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ABSTRACT. Solution of the nonlinear Klein-Gordon equation perturbed by
small external force is investigated. The perturbation is represented by fi-
nite collections of harmonics. The frequencies of the perturbation vary slowly
and pass through the resonant values consecutively. The resonances lead to
the sequence of the wave packets with the different fast oscillated carriers. Full
asymptotic description of this process is presented.
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1. Introduction

In this work we study the problem of a generation of sequences of solitary pack-
ets with different carriers in the optical fiber. The nonlinear Klein-Gordon equation
is studied as a modeling equation. We consider this equation which is perturbed
by a small external driving force with finite collection of modes. The external
perturbation relates to the pumping of the nonlinear media by an electromagnetic
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field. The multiple-frequency pumping allows to increase the capacity of the op-
tical communication channel. The wave packets appear due to passage through a
resonance by different modes of the external force. After the passage through the
whole resonances the solution contains the full collection of the solitary packages
of waves with different carriers. The envelope functions of these packages satisfy to
nonlinear Schrédinger equation (NLSE).

In general the derivation of NLSE for small solutions of nonlinear equations
is well known [Il 2, [3] and justified [4]. Our solution has a more complicate
structure. Before all resonances the solution has an order of the perturbation and
defined by the external force. After the passage through the resonance of the last
mode of the perturbation the solution has the order of the square root of the order
of the perturbation and satisfies NLSE. So we show the process of the resonant
transformation of the solution and the appearance of the wave packets with the
different carriers.

Earlier the resonant generation of periodic waves by a small external force was
investigated by a computer simulation [5]. The phenomenon of the generation and
the scattering of the solitary waves in the case of nonlinear Schrodinger equation
was asymptotically investigated in [6} [7]. The problem on the generation of a
solitary wave with a single carrier was solved in 8} [9]. Here we use the proposed
approach to study the multiphase case.

The proposed approach is based on a local resonance phenomenon. The local
resonance in linear ordinary differential equations was investigated in papers [10]
11]. Later this phenomenon was investigated in partial differential equations for
linear case [12] and for weak nonlinear case [13], [14].

The goal of this paper is the following: to demonstrate that the passage through
the resonances allows to obtain the sequences of solitary packets of waves with the
different carriers. The packets with different carriers do not interact.

This paper has the following structure. The first section contains the state-
ment of the problem, main result and example. The second section contains the
asymptotic construction before the resonance. In the third section we construct
an internal asymptotics in the neighborhood of the resonance curve. In the fourth
section we construct the asymptotic expansion after the passage through the reso-
nance. Five section contains the analysis of the resonances in high-order terms of
the asymptotic solution. All asymptotics are matched.

2. Main result

Let us consider the Klein-Gordon equation with the cubic nonlinearity per-
turbed by external force with the finite collection of the different harmonics
(2.1)
, al . S(e2t,e%x)
OPU — Q2U + U +1U? = &2 ka(az)exp {zkgé} +ce, O0<exl
k=1

Here v = const; fx(y), k=1,..., N and the phase function S(y, z) are smooth.
We construct the formal asymptotic solution of the WKB-type. In the domain
when the first mode of the perturbation does not pass through the resonance the
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asymptotic solution has a form

(2.2) U= —¢? Z 23 exp{i(jS)/e?} + O(?),
j=1 L
where
lj((EQ,tg) = j2(8t25)2 —j2(3m25)2 — ].7 To — 621}, to = €2t.
The leading-order term has an order of €2 and oscillates. Such solution relates to
the forced oscillations.

On the curve lg(za,t2) = 0, k = N,...,1 the frequencies of k-th mode of
the forced oscillations and a frequency of the eigen oscillations of the linearized
Klein-Gordon equation are equal. Usually the curves with the such property are
called resonant curves. The local resonance layer appears in the neighborhood of
the curve Iy (z2,t2) = 0. Here we describe the passage through the resonant layer
with the ordinary number k.

After passage through the k-th resonant layer a new eigen mode with the am-
plitude of the order ¢ appears in the solution. It leads to changing of the number
of harmonics in leading-order term. The amplitudes of the leading-order term sat-
isfy (N — k + 1) nonlinear Schrodinger equations after passage through the k-th
resonance. The solution has a form

(2.3) U=¢ Z T, explias/e?} + O(e?),

[e%:

where a@ = (1,0, av3) is a multiindex. The variable a3 possesses the value from ¢
up to ¢n. The value k in (2.3)) is defined by

k=minj:[; >0, j=1,...,N
and functions [;(z2,t2) are arrayed:
Li(za,t2) < lm(z2,t2), 1<j<m<N.
The accurate formulation of the result for this paper is following

THEOREM 2.1. Let the asymptotic solution of relates to forced oscillations:

= —522 exp{i(jS)/e*} + O(?)

in the domain Iy < 0 before the passage through the first resonance and the asymp-
totic solution has a form

U= SZ U, explias/e®} + O(e?), a=(1,0,a3),
a3
in the domain —ly > €, g1 > € before the k-th resonance curve lj, = 0. Here
as € YiH' = {£ors1, £dpra, ..., LN}
and the amplitudes ¥, satisfies (N — k) nonlinear Schrodinger equations
(24) 201,000, Vo + OF Vo + 07,05 — 02,0,]Va + 7| Va|* o = 0,
where a = (1,0,¢;) and j =k+1,...,N.

Then in the domain —l_1 >, lp > ¢ the solution has the similar structure
with the changes of the phase collection according to

Ty =115 U {£ex}.
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The number of equations in increases up to (N —k + 1).

Here we use the upper indexes ¥*! in our notations to specify the number of

the resonant curve that was crossed in our constructions.
To illustrate the the main result let us consider equation (2.1]) with the simplest
driving force with two modes:

F = fu(ay) expli(t3/2 + w2) /) + folwr) expli(t] + 222) /).

In this case the curves of the local resonance are the lines to = 1/17/16 and to = V2.
In the domain ¢ < 4/17/16 the asymptotic solution is

U =0(c?).

The solution of this order with respect to ¢ relates to forced oscillations.
After the passage through the first resonance the solution is

U =eWy 04, explige/c?} + 0(?), V17/16 <ty < V2
The amplitude ¥ ¢ 4, satisfies the Cauchy problem for
2001, ¥1,0,4, + (952151‘1’1,0,@ + Y1,0,65 °P1,0,6, = O,
variable & =t — \/mxl, Initial condition is
V1,002 ly,— 17716 = O+ DIVES
After the passage through the second resonance the solution is
U =eV104, explign/e®} +eV1 g4, explidn/e’} + O(e?), t2 > V2.

The amplitudes ¥ o 4,) and V(4 g 4,) are determined from the Cauchy problem for
two nonlinear Shrédinger equation:

201, 1,0,6, + 02,6, V1,060 T Y106, * V1,06, =0,

2001, V10,6, + 02,6, 91,060 +7¥1,0,65°¥1,0,65 = 0.
Here & = t; — /211 /2, initial conditions are

10,65 l1,—v3 = V1,060 l,— a0 ¥1.0.61l1,— vz = fo(€2)(1 4+ 0)V/.

The solution of this Cauchy problem contains solitary waves if the initial data are
sufficiently large [17].

3. Pre-resonance expansion

In this section we construct the formal asymptotic solution in the domain before
the k-th resonant curve. Here we use scaled variables z; = e/x,t; = ¢/t,5 = 1,2.
The solution has a form

(3.1) Uz, t,e) = e Wit 4> emwhtt,
n=2
\Pk+1 _ +4 2 i
1 Y exp{titm(wa,t2) /e } W10 10, (21,1, t2)

tmeTTH!
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The higher order terms are

n—2 N
U =3 "l (e) Y ( > exp{Eidm (w2, t2) /€21 Wn j 1o, (w1, 11, 12) +
j=0

m=k+1 “*t¢dm
> eXP{iX(Sﬂzatz)/EQ}‘I’n,j,x($17t17t2))a
XETkJrli%j

where 'I"k“;w» is a set of phase functions which is determined by

Tio' = {£brr1, £bnia, ... Eon}; Y5p = TiH U{£sS,..., £NS},

k+1 k+1
Tnz = U Xnig1 T Xna,jz T Xns,js Xnp,jp € Tn:,r,jp'
ny+mne +ns=n,
Nntjetiz=7J

k417 _ ~ekd1y Apktl
T+ :L,j =T, \T1o -
This solution contains the two parts. The first part of the solution has the leading-

order term of the order of €. The phase set of this part is

TTOI = {£brt1, Lbrs2, ..., TbN}

The modes have appeared in the solution due to the crossing of the previous
(N — k) resonant curves [; = 0. The terms of the order of €? with the phases
¢ T’ff{)l relate to the forced oscillations and describe the behaviour of the solution
before the first resonance curve Iy = 0 where the forced oscillations take place only.

The asymptotics constructed in this section is valid as lx+1 > €, —lx > <. The
result of this section is formulated below.

Note. Expansion contains the terms €™ In™ e. It looks a little bit unex-
pectedly because of the original equation does not contain the logarithmic terms
with respect to €. But these terms naturally appear due to the passage through
the previous resonant layers, see Lemma [£.6] in subsection [.3.1

Let us construct the formal asymptotic solution for equation in form .
We substitute in equation and collect the terms of the same order of ¢.
As a result we obtain a recurrent sequence of equations for the coefficients of the

asymptotics.
Terms of the order of € give us the equations for the phase functions
(3.2) (01, 85)* — (02p0)* —1=0, j=k+1,...,N.

Initial data for the phase functions ¢;, j = k +2,..., N are determined by their
values on the curve [ 1 = 0. Initial data for ¢y is related with

(3'3) ¢j‘lk+1:0 = (k =+ 1)S|lk+1:07 8t2¢)j|lk+1:0 = (k + 1)at25|lk+1:0'
The terms of the order of €2 give us the homogeneous transport equation
(34) 6152(%6151\1/1’0@]. — 8z2¢j6z1\111}0,¢j =0. j=k+1,...,N.

This equation allows us to determine the dependence of the leading-order term on
characteristic variable ¢. Equation (3.4)) along the characteristics

dlZJl _ dtl _
T@ - aﬂczd)% T 8t2¢]

(3.5) .
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can be written in the form of ordinary differential equation

d‘I’l_o &
3.6 — =0.
(30 Z
It yields Wy 0,4, depends on &;, where the &; is defined by
dl‘l dtl
Ejzat2¢j7 @:81'2@1)]

Among the terms of the order £3 we collect the terms which oscillate as exp(i¢; /?).
It gives
2i (01,601, Y2,0,6; — O, 60, ¥2,0,0,)
+2i01,0;00,%1,0,6, + [(01,65) = (02,65)2108 ¢, V1,06,
+il0F, 65 — 02,051%10.0, + P10, *P10,6, = 0.

It is convenient to write this equation in the form of ordinary differential equation
in terms of characteristic variables
d¥s.0,4, .
dé; == —2101,0;0, Y100, — [(atlgj)Q - (811§j)2]8§jq11,0,¢j
J
(3.7) —il05, 85 — 02,031 %1.0.6, — Y ¥1,00,1*P1,0.6,-

Equation shows that the right hand side of equation does not depend on
¢;. To construct the bounded solution of (3.7) we demand the right hand side of
the equation is equal to zero. It allows to determine the dependence of the leading-
order term on slow variable t5. The amplitudes of the leading-order terms satisfy
(N — k) nonlinear Schrédinger equations

2005, 001, V1,0,6, + [(06,6)% = (92,€5)%10Z ¢, V1,0,6,
(3.8)+i[07 ¢j — 02.91%1.0.6, + VW10, V1,06, =0, j=k+1,...,N
The initial conditions for Uy 0,4, are

\IJ1707¢J’ |lk-:0 = \Ill,O,gﬁj |lk:+03 .7 =k+ 27 s 7N;

\111’0,¢k+1‘lk,+1:0 :/ dafk+1(x1)exp(i/ dﬂ)‘k+1(x17t175))~
0

— 00

oo

Integration in this integral is realized in the line of characteristic direction connected

with (3.5]).

The equations for the higher-order terms are obtained by the same manner

2i (01,9501, Vi1 k6, — O2s 00, Vi1 k,p;) = 201,000, Ui g; — 0z e, Vi ko
—i[07, 05 — 02,051Vn k.0, + 00, €021, Vn1 k.0,

- Z Wk17k27Q\Illlvl2aﬁ\1l7n17m2767

ki1,k2,l1,l2,m1,m2,a,3,8

where ki + 11 +my =n+2, ko +la+ma =k, a+B+6=¢;, a€ X5, Be

Yo, s eTht

11,127 my,msa"’
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To construct the uniform asymptotic expansion with respect to (; we obtain
the linearized Schrodinger equation for higher-order term

2001, 000, VY ko, + 02, Vs, + 105,05 — 02,051V kg,
(3.9 _atlgagjtz \Ilnfl’k@j -7 Z Wit k2,0 Wiy,12,8Wmy mo 6

k1,k2,l1,l2,m1,m2,,3,6

where k1 +li+m1 =n+2, ka+lo+mo =k, a+5+06 = ¢, aET,’zi}@, RS
THEL 5 e kit

l1,l27 mi,ma*

The amplitudes ¥,, , , as x € Tf:gcl/ are determined by algebraic equations

(3.10) [~ (x6)? + ()2 + 1 W = Frkns X #£05, G=1,...,k

Here the right hand side of the equation depends on previous terms and their
derivatives

Fn,k,x = _2ithat1 \Ijnfl,k,x + 27’X12811 \Ijnfl,k,x - 27;Xt28t2 \Ijn72,k¢X

. 2 2
—0 [Xtaty = Xaozs) W2k — atth\Iln*&k,X - at2t2 | Y

(3.11) - Z Wk ko0 Wi 12, 8Wmy ma 65

ki1,k2,l1,l2,m1,m2,a,3,8

where k1 + 1y +m1 =n—4, ke+lao+me =k, a+8+0 =, aeTﬁi,lw b€
ThHL 5 e Thtl

1,127 mi,ma*

Note. It’s necessary to note that the multiplier [—(x¢,)? + (Xa,)? + 1] can be
vanished on some curves. It leads to the resonances for the higher order terms of the
asymptotics. The passage through the resonances does not change the leading-order
terms of the asymptotic solution. We discuss this passage in section [6]

In this section we pay a special attention on the amplitudes ¥,, ; , with the
phase function k£S. These amplitudes have the strongest order singularity on the
curve I, = 0. The multiplier [—(x¢,)? + (Xa,)? + 1] on the left hand of equation
equals zero on the curve [, = 0. Here we explicitly write out a few first
correction terms:

(3.12) Us 0 ks = f‘lﬁ“,
k
Oy f102,S
(3.13) U3 0.k = 211@1]7%2,

2Zkfk [atz Satzlk - arzsarzlk] - 4]{32(3372 S)Qagl fk
I
2ikdy, fr 01 S + 02, fi + ikOZS
12 '

The formula for the n-th order term has the form

Wy 0,65 =

(3.14)

1 . .
\Pn,m,kS = E |:at22 \I/n—4,m,kS + 2Zk8t2 Satz \I’n—Z,m,kS + sttztz \I/n—2,m,k5_

2lkargsarg \Ijn—Z,m,k,S - Z'1’41'832S\Iln—2,m,k:S - 6§1an—2,m,k5*
QagleLI/n—S,m,kS - 8132 \I]n—4,m,kS - 2lkamgsax1 \Iln—l,m,kS+
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(315) Y Z \Ij’ﬂhml,]ﬁ \Ilnzammkz\l’ns,mmks :

ni+ngs+nz=n,
ki+ko+ks=kS

mi+ma+mz=m

The main order of the singularity corresponds to the terms when m = 0. This
order depends on the number of correction term.

LEMMA 3.1. The coefficient ¥y, 1 o, @ € T]ffol U {kS} has the following be-
haviour

(3.16) Uy = O "2 D) 0 — 0,

Proof. At first we prove formula for the phase ¢ = kS. The validity of
formula for n = 2,3,4 and m = 0 directly obtains from (3.12)), (3.13)), (3.14).
Suppose now that this formula is valid for the term ¥,,_; o . The increase of the
order of the singularity as I, — 0 takes place due to differentiation with respect
to x9,ts and the nonlinear term in formula . Differentiation of the terms in
formula leads to formula for m = 0.

The validity for values m > 1 and other values of ¢ can be obtained by direct
calculations as it was shown above. Lemma is proved.

These lemma allows us to write the asymptotic representation for the coeffi-
cients

o0

(3.17) pmp = > Wl e YT U{kS), I — —0.

n,m,¢
j=—(n—2m-—1)

The terms U, ,,, ., for ¢ ¢ T’fjgl U{kS} have the more weaker order of the singularity
as lp — —0. Equations (3.15]) for these values of ¢ have the same structure but the
multiplier I is regular as [ — —0.
J
The domain of the validity as I — —0 for the formal asymptotic solution in
the form (3.1]) follows from the relation

k+1
n+1

g <1

It yields
—lp > e.

The following theorem is proved.

THEOREM 3.2. In the domain —li > €, lp+1 > € the formal asymptotic so-

lution of equation has form . The coefficients of the asymptotics are
defined either from differential equations (@, (@ or from algebraic equations

319, (5.13), (5.1, (5.15).

4. Internal asymptotics

This part of the paper contains the asymptotic construction of the solution for
equation (2.1) in the neighborhood of the curve iy = 0. The domain of validity
of this internal asymptotics intersects with domain of validity of expansion (3.1).
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These expansions are matched. Here we present asymptotic constructions for arbi-
trary k in details. It is necessary to note this section also describes the transition
from the forced oscillations of O(g?) to the solution of O(¢) when k = N.

Let us construct the internal asymptotic expansion in the domain |l;| < 1.
Denote

1
(4.1) )\k(fL‘l,tl,E) = glk(axl,stl).

THEOREM 4.1. In the domain |l| < 1 the formal asymptotic solution for

equation has the form

o0
(4.2) U(z,t,e) =Wy + Z "W,

n=2

where

N
Wi = Wioks explibS(ta z2)/2} + S S explbiom(a, t2)/e Wio o,
m=k+1tdm

= S(ta,x2)
W, = Z In? (e) Wi, ks €xp (zk#)
=0 c

n—2 N
+Zlnj(s>< ST exp{Eidm (w2, t2) /2 W j 1o, (21, 11, 12)
=0

m=k+1*odm,

+ ) exp{z‘x(@,t2)/52}wn,j,x(x1,tl,tg)),
xEY;m.
where T/n,j is the set of phase functions which is determined by

T10=Ebrr1, LOr42,...,LdN, kS,
TQ’O = :l:¢k+1, :l:¢k+2, ey i¢N7 :lZS, ceey :lZNS,

Tn,j = U Xni,j1 + Xnauja + Xns.js» Xnp.jp € Tnpvjp'
ny +ng +ng =n,
Jitjetiz=7

T/n,j =7, ;\T1i,0.

The function Wy, j s is solution of the problem for equation @) with zero condi-
tion as A\, — —oo.

There is a difference between asymptotics and external pre-resonance
asymptotics (3.1). Asymptotic expansion defines the generation of the k-th
mode by the local resonance for the leading-order term of the asymptotic expansion.
The difference is the collection of phase function. The collection of phases T ¢
contains (N — k + 1) phases but the phase +¢; does not exist in the k-th resonant
layer. There phases +kS are presented in the Y5 ¢ and Y5 collections.

The proof of theorem [£.1] consists in three steps. First we derive equations for
the coefficients of the asymptotics. Second we solve the problems for the coefficients.
And third we determine the domain of the validity for expansion .
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4.1. The equations for coefficients. In the domain 1 < A\, < ¢! both
asymptotics and are valid. This fact allows us to obtain the asymptotic
representation for coefficients of . Substitute I = e\ in formula and
expand the obtained expression with respect to powers of €. It yields

oo

(4.3) Wime = Y AW (22,t2,71), A — —00.

j=n—2m-—1

Let us obtain the differential equations for the coefficients of asymptotics (4.2]).
Substitute in equation and collect the terms with equal powers of small
parameter and exponents. It yields the equations for coefficients W, ; ,, ¢ € Ty, ;.
In particularly, the terms of the order €2 give us the equations for the amplitudes
of the leading-order terms

(4.4) 2k, SOy, W1 0. ks — 2ik0,, S0x, W1 0. ks — MW 0,68 = fs

(4.5)
2i8t2¢j6t1W1707¢j - 2i6932¢j8$1W1707¢j — l¢j (22, t2)W1,07¢j =0, j=k+1,...,N.

and complex conjugated equation for Wy o o, ¢ € T (k).
The relation of the order £® in equation (2.1)) gives 2(N — k) + 2 equations:

2ik0y, SOy, Wa 0,15 — 2ik0y, S0u, Wa 0,15 — MWo,o,ks = 02 Wi oks — 07 Wi0.ks

—ik[0}, S — 02, S]W1 0,65 — 2ik0s, SOy, Wi 015 + 2ik0y, SO0, W1 0,15

N
(4.6) =3y <|W1,o,ks|2 + Z |W1,o,¢m|2> Wi0ks-
m=k+1

2i01,0;0:, Wa 0,6, — 2102,002, Wa 0., — lg, (%2, t2)Wa 0.6,
=92 Wio,g, — 05 Wi 0,6, — —il0;,0; — 02,0,]W1 0,6, — 201,600, W1,0,6,

N
(4.7) +2i0,,50,, Wi 0.4, — 37 <|Wl,o7ks|2 + ) |W1,07¢m|2> W10, -
m=k+1

The higher-order terms are calculated by the same way. In particularly W, ; ., €
T o is determined by differential equations. Here we represent the equation for am-
plitude under ¢ = kS. The equations for other phases ¢ € T; ¢ can be obtained in
a similar.

(4.8) 20k, SO, W, j ks — 2ik03y SO0p, W i s — MW j ks = Fn j k-
The right hand side of equation (4.8]) has the form
Fo g = —2ik0y, S04, W1 ks + 20k, SO0, W1 j ks + k2 (01,8)*Wi—1,5.ks
—kz(&;z S)QWn_l,j,kS — 831 Wn—Lj,kS + 892;1Wn_1}j7k5 — 8t28t1Wn_27j,;95

2 2
+02,02, Wn—2,j,ks — 0, Wn—3j ks + 07, Wn_3,j,ks
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(49) - Z Wnl,jl,X1Wn27j27X2 Wna»jS»XS'
ny+ng +ng=n+1,
J1+j2+J3 =17,
X1+ X2+ x3 = kS,
Xj € T, (k), j=1,2,3

The amplitudes W, ., as x ¢ T1,0 are determined by algebraic equations
(4~10) [*(th)Q + (Xz2)2 + 1] Wn,k,x = Fn,k,x-

Here the right hand side of the equation depends on previous terms and their
derivatives

Fn,k,x = *Qithatl Wn—l,k,x + QZngazl Wn—l,k,x - 27:Xt28t2 Wn—Z,k,X

. 2 2
0 [Xtats = Xaows) Who—2kx — atm Wi_skx — atthWn—4>k7X

(4.11) - Z WN k2, oWy 12, 6Wimy .65
N,ka,l1,l2,m1,m2,a,8,6

where N+l +mi =n—4, ks +lo+mo =k, a+8+d=x, a € Ty, BE

Tll,lzv € Tml,mg-

4.2. The solvability of equations for higher-order terms. In this section
we present the explicit form for the higher-order term W), ;s and investigate the
asymptotic behaviour as A\, — Fo0.

4.2.1. Characteristic variables. The function W, ;g satisfies equation .
The solution is constructed by characteristic method. Define the characteristic
variables o,£. We choose a point (2,t}) such that Oz, l| (20,40y # 0 as origin and
denote by o the variable along the characteristic family for equation . We
suppose o = 0 on the curve Ay = 0. The variable £ mensurates the distance along
the curve Ay = 0 from the point (29,¢9). This point (29,t}) corresponds to & = 0.
Let the positive direction for parameter £ coincides with the positive direction of
7o in the neighborhood of (z9,¢9).

The characteristic equations for have a form

dt d
(4.12) d—; = 2k, S(exq, ety), % = —2k0,,S(ex1,etq).
The initial conditions for the equations are
(4.13) .131|U:0 = x(l), t1|U:0 = t(l)'

LEMMA 4.2. The Cauchy problem , for characteristics has a solu-

tions as |o| < c1e™, 1 = const > 0.

Proof. The Cauchy problem (4.12]), (4.13) is equivalent to the system of the
integral equations

(4.14) t; =10+ 2/ kO, S(exy,ety)dC, w1 =) — 2/ kOy,S(ex1,et1)dC.
0 0
Substitute to = (t; — t9)e, &9 = (z1 — 20)e. It yields

o eo
1?2 = 2/ katQS({fg - El‘?,fg - Et?)dc, ;ﬁg = —2/ kax25(§;‘2 - 81'(1),{2 - Et?)dc
0 0
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The integrands are smooth and bounded functions on the plane x3,ts. There exists
the constant ¢; = const > 0 such that the integral operator is the contraction
operator as ¢|o| < ¢;. Lemma [£.2]is proved.

Assumption. We assume that the change of variables (z1,t;) — (0,¢) is
unique in the neighborhood of the curve A\ = 0. This assumption means that the
characteristics for equation do not touch the curve Ay, = 0. It means

Oy 110, S — Dy 1By, S # 0.

It is convenient to use the following asymptotic formulas for change of variables

(z1,t1) = (0,€).

LEMMA 4.3. In the domain |o| < =1 the asymptotics as e — 0 of the solutions

for Cauchy problem , have the form

N
x1 (e £53) — 29(¢) = —20k0,,S + 2 Z e"0" g, (exy,ety) + O(eN TN T2),

n=1
N
@A), €) — t9(8) = 2080, S +2 > "0" iy (eay,ety) + OV TN T?),
n=1
where
dr ar
gn = —kdU—n(amS) 0_:0’ hn = kdo_in(atzs) o

The lemma proves by integration by parts of equations (4.14)).
The next proposition gives us the asymptotic formula which connects variables
o and A\ as 0, \p — Fo00.

LEMMA 4.4. Let be 0 < €71, then:

_d\

M= 9(€)o+O0(eo®), 9§ =

g — Q.

o=0

Proof. From formula (4.1) we obtain the representation in the form

oo
Ap = Z)\i(l’l,tbs)g%jfl,

j=1
where
j 1 &
N (z1,t1,6) = ﬁﬁ)\k(xlatlyff)‘o:&
It yields
dy o AN,
)\k» = E‘J:OU + O (EU do’z .
Let be
d?l
Hs > const, &£ € R.
The function d\/do is not equal to zero

d\ 1
SR = = ( — kamzkkﬁgws + katg)\katzs) 7& 0.
do 2
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Let us suppose dA;/do > 0. Tt yields

M= 6(€)0 +0(ea?),  le) = L

T do

o=0
The lemma is proved.

4.2.2. Solutions of the equations for higher-order terms. The higher-order terms
W, j,+ks are solutions of equation with the given asymptotic behaviour Ay —
—o0. Equation (4.8]) can be written in terms of characteristic variables as

. d
(417) Z%Wn,j,ks — )\kWn,j,kS = Fn,j,kS~

LEMMA 4.5. The solution of equation (@ with the asymptotic behaviour
as A\ — —oo has a form

W jks = exp(—i/ Ak (z1,t1,¢))
0

o ¢
(4.18) x/ dCF, jks(x1,t1,¢€) exp(—i/ dx i (x1,t1,8€)).
00 0

Proof. By direct substitution we see that expression (4.18]) is the solution of
(4.17)). The asymptotics of this solution as A\, — —oco can be obtained by integration
by parts and substitution

d
pr 2k0., S0, — 2k0:, SOy, .
It yields

. (20, SOy, — 2k0,, S50, \’ [ Fr ins
4.1 . — 2 1 2 1 0Js
( 9) Wn,],kS Z ( Z/\k ) Z>\k

=0

From formula (4.9) we obtain that formulas (4.19) and (4.3) are equivalent. The

lemma is proved.

:|, )\}g—>—OO.

4.3. Asymptotics as \; — oo and domain of validity of the internal
asymptotics. The domain of validity of the internal expansion is determined by
the asymptotics of higher-order terms. In this section we show that the n—th order
term of the asymptotic solution increases as )\Z_l when A\ — oo. This increase
of higher-order terms allows us to determine the domain of validity for internal
asymptotics as A — o0.

4.3.1. Asymptotics of higher-order terms. This section contains two propo-
sitions concerning asymptotic behaviour as Ay — oo for higher-order terms in
(4.2). The first lemma describes the asymptotic behaviour of higher-order terms
as A\ — oo and the second one contains a result about asymptotics of the phase
function.

LEMMA 4.6. The asymptotic behaviour of Wy, jrs as 1 < A < e~ ! has a form

n—1j—1

Wjks =D > (A;; ™ |Ak|w,5{;i’,zg<f>) exp(—i / dCAi (1, 1,2))
j=0 m=0 0
o (2k01, S0y, — 2k0, 505, \" [ Finjiks
(4.20) +> ( W ) [ v

m=0
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Proof. Let us calculate the asymptotics of the leading-order term

o ¢
Wi 0.ks ZGXP(—i/ d@\k(l’htl,ﬁ))/

0 —o00

0 fi(r) expli / )

o0

o ¢
:exp(—i/o dC/\k(xl,tl,e))/ dka(:zrl)exp(i/O dxAi(z1,t1,€))

— 00

o0

o ¢
_exp(—i / A (e te)) | dCfelen) exp(i / (1, t1,€)).

Further by integration by parts of the last term we obtain formula (4.20) as n = 1,
where

—0

WO () = / do fi(z1) expli / d(ar, 11, 2)),

Fioks = fr(21).

To calculate the asymptotics of W3 g g in formula (4.18) we use the asymptotics
with respect to o of the leading-order term. Integral contains the term with
linear increase with respect to o when n = 2. We eliminate this growing part from
integral explicitly. The residuary integral converges as ¢ — oo. It can be calculated
in the same manner as it was calculated for Wi g xs. It yields formula as
n = 2, where

Wz(,ldf)k)s(f) = Wf?d?k)s@)
The same direct calculations are realized for the n—th order term. The lemma is
proved.

To complete the proof of theorem we need to obtain the domain of validity
of asymptotics (4.2). The formal series (4.2)) is asymptotic when
EWn+1
W,
Lemma gives A\, < €71, After substitution A\, = el we obtain [;, < 1. Theorem
is proved.

4.3.2. Asymptotics of the phase function as A\, — oo. To obtain the asymp-
totics as A\ — oo we need to derive the asymptotics of the phase function in

formula (4.20)).

LEMMA 4.7. As \j, — oo:

<1, e—0.

- s 1
@) [ o= G+ (0.5 —aD) + 2,500~ 1) + 0D

Proof. Substitute the asymptotics of A from lemma[4.6] Calculate the asymp-
totics of the integral in formula (4.21))
dg¢

/ dC)\k("El,tl,E) = / ? [(—k@mlkasz—k katQZkatZS)C + O(€<2)
0 0

2
= (— kB, 14, S + katzlkatzs)% +0(e0®).

The asymptotics of the phase function kS(x2,t2) in the neighborhood of the curve
l; = 0 is represented by a segment of the Taylor series. It yields
kS 1

2

(k@mS(xl — I(l)) + k8t25(t1 - t(l)))

3
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1
+§(ksﬂv2w2 (‘Tl - x(l))2 + 2]{?5332152 (331 - x(1))<t1 - t(lj) + kstﬁz (tl - t(l))Q)

O(e(ltr — 13| + [tr = 19])°).

Substitute instead of (x1 —z9) and (t; —t?) their asymptotic behaviour with respect
to € from lemma[£:3] This substitution and result of lemma [£.4] complete the proof
of lemma [£7

The asymptotics as A\, — —oo contains fast oscillating terms with phase func-
tions ¢g11,-..,0n, mS,m € Z, m # k. The leading-order term of the asymptotics
as A\ — oo contains the oscillations with an additional phase function. We ob-
tain this result from lemma Denote this new phase function by ¢y (w9, t2)/e2.
The asymptotics of this function is obtained in lemma [£.7] The nonlinearity and
additional phase function lead to more complicated structure of the phase set for
higher-order terms of the asymptotics as A\, — oo.

LeMMA 4.8. The phase set Y,, ; for the n—th order term of the asymptotics as
A — 00 is determined by formula

Tl,O = {:l:(,bk, ey :tgf)N}; T270 = {i¢k, ey i¢N; :|:S7 ey :|:]\IS}7
T =UXnigi T Xnorjo + Xnadss  Xnmoim € Lt
where ny +no +n3 =n,j1 + j2 + jz = j.

The proof of this lemma follows from the asymptotic formula for n—th order
term. Representation ([4.2)), formula (4.20) and lemma [4.6]allow us to construct the
asymptotics as A — oo of the internal expansion in an explicit form

N n—2 n—1n—2
- Zlg" z%m (Z ST N W™ AW (e ))
n= p=

j=0 m=0

X exp [ < (D2, S(21 — 29) + 0, S(t1 — 19)) + O(aA?’))]

N n—2
2k, Sy, — 2kd,, SOy, . S(ta,x
+§ EnE lnp (§ :( t t 5 > |: Ziks})exp{zk(;ﬂ}
n=1 =0

(4.22) +§225”7§_‘;1np<a>( Z W,p,wexp{ <t2’x2)})+c.c.

pEY,,

This representation and formula 1' complete the proof of the lemma.

5. Post-resonance expansion

In this section we show how to connect the external asymptotic solution after
the passage through the resonance with the solution in the neighborhood of the
curve [ = 0.

There is a difference between these solution. The leading-order term of the
solution in this section includes an additional mode. This new mode relates to the
phase ¢y which was generated by the passage through the resonance near the curve
Iy = 0. It gives

(5.1) Tio="ToU{xeu}
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This section consists in two parts. The first part contains the construction
of the formal asymptotic solution. This solution is similar to the solution from
section Asymptotic behaviour for higher-order terms as I — 0 follows from
section In the second part of this section we determine the domain of validity
for this external asymptotics near resonance curve l(x2,t2) = 0. The matching
method gives us the initial conditions for the coefficients of the asymptotics.

5.1. Structure of the second external asymptotics. Let us construct the
formal asymptotic solution of the following form with the changing of the phase set

according to (5.1)).

oo
(5.2) Uz, t ) =eWh + Z "k,

n=2

N
Uy = Z ZeXp{iiﬁbm(iUz,tz)/EQ}\I’l,o,icﬁm(xhtl,tz)

m=k+1 £ém

n—2 N
\I/]:L = Z hlj(é‘) Z ( Z CXp{:l:igf)m(JCQ,t2)/52}\11n7j7i¢m (JSl,tl,tz) +
7=0

m=k+1 “*t¢m

> eXp{iX(wmtz)/EQ}‘I’n,j,x(iUhthtz))7

xe‘rpgw
where Tk;h ; 1s a set of phase functions which is determined by

YYo= {£br, £brr1, ... ton} Tho=TioU{ES,...,£NS},

ko _ k
Tn,j = U Xni,ji T Xnaja T Xnajsr Xnp,jp € Tnp,jp'

niy +mng +ng =n,
ntietiz=7J

T = TE £k, £ori1,.... ton ).

Substitute this asymptotic solution in original equation and collect the terms of
the same order with respect to €. After collecting the terms with the same phase
functions we obtain the recurrent system of equations for the coefficients.

The terms of the order ! give us the equation for the phase function of
eigen oscillations. The initial data is determined by matching condition with
the changing of indexes from (k + 1) to k.

The difference between this asymptotic constructions and constructions from
section [3| consists in changing of the number of terms of the order of ¢.

The amplitudes ¥y g 4, are determined from

201,000, 91,0,6, + [(06,65)* = (92,65)210% ¢, V10,6, +
(5.3) +il0h b5 — 02,051%1.00; +VW106,° V106, =0, j=k...,N

The higher order terms of (5.2) satisfy equation (3.9). Here we present the
following lemma which allows to match solution (5.2]) and solution (4.2)).
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LEMMA 5.1. The asymptotics as l, — 0 of the solution of equation (@) has
the form
(5.4)
=(j-1) A
Uy poi (21,11, 12) = Z ST WP (21,th) B(nl)™ +O(1), L — 0.
j=—(n—2p—2) m=0

Proof. Determine the order of the singularity of the right hand side of the
equation as [ — 0. First consider equation for n = 3,p = 0. The solution
of this equation gives us the coefficient W3¢ 4,. The nonlinearity contains the
term |Wo,0 k5| ¥1,0,6,- The function Wy g s has the singularity of the order l,;l as
li, — 0. It determines the order of singularity for right hand side lk_2. We construct
the asymptotics of U3, in the form

(55)  Ws06, = Vaoo i+ 900, (k) + Wgg s e (k) + ¥s0.6,,

Substitute (5.5)) in equation for n = 3. It leads to recurrent system of equations for
)

: J>P)
coefficients 3.0.6k

*213& ¢kat2 lk\Ij3 01(25073 \Ill 0,0k |\I"2 0, S‘2l12ca

2i0s, ¢100, 10y, = LIWS 1],

201, G0, K0Sy, = LIS ).
Here we denote the linear operator by
L[¥] = 2i0,, 101, ¥ + OFY +i[07, ¢ — 02, o]V + 7 (2| W1,0,6, 7T + (1,0,6,)7T").

The regular part ‘,I\’g,()?d,k of the asymptotics satisfies the nonhomogeneous linear
Schrodinger equation. The right hand side of the equation is smooth

LWs.0,4,) =~ In 1| LW 1 — 200, 0100, 10 SG)), -

The initial condition for the regular part of the asymptotics is determined below
by matching with the internal asymptotic expansion.

The structure of the terms ¥, ,, 14, for n > 3 has a similar form. The right
hand side of equation depends on junior terms. These singularities can be
eliminate

—(n—2) —j+1 )
Frpp. = Z Z lj In™ ‘lk|fknjgn¢l + F) kn,P,¢1
j=0 m=0

The coefficients fkff ;n &, do not contain singularities as [ — 0. These coefficients
are easy calculated.
The direct substitution of ((5.4) in equation and collecting the terms with the

same order of I, complete the proof of lemma

5.2. The domain of validity of the second external asymptotics as
lr, — +0 and matching procedure. The domain of validity of the second external
asymptotics is determined by

ek
n+1
gr <L

Formulas (5.2) and (5.4) give the condition
lp > .
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The domain |l;| < 1 of validity of the internal asymptotics and domain of
validity of the second external asymptotics are intersected. This fact allows to
complete the construction of the second external asymptotics by matching method
[16]. The structure of singular parts of the internal asymptotics as A\, — +oo and
external asymptotics as [, — 0 are equivalent. The coefficients are coincided due to
our constructions. The matching of regular parts of these asymptotics takes place
due to

Vo0 ‘lk:o = Wé?}?zzs(f)

The function WT(LOJOk) 5(&) is determined in lemma
In particular, the initial condition for the amplitude ¥, o 4, corresponding to
the new generated phase ¢, has a form

U1,0,05 |1,=0 :/ dafk(xl)exp(i/ dx i (z1,t1,€)).
— o0 0

The initial data for the others amplitudes W19 4,, j=k+1,..., N of the leading-

order term of are represented by values of these amplitudes on the curve I, = 0.
The soliton theory for nonlinear Schrodinger equation leads us to the fact that

the function W, g 4, contains the solitary waves when f;(x1) is sufficiently large.

6. Resonances in the higher order terms of the asymptotics.

In this section we discuss the passage through the resonances of higher order
terms of the asymptotic solution only. Such passage does not change the leading-
order term and leads to changing of the solution in higher order terms only.

Equations are solvable while the multiplier

IX) = [~(xe)? + (Xao)® + 1] #0.

Let us denote a particular value of x such that {[x] = 0 by x,. In the neighborhood
of the curve {[x,] =0, x, € 1), 1 the coefficients of the asymptotic expansion has a
form

Wn7k7x7' = O(l_l[xr})7 l[XT] - 07

(6.1) Vnm ko, = O "V a]), U] — 0.
These formulas give the domain of validity of (5.2)
(6.2) Ixr] >e.

In the neighborhood of the curve I[x,] = 0 we use a new scaled variable A, =1, /e.
The formal asymptotic solution is constructed in the form

(6.3) U(z,t,e) = Up_o(z,t,e) + Upes(, t, €).

The asymptotic solution has two parts. The first one does not depend on the
scaled variable Ay, . But the second part of the solution depends on Ay, , because
the resonance on the curve A, = 0 appears only in higher order terms of the
asymptotics. The terms U,,_a(z,t, &) and U,cs(z,t,€) have a form

n—2 m—2
Up—a(z,t,e) = Z em Z In* (¢) (Zexp{iw(xg,tg)/52}\llm)k,i¢,(x1,t1, ta) +
m=1 k=0 +¢

(6.4) > exp{iXT(xQ,tz)/sQ}q}m,k,M(xl,tl,tQ)).

Xr€Y!

m,k
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[e%e] m—2
Ures(l‘, t7 E) = Z em Z 1nk(€) ( Z eXp{ii(ﬁ(l@, tg)/EQ}\IJm)kid,()\XM T, tl, tz) +
m=n—1 k=0 +¢
(6.5) > exp{z'XT(xQ,tQ)/»s?}\Ifm,k,Xr(AXT,xl,tl,t2)>.
xr€Y!

m,k

Substitution of (6.3)) into gives the recurrent sequence of the problems for the
coefficients of Note that the coefficients W,,, i+ and ¥, k.. for m < (n—1)
are determined from the standard problems as shown in section [5]

The coefficients U,, ;14 and ¥y, i . for m > (n—1) are determined as well as
the internal expansion from section [4f Here we present the standard problems for
the coefficients of the asymptotics without detailed derivation. The higher-order
terms are calculated by the same way. In particularly, the terms in the case lower
index is equal to x, are determined by differential equations.

(66) 2i8tzx,,8t1\11m,k,xr — 2i8z2xrax1 \IImyk,Xr — )\XT\I!mkaXT = Fm7k1X7"

The right hand side F}, j ,, of equation has form with the changing of
the index from x to x..

The terms in the case the lower index is not equal to x, are determined by
algebraic equations (4.10)).

The analysis of equation is realized in section The passage through
this resonance layer leads to a new phase function appearance as was shown in
[1332] We denote this new phase function by ¢,.

In the domain after passage through resonance layer the amplitude under this
phase function is determined by

Qiatzwratz\pn—Lkﬁar + [(8751&)2 - (8951fr)Z]ag,@.\pn—Lk,%» +

(6.7) +i[at2290r - aggwr]anfl,kwr + %10, |2\Ijn71,k1<ﬁr =0,
here the variable &, is determined by

dzy dity

A, = Oty Xr» T& = Ozy Xr-

After the passage of the resonance layer the set Y,_;; is changed by the
following rule

Tnfl,k: - Tnfl,k U Xr-

It leads to changing of the set of phases for higher order correction terms by the
ordinary way.
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