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Dispersive Estimates for Schrodinger Operators in the
Presence of a Resonance and/or an Eigenvalue at Zero
Energy in Dimension Three: 1
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ABSTRACT. We prove dispersive estimates for Schrédinger equations in three
dimensions without making any assumptions on zero energy.
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1. Introduction

Consider the Schrédinger operator H = —A + V in R3, where V is a real-valued
potential. Let P,. be the orthogonal projection onto the absolutely continuous
subspace of L?(R?) which is determined by H. In [JouSofSog], [Yaj1], [RodSch],
[GolSch] and [Gol], L!(R3) — L>(R?) dispersive estimates for the time evolution
et P, . were investigated under various decay assumptions on the potential V and
the assumption that zero is neither an eigenvalue nor a resonance of H. Recall
that zero energy is a resonance iff there is f € L ~7(R3)\ L*(R?) for all o >
so that Hf = 0. Here L>~7 = (x)°L? are the usual weighted L? spaces and

() = (1 +|af?)7.
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In the first part of this paper we investigate dispersive estimates when there is a reso-
nance at energy zero. It is well-known, see Rauch [Rau], Jensen and Kato [JenKat],
and Murata [Mur], that the decay in that case is t~=. Moreover, these authors
derived expansions of the evolution into inverse powers of time in weighted L?(R?)
spaces. Here, we obtain such expansions with respect to the L' — L° norm, albeit
only in terms of the powers t=% and t~3. Our results will require decay of the form

(1) V(2)] < C(x)~7,

for some § > 0. Our goal was brevity rather than optimality. In particular, it
was not our intention to obtain the minimal value of 8, and our results can surely
be improved in that regard. Our first result is for the case when zero is only a
resonance, but not an eigenvalue.

THEOREM 1. Assume that V satisfies (1) with 8 > 10 and assume that there
is a resonance at energy zero but that zero is not an eigenvalue. Then there is a
time dependent rank one operator F; (see (28) below) such that

eitHPaC _ t*l/QFt S Ot*B/Q,
1—o0
for allt > 0 and F; satisfies
(2) Slz.pHFtHLl*,Loo < 00, li?ISUP”Ft”LlHLw > 0.
— 00

The following case allows for any combination of resonances and/or eigenvalue
at energy zero. It is important to note that the t~3 bound is destroyed by an
eigenvalue at zero, even if zero is not a resonance and even after projecting the zero
eigenfunction away (this was discovered by Jensen and Kato [JenKat]).

THEOREM 2. Assume that V satisfies (1) with 8 > 10 and assume that there is
a resonance at energy zero and/or that zero is an eigenvalue. Then there is a time
dependent operator Fy such that
< Ct32.

1—o00

eitHPaC _ t71/2Ft

Slip HFt|‘L1_>Loo < 00,

In all cases, the operators F; can be given explicitly, and they can of course be ex-
tracted from our proofs. The methods of this paper also apply to matrix Schrodinger
operators, as considered for example in Cuccagna [Cuc] or [Sch]. Details of this
will be given elsewhere.

2. Scalar case

Let K, be the operator with kernel

Koo == [ e A N REN?) — Ry (32)](z, ),

T 0
where
REN?) = Ry (N2 £i0) = (H — (A2 +i0)) "
is the perturbed resolvent. By the limiting absorption principle, these boundary
values are bounded operators on weighted L2-spaces, see e.g. [Agm)]. Here y is an
even smooth function supported in [—1,1] and x(x) = 1 for |z| < 1/2; xx,(A\) =
X(A/Ao). The high energies were studied in [GolSch]:
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THEOREM 3. [GolSch] Assume that V satisfies (1) with some 3 > 3, then for
any Ao >0

e Pag — Ky < Cagt™%2.

H1~>00

Hence, in the proof of Theorem 1 and Theorem 2, it suffices to consider the operator
K, for some Ag. One can rewrite the kernel of K, as

3) Ful,y) = = /_Oo e M0, () Ry (A +10)?) (, y)d,

T
Note that R((A +i0)?)(z,y) is not an even function of \; rather, we have
Ry (A +10)*)(z,y) = Ry (=1 +10)?) (z,y)-

2.1. Resolvent expansions at zero energy. In this section, following [JenNen],
we obtain resolvent expansions at the threshold A = 0 in the presence of a reso-
nance. This is of course similar to Jensen and Kato [JenKat], but we prefer to
work with the L?-based approach from [JenNen]. For j =0, 1,2, ..., let G; be the
operator with the kernel

1 .
) - _ g7t
Gy(e.y) = gle — P
Recall that for each J =0,1,2, ...,
J
(4) Ro(X?) =) _(i\)G; +0(A), as A — 0.
j=0
This expansion is valid in the space, HS[2.0_,12--, of Hilbert-Schmidt operators
between L*? and L%~ for 0 > max((2J + 1)/2,3/2).

Let U(z) = 1if V(z) >0 and U(x) = —1if V(x) < 0, v = |V|*/? and w = vU. We
have

V =Uv? = wo.
We use the symmetric resolvent identity, valid for SA > 0:
(5) Ry (\?) = Ry(\?) — Ro(A*)vA(N) " tuRg(N\?),
where
2y _
O A U koo (04 ) 1O =Gl
=: Ay + A ()\)
A1(X) has the kernel
1 eMr—yl 1
A =— _
1(/\)(Iay) )\U(I) 47T|(E—y| v(y),

1
(AN (@, y)] < —lu(@)] |o(y)].
Therefore, Ay (\) € HS := HS;>_ > provided (z)2Tv(z) € L. Also note that

i
A1(0) = ivGiv = —

1(0) 1=

where P, is the orthogonal projection onto span(v). It is important to realize that

A(X) has a natural meaning for A\ € R via the limit R + 40.

Py, a= ”V”lv
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First, we consider the expansions of A(A\)™! for A close to zero as in [JenNen]. The
following lemma (Corollary 2.2 in [JenNen]) is our main tool. Note the similarity
between (7) and the symmetric resolvent identity.

LEMMA 4. [JenNen| Let F C C\ {0} have zero as an accumulation point. Let
A(z), z € F, be a family of bounded operators of the form

A(z) = Ao + 2A1(2)

with Ai1(z) uniformly bounded as z — 0. Suppose that 0 is an isolated point of
the spectrum of Ag, and let S be the corresponding Riesz projection. Assume that
rank(S) < oo. Then for sufficiently small z € F' the operators

B(z) = %(s ~ S(A(z) + 5)1S)

are well-defined and bounded on H. Moreover, if Ay = A, then they are uniformly
bounded as z — 0. The operator A(z) has a bounded inverse in H if and only if
B(z) has a bounded inverse in SH, and in this case

(7)) A(z)'=(A(z)+95) 1+ %(A(z) +8)71SB(2)"tS(A(z) + S) L.
ProOOF. It is a standard fact that

Ran(S) D U ker(Ag).
n=1

By our assumption rank(S) < oo we have equality here, and (4g + S)~! has a
bounded inverse. Hence, A(z) + S also has a bounded inverse for small z, as can
be seen from the usual Neuman series. Therefore, B(z) is well-defined for small z
and bounded. Moreover, if Ag is self-adjoint, then

S—S8(Ag+8) 1S =0

which implies that B(z) = O(1) as z — 0. Suppose B(z) is invertible on SH.
Denote the right-hand side of (7) by T'(z). Then

T(2)A(z) = A(2)T(2)
— 14 LSBT S(AG) +9) - S(AG) + 9)!
L5+ 9)19BE) s(AG) + 9) !

I+ %SB(Z)_ls(A(Z) +8)7 = S(A(z) + )

(85— 2B(:)B2) S(AR) 4 8) =1

Conversely, suppose that A(z) is invertible. Define
D(2) := 2(S + SA(2)71S) = 2(A(2) + S)[A(2) ' — (A(2) + S) " '(A(2) + 9).
Then
B(2)D(z) = D(2)B(z)
=S+ SA(2)"1S — S(A(2) + 5)71S — S(A(2) + S)"'SA(2) 1S
=S+ S(A(2) + S)1SA(2) 1S — S(A(z) + S)"1SA(z) 1S = 8,
so that D(z) is the inverse of B(z) on SH. O
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Note that Ap as in (6) is a compact perturbation of U and that the essential
spectrum of U is contained in {—1,1}. Moreover, Ag is self adjoint. Therefore,
0 is an isolated point of the spectrum of Ay and dim(kers,) < oo. Let S be
the corresponding Riesz projection. Since Ay is self adjoint, S7 is the orthogonal
projection onto the kernel of Ay and we have

(8) Sy = (Ag+S1)1S1 = S1(Ag + 1)t
REMARK 1. By the resolvent identity we have
(A() + Sl)_l =U - (AO + Sl)_l(’UGQ’U + Sl)U

Since |V (z)| < (x >’3* and S is a finite rank operator, we have (vGov+S1)U € HS,
and hence (Ag+S7)7! is the sum of U and a Hilbert-Schmidt operator. Therefore,
the operator with kernel |(Ag + S1)~!(z,y)| is bounded in L?. This remark will be
useful below when we consider dispersive estimates.

We choose A9 > 0 sufficiently small so that A(A) + S is invertible for [A| < Ao.
Using Lemma 4, we see that, for |A] < A9, A(N) is invertible if and only if

51— 81 (AN +81) 71 Sy

m(\) = 3

is invertible on S;L? and in this case

(9) AN = (AN +S1) 7+ %(A(/\) +51) LS m(N) TS (AN + 51) 7!

If Ao is sufficiently small, then

(A()\)—i—Sl) (A0+Sl -1 +i )\k A0+Sl) (Al()\)(Ao-i-Sl)_l)k
k=1

Plugging this into the definition of m(\) and using (8), we obtain
1k
m(\) = S1A;(\)Sy + Z DFAFS) (A (M)A +51) 1) sy

=m(0) + )‘ml()‘)a

where

m(0) = §141(0)S: = Eslpvsl,
A (A
(10) ma(n) = 5, A = A0 ) Os, + Z DRAES, (A3 (W) (Ao + 81) 1) sy

If m(0) is invertible in S7L?, then we can invert m(\) for small A using Neuman
series and hence obtain an expansion for A(X\)~!. Since m(0) has rank one, this
can only occur if rank(S;) = 1.

Otherwise, let Sy : S1L? — S;L? be the orthogonal projection onto the kernel of
m(0) where the latter operates on S;L2. As above, m(\) + Sy is invertible in S; L?
for |A] < Ao (we choose a smaller \g if necessary), and

(11) Sy = S (m(0) + S2) ™ = (m(0) + S2) "' S,.
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Lemma 4 asserts that m()) is invertible on S; L? if and only if

Sy — Sy (m()\) + Sg)_l Sy
A

b(\) =
is invertible on SsL? and
(12pN) "' = (m(\) + S2) "+ % (m(X) 4 S2) 7 S2b(A) 1S5 (m(A) + Sz) !

Note that

_ Kk
(m(\) + S2) "1 = (m(0) + S)~ Z )+ S2) 7 (mi (\)(m(0) + S2) 1) "
Plugging this into the definition of b(\) and using (11), we obtain

b() = Sami (N)Ss + Z DFARS, (m1 (V) (m(0) + 82) 1) S,

=1 b(0) + )\bl()\),

where b(0) = Sam1(0)S2 and
(13)
Sz[ml (/\) — ma (0)]82

bi(N) = +

. (—=1)FAFS, (ma(A)(m(0) + o))" 5,

> =
NE

>
Il

1

A simple calculation using (4) (with J = 2) and S251 = 5152 = S» shows that
(14) b(O) = —SQ’UGQ’USQ.

Since Go € HSp2.0_,12.-0 for o > 5/2, we have b(0) € HS if |V (z)| < (z)~>~¢.

Below, we characterize the spaces S;L2, SoL? and also prove that b(0) is always
invertible on SpL?. Therefore, for small A, b(\) is invertible. This proves that A(\)
is invertible for 0 < |A\| < Ag. Using (9) and (12), we obtain

(15) AN =T1(N)

+ %1—‘1 (A)Slfg(A)S1F1 ()‘)

/\12 1(A)S1T2(A)S2b(A) 85T (A)S1 T (N),
where
(A = (AN + S1) 7", and To(A) = (m(\) + S2) ™"

Note that this formula is also valid in the case Sy = 0.

LEMMA 5. Assume |V(z)] < (z)737%. Then f € S1L*\{0} if and only if
f =wg for some g € L2*’%7\{0} such that

(16) —Ag+Vg=0inS'
PROOF. First recall that, for g € L*>~2~, (16) holds if and only if
(I + GQV)g = 0,
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see Lemma 2.4 in [JenKat]. Suppose f € S1L*\{0}. Then

Cof)a) = UGnf(o) + 520 [ gy o

(17) = flz)+ wi:) /“g)_fgj) dy = 0.
Let
(18) o) =4 [ LW ay

Note that g € L*»~2~ and f(z) = w(z)g(x) for each z. Moreover, (16) holds since

o) = — 2 / v fy) 4o 1 /R VoW 4

R |7 — Yl A
Conversely, assume f = wg for some g as in the hypothesis. Then f € L?'* and

Aof () = Ula) o) + 22 [ L00) g,
x y

=v(x)g(z) + ULT) / V|i )_gz(j}) dy =v(I + GoV)g = 0.

Note that since g is not identically zero, Vg # 0, and hence f # 0. O

By Lemma 5, we see that f € S;L? implies f € L?!F.

LEMMA 6. Assume |V (z)| < (x)737¢. Then f € S2L*\{0} if and only if
f =wg for some g € L*\{0} such that

-Ag+Vg=0inS".

PROOF. Suppose f € S2L?\{0}. Note that SoL? C S;L? and, by Lemma 5,
we have f = wg for some g € L2~ 2\{0} such that —Ag+ Vg = 0 in S’. By the
definition of S5, we have

S1P,f =0.
Note that S1P,f = 0 if and only if
Siv=0or P,f =0.

In the first case, So = S; and P,f = 0 for any f € S»L?. We have the same
conclusion in the second case. Thus,

[, v ay=o.

Using this and (18), we obtain

1 1 1 1
e - dy € szif
o) = [ |t - | v
This is because
1 1 1
le—yl 1+ = |z —yl(L+|z])

and f € L>!F.
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Conversely, assume f = wg for some ¢ as in the hypothesis. Then

1 1 1 1
g(z) = T in /Rs [H - m] v(y) fy) dy — m /RS v(y) f(y) dy.

By (19) the first summand is in L2 Therefore
1
dy| —— € L*(R?).
L@J@ﬁ@)41+ﬁl (R%)
Thus, [v(y)f(y) dy =0 and f € S>L?\{0}. O

LEMMA 7. Assume |V (x)| < (x)7°7¢. Then, as an operator in SoL?, the kernel
of b(0) is trivial.

PROOF. Assume that for some f € SoL?, b(0)f =0, i.e.,
(Gauf,vf) =0.
From the proof of Lemma (6), we have
f(y)v(y)dy =0.

Using this and (4) (with J = ) we obtain
)

0= (Gavf,vf
o (A
()
— lim — / (@2 + 0271 = 67 uf(€)uf (€)de
A—0 A2

/\ﬁo/mwklc( O)Pde

— |vf( I ———>—d¢ (by the Monot. Conv. Thm.)

Iz
= (Ro(0)vf, Ro(O)vf) = vf=0=vf=0.
Using this in (17), we obtain f = 0. O

2.2. Dispersive estimate when zero is not an eigenvalue. In this section,
we prove Theorem 1. When zero is not an eigenvalue, Sy = 0 and (15) reduces to

(GOA)™" = (AN + 1)~ + T (AQ) + 1) Sim(N) 81 (AN +51) 7,

where
(AN + S1) "' = (Ao + S1)~ Z AR (Ag + 1) [A (V) (Ao + 51) 1"
: (A0+S1) +)\E1(/\),
T (=D)ENEmM(0) 7 [ma(Am(0) ]
k=1

=:m(0)7! +/\_E2()\).

k

—
[N}
=

S—

3
>

S~—

L
Il
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Thus, using (8), we obtain

Note that S is a rank one operator. Plugging (22) into (5), we have

Ry (\?) = —%RQ()\Q)USURQ()\Q)
+ Ro(A?) — Ro(A)wE(M\)vRo(A?).

Using this in (3), we get
Kko(xay) = Kl(xuy) + K?(xuy) - K3($7y)7

where

. A i I .
@) = [ 00O o) S(an, ua)oua)dundud

Ko, y) = / € Xxag (W) Ro (A2) (2, )N
(23)
Ka(e,) = [ €™ X0, RO EOoRo O]z )i

First, we deal with K. Note that

(24)

Ki(z,y) =

16 — / / zt)\2 COS()\(|:I; — U1| + |y - U2|))U(U1)S(’u,l, 'U/2)’U(’U,2)d’u,1d’u,2d)\,
Y RS

|z — 1|y — uz]
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We have
(25)
/ $1/2itA* Xxo (A) cos(Aa)dA = /

— 00

o0

(8/2647)” () ) o) (uhd
e (g (u -+ @) + X (u — @) )du

/oo
oo
o2 2 ua .,
_ C/ ez(u +a”)/4t

COS(%)XAO (u)du

_ C/ ez(u2+a2)/4t>?\(u)du
to [ e M eos(Z2) — )X, (w)du

=: C1(t,a) + Ca(t, a).

Using this in (24), we obtain

—it—1/2 Ci(t, | —ur| + |y — uzl)
K = ! S duid
l(xay) 1673 ~/]Rﬂ |I — U1||y — ’LL2| U(ul) (’U,h’u,g)’U(UQ) Upauz
—gt—1/2 Cot, |z — ui| + |y — uzl)
. S duyd
163 /RG = unlly — ua] v(ug)S(u1, uz)v(uz)duydusg
=: Ky1(z,y) + Ki2(x,y).
Note that
|Ca(t,a)] < c%.
Thus,
(26)
Kislo )l < et [ (Y o) o) (s, ua) dusdu
T re \ |z —u1| |y — uzl ’
s || 22+ 2] ] wstt-atot
|I - | 2 |y_ | 2
<782,

The last inequality follows from the fact that S is a rank one operator and the
following calculation which holds for v € L? N L*>;

. 2 2 2
TN P
2 |r—u|<1 |I - u| |z—u|>1 |$ - u|

|z =]
1 2
< —mdu+ [v(u)|*du < 1.
Jul<1 |u| R3

Now, we consider K11. Note that

(27)

Ci(t,a) = e /4h(t),
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where h(t) is a smooth function which converges to ¢ as ¢ tends to co. We have

—Zh(t) ei\zfu1|2/4tei|y7u2|2/4t
1(z,y) 1673172 /RG 7 — [y — u] v(u1)S(u1, ug)v(uz)duidug

ilz—ug [+y—ug)? iz—uy 2 +]y—uy|?)
a4t 4t

ih(t)
Ty /RG T T— v(u1)S (w1, ua)v(ug)du dug

(28)
=t 2F(x,y) + K112(,y).
Since S is a rank one operator, for each ¢, F; is a rank one operator. Also note that

by a calculation similar to (26), we obtain sup, , , [Fi(z,y)| < 1. Finally, F; # 0
for all ¢, and lim;_, . F} exists in the weak sense and does not vanish:

. _ —ic f(@)a(y)
tli,r{.lo<th’ g> - 1673 ‘/]Rlz |.I — U1||y — u2| U(ul)s(ulu U,Q)’U(UQ) duldu2 d:vdy

for any f,g € S. By a similar calculation, the term K15 is dispersive since

pillo—us | +ly—ual)/dt _ gi(lo—us |*+ly—uzl?)/at| < |2 = wally — ua|
~ t *
K is the low energy part of the free evolution and hence it is dispersive. The rest
of this section is devoted to the proof of

(29) sup | Ks(x,y)| S t7%/2.
€,y

Denote

d

75 (00N Ro (W )0 E(N)uRo (3?))
by Fzy(A). By integration by parts we obtain

1 [
K3(x7y) = % /700 € A fzy()\)dA

Using Parseval’s formula, we obtain
C o €2 —
(30) Kalo) = iy [ SMF €

Thus, it suffices to prove that

(31) sup || Foyll L1 < oo.
zy

Recall that

Mz —ur | +ly—uz|)

Foo) = [ 25 s B wotun)ofus) dusd,

2
|z — ||y — ug]

Let us concentrate on the term where the derivative hits xx,(A)E(XA) (the term
where the derivative hits the exponential is similar):

Mz —ur | +ly—uz|)

ﬁw,y()\) = /}R6 DX N EN)] (w1, ug)v(ur)v(usg) duidus.

2
|z — 1|y — ug]
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Note that
1 Frg ()11 = / [ OB (€ + o = ]+ = wal) 1 )
_v(u)vuz) du dus |de
|z — 1|y — uz

<[] 0B e -+ ly - wad )

[v(u1)||v(usz)] dduyduy
|z — u1|ly — ug]

/ / (0ro B)(€) (u1, u2) ‘wdfduldug
R6 |z —u1|ly — ugl

= \H Y@,
5/ WMO \\

The second line follows from Minkowski’s inequality and Fubini’s theorem, the third
line follows from a change of variable, and the last line follows from the calculation
(27). Therefore, for F, ,, (31) follows from

®) [ Nlezrol]

We shall use the following elementary lemma.

d¢ < oc.

L2—L>2

LEMMA 8. For each A € R, let F1(\) and F»(\) be bounded operators from
L2(R3) to L*(R3) with kernels K1()\) and Ko(\). Suppose that K1, Ko both have
compact support in X and that K;(-)(x,y) € L'(R) for a.e. z,y € R®. Let F(\) =
F1(A) o Fo(\) with kernel K (X). Then

[zl <[ [R@ll, o [ _lIRel], ]

PRrROOF. Without loss of generality we can assume that the right hand side is
finite. Note that

|7 1&ie], < [~ IR, e <o, 5=1.2

This implies that

/ I (€) (wy)lde < 00, j = 1,2,

— 00

(33) /RS g K1 (8) (2, 21) || Ka(n) (21, )| dédnday < oo
(34) sw | |K1(A) (2, 21) K2 (M) (21, y)| day < o0

for a.e. z,y € R3. By definition, for a.e. z1, x5 € R3,

K(\)(x1,23) = » Ki(A)(z1, x2) Ko (N) (22, 23) do
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and K(-)(z1,23) € L®(R) N L*(R) by (34) and the compact support assumption
in A. Moreover, for a.e. £ € R,

(35)  K(€)(x1,a5) = / / Br(€ — ) (@1, ) Ka(n) (e, 25) dndas.

To see this final identity, denote the right-hand side by F(&; 21, x3). Then F(-;21,23) €
L'(R) for a.e. choice of w1, 23 by (33), and

| e rgaamac= [ [ [ e

K1(€ = n) (@1, 22)e*™ Ky (n) (2, v3) dndwadE

= Kl(/\)(Il,xg)KQ()\)({EQ,Ig) dIQdA
R3
The final equality sign here follows by Fubini and since K;(-)(x,y) € L'(R) for
a.e. choice of z, y by (33). Hence, (35) holds by uniqueness of the Fourier transform.
The lemma now follows by putting absolute values inside of (35) and duality. O

Note that d X0 (A)E(N)] is a sum of operators each of which is a composition
of operators from the list below (here x(\) is a suitably chosen smooth cutoff
supported in [— g, Ag)):

Fi(A) = x(W(AN) +51) 7,
Fy(A) = x(V)E1(N),
F3(A) = x(\)S1m(X\) 'Sy,

Fy(A) = x(A\)S1E2(N) S,

and their A derivatives. Moreover, we leave it to the reader to check that for each of
the combinations that contribute to E(A) the hypotheses of Lemma 8 are fulfilled.
Therefore, in light of Lemma 8, the following lemma completes the analysis of K.

LEMMA 9. For each of the operators Fy, j =1,2,3,4 above,

[ 7], o<

The same statement is valid for their A derivatives, too.

PROOF. We omit the analysis of F; and F3. Recall that

(AN + S51) 7" = (Ag + 51)!
A

Fy(\) = x(VEL(A) = x(\)

= X0 Y (—1DEN (A + 81) 7 [AL(A) (Ao + 51) 71
k=1

Let x1 be a smooth cut off function which is equal to 1 in [—1,1]. Note that the
support of y is contained in [—1, 1]. We have

o0

F(0) = Y (DR (O (Ao +51) 71 [ (M)A () (Ao + S1) 71

k=1
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Using Lemma 8 and Young’s inequality, we obtain

oo [ |l

e o k
OO s+ 801155 | [ 1IGGAD -

k=1
By Remark 1, [(4g + S1)7!| is bounded on L?. Also note that

OO0 S 111+ JED A 1)( )z
< Ix(MA* 1||2+|| L XN

(37) <Ak
Below, we prove that
(38) | G @ aade S 1.

If Ao is chosen sufficiently small, using (37) and (38) in (36) completes the proof of
the lemma for F5. Recall that

etAlz—yl _q
AN (@,y) = v(z)

A Az — y| o)

= gt [Nt an

Therefore,

e 1
Can)(€) (&) = —v(@)u(y) / (€ — |z — ylb) db

4
Hence by Schur’s test, we have
(39)

[, ae< [ sw [ [ e e sl dyac

Since x3 is a Schwarz function, we have (for each N € N)

w) [ me-tle-wwlas { 578 §S10Y
We also have
() V@I S ()2 ) S (o= y) 2

Using this inequality and (40) in (39), we obtain
-1
39 </ Su/ z—y ﬁ/z{<w—y> ; |§|<|:v—y|}dd
BIS L L Ol le-ul JYE

_ [T s [ WY el <yl }
/_oo /ﬂ@“’> { &N, 16>yl fYE
< 0

provided 3 > 6, i.e. |V (z)] < (2)757. To see the last inequality, fix £ and consider
the integral in y in the regions {|y| < ||} and {|y| > |{|} separately.
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Next, we consider Fy:
Fi(A) = x(\)S1E2(\)S1 = x(M)S1 Y _(—=1)FAF~1m(0) ! [ma(\)m(0)]" 5.
k=1

Arguing as in the case of Fy, it suffices to prove that

(42) [ Gam©la-ads £ 1,
where x1 is a smooth cut off function which is equal to 1 in the support of x (i.e.
in [—Ag, Ao]) and which is supported in [—A1, A1]. Recall that

Ai1(N) — Aqi(0)

mi(A) = 81—+ ST S 1PN (AL (Ao + 51) 1) S
j=1

The second summand can be analyzed as above (here \; is chosen sufficiently small
to guarantee the convergence of the series, and than we choose A¢ even smaller).
Now, we consider the first summand. Note that

13) Ay = A0 )

eMe=vl Nz —y| -1

1
= v(x v _ ei>\|m—y|b )
@ ) [ - e ay

Therefore, using (40) and (41), we obtain

1
v(@)|z — ylo(y) / (1~ B)XT(E — bz — yl) b

B (Kt A R g
s {<s>-N, €1 > |z =yl

Using this and Schur’s test as before, we have

/Z H‘XIEA\QS&(&)HL_}Q P /O:O SI;P/]R3 (x — y>1*5/2

(- ), |§|<|x—y|}
{<s>N, €] > Jo—y| [ Y=

SiA25:(€) ()| =

provided 8 > 8, i.e. |V (z)| < (z) 8.

Next, we deal with -4 F;()\). Once again we omit the analysis of F| and F3. Note
that

in()\) = i(—l)ki (XN (A + S1) 71 [AL(A) (Ao + 51)_1]k
£ 31 R OON (A + 81) x

x Y [A1 (V) (Ao + 51)_1]j_1[%f41()\)(140 +91) TM[AL (W) (Ag + S1) 1R

Jj=1
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Arguing as above, it suffices to prove that

(11) | 6 ©lla-ade S 1.
Note that
d Moyl i\ z — yletMz—yl — 1
) - _
d\ 1()\)($,y) U(CC) )\le — y| ’U(y)
iXz—y| _ _ _ iNz—y| _
— o) IS ) i) o)

= —A> (V) +i4i(N)

These are similar to the terms treated above. Therefore (44) holds provided
V(@) S (2)75

Finally, we analyze %F;;(A). In view of the preceding, it suffices to prove that

(45) | 60T ©lla-ade S 1.
We have
d eyl 1 eMe=yl Nz —y| -1
aAQ()\)(xvy) :’U(I)ZTU(?J) - 2’0(17 )\3|JJ — y| U(y)
Moyl 4 IN2)p — g2 — iz —y| -1
=—9 2
e e o)
=Nz =yl + eyl -
+iv(x) 2 v(y)
These are treated as before; (45) holds provided |V (z)| < (z)~10~. O

2.3. The general case. We now turn to the proof of Theorem 2. In view
of (5), (14), and (15), the coefficient of the A=2 power in (5) equals

Ro(0)vI'1(0)S1T2(0)S2b(0) 1 SoT5(0)S1T1 (0)v Ry (0) = —GovSa[S2vGavS2] ™1 S2vGl.
LEMMA 10. The operator GovSs [ngvaSz]flSszo equals the orthogonal po-
jection in L2(R3) onto the eigenspace of H = —A +V at zero energy.
PRrROOF. Let {9, }'jjzl be an orthonormal basis in Ran(S3). By Lemmas 5 and 6,
Y +wGovy; =0 V1<j5<J
and we can write ¢; = w¢; for 1 < j < .J where ¢5 € L? and

/V(bjda::/m/)jda::().

Moreover, the {¢; 3]:1 are linearly independent and they satisfy
¢ +GoVo; =0

for all 1 < j < J. Since for any f € LA(R?), Sof = Y7, (f,;)1;, we conclude
that p p
SouGof =Y (f,Govibj)bj = =Y (f, ;)¢5

j=1 j=1
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Let A = {A;;}/._, denote the matrix of the Hermitian operator

1,7=1
1
SovGavSs = 8—7TS2U(9C)|$ —ylv(y)S2

relative to the basis {¢; 3-’:1. Since fR3 vy; dx = 0, the proof of Lemma 7 shows
that

Aij = (5, S2vGavSat)j) = (Goviy, Govrpy)
= (GoV i, GoV ;) = (i, bj)-
Let
Q := GovSs[SavGavSs] 1 SovGo.
Then for any f € L*(R3),

J
= GovSa[S2vGavSa] Wi (f, b)
=1
’ J
= — Z GQ’USQ’(/%( l] f, ¢] Z ¢z 1] f ¢J>
i,j=1 i,j=1

In particular,

Q@-Z@ Y)ij (s b7) = Z@ )ijAjk =

7,j=1 7,j=1

for all 1 < k < J. The conclusion is that Ran Q = span{(bj i—1, and that @ =

on Ran Q. Since @Q is Hermitian, it is the orthogonal projection onto span{¢; } S=1
as claimed. (]

This has the following simple and standard consequence for the spectral measure.

COROLLARY 11. Let —00 < Ay < Any-1 < ... < A1 < Ao <0 be the finitely
many eigenvalues of H = —A + V. Let Py; denote the orthogonal projection in
L?(R3) onto the eigenspace of H corresponding to the eigenvalue \j. Then

N
. , 1 [0
itH it AT P+ _ -
(46) e = jE:Oe Py, + _27Ti/0 e" MRy (A) — Ry (M) dA.
Moreover,
(47) Ry(\) = Ry(A) = Op2(A~2)

as X — 0+ so that the integral in (46) is absolutely convergent at X = 0.

PROOF. Start from the expression

, 1 [
et = _— / e Ry (A +i€) — Ry (\ — i€)] d),
0

211

which is valid for all € > 0 (via the spectral theorem, for example). The formula (46)
follows by passing to the limit ¢ — 0. Indeed, the projections arise as Cauchy

integrals
1 dz
P, — = Py,
N o ?{J_ z—=Aj A
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where «y; is a small circle surrounding A;. We need to invoke Lemma 10 in case
Ao = 0, since it determines the coefficient of the z~! singularity in the asymptotic
expansion of the resolvent. Once we subtract that singularity, what remains is
O(|z]"2), as claimed. O

The point of Lemma 10 and Corollary 11 is really to prove (47), since (46) is of
course obvious. One can also deduce Lemma 10 from the proof of the corollary
starting from (46), since the most singular power z~! must lead to the projection
onto the eigenspace. However, we have chosen to give these direct proofs.

PROOF OF THEOREM 2. In view of (15),
AN =T\
+ %FI()‘)SIF2()‘)SIP1(A)
+ %[Fl()\)Slfz()\)Szb()\)71521ﬂ2()\)511ﬂ1()\) — S5b(0)7155]

1 -
+ FSQZ’(O) 1S,.
Inserting this into (5) leads to

Ry (\?) = Ry(A\?) — Ro(A?)vT1 (N vRo(\?)

(48)

- %RO(AZ)UH(A)Slfg()\)SlFl()\)vRo()\z)
(49)

— ERO(AQ) v[['1(AN)S1T2(N)Sab(N) 1S9 (M) S1T1 () — Sob(0) ™1 Sa]u R (N?)
(50)

-3z (RO(AQ) Go)vS2b(0) L SauRy(N?) — %Govszb(O)*lszv(Ro(V) — Go)

(51)

Ln

The three terms up to and including (48) have already been covered in Subsec-
tion 2.2. Indeed, the only difference here is that we need to incorporate Sy into the
expression (21):

k

m(A)~ = (m(0) + S3)~ Z 0) + S2) 7t [ma () (m(0) + S2) 7]

£ (m(0) + Sy) ! —i—)\Eg()\).

The term (51) has been dealt with in Corollary 11. Now, we consider (50). Note
that when we plug Ry into (3), then the term corresponding to the first summand in
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(50) is (with the notation S = Sab(0)"1Ss, a1 = |y—y1| and az = |z — 21|+ |y —v1])

—1 m\z eMz—z1] _ 1 girly—y1 g e s
—/ /RF )\47r|:1:—:1:1| 47r|y y1| (561) (ivlayl)v(yl) X10Y1

i sm()\ag) — sin(Aa1)
= S dzidyrdA
16#3/ /R6 Mol )\|:17—:c1||y—y1| v(@1)S (21, y1)v(y1)dardy:

_ 3/ / e 5 (V) / cos(b)ap VS ELYVOWY) 4o
167T R6

|z — 1|y — 1

= t7V2F y(x,y).
Arguing as in (25), we obtain

|F1e(x,y)]
[ e [ s ) + -y I 4 gy g
RS ay

[z — z1lly — v
a2 S
5/r/ / |>7k\o(u+b)+)a(u_b)||v(ffl)|| (Il’yl)||v(yl)|dudbd$1dy1
RS

|z — z1[ly — y1

)|]S(

< 0”/ lv(z1)]| fl?layl)||v(yl)|dl,ldy1
|y y1|

=cC

This inequality holds independently of ¢,z and y. Therefore,

S
sup ||F1,tHL1—>L°° <1 and lim Fl,t(ff,y) = C/ U(II) (561,y1)v(y1) dzidy;.
¢ t—oo R6 ly — v

The second summand in (50) can be treated similarly.

Now, we consider (49); it can be written as
(49) = A Ro(A*)vE3(N)vRo(A\?)
with
AE3(X) := —T1(A)S1T9(A)S2b(A) 1829 (A)S1T1 () + S2b(0) 1 Ss.

Clearly, the terms resulting from FEj5 resemble K3 from (23). However, we do not
have an extra A at our disposal, which implies that instead of (29) we will only
obtain a t~2 power. The details are as follows: if we plug Ry into (3), then the
term corresponding to (49) is (up to constants)

Sy iXa—a1] giXly—1]
o € XXo ()\) |.’II — xll |y — y1| ’U(Il)EB‘(/\)(Ilvyl)v(yl) dIldyld)\

By the arguments that lead from (30) to (32), we conclude that the absolute value
of this expression does not exceed

ot [ o)

de.

L2—L>2
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uniformly in z,y € R3. To bound this integral, we use Lemma 8. Write

E3(\) = = AT (A\) = T1(0))S1T2(X)Sab(A) 18T () ST (M)
— SIATH T2 () = T'2(0))S2b(A) 71T (A)S1 T (M)

A7 = b(0)71)S5T9(N)S1 T (N)

— S2b(0) 1S AT (T2 (A) — I'2(0))S1T1(A)

— S3b(0) "1 S2 AT (T4 (A) — T4 (0)).

Consequently, we need to prove the bound of Lemma 9 for the following basic
building blocks (we dropped the subscript Ag):

|
N
no
=N
L
—~
- X

Fi(A) = x(WT1(A) = x(MD(AN) + 1)~
Fa(A) = x(WATHT1L(A) = T1(0)) = x(MATH((A(N) +51) 7 = (Ao +51)7)
F3(A) = x(N)S1T2(N)S1 = x(N)S1(m(A) + S2) 51
Fy(0) = x(WAT1S1 (T2 (N) = T2(0))S1 = x(MATISi((m(X) + S2) "
— (m(0) + S2)™ 1S,
as well as

F5(A) = x(N)S2b(A) 7182 = x(\)S2(b(0) + b1 () ™Sz

F5(A) = x(N)S227H(0(N) ™" = b(0) 7).
The functions F; with 1 < j < 4 were already discussed in Lemma 9. The only
difference here is the appearance of Sy in F3 and Fy (for the function Fs see (21)).

But this does not effect the bounds from Lemma 9, which implies that we only need
to prove the following claims concerning the new terms Fy and Fg:

(52) max/ H ’F ’ Hz 2d§ < 0.

7=5,6
Recall that, see (13),

b(O) = —SQ’UGQUSQ
b(A) = b(0) 4+ Aby(N) = b(0)(1 + Ab(0) "'y (V)

53)
() = ) —m (0 §§ VXSS (s (3)(m(0) + 52)71) 7" 5,
(54)
b = 2<—1>J’V<b<0>‘1b1(A))J‘b(orl

Applying Lemma 8 to the Neuman series in (54) shows that in order to obtain (52),
we need to prove that

/‘: | pabi©) |, e < oe.
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Another application of Lemma 8, this time to the Neuman series (53), reduces
matters to proving

| N @ ot < oo

which was already done in (42). In both these cases, the cut-off functions x1, x2
need to be taken with sufficiently small supports. This leaves the term

Sg [ml()\) — ml(O)]Sg
A
from (53) to be considered. In view of (10) and (43),
ml(/\) — ml(O)
A

_ g 2N A0, i(—l)’“k’“‘l& (AN (Ao +51)7)
k=1

SQ SQ

k+1
So.
h 2

By (38), and Lemma 8, the Neuman series makes a summable contribution to (52).
On the other hand, the contribution of

Az2(N) — A»(0)
A
to (52) is controlled by the bound (45), and we are done. O

So So
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