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ABSTRACT. We show the existence of anti-periodic solutions for certain damped
linear beam equations with anti-periodic forcing terms and resting on nonlinear
elastic bearings.
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1. Introduction

In this paper, we consider an anti-periodically forced and damped beam resting
on two different bearings with purely elastic responses. The length of the beam is
/4. The equation of vibrations is as follows

Utt + Uggga + 6ut + hl (:E7 t) =0 )
(1.1) Uz (0, ) = Uge(7/4,-) =0,
' Upzz (0, ) = = f(u(0,-)) — ha(t),
Ugaa(T/4, ) = g(u(r/4,-)) + hs(t) ,
where u = u(z,t), § > 0 is a constant, f, g € C(R,R) are odd functions and hy € X,
ha, hs € Y are anti-periodic forcing terms. Here X and Y are the following Banach
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340 SERGIU AIZICOVICI AND MICHAL FECKAN

spaces
X = {h e O([0,7/4] x R,R) | h(z,t +T) = —h(z,t)
for any (z,t) € [0,7/4] X R},
Y= {he CRR)[A(t+T) = —h(t) forany teR}
endowed with the usual sup norms || - || for a fixed T > 0.

Recently, we investigated the existence of periodic solutions of (1.1) for general
non-odd functions f, g and T-periodic hq(z,t) with he(t) = hs(t) = 0. In [9] and
[10], we proved existence and non-existence results for T-periodic solutions of (1.1)
depending on the forcing function h(z,t). Chaotic solutions for equations similar
to (1.1) are considered in [2] and [3]. The existence of free vibrations of undamped
and unforced equations like (1.1) is studied in [8] and [11] by using variational
methods.

Now we study the existence of anti-periodic (weak) solutions u € X of (1.1).
The plan of the paper is as follows. In Section 2, we formulate the notion of a weak
T-anti-periodic solution of (1.1). We also recall some well-known results on the
corresponding linear eigenvalue problem. Then in Section 3, we study linear prob-
lems and certain Poincaré type inequalities related to (1.1). Section 4 contains the
main existence result for weak T-anti-periodic solutions of (1.1), when in addition
ha,hs € WH2(0,T). The approach relies on topological degree arguments. Some
results are also presented for semilinear problems by assuming only ho,hs € Y.
In the final Section 5, we extend the main result (Theorem 4.2) of Section 4 to a
discontinuous/multivalued case (cf. (5.2)). There we suppose that the functions f
and g are upper semicontinuous with compact interval values.

Finally we note (cf. [11]) that equation (1.1) is a simple analogue of a more
complicated shaft dynamics model introduced in [5] and [6].

2. Setting of the problem

By a weak T-anti-periodic solution of (1.1), we mean any u € X satisfying the
identity
/4

oy

(2.1)

+

g {u(:v, t){vtt(ac, t) + Vegaz (T, t) — Svi (2, t)} + hy(z, t)v(z, t)] dx dt
T
I { (F0,6)) + () )v(0,0) + (glulr/4,0)) + ha(t) )o(r/4,1) p dt = 0

for any v € X*° with

x* = {0e XNC®(0,7/4 X R) | v4a(0,) = via(/4, )

= Vz22(0,°) = Vooe(7/4,") = 0}
The eigenvalue problem

Wrzrr (33) = ,u4w(:17) )
Wer (0) = Wee(w/4) =0,
Wapz(0) = Wage(m/4) =0

is known [11] to possess a sequence of eigenvalues py, k = —1,0,1,--- with

p—1=po =0
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and
(2.2) cos(pupm/4) cosh(ppm/4) =1, k=1,2,---.

The corresponding orthonormal system of eigenvectors in L?(0,7/4) is

vl = Jo e = 2 (o= 5) 7

NG {cosh(ukx) + cos(pkx)

_ cosh &, — cos &

Sinhgk — sin gk (Slnh(:ukx) + Sln(ﬂkz))}

where the constants W}, are given by the formulas

cosh &, — coséy

W}, = cosh -
k= cosh(y) + cos sinh &, — sin &

(sinh&C + sin{k)

for & = pgm/4. From (2.2) we get the asymptotic formulas
1< pp =202k +1)+r(k) Vk>1
along with
Ir(k)| < ce”F VE>1,

where €1, ¢ are positive constants. Moreover, the eigenfunctions {w;}$2_; are
uniformly bounded in C0, 7/4].

3. Linear Equations
Let H; € X, Ho, H3 € Y. In order to solve (2.1), we consider the equation

/4

o [u(:v, t){’l)tt(iC, £) + Vogaa (T, 1) — Sv(, t)} + Hy(z, (e, t)} d dt

+

4
f

{Hg(t)v((), £) + Hy(t)v(m /4, t)} dt =0

for any v € X°°. We look for u(z,t) in the form

(3.2) u(z,t) = Z zi(t)w;(z) .
i=—1
We formally put (3.2) into (3.1) to get a system of ordinary differential equations
(3.3) £(t) + 0%i(t) + pizi(t) = hi(t),
where
/4

B4 ht)=( / Hy (i) e+ Ha(tywi(0) + Hy(tu(x/4) )
0

Clearly h; € Y for any ¢ > —1. Since u; > 0 for ¢ > 1, we reason as in [10] to
conclude that equation (3.3) has a unique T-anti-periodic solution z; € Y, namely:
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(i): for 2u? > 4, 2; is given by

t
=2 [ etz (Yig |
(3.5) zi(t) = o / e sin ( 5 (t s)) X hi(s)ds,

where w; = \/m;
(ii): for 2u2 =6, 2; is given by
¢
(3.6) 2i(t) = / e 0U=)/2(t — 5) x hy(s) ds;
(iii): for 2u2 < §, 2; is given by
¢

1 - .
(3.7) 5(t) = / T(e<—5+wi><f—8>/2 _e<—6—wi><f—8>/2) % hi(s) ds,
@;

where @; = /62 — 4u}.

Like in [10], from (3.5)-(3.7) we get

1 4
| < — )
il < (1+3)nl
(3.8)
4
o (h |
Izl < (5 + ) Il

for any ¢ > 1. Since p; = 0 for i = —1 and i = 0, we see that (3.3) has a unique
solution z; € Y for i = —1,0 on [0, 7] given by

¢ T
1 1
zi(t) == [ hi(s)ds — — [ hi(s)ds

t
1
—= [ hi(s)hi(s)d ,
5 [ s s+
0
which yields
3T 3
| < (= _ .
il < (55 + 53) Ihall
(3.9)
2
.i < = hi .
il < Sl
From (3.4) we get
™
(3.10) ESIAC AR EA R A

for

My = sup |w;(z)|.

i>1,z
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Plugging (3.5)-(3.7) into (3.2) and using (3.8)-(3.10), we obtain

3 6
Jull < 3 el o < 2a2{ 20+ S

i=—1

#(1+3) b (el + el + 151
i=1""7
< Mo (||| + | Hal + | Hal))

for

e {2 e (1) 5 1),

=1 "1

o0
We note that > % < oo. Summarizing the above results, we arrive at:
i=1""

PrROPOSITION 3.1. For any given functions Hy € X, Ha,Hs € Y, there is a
unique solution L(Hy, Ho, H3) := u(x,t) € X of equation (3.1). The linear mapping
L:X XY XY — X is compact with the norm ||L|| < My when the norm on
V=X XY xY is given by ||v|| == |[H1|| + ||Hz2|| + ||Hs||, v = (H1, H2, H3) € V.

Now let us fix n € N and consider an approximating linear problem to (3.1),
namely

3

a3 [un x,t) {vtt(x,t) + Vgpaa(x,t) — 5vt(aj,t)} + Hy(z, t)v(z, t)} dx dt

Il
i

+

(3.11)
{ v(0,t) + Hs(t)v (w/4,t)}dt:0

for any v € X;;° with
X% = {v € X |v(a,t) = 3 vi(tywi(z) for v eYN O“(R,R)}.
i=—1
Here wee look for uy(z,t) in the form

n

up(x,t) = Z zi(t)w;(z) .

i=—1
By repeating the above approach to (3.1) for (3.11), we arrive at the following
result.

PROPOSITION 3.2. For any given functions Hi € X, Hy, H3 € Y, equation
(3.11) has a unique solution u, € X of the form

n

Up(x,t) = Z zi(t)w;(z) .

i=—1
Such a solution satisfies the following conditions:
(a):

_max |zl (% +1) < Ma([Ha |l + 12| + [ Hsl)

max ] < Ma(LE | + | Holl + | H)
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for

241 4\ 3T 6 4
oy () L bt
3 i;}g) 2 +6+6+52+6+
(b): The linear mapping L, : X XY xY — X defined by L, (Hy, Ho, H3) :=
un(x,t) is compact.

Now we recall the following result from [10]:

PROPOSITION 3.3. A sequence {un}2, C X is precompact if there is a constant
M > 0 such that

sup |\zm|\(z2 +1) < M, sup  ||Zinl < M,
1

i>—1,n>1 i>—1,n>
oo
where up(z,t) = > zin(t)wi(x).
=1

We end this section with two Poincaré inequalities.

PROPOSITION 3.4. The following Poincaré inequality holds

s
w|| <
= ST

for any w € W22(0,7/4) satisfying
/4

(3.12) / w(z)dr =

0

Proof of Proposition 3.4. For any h € L?(0,7/4), the solution w(z) of the
differential equation

Wee (x) = h(x)
which satisfies conditions (3.12) is given by
/4

w(x) = /G(x,s)h(s) ds
0

for a Green function G defined by

48 128 16 8
( 52——83)$+—83__52 for 0<s<z<
2 3 2 s

G(z,s) =

48 128 16 8
(—82——83—1)$+—83——82+8 for 0<zx<s<
w2 3 2 T

Thus for any z € [0, 7/4] we have

|w(x)] < max} /G(x,s)2ds /h(s)st.

ze[0,m/4
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By using Mathematica, we compute
/4
1
/ G(x,s)*ds = 57303 (71'6 — 4472 4 6247 2? — 22407323

(3.13) J

—8960m22* + 6451272 — 860161:6) ,

and check that the maximum of the right-hand side of (3.13) on the interval [0, 7/4]
is 73 /6720, which is attained at the end points z = 0 and x = /4. Consequently,
we obtain

/4 /4 3/2 /4
w(z)| < max G(z,s)2ds /h82d8< T /hs2ds.
w@)| < _max 0/( pany [ s S [

The proof is complete.

PROPOSITION 3.5. Let X be a Banach space with a norm |-|. Then the following
Poincaré inequality holds

T

max |h(t)] < VT /|h(t)|2dt
t€[0,T)
0

for any T-anti-periodic function h € W12(0,T; )N()

For the proof of Proposition 3.5, see [1].

4. Nonlinear Equations

First, we suppose that in addition to the conditions listed in the Introduction,
ha, hg € W12(0,T). Now we use the Bubnov-Galerkin approximation method. So
we put the form

n

(4.1) Up(x,t) = Z zi(t)w; ()

i=—1
into (1.1) to derive the system of ordinary differential equations
Zi(t) + 62:(t) + pizi(t) + hai(t)
12 +(D 2wi(0))wi0) +g( D ztywi(r/4) )wi(r/4)

1= 1=

where
oo

h(,T,t) = Z hl,l(t)wl(x)

i=—1

The system (4.2) is a Bubnov-Galerkin approximation of (1.1). Now we solve (4.2).
For this purpose, we consider a Banach space Z, = Y"*2? with the norm

121l = llunll,
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where u,, (1, t) is defined by (4.1) for z = (2_1(t), z0(t), 21(t), - -+ , 2n(t)) € Z,. Next
we introduce the following nonlinear operator

F,:Z,— Z,

Fo(z) == (Z21(t), 20(t), 21(8), - -, Zu(1))

3 Z(twile) = Ly (hl, P w0wi0) + ha(t), g (D ziywilr/4)) + h3(t)>

i=—1 i=—1 i=—1

z = (z,l(t), zo(t), z1(¢), - - ,zn(t)) .
We note that according to Proposition 3.2, the operator F,, is compact. Then (4.2)
is equivalent to the fixed point problem
(4.3) z=F,(2).

In order to solve (4.3) uniformly for n € N, by the Leray-Schauder degree theory
for maps [4], [12], it is enough to show that there is a constant ¢; > 0 such that
for any A > 1 and n € N, every solution of the equation

(4.4) Az =F,(2)
satisfies ||z]|, < ¢1. But this means that we must find an a-priori bound for the
T-anti-periodic solutions of the system
() + Ao%(t) + A i () + hai(t)
(4.5) +1( Z i) )wi(0) + g 3 ziltywilr/4) )wi(m/4)

i=—1 i=—1
"rhg( )wi( ) + h3(t)wi(7r/4) =0,
for any A > 1.

To do this, we first multiply (4.5) by %,;(t), integrate the result from 0 to T,
and then sum up these equations to obtain

n

Z)\/ZZ Zi(t dt—i—Z)\&/zz dt—i—)\Zul/z (t)dt

i=—1 i=—1 i=—1

+/f( zn: Z(t )(zn: Zi(t)wi(o)) dt+

i=—1 i=—

Ong( :i_ o ﬁ/4))(i:i_lzi(t)wi(ﬁ/4)) dt
T n T n
t)dt ha(t)2;(t)w; (0) dt
+0/_z: +0/1_z:1 +

f S g (t) 2 (E)ws (0 /4) di = 0.

0 i=—1
This implies

n T T n
A5 > /zz(t)zdt—i—/ > haa(t)zi(t) dt
i=—1 0 0 i=—1
n T n T

_Z/hQ 2i(H)w; (0 dt—Z/hg zi(t)wi(mr/4) dt

1=—1 0 1=—1 0
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and hence
A5 Y /zl(t)th < / Z hya(t / > zit)?dt+
i=—17 o ==-1 o =—1

+M1< /hg(t)zdwr /hg(t)mt) 2+zn:%l

0 0

=1

T n
\/f (z_l(t)2 +20(t)2 + 2 u?zi(t)Q) dt
0

Z:(6)2 dt +

HM:

3

\II M:

3

/T
0
T T,

2i(t)2 dt + /(z_l(t)2+zo( dt + /Zufzz 2dt>
0

Jx
b

Next, we multiply (4.5) by z;(t), integrate from 0 to T, and then sum up these
equations to arrive at

n T
ZA/ t)zi(t dt—i—Z)\&/zz Zi(t dt—i—)\zul/

i=—1 0 i=—1 i=—1

N
Il
|
-
-
|
|
-
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This gives
A | zi(t)?dt =\ 2(t) dt
iglu 0/ i_z10/
T n n
~ [1(3 wm®) (X w0w©) a -
0 i==1 i=—1
T n n
o( 3 wtywile/) (X wiltywile/a)) de
i=—1 i=—1
0 - . .
- / S i)zt dt - / S ha(t)2(t)ws(0) di — / S ()2 (tywi(r/4) d
o =-1 o =—1 o i=—1

We impose the following condition

o (H) There are non-negative constants ay and ag, with

(4.7) (af + ag)M; (2+§:i4) <1

i=1
and a non-negative constant 3 such that
(4.8) flwu>—apu? =3, glu)u> —agu’® -

for any u € R.
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As a result, we obtain

n T n T
> uf/zi(t)z dt< Ay /zi(t)th
1=—1 0 1=—1 0
T n T n
+ / > hy(t)?dt / > u(t)2dt+28
0 1=—1 0 1=—1

i=1 "1 i=—1

+(af+ag)M1(2+Zi4) (T2 Z /2i(t)2 dt—i—/Zu?zi(t)Z dt)
0

ha(t)2 dt +

_l’_

=
—
St~

L n - T
+J0/2ufzi(t)2 dt) + (af + ag) My (2+ ; %) /Zui*zi(tf gt

? o =1

T n o0 T n
+J / Z itz (t)? dt) + (af + ay) M,y (2 + Z %) /Z wizi(t)? dt .
o i =1 Fil g i

349

Here K; and K are positive constants which are independent of z;(t) and n. By

denoting

inequalities (4.6) and (4.9) take the forms

A2 < K(A, + By)
(4.10)

. — 1
Bl < K(AA? + Ay + 14 By) + (o + ag) My (2 +y E)B’Q’
i=1 "1

for a constant K depending on the constants af, ag, 0,0, T and functions hq (z,t),

ha(t), hs(t). By putting

7::1—(af+ag)M1(2+ii4)

i=1""
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from (4.10) we get
A2 < K(A, + By)

4.11 K
(411) BZg;(AAi—FAnJrl—FBn).
Now, (4.11) implies
A2 < K(A, + By)
K K? K
B2 < (= + ) (An+ Ba)+ =
vy v
and then
. K K? K
(Au+B)*/2 < A2+ B2 < (K + 2+ 20 ) (An + Ba) + =
Yo gl
which gives
(4.12) Ap+ B, <T

for

. K K? . K K2\?2 2K
I‘:z(K—i———i-—)—i—\/(K—i———i——) + —.
v g g v v
Now from Section 2, we immediately obtain

/4 m/4
(4.13) / Wy g ()2 da = i, / Wi gz (T)Wj gz () dx =0 for i #£ 7.
0 0

Then (4.1), (4.12) and (4.13) imply
/4 "
/ un,m(aj,t)2 do = Zufzi(t)Q <Tr?
F i=1
for any ¢t € R. Hence the Poincaré inequality of Proposition 3.4 gives

73/2

r
8v105

(4.14) [ty (z, )| <

for any (z,t) € [0,7/4] x R and

Un(2,t) =Y zi(t)wi(z).

i=1
On the other hand, the Poincaré inequality of Proposition 3.5 and estimate (4.12)
imply

(4.15) |z_1(Hw_1(z) + z0(t)wo ()| < 2MVTT .
Consequently, estimates (4.14) and (4.15) give

73/2
4.16 Up| <0 := (2M VT + —— )T
(4.16) Junll < © = (22T + )

Summarizing, we obtain the following result.
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PROPOSITION 4.1. For any n > 1, every solution

n

un(z,t) = Y zi(t)w;(x)

i=—1
of (4.2) satisfies (4.16).

Now returning to equations (4.3) and (4.4), and applying Proposition 4.1, we
obtain the next theorem.

THEOREM 4.1. For any n > 1, there is a solution

n

un(z,t) = Y zi(t)w; (@)

i=—1
of (4.2) satisfying (4.16).

Remark that
/4

™
sl = | [ (o wto) da] < Jial2s,
0

£ ( 3 it (0))wi 0) + | ( 3 ity (m/4) Ywilr/4)| < 2601,

= j=—
for

K = max {I£(2)],19(2)] }

[2]<©
Then Proposition 3.2 ensures the existence of a constant K5 > 0 such that the
solutions

Up(x,t) = Z Zin (E)w; (x)

1=—1
of (4.2) from Theorem 4.1 satisfy
sup_ [|zinll(i® +1) < K5, sup_[|zia] < K.
i>—1,n> iz—1,n>

Then according to Proposition 3.3, there is a subsequence {uy, (z,t)}2, of {u,(z,t)}52,
which is uniformly convergent to a function u € X on [0, 7/4] x [0,T]. On the other
hand, equation (4.2) implies that u,(z,t) solves the following approximating equa-
tion

3

/4

o g

{un(:v, t){vtt(x, t) + Vpzwa (X, t) — dvp(2, t)} + hi(z, t)v(z, t)} dx dt

+

J
Of{ (o (0,)) + Ra(t) ) 0(0,1) + (g (m/4,)) + hs(®) ) /4,2) } dt = 0

for any v € X2°. But then clearly the limit function u(x,t) satisfies (2.1) for any
v € Xp° and any n € N. Since U yX.° is dense in X> with respect to the
topology of X, we see that u(z,t) satisfies (2.1) for any v € X°°; in other words, u
is a weak solution of (1.1). Summarizing, we obtain the following result:

THEOREM 4.2. If f, g € C(R,R) are odd functions satisfying condition (H),
and hy € X, ha, hs € Y N WH2(0,T), then equation (1.1) possesses a weak T-anti-
periodic solution.
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Theorem 4.2 is an improvement of results in [9] and [10], since we assume in
[9] that the function hq(z,t) is small T-periodic, while in [10], we consider only
functions f(u) and g(u) with at most linear growth at infinity. We also studied
(1.1) in [9] and [10] with ho(t) = hs(t) = 0. Of course, now both functions f(u)
and g(u) are odd and the forcing terms are T-anti-periodic. For instance, condition
(H) holds (see inequalities (4.8)) if

(4.17) liminf f(u) + limJirnfg(u) > —00.

u——+o0
As an example, if
fu) = fiu+ fou?,  g(u) = gru+ gau®

for constants f1, fa, g1 and g2, then (4.17) holds if fo > 0 and g2 > 0, so that both
springs are hard at the ends of the beam.
Now let us consider the case when both functions f(u) and g(u) are linear, i.e.

fw) = fiw, g(u)=gru.
Then Theorem 4.2 is applicable if

— 1
(4.18) (max{—fl,O}—l—max{—gl,O})Ml(Q—i—ZE) <1.
i=1 1"
Then by using Proposition 3.1, we can rewrite (2.1) as the linear equation
(4.19) Mu = hy
for

Mu =u— L(0, f1u(0,-), gru(r/4,-)) ,

hy = L(h1, ha, h3) .
Clearly M is a linear bounded Fredholm operator from X to X with index O.
Theorem 4.2 ensures that X°>° C R(M) - the range of M. Indeed, for any v € X,
we take hi(z,t) = —vi — Vggaa — OUt, ho(t) = 0 and hg(t) = 0. Then hy =
L(h1,0,0) = v(x,t). On the other hand, Theorem 4.2 implies the existence of
u € X such that M(u) = hy. Hence v € R(M), i.e. X C R(M). Since M is of
Fredholm type, R(M) is closed. Since X°° is dense in X and X C R(M), we get
R(M) = X and then N(M) = {0} - the kernel of M. Consequently, M is a linear
isomorphism from X to X. So we obtain the following result.

THEOREM 4.3. Let f(u) = fiu and g(u) = g1u for constants fi, g1 satisfy-
ing (4.18). Then equation (1.1) possesses a unique weak T-anti-periodic solution
Z(hl,hg,hg) =u € X for any hi € X and he, hs € Y. In addition, the linear
mapping L:XXY XY — X is compact.

The implicit function theorem together with Theorem 4.3 yields:

THEOREM 4.4. If f, g € CY(R,R) are odd functions and fi = f'(0), g1 =
9'(0) satisfy (4.18), then there are positive constants K1,e0 such that for any given
functions h1 € X, ha, hg € Y with ||hi|| + ||he] + ksl < €0, equation (1.1)
possesses a unique small weak T-anti-periodic solution v € X satisfying |jul <
Ka([hall + [[h2]l + [lhs]])-

Furthermore, by using Schauder’s fixed point theorem [4] along with Theorem
4.3 and adapting the arguments of [10], we obtain the following result.
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THEOREM 4.5. Let f(u) = flu—l—f(u) and g(u) = gru+g(u) with odd functions
f, g € C(R,R) and constants f1, g1 satisfying (4.18). If there are positive constants
€11, €12, C21, C22 where

cra + oz < 1/||L||
and such that

|f(u)] < c11 +cizful, YueR
|9(u)| < co1 + cazlul, VueR,
then for any given functions h1 € X, ha, hy € Y, equation (1.1) possesses a weak

T-anti-periodic solution u € X.

Of course, when f g have sublinear growth at infinity:

hm f( )/u=0, l|imoo§(u)/u:0,

then the assumptions of Theorem 4.5 hold and equation (1.1) possesses a weak

T-anti-periodic solution u € C([0,7/4] x ST) for any hy € X, ha, hg € Y.
Theorems 4.3, 4.4 and 4.5 are improvements of similar results in [10]. We note

that in Theorem 4.2 we have more general odd functions f, g than in Theorems 4.3,

4.4, 4.5, but on the other hand, we suppose in Theorem 4.2 that ha, hs € W1H2(0,T).
Finally, we numerically estimate from above the constant

M1(2+;M1)

from condition (H). We know from [3] that
(4.20) My <4.763953413.

Now we evaluate the sum

N>|}—l

Yo

We have from [3] that

—

(22—|—1

& -
for any 7 > 1. Since &; > 4 and 7(2i + 1)/2 >4 for all i > 1, we have
1 16 < L (22 +1)
& w2+ 1)1

By solving the equations

cos& cosh(&) =1, i=1,2,---

ES

L)

}_ 512

(4.21)

with the help of Mathematica, we get

& =4.730040744, & = 7.853204624,
(4.22) &3 =10.995607838, &4 = 14.137165491
&5 = 17.278759657, & = 20.420352245

By using
o0 4
T
; 214+ 1)4 96
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(4.21) and (4.22), we obtain

& (2 +1)4 — w20+ 1)
-7

=1 >* 7

6 6
16 1 e 1 16
4.23 S 5y -2
(423) ; (20 + 1)4 — ; &t + 512(1 —e™™) + 6 mt

Consequently, from (4.20) and (4.23), we derive

<1 |
M (2 —) - M (2 T —) < 9.532223039 .
1 +Z; " 12+ 55 > a) <

i=1
Hence, the inequality (4.7) of condition (H) holds, if
af + oy < 1/9.532223039 = 0.104907322
and similarly, the inequality (4.18) holds, if
(max{—f1,0} + max{—g1,0}) < 0.104907322.

5. Multivalued Equations

In this section, we study (1.1) when f and g are multivalued, i.e., we suppose:

: (C1) f,g:R— oR \ 0 are odd and upper semicontinuous mappings with
compact interval values.
: (C2) There are non-negative constants oy and a4 satisfying (4.7), and a
non-negative constant 8 such that
vu > —agu® — B, Vo€ f(u)
vu > —agu? — 3, Vv e gu)

for any u € R.

REMARK 5.1. i) According to [7], condition (C1) is equivalent to the exis-
tence of lower semicontinuous functions f_,g_ : R — R and upper semicontinuous
functions fi, g+ : R — R such that

f-(u) < fi(u),  g-(u) < g4(u),
fuw) =[f-(u), f+(w)],  g(u) = [g-(u), g+ (u)]

for any u € R. Moreover, the oddness of f and g implies

(5.1) —f+(u) = f-(—u), —g4(u) =g-(-u)
for any u € R.

ii) Since (5.1) holds, condition (C2) is equivalent to the assumption that the
functions f_ and g_ satisfy condition (H) with constants aif, oy and (3, respectively.

Now the equation of vibrations is as follows

Uit + Ugpgaar + 5ut + h,l(iZ?, t) = 07
Ugz(0,+) = Uge(m/4,-) =0,
uwww(oa ) S _f(u(07 )) - h2(t) )
Usea(T/4,-) € g(u(m/4,-)) + hs(t) .

(5.2)
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By a weak T-anti-periodic solution of (5.2), we mean any u € X satisfying the
identity

3

/4[ {vtt(x t) + Vpzma (X, t) — dvp(2, t)} + hi(z, t)v(z, t)} dx dt

e
Of{ t)+ g1(t)v (7T/4,t)}dt:0

(5.3)

_|_

for any v € X°° and some fi,g; € L?(0,T) with

fl(t) € f(u(ovt)) + hQ(t) )
91(t) € g(u(r/4,1)) + ha(t)
for a.a. t € (0,T).
We take ay = ay_, g = oy and § = 24 and we find the corresponding
constant © from (4.16) for these &y, &, and 5. Then it is not difficult to modify

the proof of Proposition 1.1 (d) of [7], p. 7 to show that for any &, 0 < & < 1/2
there are continuous and odd functions

fe;9¢:[-©-1,0+1] =R
such that

fe(u) € f((u—e,u+e))+ (—¢,¢),
(5.4) ge(uw) € g((u —e,u+¢)) + (—¢,¢)

for any u € [-© — 1,0 4 1]. Then there is a small &g > 0 such that for any
0 < & < g9, the functions f.(u) and g-(u) satisfy condition (H) with constants ay,
&y and B on [-© —1,0+1]. Now we extend f. and g. to the whole R so that they
are continuous and odd, and they satisfy condition (H) with constants &y, @, and

B on R. Then we apply Theorem 4.2 to get a function u. € X satisfying
(5.5)

"t [ {vtt(x, t) + Vpgwa(x, t) — dvi(x, t)} + hi(z, t)v(z, t)} dz dt

4
/

oy

+ {(f ue (0, 1)) + hg(t))v(O,t) + (gs(us(w/él, 1) + hg(t))v(w/él, t)} dt =0

for any v € X°°. We note that according to the choice of the constant O, uc(z,t)
satisfies (4.16), so it is a solution for nonextended f. and g.. For this reason, (5.5)
holds. Moreover, we know that the sequence {u. }o<c<e, i precompact in X. Then

sup |lue|| < oco. From (5.4) and (C1) we see that sup ||fe(ue)| < oco. So the
0<e<eo 0<e<eo

sequences { f-(uc(0, ) ocece, and {ge(uc(m/4,)) }o<e<e, are bounded in L?(0,T).
Summarizing, we can find a subsequence {ue, }$2; of {uc}o<e<e, such that

Ei — 0,

U, —u in X,

fei (ug,(0,4)) — fo(t) weakly in  L*(0,T),
e, (ue, (1/4,°)) — go(t) weakly in  L*(0,T)

(5.6)

as i — oo for some u € X and fy,g90 € L?(0,T). Now we take ¢ > 0. Then the
upper semicontinuity of f and g, and (5.4) imply that there is an i¢ such that for
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any ¢ > 4, one has
651 Jer((0,)) € F(u(0,1)) + [,
Ge, (U‘Ei (7T/47 )) € g(u(ﬂ'/4v t)) + [_Ca C]
for any t € [0, T]. On the other hand, it is obvious that the sets

s € L2(0,T) | s(t) € fu(0,8)) + [~¢,¢] foraa. te (o,T)}
s€ L*0,7) | s(t) € g(u(n/4,1)) +[~(,¢] foraa. te€ (07T)}

are closed and convex in the Hilbert space L?(0,7T). Consequently, they are also
weakly closed, so that

(58) fO(t) € f(u((),t)) + [_Cv C] )
g0(t) € g(u(m/4,1)) +[=¢, (]
for a.a. t € (0,T). Since ¢ > 0 is arbitrarily small and condition (C1) holds, from
(5.8) we get
fo(t) € f(u(0,2),  go(t) € glu(r/4,1))

for a.a. t € (0,T).

Now by passing to the limit as ¢ — oo with € = ¢; in (5.5) for a fixed v € X,
we see that the function u(x,t) from (5.6) satisfies (5.3) with

fi(t) = fo(t) + ha(t),  g1(t) = go(t) + hs(t)
for any v € X°°. Hence such u(x,t) is a weak T-anti-periodic solution of (5.2).
Summarizing, we obtain the following result:

THEOREM 5.1. If f, g : R — 2R \ @ satisfy conditions (C1), (C2) and hy €
X, hy, h3 € Y NWY2(0,T), then equation (5.2) possesses a weak T-anti-periodic
solution.

Theorem 5.1 is certainly applicable to the simplest multivalued mappings f(u) =
g(u) = sgn (u) (cf. [7]) with

-1 for u<0,
sgn(u) =< [-1,1] for u=0,
1 for u>0.

The multivalued problem (5.2) was not studied in the papers mentioned in the
Introduction.
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