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ABSTRACT. This paper shows that the time ¢ map of the averaged Euler equa-
tions, with Dirichlet, Neumann, and mixed boundary conditions is canonical
relative to a Lie-Poisson bracket constructed via a non-smooth reduction for
the corresponding diffeomorphism groups. It is also shown that the geodesic
spray for Neumann and mixed boundary conditions is smooth, a result already
known for Dirichlet boundary conditions.
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1. Introduction

The role of Hamiltonian structures for evolutionary conservative equations in
mathematical physics is well established. In the finite dimensional case, that is, the
situation of ordinary differential Hamiltonian systems, classical symplectic and Pois-
son geometry and their Lagrangian counterparts form the framework in which the
dynamics is formulated. When dealing with infinite dimensional systems, namely
the case of partial differential equations, one is immediately confronted with serious
technical and conceptual difficulties. The main issue is that, with the exception of
certain equations in quantum mechanics, all these PDEs need to be formulated
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using a weak symplectic form. Also, for many equations, the time evolution is not
smooth in the function spaces that are natural to the problem. If the system is
linear, this corresponds to the fact that the right hand side of the evolutionary
equation is given by an unbounded operator. Unfortunately, there is very little
general theory dealing with the natural questions that arise when working with
Hamiltonian PDEs. The first systematic attempt at such a devleopment can be
found in [7] and more recently, motivated by questions regarding coherent states
quantization, in [16]. The present paper adds to this literature, by presenting a
precise Hamiltonian formulation of an equation appearing in fluid dynamics.

[3] has given a Hamiltonian formulation of the Euler equations for an incom-
pressible homogeneous perfect fluid (see also [4], [5], [13]). [8] has shown that in
appropriate Sobolev spaces, the Euler equations are the spatial representation of a
geodesic spray that coincides with the dynamics of such a fluid in material repre-
sentation and that this geodesic spray is a smooth vector field. In fact, this paper
gives a rigorous explanation with all the analytical details on how one obtains the
classical Euler equations as an Euler-Poincaré equation associated to the group of
volume preserving diffoemorphisms; the derivative loss of the flow occuring in the
passage from material to spatial representation is also explained in this paper. [23]
has given a Hamiltonian formulation of the Euler equations by carefully analyzing
the function spaces on which Poisson brackets are defined and carrying out a Lie-
Poisson reduction that takes into account all analytical difficulties. They formulate
an analytical precise sense in which the flow of the Euler equations are canonical.
The remarkable fact is that the passage from the previous analytically rigorous
Lagrangian formulation to this Hamiltonian picture is nontrivial, mainly due to
the fact that the flow is not C! from the Sobolev space of the initial condition
to itself. We shall comment below on the exact class of Sobolev spaces needed in
this formulation. A similar analysis can be carried out for the incompressible non-
homogeneous Euler equations due to the resuls of [11] which will involve semidirect
product groups.

The first goal of this paper is to carry out the program outlined in [23], that
is, a non-smooth Lie-Poisson reduction, for another equation appearing in fluid
dynamics that has attracted a lot of attention lately, namely the averaged or a-
Euler equation ([9]). It has been shown in [14], [19], [20] that these equations,
either on boundaryless manifolds or with Dirichlet boundary conditions, have the
same remarkable property, namely in Lagrangian formulation they are smooth ge-
odesic sprays of H'-like weak Riemannian metrics on appropriate diffeomorphism
groups. These equations are intimately related to the Camassa-Holm equation ([6])
for which this program can also be carried out. We have chosen to work with the
averaged Euler equations because they have certain technical difficulties not en-
countered for the homogeneous or inhomogeneous Euler equations or the Camassa-
Holm equation; besides presenting more technical problems in several steps, there
also appears a one derivative loss when formulating the precise sense in which they
are a Lie-Poisson system and the flow is canonical.

The second goal of the paper is to show that the geodesic spray for Neumann
(or free-slip) and mixed boundary conditions is also smooth. This completes the
program outlined in [14], [19], [20] for these boundary conditions. This shows in a
different way that the averaged Euler equations are well posed, a result due to [21]
who uses one more derivative than the present paper. We need this result in order
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to achieve our third goal, namely to carry out a non-smooth Lie-Poisson reduction
for the averaged Euler equations with mixed boundary conditions.

The plan of the paper is as follows. Section 2 recalls the relevant facts about
the averaged Euler equations. Section 3 gives the formulation of the averaged
Euler equations as a smooth geodesic spray of a weak Riemannian metric on an
appropirate group of volume preserving diffeomeorphism. Section 4 gives the precise
formulation of the Poisson bracket, explicitly defines the correct function spaces on
which the Poisson bracket formula makes sense and satisfies the usual axioms.
Section 5 shows that the averaged Euler equations are Hamiltonian relative to the
Poisson bracket defined previously with Hamiltonian function given by the energy
of the weak Riemannian metric. It is also shown in what function spaces the flow
of these equations is a canonical map. The Lie-Poisson reduction is also carried
out explicitly in this section. Section 6 proves the smoothness of the spray for the
averaged Euler equations with mixed boundary conditions and generalizes to this
case all the results previously obtained in for Dirichlet boundary conditions.

We close this introduction by presenting the geometric setting of this paper
and briefly recalling some of the key facts about the Euler equations. Let (M, g) be
a C°°, compact, oriented, finite dimensional Riemannian manifold of dimension at
least two with C*° boundary OM. The Riemannian volume form on M is denoted
by p and the induced volume form on OM by py. Let V be the covariant derivative
of the Levi-Civita connection on M.

Let N be another smooth boundaryless manifold. Recall that if s > %dimM
then a map ¢ : M — N is of class H® if its local representative in any pair of charts
is of class H® as a map between open sets of R1™M and RI™N respectively. If
s < %dimM then, in general, a map could be H?® in one pair of charts and fail
to be H® in another one. Denote by H*(M,N) := {¢p : M — N | ¢ of class H*®}
the space of H* maps from M to N for s > 4 dim M. The set H*(M,N) can be
endowed with a smooth manifold structure (see, e.g., [8, 17]).

Let M denote the boundaryless double of M. Then if s > % dim M + 1 the set

(1.1) D% :={ne H*(M,M) |n: M — M bijective, n~* € H*(M, M)}

is a group and a smooth submanifold of H*(M, ]Tj) If OM = @, then D* is an
open subset of H*(M, M). By the Sobolev embedding theorem, n € D? and its
inverse are necessarily of class C1. Therefore, n(OM) C M. The tangent space at
the identity T.D? consists of the H?® class vector fields on M which are tangent to
OM, denoted by 3€i Let

(1.2) Dy ={neD’|n"n=np}

be the subset of D* whose elements preserve y. As proven in [8], the set Dj, is a
subgroup and a smooth submanifold of D*. The tangent space T, Dy, at the identity
equals X3, | = {u € Xj | divu = 0}, the vector space of all H* divergence free vec-
tor fields tangent to the boundary. If dim M = 1 each of its connected components
is diffeomorphic to the circle S'. Taking on S' the usual length function, we see
that the volume preserving diffeomorphisms on the circle are rotations. So, in this
case we have for each connected component Dy, = S 1 which is not an interesting

case. Thus, since dim M > 2 we always have s > 2.
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On X* we can introduce the L? inner product

wwm:Aﬁmwmwmmm

for any u,v € X°. This inner product on X*® is the value at the identity of two
distinct weak Riemannian metrics on D*, namely

go(n)(un,vn) = (uy o 77_17”71 o 77_1>0
and

QWWW%%=Aﬂm@M%@MM@M@

for any u,, v, € T,D*. Note that G° is right invariant by construction, whereas G is
not. Their pull backs to Dj, coincide and yield a right invariant weak Riemannian
metric on Dy. The Euler equations

Osu(t) + Vyyu(t) = — grad p(t)
u(t) € Xy, - u(0) =ugp given
are the spatial representation of the geodesic spray on Dy, relative to this weak

Riemannian metric on Dy, and this geodesic spray is a smooth vector field on 7Dy,
(see [8]). The averaged Euler equations will be presented in the next section.

2. The geometry of LAE-a equation

In this section we shall quickly review the results of [20] regarding the motion
of the averaged Euler equations. For s > 1+ %dimM we define three subsets of
D? which correspond to various boundary conditions. The Dirichlet diffeomor-
phism group is defined by

Dp :={n €D’ [nom = idon }-
The Neumann diffeomorphism group is defined by
Dy :={ne€D*| (Tnom on)* =0 on OM},

where n denotes the outward-pointing unit normal vector field along the boundary
OM, and (-)'*" denotes the tangential part to the boundary of a vector in TM|OM.
The mixed diffeomorphism group is defined by

Dfnia:
where I'y and I's are two disjoint subsets of OM such that M = Ty U T'> and
Ty = OM \I'y; furthermore, we assume that for all m € I'; we can find a local chart
U of M at m such that U N oM C T;.

The groups Dj,, D%, and D;, ;. are smooth Hilbert submanifolds and subgroups

of D*. The corresponding tangent spaces at the identity are given by
Vls) = TidMDE = {’LL € :{ﬁ | UoM = 0};

:= {n € D* | n leaves I'; invariant, nr, = idr,, (T, on)"™* =0 on 'y},

V]S\/ = TidMD?\/ - {U € }:\T | (VnulaM)mn + Sn(u) =0on aM}a

iz = Tidy Diniz = {u € X] | (Voupr, )" + S, (u) = 0 on Ty, upp, = 0},
where S, : TOM — TOM is the Weingarten map defined by S, (u) := —Vyn.
We can also form the corresponding sets Dj, ,, D}, v and Dy, ... which have the

volume-preserving constraint imposed. These sets are smooth Hilbert submanifolds
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S

and subgroups of D}, and D*. The corresponding tangent spaces at the identity are

given by
Vi = TiayD;, p ={u € Xy | ujorr =0},
Vin =Ty Dy n = {u € X5 | (Vo)™ + Sp(u) =0 on M},
S iz = z‘dMDZ,mm ={ue x(slivvll \ (Vnu|p1)m" + Sp(u) =0on I'y, ujp, = 0}.
Note that, as vector spaces, Vi, and V; , make sense for r > 1, and Vi, Vyi0, V)i v
and V) ;. make sense for r > 2 but it is only for s > 1+ 5 dim M that they are

the tangent spaces at the identity to the corresponding diffeomorphism subgroups.
If1 <r<2weset

Vy =X, Viio == {u € Xj | yr, =0}

T e T T e— T —
V}L,N = :{div,H? Vu,miz = {u € xdiv,“ | Ury = 0}

For an arbitrary constant a > 0, consider on X! the inner product
@1 o= [ (o)), o) + 20%(@) (Def(w)(a). Def(v) () (o).

for all u,v € X!, where

~ Vu+ (Vu)

- 2

is the deformation tensor. In this formula, (Vu)! denotes the transpose of
the (1,1)-tensor Vu relative to the metric g, that is, g(V,u,w) = g(v, (Vu)t(w)),
for all u,v,w € X'. The symbol g denotes the naturally induced inner product on
(1,1)-tensors; in coordinates, if R, S are (1,1)-tensors then g(R, S) = gixg’* Ri S} =
Tr(R! - S). This inner product induces by right translations a right invariant weak

Riemannian metric on D}, ;. given by

(2.3) Ql(n)(umvn) 1= (uy 0 77717”77 on '
for wy, vy € TyD}, 1is-

We shall use throughout the paper the index lowering and raising operators
b: X — Qland f:=b""': Q! — X induced by the metric g, that is, u” := g(u, -) for
any 4 € X. Our conventions for the curvature and the Ricci tensor and operator
are

(2.2) Def(u) :

R(u,v) := Vi Vy = VoV = Vi
R(u,v,w,z) = g(R(u,v)w, 2)
Ricci(u, v) := Tr(w — R(w, u)v)
g(Ric(u), v) := Ricci(u, v)
Let  be the codifferential associated to g. We denote by
Au = —[(d6 + 6d)u’]*
the usual Hodge Laplacian on vector fields and let
A, := A+ 2Ric
be the Ricci Laplacian. We shall also need the operator
L:= A, +graddiv.
wich appears in the following formula ([20])

(2.4) (u,v)1 = (1 — &®L)u,v)g for all u,v € V

T
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that will be used many times in this paper. For completeness we shall provide
below a complete proof. Denote by xC (U) the C? vector fields on an open subset
U of M. We begin with the following.

LEMMA 2.1. (Weitzenbick formula) Let {e; | i = 1,...n} be a local orthonormal
frame on an open subset U of M. Then on x¢? (U) the following identity holds:

(2.5) A=V? . —Ric

where V2 _ 1=V, Ve, — Vy, ¢, is the second covariant derivative. In particular
ireq ;

we remark that Vgi’ei does not depend on the local orthonormal frame and so can
be defined globally on M.

Proof : We will use the formula da = —i,(Ve,a) where {e;} is a local or-
thonormal frame on an open subset U of M and « is a k-form (see [18]). We also
need the identities da(u,v) = (Vya)(v) — (Vya)(u) where o is a one-form and
Vuv = (V,0)° for any vector fields u,v on M. Let u € 1{02(U) and recall that
du’ = —div(u) . On U we have :

d(6u”)(v) = =d(div(w))(v) = =d(g(Ve,u,¢)) (v) = =g(Vo Ve u, ) =g(Ve,u, Voei).

We also have:

§(du’)(v)

— e, (Ve, (du))(v) = =V, (du’) (es,v)
= —V.,(du’(e,v)) + du’ (Ve ei,v) + du’(e;, Ve,v)
= Ve (Ve (0) = Vol (e)) + Vg, e, (v) = Vo (Vo)
+Veiub(veiv) — chivub(ei)
= Ve, (9(Ve,u,0)) + Ve, (9(Vou,e:)) + g (Vvﬁieiu,v) — g (Vou, Ve, e;)
+9(Ve,u,Ve,v) — g (Vvﬁivu, e;)
= —9(Ve,Ve,u,v) = g(Ve,u, Ve, ) + 9(Ve, Vou, €;) + g(Vou, Ve,€;)
+g (Vv iU, v) —g(Vou,Ve,e) + g (Ve,u, Ve, v) — g (Vveivu, ei)
= —g(VZ cuv)+9(Ve, Vou,e;) — g (Vo. vu,€) .
Using the formula for the curvature R and the Ricci curvature we obtain
—(db + dd)u’ (v) 9(V2, . u,v) — g(R(es v)u, ;) + g(Ve,u, Voer) + g(Vy
= g(V2, .u,v) — Ricci(u,v) + 0
(V2 . u—Ric(u),v).

€i,€4

= u, ei)

v€i

The fact that g(Ve,u, Vye;) + g(Vy,e,u,€;) = 0 can be simply proved pointwise
at © € M, assuming Ve;(x) = 0. (See [18] p.176/7 for a proof for a general local
orthonormal frame). W

LEMMA 2.2. For all u,v € X (M) we have
div(Vyu) = Tr(Vu - Vo) 4 Ricci(u, v) 4+ g(grad div(u), v)

Proof : We shall prove the identity at a fixed point z € M so we can choose
a local orthonormal frame {e;} such that Ve;(z) = 0. For the (1,1) tensor Vu we
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shall use the notation Vu(v) := V,u. At z we have :
Tr(Vu - Vo) + Ricci(u,v) = g (Vu (Vo(e;)), e) + g (Res, v)u, e;)

=g (Vveivu, 67;) +9(Ve,Vyu,e;) — g (VyVeu,e;) — g (V[ew]u, ei)
=9(Ve, Vyu,e;) —g(VyVe,u,e;)  because Vv =e;,v] at x
= 9(Ve,Vou,ei) = Viy(9(Ve,u,€:) + g(Ve,u, Vies)
= div(V,u) — d(div(u))(v) + 0
= div(V,u) — g(grad div(u), v)

We can do that at each x so the identity is proved. B

We shall denote below by I'Y” (L(TM, TM)) the L? sections of the vector bundle
L(TM,TM) — M.

LEMMA 2.3. Consider on T'Y (L(TM,TM)) the L? inner product

(R, S)p = /MmR, ).

Then the following identities hold:
(1) For all u,v € .'fc2(M) :

(Vui, Vo)o = /6 900 = (A -+ Rie)(w). o)

(Vu, (Vv)')o = /aM 9(Vyu,n)us — ((Ric+ grad div)(u), v)o.

(2) For all u,v € .'fo (M) :

—2(Def(u), Def(v))o = (£(u), v)o — /8 (T 4 5 (0).0)

Here n denotes the outward-pointing unit normal vector field along the boundary
OM. We let S, : TOM — TOM be Weingarten map defined by Sp(u) := —Vyn.
The symbol ()" denotes the tangential part to the boundary of a vector in TM|OM .

Proof : (1) Let {e;} be a local orthonormal frame on an open subset U of M.
Recall the formula div(fu) = fdiv(u) 4+ df (u). On U we have :
3(Vu,Vv) = Tr((Vu)' - Vo) = g(Ve,u, Ve,v)
d(Q(VEiu7 7)))(61) - g(v5iV6iu7 U)
= div(g(Ve,u,v)e;) — g(Ve,u,v) div(e;) — g(Ve, Ve, u,v).

Using the relation V¢ e; = >, g(Ve, e, €;)e; in the third equality below, we get
9(Ve,u,v)div(e;) = g(Ve,u,v)g(Ve,ei,€5) = —g(Ve,u,v)g(ei, Ve, e5) = g(Vvej e; Uy V)
and hence we conclude

3(Vu, Vo) = div(g(Ve,u,v)e;) — g(V2 , u,v)

€i,€4

(26) = div(g(VEiu’ v)ei) - g((A + RIC)(U), 'U)
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because of formula (2.5). We remark that the vector field g(Ve,u,v)e; does not
depend on the choice of the local orthonormal frame, so it defines a vector field on
M. Denote by w this vector field. We obtain from (2.6) using Stokes’ theorem:

(Vu,Vv)y = /Mg(Vu,Vv) = /Mdiv(w)uf /Mg((AJrRic)u, V)
= [ (w0 — (& +Ric)(u). ).

On U we have g(w,n) = g(g(Ve,u,v)e;,n) = g(Vypu,v). So the first identity is
proved.
We proceed similarly with the proof of the second identity. We have:
7(Vu, (Vo)1) = Tr(Vou-Vu) = g(e;, Vy. u)
d(g(ei, v))(Ve,u) = g(Vv, uei, v)
= div(g(ei, v)Ve,u) — gles,v) div(Ve,u) — 9(Vy, wei,v).

Using the formula div(V,,u) = Tr(Vu-Ve;)+Ricci(u, e;)+g(grad div(u), e;) proved
in Lemma 2.2, we obtain

gle;,v)div(Ve,u) = g(e;,v) Te(Vu - Ve;) + g(e;, v)g((Ric + grad div) (u), e;))
g(e;,v) Tr(Ve; - Vu) + g((Ric + grad div)(u), v)
= g(ei,v)9(Vv, uéi €;) + g((Ric+ grad div)(u), v)
= —g(e;,v)g(ei, Vo, uej) + g((Ric + grad div)(u), v)
= —9(v, Vv, &)+ g((Rlc+grad div)(u), v).

Thus g(Vu, (Vo)) = div(g(e;, v)Ve,u) — g((Ric + grad div)(u),v). As before, the
vector field w := g(e;, v) V¢, u does not depend on the choice of the local orthonormal
frame. We obtain :

(Vu, (Vo)) = /M 3(Vu, (Vo)) = /M div(w)u — /M g((Ric+ grad div)(u), v)p

/ g(w,n)ps — ((Ric+ grad div)(u), v)o
oM

by Stokes’ theorem. On U we have g(w,n) = g(g(e;,v)Ve,u,n) = g(Vyu,n). So
the second identity is proved.
(2) Using the two formulas in part (1) and the defintions

Vu+ (Vu)t
2

a direct computation gives

—2(Def u, Defv)g = (L(u),v) — /

oM

Defu = and L = A+ 2Ric+graddiv

g(vnu7v),uf8 - / g(VUu,n),ua.
oM

If u,v are tangent to the boundary, then on OM we get the relations g(V,u,v) =
9((Vnu)'™™, v) and g(Vyu,n) = d(g(u,n))(v) — g(u,Von) = 0+ g(u, Sn(v))
9(Sn(u),v). A

Now we shall prove the following useful Lemma.



THE LIE-POISSON STRUCTURE 33

LEMMA 2.4. (1) Forr > 1, £L: X" — X""2 is a continuous linear map.
(2) For all u,v € VI, with r > 2 we have

(u,v)1 = ((1 — azﬁ)u,wo.

Proof : The first part is a direct verification. To prove the second we use the
preceding Lemma to obtain (u,v)1 = ((1 — a2L)u, v)o for all u,v € V<, . By the
Sobolev embedding theorem, the identity holds for all u,v € V;,..,s > %dimM + 2.
Using the fact that V3., is dense in V2. with the H? topology, and the fact
that ( , )o,{, )1, and £ are continuous on X2, the identity holds for vector fields in

Using the previous lemma and solving a boundary value problem we can prove
(see [20]) that for » > 1 the linear map

(1—a?L): V"

r—2
mix X

is a continuous isomorphism with inverse
2 ;-1 -2
l1—-a"L)y X" — V]

mix*
We recall from [20] the two principal results concerning the geometry of the La-
grangian averaged Euler equation (LAE-a).

THEOREM 2.5. (Stokes decomposition) For r > 1 we have the following ( , )1—
orthogonal decomposition:
riz = V0, ®(1—a?L) grad HH(M)

mix n,mizx

We denote by Pe : V5w — V)i nin the projection onto the first factor (Stokes
projector).
Then

defined by P(uy) = [Pe(uyon=1)] on, is a C> bundle map.

THEOREM 2.6. Letn(t) € D}, p be a curve in D}, , and let u(t) := TRy ;y-1(1(t)) =
N(t)on(t) ! e V. p- Then the following properties are equivalent :
(1) n(t) is a geodesic of (DZVD,Ql)
(2) u(t) is a solution of LAE-« :

(1 —a®A)0wu(t) + Vi [(1 — &®Ap)u®)] — o?Vu(t)' - Ayu(t) = — grad p(t)
(3) u(t) is a solution of :
(2.7) Ou(t) + Pe (Vauqyult) + F(u(t))) =0
where F* :=U* + RV, p — V], with :
(2.8)  U*(u) = (1 —a?L) ' a? Div(Vu - Vul + Vu - Vu — Vu' - Vu)

RO(u) = (1 — a2/:)*1a2(Tr (V.(R(-, u)u) + R(, u)V.u + R(u, V.u) - )
(2.9) — (V4 Ric)u — Vu' - Ric(u))
(4) V(t) :=n(t) (Lagrangian velocity) is a solution of :
V(t) =Ss'(V(t)

where S € X¢~ (TD;, p) is the geodesic spray of (D;, p, Gh.
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In part (3), Div denotes the divergence of a (1,1)-tensor :
Div(S) := (V,5)(e;)

for {e;} alocal orthonormal frame. In the last section we will generalise the previous
theorem to the case of Neumann and mixed boundary conditions.

3. Geodesic spray and connector of (D, p, Gh

In this section we shall give the formula of the geodesic spray S' and the
connector K of the weak Riemannian metric G! on D; p- Recall that the geodesic
spray is the Lagrangian vector field on 7Dy, ,, associated to the Lagrangian L :

TD3 1, — R given by L(u,) = 16" (n)(u, uy), that is

i Qp = dL
where €, is the weak symplectic form associated to L, that is, the pull back by
the Legendre transformation defined by L of the canonical weak symplectic form on
T*D;, p (see, e.g. [13]). So the integral curves of the geodesic spray are V (t) = (%)
where 7(t) is a geodesic of (D5, ,,G"). Using that u(t) := 7(t) on(t)~" is a solution
of (2.7) we will prove the following lemma.

LEMMA 3.1. The geodesic spray of (D;D,gl) is given by :
Sl(un) = Tf(S o u, — Very, (?a(un)))
where fa(un) = F*(uy on~ ) on and S is the geodesic spray of (M,g) and
Very, (vy) € T, (T'D;, p) is the vertical lift of vy € T,D;, , at uy € TyD;, p, that is,

Ver,, (v,;) = (uy + tuy).

d

Proof : Let n(t) be a goedesic of (DZ’D,Ql). Then u(t) := n(t) on(t)~t is a
solution of

Oru(t) + Pe(Vuyu(t) + F(u(t))) = 0.

We have V(t) = n(t) = u(t) on(t). In the following computation we denote by u(t)
the t-derivative of u(t) thought of as a curve in TD;, ,. However, u(t) € V;, , for all
t and therefore, one can take the derivative d;u(t) of u(t) as a curve in the Hllbert
space V; . The relation between these two derivatives is a(t) = Very)(0ru(t))
using the standard identification between a vector space and its tangent space at a
point. Differentiating V'(¢) and using the preceding equation we obtain

V() = T(u(t))on(t)+u(t) on(t)
= T(u(t)) on(t) + Very)(Opu(t)) o n(t)
= T(u(t)) on(t) = Very) (Pe(Vuyu(t) + F*(u(t)))) o n(t).
We conclude that

Sl(un) = T(un © 7771) o Uy — Veru,]ovr1 (Pe(vunonfl(un © 7771) + ]:a(un © 7771))) on

= Tuouon— Ver, (Pe(Vyu+F*(u)))on where u:=u,on '€ Vip
Now it suffices to prove that for all uw € V; , we have :

(1) T?(Tu ou)=Tuou and
(2) TP(Very,(Vyu+ F*(w))) = Very(Pe(Vyu + F(u))).
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(1) Let c(t) be a curve in D}, j, such that ¢(0) = idy and ¢(0) = u. Let d(t) :=
wo ¢(t). Then we have d(0) = u and d(0) = Tw o u. We get

_ d _ d
1P(Tuon) = G| Pt = g Ptwocs
= jtt—ouoc(t)Tuou.

(2) Let v := V,u+ F(u) € Vi ' We get

TP(Very(v)) = Tf(% ) (u—l—tv)) :% - Pluttv)
= o t:O (u+ tPe(v)) = Very (Pe.(v)).

So, using right-invariance of TP in the second equality below and the expression of
the spray S on (M, g), namely S o u = Tu o u — Ver, (V,u), we obtain

St(uy) = Tf(Tuou—Veru(Vuu—{—}'a(u))) on
= TP|[(Tuou— Ver,(Vyu))on— Ver,(F*(u)) on]
= TP(Souon— Very,, (F*(u)on))
= TP(Sou, — Ver,, (F (uy))). W

Recall that locally the expressions of the geodesic spray and the connector of
a Riemannian manifold are given by

S (777 u) = (777 U, u, -rt (77) (’LL, U))
and
Kl(n» u, v, U}) = (777 w + Fl(n) (’U,7 U))
where the symetric bilinear map I'}(n) is the Christoffel map of the Riemannian
metric. Using these formula and the previous Lemma we obtain the global expres-
sion of K below.

LEMMA 3.2. The connector K : TTD;, , — TD;, , of (D5, ,G") is given by

K (Xu,) = P(K 0 Xy 4+ 5 (e (Xu). T, (X)),

w,D

where )

30‘(“?77”?7) = 5(-7:(1(“?7 +vy) — ]'—a(“n) - fa(vn))
e :TD;, p — D, p and m, :TTD;, p — 1Dy, p are tangent bundle projec-
tzons and K : TTM — TM is the connector of (M g).

™

Proof : Let n € D;, p, uy,vy € T;)D;, p, and wy, € T;Dp. We write S8%uy) =
S ou, (in case M has no boundary, S° is the geodesic spray of (D*,GY)).

In local representation we have (with (n,u), (n,v), (9, w) the local expressions
of uyy, vy, wy):

Si(n,u) = (n,u,u, —T(n)(u,u)),i = 1,2 where I'* are the Christoffel maps,
F(n,u) = (0, Froe(n,w) and F (9, u), (n,0)) = (0, Fpoe (1) (u, 0)),
Ver ) (F (1)) = (1,0, Froe (1, w),
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P(n,u) = (1. Proc(n, ),
TP(n,u,v,w) = (1, Proc(n, w), v, DPoc(n, u) (v, w)) = (1,4, v, Proc(n, w)).
Thus we find
S'(n,u) = TP(S°(n,u) — Ver( ) (F*(n,u))) by Lemma 3.1
= TP(n,uu, ~T°(n)(u,u) = Froe(n, u)
= (n1 0, ~Proe (T w) + Fe1,w)) ).

We deduce that T'' (1) (u, u) = Pioc (I‘O(n) (u,u) + Fpo(n, u)) and then that

T (1) (1, 0) = Proc(T () (1 0) + Fioe (0) (u, v)).

Thus, with w,, vy, wy € T, D}, p, we obtain
K'(n,uo,w) = (g,w+ D (), ))
= (mw+Proc (P (w,0) + Froe () (w.v)))
= P ((nw+Tm)(w,0) + 0. Froe ) (. 0)) )

= P (K u,v,0) + " ((n0), (0,)))
where K°(X,,) := K o X, with K : TTM — TM the connector of (M,g). A
globalisation of the previous formula gives the result :

K (X0,) = P(K 0 Xu, +§ (mymy  (Xu,) Ty (X)) ) W

n

4. The Lie-Poisson structure of LAE-a equation

In this section we shall define a Lie-Poisson bracket on a certain class of func-
tions on V), p, ifr>s> % dim M + 1 and shall specify precise sharp conditions on
their smoothness class. In particular, we shall also determine the conditions under
which the Jacobi identity holds.

Let s > %dimM + 1. Because of the existence of the geodesic spray S! of the
weak Riemannian Hilbert manifold (D}, p, G') and the fact that the inclusion b :
T,D;, p — T, D;, p is dense, we can use the results of section 4 in [23]. Therefore,
by those results T D, p carries a Poisson structure in the precise sense given there.
To give it explicitly in our case for the metric G' we need a few preliminaries.

If F:TD;, ;, — Ris of class C' we define the horizontal derivative of F by

aF S * S
78/'7 : TDH,D — T DH7D
by
oF d
il =2 F
(Gt = 5| Fo)

where (,) is the duality paring and (t) C TD;, j, is a smooth path defined in
a neighborhood of zero, with base point denoted by n(t) C D;, ps satisfying the
following conditions:

i ”Y(O) = Uy

e 1(0) = vy
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e ~ is parallel, that is, its covariant derivative of the G! Levi-Civita connec-
tion vanishes.

The vertical derivative
oF
Ou
of F' is defined as the usual fiber derivative, that is,

du ) )T

These derivatives naturally induce corresponding functional derivatives relative
to the weak Riemannian metric G'. The horizontal and vertical functional
derivatives

TDSDHT* w,D

F(u, + tuy).
=0

OF OF
(577 du
are defined by the equalities

7' (L) = (L)t @ (L) = (Lo )

for any uy, v, € TD}, . Note that due to the weak character of G!, the existence
of the fucntional derivatives is not guaranteed. But if they exist, they are unique.
We define, for £ > 1 and r,t > %dimM—i— 1:

OF OF
n’ Su
With these definitions the Poisson bracket of F,G € C’ff(Tth p) is given by
OF 0G OF 0G
4.1 F,G} (u,) = - &~
(41 FGY ) =60 (G . ) ) = 61 (G ) S ()

As in the case of Euler equation (see [23]) we have the following result.

TDS D — TD

CHTD!, 1) = {F c ck(TD;D)\a .TD! ;) — TD;,D} .

PROPOSITION 4.1. Let g : TDj n — Vi p be definied by wr(uy) := u,on~".

Let F, be the flow of S' and Ft = mrol}. Then Ft is the flow of LAE-« equation.
Moreover we have the following commutative diagram :

TD; , > TD; ),

s Fi s
V/'LaD _— V ,D'

Proof : Let u € V; , and V(t) = Fy(u). Then V is an integral curve of St
with initial condition u. Note that Fy(u) = mx(V (t)) = V(t) o n(t)~L, where n(t) is
the base point of V/(¢), which by Theorem 2.6 (1) is the geodesic of S'. Therefore,
by Theorem 2.6 (2), Fi(u) is the integral curve of LAE-a with initial condition w.

We still need to show that Fyomr = mroF;. Indeed, since S! is a right invariant
vector field, its flow F} is right equivariant and we conclude

(Fy omg)(uy) = (wg o Fyomp)(uy) = (1r o Fy o TR, -1)(uy)
= (rroTR,-1 0 Fy)(u,) = (g o Fi)(uy,). A
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We shall need later the fact that 75 € C¥(T'D5"5, V5 1) so if k = 0 then 7g is
only continuous.

Our goal is to first study the Lie-Poisson structure of V; 1, and secondly to show

in what sense the maps F}, g, F} are Poisson maps. We begin with the definition of
some function spaces needed later when we introduce the relevant Poisson bracket.

DEFINITION 4.2. Let s > +dim M + 1.
(1) For k,t > 1 and r > s define:

Cﬁ,t( Z,D) ={fe Ck( Z,D)E of :Vyp— Vﬁ,D} and Cf( E,D) = Cf,t( Z,D)

where J f is the functional derivative of f with respect to the inner product { , );:
<5f(u)7v>1 :Df(u)(v)a vu7v € V/:,D

(2) For k>0, r > s, and t > 1 define:

]CI:,t( o) =1{f€ Cf,;rl( np)0f € Ck( Z,D7VZ,D)} and ICk(V;D) = Kf,s( D)

(3) Let k> 1,7 > s, and ¢ > 5 dim M + 1. The Poisson bracket on CF,(V5 ;)
is defined by:

(4.2) {f: 933 (w) := (u, [6g(w), 6 f(w)])1, Vue V] p.
Remark When ¢ > %dim M + 2 we have
{f 934 (w) = (u, [6g(w), 5 f (u)] i

where [, ]ﬁe is the right-Lie bracket on the “Lie-algebra” of D,i p- We recognize
the classical Lie-Poisson bracket.

Theorems 4.6 and 4.7 will summarize the properties of this Poisson bracket. In
the proofs we will use the three following Lemmas.

LEMMA 4.3. Let s > £ dim M + 1.
(1) Let u € X3, | and v,w € X°. Then:

(v, Vyw)g = —(Vyuv,w)o
(2) Let u,v €V}, p and w € V},. Then:
(v, Vyw)1 = —(Vy,v + D(u, v), w)y
where D* : V) XV, n — V[, is the bilinear continuous map given by
D*(u,v) = *(1 — a?L)™* (DiV(Vv - Vu' + Vo - Vu)
+ Tr (V.(R(-, u)v) + R(-,u)V.0)
+ grad ( Tr(Vu - Vo) + Ricci(u, v)) — (V,, Ric)(v))

Proof : The first part follows by an integration by parts argument which is
justified since all vector fields are of class C' by the Sobolev embedding theorem.
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Indeed, integrating the identity £, (g(v,w)) = Vy(g(v,w)) = ¢(V,v,w)+g(v, V,w)
and using £,p = (divu)p = 0 we get

<vuvnwo+-auvuw»)zt/'g<vuvnw;¢+u/ 9 (v, Vaw) p
M M

= [ £utatvoni= [ £utavn = [ o)
—AMlmwwm> AMﬂ%wMWWMaZO

by the Stokes theorem and the hypothesis that g(u,n) =0 on OM.
For the second part we will use the following formula (see Lemma 3 in [20]):
for all u € Vb and v € VipT>3 d1mM—|—3 we have:

(4.3) (1—0a2L)"'V,[(1 = a®A,)v] = Vv + D (u,v)
Using Lemma 2.4, the first part, and formula (4.3) we obtain for u € Vipwe
Vpandv eV p,r> 1dim M + 3:
(0, Vow); = {((1 —a?A)v, Vaw)g
= —(Vu[(1 = a®A.)o],w)o
= —{(1-02L)7'V, [0 - a?A)v], w)y
= —(V,o+Du,v),w).

Using the fact that v € V) p,r > 35 1 dim M + 3 is dense in V. p, and the fact that
(,)1,V, and D* are contmuous on V ..p Wwe obtain that

(v, Vyw)1 = —(V,v + D*(u,v),w)y, for all u,v €V, p and w € Vp,. B

LEMMA 4.4. Let s > %dimMJrl. Let B> : VZ"B x X5 — V;:'bl the continuous
bilinear map given by

B(v,w) := Pe(1 — a2L) 1 (Vw' - (1 — o®A,)v).
Then we have
(v, Vyw)1 = (B*(v,w), u);
forallu eV p,r> 3 dlmM and for all v € VS D, and w € X°.

Proof : Using Lemma 2.4 and the Stokes decomposition (see Theorem 2.5), we
obtain:

(v, Vaw)y = {((1—a’A)v, Vaw)o
= <th (1 —a’A ) U)o
(1 =a2L) L (Vw' - (1 — a?A,)v),u);
= (P.(1—a?L) Y (Vuw'-(1—-a?A)v),u);. B
LEMMA 4.5. Let s > 3dimM + 1. Let k > 1 and f € C*( 5.p) be such that
there exists 6f € C( . D,V p)T > s,t>1. Then:

(Do f(u)(v), w)r = (D f(u)(w),v)1,Vu,v,w € Vy p
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Proof : The proof is similar to that of Lemma 5.5 in [23]. We have

(D)) w)r = T (3f ) wh = T DY+ ) (w)
t=0 t=0
d d
== » ds|. Of(v+tu+sw)
d d
=2 . 7 tzof(v+tu+sw)

= (Déf(u)(w),v);. A
THEOREM 4.6. Let s > %dimM +1 and k> 1. Then:

{3 KRV ) x KF (Vs p) — K o (Vi)

and for all u € VSH we have

3({f,933) () = Pe(Vigau)df () = Vip(udg(u)
+ Dig(u) (Pe (Vsgyu + D*(f (w),w)) + B*(u, f ()
— D6 f(u) (Pe (Vsguyu+ D*(6g(u), u)) + B*(u, 6g(u))
Proof : Let h := {f,g}i. We have to show that h € Kf;ll,s—l( D)
e Let’s show that h € C*(Vs 1).
We have h(u) = (u, Vsg(u 5f( N1 — (U, Vspydg(u))i. Using the facts that V :

Vip>*Vap —Vp ! and ( )1 : V5t x Vit — R are bilinear continuous maps,

and that 6 f,dg € Ck( 5 D+ V5. p) by hypothesis, we obtain the result.
o Let’s show that h € C’k(VZ’ ) admits a functional derivative 6h € CF~1 (Vﬁf[}, VZle).

Let u,v € Vl‘i‘g Using Lemmas 4.4, 4.3, and 4.5 we obtain:

Dh(u)(v) = (v, Vg6 f (W)1 + (U, V psg(u) )0 (W))1
+ (U, Vg Dé f(w) (0)r — (f < g)
= (v, Pe(Veg(u)0f (u))1 + (B*(u, 6 f (u)), Dég(u)(v))1
— (Vsguyu +D*(0g(u), u), D5 f(u)(v))1 = (f < g)
= (v, Pe(Vig)df ()1 + (Ddg(u)(B*(u, 6 f (), v)1
— (D6 f(u) (Pe (Viguyu +D*(3g(u),u))) ,v)1 — (f < g).
Thus we conclude that the functional derivative exists and equals
Oh(u) = Pe(vég(u)5f(u) - V,;f(u)(Sg(U))
+ Dég(u) (’Pe (V5f(u)u + D5 f(u), u)) + B*(u, 5f(u))
—Déf(u) (Pe (V(;g(u)u + D*(0g(u), u)) + B%(u, 5g(u))
A meticulous analysis show that 6h € C*=H(V3'), Vo)) A

With all these preparations we can now establish the precise sense in which
(4.2) is a Lie-Poisson bracket.

THEOREM 4.7. Let s,t > %dimM +1,r>s,and k> 1.
(1) {, }L is R-bilinear and anti-symmetric on C’,k.,t( s p) x CF( D)
(2) {, }L is a derivation in each factor:

{fg,n}} ={f.h} g+ flg. h}\ .V f.g,h € CF (V5 p).
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(3) If s > S dim M + 2, { , }} satisfies the Jacobi identity:
For all f,g,h € Kk(VZ,D) and u € VZ:B we have:
{f g, 1} () + {g, {h f1 () + {h {f g} M (w) = 0

Proof: (1) This is obvious.
(2) A direct computation, using Lemma 4.3, the fact that for all f,g € CF( D)

we have fg € Cft( % 1), and the relation 0(fg)(u) = 6 f(u)g(u)+ f(u)dg(u) proves
the required 1dent1ty
(3) Let f,g,h € K¥( 5 p), and u € V;:’bl. By Theorem 4.6 we obtain {g,h} €

le_:is_l( 5p) C C’f+17s_1(V;,D). Since s — 1 > 3 dim M + 1 we can compute the
expression {f,{g,h}}}} (u). Using Lemmas 4.4, 4.3, and 4.5 we obtain:
{f {9, h¥i i (w)
= (u, [6{g, i} (w), 0 f ()]
= (u, Vgm0 f (u)) — (u, Voryd{g, b} (u)
= (B*(u,0f(u)),5{g, h}} (u)1 + (Vssyu + D*(6.f (u), u), 6{g, h}} ()
= (0{g, h}} (w), B*(u, 8 f (w)) + Pe (Vs sy + D* (6. (u),w))1
= (0{g. h}3 (), By)1,
where we denoted, for convenience, By := B*(u, 6 f(u))+Pe (Vs wyu + D*(6f(u),u)) €
Vi, p- Using the formula in Theorem 4.6 this equals
(Pe(Vsn)dg(u) — Viguyoh(u)), Bs)
+ (Doh(u) (Pe (Viguyu +D(8g(u),u)) + B*(u,d9(u))) , Br)1
— (Dég(u) (Pe (Vsnguyu + D*(6h(u), w)) + B*(u, 6h(u))) , By)1
= ([6h(u),dg(u)], B*(u, 6 f(u)) + Vsswyu +D*(8 f(w),u)1 + Dngs — Dgny,
where we denote
Dpgs = (DSh(u) (Pe (Vsguyu + D*(6g(uw),u)) + B*(u,dg(w)) , By)1.

Note that by Lemma 4.5, we have Dpgr = Dpyg. Using Lemma 4.4 and 4.3 this
equals

bg(w)0f (), whr — (Vg [6h(w), 6g(u)], u)1 + Dhgs — Dgny
([[6h(w), 0g(u)], 0f (w)],u)1 + Dhgs — Dgny
= ([[6h(u), 6g(u)], 0f(w)],u)r + Dhgsr — Dy .-
Using Jacobi identity for the Jacobi-Lie bracket of vector fields we obtain:
{F g 1YY @) + L (h SYLY () + {h {F, gh ()
=0+ (Dhgf — Dgsn) + (Dgnhg — Drgs) + (Dggn — Dsng) =0 W

5. Geometric Properties of the Flow of LAE-«

(Vish(u)

Now we will prove that the maps g, F}, and F, in Proposition 4.1 are Poisson
maps. As we shall see, the considerations below need the hypothesis that 7w be
at least of class C'. Note that 7p : TD;, p — V, p is only continuous. Later
on we shall use the fact that g € Ck(TDZJr[l,“,VS ) for all & > 0 (see [8]). If

feck 5.p)» we shall denote fr:= fomg € ck(T fog)
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LEMMA 5.1. Let k > 1 and r > %dimM—F 1 such that s+ k > r. Let f €
Ck( ;D). Then the vertical functional derivative of fr with respect to G' exists
and is given by:

55
ou

Proof: This is a direct computation using the chain rule, the right-invariance
of G', and the fact that the naturel isomorphism between a vector space and its
tangent space at a point is the vertical-lift. Indeed, we have:

d
fr(uy +tv,) = —

Oy 0y = L
ou ) T, dt

t=0
= df (mr(uy)) <;lt o (WR(UW) + tﬂ'R(“n)))

= df (wr(us)) (Verapa,) (mr(v))) = D (mr(u,)) (mr(v,))
= (0f (rr(vy): ()1 = G (n) (TR (8 (xr(vy)), vy )

where in the fifth equlity D denotes the Fréchet derivative of f thought of as a
function defined on the Hilbert space V;, p and in the third equality d denotes the
exterior derivative of f thought of as a function defined on the manifold V; .

So we conclude that the functional vertical covariant derivative exists and is
given by

(uq) = TRy (3 (nr(uy))) € TD}, p,  Yuy € TD; 5

(f omr)(uy + tvy)

%(“n) = TR, (5f(mr(un))).

Since s + k > r, it is an element of TD;’D. [ |

The computation of the horizontal functional derivative of fr will involve the
connector and therefore the map F defined in Theorem 2.6. The following Lemma
gives a useful expression for F<.

LEMMA 5.2. (1) For allu € V}; , we have:
Vu' - Ayu = Div(Vu' - Vu) — Tr(R(u, V.u)-)

1
+ Vu' - Ricu — 3 grad(Tr(g(V.u, V.u))).

This shows that Vul - Ay is in X572,
(2) For allu € V;, , we have:

F*(u) =D*(u,u) — (1 — a2£)_1a2(grad(F(u)) + V' - Aru),
where D* was defined in Lemma 4.3 and F € C*(V}; p) is given by
1
F(u) = Tr(Vu - Vu) + Ricci(u, u) + 3 Tr(g(V.u, V.u)).

Proof: (1) We shall prove the identity at a given point € M so we can choose
a local orthonormal frame {e;} such that Ve;(z) = 0. The computation below is
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carried out at the point z and we shall not write this evaluation. We have
Div(Vu' - Vu) = V., (Vu' - Vu)(e;) = Ve, (Vu' - Vu(e;))
= V., (g(Vu' - Vu(e;), ex)er) = Ve, (9(Ve,u, Ve, u))er
=9(Ve,Veu, Ve uley + g(Ve,u, Ve, Ve, u)ey,
= g(Vu' -V, Ve,u,er)er + g(Ve,u, R(eq, ex)u)er + g(Ve,u, Ve, Ve, u)er

1
=Vu' V., Veu+ gR(u, Ve,u)e;, ex)er + ivek(g(veiu, Ve, u))ek
1
=Vu- Ve, Ve, u+ R(u, Ve, u)e; + §d(g(Veiu, Ve, u))(ex)ek

1
= VU Ve Ve + Tr(R(w, V.0)) + 5g(erad(g(Ve,u, Vou), exe

1
=Vu' -V, Ve,u+ Tr(R(u, V.u)-) + B grad(g(Ve,u, Ve, u))

which, using the Weitzenbock formula in Lemma 2.1, proves the desired formula.
(2) Using the formulas (2.8) and (2.9), and part (1) above, we have:

FH () = U (u) + R (u)
=D%u,u)+ (1 — a2£)_1a2< — grad (Tr(Vu - Vu) + Ricci(u, u))
— Div(Vu! - Vu) + Tr(R(u, V.u)-) — Vu' - Ric u)
=D, u) — (1 —a?L) 'a? (Vut Ay
+ grad [ Tr(Vu - Vu) + Ricci(u, u) + %Tr(g(v.u, Vu))]) [

LEMMA 5.3. Let k > 1 and r > %dimM—i—Q such that s +k > r. Let f €
Ck( E’D)‘ Then the horizontal functional derivative of fr with respect to G exists.
It is given by:
ofr

22 1) = 5T Ra[B 0, 5(0) = B (6 (). )+ P (D" (5 (). )= D" (w31 )

for all u, € TDZ?'[’;, where u = r(uy) and B* was defined in Lemma 4.4. So we
have:

1)
%:(u,,) €TD, p,  Vu, e TDH.
Proof : By Lemma 3.2, we will have the two following formula
(5.1) KY(Tuov) = Pe(Vyu + F*(u,v)),

where, using part (2) in Lemma 5.2 and the definition of §% in Lemma 3.2, we have
1
§(wv) = 3 (FH(u+0) = FHw) - 7))
1 (67 (67
= §(D (u,v) + D(v,u)
(5.2) — (1—a*L) " a®(grad(G(u,v)) + Vu' - Ay + Vo' - Aru))

denoting G(u,v) := F(u+v) — F(u) — F(v).
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Let uy, v, € TDf:r];€ and ¥(t) C T'D;, ;, asmooth path defined in a neighborhood
of zero, with base point denoted by 7(t ) C D;, p, satistying the following conditions:

. ’Y(O) = Upy
e 1(0) = vy,
e ~ is parallel.

By definition we have:

(fomr)(y(t))

t=0

— df(rntun)

w20 )

:dﬂWwa>(va::%>(Kl(it_omﬂ”“”)>>

dﬁJwﬂ%M))

1
= D f(mr(uy)) (K <dt
For the third equality, it suffices to remark that % o TrR(7(t)) is a vertical vector
field. To obtain the last equality it suffices to use the natural isomorphism between
a vector space and its tangent space at a point.
Using the formulas for the derivative of the composition and inversion we have:

G|, o= 5| G0onn)
_ <5t )>o77(0) +T(+(0)) o <C‘;tt=0n(t)1>
_ (jt ) ~ Tuy o T((0) ) o (;lt t_on(t)) on(0)™*
:(jt ) 1 Tuy 0Ty e vy on!
_ (C‘;t ) Lon V) o (o).

Using the right-invariance of the connector, the definition of the covariant derivative
D/dt, and the fact that y(t) is parallel we obtain:

K! <C‘Ztt OWR(W( ))> K! <<jtt Ov(t)> onl) — K'(T(uyon ") o(vyon™t))
K (G| 20) er - KT on o vy on)
() o7t = KTy o) o (0 007)

=0 — K" (T(uyon "o (vonh)).
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Thus we obtain:

(O .00 ) = =Dy o 1™ (Tlag 057 0 (0 0777
= —Df(u)(K'(Tuowv)) where u 1= u, on
= —Df(u)( o (Vou + F(u,v))) by formula (5.1)
), Pe(Vou + 5% (u,v)))

);

);

—1 -1

and v := v, o7

—{0f(
~(0f(u Vu—l—&a(u V)
—{0f(

3f(u), Vou + = ( *(u,v) + D*(v,u)))1
(6 (), (1 — L) a?(grad(G(u,v))))1

(6f(u), (1 —a?L) ra?(Vu' - Ay + Vol - Ayu))y by formula (5.2).

w\»—~w\>—~

The second term is zero because of the Stokes decomposition (see Theorem 2.5).
For the first term we have by Lemmas 4.3 and 4.4:

{6 () o+ 5 (D (u,0) + D (v, )y
{6 (), 5 Vot 3D () + 5 (D (0, ) + V)
=5 (1670, Vo + (370), D (w,0))1 = (Va8 (), 1)
= —5 ((B7 (), w), 001 + 67 (), D (u,0) + Tuh
— {6/ (u), Vw1 — (B (u,6 (), v)1 )
= 3 (B 6 (), w). 00 ~ (Va7 (w), )y
+ (V00 (u) + D*(u, 0f (), )1 = (B (u, 3 (w)), v)1)

= %<Ba(u75f(U)) = B*(0f(u),u) = D*(u,0f (), v)1.

By Lemmas 2.4, 4.3, the third term becomes:

(6f(u),(1 —a”L) 'a?(Vu' - Av+ Vo' - Ayu))y
= (0f(u),a®(Vu' - A+ Vo' - Aru))g
—(6f(u), Vu' - (1 = a®A,)v)o + (6f (u), Vu' -v)o
—(5f(u), Vo' - (1 — a®A)u)o + (5f(u), Vol - u)g
—(Vsrayw, )1 + (Vspu, v)o
= (Vs )1 + (Vs pavs uo
—(Vs st v)1 + (Vs s, v)o
+ (Vspu+D*(0f (u),u), v)1 — (v, Vspuyu)o
= (D6 (u), u),v)1.
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So we obtain:

1
)

= 26" n) (TRy [B* (8 ()) — B/ (), )
+ P (D6 (), w) = D (. 6/ (w))) |, vy ).

(B*(u,0f(w)) = B*(f (u), u) + Pe(D*(0.f (u), u) — D(u, £ (u))), v)1

)
Therefore we obtain the existence of ﬁ(un) € TD,, p, given by

on

2L ) = G R[B 0,8 F0) = B (6 (), )P (D (5 () )P (. 5) .

where u := Tr(u,). B

Lemmas 5.1 and 5.3 yield the following theorem:

THEOREM 5.4. Let k > 1 and r > %dimM + 2 such that s +k > r. Let
fe Cf(V;D). Then fr:= fompr is in Cf(TDZ?L[lf).

THEOREM 5.5. (g is a Poisson map) Let k > 1 and r > % dim M + 2 such
that s +k >r. Then :

{f OTR,g© TrR}l(uﬂ) = ({f’g}}f- OWR) (uﬂ)v vag € Cf(V,j,D)a Un S T’DZ-j_DIC

Proof : Let u, € TDZTIS“ and u := mg(uy). The proof is a direct computation
using Lemmas 4.3, 4.4, 5.1 and 5.3. Indeed, formula (4.1):

( ommgomn) (i) = 60 (222 ). %22 1) ) = 60 (220, ) )

So it suffices to compute the first term:

G4(0) (L2 0). %2 )
= 26 ) (T Ry [ B (.67 (w)) — B3/ () u) + P (D (65 (u), )

— D (.6 (w)))|. TR, (09(w) )
= 5 (B*(w,6/(u)) = B(6f(u), u) + D (5f(u), u) — D (u, 6/ (u)), bg(u),

= 5 (4B (w67 (w)), dg(u)s — (B(6(w),w), Sg(u))s

+ (D*(0f(u),w) + Vipwyu,09(u))1 — (Vs ruyu, 6g(u))1

— (D™ (u, 8 (w)) + Vb f (u), dg )1 + (Vudf (u), Sg(u))1 )
= 5 (0 Vg0 () — (57 (0). Viyapu — (o VgiSo(l)s

— (Tt 09(w)1 + (0 (), Vudg(u)) + (Vud f(u), dg(w): ),

N = DN -
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where we have used Lemmas 4.3 and 4.4 in the last equality. Finally, after cancel-
lation of several terms we obtain:

401 (222 0. 222 ) ) = ) (S22 ). 22 )
= (U, Vsgu)0f ()1 — (u, Vspydg(u)1 = ({f, g} o7r) (u,). W

THEOREM 5.6. (F; is a Poisson map) Let Fy be the flow of S, ti,ta >
2dimM + 1 such that t; > to. Then for all G,H € Cf, (TD;%D) we have:

(1) Go Fy,Ho F, € C}(TD' )
(2) {Go Fy,Ho F,}' = {G,F}' o F, on TDED.

Proof : This is done as in Proposition 5.12 of [23]. First of all we recall some
general facts about weak Riemannian Banach-manifolds. Let (Q, {(,)) be a weak
Riemannian Banach-manifold with smooth geodesic spray. We define:

. B o §F §F
K(TQ) = {Fec (T35, 5, €€ (TQ,TQ)}.

Here, 0F/0n and OF/Ou are the partial derivatives and § F'/én and 0 F'/du denote the
horizontal and vertical functional derivatives relative to the given weak Riemannian
metric on Q of F € C®°(TQ) as defined at the beginning of section 4.

Let F}; be the geodesic flow and G € K*°(T'Q). Then G o F; € K*°(TQ) and F;

is a Poisson map:
(5.3) {GoF;,,HoF;} ={G,H}o F};, VG,H € K> (TQ),

where {,} is the Poisson bracket on K£*(T'Q) induced by the weak Riemannian
metric and the weak sympectic form on T%Q (see (4.1)).
We will use the following formula for G € K (T'Q):

B4 dG)(X,) = G ) (Tra(X,,) + G () (X))

where n € Q, u, € T,)Q, Xy, € T,,(TQ), ng : TQ — Q is the tangent bundle
projection, and K is the connector of the given weak Riemannian metric on Q.

With these general preparations, let @ = fo p be endowed with the weak
Riemannian metric G1.

(1) Let G € CF (TDZ{DL and u, € TDZI’D. So we have:

oG oG
%(Ft(un))v E(Ft(un)) € TDZ%D'

Let G € ICOO(TDZQ,D) be such that:

5G 5G 5G 5G
%(Ft(un)) - %(Ft(un)) and < (Fy(uy)) = < (Fy(uy)).
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This is possible since fo’, p» and hence TDfi p» are Hilbert manifolds so they admit
bump fuctions. Using (5.4) we find

dGoF), . Ok
T(un) = dG(Ft(Un)) (877(%7))

=G (u) (S Eun)) Ty, (Gt ) )
+6' ) (5o Rt K (G )

and so we obtain

d(GoF, (G oF
AT ) = AE2 ),
Since G € K> (TDZ‘” p), we obtain the existence of
§(GoF), | dGoF) "
(5”7 (u'ﬂ) - 677 (uﬁ) € TDM,D

and the same is true for the vertical partial covariant derivative. Doing this for all
uy € TD;! |, we obtain that G'o Fy is in Cf,(TD;}! ).

(2) Let uy,, be in TDZ{D. By part one, {G o F}, H o F; }'(u,) is well-defined and only
depends on

0G 0G 0H 0H
%(Ft(un))a E(Ft(un))a %(Ft(u’ﬂ))? E(Ft(uﬁ))

Choosing G and H as in part one, and using (5.3) we obtain the desired formula. B

THEOREM 5.7. (Ft is a Poisson map) Let F, = 7 o F, be the flow of LAE-
equation. Then we have

{foFuge B}t = ({fg¥hoB) (w),  VigeCiVip), weVih,
where k> 1 and r > %dimM + 2 such that s+ k > r (for ezample k =1).

Proof : Let f € CE(V5 ). We have forg € CF(TD;')) by Theorem 5.4.
Therefore, by part (1) of Theorem 5.6 we get f o wg o Fy € C*¥(T Dika ) and hence
foF,=fompo Ft|vlifDxC € C’f(V;‘E’f) Since 7r(u) = u, we have

{foF,goF}\(u)={foF,omr,go F,ongr} (u) by Theorem 5.5
= {fompoF;,gompo F;}'(u) by Proposition 4.1
= {fonr,gonr} (F(u)) by Theorem 5.6
= ({f,g}} o7r)(F:(u)) by Theorem 5.5
= ({f, 9} o F})(u) by Proposition 4.1.

Note that for the first equality we need u € Vl(jgk)Jrk by Theorem 5.5. B

The last Theorem gives the Poisson formulation of the LAE-a equation. We

recall that an integral curve u(t) of the LAE-a (or the Euler) equation is C! as a

map in Z_I;’ but it is believed to be continuous but not differentiable as a map in

S
w,D*
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THEOREM 5.8. Let u(t) C V,p be a curve such that u € C’O(I,VZ,D) N
Cl(I,ijl)l), Then

%f(u(t)) ={f.h}}(u(t),Vf€e C’l( ) < u(t) is a solution of LAE-a equation

where h(u) := 3 (u,u); is the reduced Hamiltonian.

Proof : We remark that h € C1(V5 ) with 6h(u) = u. We find:

@ f(u(t)) = Df(u(0) (@)
= (6 (u(?)), Bru(t))1
and, by Lemma 4.3,
{f 1} (u(t) = (ult), Vauwdf (ult))1 = (ult), Vs s ult)
= —(Vuu(t) + D*(u(t), u(t)), 6 (u(t))1 — (1 = & Ay )u(t), Visscueyu(t))o-
Using the remarkable fact that Vu! - A, is in X572 (Lemma 5.2), and the identity
Vu' - u = grad(g(u,u)), we obtain for the second term:
(1= )ult), Vsgumyut))o
= (Vu(t)' - (1 = a®Ap)u(t), 5 f (u(t)))o
= (1= a20)7'Vu(t)' - (1 = @Ay )u(t), 0f (u(t))1
= ((1 = L)  gradlg(u(t), u(t)] — (1 = ®L) "' a®Vu(t)" - Ayu(t), o f (u(t)1
—{(1 —a2L) 'a®Vu(t)" - Ayu(t),sf(u(t)))1 by the Stokes decomposition.
So we obtain by Lemma 5.2:
(R (u(2)
= (=Vumu(t) = D*(u(t), u(t) + (1 — a?L) " a*Vu(t) - Avu(t), 6 f (u(t)
= (= Vuwu(t) = F(u(t)) — (1 = a®L) " a® grad(F(u(t))), 6 f (u(t)))1
= — (P (Vuult) + F(u(t))) .55 (u(®):.
Thus jt Flu(t)) ={f, kY (u(t),V f € CL(V: ) is equivalent to:
Oult) + Pe (Vu(yu(t) + F*(u(t)) =0
which is LAE-a. B

6. The case of free-slip and mixed boundary conditions

In this section we shall generalize all our results to the case of free-slip and
mixed boundary conditions. Note that setting 'y = @ in the mixed case, gives
the free-slip case. The fundamental difference between these boundary conditions
and the no-slip case we studied before is the following. For all vector fields u, v in
V3, the vector field V,v lies in V5 . This is a fact we used several times in our
previous computations. Unfortunately, for vector fields u,v in V., this is not true

since V, v may not be in V1. In this case we will use that V,v — V,u = [u,v] is

in V-1 As a first consequence, the useful identity (4.3) for the no-slip case

(1—a?L) 'V, [(1 — oA )v] = Vo + D*(u,v),
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where u is in VZ,D7S> dim M +1, v is in VTD,andr> dim M + 3, is replaced
by

(6.1) (1 —-a%L)7 'V, [(1 —a?A )] = (1 —a?L)7 (1 — a?L)V v + D (u,v)

fuisinVyj ..,s>3 ldimM +1,visin € V) miz> and T > 1dim M + 3.

Recall that for r 2 1, (1—a?L) denotes the continuous linear map (1 —a?(A +
2 Ric + grad div)) : X™ — X"~2 acting on all H" vector fields, and (1 — o2£)~!
Xr=2 — Vr . denotes the inverse of the isomorphism (1 — O‘2£)|Vf,m' Formula
(6.1) induces some changes in Lemmas 4.3 and 4.4 which must be replaced by the

following.

LEMMA 6.1. Let s> 1 sdim M + 1. Let u,v € V;,

womix
andw € V5 .. Then
(1 =a?A)v, Vew)o = —{((1 —a?L) 1 — a?L)V,v + D*(u,v), w);
where DY 2 V) i X Vi iz — Viniw 8 the bilinear continuous map given by

D*(u,v) = a*(1 — L)~ (Div(VU - Vu' + Vo - Vu)
+ Tr (V.(R(-, u)v) + R(-,u)V.v)
+ grad (Tr(Vu - Vv) + Ricci(u,v)) — (Vy Ric)(v))

Proof : Using the first part of Lemma 4.3 and formula (6.1) we obtain for

UEVS iy W € Vi and v eV e > $dim M + 3:
(1= a?A)0, Vaw)y = —(Vu[(1—a?A)v],w)o

= —{((1-a?L)7'V,[(1 - ®A)v], w)y
—{((1—=a?L)™'(1 = a?L)V v + D% (u,v), w);.

Using the fact that V| ;.7 > 3 1 dim M + 3 is dense in V# mizs and the fact that
(,)1,V, and D are continuous on V; p,, and (1 — a?L)71(1 — a2L) is continuous

on VS D we obtain the desired result. ll

: +1 +1
LEMMA 6.2. Let s > $dimM + 1. Let B* : Vi tiz X X0 — Vit the
continuous bilinear map given by

B*(v,w) := Pe(1 — a2L) " (Vw' - (1 — o®A,)v).

Then we have
(1 = a?A)v, Vyw)o = (B (v, w), u)y
r> %dimM, and for allv e VETL and w € %°.

w,mix?

for allu e V]

pymix)

Proof : The proof is similar to that of Lemma 4.3. Note that (( —a?A ), V,w)o

does not equal (v, V,w); since V,w does not belong to V7. . M

In order to carry out the Lie-Poisson reduction procedure for the mixed bound-
ary conditions, we have to establish the existence and the smoothness of the ge-
odesic spray of the weak Riemannian manifold (D5, .;,,G"'). So we will need a
reformulation of LAE-« similar to (2.7) in the case of mixed boundary conditions.
This reformulation is given by the following proposition where we use the Euler-
Poincaré reduction theorem.
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PROPOSITION 6.3. Letn(t) be a curve in D;, ..., and letu(t) := TRy -1 (1(t)) =
n(t)on(t)~! e Vi miz- Then the following properties are equivalent :
(1) n(t) is a geodesic of (D;’mm,gl)
(2) u(t) is a solution of :
(6.2) dut) +Pe (1 — L) (1 = L) Vymyu(t) + F*(u(t)) =0

Proof : By the the Euler-Poincaré reduction theorem, 7(t) is a geodesic of

(Ds Gl) if and only if u(t) := 7n(t) o n(t)~! is an extremum of the reduced

w,mex?
action

for variations of the form
ou(t) = dpw(t) + [u(t), w(t)]

where w(t) := dn(t) o n~1(t) vanishes at the endpoints. Integrating by parts, using
the fact that [u(t),w(t)] is in V1. and with Lemma 6.2 we find:

nymax

b
Ds(u)(éu):/ (u(t), ou(t))dt
b ¢ b
— [ (), w)rde + [ ule), fule), w(®)Dade
‘ b ¢ b
:—/ <8tu(t),w(t)>1dt+/ <(1—042Ar)u(t),[u(t),w(t)])odt
ab ab
. / (Ouult), w(t))rdt + / (1= a2A)ult), Vugoyw(t))odt
b
_/ (1 — a?A)u(t), Voo u(t))odt
ba b
:_/a <6tu(t),w(t)>1dt—/a (1= a2L)" (1 — a2L)Vuyult)

b
+ D¥(u(t), u(t)), w(t)) 1 dt — / (Vu(t)t - (1 — a®An)u(t), w(t))odt.

With Lemma 4.3 (1), we have (Vu(t)! - u(t),w(t))o = 0, thus the last term
equals

o? /b<Vu(t)t - Ayu(t), w(t))odt
and we obtain: '
Ds(u)(du) = — /b (Opu(t) + (1 — a®L) (1 — L)V yu(t)
+aD”‘(u(t), u(t)) — (1 — L)' Vu(t) - Avu(t), w(t)), dt.
So by the Stokes decomposition theorem, Ds(u)(du) = 0 for all du, is equivalent to

Pe(Qu(t) + (1 — L)™' (1 = &®L)Vyyult)
+ DY(u(t), u(t)) — a*(1 — a2L) ' Vu(t)' - Ayu(t)) =0
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and, with Lemma 5.2 (which remains valid on V; ,;.), this is equivalent to

Pe(Oru(t) + (1 — L)' (1 = L)V yu(t) + F*(u(t))) = 0. B
Let n € D}, 7 > 0, and H} = {u, € H"(M,TM)|m ou = n}. We denote by
H; | Dy,;, the vector bundle over D;,ix» whose fiber at n € Dy, is Hy. The proof
of Proposition 5 in [20] shows that for s > § dim M + 1, the map

(1 - O[2£) HS l Dmm: Hs 2 l Dmm:

defined by (1 — a2L)(u,) = [(1 — a®L)(uy o n~')] oy is a C* bundle map. Fur-
thermore,

(1 —a?L) : TD:

mix

*)HS 2 lel’E

is a bijection, whose inverse is denoted by

— TD?

x mix

(1— a2£) tHY 72 | Dy

With the same method and notations as in section 3, but using equation (6.2)
instead of (2.7), we obtain the following lemma

LEMMA 6.4. The geodesic spray of (D;’mm,gl) s given by:

S'(uy) = TP [T ((1 —a2L) oo azc)) (S0 uy) — Ver,, (?“(un))] ,

where S is the geodesic spray of (M, g).
The connector K : TTD? — TD? of (D2 G1) is given by:

©ymix wymix wymix)

K'(X.,) = P((l —a2[) o (1-a?L)(K o X,,)

+3 (Mrpe (Xu,) Tm,.  (Xy,))bigg),

Hymix u mix

where K : TTM — TM is the connector of (M, g).
Because of the existence of the geodesic spray S' € X¢™ (TD? ) of the

pnomix

weak Riemannian manifold (D5 ,,;.,G"), we can define the sets C’k(TDZ miz), the
Poisson bracket { , }' on C}(TD}, ,.;,.), the sets CF, (V5 ..) and KF (V5 ..), and

the Poisson bracket { , }1 on CF, (V5 .,.)
case of no-slip boundary conditions.

As we shall see, all the properties of the Poisson bracket { , }} on Cf?t( Vi miz)
(Theorem 4.6 and 4.7) are still true in the mixed case but since the Levi-Civita
connection does not preserve the boundary conditions, the computations in the

proofs are more subtle.

exactly in the same way we did in the

THEOREM 6.5. Let s > ldimM +1 and k> 1. Then:
{ ) }}k : ’Ck(VZ mzz) X ’Ck(vs,, ) - Ks-?—lls 1(Vj mm’)

and for all v € V;tim we have

S({f, 9} (W) = Pe(Vsg(u)df (1) = Visuydg(u))
+ Dég(u) (Pe ((1 - L)1 - aQE)V(;f(u)u + D0 f(u),u)) + B*(u,6f(u))
— Déf(u) (Pe (1= a?L)"'(1 — L) Vigyu+ D*(3g(u),u)) + B*(u, dg(u)) .
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Proof : Let h:= {f,g}}. We have to show that h € ICf;iS (V8 i) Asin

w,miz
Theorem 4.6 we obtain that h € C* (V3. miz)s 80 we can compute Dh(u)(v). Let

u,v € VT Using Lemmas 2.4, 6.1, 6.2, and 4.5 (still valid in the mixed case)

nomaz*
we obtain:

Dh(u)(v)
= (v, Vg0 f (u))1 + (u, Vpsgu) ) 0.f ()1 + (u, Vg DO f(u)(v))1
= (0, Vi) 09(u))1 — (U, Vs p(u)(0)09(u))1 — (U, Vi) Ddg(u)(v))1
= (v, [0g(u), 0 f (w)])1 + (u, [Ddg(u)(v), 0 f(w)])1 + (u, [6g(u), D f(u)(v)])1
= (v, [6g(w), 0 f (W1 + (1 — @A )u, [DSg(u)(v), & f (u)])o
+{(1 = a®A,)u, [6g(u), D& f(u)(v)])o
— (0, [B9(0), 8@ + (1~ 0 )0, ¥ gy F (@)
(1= 02, Vit D9 () (0))o + (1 — 02A ), Vg0 DOF () 0o
— (1 = &®Av)u, Vpsg(u) ) 09(w))o
— (0, [69(u), 6F @)1 + (B*(u, 6 (u)), Dog(u) (1))
(1= a2L)"1(1 — a2L) Vs gguyu + D (3£ (u), u), Digu)())y
—((1=a®L)™H (1 = @ L) Vsg(uyu + D¥(8g(u), u), DS f (u)(v))1
= (B*(u,d9(u)), D4 f(u)(v))1
= (v, [0g(u), 6 f(w)])1 + (Ddg(u) (B*(u,d f(u)),v)1
+ (Dég(u) (Pe ((1 -0 M1 -a E)V(;f(u U —|—D°‘(5f(u),u))) , U1
—(Déf(u) (Pe (1— o?L) 71— ozzﬁ)V5g(u)u +Da(5g(u),u))) , U
= (Ddf(u) (B (u,dg(u)) , v)1.

~— =

Now the result follows as in Theorem 4.6. B

THEOREM 6.6. Let s,t > %dimM +1,r>s,and k> 1.
(1) {, }} is R-bilinear and anti-symmetric on CF (V5 ..) X CF (V5 ).
(2) {, }L is a derivation in each factor:

{fo,h}} ={f.h} g+ g, W}V f.9.h € CEL(V i)

(3) If s > $dim M + 2, {, }} satisfies the Jacobi identity:
For all f,g, hekKk(Vs, .) and u € VETL we have:

w,mix pnymix

{4 3 () + g, 4, A () + {B {f. g3 (u) =
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Proof: (1) This is obvious.
(2) Let f,g,h € Ck tVimiz), and w € V), ... Using Lemmas 2.4 and 6.1 we find:

{fg,h}} (u) = (u, [6(fg)(u), 6h(w)])1
= ((1 = ®Ay)u, Vi(rgyw)0h(w))o — (1 — &®Ap)u, Vnwyd(£g)(w))o
= ((1 = a®Ar)u, Vsgh(u)og(u) + (1 = a®Ar)u, Vg h(u))o f (u)
+((1 = a®L) (1 = a*L)Vspguyu + D*(5h(u),u), 5(fg)(u))1
= ((1 = a®Ar)u, VsgOh(u)og(u) + (1 = a®Ar)u, Vigyh(u))of (u)
+{(1 = a”L)7H (1 = aL)Vsnyu + D (6h(u), u), 6 f (u))19(u)
+{(1=a®L) (1 = L) Vsnyu + D (6h(u), u), 6g(u))1 f (u)
= ((1 = ®Ap)u, Vi puydh(u))og(u) + (1 — o Ar)u, Vg oh(u))of (u)
— (1 = a®Ap)u, Vangyd.f (w))og(u) = (1 = a®Ap)u, Viuydg(u))of
= ((1 = a®A)u, [0 (), 0h(w)])og(u) + (1 — o®Ap)u, [5g(w), 6h(u)])o f (u )
= (u, [0 (u), 5h(u)])19(u) + (u, [0g(u), 5h(u)])1 f(u)
= {f. Y (wg(u) + f(u){g, h}} (w).
(3) Let f,g,h € KF(VS,.;n), and u € VS'H By Theorem 4.6 we obtain {g,h}} €

Qymix

le;ll’sfl(Vs ) C CS+1 (V2 ). Slnce s—1> 1dimM + 1 we can compute

,mix ,mix

the expression {f,{g, h}} } (u). We have:

{f.{g, Y1} (w)
= <u’ [6{9’ h}i—(u)v 6f(u)}>1
=((1-a’A)u, Vitgnyt (wof(u)r — (1 - AU, Vi py{g, B (u)h

So we can use Lemmas 6.1 and 6.2 and then the expression for é{g,h}} (u) in
Theorem 6.5. Doing exactly the same computation as in Theorem 4.7 and using
analogous notations we find

{f g, W} ()

= (Vish(w),s9(u)0.f (W), (1 — &®Ap)u)g — (Vg [6h(u), 5g(u)], (1 — oAy )u)o
+ Dhgs — Dgny = ([[0h(u), 6g(w)], 6 f (w)], (1 — a*Ap)u)o + Dhgs — Dgns

= ([[0h(u), 69(u)], 0 f(w)],u)1 + Drgs — Dgyn.

Using the Jacobi identity for the Jacobi-Lie bracket of vector fields we obtain the
desired result. B

Asin section 5, for f € C¥(V3 .Y weshall denote fr := forp € CH(TDTE. ).

pymix pwymix

The proof of Lemma 5.1 remains valid in the mixed case, so if f € C¥ Vi miz)s K >1

and r > % dim M + 1 are such that s+ k > r, then the vertical functional derivative
of fr with respect to G' exists and is given by:
ofr
ou
Lemma 5.3 about the horizontal functional derivative remains valid in the mixed

case but some computations in the proof should be adapted to this case. These
computations are given below.

(un) = TR, (6 f(mr(uy))) € TD;, p, Yu, € TDSTF,

pymix”
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LEMMA 6.7. Let k > 1 and r > %dimM—F 2 such that s+ k > r. Let f €
Ck(ys ). Then the horizontal functional derivative of fr with respect to G!

H,max
exists. It is given by:

3fr

2 (1,) = 5T Ra[B 0,5 (u) = B (01w, )+ P (D (5 (). )= D" (w31 ()

for all u, € TDZ:';EM, where u := wr(uy,) and B was defined in Lemma 6.2. So
we have:

5fR r k
W(Un) € TDu,miw’ Vun € TDZTme

Proof : As in Lemma 5.3, we find for u,,v, € TDZ',"E];:

<afﬂ<un>,vn> — D f(uy o YEN Ty o) 0 (v 0 1)

1 1

= —Df(u)(K'(Tuow)) where u :=wu,on~ " and v:=wv,0n .

With the formula for the connector in Lemma 6.4 we obtain the following identity:
K'Y (Tuov) =Pe((1 —a?L) (1 — a®L)Vu + F*(u,v)).

So using formula (5.2) (still valid in the mixed case), and the notation L% :=
(1 —a2L)71(1 — a?L) we find:

(O . ) = (6100, L (T + 5D ,0) + D (0,1
+ {67 (), (1~ a*L)~ o (grad(Glu, )
+ %<5f(u), (1—a2L) e (Vul - Ay + Vot - Avu))y
= {8 (), L (Veu) + (D () + D (0,),
+ %<5f(u), o2 (Vul - Ao+ Vo' - Avar))
= (0 (), 5L (Tou) + 3D (w,0) + 5D (0, ) + L (Tow)):
— (), V- (1= Ao + (37 (), Vv

- %<6f(u),vvt (1= a2A)u)o + %(5f(u),VUt .
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Using Lemmas 6.1 and 6.2, we obtain:

Ofr
2 <8n(u’fl)’vﬂ>
= —(0f (u), L*(Vou))r — (3 (u), D*(u,0))1 + (1 — @® Ay )u, Vo f (u))o

- <V5f(u)u7 (1- OzQAr)v>0
—(Vspyv, (1 = o?A)uo
= —(0f(u), L*(Vou))1 = (0 (u), L*(Vyv) + D (u,v))1 + (6f (), L*(Vuv))1
+ (B*(u, 0f(w),v)1 = (Vpyu, (1 — a?Ap)v)o + (L*(Vspyu) + D(6f (u),u),v)1
= —(6f(u), L*(Vyw))r + (1 — a®Ap)v, VoS f (w))o + (3 f (), L(Vyv))1
+ (B*(u,6f (1)), v)1 — (Vs syt, (1 — @®A)v)o + (L* (Vs pyw), v)1
+(D*(0f(u),u), v)1
= (6f(u), L*(Vuv — Vou))1 + (1 — a®A,)v, Vo f (u) — Vs fu)t)o
+ (L (Vspwu),v)1 + (B (u, 6 f(u)), v)1 + (D6 f (u), u), v)1.

Since the Jacobi-Lie bracket of vector fields preserves the mixed boundary condition
we have:

(65 (), L2(Vow — Vo + (1 — 02An)0, VuSf(6) — Vi uyudo
0f(u), Vuv — Vyuyr + (v, Vud f(u) — Vipyu)r
1—a?A)5f(u), Vv — Vyudo + (v, L*(Vu 0 f (u) — Vs )W)
1—a®A,)8f(u), Vuv)o — (1 — @A) f (u), Vou)o
+ (v, LY(Vud f () = (v, L (Vs sy
= —(L*(Vubf(u)) + D(u, 0 f(u), v)1 — (B*(6f(u),u), v)1
+ (v, L*(Vud f (u)) — (0, L% (Vs puyu))1
= —(D*(u, 6 f(u),v)1 — (B*(0f(u),u),v)1 — (v, LY(Vsfwyu))1-

So we obtain

2 @{f(u)> (B (1,8 () — B (8 (), ) 4+ D (8 (1), ) — D (u, 6 (1)), )1

and the result follow. B

(
(
(

— =

We conclude that Theorem 5.4 remains valid in the mixed case. For proving
that 7 is a Poisson map (in the sense of Theorem 5.5) it suffices to use Lemmas 6.1
and 6.2 insteed of Lemmas 4.3 and 4.4 in the proof of Theorem 5.5. So Theorems
5.6, 5.7, and 5.8 are also valid in this case.

Acknowledgments. We thank G. Loeper, J. Marsden, S. Shkoller, and S. Va-
sylkevych for several discussions during the work on this paper. The first author
was fully supported by a doctoral fellowship of the EPFL. The second author ac-
knowledges the partial support of the Swiss NSF.

References

1. Abraham, R. and J. E. Marsden, Foundations of Mechanics. Benjamin-Cummings Publ. Co,
Updated 1985 version, reprinted by Perseus Publishing, second edition, (1978).



10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

THE LIE-POISSON STRUCTURE 57

. Abraham, R., Marsden, J.E., and Ratiu, T.S. Manifolds, Tensor Analysis, and Applications.

Volume 75 of Applied Mathematical Sciences, Springer-Verlag, (1988).

. Arnold, V. I., Sur la géométrie différentielle des groupes de Lie de dimenson infinie et ses

applications & ’hydrodynamique des fluids parfaits, Ann. Inst. Fourier, Grenoble, 16, (1966),
319-361.

. Arnold, V.I., Mathematical Methods of Classical Mechanics, Graduate Texts in Math., 60,

Springer-Verlag, Second edition, (1989).

. Arnold, V.I. and Khesin, B.A., Topological Methods in Hydrodynamics. Applied Mathematical

Sciences, 125. Springer-Verlag, New York, (1998).

. Camassa, R. and Holm, D., An integrable shallow water equation with peaked solitons. Phys.

Rev. Lett., 71, (1993), 1661-1664.

. Chernoff, P. R. and J. E. Marsden, Properties of Infinite Dimensional Hamiltonian systems,

volume 425 of Lecture Notes in Math. Springer, New York, (1974).

. Ebin, D. G. and J. E. Marsden, Groups of diffecomorphisms and the motion of an incompressible

fluid, Ann. of Math. 92, (1970), 102-163.

. Holm, D. D., J. E. Marsden and T. S. Ratiu, Euler-Poincaré models of ideal fluids with

nonlinear dispersion, Phys. Rev. Lett., 349, (1986) 4173-4177.

Kobayashi, S. & K. Nomizu , Foundations of Differential Geometry. Wiley, (1963).
Marsden, J. E., Well-posedness of the equations of a non-homogeneous perfect fluid, Comm.
Partial Differential Equations 1, (1976), 215-230.

Marsden, J. E. and T. J. R. Hughes, Mathematical Foundations of Elasticity. Prentice Hall,
(1983). Reprinted by Dover Publications, NY, 1994.

Marsden, J. E. and T. S. Ratiu, Introduction to Mechanics and Symmetry, Texts in Applied
Mathematics, 17, Springer-Verlag, (1994); Second Edition, 1999, second printing 2003.
Marsden, J. E., Ratiu, T. S., and Shkoller, S., The geometry and analysis of the averaged Euler
equations and a new diffeomorphism group, Geom. Funct. Anal., 10(3), (2000), 582-599.
Marsden, J. E. and A. Weinstein, Coadjoint orbits, vortices and Clebsch variables for incom-
pressible fluids, Physica D, 7, (1983), 305-323.

Odzijewicz, A. and Ratiu, T.S., Banach Lie-Poisson spaces and reduction, Comm. Math.
Phys., 243, (2003), 1-54.

Palais, R. S., Foundations of Global Non-linear Analysis. W. A. Benjamin, Inc., New York-
Amsterdam, (1968).

Petersen, P., Riemannian Geometry, Graduate Texts in Mathematics, 171, Springer-Verlag,
(1997).

Shkoller, S., Geometry and curvature of diffeomorphism groups with H! metric and mean
hydrodynamics, J. Funct. Anal., 160(1), (1998), 337-365.

Shkoller, S., Analysis on groups of diffeomorphisms of manifolds with boundary and the
averaged motion of a fluid, J. Diff. Geom., 55(1), (2000), 145-191.

Shkoller, S., The Lagrangian averaged Euler (LAE-a) equations with free-slip or mixed bound-
ary conditions. Geometry, Mechanics, and Dynamics. Volume in Honor of the 60th Birthday
of J.E. Marsden, P. Newton, Ph. Holmes, A. Weinstein, editors, Springer-Verlag, New York,
(2002), 169-180.

Spivak, M., A Comprehensive Introduction to Differential Geometry. Publish or Perish,
(1976).

Vasylkevych, S. and Marsden, J.E., The Lie-Poisson structure of the Euler equations of an
ideal fluid, preprint, (2004).

SECTION DE MATHEMATIQUES, EcoLE POLYTECHNIQUE FEDERALE DE LAUSANNE, CH-1015

LAUSANNE, SWITZERLAND

E-mail address: Francois.Gay-Balmaz@epfl.ch

SECTION DE MATHEMATIQUES, EcoLE POLYTECHNIQUE FEDERALE DE LAUSANNE, CH-1015

LAUSANNE, SWITZERLAND

E-mail address: Tudor.Ratiu@epfl.ch



