie—s . rwi(t—s)
64) 2 = Li(hi() = 25 [ e sin (JQT) x ;i (s)ds
where wj . = \/4g—§(j2 —i2 —e0?) — €252 > 2\/z—j(j2 —i2-2)—-1> %g—j and de-
fine the operator T (u, &, m, €) : U,x X xN,,,, xRy — Z, as follows: T3(u, &, m, €)(t) =
5(?5) = {5j(f)}j>i where

k -2 I 92
zZj(t) == Lj l—%g(fa@%%t)% + Vi/o h(w,t/i)\/;sin(jx)dx]

To give a good estimate of T°, when ~¢ is periodic or anyway ¢ has an infinite
subsequence of 1 we need the following technical Lemma.

6. LEMMA. Let g : Ry — Ry be a continuous increasing function such that
9(0) =0 and a > 0 be a non negative number. Then there exists g > 0 such that
for 0 < e < e and for anyt € R and j € N we have

> s glap® + (M + p)?)
/0 € Ve g(ap2+(’yg(t - S) + p)Q)dS <4 61/4(1 _ 6—27"\/25)

(65)

glap® + (p+€)?)
Veb '
PrOOF. For any k € Z we set t,, =t — 2km and note that
te1 —m =1t +m.
Then, for any fixed t € R and j € N, there is a unique integer ¢ (i.e. £ =
[M]) such that ¢t — 2(j + 1)m < (2¢ — 1)m < ¢ — 2jm or, in other words,

2m
(20 —1)m < t; < (204 1)m. Note that y¢(t; — s) is a C'—function of s in any of
the two intervals [0,t;+¢ +m] and [tj1¢ 4+ m, 2m] (here continuity at the end points
means that the limits exist in R). As a first step we estimate

2m
/ eV g(ap® + (ve(ty — s) + p)*)ds
0
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To this end we write [0,2m] = [0,¢;4¢ + m] U [tj4¢ + m, 2m] and split the intervals
[07 thrl + m]a [thrl +m, 2m] as:
[0,tji0+m]=T U] UI]
[tjve +m,2m)=Ji UJ]UJ]

where
If = [O7tj+5 - 6_1/4]7 Ig = [tj-i-f - 6_1/47tj+5 + 6_1/4]7
Ié = [thrf + 6_1/4, thrg + m], Jf = [thrg,l —m, thrg,l — 6_1/4],

Iy =ltjre—1 — € YVt + e VY, T = [tjpem1 + e/, 2m].

Note that we only need to consider four of the above intervals. For example [0, tj4¢—
6_1/4] needs to be considered iny if ﬁj+g > ¢ Y4 Butin t‘his case tj1r—1 —e /A s
2m and then we will take J5 = J] = 0 and replace J{ with [t;4,—1 — m,2m)].
Similarly if —e /4 < t;,, < e /4 we can take I} = J] = 0, I = [0,tj4¢ + ¢ /Y]
and JJ = [tjre—1 —e /4 2m]. Finally, if t; 1, + ¢ /4 < 0 we can take I =1 =9,
Ig = [0,2j4¢ +m].
Next we observe that
sell =2m+e V4 <t;—s<t;<(20+1)m
sell=20-1)m<t;—s<2m—e /4
seJl=20—-1m+e Vi<t —s<(20—1)m
seJ] = (20-3)m<t;—s<20—1)ym—e /4

Using (18) we see that:

sup ety = s)| < Ave o,
sel{uIiuJiuJ;
Next,
meas(I]) < 2¢7Y* meas(J]) < 2¢71/4
thus:

06) [ eV glas® + elts — )+ p)ds < 2(ap® + (M + )
I

where T} is either I] or JJ. Next let & > 0 be such that Aye=o( =2 < ¢ for
0 < € < €. Then, noting that v¢(t) > 0, we get, for s € I{ UIJ U J{ U J] and
0<e<eép:

g(ap® + (ve(t; — s) + p)*) < glap® + (e + p)?).

Hence:
7 (ap® + (e +p)*)
—/€ds glap + €+p oma/e
[ et elty — ) s < ST e
Huriugiugg Ve

Putting (66), (67) together we get

2m 2 2
_Jiss ap” + (M +

/ eV glap®+(ve(t; — 5) + p)?)ds < A2 65/4 o))

0

glap® + (p+€)?)
+ NG

(68)

(1 _ e—2m\/26)
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To conclude the proof we simply have to observe that

| e gta + elt = ) + p))as =
0

o0 L2(j+1)m
S [ e a4 et = 5) + s =
=0 2im
0 2m
S e [ a4 ety - ) + p))ds
=0 0
and use (68). The proof is complete O

Now we can state the following result.

4. PROPOSITION. There exist vg, po, €9 and mqg such that for any v < vy, p < po,
€ < €9 and m > mg we have

8iv 8k
(69) IT°(u, &, m, )|z < 5 T
Hence, in particular, we can assume that T3 maps U, in Z,.
Furthermore for any 4,u € U, and = (E,&), € = (E,a), one has:
. _ kN’
T3, m, &) — T, &m, Ol s < °
(70) 0
[2 (3p +e+2v/0:6/5(3p + M)) |t —ally + Mpol||a — dH} .

PROOF. Let z;(t) be the function defined in (64). First we observe that, for
any h; € L*°(R) we have, using Hélder inequality:

.9 oo
-7 —\/€0;8
Tl < VE [ e (e o)las

0o 1/2 0o 1/2
<e (/ e_ﬁ‘mmds) (/ e Vs 2p (1 — s)zds)
0 0
172 , oo 1/2
< (25—\/E) (/ e_‘/g‘;ismhj(t - s)zds)
i 0

245 e
1z @) < 317\/%/ eV 2t — 5)%ds.
0

[2]\/\/5}1/8 +N'Bp+o)| 2]z

X

Hence,

Assuming that

> =D R3C)| < oo,
J>i
o0

from the Monotone Convergence Theorem we obtain:

. . 83\’
sty < | X0 < (5) me

Jj>i

(o9}

hj(t) = /077 h(:v,t/i)\/gsin(jx)dx

Now, taking
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we have from Parseval equality:

> i) g/ h(z,t)dx < 1.

s
J>i 0

{Lf ll/i /07T h(:v,t/i)\/gsin(jm)dxl } < 8ifwst.

i>i||

Hence

. To this end we observe that
z

Next we estimate

{5 [36un5 0] }

360,052, = L2, 0).6,(0)

where
1/2

ei(t) = [i72 D0 6R() + (re(t) + y(8)* +i72 D pPE(0)

I<i p>i
p#j

Hence we have to estimate

[e%s) . . 2
(71) suij‘léL—Q6 (/0 e_‘/g‘sis/Q%F (%zj(t —8),¢(t — s)) ds) .

teR i>i Wi e

First we estimate the above quantity replacing F with |F|. Then, from Holder

inequality we get
. 2
F <Z,zj(t —s),¢(t — s)> ‘ ds)
i

(/ e—\/Eéis/2
0

0o 00 - 2
—\/€0;8 —\/€0;8 -7
g/o e~ Ve /2d8-/0 e~ Veis/2p ({Zj(t—s)acj(t_s)) ds

2 [ vasp (1 ’
5i\/g/0 e Vedis/2p (;zj(t—s),cj(t—s)) ds

Thus plugging this into (71) and using w; . > 231—22 we see that we need to estimate:
32i > ' ?
ive supZizjz/ e~ Vehis/2p <Z,zj(t —s),¢(t— s)> ds.
d teR " 0 2
J>1
Now, setting fmax(z) = sup{f(t) | 0 < ¢t < z}, and noting that ¢(t) +
ézj(zf)2 < 2p% + (7¢(t) + p)?, we see that

00 . 2
Zizjz/ e Vedis/2p (%zj(t —s),¢(t— s)) ds <
0

Jj>i

o 2
9. —\/eb:s J
22232/ VO k(207 + (et = 5) + p)) 725 (t — 5)ds
0

j>i

< [ e (20 + (et = 5) + p))dslal
0
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having used the Monotone Convergence Theorem. But since fiax is positive and
increasing, so is f2,, and hence Lemma 6 gives:

/ VRS2 E2 (952 4 (ye(t — 5) + p)?)ds

0
oo (207 4+ (M + p)?) oax (202 4 (e +p)?)

max 2
ST A e ey NG
2 1279 2 2
<4 N +2N [2p% + (e + p)?]
eV/A(1 — e=mdiVe) Ved;
since from 0 < f(z%) < N'|z| (see (15)) we get f2,.(7?) < N'22%. Then (69)
/4 8,

follows from e~miVe < g=0ic” /" < 3 (provided we take 0 < € < (125)*) and the

inequality va? + b2 < |a| + |b].
Now we prove (70). To this end we need to estimate

Next, using again Hélder inequality, |F¢(n,¢)| < N'|n| and the Monotone Conver-
gence Theorem:

. . . 2
. 2 ) J Js o4 7. -
s o (i) (s
>t
32,/ei%j? [ j 2
< SO BIEL [T emvanerz v sy )l - ) - ot - 9| as
J>i g 0 t
32N2\fe [ _ o s o
< B [T e S s - ) Paslli— aly + I =l
‘ §>i
G6AN"?

< ——IElP e = allo + llve = vell o).
K2

As a consequence

U (o) = (Goao)l)}

8N’
< plla—alu +lve = velloc]-

7

(72) z

Next, we look at

> [Lf {% (F (%fjvca‘(f)> - (%Zj’q(t)»}r

j>i
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‘F <sz(t),aj(t)) - F (1%@%@-@)) ‘

<
, [T I - )

<N [ |G et 80| w310 - 50

< N'[p+ \/p2+7€§(t)];|gj(t) — z(t)|

< N'[p+ \/W]%|2J(t) — %)

(1) <D ai(t)? +2y(1)* +292(1) + D _ 5 27 (1) < 4p + 292 (1).

1<i j>i

First we observe that from Lemma 1 and j2(/z]|oc < ||2]] < p, it follows:

By (210250 + 0= 050,50 )| 9212500 — 2,0

since

Then, again from Hélder inequality and the Monotone Convergence Theorem:

= {2 (F(Lawem) - F (%zjaxcj(t)))}r

32\f222

7>

/Oo ~Venis/2 {F(Z j(t =), cj(t—s))—F(%zj(t_s),aj(t_s))rds

32N'2\fz/ —Vesis/2

7>

o+ (502 + 292t = 5) S5 — ) — (¢ — 5) 2ds

32N/2 [e'e] 2
< 7\/% e Vedis/2 [p+ \/5p2—|—272(t—5)J ds|z2 - z||%
5 Jo €

128 N"? e
< B ™ e vinsrtiog? (ot - ) + p)laslc — 212
i 0

since [p + ,/5p? + 27§(t)]2 < 4(3p% + ’yg(t)) < 4(2p* + (7¢(t) + p)?). Then from
Lemma 6 we obtain

{m{|r(Zawem) - F (Zaw.em)] |
< 16]\7' .

7

(73) z

(46,207 + (M + )5 1207 + (0 + )] 12 - 21l

Putting (72) and (73) together and recalling (17) and the fact that va? + b2 <
|a| + |b| we obtain (70). The proof is complete. O
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Now putting together Propositions 2, 3 and 4 we find that, if p, e, v and % are
small enough, the operator

T(”a é—u m, 6) = (Tl (U, 57 m, 6)5 TQ(’U,, 57 m, 6)5 Ts(ua 57 m, 6))

maps U, x X x Ny, x Ry into U,. Furthermore 7' is a contraction in U, and the
contraction factor tends to 0 as e +v + p — 0.
So we can apply Banach Fixed Point Theorem to get the following

2. THEOREM. Assume that the conditions (F1)-(F2) hold and fix 6 > 0. Then
there exist positive numbers po > 0, €g > 0, and vy > 0 such that for any £ € X,
0 < e< e, [V <vo, m> e 34 the integro-differential system (30)-(32) has a
unique bounded solution

u(§,v,e,mit) = (6(&, v, e,mit), y(€ v, e, mst), 2(§, v, €,mit)) € Uy,
Moreover
(74) [u(€ v, e,ms)[lo < C(lv] +¢€)

for a suitable constant C' independent of (v, ¢€,£). Finally, (&, v,e,m;-), y(&, v, e,m; ),
2(&,v,€,m; ) are Lipschitz—continuous in o uniformly with respect to (E,m). More
precisely there exists a positive constant ¢ such that

(75) lu(é, v, e;ms ) = w(€ v eom; ) |o < &lv] + e)llé - all.

PROOF. As we have already observed, from Propositions 2, 3 and 4 it follows
immediately that pg > 0,0 > 0 and vy > 0 exist such that T = (T, 72%,T%) :
U, x X x Ny x Ry — U, (with mg > ¢~3/%) is a contraction in u € U, uniform
with respect to (&, m,€). Moreover if pg > 0,69 > 0 and vy > 0 are sufficiently
small, from Propositions 2, 3 and 4 we see that we can write:

1y(&, -y < iHU(& o+ ka(lv] +€)

1
16(&; - e < Z(E - e + 2/v|Ve
1 2 11
12, - lly = ZlI=2(&, - )llz + 8 [v]™"
Thus we get, immediately:
8 32 _
166, e < lvIVe and l2(,.. )]z < ZP[v]o™"
Then:
3 1
(& Ily < ZllIeE, - lle + 11206, - llz] + ka(v] +€)
2 8
< SylVe+ gz'2|u|(5*1 + ka(|v] +€)
that is
8 32 . _ 4
ly(€, - My < GIVE+ 2ot + Skl + o)
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Plugging everything together we obtain (74). Then, again from Propositions 2, 3
and 4, we get

(&)~ (& Dlly < ) (o
100w+ e+ pve) + pA)] &~ ]

166 ) = 6(E Mo < 7 luE,.) = (... )llu +Epv/ella—al

126, ) = 26 Mz < S (... ) —u(E... v +Eplld—a]

where p = max{||u(,...)||lv, |lu(,..)|lv} < C(lv| +€). Then (75) easily follows.
(]

Let us denote by
G(&m, v,€) = (1= Qu.e){ Vediie(t)

_ %I/i /Tr h(z,t/i)sin(iz) dz + r(€, €, v, &m;t)}
0

where
r(& e v,0,mit) == —k[2f" (e()*)7e (1) + f (1)) Jy(t)+
HEF (&, u, ) [e(t) + y(B)] — kf (7e(6)*)1e(t) — Vedig(t)
= kho(&,u(&, v, e,m;t);t) — \/€d;y(t).
h2(&,u;t) being the function defined in (34). Now following [1] we see that in
order to find a bounded solution near 7 of the original equations (8)—(10) we need
to show that the equation G(&,m,v,e) = 0 can be solved for some values of the
parameters. From (41) we find then

k
[r(€ e, v,0,m;)]|oc < 5 max{ks, k3, NI}H”(& v, €e,m; )H%] + \/E(Sl”y(& v,e,mi)|ly
Setting v = v/eu we see, according to (74), that

(76) 17(&, €, Ve, 3,m; )|l oo = O(e)

as € — 0 uniformly with respect to (£, m, u,d) provided (u,d) belongs to a fixed
compact subset of R? and m > my.
Next, let £ = (E,&),¢ = (E,a) € X. Then:

7€, e,v,6,m;t) = r(&, €,v,6,m; 1)

< klha (€, u(é, v, e,m; t);t) — ha(€, u(é v, e,m; t); 1)
+ k[ha (&, u(€, vy e, mst);t) — ha(&, u(€, vy e, mst); t)]
+ VeS| §(€ v, e,mit) — §(€ v, e,mi ).

Now, from (43), (44) with p = max{[|u(&, v, e, m;)|[v, [[u(&, v, €, m; ) v} we get:
|ho(€,u(€, v, e,m;t); t) — ho(€, u(E, v, e,m; t); )| < 3max{ks, ks, N'}x
max{[[u(é, v, e, m;)|u, [[u(&, vy e;ms ) lod|uE v, e,m; ) = u(E vy e,ms-)llu

and, from (51) with p = ||u(§, v, e, m; )| u:

|ha(€, u(E vy e,mst);t) = ha(€,u(E vy e, mst); )] < 2l|u(E v, e,ms )|l x
A([[u(€, v, e;m; )llv) 1@ — all.
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Thus from (74), (75) we finally obtain:
(77) ||T(év €, \/Elua 57 m; ) - T(ga €, \/Elua 57 ms-, )HOO < \/EO(I)HOAL - O_[H

where o(1) — 0 as ¢ — 0, uniformly with respect to (u,d, E,m) provided (u,9)
belongs to a fixed compact subset of R?, m > my.

Next, as it has been proved in [1, Proposition 2], the equation W =0

is equivalent to é(f, m, p,€) = 0, where
G(&,m, p,€) ==

[cm,wng{cwg \f/ h(x,t/i) slnw:>dx+f<,e7¢zu,5,m;t>}

where p; = p/i and Ly, ¢ : L(R) — ¢% is a linear operator such that
[£mell < Ae™™?

(78) " ot o

[£mgr = Ll < Ae™™7 [ = o]

for a suitable positive constant A and N, ¢ : L(R) — (% is a nonlinear operator
that satisfies

| N ell < e
(79) e .
N — N || < ewlla” — o]

for some positive constant ¢y. Then, from (76), (77), (78), (79) we see that, for
m > 673/4,

G(&m.pt,€) = Non, {z% \f / (,t/i) sin m)dz}+0(\f)

and, using also (17),

é(£H=m=/‘76) - é(glvmnu've) = Ny e { e (t \/7/ h(z,t/i)sin(iz) d }
= Nmer { iYer (t \/7/ h(z,t/i)sin(iz) da:} +o(1)|la” — |

as € — 0, where o(1) is uniform with respect to (§, m, ). Now, let & = {ej}jez, 0 =
{O[;'}jGZvo// = {a;'/}jGZ € EOEO and set g = (E,Ot)7 E/ = (Ea O/>a 5// = (E7O//)' We
define the following Melnikov-like function of 7 € R:

) =4, / dt_m\f / / (t + 7) /i) sin(iz) da dt

M(a) = {e;Mu(0))} ;5

Now we prove that the function of o € £%

D(E,a,m,p,8,€) := Ny ¢ { e (t \/7/ h(zx,t/i)sin(iz) da?} - M( )

satisfies

(80) D(E,a,m,u,d,¢) = O(e)

and set
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and
(81) |D(E, &, m, p,0,€) — D(E,a@,m, u,d,¢)| = O(e)||& — a

as € — 0 uniformly with respect to (E,m, p,d) provided (u,d) belongs to a fixed
compact subset of R2.

In fact it is easily seen (see [1, p. 195]) that the jth component of the above
map consists of the sum of the following two terms:

e, /_ ;m_o”ﬁ( [ \/7 / (t+ay /z)sm(zx)d:c] dt
S /_;Om”'y(t—ozj) lm t—ay) - \f/ (z,¢/3)sin za:)dx] dt

6 /W:aj Y(t) \/7/ (t+«j)/i) sm(wc)dx] dt
=€ /OO Yt + o) |05y (t + o) — \/7/ h(x,t/i)sin zx)dm] dt

Now, from Holder inequality, |a;| < 2 and |[¥(t)] < oy(t) < y(t) < Aje Il we
obtain:

and

oo o0 A
}/ "y(t—|—ozj)dt‘ §/ vt + aj)dt < — Le20p—om
m m o

and similarly:

’/ 2(t + ay)dt

Since similar estimates hold for the other two terms we see that (80) follows since
m > e 3/%. As for the Lipschitz continuity of D(E,«,m, p,0,¢) we observe that
from the fact that v(t) satisfies equation (16) it follows |Y(t)| < (kN + 02)7y(t) and
hence

o A2
/ A%6_2U(t+aj)dt < 1 4o, —20m
m ~ 20

’/ F(t+ &) — (t+aj)]dt’

t+aJ
< [T|[ " v
m t+a;
oo t+ééj
/ / y(r)dr
m t-‘r@j

having used t > m > 3 > |&;|, |&@;|. Similarly,

A
dt < (kN + o?) 16206707” G — @
o?

since:

dt < é /Oo |e—0(t+dj) _ e—U(t+5¥j)|dt

g

1 —om| —0céd;
—e |6 J

—O’ajl
g

— €

oo t+ééj
/ |5(7)|dr| dt

'/ 2(t+ dy) 72(t+dj)dt‘ < 2M/
m t+a;

A
< 2M (kN + 0%) = €* ™7™ |d; — aj]
g
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Since similar estimates hold for the other two terms (81) follows.
Thus:

(82) G(&,m, p,€) = M(a) + o(1)

and

83)  G(&" m,pe) = G(E,m,p€) = [M(a") = M(a)] + o(1)]|a” — o
Finally, again from [1] we know that M(a) is C* and

(84) ( ) ={e;M (aj)}JGZ

This being said we can now prove the following

3. THEOREM. Assume the conditions F1) and F2) are satisfied, and that h €
L*(R, L2([0,7])) is 1—periodic with respect to t and

/ h(z,t)? dz
0

Assume, further, that pg € R exists such that the function

) =34 / )2dt — uo\f / / @, (t +7) /i) sin(iz) dz dt

has a simple zero at T = 79 € [0, 1] (that is M (79) = 0 and M’(79) # 0).

Then there exist p > 0, € > 0 and i > 0 such that for any 0 < € < €,
|l — o] < 5 and m > e=3/% with m = ki and k € N, there is a continuous function
a : EXNp, X (o, po) % (0,€) — £2°(R) such that a(E,m, p, €) € £ and a continuous
map I1: € x (0,€) — L>®(R, HZ([0,7])) such that

up(z,t,€) =i 'TI(E, €)(z,i\/et)
is a weak solution of (1) that satisfies

=1

oo

. 2 , Iy _
(85) €55 SUDieRr ZUE(:EJ t, 6) - \/;W(E,Q(E,m”u,e))(z\/gt) sm(wc) <p,
w
where || - ||w is the norm in W = HZ([0,7]).
Moreover, for any fized € the map 11 : € — TI(E) is a homeomorphism satisfying
(86) (X(E))(x,t) = TI(E)(z, t + 2me~/?)

3 : € — & being the Bernouilli shift.

PROOF. The proof is similar to that of Theorem 2 in [1] thus we only sketch it.
As we have observed it is enough to prove that the equation G((E, ), m, \/€u,e) = 0
has a unique solution o = «a(E, m, p, €) in a neighborghood of ag = {e;70}jez. Then
setting
(87)

II(E,€)(x \/7 Z@ )sin(lz) + [y(t) + ve(¢)] siniz) + Zz] sin(jx)
J>i
(with ¢y (t) = &i((E, a(E, m, pu,€)), /€, €,m; t) etc.) we see that
up(z,t,€) =i TI(E, €)(x,iy/et)

satisfies equation (1) and it is the unique solution that satisfies (85). Now, we have
seen that equation G((E, «), m, /eu,e) = 0 is equivalent to G((F,a), m,u,€) =0
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but, arguing as in [1], and using (82), (83), (84) we obtain the existence of a unique
a(E,m, u,€) with the properties stated in this Theorem. Thus we only have to
prove that ug(z,t,€) satisfies (86) and that II is continuous. The proof of (86) is
the same as in [1, Theorem 2] and depends on the uniqueness of ug(x,t,€). As for
the continuity of II we observe that writing as in (87) we have

> illzl% < oo
J>i
As in [1, Theorem 2] we see that given a sequence {E},eny € £ there exists a

subsequence {E},, € & such that z;p, (t) converges uniformly on any compact
interval of R to a function z;(t) € L>(R). Then, for any N € N and ¢ € R we have:

N N
4200\ 1 42 2
Z EHQ) —klggo Z J Zj,Enk(t) <p

j=itl j=it+1

and hence z(z,t) = >, 2;(t)sin(jz) € Z,. This being said the proof of the

continuity of IT goes as in [1]. The proof is complete. O
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