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A Hopf Bifurcation in a Free Boundary Problem with an
Inhomogeneity
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ABSTRACT. We shall consider a two-component reaction-diffusion system with
spatial inhomogeneous media. In this paper, we shall explore the dynamics
of interfaces in the problem with spatial inhomogeneous media in order to
investigate the existence of time periodic solutions as a parameter vary and to
examine the effect of a spatial inhomogeneity.
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1. Introduction

Nonlinear reaction-diffusion equation models have been used to study impulses
propagating in nerve axon [5], to describe pattern formation [17] and to model
spiral waves in the Belousov-Zhabotinsky reaction [23]. In most models for such
waves, the medium is assumed to be homogeneous. The effect of an inhomoge-
neous diffusion process was studied for one component system in [18, 24] and a
two component system close to a singular limit in [6, 7]. The most simple but sub-
stantial model is given by the following reaction-diffusion equations with a spatial
inhomogeneity [1, 10, 19, 21]:

eous — 2Upy = Hlu —ag) —u—v+r= f(u,v) +k

(1)

Vg — Vg = u— pv = g(u,v), € (—00,00),t>0
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where ¢, o, pu are all positive constants, 0 < a9 < 1 and H(z) is a Heaviside step
function ([11]). The equation (1) represents a basic model of bistable medium
which is relevant for fertilization calcium waves [10] and current density dynamics
in large area bistable semiconductor systems [3, 22].

When ¢ is sufficiently small and x = 0 in the equation (1), a motionless localized
solution [9] and a spatially periodic solution [12, 16] can be formed. In this cases,
the authors in [2, 15, 20] showed that in the limit the stationary solutions of this
system, being smooth, exhibits an abrupt change but continuously differentiable
transition at the location of the internal layers. This transition takes place with
in an z-interval of length O(e) and converges to interfacial curves in z, t-space as
€ | 0. When ¢ = 0 in the first equation (1), an analysis of the dynamics of this
process has been shown (see for example [2, 13, 14, 15]) to lead a free boundary
problem consisting of the initial-boundary value problem
(2)

V=V —(u+ v+ H(x—ny)— Hx—n-)+r, (2,t) e Q) UQ (t)

v(x,0) = vy (x)
v(—00,t) =0 = v(oc0,t), t >0
n+'(t) = £Cv(n+(t))), t >0
n+(0) = £ no, 1m0 € (0,00)
where n+(t) are interfaces and the domains are Q7 (t) = {(x,t) : n-(t) < z <
n(t), t > 0} and Q (t) = {(z,¢) : ¢ < n_(¢),x > n4(t), t > 0}. From [2, 8, 15,
22], the trajectory with a unique value of C' = C(vg) exists and the velocity of
the interface is a continuously differentiable function defined on an interval I :=
(—ap,1 — ap) and thus the velocity of the interface can be normalized by
- 2z — 1+ 2a9 — 2K
o/ (z+ap—rK)(1—ag+r—2)

The purpose of this paper is to explore the dynamics of interfaces in the problem
(2) in order to examine the effects of the a spatial inhomogeneity .

The organization of the paper is as follows. In section 2 we show the existence
of the periodic solutions and the bifurcation of the interface problem as the param-
eter o and k vary by invoking the regular setting of the problem (2). In section

3, we examine the occurences of Hopf bifurcation as the parameter o varies and
investigate the effects of the spatial inhomogeneity.

C(z)

2. Regularized equation

For the application of semigroup theory to (2), we choose the space X := L3(R)
with norm || - || and let A be a differential operator —% + p+ 1 with the domain
D(A) = {v € H>?((—00,0)) : v(—00) = v(c0) = 0}.

DEFINITION 2.1. We call (v,n—,n4) a solution of (2), if it satisfies the following
natural properties: There exists T > 0 such that v(xz,t) is defined for (z,t) €
R x [0,T), ny € R and v(ne(t),t) €I forte[0,T),

a) v(-,t) € CL(R) fort > 0 with v(+oo,t) =0,
b) N— M+ € CO([O’T)) n Ol((OvT)) with ni(o) = :I:7707 Mo € (0700)7
¢) (Av)(z,t) and vi(z,t) exist for v € R\ {{n_(t)} U{n+(t)}} andt € (0,T),
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d) t—wv(-,t) € C°[0,T),X) with v(-,0) = vy € X and
e) v,n_ and ny solve the differential equation for t € (0,T) and x € R\
{{n-®)} U{ns()}}-
We define g : R? — R,

) i= AN (H =)~ H-n)+0)(0) = |

4+

G(z,y) dy+/<é/ G(z,y)dy,
R

where G : R? — R is a Green’s function of A satisfying the Dirichlet boundary
conditions. Applying the transformation u(t)(x) = v(x,t) — g(x,n—(t),n+(t)) then
we obtain an equivalent abstract evolution equation of (2) :

(3) %(u77’—777+) + Z(Uﬂ?—ﬂﬂ) = f(Uﬂ?—am—)
(u,n—,1+)(0) = (uo(z), =10, m0)

where A is a 3 x 3 matrix whose (1,1)-entry is an operator A and all the others are
zero. The nonlinear forcing term f is

—C(u(n-) +~vm-,n1)) G(x,n-) — Clu(ny) + (-, ny)) G(x,n4)
flu,m—,ny) = =C(u(n-) +v(n-,n+))

Clu(ns) +C(n-n4))
where the functions v : RxR — R and ¢ : RxR — R are defined by v(n_,n) :=
g(n—,n—,n4) and C(n—,ny) := g(n4,m-,14) -
The well posedness of solutions are shown in [4] applying the semigroup theory
using domains of fractional powers o € (3/4,1] of A and A. Moreover, they obtained
that the nonlinear term f is a continuously differentiable function from WnN D(/T”‘)

to D(A) where D(A) = D(A) x R x R and

W= {(u,n-,n3) € C'(R) x R xR : u(n-) +~v(n-,n4) € Lu(ng) +¢(n-,ns) € I}
Copen CT(R) x R x R.

3. Existence of steady-states and Linearized equation

In this section, we shall examine the stationary solutions of (3) and shall study
the dependency of k on the existence of solutions. We now consider the stationary

problem of (3) for (u*,n*,n}) € D(A) N W. This system is equivalent to the pair
of equations

which implies that
(5) %*ao*’Y(Tli,ﬁi)Jrn:O and%*QO*C(ni,ni)+/{:0.

PROPOSITION 3.1. Suppose that 0 < § — ag + 25 < m,

(3) has at least one stationary solutions (0,n*,n%) for all o # 0 satisfying that

then the equation

* * 1 1
my =0t = s I (spre )
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The linearization of f at the stationary solution (0,n* ,n}) is
Df(0,nZ,n3)(a, -, 94)

o (al )+’Yn (77 )= + T, (07 )04 ) GO )

o (s + Gy (00— + Gy (0 m)n ) G(-\n

g )

*

(@) + v (" 0= + . (0

S (@) + G ()i + Gy (=, ) +)
The pair (0,n*,n%) corresponds to a unique steady state (v*,n*,n%) of (2) for
o # 0 with v*(x) = g(x,n*,n}) .

PROOF. From (4) and (5), the steady states (0,7*,n%) are solutions of the
following equation :

(6) 3 —ao+kK—v(n-,ns)=0.

The equation (6) implies that 1—e VAFL—n-)) 4 T = 1 —ap+x. Thus

2

1
In (2(u+1)ao—u—2w) lf 0 < 3 ~ a0+t u+1

20 +1)(
(n*,n7;) satisfies that o} —n* =
1
pIESYE
The formula for Df(0,n*,n%) follows from the relation C’(0,7*,n%) = 4/0
and Lemma 4 in [4]. The corresponding steady state (v*,n*, 77} ) for (2) is obtained

using the transformation and Proposition 7 in [4]. O

/t+

We state the linearized eigenvalue problem of (3) :

—Au,n—,m4) + 7B, -, n1) = Mu,n—, 14

which is equivalent to
(A+Nu =7(un?) + v n— + v 1+)G(0")
+T(U(ni) Y - Yoy 1) GG
T (u(n=") + Yy 1= + Yy 14)
A =7(um) + o 1+ Wy n4)
where v, = v,_ (0, 100), Yo =Yy (07, m7) and T = 4/0.

(7)

An-

4. Effects of an inhomogeneity for a Hopf bifurcation

DEFINITION 4.1. Under the assumptions of Proposition 3.1, define (for 1 >

a > 3/4) the linear operator B from X< to X
Bi= % DF(O,0" n%).
We then define (0,n*,7n%) to be a Hopf point for (3) if and only if there exists an
€0 > 0 and a C-curve
(—eo+ 7", 7" + o) = (A7), (7)) € C x Xc
(Yo denotes the complexification of the real space Y) of eigendata for —A+ 7B
with
(i) (=A+7B)(¢(7)) = A(7)o(T), (—A+7B)(d(7)) = A7) ¢(7);
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(i) N(1*) =1ip with B > 0;
(iii) Re(N) # 0 for all A € o(—A + 7°B) \ {£if};
(iv) Re N (7*) # 0 (transversality).

We shall show that the steady states become a Hopf point under the same
condition in Proposition 3.1.

THEOREM 4.2. Assume 0 < % —ap + M”% < m, the operator —A+71*B

as a unique pair {£iB} of purely imaginary eigenvalues for some ™ > 0. Then
(0,n*,m%,7*) is a Hopf point for (3).

PrOOF. We assume without loss of generality that § > 0, and ¢* is the (nor-
malized) eigenfunction of —A + 7*B with eigenvalue i3. We have to show that
(¢*,if) can be extended to a Cl-curve 7 — (¢(7), (1)) of eigendata for —A + 7B
with Re(X (7%)) # 0.

For this let ¢* = (g, 00, po) € D(A) x R x R. First, we see that gg # 0 and
po # 0, for otherwise, if g9 = 0 = pg then, by (7), (A+i8)vo = i8 (00 G(-,n* ) —
po G(-,n%)) = 0, which is not possible because A is symmetric. So without loss of
generality, let g9 = 1. Then E(vq, po,i8,7*) = 0 by (7), where

E:D(A)c xRxCxR— Xg x C xC,
E(u,ny A7) =
(A+XNu =7 (un2) +ym, (0 = 1)) Gn) = 7(u(n) + vy (0 — 1) GCon7)
A =1(u(n-") + v, (n+ — 1))

= Mg = 7(u(n) + e (04 — 1))
since v,_ (0", %) = —vn.(n*,n%). The equation E(u,ny,,7) = 0 is equivalent
to A being an eigenvalue of —A + 7B with eigenfunction (u, 1,7,). We shall here

apply the implicit function theorem to E, and therefore have to check that E is C*
and that

(8) Dy WE @0, po,iB8,77) € L(D(A)c x Rx Cx R, X¢ x C x C)
is an isomorphism. It is easy to see that E is C''. In addition, the mapping
D, 2 E(Wo, po, iB, 7*) (@, 14, A) =
(A+iB)a— 7" (@) + 3, 14) GCon®) = 7 (@00E) + v, 7) GCo3) + Ao

A =7 (@(n%) + my 04)

—Xpo — i — T(A(n) + Yoy 04 )
is a compact perturbation of the mapping

(it 4, X) = ((A+ B, 74, )
which is invertible. Thus Dy, x)E(%o, po,i3,7") is a Fredholm operator of index
0. Therefore in order to verify (8), it suffices to show that the system

D(u,n+,)\)E(77Z}Oa p07iﬁa7*)(ﬁaﬁ+a /\) =0
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which is equivalent to
(A+iBya+ Mo =7 (aln™) + 7, 01y) Gln2) + 7 ()
+’7’r]+ ’f]+) G(7 ni)

(9) )
A

(™) + Yy N+)

~Xpo — B =T (@(nL) + Yoy i14)

necessarily implies that ¢ = 0, 7+ = 0 and A = 0. We define Y1 =1 — G(,n") +
G(-,m%) po then the first equation of (9) is given by

(10) (A+ i)+ Mpy = —iBG(-,n}) iy -
On the other hand, since E(%q, po,i3,7") = 0, we have

and 17 is a solution to the equation

(11) (A+iB)1 ==y + Oyz po
and
12) i3 =7 (o) + Gt nt) — G, m3)po + vy (po — 1)

—ifpo =7 (VL1(nt) + Gt ) — G, mi)po + Yoy (po —1)).

From these equations,

T Im (Y1 (n7) — () po ) = B(L+ ).
Equation (11) implies that

(13) — Bl + 1) po / A2, 2 48 / i,

so that

m (i (*) — 1 (1) po) = B/R o ?.

Hence we have
(14) / 12 = (14 p3).

From (11), we now can then calculate u(ni as [p(A+if)ayy = —a(n* )+ a(n?)po,
which together with (9), (10) and (14) implies that

/ ERTIR / (&, br (@) = a(n* ) — 4 po

= A

1
20— oty = [ ol = valai i

Since from (11)

iﬁ/G(Jc,ni)wl(m)dw = —/Az/)l(x) G(x,n})dx
—GZ,n}) + G i) po = —Yo(n}),
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and thus i3 [ G(x,n})¢1(x)de = —1po(n?). Hence we have
M [ = wP)) o
(L= lan)
which implies that A=0.

In order to show that & = 0 and 94 = 0 we multiply @ and G(-,n%) to (10),
then we obtain

[1AYV2aP +ip [|a? = —ifis [ G(z,n3) a(z)dz
= —a(nt)ny +16(71)* [ G*(x, 0} )dx

/N

i [ G*(z,n%)dx + vy, — i—‘f)(m)Q
which implies that

X 1 i R
(15) /|u|2 + (; - /GQ(I,M)CZI) (7+)* = 0.

From (12) and (13) £ (14 p3) = (G(n,m%) + v, ) (1 + p3), which together with
(15) implies that

X G(ni,ni) +~ . R
[+ (PRI G2 ) 4 )? o0

This is equivalent to the equation
c2 0 e a2
a2 + = 0.
[+ )

So we conclude that @ = 0 and 74 = 0.

We have shown (8), and thus get a C*-curve 7 — (¢(7), A(7)) of eigendata such
that ¢(7*) = ¢* and A(7*) = if.

It remains to be shown that the transversality condition Re A'(7*) # 0 holds.
Implicit differentiation of E(¢o(7),n+(7), A(T),7) = 0 implies that

Dy N E(W0, po, 18, 77) (05 (77),n4" (77), N(77))
(Lo (=) + 7, (po = 1))G(ym%) + (Yo(m7) + v, (po — 1) G(0})

= Yo(n™) + . (po —1)

Yo(n}) + Yy (po — 1)

This means that the function @ := o/(7%), 7y := 74/ (7*) and X := N (r*) satisfy
the equations

(A+if)a+ My = —i By G(,n7)
(16) X—T*(a(ﬂ’i)+%+ﬁ+)=¢0(7I*_)+%7+ (po—1)

“Xpo — i B — (UML) + Yy Te) = Yo(0) + e (o — 1)
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where 1)1 := o — G(-,n") + G(-,n}) po. The equations (12) and (16) implies that

S ST _

uln™) = = 3~ e

~r N A po 15774- i3 ~
U(7]+) - T* - T* (7_*)2 Po — ,yn‘*' M+ -

We first show that A = 0. Suppose that A =0 in the system (16). Multiplying
11 by (16) and @ by (11) and then integrating,

Je(A+iB)u iy =nppo(n?)

Je(A+iB)ypra = —(ant) —u(ni)pro)
which implies that
i o~ oy, B
2 (1 =+ pO) =N+ (¢o(77+) + TT/)O + Yoy (pO - 1)) =0.

This is a contradiction since 8(1 + pg) # 0 and hence X £ 0.
Multiplying u by (11) and integrating, and then comparing with (16), we obtain

(18) X4¢%4mﬂAGmﬂD%@MwﬂMU—Mﬁmm

Applying the (17), then we have

(19) X([wi=lwP) =~z 1+ )

which implies that

(20) Re\ (Re/q/sz/h/)l\z) —ImA\ (Im/qpf) =0
and

(21) Im\ (Re/?ﬁ - / [1]?) + ReX (Im/d;f) = (76)2 (1+p3).
We now suppose that Re) = 0 in the equation (20). Then we have Im [¢7 =0
which implies that Reyy; = 0 or Im¢p; = 0. If Im¢); = 0 then Re [¢7 = [ [y ]?

and thus from the equation (21) we have ﬁ (1 + p2) = 0. Therefore we have

Ret; = 0 and from the equation (12), we obtain
G )1+ pd) — 2G(n*,7)po — Yy, (1= po)? =10
implies that (G(n*,n*) — 7y, )(1+p3) = 0 and this contradicts to Rey; = 0. Hence
ReA = 0 and is given by
2 2 ~ B
((Re fut = [1n?)"+ (m [ 02)") ReX = =L (1) (1m [ 0.

Hence the transversality condition holds. (I

We shall show that there exists a unique 7* such that the linearization —A+7*B
has a purely imaginary pair of eigenvalues. To do this, we have to show that the
function (u,n4,8,7) — E(u,n4+,i0,7) has a unique zero with 8 > 0 and 7 > 0.
This means solving the system (7) with A =i and v = v+ G(-,n*) — G(-,n}) N4+,

(22) (A+if)v=—by + 5771 T+
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and

(23) :ﬁ* =v(n2) +Gi,nt) =G, ni) e + vy (4 — 1)

(24) —iﬁ* n+ =v(n}) + Gni,nt) = G )ne + vy, (04 — 1).

The equation (22) has, for fixed 3 > 0, the unique solution v = —Gg(-,n%) +

Gp(-,n% )n+ where G is the Green’s function for the operator A + 3. The real
and imaginary parts of the equation (23) and (24) imply that

0= —Re (Gp(n=,n)(1+n3) —2Gs(n* ,n5)ny) + Go*,n* )1 +1n3)
(25) —2G (=, )y — o, (1= n4)?

B(1+n2)=-Im(Gs(n™, ") (L +n2) — 2G5, n%) n4).

LEMMA 4.3. Let Gg be a Green function of the differential operator A + if3.
Then the expression Re(Gg(n*,n* )(14+n3)—2Ga(n* , 0% ) ny ) is strictly decreasing
in 3 € RT with

Re Go(nz, nz) = Gna,nz),  Jim ReGip(nz, nz) =0,

and Tm (G(n*,n* )(1 +n3) —2Gs(n*,n3) ny ) <0 for any 5> 0.

PROOF. First we have (A+i3)~! = (A—iB)(A%+3%)71, s0if L(B) :== Re (A+

i)~ and T(B) := Im (A +i8)~!, then

L(B) = A(A* + *)7" and T(B) = —B(A* + %) 7"
Since (A% +3?)~! is a positive operator, it follows that —7'(3) is positive for 3 > 0,
which implies that Im (Gg(n*,n%)(1 + ni) — 2Gs(n*,n7)ny) < 0. Moreover,
L(B) — A7l as 8 — 0 and L(B) — 0 as 3 — oo, which results in the corre-
sponding limiting behavior for Re(G(ni,n%)).

Now to show that 3 — Re(Ga(n*,n*)(1 +n2) — 2Gg(n*,n7)ny ) is strictly
decreasing, define h(5)(z) = Ga(z, 1) — Galw,m) ns — Gl ) + Gla,n3) ny.
Then (in the weak sense at first)

(A+B)h(B) = —iB(G(-,n2) — G my) n+)-
As aresult h(8) € D(A)c and h: RT — D(A)c is differentiable with ih(3) + (A +
B (B) = =i (G(,n%) — G(-,m3 )14 ), therefore

(A+iB)W (B) = =i (Ga(,n") — Ga(-n}) 14)-
We thus get

—i (W(B)(n%) = W (B)(m) m+ )
/]R (A +iB)*H ()R (B)(x) da

/R (A+iB)H(B) - (A+if)W(B) da

- / AR (B)[2 — B2\ (8) 2 d + 248 / AR/ (B(B) da
R R



68 YOONMEE HAM

It follows that
Re (W(8)(n*) — B (B)() ns) = —28 / AV (B)? < 0
and thus

Re (W' (B)(n") = B (B)(n}) ns) = Re(Ga(n™ ,n* YA +n3) — 2G5(n* ,n})ne ) <O.
O

THEOREM 4.4. Assume 0 < § —ag + a5 < m, then for a unique critical

point 7 > 0, there exists a unique, purely imaginary eigenvalue A = if3 of (7) with
8> 0.

PROOF. From the equation (25) we now define
K(B) :=-Re(Gan*n*)1+n7) = 2Gs(n™ nt)ne) + G n*) (1 +17)
—2G(n*" ) e — o, (L= m4)
Then we have K(0) = —v,, (1 —n4)? < 0 and ﬁlim K(B) =G, n*)1+n%)—
2G (=, 03) 1 =Y, (L=n4)* = (G(0=,m%) =y, ) (1+14)* > 0. Moreover, K'(53) >

0 by Lemma 4.3. Therefore, there exists a unique 3 and from this § the unique
7* > 0 can be found using (25). O

The main result of effects on the inhomogeneity states as follows:

THEOREM 4.5. Assume that 0 < 3 —ag + % < m

(2), has at least one stationary solutions (u*,n*,n%) where u* = 0, respectively
(v*,m*,m%) for all T. Then there exists a unique T* such that the linearization

. Then (8), respectively

—A+7*B has a purely imaginary pair of eigenvalues. The point (0,0, n%,7") is
then a Hopf point for (3) and there exists a C°-curve of nontrivial periodic orbits for
(3), respectively (2), bifurcating from (0,n* ,n%,7"), respectively (v*,n* ,nt, 7).
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