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ABSTRACT. We consider the generalized BBM (Benjamin-Bona-Mahony) equa-
tions:

(0.1) (1= 82)us + (u +uP), =0,

for p > 2 integer, and the family of solitary wave solutions ¢.(x — zo — ct)
of this equation. For any p, there exists a necessary and sufficient condition
on the speed ¢ > 1 so that a solitary wave solution is nonlinearly stable ([21],
[20]). Following the approach of [14] for the generalized KdV equations, we
prove that the sum of N sufficiently decoupled stable solitary wave solutions is
also stable in the energy space. The proof combines arguments of [21] to prove
the stability of a single solitary wave, and monotonicity results of [6]. We also
obtain asymptotic stability results following [6]. Using the same tools, we then
prove the existence and uniqueness of a solution behaving asymptotically in
large time as the sum of N given solitary waves, following the method of [11].
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1. Introduction

We consider in this paper the generalized BBM equations (gBBM henceforth)
(1) (1-0Dur + (u+ul), =0, (t,r) € R xR,
' U(O,.I) = uO(x)v T e Ra
where p € N, p > 2, as introduced by Peregrine [19] and Benjamin, Bona and

Mahony [2]. The Cauchy problem associated to (1.1) is globally well posed in
H(R) (see [2]), and H' solutions are such that

(1.2) E(u(t)) = % / V2 (t z)da + ]ﬁ / WL 2)de = B(ug),

(1.3) m(u(t)) = %/ (u2(t, ) + 2 (t, 2)) da = m(u).

The quantity [wu(t) is also formally conserved. However, there is no value of p
such that the gBBM equation admits more conserved quantities. In particular, the
g¢BBM equation is not completely integrable, for any value of p. As a consequence no
inverse-scattering theory can be developed for this equation, see [15] and [18]. This
situation is in contrast with the generalized Korteweg—de Vries equations (gKdV
equations):

(14) us + (uww + up);n =0,

which is completely integrable for both p = 2 and 3 (but not for other values of p).

As the gKdV, the gBBM equation has a two parameter family of solitary wave
solutions: for any ¢ > 1 and z¢ € R, u(t,z) = ¢c(z — ¢t — o) is a traveling wave
solution of (1.1) if . is solution of

(1.5) —c02pc + (¢ — 1)pe — @b =

The unique even function going to zero at infinity which is solution of (1.5) is given

by
soc<w>=<c—1>ﬁcz< C;lw),

where .

1 o
Q(z) = % satisfies Q" + QP = Q.
2 cosh? (B )

The H' nonlinear stability of a solitary wave solution y.(z — ct — zg) of (1.1)
was studied by Weinstein [21] and Souganidis and Strauss [20]. We say that ¢, is
stable if:

For any v > 0, there exists 6 > 0 such that |[ug — pellgr < & implies that there
exists r(t) such that for allt € R, |lu(t,. —r(t)) — wellm < 7.

From [21] and [20], it turns out that ¢.(x — ¢t — o) is stable if the following
condition is satisfied:

(1.6 (i) > 0,

and is unstable if %m(wc) < 0. Indeed, condition (1.6) was found to be a natural
condition under which stability is true, not only for the Schrodinger, gKdV and
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gBBM equation ([21]) but also for other nonlinear dispersive equations. In the
case of the gBBM equation, we have by straightforward calculations

i we= L) ] fe

and thus it is easily checked that if we define, for p > 6,

(18) C*(p) _ (p B 1)(2 + V 2(]9 + 3))
Alp+1) ’

and ¢*(p) = 1 for p = 2,3,4 or 5, then condition (1.6) is satisfied if and only if
¢ > ¢*(p). Therefore:

-Ifp=2345and c>1,orp > 6and ¢ > c*(p), then p.(z — ¢t — xg) is
stable, see Weinstein [21].

-Ifp>6and 1 < c < c*(p) then p.(r — ct — o) is unstable, see Souganidis
and Strauss [20].

Numerical studies on the asymptotic behavior of solutions of (1.1) were per-
formed by Bona and al. [4].

In this paper, we consider N solitary waves ., (x — ¢t —29) of (1.1) which are
stable. We prove that their sum is also stable, in an appropriate sense, provided
that the solitary waves are sufficiently decoupled. Our main result is the following.

THEOREM 1.1. Let p > 2 be an integer and let ug € H'(R). Fiz N velocities:
1 <c*(p) < <... <. There exist v9, Ao, Lo, g > 0 such that if for some
L> Ly, a<ap, and 29 < ... < 2%,

N
Uo — Z%g(' - 3530)
j=1

then, there exist x1(t),...,xn(t) such that the solution u(t) of (1.1) satisfies:

(1.9) < a, with x9>x?_1 + L, forallj=2,...,N,

H1

(1.10) for anyt >0,

N
u(t) - Z peo(- — (ﬂ)HHl < A (a+e k).

Remark 1. A similar result was proved by Martel, Merle and Tsai [14] for the
generalized KdV equations. Here, we combine a generalization of the argument of
[14] with some tools developed by El Dika [5]-[7] for the gBBM equation. This
paper is thus an illustration of the fact that the approach in [14] does not depend
on specific calculations for the gKdV equation, but is a general method for proving
the stability of the sum of N solitary waves of a nonlinear dispersive equation as a
consequence of two basic properties:

- a dynamical proof of the stability of solitary waves solutions, as provided in
[21] for several dispersive equations,

- a property of almost monotonicity of a local version of an invariant quantity,
see Lemma 2.1.

We expect that these two properties hold not only for the gKdV and the gBBM
equations, but also for several other nonlinear dispersive equations, for example :
the fifth-order KdV equation, the Benjamin-Ono equation, and the ILW equation
(see [21]). Let us give some details for the fifth-order KdV equation:

{ ut + (Uge — Uzgos + u2)x =0, (t,z) e R xR,

(1.11) u(0,z) = up(z), = € R.
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For this equation, the monotonicity property is easily checked (as for the gKdV
equation, see Corollary 1 in [12]), and a proof of stability of solitary waves is
available (using numerical calculations), see Il’ichev and Semenov [9].

Now, we turn to the question of asymptotic stability. Recall that the first result
of asymptotic stability of solitary waves for the gBBM equation (for p = 2,3) in
the energy space has been proved by the first author ([5], [6]) and independently
by Mizumachi [17]. Their work is in the same spirit as asymptotic stability results
for the generalized KdV equations by Martel and Merle [12] (see also [13] for a
simplified proof).

A direct corollary of the asymptotic stability result for one solitary wave and
the stability of the sums of N solitary waves (Theorem 1.1) is the following result
of asymptotic stability of the sums of N solitary waves in the energy space.

THEOREM 1.2. Let p = 2 or 3. There exists a set E C (1,400) without
accumulation points (E may be empty) for which : given N wvelocities 1 < ¢§ < --- <
&, such that for j € {1,--- N}, c? € (1,400) \ E, there exist vo, Ao, Lo, g > 0
such that if for some L > Lo, a < ap, and 29 < ... < 2%, up € H'(R) satisfies

N

(1.12) Huo _ Z;%?(. _ x;?)HHl <a, anda®>29  + L, forallj=2,...,N,
i=

then, there exist 1 < ¢ < -+ < ™, x1(t),...,xn(t) such that the solution u(t)

of (1.1) satisfies:

N
(1.13) u(t) =3 (- = 2i(1) = 0 in H'(x > 94) as t — 400,
=1

Remark 2. Note that the asymptotic stability in H'(R) (1.13) has a local in space
sense. As for the gKdV equation, we cannot have in general convergence in H'(R),
since almost all solutions have dispersion for x < ¢, see Remark 5.

Remark 3. The restriction cg-) ¢ E is probably a technical condition, due to the use
of a spectral result by Miller and Weinstein [16], as in the asymptotic stability result
of [6]. In fact, the conclusion of Theorem 1.2 would be true in general provided that
for any ¢}, a linear rigidity condition related to o s satisfied (see [6], Theorem

6.1 and section 4.1 of this paper).

Finally, we state another result related to N-solitary waves for the gBBM equa-
tions. Being given 1 < ¢*(p) < ¢§ < -+- < 4, and 29, --- , 2% € R, we prove that
there exists a unique solution U(t) of (1.1) such that

N
. 0 0 —
Y I o
J:

A similar result was proved by the second author for the generalized KdV equations,
see [11].

THEOREM 1.3. Let p > 2 be an integer. Let 1 < ¢*(p) < ) < ... <, and
29, ..., 2% € R. There exists a unique function U € C(R, H'(R)) which is solution
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of (1.1) and satisfies
N
0_ .0
(1.15) HU(t)—Z<pcj(.—:cj —cjt)HH1 —0 ast— +oo.
j=1

Moreover, U(t) is such that, for any s > 1, for any t > 0,

N
1.16 HUt —S e (=20 — Ot H < Age
( ) ( ) ]290 J( x] CJ ) Hs €

where v >0, and As; > 0.

Remark 4. The existence of such N-solitary wave solutions is a somewhat surpris-
ing phenomenon for a non integrable equation. For the KdV and modified KdV
equations (the integrable cases) such N-solitary wave solutions are explicitly known,
and describe a perfect interaction between several solitary waves. By Theorem 1.1
and the continuity of the flow of the gBBM equation, the family of solutions U{er?ym?}
constructed in the above Theorem is stable in H(R) for ¢ > 0.

Recall that the first result of stability of N-solitary wave solutions of the KdV
equation was proved in H (R) by Maddocks and Sachs [10].

Remark 5. The uniqueness part implies that the result of asymptotic stability in
Theorem 1.2 is in some sense optimal, since convergence in H'(R), that is (1.13),
determines uniquely the solution. Note also that in Theorem 1.3, as in Theorem 1.1,
there is no restriction on the c? nor on p: the proof does not use the spectral result
of Miller and Weinstein [16].

2. Preliminaries

2.1. Modulation. The aim of this section is to prove that if u is a solution of
the gBBM equation which remains close to the manifold of the sum of N solitary
waves for t € [0, %], then for the same time interval we can decompose u as the sum
of N modulated solitary waves plus a function £(¢) which remains small in H*(R) :

N
(2.1) u(t, z) = Z e, (@ — (1) +e(t, ),

with £(t) orthogonal to (1 — 82)¢., 1)(- — 2;(t)) and (1 — 92)0ze, 1) (- — x;(t)) in
L2, for t € [0, 1] .
Henceforth we fix an integer p > 2, and N velocities

1< (p) <) <) <<y,

where ¢*(p) is, as noted in the Introduction, the critical speed for stability. We also
fix

1 .
(2.2) oo = §m1n(2, —o ¢ (p),cS —cl, - el — C?Vl) > 0.

We denote by U(«, L) the neighborhood of size « of all the sum of N solitary waves
of speed c? such that the distance between their spatial shifts z; is larger then L,
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i.e.

‘ < a}.
Hl

PROPOSITION 2.1. There exists L1, aq, K1 > 0 such that if for some L > Ly,
O<a<ag,ty>0,

N
(2.3) U(o, L) = {u € Hl(R);mj>i?ifl+L Hu - j;goc?(- — ;)

u(t) € U(a, L) for all t € [0, 0],
then there exist unique C functions
¢j + [0,t0] = (¢"(p),+00), x; : [0,%0] = R,
such that if we define € by
N
e(t) = u(t) = Y R;(t), where Rj(t) = o, (- — z;(1)),
j=1

then the following properties are satisfied for all j € {1,--- , N}, for all t € [0,%0] :

(2.4) /s(t)(l — O)R;(t)dx = /s(t)(l — 02)0, Rj(t)dx = 0,
N

(2.5) le@) e+ le;(8) = &) < Kra,
j=1

_ooL+ogt)
g

1

3
(2.6) e ()] + |5(t) — ¢; ()] < Ky (/e"“””””j(t”sQ(t)d:z:) + Kiem 71
for some constant K1 > 0.

Proof. First, we prove the decomposition result for general function u €
U(a, L), ie., with no time dependency. Let L > 0, X° = (z7) € RY such that
29 > a9 | + L, and set Ryo = E;\Ll <pc(];(~ — ). We denote by B(Rxo,a) the ball

in H!(R) of center Rxo and radius a, and we define the mapping :

N N
V: H(cjo- - a,c? +a) x H(—a,a) x B(Rxo,a) — RY x RY
j=1

j=1
by y: (ylﬁlv"' ayLvaZl;"' ,y27N), Where

ylﬁj(clf" yCNL YL, 7yN7u)
N

— [ (@) = oo -2 = ) (1~ ) (o — a8 - )
k=1

and
2,7
y J(Cla"' yCN, Y1, 7yN7u)

— [ (o) - 5 eep (v = =) ) (1 = 02)0uipes (@ — 2 — y;)d.
k=1

By the dominated convergence theorem and the smoothness of ¢, it can be seen
that ) is a C'-mapping. In view of applying the implicit function theorem, let us
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compute the partial derivatives of Y at the point My = (c,--+ ,¢%,0,- -+ ,0, Rxo),
forallj=1,--- N :
oY
S ) = = [ o= a1 - ey~ ot

Using the identity

(2-7) OcPey (17) =

1 T
o AN/ AN C X + 781} C X k)
(00_1)(p_1)<ﬂ0( ) Setco = 1) Peo (@)
and integrating by parts, we find that

oYL —4c) =1+p ) 4c) +1 )
& My =—2 I [(Byp.0)2da.
dc; (Mo 4c9(ch — 1) /Sﬁc e 0( —1) /(8 wa) du

Remark that ay (MO) = —%m(wcﬂczc? < 0, since ¢*(p) < ¢, see the In-
troduction and [ 0], [21]. Moreover, we deduce from the above identity that
ay 2 (M) < —=Ci, where Oy > 0 depends only on the (). We also integrate
by parts to compute :

oyt 0 2 0
(M) = [Opg(c—ad1 - )l ~ o =0,

dy;

02

S0 =~ [l )1 - B~ af)ds =0,
J

and
oY
M0 = [ gl =)~ B)rpa (- —alhie
J

= ||am§0¢0||§11 > C27

where Cy > 0 depends only on the (¢ ) Remark now that there exists C' > 0, such
that forall j=1---N,

—1

-0
- Iml

|9003(x)| + |6:E(Pc (z)] + | ki 7200‘1‘7
this allows one to compute, for j # k

oYt
‘ ey, = ‘/809002( - Ik)(l - 82)<PC?(' - :EJO)d:C

oo —af) (@ a)Dapg (@ — a) ,
/<(02 De-1 2@ -1 >(1 = 92)¢e (- —aj)de

< C/efﬂo(\I*I?H\I*IiDdx < CG*UOW?*QC%VQ < Ceo0L/2

(Mo)

~

In the same way we compute, for j # k

L
83; (My) ‘/&c% (1 _32)% (- _Ig)dz < Ce0L/2,
k
2,5
‘8;20 (MO) = '/8(29062( — .I%)(l — 8§)am</7c0( — -Ig))dllf g Cvefcro[//Q7
k J
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and

o

o (Mo)

= ‘/819062( — :E%)(l — 8%)890(%%?( — fE?)dI < CeroL/2.

We deduce that D, ... cxys,- yn) Y (Mo) = D + P, where D is an invertible diag-
onal matrix with [|D|| > Cs, where C3 > 0 depends only on the (c}), and ||P|| <
Ce=29L/2 Hence there exists L1 > 0 such that if L > L4, Dicy o senyr yn) Y (Mo)
is invertible and its norm is larger than C'3 /2. The implicit function theorem implies
the existence of ap > 0, and C! functions (c;, yj)j-vzl from B(Rxo,ap) in a neighbor-
hood of (¥, -+ ,c%,0,---,0) such that Y(ci(u), - ,en(u),y1(w), - ,yn(u),u) =
0 for all w € B(Rxo, ). Moreover there exists Ky > 0 such that if u € B(Rxo, @),
where 0 < a < ag, then

N N
(2.8) D lej(u) = I+ |y (w)] < Kia.
j=1 j=1

It is crucial, for the next step, to note that oy and K; are independent from
X0 = (29) € RN provided that z{ > 2% | + L, with L > L. For u € B(Rxo, ao),
we set zj(u) = 2) + y;j(u), thus z; is a C* function on B(Rxo, o) such that

(29) IJ(U) 2 Cijl(’U,) + L — 2K10[0.

We are now able to define the modulation of u € U(«, L) for L > Ly and 0 < a < oy,
a1 to be chosen later. Indeed, for @ < a1 one can cover U(«, L) as follows :

U(a,L) C U B(Rx, po),
XE]RN,mj >:Ej—1+L

where o < po < v, and py is chosen such that if w € B(Rx, po) NB(R %, po), then
the modulation of u is uniquely defined thanks to the uniqueness in the implicit
function theorem.

Now, we define the modulation of u solution of (§BBM) such that u(t) € U(«, L)
for all ¢ € [0, o], by setting for j =1,--- | N and t € [0, t(]

¢j(t) = ¢j(u(t)) and z;(t) = z;(u(t)),
N

e(t) = u(t) - Z Pe; (1) (- — x5(t)).

These functions clearly satisfy properties (2.4) and (2.5). To establish estimates
(2.6) we argue as in the case of a single solitary wave ([6]). Indeed, substituting

u(t,z) = Zjvzl Pe;(t)(x — z;(t)) + &(t,z) in the gBBM equation and using the
equation of ¢ 4y, we find that e(t) satisfies for all ¢ € [0, o],

N N
(1=0e+ee + Y &(1=0)0R; =Y (&5 —¢;)(1 - 03)0:R;
j=1

j=1

(2.10) +((s+§:Rj)p—iR§)w =0.
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Now remark that thanks to estimate (2.5), one can choose «; sufficiently small such
that for all 7,

4 ci(t 1 N
(2.11) oo < = min( Ji)(t) se1(t) = (p)ca(t) —erlt), -+ sen(t) —en—1(?)),
J
this implies that
(2.12) |R;j(t,z)| < Ce~o0le=zi®,

Taking the inner product in L?(R) of equation (2.10) with R; and 9, R;, integrating
by parts and using the decay of R; and its derivatives, we find

O +125() —e; (O] < C < / effolmj<t>a2(t)d:c) .

(2.13) +C Y e Tl

k#j
Using this inequality, the choice of og, estimates (2.9) and (2.8), one can take ay
small enough and L, large enough such that |z (¢) — z;(¢)| = L/2 + oot ; this and
estimate (2.13) imply (2.6) and achieve the proof of Proposition 2.1.

2.2. Monotonicity property. We introduce in this section a main tool in
the proof of the stability result. It is an adaptation of the monotonicity result in
the case of single perturbed solitary wave (Proposition 3.1 in [6]) or H'-localized
solutions of the gBBM equation (Lemma 2.1 in [7]) to the case of solutions near
the sum of N solitary waves.

Before introducing this tool, we recall two fundamental identities (see proofs
of Propositions 3.1 and 4.2 in [6] and proof of Lemma 2.1 in [7]) which are based
on the conservation laws: For any solution u(t) of (1.1), and any C* function
g = g(x), the following holds:

pr (u?(t) +uZ(t)g(x)de = —/u2(t)g/da:— ]% uP T (t)g' dx
(2.14) +2/uhg’dx,
and
(2.15) % (u2(t)+2%up+1(t))g(:r)dz = /hQ(t)g/d:c—/hi(t)g’d:r,

where h = (1 — 92)~ 1 (u + uP).
Consider the function  :

o [* on)
=— —)d
where @ is defined in the Introduction. Note that ¢ is positive, increasing, ()
goes to 1 when x goes to +o00, and v and its derivatives satisfy an exponential
decay on the left : ¢(z) + ¢/ (x) + ¢ (x)| < Ce 8 for 2 < 0. We introduce for all
]6{25 aN} :

7i(t) = [ (@(t.2) + 02(t.2) vt 0)do
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zj-1(t) +;(t)
5 .
Note that Z;(t) is close to %||u(t)||§{1(z>yj(t)). The following lemma claims that for

a solution u of the gBBM equation such as in Proposition 2.1, the function Z; is
almost decreasing with respect to time :

(2.16) where  ¢;(t,z) =¢(x —y;(t)) and y;(t) =

LEMMA 2.1. Consider u solution of gBBM in C(R,H'(R)) as in Proposi-
tion 2.1. There exist ag > 0, Ko > 0 and Lo > 0, all depending only on og,
such that if 0 < o < ae, and for all j € {2,--- N}, x;(t) — xj_1(t) = L, for some
L > Lo, then

(2.17) T;(t) — Z;(0) < Koe™ =, for all t € [0, o).

Proof. Since the proof is very similar to the one of Lemma 2.1 in [7], we
only give the main steps. From (2.11), we deduce that for all j € {1,---,N},
203 < ¢;(t) — 1. Thus, using estimate (2.6), one can choose in Proposition 2.1 a
value of oy sufficiently small and L; sufficiently large such that

(2.18) Vie{l,---,N}, 1+0p <t foralltel0,tg)].

Using this estimate and following the same steps as in the proof of Lemma 2.1 in
[7], we compute :

50 < (14 D) [ -poie+ [wte - o) -0 e

ubPtl
- [ Eove - n®e + [uv'e -y 0)1 -0 @)

Next we introduce the function h = (1 — 82)~'u € H2(R), this change of variable
and the estimate

" o US a0 2 aox 08 1
[ ()| = 0 370y 0.Q (T)} < 31/) (2),
imply
2
5o < -2 [vie- o)

p+1
- / ;j+ TV (x = y;(t)de + /Wb'(ﬂc —y;(1)(1 = 95) " (uP)dz,
(see [7]). It remains to deal with the nonlinear terms, the idea is to decompose each
of them as the sum of two integrals, one of them being over a region where u is
small. To do this, we set I = [z;_1(t) + L/4,7;(t) — L/4] and I = R\ I. Remark
that for = € I, taking Lo = La(0g) sufficiently large, and ag = ag(0o) sufficiently
small, we have by the expression of p.(z),

N 2
p ooL _ ag
jult o)™ =| S Ryl ) +eto)| < Ol 4 el < 0+ DD
j=1
This implies that

(2.19) ‘/J sz:llw'(:v - yj(t))dx’ < %g/uzwl(ac —y;(t))dz.
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Remark that from (2.6) and (2.11), we can choose in Proposition 2.1 the parameter
a sufficiently small so that @;(t) — i;_1(t) > 0. Thus, for z € I¢, we have

|z —y;(O)] = (25 (t) = 2j-1(8))/2 = L/4 > o0t /2 + L /4.
This estimate and the exponential decay of ¢’ imply that

up-i-l

(2.20) ’ / (x —y;(t d:v’ < Ce™ @ (o0t+1/2),
c p + 1

The second nonlinear term, [ uy)’(z — y;(t))(1 — 82) ! (uP)dz, is also decomposed

as above, using the same estimates as the ones of the proof of Lemma 2.1 in [7], we

get

[we=po)0 -2 @ < P [t
(2.21) +Ce~ 5 (o0t+L/2)
Hence, gathering estimates (2.19), (2.20) and (2.21), we obtain
(2.22) T)(t) < Ce™ o (0tHL/2),

This implies, after integration between 0 and ¢, that
I;(t) — Z;(0) < Ce™ 7,
where C' is independent of ¢t. Thus, Lemma 2.1 is proved.
2.3. Linearization of the energy and coercivity.

LEMMA 2.2. There exists K3 > 0 and Lg > 0 such that the decomposition of u
given in Proposition 2.1 satisfies the following : if for all j, x;(t) —x;—1(t) > L >
L3, then for all t € [0, o],

N
‘Z[E(Rj(t)) — E(R;(0))] + % / (2(t) + pRP 1 (D) (1)) dx‘
(2.23) < K (11(0) 3 + (@) 3 +em*022)

where R(t) = Ejvzl R;(t).

Proof. The proof consists in writing the energy of u as the sum of the energies
of the modulated solitary waves and a quadratic form of &, which is done using the
decomposition of v and the orthogonality conditions satisfied by . Indeed, using
the decomposition of u (2.1), a straightforward calculation gives :

u(t)) = ZN:/(%R?(” + ﬁRﬁH(t))daH— %/62(15)6133
g/Rpl d:zc—i—Z/ R; + RY)(t)e(t)dz + - Z/R )Rt

J#k

+/ {(R;% Z(;}:i §-’<t>s<t>) - gRP—W@}dx
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First, thanks to the equation of ¢, (1.5) and the orthogonality condition (2.4) we
obtain for all j

/a(t)(Rj + RY)(t)dx = ¢ /E(t)(l — )R, (t)dz = 0.

Now, recall that with our choice of og, |R;(t,z)| < Ce~?l#=2i®Iand on the other
hand |x;(t) — xx(t)| = L for j # k. Thus,

Finally, for the nonlinear terms : for all 1 <k <p—1,

[t < Ol [ < Kl

since ||e(t)|| g1 < 1. Hence,

g Cefcr[)L/Q'

[Baut) ~ 32 B(R,(0) - /(52@) PR (022(0) da

j=1
<O(em ™2+ |le(®)3n).

To obtain (2.23), it suffices now to use the energy conservation F(u(t)) = E(u(0)).
Thus Lemma 2.2 is proved.

Finally, we give a generalization of a positivity lemma proved by Weinstein
[21], Proposition 5.2. The quadratic form £y that we consider has a suitable form
around each solitary wave, which requires localization arguments.

LEMMA 2.3. There exists Ly > 0 and Ao > 0 such that the decomposition of u
given in Proposition 2.1 satisfies the following : if for all j, x;(t) — x;—1(t) > L,
for some L > Ly, then for all t € [0, t],

(2.24) (Lne,e) = Aolle(®) |7,
where

(Lne,e) = / (c(t,az)si(t, z) + (c(t,z) — 1)e?(t,x) — pRP1(¢, I)EQ(t,x)) dx

and c(t,z) = e1(t) + 3 15(¢; () = ¢jma(D)i(x — y;(1)).
The proof of Lemma 2.3 is given in Appendix A.
3. Stability proof

This section is devoted to the proof of the main result i.e. Theorem 1.1. We
follow the strategy described in the Introduction. For Ay, L, a > 0, we define

(3.1) Va, (a,L)

:{ueHl(R); inf Hu—zN:%g(-_wj)
j=1

mj—mj,12L

‘ < Ao(a—i—e_%L)}.
Hl

We claim that there exists Ag > 0, Ly > 0, and oy > 0 such that, if for some
L > Ly, a < ap, ‘uo — Zjvzl goc?(. — xjo) ’Hl < «, where x]Q > x]Q_l + L, then for
all t > 0, u(t) € Va, (o, L), which implies Theorem 1.1. By continuity of ¢ — u(t)
in H'(R), it is a consequence of the following proposition.
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PROPOSITION 3.1. There exists Ag > 0, Lo > 0, and ag > 0 such that, if

<«

)

‘Hl

N
(3.2) Huo - Z %;?(' - 559)
j=1

for some L > Lo, 0 < a < «p, xjo- > xjo-,l + L, and if for t* > 0,

(3.3) Ve e [0,t*], wu(t) € Va,(a, L),
then
(3.4) vt e [0,t7], u(t) € Va, 2(a, L).

Proof of Proposition 3.1. Let Ay > 0 to be fixed later. Since by (3.3), u(t)
is close in H' to a sum of N sufficiently decoupled solitary waves, we may apply
Proposition 2.1 on [0, ¢*]. It follows that there exist ¢;, ; as in the statement of the
proposition. Since (3.3) involves the constant Ay to be chosen, we obtain estimates
on £(t), |¢j(t) — Y|, and the quantities in (2.6) all depending on A.

However, for the initial data, i.e., at ¢ = 0, assumption (3.2) implies directly

N
(3.5) @)1+ le;(0) = J| < Kqa,
j=1

with no dependency on Ay, using the first part the proof of Proposition 2.1. We
choose oy, Ly such that we can apply Lemmas 2.1-2.3 on [0, t*], in particular Agcg
small enough.

Let us define

N
(3.6) di(t) =Y my(t), Afd; = d;(t) — d;(0).
k=j

The proof proceeds in two steps ((i) and (ii) in the next lemma) : first, we control
the variations of the ¢;(t). Second, we estimate ||e(t)| g, which gives the stability
result.

LEMMA 3.1. (i) There exists K5 > 0 such that for all ¢t € [0,t*],
N
_2
(3.7) > lei(t) = e (O < Ks (IO + (@) 3 + e #E).
j=1

(i1) There exists K¢ > 0 such that for all t € [0,t*],
(3.8) (@)% < Ko ()3 + e 5.

Proof of Lemma 3.1. We recall the three estimates that will be used in the
proof: (a) The conclusion of Lemma 2.2:

o 1
> ALE(R)) + 5/(52 + pRP71e?) (t)’
j=1

(3.9) < K ()3 + e 3 + e BE),

(b) From Lemma 2.1 and the orthogonality conditions on &(t):

G10) A+ [0+ 20w <K (IO + e #),
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(¢) An estimate
(3.11) [AGE(R)) = c; () Am(R))| < Klej(t) — ¢;(0),
which follows from £ E(p.) = c£m(p.).

We also write an identity that relates Afm(R;) to Afd;:

N-1
Z HAGM(R;) = > ¢i(t) [Abdj — Abdja] + en(t)Afdy
j=1 j=1
(3.12) = Z(Cj(t) — Cj_l(t))Aij +c1 (t)ABdl.

J
Proof of (i). We combine (3.9)—(3.11) and the above identity to obtain (i). Let

Q1) = lle(O) I3 + le(®)liF + ™ =5 + e (1) — ¢;(0) .

From (3.9), we have

N
Z \ Q(t)a
Jj=
and so using (3.11) and (3.12), we obtain
N
(3.13) > () = o1 (1) Abd; + er(H)Afdr | < KQ(t).
j=2

Note that directly from (3.10), for all j € {1,..., N}, we have

Abdy < K ()3 +e BE).

Using this estimate for j > 2 in (3.13), we deduce

c1(t)Abdy > —KQ(t)
Since ¢1(t) > 09, we obtain |A§d;| < KQ(t). Similarly, for j € {2,..., N}, we have
from (3.13),

(cj(t) = ¢j—1()Agd; > —KQ(t),
and so, for all j € {1,...,N}, we have |Ald;| < KQ(t). It follows that, for all
je{l,...,N}, |Aim(R;)| < KQ(t). Since
m(R;)(t) = f(c; (1))

where f'(c) > 0, for ¢ = ¢;(t) > ¢*(p) (see (1.7) in the Introduction), we obtain
N
e (1)
1

i(t) = ¢;(0)] < KQ().
Jj=
Thus (i) is proved.
Proof of (ii). We use again (3.9)—(3.12) together with Lemma 2.3 to obtain (ii).
Recall that in Lemma 2.3, we have defined

(Lne(t),e(t)) = / (c(t,2)e2(t, @) + (c(t,x) — 1)e*(t,x) — pRP~ (¢, 2)e?(t, x)) du,
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where c(t,z) = c1(t) + E;VZQ (cj(t) —cj—1(t))¥;(t, z). In the following we set co = 0
and 11 = 1 for the reader convenience. Inserting (3.9) and (3.12) into (3.11), and
then using (i), we have

ettt - 3 e0) — e ) g+ 5 [+ 2000

- 2
Jj=1
N
_20
<K (11O + el + e B+ 3 les(t) - e(0)2)
j=1
<K (I1) 3 + e + e~ 5).
Thus, by (3.10), and ¢;(t) — ¢j—1(t) > 0o, we obtain
(Lne(t),e(t) < K (Ol + le(t) [F +e#E).

By Lemma 2.3, we have (Lne,e) = Xolle(t)]|%:, and so we obtain (ii). Thus
Lemma 3.1 is proved.

Conclusion of the proof of Proposition 3.1. By (3.5) and Lemma 3.1, we have

H1

Jutt) - i 0]

< |uet) -SR] +| iRju) - i%g@ —a;0) |

j=1

N
<@l +C Y les(t) = |
j=1

N N

<lle@lm +C " lej(t) = ¢ (0) +C > e (0) — )|
j=1 j=1

le@)ll e + C(e(0) 1] + e~ L) + CKia

K (a + efg_gL) ,

where K > 0 is a constant independent of Ag. Thus the proposition is proved with
Ap = 2K, and Agap small enough.

<
<

4. Proof of the asymptotic stability

4.1. Rigidity property. Together with the monotonicity property described
in Lemma 2.1, the second main ingredient of the proof of the asymptotic stability
of the family of solitary waves in [6], [17] is the following rigidity property.

THEOREM 4.1 ([6], [17]). Let p = 2,3. Let ug € HY(R). There exists a set
E C (1,400) without accumulation points (E may be empty) such that, for any
co € (1,400) \ E, there exists a1 > 0 such that if

(4.1) [0 = peollan < au,
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and if the corresponding solution u(t) of (1.1) satisfies : for all § > 0, there exists
Bs > 0 such that for all t € R,

(4.2) /l o (u? +u2)(t,x +y(t))dr < 0,

for some function y(t), then there exists x1 € R, and ¢; > 1 such that
u(t,x) = @, (x — 21 — c1t),
for all (t,z) € R x R.

An analogous result, without the restriction of the set E, was proved in [12]
for the subcritical gKdV equations. Recall that property (4.2) implies (without
assumption (4.1) of closeness to ¢.,) complete smoothness and exponential decay
of the solution u(t) of the gBBM equation (see Theorem 1.1 in [7]).

Recall also that the proof of Theorem 4.1 is mainly based on a rigidity property
of a linear equation:

(4.3) (1 = 0Hw; — 0p(—c?w + (¢ — Dw — peP~tw) = 0.

The proof of this linear property in [6] uses a spectral result due to Miller and
Weinstein [16], and for this reason requires the introduction of the set E. For the
gKdV equation, the proof of the linear rigidity property is obtained in a different
way, see [12].

We turn now to the proof of Theorem 1.2. By Theorem 1.1, the solution u(t) is
close to the sum of IV solitary waves for all time ¢ > 0, and admits a decomposition
as in Proposition 2.1. The proof of Theorem 1.2 then proceeds into two steps. First,
using Theorem 4.1 and monotonicity properties, we prove the convergence of £(t)

to 0 around each solitary wave (§4.2). Second, we prove convergence of £(t) in H*

1+
2

0
in the region z > —-"1t by monotonicity arguments (§4.3).

4.2. Convergence around the solitary waves. We claim the following con-
vergence result.

PROPOSITION 4.1. Under the assumptions of Theorem 1.2, for any j € {1,...,N},
there exists cjoo € (1,+00) \ E such that
(44) et,.+z;(t) —0 in H}

beo o) = cf® di(t) — ef, ast— too.

7 3

Proof. Proposition 4.1 is a property of the flow of the gBBM equation around
the solitary waves, which is a consequence of the rigidity property Theorem 4.1.
We sketch the argument, which follows the strategy of section 4 of [6], and we refer
to [6] for more details. Let j € {1,...,N}.

First, we prove that e(t,.+z;(t)) — 0 in H!(R). For the sake of contradiction,
assume that there exists &g € H*(R), &y # 0, and &y > 1, such that for a sequence
tp — 400,

E(tn,. +xj(ty)) =& in HY, ¢j(tn) — & asn— +oo.

Consider the solution @(t) of the gBBM equation with initial data @y = ¢z, + £o.
It also admits a decomposition, with parameters é(t), Z(t) and &(t). By weak
convergence and uniqueness of the decomposition of g, we have £(0) = &, ¢(0) = ¢
and z(0) = 0.
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By the arguments of the proof of Lemma 4.2 of [6] (see also Lemma 6 in [17]),
we have

(4.5) u(ty +t,.+x(ty +1t)) — alt,. + 2(t)) in H}, as n — +oo.

Here, we obtain convergence in H} . from a convergence in H' weak, which is a
special feature of the gBBM equation, described in the proof of Lemma 4.2 in [6].
The main ingredient is that if u(t,) converges weakly in H' then by the equation
of u, uy(t,) converges weakly in H?2.

This convergence result and the monotonicity property (Lemma 2.1) imply
that © satisfies the assumptions of Theorem 4.1, and thus is equal to a solitary
wave solution. We omit the detail of the proof since it is similar to Proposition 4.1
in [6]. Since @(0) = @z, + &0 = pe (. — a*), for some ¢* > 1, * € R, by uniqueness
of the decomposition of @(0), we have ¢* = ¢y and &y = 0, which is a contradiction.

Second, from the weak convergence to zero, we obtain as in (4.5) a strong
convergence result: £(¢,. + z;(t)) — 0 in H. (R).

Finally, the convergence of ¢;(t) to some limit value c;roo is a consequence of
another monotonicity property of the gBBM equation, true on quantities related

to the energy conservation:
1 1
J;(t) = / <§u2 + muerl) (t, x);(t, z)dx.
We refer to Proposition 4.2 in [6] for the proof.

. . 14+¢Y
4.3. Asymptotic behavior for z > —-

result, which completes the proof of Theorem 1.2.

t. Now, we prove the following

PROPOSITION 4.2. Under the assumptions of Theorem 1.2, the following holds

(4.6) lle(®)

o —0 ast— +oo.
||H1(x>1+%t)

The proof of this Proposition is based only on Proposition 4.1 and monotonicity
properties. It is very similar to the proof of Proposition 3 in [14], but we repeat
the proof for the reader’s convenience.

Proof. Set 79 = 00/24. Let yo > 0. First, using the arguments of the proof of
Lemma 2.1, we have

[+ )t 0t - o - an(®)do
< /(u2 +u2)(0,2)(x — yo — 2n (0) — Lt)da + Ce 10w,
Therefore, by the decay properties of ¢., we obtain
/ (e +ed)t) <2 /(u2 +u2)(0, )1 (2 — yo — wn(0) — Z2t)dz + Ce 0w,
>N (1) +yo

Since, for fixed yo, [ g2 +e2)(t,x)dxr — 0 as t — +oo (by Propo-

mN(t)<x<xN(t)+yg(
sition 4.1), we obtain

lim (e2 +€2)(t, x)dx = 0.

=400 Jusan ()
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Now, we prove that for all j, [ __ ) (e +€2)(t) — 0 as t — +o0, by backwards
induction on j. Assume that for jo 6 {1,...,N}, we have [ __ () (e2+e2)(t) -0
as t — +oo. For t > 0 large enough, there exists 0 < ¢ = (t) < t, satisfying

230 (') = o (¢) — Bt — 1) = 240.

Indeed, for ¢ large enough, x;, (t) — xj,—1(t) > Gt > 2yo, and x4, (0) — xj,-1(0) —
Gt <0< 2yo. Then,

(4.7) / B~ (01 (t) + 90)) (6 +u2)(t)
< [l @) + (= £) 4 g + ) (E) + Ce
(4.8) /w (2o (V') — o)) (u? +u2)(t') + Ce 0%,

Since #/(t) — +o0 as t — +oo, by H}_ convergence of e(t,. + z;,(t)) and the
induction assumption, we have, for fixed yq,

lim (2 +3) () =0.

t=to0 Jusag, (1) —2y0

Therefore, by Proposition 4.1,

(.9) timsup [0~ (o (¢) ~ )0+ )(E) = - mlg ) < Ce,
t—+o00 k=70 k
Moreover, by the decomposition of u(t),
[0~ @)+ s + )0
N
/w (@jo—1(t) + 0)) (W® +u2)(t) = Y mpe, () + Ce 0%,
k=jo

and since ¢y (t) — ¢, we obtain by (4.8):

lim (e2 +&2)(t,x)dx = 0,

t—+oo x>0 —1(t)+yo
and so
lim (€2 + 2)(t, x)dx = 0.

t——+oo 1>1j071(t)

Thus the induction argument yields
lim (e2 +&2)(t,x)dx = 0.

t—+oo >z (t)
Finally, we prove [ 1+c?t(52 +e2)(t) — 0 as t — +oo. Indeed, let 0 < t/ =
T>—5

0
#'(t) < t such that a1 (t) — ' — S (t +t') = yo. Then, for sup,s [[€(t)]|z small
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enough, applying the arguments of Lemma 2.1, we obtain
149
/1/;(33 - Tlt) (u® +u?)(t)

< /1/1(:10— (1J;C?t’+ 6(1)4_ 1(t—t’)))(u2 +u2)(t) + Cem 0w

S /1/1(35 — (21(t") — o)) (u® + ul)(t") + Ce™ 0%,
The conclusion is obtained as before.

5. Existence and uniqueness of N solitary waves

The aim of this section is to prove Theorem 1.3, i.e. the existence and unique-
ness of an asymptotic N solitary wave solution. It follows the strategy of [11].

The existence part is done into three steps. First, we consider an increasing
sequence S, — +oo, and a sequence (uy)nen of global solutions of (1.1) such that
un(Sp) is equal to the sum of N solitary waves. The desired solution is obtained
as the limit of the sequence (u,(t)), provided we have uniform estimates in H*.
The second step is devoted to the proof of the H' uniform estimate, which is an
adaptation of the stability result (section 3). Then, for s > 2, H*-estimates are
deduced by computation of the variation in time of norms of (uy,)nen.

Finally, the uniqueness part is proved using a refined version of the mass mono-
tonicity.

Let p > 2 be an integer, let N € N, ¢*(p) < f < § < ... < ¢4, and
29,...,2% € R. Let 0¢ be as in (2.2). We denote by
N

R(t,x) = Z weo(x — 3:2 — c?t),
j=1

the sum of the N solitary wave solutions of (1.1) associated to ¢} and 9.

5.1. Construction of a solution assuming uniform estimates. Let (S, )nen
be an increasing sequence of Rt such that S,, — 400 as n — +oo. For n > 0 inte-
ger, we define u,(t), the solution of

(5.1) un(Sy) = R(Sn), (1 —=0%)(un)i + (un +uP), = 0.

Note that u, € C(R, H*(R)), for all s > 1. We claim that this sequence satisfies
the following uniform estimates :

PROPOSITION 5.1. Consider the sequence (un)nen of solutions of (5.1). There
exist v1,Th > 0 such that : for any s > 1 there exists a constant As > 0, for which
un satisfies the following estimates for all m > 0 and for all t € [T1,S,] :

(5:2) [un(t) = R(E) || prery < Ase™ .

This result is the main step of the proof of the existence in Theorem 1.3, it
is proved in sections 5.2, 5.3. We assume that S,, > T3, by possibly taking a
subsequence of (S, )nen satisfying this property. Note that the constants As do
not depend on n. Thus, assuming this Proposition we prove that the sequence
(un(T1))nen is H-localized. This allows us to construct the N-solitary wave solu-
tion as the solution of the gBBM equation emanating from the limit of (u,(T1))nen
when n — 4o00. More precisely,
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LEMMA 5.1. For all § > 0, there exists Bs > 0 such that : for alln > 1,
(5.3) / (u? +u2 ) (T, z)dx < 0.
|z[>Bs
Proof. Fix 6 > 0. From (5.2) and the decay of solitary waves, there exists

Bi > 0 and tg > T} such that for alln € N

(5.4) l[n (E) 1311 (o> By < 8/2-

We fix such value of By and to and we study the evolution of the H!(|x| > B)-norm
of un(t) between Ty and to. Let g : R — [0,1], be a C* function, such that g = 0

n [—1,1], g =1 on R\[-2, 2], and sup,p |¢'(z)| < 2. We introduce for B > 0, to
be fixed later,

Ja(t) = /(uQ(t,x) + ui(t,x))g(%)dw.

Differentiating J,, (t) with respect to time, using the gBBM equation, and integrat-
ing by parts, we find :

0 -
_/ (1 = 02) " (un () + 2 (1) )da.

Note that u,(t) is bounded in H' uniformly in ¢ and n. This implies that for all
n € N and for all ¢ € [T1,to], |J,,(t)] < Ca/B, where Cy is independent of n. Thus,

taking B = max (1, By, M) implies |J] (t)] < W’ and so
(5.5) Jn(T1) < Jn(to) +6/2 < [lun(t0) 31 (a)> ) +0/2 <6
To achieve the proof of Lemma 5.1, we note that ||u"(T1)||§11(|;E|>QB) < Jo(Th).

We are now able to construct the IN-solitary wave solution. Indeed, from the
uniform H2-estimate, (corresponding to the case s = 2 in (5.2)), and the fact that
R(t) in uniformly bounded in H?(R), it follows that (u,)nen is uniformly bounded
in H%(R). Thus there exists Ur, € H%(R), such that u,(T}) — Ug, in H. _(R).
From Lemma 5.1, it follows that u,(T1) — Ur, in H'(R).

Note also that by (5.2), (tn)nen is uniformly bounded in H*(R), for all s > 1.
Thus by interpolation between H'(R) and H**~%(R) for s > 2, we deduce that
Ur, € H*(R), and

(5.6) un(Ty) — Up, in H*(R), for all s > 1.
Now, we define the N-solitary waves solution U, as the unique solution of

{ (1= 2)Us + (U+UP), =0, (t,x) eR xR,

(5.7) U(Ty,7) = Ur, (z), 7 € R.

The Cauchy problem of this equation is globally well posed in H*(R) for all s €
R, thus U € C(R, H*(R)). Recall that the Cauchy problem is solved via the
contraction principle, which ensures the continuity of the flow of the gBBM equation
in H*(R). It follows from (5.6) that for all ¢, U,(t) — U(t) in H®, and so passing
to the limit as n — +o0 in (5.2), we get, for all s > 1, for any ¢t > T1,

(5.8) HU(t) - R(t)HHS < Agemt,
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This estimate also holds for ¢ € [0, T3] by possibly taking larger As. Thus, the proof
of the existence in Theorem 1.3 is reduced to the proof of Proposition 5.1.
5.2. H' estimate. We claim the following result.

PROPOSITION 5.2. There exists Ty > 0, Ay > 0, ay > 0 with Ale"’ng/24 <
a1/2 such that, for all n > 0, if for some t* € [Ty, Sy,], for all t € [t*,S,],

(59) lun(t) — ROl < .
then, for all t € [t*,Sy)],

o2
(5.10) un(t) = R(t)| g1 < Aye™ 2",
This implies (5.2) for s = 1. Indeed, if we assume Proposition 5.2, since

un(Sy) = R(Sy), by continuity of u,(t) and R(t) in time in H*(R), there exists
7o = To(n) > 0 such that (5.9) is true on the interval [S,, — 79, S,]. Let

t* =t"(n) =inf{T1 <t <S,, |lu(t') = RW) || < a1, Vt' € [t, Sn]}-

Looking for contradiction, we assume that t* > T3, then by Proposition 5.2, we have
for all t € [t*, S, [lun(t) — R()|| g < Aye0t/24 < Aje=o0T1/24 L o /2. Thus, by
continuity in H'(R), there exists 71 = 71(n) > 0 such that [lu,(t) — R(t)|| g < 3o
for all t € [t* — 71, S,], which is a contradiction with the definition of t*. Therefore,
t* =Ty and (5.10) holds on [T7,.S,].

Proof of Proposition 5.2. The proof follows the same lines as the proof of the
H*! stability result (Proposition 3.1). However, we point out two main differences :
first, we consider here stability of solution emanating exactly from the sum of N-
solitary waves u, (S,) = R(S,), i.e. €(S,) = 0. Second, the H! estimate is proved
backwards in time on [t*,S,]. Since the gBBM equation is invariant under the
transformation x — —x, t — t, if we simply reverse time, the solitary waves are
sorted by decreasing sizes, and we cannot apply directly the proof of Section 3.

In what follows, u,, will be denoted by u for the sake of simplicity. We assume
that (5.9) holds. Then, assuming «; small enough and T3 large enough, we use the
results of Section 2 concerning the modulation of the solution. We obtain:

- There exist unique C' functions
¢ [t%8n] = (¢"(p),+00), x; & [t7,Sn] =R,
such that if we define € by

N
e(t) =u(t) = Y _ R;(t), where R;(t) = @, 1) (- — z;(t)),
j=1
then the following properties are satisfied for all j € {1,--- N}, for all ¢ € [t*, S,,] :

(5.11) /a(t)(l — )R, (t)dz — /a(t)(l 020, R, (t)dz — 0,

N
(5.12) @l + Y lej(t) = ) < Kan,
j=1

agt

(5.13) &5 ()] + |5 (t) — ¢; ()] < K </eﬂowj<t>52(t)d:c) L Ke 1,
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for some constant K > 0.

Following the strategy of section 3, we first control the variation of the velocities:
there exist C7 > 0, such that for all ¢ € [t*, S,],

(5.14) Zlc] )= o0 < Cr (le®) 3 + e 1)

To conclude the proof, it remains to estimate ||(¢)|| g1, this is the main difficulty
in the proof of Proposition 5.2. We need to introduce a new monotonicity property.

First, we introduce some notations. For j = 2,---, N, and v; defined as in
section 2.2, we set

mf(t) = %/(uQ(t,x) + ui(t,:v)) ¥, (t, x)dz

and
(5.15) ER(t) = l/ () + —— Pt 2) ) o (£, 2)da
J 2 ’ p+1 ’ A
In the same way we introduce for j =1,--- N —1
1
mh(t) = 3 / (2 (t,2) + 12 (t,2)) (1 — e (, 7)),
and

1 2
E]L(t) = 5 /(uQ(t, x) + m’uerl(t,JJ)) (1 - ’Q/Jj+1 (f, x))d:v
Remark that
(516)  mlu(t)) = mk(t) + mP, (), and B(u(t)) = EX() + ER, (0).
In order to write a new monotonicity property, we introduce

1 Z(c 1D 1 1)(1—¢j+1)(t,117),

Jj+1

p(t,x) =

and we define
/ {p(t,2)(W3(t,2) + u2(t,2)) — (plt,2) — D(u?(t,2)

(5.17) +p+ 1u1ﬂ+1 (t,x)) }da.

0
Observe that locally around z;(¢), p is close to Cf—il, and thus p is close to ¢ (p—1).
i

(0]
This is crucial in the definition of H(¢). Note also that Cocil is decreasing with
i

respect to 7, and thus p is decreasing in x.
We can write H in terms of mJL and E]L

w0 = X[z - mtbo - (7 - o) e

= j+1 j 1

—
ot
=
co
~
I
(1=
S
/
Q.Sh
—~
~
~
|
3
—~
~+
~—
N—
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0 (0]
where cyy1 =0, 1 = (C?Cil - C;”L) = (Zngl - Eﬂ#)’ and m% (t) = m(u(t)),

EL(t) = E(u(t)). We also introduce
(Le,e) = %/ (p(t,z)(® +2)(t, z) — (p(t,z) — 1)(e* + pRP~'e®)(t,2)) d.

It is easy to check that L satisfies the same positivity property as Ly under the
orthogonality conditions on &(¢) (see Lemma 2.3), thus there exists A\; > 0 such
that

(5.19) (Le,e) = Ml
Now we define, for v > 0 :

H7(t)=H(t) + %/p(t,x)(iﬁ(t,x) +ul(t,r))dz.

In order to fix v, we need to remark that using (5.14), there exists C5 > 0, such
that for all ¢ € [t*, S,],

N 0

C; o

(5.20) > L AT m(Ry) < s (||g(t)||ip + e_Tgt) .
j=1 7

We now fix v < min(1, 2’\713) We claim that

LEMMA 5.2. Under the above assumptions, there exists Cy > 0, such that for
all t € [t*, Sy],
(5.21) AP HY > —Cye” T30,

Let us assume for the moment this lemma and prove the control of the H'-norm
of . Therefore, by calculations similar to the ones in the proof of Lemma 2.2 we
obtain from (5.21)

N
S o A (m(Ry) — B(Ry)) + A (£z, )

=1
g =
+§At5" /p(52 +e2)dx + 72 0 i 1Af"m(Rj)
=1

(5.22) > =K (Jle(®)lf +e712),
This implies, thanks to (3.11) and (5.14), that

. N

AP (Le,e) + gAtS" /p(52 +e2)dx + VZ 0 i 1Ats"m(Rj)
=1

(5.23) > —K(lle@ll: +e12).

Using (5.20), the fact that £(S,,) = 0, and (5.19) we find that

Mlle@ < (Ze(t),2(6) < K (le(®)lFn +e7012) +4C5 (le(®)]F: + e 7).
Now, using our choice of v, we deduce that

(5.24) ()13 < Ce70t/12,
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for ai; > 0 sufficiently small.

Proof of Lemma 5.2. Thanks to identities (5.18), (5.16) and the conservation of
mass and energy, we find that
d — d d

(5:25) 7o == ri () Zmia () = 2 BRL (1)
Remark that from the monotonicity results related to mass (Lemma 2.1) and energy
(Proposition 4.2 in [6]), we know that mf is almost decreasing with respect to time
and —EJR is almost increasing with respect to time. This prevents us to conclude
directly using H.

However, with v > 0 we can prove that H7(¢) is almost increasing. Indeed,
using identities (2.14) — (2.15), and setting h = (1 — 8%)~!(u + uP), we find as in
the proof of Proposition 4.2 in [6]:

i((l +y)ml(t) - EJR(t)) - —w /u%p;dx

dt
1—q) — ’ 1+2
—#/u”lw;dfc—(1—}—7)%/(@)1&3—6&64— +2 7/h2¢;dx

p+1
3+2 1+
+ 5 V/hid);d:c—TFY/h%/J;”dI—(l—i-’y)/uphd)}d:c.

As in Lemma 2.1, we set I = [x;_1(t)+ L/4,2;(t)—L/4] and I =R\ I. Forz € I,
taking T3 sufficiently large, and «; > 0 sufficiently small, we write |u| = %
This allows us to compare [ I qu/J;d:E with |, I th/J;-dac. Note that the inequality

L+~(1+y;) L2y
2 2 7
is crucial to treat these terms. We refer to Proposition 4.2 in [6] for more details
on this calculation. This proves Lemma 5.2.

End of the proof of Proposition 5.2. To complete the proof of (5.10), we have
to compare c¢;(t) with ¢} and x;(t) with 29 + ¢9t. First, using (5.13) then (5.24),
we find

Sn Shn

(5.26) lej(t) — c§?| = ’/ éj(s)dS’ < C/ e=o05/24 g < Ce—oat/24,
¢ ¢

Similarly, using also (5.13) and (5.24), we find

(5.27) () — 2 — Ot < Cem 04/,

The last two identities imply that

(5.28)

N
> R;(t) - R(t)H < Ce0t/24,
i=1 H

Now remark that (5.24) with (5.28) imply (5.10). This achieves the proof of Propo-
sition 5.2.

A consequence of Proposition 5.2 and its proof, which is also an important tool
in the proof of the uniqueness, is the following :
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PROPOSITION 5.3. Let u(t) be an H' solution of (1.1) such that
(5.20) i [u(t) ~ U@ =0,
then there exists C' > 0 such that for all t > 0,
(5.30) lu(t) = U@®) | < Cem 044,
Proof. Let T > 0 be such that
lu(®) — U@)|m < ai, forall t € [T, 4o0],

where 7 is as in Proposition 5.2. Remark that it suffices to prove estimate (5.30)
for t € [T, +oo[. Consider a sequence (t, )nen such that ¢, € [T, 4o0[ for all n € N,
and t, — 400 when n — +o00. Following the proof of Proposition 5.2, we can prove
that for all ¢ € [T, ],

le@)ll e < Ce™?024 + Cllultn) = Uta) || o

For t > T, taking the limit as n — 400, we obtain [|e(t)||n < Ce=70t/24, We
conclude as before.

5.3. Estimates of higher Sobolev norms.

PROPOSITION 5.4. For any s > 1, there exists Ay > 0 such that for all t €
[O,Sn],

(5.31) llun(t) — R(t)|| s < Ase 7,
where 1 = 03 /96.

Proof. We follow the strategy of [11], Proposition 5. We have already established
in the previous section:

(5.32) un(t) — R(t)|| gy < Are” 1
In what follows, u, will be denoted by u. To treat the case s = 2, we consider

Galt) = [ (2(0) + a2, (0))da
Differentiating G2 (t), using (1.1), and integrating by parts, we find
Gy(t) = 2/(Uzuzt + Uga Uzt )dr = —2/um(1 — 0% updx
= 2/um(u + uP)pdr = p/u”_l(ui)mdw =—-p(p-1) /u”_2u§dw.
Replacing u = v + R in the above expression of G4(t), we find
Gy(0) = ~p(p 1) [(v+ R (0, + Bo)'da,

Now remark that [ RY _2R§-’wd:v = 0, and recall that the IV solitary waves R; are
sufficiently decoupled, thus we deduce that

‘/RPQRida: < Ce ™t
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We decompose
/up72ui’d:c = / ((vz + Re)® — R2) (v + R)Pda
+/R§((v +RP2-RP?) + /RHRgdz.
Recall that we have

(5.33) o) g < Are 47t
Thus, using the Gagliardo-Nirenberg inequality :

1/4 5/4
/|’UI|3dCL' < C(/vizdx) (/vi) ,

we find that for all t € [0, S,],
|GS ()] < C(1 + Ga(t))e Mt

By direct integration, since
(5.34) Ga(S,) = [ (R2(Sw) + R, (8,)ds

is uniformly bounded, we find that G5 is uniformly bounded on [0, S,,]. The function
G4 being bounded, integrating between ¢t and S,,, we find, for all ¢ € [0, .5,,],
(5.35) |Go(t) — Ga(Sy)| < Ce471,

On the other hand, replacing v = v + R in the expression of G2, then integrating
by parts, we find

Galt) = [20)+ 2 )do + (B + B2 ()i

+2 / (= Run () + Rowan(t))0(t)de

Using this identity, (5.34) and v(S,) = 0, we compute
[i0de < 1Gale) = GalS] + 20Ol [ IRealt)] + | Rensa(0)de

2 2 2 2
+\ [ R0+ Bnan — [R50 + B (S)is]

Using estimates (5.33), (5.35), and the exponential decay of the N decoupled soli-
tary waves R;, we find that there exists a constant A > 0 such that for all
t€10,5,],

(5.36) Jo(®) 12 < A2,
This proves the case s = 2.

We prove by induction on s that the following holds for all s > 3:
(5.37) Vn > 0,Vt € [T1,S,], |v(@)|ms < Age 2™,

We have already proved that (5.37) is true for s = 2. Now, we assume that it is
true for s — 1, for s > 3, and we prove that it also holds for s.
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We write the equation of v =u — R:
N ~
(1= 0=~ (v+ (R+v) =Y RY)
j=1

where R;(t,x) = P (z — a9 — Jt). We define

EL(t) = / (05 u(t))? + (030(1))*

We compute F.(t):

F!(t) 2 / (a;—lv 8Ly, + 8%v a;vt) dz

= —2/8§U(1 — 0% 05 v d

N
2/8508;_1(0 + (R+v)? - ZR;’)dx.
j=1

After integrations by parts, we observe that derivatives of v of order s disappear,
and that the second-hand term is controlled by K(Fs_1(t) + e~*1%), and thus,
using the induction assumption, is controlled by Ke~4"t. Integrating between t
and +o00, we obtain (5.37) for s. Thus, the proof of Proposition 5.4 is complete.

5.4. Uniqueness. We denote by U(t) the solution of (1.1) constructed in
Sections 5.1 and 5.2. Recall that it satisfies, for 1 = 03/96, and A > 0, for all
s> 0, forallt >0,

(5.38) 1U(#) = R(t)l| = < Ase™ ™,
where R(t) = Ejvzl R;(t), and R;(t,z) = peo(x = 29 — ct). In this section, we

J
prove the following result, which implies the uniqueness part of Theorem 1.3.

PROPOSITION 5.5. Let u(t) be an H' solution of (1.1) on R. Assume that u(t)
satisfies

(5.39) Jlim_[u(t) = U@ =0,

then u(t) = U(t).
Proof. Assume (5.39). By Proposition 5.3, for all ¢t > 0,
lu(t) = U@l < Ce .

Let

(5.40) z(t) =u(t) — U(t) sothat forallt > Ty, |[|2(t)||m < Ce M.
We write the equation of z(t):

(5.41) 1=z =—((u—-U)+uP —=UP) =—(24(z+U)» - U?)_.

Step 1. Monotonicity property of the energy. The function 1 being defined in
section 2.2, just before Lemma 2.1, we set

C(]JV N—-1 CQ CQ+1
pt,z) = + E ( Oi - J )(1—¢)(x—yj(t)),
‘ ci—1 ¢ 1
j=1 J J+1

0 _
cy —1
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where o o 0 0
c: +cj T +x
(1) = -2 ]+1t J J+1'

c?fl
has large variations only in regions far away from the solitary waves (for instance we
have for all j, for all t > Ty, ||R;(t)pz(t)| L < Ce 7). We also define a quantity

related to the energy for z:
A = / (3t 2)22(t ) — (3t 2) — DE(t 2(t,2)) + 22(t, 2) ) da

CHU@P ., U0
BT

Observe that the function p takes values close to for x close to c]Qt + x]Q, and

where F(t,z)=2

Note that
H(t) = /{ﬁ(t,x)(zg(t, z) + 22(t,2)) — (p(t,z) — 1)(F(t, 2(t, z)) + 2°(t, z)) }da.
We have the following property.

LEMMA 5.3. There exists K > 0 such that for all t > 0,
(5.42) H(t) < Ke "tsup ||z(t)| %
t>t
Note that such a result is possible because we estimate the difference of two

solutions, and not the difference of a solution with a sum of solitary waves as in
Lemma 5.2.

Proof of Lemma 5.3. By direct calculations (we present formal calculations
that can be justified by a regularization argument on u(t), using well-posedness
and continuous dependence of solutions of (1.1) in the Sobolev spaces H®, s > 1),

W= [ PENa-2 [ a2 [ a(G+ vy 7)1

+2/ztz—2/Ut((z—l—U)p—pUp_lz—Up)(ﬁ—l),

where we have used 4 = 2[(z 4+ U)? — UP] and for any function f(z) of class C",

%/zgf — 2/ztzsz = —2/Zt(zzf)z-

Using the equation of z, we obtain the following expression for dH /dt:
W e rea 2 [0 e Uy - 07),
+2 /(1 -2 z4+E+UP-UP) (z+U)P -U")(p—1)
2 [0 et e Up - ),
—|—2/Um((z + U —pUP™z —UP)p

-2 /(Ut(ﬁ — 1)+ U.p)((z + U)? — pUP~ 'z — UP).
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Since lim;_. 4 o H(t) = 0, in view of (5.42), our objective is to find a lower bound
on dH /dt.

- First, we consider the term: [ (22 — F(2))p;. Note that

N-1 0 0 0 0
Cs (o5 o ]
5 (t, :E:( i S+ )J 3+ /( —N-t).
pt( I) = Cg-)—l Cg‘)+1_1 2 1/) Y yJ()
and
N—-1 CQ CQ+1
polter) = =3 (g = 25 ) v (o - o),
j=1 "4 J

Since ¢’ > 0 and c? > 14 20¢, we have

(5.43) Vt,x € RT xR, j(t,2) <0, (1+200)|p:(t,2)| < pe(t, ) < K|ps(t,7)|.
We also note that

(5.44) |F(2)| < C|z|P™ + C2UP~ < C2|PT 4+ C22|U — RP™ + C22RIP,

and so |F(z)| < C|z|*(e”"" + R), by (5.38) and (5.40). Morcover, ||Rpz|/L= <
Ce™"t so that we obtain

(5.45) /(25 - F(Z))ﬁt >(1+ 200)/z§|ﬁ1| — Ce—%t/zz_
- Second, we take care of the quadratic terms, i.e. 2 [(1 — 8%) 71 2,(2,p), and

=2 [(1 — 82)"'2pz. Setting a = (1 — §2) 'z, we see immediately that the second
term is zero. For the first term, we have

2 [(1- 0 neap)a = =2 [[analln —anei) = [(62 = 2>~ [l

Note that

_/Ziﬁx - _/(_ammm+ax)2/~)x
= _/aimmﬁr_Q/aizﬁr _/aiﬁm+/aa2cﬁxzz 2 /ai|ﬁr| _/afcmrrﬂ-

2
Since |pzaz| < %2 |pz|, by the properties of 1, we obtain [ a2|p.| < —5 [ 22|ps| <

2

-
_%
1 9

(1 + 2%§> [ 22|px|, and so

2
2/<1 — ) 2u(2ap)e = — (1 + 2%) /Zilﬁml-

This term can then be controlled by (5.45).
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- Third, we consider the following terms in the expression of %2
2 [(0=30)7 (G + U = U7), (s~ 2
w2 [[a-0) ) (G +ur - 0m) -
) /(1 — ) (2 £ U — UP) [ (2p)ae + 2af]
w2 [{l0-0)72]6- 10— (0= up- 1} (G + U - 7).
The first term becomes:
(5.46) 2 /((z + U)P — UP) 24,

it will be combined with some other term later on. The second term can be con-
trolled completely. Indeed, we have —ag,;+a = z and so —(az(p—1))ze+az(p—1) =
Zm(ﬁ - 1) - 2am;ﬂﬁm - aIﬁLEI' Thus

[(1 - ai)ilzw} (p—1) = (1 =3) ealp = D] = —(1 = )" (2a40p0 + awpua)-
Therefore, this second term is —2 [(1 — 82) ™! (2040p0 + Gapaa)((z + U)P — UP).
It is known that f < g implies (1 — 8%)71f < (1 — 92)~'g; moreover, for K > 2,

(1-02)te =™
we obtain

_ lz—=ol

< 2e7F Since |t )|+ |pu(t,2)] < C N, e F w0,

|(1 - 69%)_1(2‘%:5/3:5 + awﬁ:ﬂ:ﬂ” < C(||a:m||L°° + ||aw||L°°) e_UTOIm_gj(t)"

-

j=1

Moreover, ||azz||L= + ||az||lo< < Cllz|| g1, and |(z + U)P — UP| < Clz||U| + C|z|P,
so that

'2 /(1 — 82) " (2a00pz + Gupaa) ((z + U)P = UP)

N
<Ol [ 3o FBOU (e, 2lda + Ol < O =l
j=1
- Fourth, we consider the term —2 [(Uy(p— 1)+ U,p) ((z+U)? —pUP~'z —UP).
We have
105 = 1) + Uspllre < (1= 0)7 (U +UP) = (R+ RP)] [(p—1)l|z=
(1 =0 H R+ RP)o(p— 1) = Repllre= + | Rup — Unp| 1=

The first and the third terms are controlled by |U — R|z> < Ce™"*. For the
second term, we have (1 — 92)~'(R; + R}) = ¢;Rj, so that

(1= 02)" (R + RP)a(p — 1) = Rufpll L=

N N
<O =7) " (RP =Y RY) e + > lej(p = D Rjw = pRjul e < Ce

Jj=1 j=1
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-Fifth, we consider 2 [(1-02) "' ((z4+U)?—U?)_((z4+U)?—U?)(p—1). Setting
b= (1-08%)"'((z+U)? — UP), this term is equal to

2 [bu(-bo + DG - 1 = [0 )5, >~ [ 215

Moreover, as before, we have

/bilﬁzl < 2/((Z+U)p = U)o |pel < Cem|12(8) 3.

- Finally, there remains only the following term:
(5.47) 2 / Um((z + U —pUP~ 'z — UP)p.

We have to combine it with (5.46). Indeed, if we sum them, terms which are at
least cubic in z are controlled by C||z| < ||z]|%: < Ce™ || z(¢)||%:. On the other
hand, the quadratic terms in z are

2/szP*1zzﬁ+2/Ump(p2 D225 2 p/(zz‘UP*l)mp: _p/zz’UP*lf)z,

and this is controlled by Ce™ || z(t)||%:.

In conclusion of these estimates, we have

dH
= 2 —Ce 2 (0)5p > ~Ce™ " sup (013,
t' >t

which proves Lemma 5.3 by integration between ¢; and +oc, and using the fact
that llmt*,+oo ( ) =0.

Step 2. Control of the (1—02)R; directions. We claim the following estimate:
for all t > Ty,

(5.9 Z\ [0 -ar <>\<Ce*w§gg||z<t’>||m.

&lg_

We prove (5.48) by using the equation of z(t). By 4£R;(t) = —cRj,(t), and the

equation of z(t), we have

G [Hoa-dko = [a-oduk+ / (1= &)eRy

— /(cg?zm — (3 =1z + [(z+U) = U?]) Ry,

Next, note that by differentiating equation (1.5), we have —c(pey)zz + (¢ — 1)er —
PP Lpe, = 0. Thus,

[ 8zt (=0 [0y ) Ry
e I E a1

/Z(Rp_l —UP R, | + ‘/((z +U)P —U? — pUP™'2) R,

< Ce 2Bl 2 + l2(®)]IZ2 < Ce™ ™ l2(t)]] 2.

+p
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Therefore, ‘% [2(t)(1 — 2)R;(t )‘ < Ce"”tHz( )||z2. By integration in time be-
tween ¢ and 400, since limy—, 1« [ 2(¢)(1 — 82) i (t) = 0, we obtain (5.48).

Step 8. Control of the (1 — Bg)ij directions and conclusion. Now, we define
WE ()(1—52)~ +(t)
f ]mm + R2 ( )

so that [ Z(¢)(1 — 82)R;.(t) = 0. Note that for some Cy,Cy > 0,

=2(t) + Z a;(t)Rjx(t), where a;(t) =

N
Cillzlm < I2las + ) laj (O] < Callz] .

We claim the following lemma.

LEMMA 5.4. For allt > 0,
N
(5.49) IZO] e+ lag (1)) < Ce*mf}lﬁ =) -

Assuming this claim, we have ||z(t)||z: < Ce™ 2 'sup, -, [|2(t)| g for all ¢
large enough, which implies z = 0 and thus u(t) = U(¢).

Proof of Lemma 5.4. This proof proceeds in two steps. First, we prove the
estimate of ||Z(¢)||, and second we consider |a;(¢)].

Let
Lsz = —p2Zyy — (p— DpRP ™12 + 2,
where p is defined in Step 1. We have, by direct calculations

1
/[)zi —p(p—1)RP122 4 2% = /(L;,z)z + 3 /zzf)m = /(L;,Z)E

_iaj /(ﬁﬁi)éjz i / (L;Rjz) + Z ajak/ (LsRjz)R

j=1 j=1 7,k=1

N
+%/g2ﬁmx_zaj/2éjfpzz /(ZQJ Jz) Pm

LiRje = 0 i 1( jo)ze g 1PRP 1RJ:E + Rja
J
5 o _ 3 1 .
_(p - CQ i 1)(Rjar:)zz - ((p - 1) - CQ — 1)pR§) Rjz
J

J
—p(RP™' = RV Rju(p—1).

Since _CO(RJUE)xx‘F(Cg)_l)Rjz_pR "Rj, = 0, and |c25—(9—1)|e~Voolo=i=cjtl ¢
Ce—’hte—ikﬂ T —c?t|7 we have

(5.50) 1£5(Rjz)] < CeMte™ "3 lo=aj=cjt]
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Note also that
/(ﬁﬁf)éjw = /2(5,3}?”) - /5(ﬁijm + 205 Rjax),
so that by the properties of p, and ps, and (5.50),

}/(ﬁﬁg)éjw + }/5(551:33‘1)

< Ce 2| s

Finally, we obtain
/f)zg —p(p—1)RP7132 4 32

N
< /[ﬁzg —p(p—1)RPT'Z* 4+ 2] + Ce™ ! Za? + Ce 2|3,

j=1
~ N
S H(z)+Ce My " af + Ce 2] .,
j=1
and so by step 1,
(5.51) /f)zi —p(p—1)RP1Z2 4 32 L Ce™ ! sup 2|3

Since [ R;R;, = 0 by parity properties, we have

/ B(0)R; (1) = / R+ S a) / Ry (1) Rea (1),

k=1,...,N;k#j

and so Zjvle é(t)RJ(t)‘ < Ce M'supys, ||2(t)||g1. By a property similar to
Lemma 2.3, we have, for Ay > 0,

//155 —p(p—1)RPT1Z2 + 22 > N 12|31

_)\%jﬁ;(‘/zu—ag)éj 2).

Therefore by (5.51), the orthogonality [2(1 — 0?)R;, = 0, and the control on
[ 2(1 — 92)R;, we obtain

"4 }/2(1 — PRy,

IE@zn < Ce™™ sup [l2(¢) -

Second, we prove (5.49) for a;(t), using the equation of Z and integration in
time. Note that Z satisfies
N

(1= 02z + (G +pUP %), = > aj(t)(1 - 93) Ry
k=1
N ~ ~ ~
+> " ar(t)(h(Ria)za — () — 1) Rka + pUP ™ Rz,
k=1

—((z—|—U)p—pUp_1z—Up)m.
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Since [ Z(1 — 92)R;, = 0, we have
d

0= - (1 - 0% R, = /(1 — %R, — c§/2(1 — ) Rjpa,

thus, by integration by parts, and using }CS(R;M)M - (c]Q —1)Rj» —l—pU”_l]:ij’ <
Ce~"t as before, we have

) [t B+ Y ) [ Rl - B,

k=1,..., Nk
N
SCIEONm +Ce™™ Y Jaw| + Cllz(®)Fn < Ce™ ™ |l2(8)]| a1
k=1

Thus, |a}(t)| < Ce™"*|2(t)|| g1, for any j € {1,..., N}, and by integration between
t and +oo, since lim;_, ;o a;(t) = 0, we obtain

laj (t)] < Ce™ ™ sup [|2(t')|
>t
which completes the proof of (5.49).

Appendix A. Proof of Lemma 2.3
Lemma 2.3 is a generalization of the positivity of the “orbital stability operator”
(A.1) Le=(=E"+em") (pe) = —cdi + (c = 1) — pt ™",

under suitable orthogonality conditions ; the proof uses the “continuity” of this
family of self-adjoint operators with respect to perturbations of their potentials
and coefficients, the arguments are very similar to those used in [14]. We present
here a complete proof for the reader’s convenience.

Let ¢ > ¢*(p), from Proposition 5.2 in [21] there exists C' > 0 such that if
v € H'(R) satisfies

(A2) (’U, (1 - ai)@c) = (’U, (1 - 8£)8ISDC) =0,
then
(A.3) (Lev,v) = CO|lv|3.

First we give a local version of (4.3). Let ® € C%(R), ®(z) = ®(-z), &’ <0
on RT, be such that e=* < ®(z) < 3¢~ for all z € RT and

®(z) =1o0n [0,1],P(x) = e * on [2,+00].
Let ®p(z) = ®(%). There exists By > 0, such that for all B > By, if v € H'(R)
satisfies (A4.2) then
(A.4) /Q)B(x)(cvi + (¢ = 1)v? — pUP™ ?)dx > C/2/<I)B(3:)(v5 + v?)dz.

In order to prove (A.4), we need a perturbed version of (A.3). We set Vi(c) =
(1 — 0. and Va(c) = (1 — 92)dr¢., note that (V1(c),V2(c)) = 0. One can easily
prove, using the orthogonal projection on span(Vi(c), Va(c))t, that there exists
0 > 0 such that if

(A.5) (0, V1 ()] + [(v, Va(e)] < 0ol a
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then
3C
(A.6) (Lev,v) = = lvlip-

Now, we write

/ () (cv? + (e — 1)v? — ph~10?)da

!

(A7) = (L) V) - & [ 2 2l e 4 [eia
B
and
!
AR dpv||2. = [ @p(z)(v? +v*)dz —|— (P i 1}2dgc—1 O hvlda.
H x B
4 dp 2

Note that for B > 0 large enough +/® v satisfies (A4.5), thus (A.6) and the identities
(A.7), (A.8) imply

/ D) (0 + (e — 1)0? — pgb~ o?)da

_ 11\2 _ .
> 3C/<I>B( )(v2 +v?)dr + 3C/4 C/ (P5) v?dr — w/@yﬂdw,
4 4 dp 2
(A.9)

Now, note that for B > 1, |®5/(z)| + |®5(z)| < 1@ (x), where C; > 0 does not
depend on B. Hence, taking B > 0 sufficiently large, (A.9) implies (A4.4).

Now, remark that c(t,z) = Ejvzl ¢; ()¢ (t, ), where (1 (¢, z) = 1 —¢(z—ya(t)),
for j € 12, V)] G1(t,2) = $(x — 550) — (& — g541(8)), Clts) = ¥z — yn (1),

hence

(A.10)  (Lne,e) =
_ / (c(t, 2)e2(t,2) + (c(t, 2) — D)eX(t,z) — pRPM(1)e2(t)) d

—Z / (GO 020 + G0 (t) - V) — pRY (1) (0)) dr

Thus it is clear that £y is the sum of N local operators similar to (A.4), which
leads us to the following decomposition :

(Lneye) Z/‘I)B x —x;(t (cj(t)ai + (¢j(t) — 1)e? —pRI;_lsz) dx

Jj=1

p / (Rp-l - Z Y (t))Rg’l) £2(t)dz

-i-Z/(I)B (x —z;(1)(c(t, z) — ¢;(t) (e2(t) + £2(t)) dz

+/ (1 - Z‘I)B(:c - Ij(t))> (c(t, )2 + (e(t, z) — 1)e?) da.
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Recall that ¢;(t) > ¢*(p) + 09, hence there exists Cy > 0 depending only on oy such
that (A.4) holds with ¢;(¢) for all j, this and the orthogonality conditions satisfied
by e imply that for all j

/@B(:E —xj) (cjsi + (¢j — 1)e? —pR§77152> dx

Co
2

Let B > By > 0 and Ly = 4k B, where By and the integer k are to be chosen later.
Recall that ®p(x) = 1 for |z| < B, hence the exponential decay of R; implies that

> dp(z —x)(e2 + £?)dx.

N
0 < RF'=) ®p(z—a;(t) RV
j=1

! —ooB
S ”Rniwummj<t>>B>+C§RiRj < Ce P,
i#]

Let us estimate the third term in the above decomposition. Remark that |z —
z;(t)| < kB implies that for all i [x —y;(t)| > kB since |z; —y;(t)| > La/2 > 2kB ;
hence the decay of ¢ and 1 — v imply that for |x — z;(¢)| < kB

Gt @) = 1]+ D [Gi(t, )] < Cem .
i#]
Finally, this inequality and the decay of ®5(x) imply

[@p(z— ;1) (c(t,z) — c; ()] < et x) = ¢ ()| Lo (jo—a, 1) <hB) + Ce "
< Ce 99kB 4 Cek,

Let Ao = 1/2min(og,Cy/2), gathering the above estimates and taking B and k
large enough imply

(Lye,e) = 2)\0/(52 + &2 dx — C(e= 7B 4 Ce™F) /(si + &%) dx

= Ao /(ai +&?)d.
This achieves the proof of Lemma 2.3.
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