Dynamics of PDE, Vol.3, No.4, 295-329, 2006

Blow Up of the Solutions of Nonlinear Wave Equation in
Reissner-Nordstrom Metric

Svetlin Georgiev

Communicated by Y. Charles Li, received January 23, 2006.

ABSTRACT. In this paper we study the properties of the solutions to the
Cauchy problem

1 (ute — Au)g, = f(u) +g(|2l), te[0,1],z€R?

2) u(l,x) =ug € B ,(R?), wi(l,2)=u1 € B ' (R?),

where gs is the Reissner-Nordstrom metric (see [2]); p > 1, ¢ > 1, v € (0,1)
are fixed constants, f € C1(RY), f£(0) = 0, alu| < f'(u) < blu|, g € C(RT),
g(lz|]) > 0, g(|z|) = 0 for |x| > 71, a and b are positive constants, r1 > 0 is
suitable choosen.

When g¢(r) = 0 we prove that the Cauchy problem (1), (2) has nontrivial
solution u € C((0,1]B} 4(R1)) in the form

_ [ v@®w(r) for r<r, tel01],
u(t,r)—{o for r>r, telo,1],

where r = |z|, for which lim;—o [|ul| 57 (R+) = 0©-
p,q
When g(r) # 0 we prove that the Cauchy problem (1), (2) has nontrivial
solution u € C((0,1]By 4(R™T)) in the form

[ v(@)w(r) for r<ri, te]o,1],
u(t7r)_{ 0 for r>ri, te€][0,1],

for which lim;—¢ Hu||Bg J(RE) =00

1. Introduction

In this paper we study the properties of the solutions to the Cachy problem
(1) (uer — Au)g, = fu) +g(jz]), t€[0,1],x € R?,

(2) u(l,z) =wup € B;ﬁq(R3), u(l,z) =uy € B;;l(R?’),
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where g5 is the Reissner-Nordstrom metric (see [2])

2 2 2
Qs:T K;+th2_ 2 - 2
r 2 —Kr+Q
K and @ are positive constants, p € (1,00), ¢ > 1 and v € (0,1) are fixed,
f € CHRY), f(0) =0, alu| < f'(u) < blul, g € C(RY), g(|z]) >0, g(|z[) = 0 for
|x| > r1, a and b are positive constants, r; > 0 is suitable choosen.
The Cauchy problem (1), (2) we may rewrite in the form

2

r 1 9 9
r2—K7’+QQUtt Tzar((r Kr+Q%)ur)

dr? — r2d¢? — r?sin®¢do?,

1 1

(1) m%(sm@tqﬁ) - muee = f(u)+g(r),

u(l,r, ¢,6) = uo € By (R x [0,27] x [0, 7)),

(2) wi(1,7,6,0) = w1 € B3 (R* x [0, 2] x [0, 7).

When g5 is the Minkowski metric; ug, u1 € C5°(R?) in [6](see and [1], section
6.3) is proved that there exists 7 > 0 and a unique local solution u € C?([0,T) x R?)
for the Cauchy problem

(utr — Au),, = f(v), fe€C*(R), te€0,T),z€R?

U|t:0 = anut|t:0 = Ui,
for which

sup  |u(t, z)| = oc.
t<T,z€R3

When g5 is the Minkowski metric, 1 < p < 5 and initial data are in C§°(R3),
in [6](see and [1], section 6.3) is proved that the initial value problem
(utt - Au)gs = u|u|p—l, te [O,T],SE € Rsv

ule—0 = uo, utlt=o = ua,
admits a global smooth solution.
When g5 is the Minkowski metric and initial data are in C§°(R?), in [5](see and
[1], section 6.3) is proved that there exists a number €y > 0 such that for any data
(ug,u1) € C§°(R?) with E(u(0)) < €o, the initial value problem

(ugr — Au),, =u°, t€0,T),z € R3,

ult=0 = Uo, Ut|t=0 = u1,

admits a global smooth solution.

When g5 is the Reissner-Nordstrém metrics in [4] is proved that the Cauchy
problem

(utr — Au)gy, +m?u = f(u), te€0,1],z€ R?,
u(l,x) =ug € B ,(R?), w(l,2) =us € B, (R?),

where m # 0 is constant and f € C*(R?), alu| < |fV(u)] < blu|, I = 0,1, a and
b are positive constants, has unique nontrivial solution u(t,r) € C((0,1]B} ,(R")),
r = |z|, p > 1, for which

il 5, ) = o
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When g, is the Minkowski metric in [7] is proved that the Cauchy problem
(ugr — Au),, = f(u), te[0,1],z€R3,

u(l,x2) =ug, u(1l,2) = u,
has global solution. Here f € C2(R), f(0) = f'(0) = f”(0) =0,
/" (u) = f"(v)] < Blu— o™

for u| < 1, |v| <1, B >0,vV2—-1<q <1, u € C3(R>, ui € CAR?),
uo(z) = ui(x) = 0 for |x — x| > p, zo and p are suitable choosen.
Our main results are
Theorem 1. Letp>1,q¢>1, v € (0,1) and K, Q are positive constants for
which
K?>4Q% e 2 1,
1 — K+ Q? > 0 is small enough such that

Ko/ KP-407 VK2’4Q2_2 1-K+Q2>0.

2
Let also g = 0, f € CH(RY), f(0) =0, alu| < f'(u) < blu|, a and b are positive
constants. Then the homogeneous Cauchy problem (1), (2) has nontrivial solution

u(t,r) = v(t)w(r) € C((0, l]B;q(RJF)) for which

i 5,y =

Theorem 2. Letp>1,q¢>1,v€ (0,1) and K, Q are positive constants for
which
2 2 1
K > 4Q Pl m Z 17
1 — K+ Q? > 0 is small enough such that

K-y K2-4Q7 VK2_4Q2_2 1—K+Q2>O.

2
Let also g # 0, g € C(RT), g(r) >0 forr >0, g(r) =0 for r > ry, f € CY(R}),
f(0) =0, alu| < f'(u) < blu|, a and b are positive constants. Then the nonho-
mogeneous Cauchy problem (1), (2) has nontrivial solution u(t,r) = v(t)w(r) €
C((0,1]B] ,(RT)) for which

il 5y =

The paper is organized as follows. In section 2 we will prove some preliminary
results. In section 3 we prove theorem 1. In section 4 we prove theorem 2. In
appendix we prove some results which are used in the proof of theorem 1 and
theorem 2.

2. Preliminary results
For fixed ¢ > 1 and v € (0,1) we put
- qy297 1
¢= (2(17 - 1)

For fixed p > 1,¢> 1,7 € (0,1) and g € C(R™), g(r) > 0 for r > 0 we suppose
that the constants A >0, Q >0,a>0,b>0,B >0, K >0, 1< < « satisfy
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the conditions

. 1 1 2 b A2 .
7’1)17K+Q2 (17K+Q2 Iz + E) <L A>1, >0

1 a
aZ(1—aK+a2Q?) 2A% AB >0,

a 2br1
2A6a2(1—aK+a2Q2( —apr 20,

4(17‘1 > O

a 1
AT (1—aK+a2Q2) E—a)—m— )

11y 1 _a
B a (1—aK+a2Q?)2 4A6

_ 2b 2 a ( ) > 1
"Ma—rronAazBz ~ "M 1-K+qz WXy, I\T) = 725

i2)

2a7"

(i _ l) 1 a_ _ >0,
5~ o) TaRk+a*@P 247 ~ ABA-K+Q)

3 C( 1 2a 2b 1 2277

B3)C\ rrorr ar + AB K0T T A (q—) 7t

C 2 - <1,
A2(1— K+Q2)2(Q(1 7))

1 1 a

24) aZ 1— aK+a2Q2 A T B2 1A% > 07
L1 e L._a)so,
aZ 1— aK+a2Q2 2A6 ﬁ2 2A%
2 2

1 > 2Q > — T VK24Q27
i5) 1—K+Q2>0 is enough small such that
1>K7 VK24Q2_2 1_K_|_QQ>O7

2
2
<
K—/K2-4Q2—2(1-K+Q?) <f<ass,

ZG)w(fB (1137%32 I+ AB) + rf maxgepo,] 9(s )) < a5

2
i) maxeepn 9(s) < (5 - 1) 4

where

_ 2 _ 2
o= Ko VEP AR e,

2
Example. Let 0 < € << % is enough small,

A:€L47 B:%7 :%7 ngu ’7:%7 CY:?),
— 2__ 2
L=V 9 T-K+ @7
o(r) = ettr—mr)? for r<mr,
0 for r>mry,
K:%—i—%em—%ez,
QQZ%_'_%EQO_%EQ,
a=¢t, b=¢

Then
1—aK +a?Q%?=1-3K +9Q?% = *°
1-K+Q*=¢%e.

When g(r) = 0 we put

(1) uo = v(w(r) =
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I e [ (st (Des(s) — 82 F(0(1)(s)) ) dsdr
= for 1<,
0 for r>mry,

and u; = 0. Here v(¢) is fixed function which satisfies the conditions

(H1) o(t) € C3l0,00), v(t)>0 for Vtel0,1];

(H2) v"(t)>0 for Vte[0,1], /(1) = 1}"(1) =0, o(l)#£0;
(H?) mlntG[O 1] U(SE)) > ga T maXte[O 1] (g) < %7
limq—oft” (F) — goxv(t)] = +0, V(1) — p%e0(t) >0 for te[0,1]

In section 3 we will prove that the equation (1’) has unique nontrivial solution w(r)
for which w(r) € C2[0, 1], w(r) € B} [0,71], |w(r)| < %5 for r € [0,11], w(r) > 4z
for r € [a, ﬁ], w(ry) =w'(r) =w”(r1) = 0.
When ¢g(r) # 0 we put
(1) ug = v(Nw(r) =
r r st

I TQ_K1T+Q2 I (52_K5+Q2 V" (Dw(s) — 2 f(v(1)w(s)) — 829(8))d8d7'
=93 for r<nr,

0 for r>mrg,

uy = 0. Here v(t) is fixed function which satisfies the hypothesis (H1), (H2) and

a
TA7, MaXie(o, 1] (

()] =40, V(¢

H <

D»Jk

v ()
(H4) mlﬂte[o 1] v( Y >
limg—o[v"(£) —

I
— gxav(t) >0 for te]0,1].

In section 4 we will prove that the equation (1”) has unique nontrivial solution w(r)
for which w(r) € C?[0,71], w(r) € B} [0,r], lw(r)| < &5 for r € [0,71], w(r) > 4=
for r € [é, %], w(r) =w'(r1) =w”(r1) = 0.

Example.

1) There exists function v(t) for which (H1)-(H3) are hold. Really, let us
consider the function

(3) U(t) = - A3 o )

where the constants A and a satisfy the conditions A > 1, %2 > 1. Then
1) v(t) € C3[0,00) and v(t) > 0 for all ¢ € [0,1], i.e. (H1) is hold.
2)

vi(e) =250, w(1) =0

v'(t) = % >0 V telo,1],
V" (t) =0, v"(1)=0,

consequently (H2) is hold. On the other hand we have

V() 2
o(t)  (t—1)2 44
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From here

mmHM]@)E?L

maXge|o, 1] v((t)) <%,

U”( ) 2A4 t) = %( —t)t,

lim, [0 (£) — 5% v(t)] = +0,
i.e. (H3) is hold.

2) The function
t—1)2 484

®) oy = L

A_3 Y
satisfies the hypothesis (H1), (H2) and (H4)

Remark. Here we will use the following definition of the Bg7q(M )-norm (y €
(0,1), p>1, ¢ >1) (see [3, p.94, def. 2], [1])

1
2 q
Il o = ([ 3 8w )

Apu =u(x + h) — u(x).
Lemma 1.Let u(z) € C3([0,71]), u(xz) =0 for x > 71, 0 <1y < 1. Then for
€(0,1), p>1, g >1 we have

where

Cllull gy, to,r7) = N1l Lo (f0,m1))-
Proof. We have

2
il oy = B g =
2
= /0 RO Ju(z + h) — U(QC)H%,)([O rl])dh 2
2
> /1 R |u(w + h) — u(m)H%p([O @ =
2
= [ @ g0 =

2
_ ||u(:c)||%p([oyrl])/l T

p 297 — 1
= ||u(x)||Lp([0,r1]) g2’
ie.

247 _
[Jul

By 4([0,r1]) > 2qu || ( )||LP(0T1])7
from where we get

Cllullgg o = Nu@)lLe(o,r)-®

Remark. We note that from i6) we have g(r) = r>—Kr+Q? > 0 for r € [0,71]
g(r) is decrease function for r € [0,71]. Also (for r € [0,71]) we have

r2

1
1-K+Q?*

<
—KT+Q2 -
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Really, let
e=+1—- K+ Q3.
Then, if # = £ VE719 VI§L4Q2, we have 11 = 7 — e. We note that

T2

I TR
is increase function for r € [0,71]. Therefore

r? r% 1 1

< < —= —_—.
r—Kr+Q>  r?—-Krn+Q*> € 1-K+Q?

Also we have
1 1

<
P —Kr+Q? - 1-K+Q?

for r € [0,74].
Proposition 2.1. Let g(r) = 0, f € C(R). If for every fixed t € [0,1]
u(t,r) = v(t)w(r) satisfies the integral equation

(1*) w(t,r) = /TT1 . KlT T 0? /TT1 (52 — Ii wop v;/(it))u(ts) - st(u))dsdT

then u(t, r) = v(t)w(r) satisfies the equation (1) for every fixed ¢ € [0, 1]. Here v(t)
is function which satisfies the hypothesis (H1)-(H3) and w(r) € C*(R).
Proof. Let ¢t € [0,1] is fixed. Let also u(t,r) = v(t)w(r) satisfies the integral
equation (1*) for every fixed ¢ € [0,1]. Then for fixed ¢ € [0, 1] we have
r e v

wn(t,r) = b I, (s frae S ults ) — 52 (w) ) ds,

(= K1+ Qur(t,1) = [ (e bult, 5) — 5° f(w) ) ds,

0,((r2 = K1+ Q¥)up(t,7)) = sofirrge S u(t, 1) — v f (u),
Since for every fixed ¢ € [0,1] we have

ug(t,r) = 0" (t)w(r)

we have
4
r
(= K QJu (t:7)) = e zvaltor) = 11 (w)
for every fixed ¢ € [0, 1]. From here for every fixed ¢ € [0, 1] we have
2 1 9 9
r2 _ KT+Q2utt(t7T) - T_Qar((r - Kr+Q%)u,) = f(u),

ie. for every fixed ¢t € [0,1] if u(t,r) = v(¢t)w(r), where v(t) is function which
satisfies the hypothesis (H1)-(H3) and w(r) € C%(R), satisfies the integral equation
(1*) we have that u(t,r) = v(t)w(r) satisfies the equation (1) for every fixed ¢ €
[0,1].

Proposition 2.2. Let g(r) = 0, f € C(R). If for every fixed t € [0,
u(t,r) = v(t)w(r), where v(t) is function which satisfies the hypothesis (H1)-(H
and w(r) € C3(R), w(r1) = w'(r1) = 0, satisfies the equation (1) then wu(t,r)
v(t)w(r) satisfies the equation (1*) for every fixed ¢ € [0, 1].

1]
3)
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Proof. Let ¢ € [0,1] is fixed. Let also u(t,r) = v(t)w(r), where v(t) is function
which satisfies the hypothesis (H1)-(H3) and w(r) € C%(R), satisfies the equation
(1). Then

rrgerggrun () = 0 ((2 — Kr + Q%)) = f(u),
Or((r* = Kr + Q*u.(t,r)) = o un(t,T) — r2 f(u).

Now we integrate the last equation with respect the variable r and we use that
W'(r1) =0, ur(t,r1) = 0 for every fixed t € [0, 1]

(r? — Kr + Q*)u,(t,r) = /TT(

g4

mutt(t, s) — 82f(u))ds.

Again we integrate with respect the variable r and we use that w(ry) = 0, u(t,r1) =
0 for every fixed t € [0,1]. Then we get

- 1 1 o4
ultr) = /r T2 - K7+ Q2 /T (52 —Ks+ QQutt(t’ 5= SQf(u))deT
for every fixed ¢ € [0, 1]. Since for every fixed ¢ € [0, 1] we have
uge(t, 1) = 0" (H)w(r)

we get

T1 1 T1 4 "¢
i = [ g [ (aiergr o o) - #)asar

for every fixed ¢t € [0,1]. Therefore, if for every fixed ¢ € [0,1] u(t,r) = v(t)w(r),
where v(t) is function which satisfies the hypothesis (H1)-(H3) and w(r) € C%(R),
w(r1) = w'(r1) = 0, satisfies the equation (1) then u(t,r) = v(t)w(r) satisfies the
equation (1*) for every fixed ¢ € [0, 1].

Proposition 2.3. Let g(r) € C(R), f € C(R). If for every fixed ¢ € [0,1]
u(t,r) = v(t)w(r) satisfies the integral equation

(1)

T1 1 4 1"
u(t= ’I“) = /T 72 _ [(17 + Q2 ‘/T (52 _ ;S + Q2 vv(%)u(t7 5)_52f(u)_529(8))d5dT

then u(t, r) = v(t)w(r) satisfies the equation (1) for every fixed ¢ € [0, 1]. Here v(t)
is function which satisfies the hypothesis (H1), (H2),(H4) and w(r) € C?(R).

Proof. Let ¢t € [0,1] is fixed. Let also u(t,r) = v(t)w(r) satisfies the integral
equation (1**) for every fixed ¢ € [0,1]. Then for fixed ¢ € [0,1] we have

ur(t7) = =grge ), (srivre Sbult, ) — 21 () — s%9(s) ) ds,

(2 = K+ Q*)uy(t,7) = [, (e Sftultys) — 82 F (u) = sg(s) ) ds,

0 ((r? — Kr + Q?)u,(t,r)) = %%u(h r) —r?f(u) —r2g(r),
Since for every fixed t € [0, 1] we have

u(t,r) = 0" (t)w(r)

we have
4

O ((r® = Kr+ Q*)ur(t,r)) = TM:—W

u(t,r) — r? f(u) — rg(r)
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for every fixed ¢ € [0, 1]. From here for every fixed ¢ € [0, 1] we have

r2

r2 — Kr+Q?
i.e. for every fixed ¢t € [0,1] if u(t,7) = v(t)w(r), where v(t) is function which
satisfies the hypothesis (H1), (H2),(H4) and w(r) € C?*(R), satisfies the integral
equation (1**) we have that u(t,r) = v(t)w(r) satisfies the equation (1) for every
fixed t € [0, 1].

Proposition 2.4. Let g(r) € C(R), f € C(R). If for every fixed ¢t € [0,1]
u(t,r) = v(t)w(r), where v(t) is function which satisfies the hypothesis (H1),
(H2),(H4) and w(r) € C3(R), w(r1) = w'(r1) = 0, satisfies the equation (1) then
u(t,r) = v(t)w(r) satisfies the equation (1**) for every fixed ¢ € [0, 1].

Proof. Let ¢ € [0,1] is fixed. Let also u(t,r) = v(t)w(r), where v(t) is function
which satisfies the hypothesis (H1), (H2),(H4) and w(r) € C2(R), w(r1) = w'(r1) =
0, satisfies the equation (1). Then

e (t.7) — 0,((r = K7+ QFu) = f(u) +g(r),
O ((r* = K1+ Q¥uy(t,1)) = rferpguuan (t,r) = 12 (u) = r2g(r).

Now we integrate the last equation with respect the variable » and we use that
W'(r1) =0, ur(t,r1) = 0 for every fixed t € [0, 1],

walt,) = 250, — K7+ Q¥uy) = f(u) +g(0),

g4

(r? = Kr+ Q*)u,(t,r) = /:(mutt(t s) — s f(u) - 529(3))d3

for every fixed t € [0,1]. Again we integrate with respect the variable r and we use
that w(ry) =0, u(t,r1) = 0 for every fixed ¢ € [0,1]. Then we get

1 1 T1 4
ult.r) = / 72— K174 Q2 / (52 — Ijs + Q2 tar(t ) = 5% () = 829(8))d8dT

for every fixed ¢ € [0, 1]. Since for every fixed ¢ € [0, 1] we have
ug(t,7) = 0" (Hw(r)

we get

T1 1 4 "
u(t,r) = /T 72 _ [(17 + Q2 / (52 _ ;S + Q2 vv(%)u(t7 5)_52f(u)_529(8))d5dT

for every fixed ¢ € [0,1]. Therefore, if for every fixed ¢t € [0,1] u(t,r) = ( Jw(r),
where v(t) is function which satisfies the hypothesis (H1), (H2), (H4) and w(r) €
C3(R), w(r1) = w'(r1) = 0, satisfies the equation (1) then u(t,r) = v(t)w(r ) satisfies
the equation (1**) for every fixed t € [0, 1].

3. Proof of Theorem 1

3.1. Local existence of nontrivial solutions of homogeneous Cauchy
problem (1), (2). Let v(t) is fixed function which satisfies the hypothesis (H1) —
(H3).

In this section we will prove that the homogeneous Cauchy problem (1), (2)
has nontrivial solution in the form

[ v@)w(r) for r<r, te][0,1],
ult,r) = { 0 for r>ry, telo,1].
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Let us consider the integral equation

r . e "
fr ! m le (m Tgt))U(t, s) — sQf(u(t, S)))deﬂ
(*) ult,r)= 0<r<r, tel01],
0 for r>r, tel0,1],
where u(t,r) = v(t)w(r).

Theorem 3.1. Let v(t) is fized function which satisfies the hypothesis (H1)-
(H3). Let alsop > 1, g € [1,00) and v € (0,1) are fized and the positive constants
A, a, b, B, QK, a > 3 > 1 satisfy the conditions i1)-i5) and f € C*(RY),
f(0) =0, alu| < f'(u) < blu|. Then the equation (*) has unique nontrivial solution
u(t,r) = v(t)w(r) for which w € C?[0,71], u(t,r) = u.(t,r) = upp(t,r) = 0 for
r>ry, u(t,r) € C((O,I}Bqu[(),rl]), forr e [é, %} and t € [0,1] u(t,r) > 5, for
T e {0,7’1} and t € [0,1] |u(t,r)| < 5.

Proof. Let N is the set

N =A{u(t,r) € C([0,1] x [0,7m1]);u(t,r) = ur(t,r) = upr(t,r) =0 for r>mr

and t € [0,1],u(t,r) € C((0, 1]B;)q[0, ]);

for re {é, %} and te€0,1] wu(t,r) > %; u(t,r) >0 for te€]0,1]
1 2
Zoml < 2
and 1€ {a,rl}, forre [0,7"1} and te€[0,1] |u(t,r)| < 1B

Let also t € [0, 1] is fixed.
We define the operator R as follow

™ 1 m st 0" (t) 5
_ _ <r<r.
R(u) /T = —KT+Q2/T (52 “Ks 1 0% o) u(t, s)—s f(u))dsdT,O <r<mr
First we will show that R: N — N. We have

1) R(u) € C%([0,71]) because u(t,r) € C([0,r1]), R(u) € C([0,1] x [0,71]),
R(u)|y=r, =0,

0 B 1 " st V" (t) 0 B
ER(U) TR _Kr+ Q? /T1 [82 — Ks+Q? v(t) u— 52f(u)} ds, ER(UNTZH =0,
0? B K —2r " st V" (t)
WR(U) (2 — Kr 4+ Q?)2 /rl {52 — Ks+ Q2 v(t) v SQf(u)]d8+
T4 v”(t) T2
+ u(t,r) (u).

(F _Krt Q2% o0) RIS Twarll
Since u(t,r1) =0, f(u(t,r1)) = f(0) = 0 we get that
2
WR(U’)lT:Tl =0.

2) For r € [0,71] and ¢ € [0,1] we have |u(¢,7)] < -%. Then

2

AB
- 1 - O

- dsd ’ <

/,01 T2—KT+Q2/TI(S2—KS+Q2 v(t)u sf(u)) ST =

T 1 T 84 'Ull(t) )
S/Tl T2_KT+Q2/ (52—K5+Q2 v(t) Jul + 5 |f(u)|)d3d7§

T1

[R(u)| =
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(since alu| < f'(u) < blu| and f(0) = 0 we have |f(u)| < %|u| )
T 1 T 84 ”(t)
g/ / ( luf + 32|u|2)dsd7:
m T2 K7 +Q?% [, \s?2 = Ks+ Q? v(t)
" 1 /T( st v”(t) 5
—s |u|)|u|dsd7’ <
/T1 2 - K74+ Q? /., \s? — Ks+Q? v(t)
2 /T 1 /T( s v"(t) b
< — + —=3 )deT <
AB J,, 72 =K1+ Q? /. \s? - Ks+Q? v(t) AB
2
(here we use that ——— o7 < 171(1+Q27 rLK1T+Q2 <73 KlJer for r € [0,71])
< 2 1 ( 1 V" (t) b )<
AB1—- K+ Q? 1—K+Q2t€01] v(t)  AB/ —
2 1 1 2a b 2
o2 ( Mo by 2
AB1-K+Q*\1-K+Q2A%2 AB AB

(in the last inequality we use i1)). Consequently

|R(uw)| < % for rel0,m], te]0,1].

3) For r € [ rl} and ¢t € [0,1] we have u(t,r) > 0. Then au < f'(u) < bu
for r € [— rl] and ¢ € [0,1]. Since f(0) = 0 we conclude that f(u) < 2u? for

<3
re {— rl} and ¢ € [0,1]. Then for t € [0,1] and r € [— rl] we have

_[" 1 " st v ()
it = / 72— K7+ Q? /T (7= T2 oy e - $2f (u) ) dsdr >
4 v (t) (t,5) — 322u2)dsd7- _

T1 1 T1 s
>
_/T T2—KT+Q2/T (82—K8+Q2 v(t)u
1 1 T1 84 ,U//(t) 2b
= — 5= dsdt >
/TT2—KT+Q2/( —Ks+ Q2 o(t) 52“)”57—
[

(now we use that u(t,r) < 25 for r € [é,rl} and ¢t € [0,1])

1 1 1 34 U//(t) b
> dsdt >
> [ orwre ) i w0 )
r 1 r1 st ’U”(t) 2 b
Y S ~ dsdr >
_/T 72—KT+Q2/T (= ain o(t) g
(here we use (H3))
1 1 1 54 a 2 b
> — dsdr >
_/r 72—KT+Q2/T (82—K8+Q22A4 AB)UST

Here we use that for s € [0, r1] the function Lsizz is increase function. There-
s2—Ks+Q

1 4
fore for s € |:E’T1:| we have 82_I§S+Q2 > a?(l—aK+a2Q2))
a

1 1 T1 1
> —— _
/T —KT+Q2/T (aQ(l—aK+a2Q2) 244 AB)
1 a 2—)ud8d7,

1 1 T1
> -
/T 72—K7-+Q2/T (a2(1—aK+a2Q2)2A4 "B

udsdr >
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i.e.

71 1 T1 1 Qa b
4 > — —r?2"_udsd
(4) R(u) _/T T2—KT+Q2/T (aQ(l—aK+OZ2Q2) 2A4 TlAB)u sdr

for r € [%, 7’1] and ¢ € [0,1]. From the first inequality of i2) we have

1 a
a2(1 - aK +a2Q?) 244

—7? > 0.

b
AB
Since u(t,r) > 0 for r € B,rl}, t €10,1] and m > 0 for 7 € [0,71] from
(4) we conclude that R(u) > 0 for r € [é,rl} and ¢ € [0, 1].

On the other hand, for r € [é, %]7
0 B 1 e v (1) 54
5y Bu) = m/r (s flu) = o(0) 52_K5+Q2u)d8.

I(r) = /TT1 (SQf(u) - U;I(E:;) T [i O u) ds.

Let

Then
0" (t) rt

l/(T) = _Tzf(u) + v(t) r2 — Kr + Q? u.

Then for r € B, %] we have

a 1 1 b
U'(r) > — — —2r—— >0.
") 2 A ek Ty A2 i aEp 2

(see second inequality of i2)). Consequently /(r) is increase function for r € [é, %] .

I(r) > /:1 (Szf(u) _ U:((t? - ]i o u) ds

From here

a

for r ¢ [é’%] Since m >0forre [é,%] we have for r € [é,%}

9] 1 " v (t) st
WR(U) > TR OF / (szf(u) T —K5+Q2u)ds >

ES
o

1 % 9 T1 ’U”(t) 84
Zm(é s f<“>d8—/0 ) TR ) 2

. a (l _ l) _ dary >0
T 2441 - aK +a2Q?)\3  « ASB(1- K+ Q%2 —

(see third inequality of i2)) Therefore R(u) is increase function for r € [é, %]

Consequently, for r € {l %},

o’

Rlu) > / e ), (e o g ) dsar 2

B 1 5 s 0" (t)
> dsdT—
_A TQ—KT—FQQA 2 — Ks+ Q? v(t)UST
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T1 T1
A TQ_K;T_'_QQ‘/T Szf(u)deT Z
>(l_l)2 ! L_TQ 2b >i
B al) (1-aK+a2Q?)2245 '(1-K+Q2)A2B2 = A2’
(in the last inequality we use the fourth inequality of i2)) Consequently, for r €
[1 1} and ¢ € [0, 1] we have

o’ B
1
4)
1AnR()|[7, =

sla

- r+h 7‘1 o o »
(/0 (/T 72 —KlT—&—QQ/T (82—K8+Q2 v((tt))u(t’ s)—sQf(u))dsdT’) dr) =

1 r+h T1 4 " a

1 s v (t) b, 5 9 PoN\w
< d <
= (/0 (/ T2—KT+Q2/7: (32—K3+Q2 o(p) gl Jasdr)"dr)” <

(here we use that for s € [0,71] we have 52—;;-@2 < 1_K1+Q2, also for r € [0,7]
and t € [0, 1] we have |u(t,7)| < %)

< (/Tl (/T+h 71 /n( 1 max V() ||+
"N M 1-K4Q% ), M= K+Q? o) v(t)

+% |u|) dsdr)pdr) ’ <

(here we use (H3))

< (/OTI(LT+h1_];+Q2 /Trl(l_K1+Q2%|u|+%|u|)dsd7—)pdr)g <

S (/Orl (/Tr+h m%/{)m |u|ds+ﬁ% /0” |u|d5)d7)pdr)%

1 2a 1 b q
< (g gl + T—= s g luller )

(1-K+Q?)?A? 1-K+Q*AB
i.e.
1 2a 1 b q
q < h4 - -
InR@IIL < (g p el + T grap i)
Consequently
2
IR oy = [ 17 ARG 0dh <
1 2a b q (2
< 2a B a=) gy =
- ((1—K+Q2)2A2”“””+AB(1—K+Q2)”U||”) /0
S PP T .
T\O-K 4+ a2 T AR K +QY) ) q(l—q)
Therefore

1 2a b 9(1—7)

R 57, 0,r) < (mEHUHLM-AB(l —K+Q2)”u””)m

Q=
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From lemma 1 we get
IR 57, 10,0] <

O(; el 3 jo.mg + b lul| )217_7
(- K+ @2 2Bl T AR — K + @) Bhalom)) 0 oy

From the last inequality, if u € B;)q[(),rl] we get R(u) € Bg7q[0,r1]. From 1), 2),
3),4) we get R: N — N.

1 AR(R(u) = R(u1))||Ls

Let u,u; € N. Then
r+h T 4 7"
1 ! s 0" (t)
t — t —
/T TQ—KT—FQQ/T (52—K5+Q2 v(t) (ult, ) = ua(t, 5))

-/ (
—52(f(u) — f(ul)))dsdTDpdr)% <

<(/”(/”h — $ W
~\Jo - T2—Kr+Q? ), \$2—Ks+Q? v(t) !

|f(u) — f(u1)|s )dsdr)pdr)% <

(from the midle point theorem we have |f( ) = fur)] = | (&)]|u — uq], also we
have [(€)] < b¢] < bmax{ul, Jur|} < 2, therefore [£(u) — £(ur)] < 2 fu— )

<(/“(/”h — QTR
—\Jo - T2—Kr+Q? ), \s2—Ks+Q? v(t) !

2b
AB
(here we use that for s € (0,71) we have Sg_fi;_QQ < 1_K1+Q2, also for r € [0,71]

|lu — uqls )deT) dr)% <

1 1
we have s < 1_K+Q2)

SN [ (g o S
—\Jo r 1-K+Q? 1— K+ Q2 teo,1] v(t)

|u—u1|)dsd7') dr)% <

2
B
(here we use (H3))

<(/”(/”h : /h( gl — i+
"\ U, TmE+@ ), U-kr@aet "

—|u — u1|)d8d7) pdr) z <

1 r+h 1 2(1, 1
< - = —uld
—(/0 (/ (1—K+Q2)2A2/0 fu = walds
1 2b m P 1
- - @@ — <
+1—K+Q2 AB/O lu uﬂds)dr) dr) <

. 1 % 1 2% a
S M m e v —wller + s gl —wllee )
sh 1-K+Q22A [l = wnfler + 1 K+Q a1l

ie.
1 2a
1An(R () = R < (e g el — il +
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1 2b q
—rrgaglt )
Consequently
2
1RG0 = ROl g = [ 0P IAMGRG) = Reus)f,dh <
<(;2—a||u—u|| +
“\(1—K +Q2)2 A2 HIEr
2b a [?
- » B+ gp —
syl le) [
(e 2 e+ el — ) 2
T\A-K+@)za HETAB(I - K + Q) )@=y
Therefore
_ q
||R(u) R(ul)”ng[O,rl] —
<(;ﬁ”u_u” n 2b e — | )qﬂ
S\1-K+ QA T AB(I - K +Q?) ) (=)

From lemma 1 we get
1R(w) — Rl gy o) <
1 2a

< C((l — K+ Q2)2 2 ||u B ulHB;’,q[Ole]—i_

=il o) ——
u—utllgy 1901 ) ———-
AB(1 - K + Q?) Braloml) 1 — )i

From i3) we have

217
<L

( 1 2a n 2b )
A-K+QP 2  ABA-K+Q/) 412
therefore
1R(w) = R(ui)ll gy, j0,r) < v =gy 0,

Consequently the operator R : N — N is contractive operator. We note that N
is closed subset of C((0, 1] B} ,[0,71])(for the proof see lemma 5.1 in the appendix
of this paper). Therefore the equation (x) has unique nontrivial solution in the set
N. o

Let @ is the solution from the theorem 3. 1, i.e @ is the solution to the equation

(). From proposition 2.1 @ satisfies the equation (1). Then @ is solution to the
Cauchy problem (1), (2) with initial data

I e [ (st (De(s) — 82 f(0(1)(s)) ) dsdr
U = for 1<,
0 forr>ry,

f:l 727}(17-+Q2 f:l (52,I§Z+Q2 'U/H(l)w(s) - S2fl(u)’l}l(1)w(8))d8d7' =0
uy = for r<ry,
0 for r>rg,

ug € BY (RY), uy € BY;H(RY), @ € C((0,1] B} ,[0,71)).




310 SVETLIN GEORGIEV

3.2. Blow up of the solutions of the homogeneous Cauchy problem
(1), (2). Let v(t) is same function as in Theorem 3.1.

Theorem 3.2. Letp > 1, ¢ > 1 and v € (0,1) are fized and the positive
constants a, b, A, B, Q, K, 1 < 8 < « satisfy the conditions i1)-i5). Let f €

CYRY), f(0) = 0, alu| < f'(u) < blu|. Then for the solution i to the Cauchy
problem (1), (2) we have

i, 1@l 5y ,f0,r1) = 0-

Proof. We suppose that ¢ € (0,1]. Then we have

anR@|IL, = ( / / - g/ i — o ((t’;)u
—s? f(&)}dsdT‘pdr)% -
= (/03 /:Jrh 2 K17—+ 02 /:1 {52 — Ii FNOE v;/(it))ﬁ - s2f(ﬂ)}dsd7}pdr+
ri, prh r " a
+/; /T ’ 72 KlT—i—Q2 /7- [82 _ ;48 102 UU((;;)TL - SQf(ﬂ)]dsdT’pdr) "
Let

= r+h T 4 "
o 1 ! s V) . 4, P
I = - dsd ’ d
' /0 /r T2—KT+Q2/T {82—]{84—@2 o) " Sf(u)}ST "

T r+h T 4 "
M 1 1 s v (t) - 9 e p
I —L /T = —KT+Q2/T [32 K 1 Q2 o(h) U—s f(u))}dsdT‘ dr.

For I; we have the following estimate

1 1 2a b \P ., o,
(1—K+Q2)P(1—K+Q2E+E) el 2"

(in the last inequality we use that |f(u)| < 2|ul> < -5 |u|) For I we have

1 r+h 1 4 "
1 B s v (t) . 9 4/

I, = - dsd
2 é /T TQ—KT—&—QQ/é [SQ—KS—FQQ v(t)u sf(u)} sar+

r+h T1 4 "

1 s V) . o, P
- dsd ‘ dr <

+/T TQ—KT—&—QQ/% [SQ—KS—FQQ v(t)u sf(u)} SeT] ar=

o r+h 1 54 o ) )
S/é (/T 72—K17+Q2 /éﬁ|;92_KS+Q2 v((tt))u—SQf(u)}deT—F

/THh o KlT O /}:1 [52 — Ii o U;I(E:;) U — s2f(7l)} deTDpdT.

L <CP

+

Let

r+h 5 4 "
1 B s () . o
I ~/r T2 - K7+ Q? A [82 —Ks+Q?% v(t) v f(u)} s,

Sy S S P

1
B

I =
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Then
1 p
I, < / (121 + 122) dr.
1

For I5; we have the following estimate ( here we use that for r € {é, %} u > 0,

f(a) > %QQ > 55z 1, therefore —f (i) < — 5% 1)
r+h 1 4 "
1 G s v (t) . a 5.
I < _ ( - — )dd =
21_/T TQ—KT—FQQA s2 — Ks+ Q2 v(t)u 2A28u sar

r+h 5 4 " 25 24
:/ ;/"( s v <t>ﬂ_iszﬁ)dsd72
r T2—K74+Q? )1 \s2—Ks+Q? v(t) A2 242 A2

r+h 1 4 "
B 1 ) s v(t) 1 5 a 9~
_/T TQ—KT—FQQ/ (52—K5—|—Q2 v(t) A2 5 2A4)A udsdr.

1
[e3

From i4) we have that (for s € [é, %})

st vl a s
22— Ks+ Q2 v(t) A2 242 A2 =
1 1 a 1 a

> - 4 % 5
T a?l—aK +a2Q2?2A5 (32244
On the other hand we have @ > - for every t € [0,1] and every r € [é, %],
therefore A%% > 1 and A%4 < A?PiP. Consequently

T+h % 4 "
1 G s v(t) 1 5 1 o
Iy < ( — — —)Appdd.
21—[j 72—KT+Q2/ 2 Ks+Q2 o(t) A2 7 2ar) T

From i5) we have that

1
@

1
T <A< A2
1-K+Q>~ "~

From here we get

r+h L
1 B t
121§/ 7/ {_v ()__a }A%a”dsdrg

1-K+Q? 1 v(t) 244
1 v”(t) _ %’U 1
< 24 A2p/ iPdsh —
- 1 — K + Q2 v 0 v 5
1 V' (t) — 5%7v .
- TTRTg e Al <
1 v (t) = 5%zv .
< (1— K+ Q2?)? v 2 A2p||u||1£ph_
After we use the lemma 1 we get
1 V() — 5%5v .
Iy <CP 1K+ Q2 L A2P||u||%;’qh.
For I>5 we have
1 1 2a b
In < C ( %5+ =5 )l g, B
2o roo\i—krarar  ap ),
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Consequently

12§{C 1 ( 1 2a

b
2 22 Vil b
(1-K+Q?) 1—K+Q2A2+AB)||UHB;’4 +
R L
(1 — K —+ Q2)2 v Bp,q
1 1 2a b
22 2l h
(1_K+Q2)(1_K+Q2A2+AB)”“”BM +

+cr

IanR@I[%, < [[C

1 v (t) — 5%5v P
P 2A4 2p(151 1P
HA I D A lalty, B+
1 1 2a b \» +
P == 4L 7 =P p|P
(1—K+Q2)P(1—K+Q2 Vel AB) lllgy P } '
Then
lall s, < - (mrrgr t a5) s,
Bla = _ 2 _ N \1-K+Q2A2  AB By.q
(1-K+Q?)(q(1 =)
217 v (t) — s%v .
+C? P I — A= AP fal [,
(1-K+Q?)2(q(1—v))7
Let )
22—y 1 2 b
C,=C - .
@u—wwu—K+Q%Q—K+Q%“ 5)
1

D =v(l = K +Q*)(q(1 ~7)
From i3) we have that C; < 1. Then

Cr21—y A2p"

v'(t) — 557V

lall gy, < Crllill gy, + ——5 22— Nally,
from here ( )
1-Cy)D p—1

U=0)D g,

v(t) = 54zv P
Since a

. 1 —

R [U ®) 2A4U} =0

we have

Jimn 1] ;| = oo.

4. Proof of Theorem 2.

4.1. Local existence of nontrivial solutions for nonhomogenious Cauchy
problem (1), (2). Let v(t) is fixed function which satisfies the conditions (H1),
(H2) and (H4).

Let us consider the equation

r r 54 2"’
I i I (g ult s) — 2 (ult, 5)) — $%g(s) ) dsdr,
u(t,r) = 0<r<r,
0 for r>ry,

t € [0,1], where u(t,r) = v(t)w(r).
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Theorem 4.1. Let v(t) is fized function which satisfies the hypothesis (H1),
(H2), (H4). Let alsop > 1, q € [1,00) and v € (0,1) are fized and the positive
constants A, a, b, B, Q,K, a > (8 > 1 satisfy the conditions i2), i3), i5)-i7)
and f € CY(R'), £(0) = 0, alu] < f'(u) < blul, g € C(RY), g(r) = 0 for ¥r €
R*, g(r) =0 for r > r1. Then the equation (¥') has unique nontrivial solution
u(t,r) = v(t)w(r) for which w € C?[0,r], u(t,r) = u.(t,7) = upr(t,r) = 0 for
r >y, u(t,r) € C((071]B;7q[0,r1]), forr e [é, %} and t € [0,1] u(t,r) > 4z, for
re {O,rl} and t € [0,1] |u(t,r)| < 5.

Proof. Let N; is the set

Ny = {u(t,r) € C([0,1] x [0,71]); u(t, ) = ur(t,7) = upr(t,7) =0
for r>r1 and telo0,1],
. 11
u(t,r) € C(0,1)B],0.ra)): for v e [ 2]
2
for re {O,rl} and t€[0,1] |u(t,r)] < 15
Let also t € [0, 1] is fixed.
We define the operator R; as follow

T1 1 T1 S4 v”(t) ) )

fal) = / K7+ Q? /T (52 “Ks Q2 oy Wb (W o(s) ) s,

where 0 < r <7y, and t € [0,1]. First we will show that Ry : Ny — N;. We have
1) Ri(u) € C*([0,71]), R1(w)|r=r, =0,

0 1 " st 0" (t)
ERl(u) 2 - Kr+ Q2 /T1 [52—K5+Q2 u(t) “

1

and te€[0,1] u(t,r)> ﬁ;

1)~ ()] ds, 5 R w)lmr, =0,

62 _ T 4 /"
WRl(u) B (r2 —KKT irQQ)Q /n {52 - Ijs +Q? Uv((tt))u — 5" f(u) — 5°g(s) |ds+
’I”4 v T_2
R )~ g o)

Since u(t,r1) =0, f(u(t,r1)) = f(0) =0 and g(r1) = 0 we get that
32
or?

2) For r € [0,71] and t € [0, 1] we have |u(t,7)| < -%5. Then

/: 72— KlT +Q? /: (5= Ii +Q? U:((t?u_ 5" flu) = g(s))dsdr| <

' L ! st v"(t) 2 2
= /T1 72 - K7+ Q2 /n (52 — Ks+ Q2 v(t) [ul + 571 f (u)| + 5 |g(8)|)d8dT =

(since | f'(u)] < blu] and f(0) = 0 we have |f(u)] < %|u|2)

" 1 T s v (t) b 5 9 5
< + — + dsdr =
—/rl T2—KT+Q2/ (52— Ks+Q? v(t) [ul 2° [ul”+ s |g(s)|) sar

1

" 1 4 st V() b, 5
+ = -+ <
/m TQ—KT—FQQ/ ((52—K5+Q2 v(t) 2" |u|)|u| 5 |g(s)|)d8d7_

T1

Ry (uw)|r=r, = 0.

[ R (u)| =
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[ e [ e
Sy TP -K7r+Q% ), \AB\s2 - Ks+Q? v(t) 2AB

+5? max |g(s)|)dsd7’§
s€[0,71]

2 1 1 1
(here we use that TRTOT S TTRTOT RO S Tokyor forT € [0,71])

< 1 ( 2 ( 1 a v (t) 4 b )+ 2 ma lg( )|) <
—_— max —= 4+ — s max
T 1-K+Q*\AB\1 - K+ Q?t01] v(t) AB s€[0,71] ) =

< ;(i(;ﬁ n L) +72 max | (8)|) < 2
ST K+Q2\AB\I—K 12 A2 " ap) T oY) = AB
(in the last inequality we use i6)). Consequently

2
|R1(U)| < AB for re [077“1], te [07 1]_

0 1 T, 5 V" (¢) st

- e — — >
6) gl = g [ (700 +ale) — S s >
(as in point 3) of the proof of theorem 2.1)

N0 B
> m/r (S f(u)— ’U(t) 82—K8+Q2u)d820'

From (5) we conclude that R;(u) is increase function for r € [é, %} . Consequently,

for r € [é,%},

1 1 1 ,U//(t) 84
Ry(u) > /é oK1 0? /T ( o) 7= K8+Q2u_ s2f(u) — szg(s))dsdT >

>/% a? /% 1 ¢ ed
T J1 1—aK+4+a2Q? J1 oa?(1 — Ka+ a?2Q?) 4A5 sar
2b 1

2 2
— — _— >
TOoK+ro0A2B2 T "o UGk anwer i
> (l _ 1)2 1 o _
“\B o/ (1—aK +a2Q?)24A8
) 2 , 1

1
_ > —.
1-K+o)A3  ""1-K+Q? (max g(r) = o

(see fourth inequality of i2)) Consequently for r € B, %} and t € [0, 1] we have
1

—r]

AR Ry (W)|7, =

r+h 1 1 84 ’U”(t)
/T T2—KT+Q2/T (82—K8+Q2 v(t) ult, )

—s%f(u) — 829(8))d8d7")pd7“)% <

= (
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o, prth " A o
S(/0 (/r T2—K17+Q2/T (82—284-@2 v((tt))|u|+

b PN

—|ul?s® + s%g(s) )dsdr ) dr)" <

2
(here we use that for s € [0,71] we have Sz_;iJrQQ < 1_K1+Q2, also for r € [0, 7]
and t € [0, 1] we have |u(t,r)| < %)

r, prth r o
S(/0 (/r ﬁ/f (1—;—&-@2166[01 v((t))| I+

b p 5
Fapll+ g, oo dsa) )

(here we use (H4))

S(Ah(lﬂhTf%izﬁ/ﬁ(frfizﬁ%9“+

dsdr) dr)” <
'Al3h4<+52%§§dlg()l) sdr) dr)” <

T (rth 1 2a [T 1 b o[
< . — ds+ ——— d
—(/0 (/ (1—K+Q2)2A2/0 |u|8+1—K+Q2AB/O [ulds+

1 [N
L i) ar) <
+1_K+Q2£ﬁﬁm@M'T r)” <

1
<Al —m8MmM———— p
<w(T=Fmrgy iz
1 b 1 q
- Kz ap M+ T gr e e )|) ’
i.e.
1 1
q < h4 S
I8 ()5, < 1 (=g il + T ge g ol +
1 q
TR )
Consequently
2
1Bl 0,y = [ H AR ()], <
< (s amlullos + el +
5 5 ||U||Lr u||\Le
“\-K+@a2" T apa K+ @y
1 “ [’ A a=M gy =
g o) [ -
= (o e + e hulls
(1-K+Q?%)? A2 AB(1 - K +@Q?)
1 q 29(1—7)
TToR+ @ l9(s) ) q(1—7)
Therefore
1 b
14l 0 < (e gme gl + Tpr— e gm e+
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2(1—7)

sy max [g(s)])
—_— X S EE——
TR+ Q@ actort T (g1 =)

From lemma 1 we get

1 2a
R ()l gy 0, < (0(1 “K 1 Q)2 ﬁ”u”qu[Om]
c b
+ AB{ _K+Q2)||u||f;;,q[o,n]+

1 21—
ey max Jg(s) ) ——
1— K+ Q2 sefo,r1] (Q(l - ’Y))E

From the last inequality, if u € B;ﬁq[Oml] for t € [0,1] we get Ri(u) € B;ﬁq[o,rl]
for t € [0,1]. Also Ry(u) € C((0,1]By,[0,71]).

From 1), 2), 3), 4) we get Ry : N — Nj.

Let u,u; € Ny. Then

Rl (u) — Rl (ul) = R(u) — R(ul)
From here and from the proof of theorem 2.1 we get
[R1(u) = Ra(ui)ll gy jo,m) <

< 1 2a
= ((1 —wrorE azlt il ot

2 | | ) .
U—ULl|gy o1 ) ———T-
AB(1 - K +Q?) Bralord) 1 —4))s

From i3) we have

(gt ) e
(1I-K+Q*? A2 " AB(1—-K+Q%/ (41 —~))*

< 1.

Therefore
1R (w) = Ra(ua)ll gy o,y < Ilw—uillgy o,

Consequently the operator Ry : Ny — Nj is contractive operator. Since N is
closed subset of C((0, I]Bgﬁq[(),rl])(see appendix of this paper) we conclude that
(¥') has unique nontrivial solution in the set N. e

Let @ is the solution from the theorem 4. 1. | i.e w is the solution to the
equation (*¥'). From proposition 2.3 we have that @ satisfies the equation (1). Then
@ is solution to the Cauchy problem (1), (2) with initial data

I e I (e (Dw(s) = 52 (0(Lw(s)) — 2g(s) ) dsdr
Uo = for r<wry
0 for r>mr,

f:l 7'2—K17'+Q2 f:l (52_[§Z+Q2 U”/(l)W(S) - s2f'(u)v'(1)w(s))dsd7 =0
U1 = fOT r < 1,
0 for r>rg,

U € BY (RY), uy € BY;H(RY), @ e C((0,1]B},[0,71)).
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4.2. Blow up of the solutions to the nonhomogeneous Cauchy prob-
lem (1), (2). Let v(t) is same function as in Theorem 4.1.

Theorem 4.2. Letp > 1, ¢ > 1 and v € (0,1) are fized and the positive
constants a, b, A, B, Q, K, 1 < 8 < « satisfy the conditions i2)-i7). Let f €
CYRY), f(0) =0, alu| < f'(u) < blu|, g € C(RT), g(r) =0 for r >0, g(r) =0 for
r > r1. Then for the solution @ to the Cauchy problem (1), (2) we have

th—n>10 ||ﬂ||5’z-7,q[0w1] = 00

Proof. We suppose that ¢ € (0,1]. Then we have

[|Apall, =
~(/

r+h - 4 %
/T 73—%7—&—@2/7 {52—;5—&—@21}0(?))”
-

q
P
r1
+/
1
a

—s2f(u) — 829(8)} deT‘pd’l“) =

/T*h 1 / [ st v(t)
5 u
s TX—Kr+Q@Q% ). Lls?—Ks+Q? v(t)

—s%f(u) — 829(8)} deT‘pdT—‘r

/TJrh 1 /Tl { 84 ’U”(t) -
u
, T2—-Kr+Q? ), Ls?—Ks+Q? v(t)

—s2f(a) — 829(8)} deT}pdT) %.

Let )
I - /E /’I‘-‘rh 1 /7‘1 |: 84 ,U/I(t)a
e o IJr T2-Kt+Q% ), Ls?2—Ks+Q? v(t)
—s%f(u) — 529(5)] deT‘pdT,
/n /r+h 1 /n 84 " (t) -
b= SN ;
1), T2-K7+Q% ). Ls2—Ks+Q? v(t)
—s%f(u) — s2g(s)} deT}pd’I‘.
Then
(6) Al o, < (1 + B,

For I; we have the following estimate

I </é(/r+h41 /Tl[ st U"(f)|a|
b= 0 ” T2-Kr+Q% ), Ls?2—Ks+Q? v(t)

+52f(u) + s2g(s)} deT)pdT <

(here we use that r1 < 1)

U e
~—Jo - T2-K7+Q% ). Ls?2—Ks+Q? v(t)

452 (a) + g(s)}dsch)pdr <




318 SVETLIN GEORGIEV

1 r+h 1 1 st ’U”(t)
<[°(/ [ a
o , T2 - Kr+Q? ), ls?—Ks+Q? v(t)

+sf(u) + max g(s)} dsdr)pdr.

s€[0,71]

From i7) we have

1 1\2 1
<(=-Z=) —.
max o)< (5-2)

) < dsd
e, 9(8) / / 45T

Also u > % for r € B, %} Consequently

max g / / |a|dsdr < —/ / |@|dsdr <
s€[0,r1]

now we use Holder’s inequality

Therefore

now we use lemma 1

From the last inequality we get

I </‘; (/‘TJrh 1 /h[ ! ’U”(t)|_|
5 u
=0\ T2—KT+Q2 , L2 —Ks+ Q2% v(t)

p
+52f(T) + ||u||Bv Oh]]dsdT) dr.

From here and as in the proof of theorem 3.1 we have

1 1 2a  2b 1 P
< R R — ] P,
hs (Cl —K+Q2(1—K+Q2 A? + AB + A2)||u||311q) h

For I we have
/r+h 1 /é [ g4 ’U”(t) B
i
- T2 - K7+ Q2 s2— Ks+ Q2 v(t)

B, :
—s2f(a) — 829(8)} dsdr+

/TJrh 1 /Tl g v”(t) -
+ [ U
- - K7+ Q? $2—Ks+ Q2 v(t)

1
B

—s2f(a) — s%g(s) }deT’pdT <

r1 r+h % 4 Z
/(1,4 (/T 7'2—K17'+Q2/5{52—;5—&—@21}0(%)”

1
o

—s2f(a) — 829(8)} dsdr+

/T+h 1 /”{ s v (t)
a
” 72 — K71+ Q2 1 s2—Ks+ Q2 v(t)

IN

+
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—s%f(u) — 829(8)} deTDpdT.

Let
r+h < 4 7
1 B t
In = [ ° it )ﬁ
r TPKT7+Q? J1 L — Ks+ Q% v(t)
—s%f(u) — s2g(s)} dsdr,
r+h 1 4 "
Iy = / ! / [ i ! (t)a
, — K71+ Q? 1 s2—Ks+Q? v(t)
—$2f(a) — s%g(s )]dsdT‘.
Then

1 p
I, < / (121 + 122) dr.
1

For Iy we have the following estimate ( here we use that f(u) >
for r € [ , ﬁ})

r+h 1 % 84 ’UN(t) -
I < ( U
- T2 K7+ Q% J1 \s2—Ks+Q? v(t)

a 1.
_—S +Cﬁ||u||Bqu[0,T1])d8dT =

4A?
/’r‘+h 1 /é( S4 ,U//(t) AQ'EL
). T2—K74+Q? )1 \s2—-Ks+Q? v(t) A2
a A% _
- F+C’A2||u||Bqu[0m])dsdr:

B /T+h 1 /Ll, (( e v”(t) 1
), TE—Kr+Q? 52— Ks+Q? v(t) A2
s m)Az—+cAQ||u||Bw 0] ST
From i4) we have that (for s € [é, %})
st 1 a8
—Ks+Q? v(t) A2 4A2 A2
S 1 1 a 1 a > 0.
T a2l —aK +a2Q24A5 (32444
On the other hand we have 4 > > for every t € [0,1] and every r € [%, %],
therefore A%2% > 1 and A%% < A?P@P. Consequently

rh 1 5 st () 1
In < 2 2 (( 2 2 A2
r TP KT+Q* )1 \\s? = Ks+Q? v(t) A

)A2p P+C—||u||Bv Oh])dsdT

Y

4A4
From i5) we have that
1

TR A4
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From here we get

1

r+h + "
L e :
< - —_ 7 PP . <
Iﬂ‘/r 1—K+Q2L Hv(t) ) AT+ O 2”“”3 o] dsdT <

1 V'(t) — $5v o

< 1_K+Q2( - Ap/o aPds + C— ||u||Bwq[0m)hg
1 V'(t) = 757V o

< g (T Al + Ol <

1 v (t) = 7%zv
< 4A A2p =P

= (1—K+Q2)2( |ullZ» +
After we use the lemma 1 we get

» ,U/I (t)

1
C—slll 0. )

1
b < g (©

For I35 the following estimate

a
— 2 _ 1
v - AQP”“”%Z,L; +CA2||U||BW OTll)h

1 1 2a 2b 1
I < — + — + — |||u|| 5 A
2= Ca—gron (= Ky tag ™" )lllsg,)
Consequently

C 1 2a 2b 1
< a2 2 Viall s
< {((1 “K 109 (1 “K+qoatap” ) s, )it
1 V'(t) — 1520 1 P
P 4A 2p |14 1P il |
AT T (or === Al + 5Ol o, 1]
From (6) we get

[ Apalld, < H(C(I—I(1+Q2)(1—K1+Q2% I

1 v(t) = %=v P
p 4A% 2D |P
ey e (c A, + C||u||Bw Jom )]+

(01—K1+Q?(1—K1+Q2%+j?3+A2)”“”B” ") ]2
Then

| < 22— (C 1 ( 1 2a N 2b N 1 )||_|| )+
U|| H~ —_ —_ JR— Ul By
Pra = (q1—q)i\ 1-K+Q\1-K+Q>A2 = AB = A2 Bp.a

217 "(t) — 1%
" (oI propgn 4 Clallg 0 )-
(1-K+Q*)?2(q(1 —~)) v n
Let )
247 1 2a 2b 1
C=0C ; St-5+ts
2 (q(l—’y))Q(l—K+Q2)(1_K+Q2A2 AB AQ)

91—
+C T
A2(1 = K +Q%)%(q(1 —~))s

Dy =v(1— K +Q*2(q(1 7))

1
21=vCP AP’
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From i3) we have that Cy < 1. Then

V'(t) = 157

—_ —_ p
lallgg, < Callallag, + =52l
from here
1-C5)D _
7) (A =Co)Dr s
’Ull(t) — W’U prq
Since
. " a o
[0 ] =+

we have (from (7))
tlirno ||ﬁ||B;,q = o0.

5. Appendix

Lemma 5.1.Let v € (0,1), p > 1, ¢ > 1. Then the set N is closed subset of
C((0.15} ,(R)).
Proof. Let ¢t € (0,1] is fixed. Let {u,} is a sequence of elements of the set N for
which

il = llsy ey =0,
where u € B} ,(R*). We have

tim{un = all gy o,y = O

We define @ as follows:

_ o for r € [0,rq],
“=9 ¥

or r>ry.

We have
im s = all gy 0,07 = 0

First we note that for u € N R(u) is continuous function of v and there exists R'(u)
because f(u) € C32(R'). For R'(u) we have

, B T1 1 T1 84 ’U”(t) , ~
R(u)—/r TQ—KT—FQQ/T (52—K5+Q2 u(t) - (f)u)deT.

From here

I T VR 20
R/ > _ 2 !/ d d >
| (U)|_/r TQ—KT+Q2/7: (82—K8+Q2 () 5|f(u)|) saTt >
R
> — >
m 1 m st V(t) 24
A e I My e T
>/r1 1 /m( S4 v”(t) 2 9
— ). T-Kr+@Q?),
1

Tl)deTZ
B 1 m st 0" (t) 2a 4
> dsdt — >
> mmra | vt TR v

s2—Ks+ Q2 v(t) AB
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(here we use (H3))

S /B 1 /” st 4 2a 1
=)L PoKr+Q? ), K5+Q22A4 T ABA-K+QY) L T
S (1 1)2 1 a 2a 150
- — = — = r .
“\a p/) (1-aK +a2Q?)224* (1-K+Q?)AB'
(in the last inequality we use the fifth inequality of i2)) From here for u € N exists

M := min |R'(u)(z)] >0
z€[0,71]

because R'(u)(z) is continuous function of x € [0, r1].

Let

d
M, = mmax, E(R( u))(r)|-

Now we will prove that
for Ye>0 3d=46() >0 : from |z—y|<d
= |um(z) —un(y)| <e VYm.
We suppose that there exists € > 0 such that for every § > 0 there exist natural
m and z,y € [0,7r1], |x — y| < § for which |up(z) — um(y)| > €. We choose € > 0
such that ¢ < Mé. We note that R(u,)(x) is uniformly continuous function of

€ [0,r1](For w € N the function R(u)(r) is uniformly continuous function of

r € [0,71] because R(u)(r) € C?([0,7r1]) and as in point 2) of the proof of theorem
2.1 we have ’%R(u)(r)’ < -%). Then there exists 6, = 61(€) > 0 such that for

every u € N
[R(u)(z) = R(u)(y)| <€ for ¥V wyec(0,m] : |z—y|l <o

(Me E)AB

Then we may choose 0 < § < mm{él, } such that there exist natural m

and z1 € [0,7], 22 € [0, 1] for which |z, — :v2| < § and |um (1) — um(z2)| > € In
particular
(8) | R(um)(@1) = R(um)(x2)| < €.
Then from the midle point theorem we have
R(0) = 0, R(um)(z1) = R'(§)(x1)um(z1),  R(um)(z2) = R'(§)(02)um(z2),
|R(tm)(x1) — R(um)(xz)l = [R'(&)(z1)um(x1) — R'(§) (2)um (72)| =
= |R/(§)(z1)um(x1) — R (§) (21 )um (w2) + R (§)(21)um (22) — R'(§)(w2)um (22)] =
= [R' (&) (z1)um (1) — B'(§)(z1)um(x2)| — |R(§)(x1) — R (&) (x2)|um (22)] =
= [R'(€) (@1)l[um (21) — i (22)|- 2 (R())(n )‘Iﬂfl — 2| |um(z2)| 2
2 Mg— Mléﬁ 2 67
which is contradiction with (8).
Consequently

for Ye>0 3d6=0(e) >0 : from Jz—y|<d
(9) = |um(z) —un(y)| <e VYm.
On the other hand, from the definition of the set N we have

2
< — .
(10) [tm ] 1B VYm
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From (9) and (10) we conclude that the set {u,} is compact subset of C([0,r]).
Then there exists subsequence {u,,} and finction u € C([0,r1]) for which: for
every € > 0 there exists M = M(e) > 0 such that for every ny > M we have
[tn, () — u(z)| < € for every = € [0,71]; u(z) = 0 for > ri. From here and from
limg—— o0 [|thn,, — €L||B;q([07m]) = 0 we have : for every € > 0 3IM = M (e) > 0 such
that for every ny > M we have

zg%él:)r(l] |unk B U| <6 ||Unk B u”B;,q([Ole]) <€

Then for every n, > M we have

u—a < fu—tn, |+ |un, — A < e+ —un,],

1 1
/ lu — aldr < erq —I—/ |& — up, |dz,
0 0

(here we use the Holder’s inequality)

L P11
= lapogay < ers+ofF ([ 3= uny o) "5 <1
0 p @

for h > 0 we have

1 1 S
hilf'””u — 11||L1[0)T1] <h 1 er + i el (/ |& — tn, |pd:c) "
0

2 2
/ R dh|u — alL1o,r,] < / h=1="dher,
1 1

1 2 T1 1
—|—r1‘“/ h‘l“”(/ @ =, [Pdz) " dh,
1 0

1—2-9 3 1—2-9
———|lu =l < ———em
ay ay

1 2 T1 1
S / h‘l“”(/ i~ tn, [Pdz) " dh <
1 0

(here we use the Holder’s inequality)

1

1—92-9v 1, (2 1 1 L
< ——erp + (/ p(=t=ava (/ |a — unk|pdm) dh) <
qy 1 0

(since h > 1 we have h(71799 < p=1747)

1—92-9v 1, (2 1 1 1
< ——erp + 1t (/ pimoy (/ |a — unk|pdm) dh) =
ay 1 0

(here we use that for z > r; we have u,, (z) = @(z) = 0)

1—2-9v 1 2 1 1 1
S PR T (/ pol-ay (/ A (@ = un ) dr) " dh)
qay 1 0

1—92-9v 1, 2 1 1
—ery + 1" (/ Ty (/ |Ap(a — unk)|pd:v) dh) =
ay 0 0
1—-2797

IN

Q=

1
ery + 1yt [|u— u"k”BQ,q([O*”D <

1— 92~ 1
<e(———r1+ 1),
ay '
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e 1—9-9 1—9-9 a
7“’& — 1~1,||L1[0)T1] < 6(77’1 —+ Tfl )
ay ay
for every € > 0. Consequently u = @ a.e.(almost everywhere) in [0,71], |u|P = |a|?
a.e. in [0,71]. From here |u, — u| = |u, — 4| a.e., |u, — ulP = |u, — a4l a.e. in
[0,7]. Since up(z) = u(x) = 0 for x > r1 we have |Ap(un — uw)|P = |Ap(un — 0)|P,
|[ApulP = |ApalP a.e. in [0,7], for A > 0. Therefore u € Bqu([(),rl]) and

1 T1
/ [ty, — u|Pdz = / |y, — G|Pdz.
0 0

Now we will see that lim, o ||ty — u||3;, J(o.r1)) = 0- Really,

: n 2 3
lun = ullgy (0,7 = (/O p—l-av (/0 |[Ap(upn — u)|sz) dh) =

2 71 1
- (/ h*“‘”/ | A (n —a)|‘1d:cdh) "=
0 0

llun = all gy (0,117 —n—00 0.

Consequently for every sequence {u,} with elements from N, which converges in
By ,([0,71]) there exists function u € C([0,71]), u € B) ,([0,71]), for which [[u, —
ull g 0.y —n—o 0-

Below we suppose that the sequence {u,} is a sequence of elements of the set
N which converges in By ,([0,71]). Then there exists u € C([0,71]), u(x) = 0 for
>, u € B ([0,71]), [[un — UHB,I(,([O,n]) — oo 0.

Now we suppose that u(r1) # 0. Since u € C([0,71]), upn, € C([0,71]), un(r1) =0
for every natural n, there exist ez > 0 and Ay C [0,71], r1 € Ay, such that

€
il < 2.l > €2

for every natural n and every z € A;. Then for every natural n and for every
r € A1 we have

Let €3 > 0 is such that

€21 —-2797 -+ 1 1

= — A1 T ) -+ —= 1u

2 gy MBI P @

where p(Ay) is the measure of the set Aj. There exists M > 0 such that for every
n > M we have ||u, — u||3’7q([0m]) < €3. Consequently for every n > M and for

every z € A; we have

(11) €3 <

€2
|’U,n(£L') - ’LL(.T)| > 57 ||un - u||Bqu([0ml]) < €3.
Also we have

20 < [ o) = uiolas < [ " un(@) — ul@)ldz <

(here we use the Hélder’s inequality)

< (/Orl |tn (2) — u(x)|pdx>%rf%.
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For h > 0 we have

(here we use the Hélder’s inequality)

g

_9—qv 2 1 4 L
2R < ([ ar ([ jue) - u)de) Tan) <
1

qy 0
(since h > 1 we have h(~1=9¢ < p=1-97)

< (/12 I (/Orl [un (z) — u(ac)|qdoc)%dh)%rl‘%1 <

(here we use that u, = u =0 for x > r1)

< (f ([ 18utonto) = eppar)an) o

1 1

= (/02 he (/0 |An(un(@) = u(ﬂ?))l”dm) %dh) e

1

lun = ull gy (0,1 <

IN

1

< egryt.

Therefore

1 -2 ¢ 1

———u(Aq) < esrt,

22000 < aar]
which is a contradiction with (11). Consequently u(r1) = 0. From here u(t,r) =0
for 7 > r1. Then u,.(t,1) = up(t,7) = 0 for every r > ry.
Now we suppose that the

u(t, )| < 7

is not hold for every r € [0,7r1]. Since u € C([0,r1]) we may take e4 > 0 and
Ay C [0,71] such that

|u] > %—FE;; for 1€ As.
Then for every natural n and for every r € As we have

i — U] > [u] = Jtn] > —= + €4 — —= = ey,
AB AB
Let €5 > 0 is such that
(12) L2 T i(8a) > et
= eap(Ag) > esry™.

There exist M > 0 such that for every n > M we have ||u, — u||Bqu([0ml]) < €s.
Consequently for every n > M and for every x € Ay we have

|un(x) — u(z)| > €s, ||un — UHBQ,Q([O,M]) < €5.
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Also we have
can(Be) < [ Juala) = u(o)lds <
Ag

(here we use the Holder’s inequality)

< (/(:1 |tn (x) — u(x)|pdx)%rf%.

For h > 0 we have

Wt ea(aa) < h7 0 ([ ) - u(w)da) ot
0

2 2 71 1 3
[t ran@agin < [ ([ ) - u@pde) v an,
1 1 0

(here we use the Holder’s inequality)

1—2-97 2 m 4 N1
- < (=1=qv)q _ P P A
=~ eap(Ag) < (/1 h (/0 |un (z) — u(z)| d:c) dh) rit <

(since h > 1 we have h=1=ama < h—1mam)

< (/12 Ty (/Oh |tn (x) — u(m)|pdm) dh)% 1‘% <

(here we use that u, =u =0 for x > r)

2 1 a ER
< ([ wr ([ 1Bnun(o) - @)pde) " an) T <
1 0
2 1 q ER
< (/ himoy (/ |Ap(un(z) — u(m))|pdac) pdh) rit =
0 0
l
||un — U||B* (o’ <
1
< esryt.
Therefore
L=270 Ay i
—eqp <esrit,
gyl 571
which is a contradiction with (12). Therefore |u| < 5% for every r € [0,7].

Now we suppose that the inequality

ult, )| = -

is not true for every r € H, %} Since u € C([0,71]) we may take ¢ > 0 and

11
Az C {E? 3] such that
1
lu| < 12 ¢ for reA;.
Then for every natural n and for every r € Az we have
1 1
=l = | = o > 5 + 66 = = = s
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Let €7 > 0 is such that
1—-2"7 1

(13) TEgu(Ag) > 677”1?1.

There exist M > 0 such that for every n > M we have ||u, — u||ng([0 )y < €7
Consequently for every n > M and for every x € A3 we have

lun(z) — u(z)| > €6, [|un — u”B;’q([o,Tl]) < €7.
Also we have

esit(Ag) < /A |tn () — u(z)|de <

(here we use the Hélder’s inequality)

< (/Orl |tn (x) — u(x)|pdx>%rf%.

For h > 0 we have

(here we use the Holder’s inequality)

q

1—2-97 2 m 4 N1
- < (=1=qv)q _ P P A
=~ est(As) < (/1 h (/0 [tn (x) — u(x)] d:c) dh) rit <

(since h > 1 we have h=1=ama < h—1mam)

< (/12 ] (/0’”1 |tn (x) — u(av)|pdac)%dh)%rl‘%1 <

(here we use that u, =u =0 for x > r1)

< (/12 p—1-av (/Orl |Ap (un(x) — U(l’))|pdz) %dh) QT{Tl

([ ([ tte - toyras) ) o

1

[lun = ull gy, o,rpTi" <

IN

1

q
< errt.

Therefore
1—2-av 1
————ep(Ag) < erryt,
qay
which is a contradiction with (13). Therefore |u| > -5 for every r € [é, %}

Now we suppose that the inequality
u(t,r) >0
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is not true for every r € [é,m] Then from w € C([0,r1]) and from w, > 0 for

every natural n and for every r € {é, r1|, we may take eg > 0 and Ay C B, rl}
such that for every natural n and for every r € A4 we have
|ter, — 1| > eg.
Let €9 > 0 is such that
1—277 1

14 T esp(Ag) > egrit.
(14) = (Asz) 1

There exist M > 0 such that for every n > M we have ||u, — “HB;q([o ) < €o-
Consequently for every n > M and for every z € A4 we have
[n(@) — u(@)] > €5, Itm — ] 3 o) < -
Also we have
esp(Be) < [ Juala) = u(o)ldo <

4
(here we use the Holder’s inequality)

(here we use the Holder’s inequality)

g

1—2-97 2 m 4 N1
- < (=1=qv)q _ P P A
=~ esp(Ay) < (/1 h (/0 |un (z) — u(z)| d:c) dh) rit <

(since h > 1 we have h=1=ama < h1mam)

< (/12 Ty (/0” |un(z) — u(m)|pdz)%dh)%rfLl <

(here we use that u, =u =0 for x > r)
2 T1 g9 ER
< ([ ne ([ 18ntunte) - utppds) an)
1 0

1

< (i ([ 1ntnato) = topran) an) o

1

IN

[l = ull g, gorapTi" <
1
< €gryt.
Therefore
1—9-9v
qay
which is a contradiction with (14). Therefore |u| > 0 for every r € B, rl}.

Consequently u € N.

1
ESM(A4) < Eg’f‘lql s
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Then for every sequence {uy} C N, which converges in B; 4([0,71]) there exists

u € N for which

lim ffun = ull gy o) = 0-0

As in the proof of lemma 4.1 it is easy to verify that the set N; is closed subset of
the space C((0,1]By ,(RT)) for vy € (0,1), p>1, ¢ > 1.
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