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ABSTRACT. Let (A(t))ter be a continuous family of unbounded operators on
a UMD Banach space X, with t-independent domain W dense and compactly
embedded in X. Under these and other general technical conditions, we prove
that the operator D4 = % — A(+) is a Fredholm operator between the spaces
WLP(R, X) N LP(R,W) and LP(R, X) for every p € (1,00). We also char-
acterize the index of D4 by the spectral flow of A. These results generalize
those obtained by Robbin and Salamon when X and W are Hilbert spaces,
p = 2 and the family (A(t)):er is selfadjoint. The hypotheses involved are
satisfied by broad classes of second order elliptic differential operators with
boundary conditions and by PDE systems with a Hamiltonian-like structure.
An application to the LP maximal regularity for the nonautonomous Cauchy

problem on the half-line is discussed in detail.
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1. Introduction

If H is a Hilbert space and (A(t));er is a C! family of unbounded selfad-
joint operators on H with invertible limits A4 as ¢ — +oo and a t-independent
dense domain D(A(t)) = W compactly embedded in H, Robbin and Salamon [34]
have shown that the operator D4 defined by Dau := % — Auw is Fredholm from
WL2(R,H)N L*(R, W) to L?(R, H). The index of D4 generalizes the difference
between the Morse indices of A; and A_ even though these indices themselves
do not exist if both the positive and negative spectra of AL are infinite. A typi-
cal example (Atiyah, Patodi and Singer [8]), with numerous variants, arises when
(A(t))ter is a family of (selfadjoint) elliptic operators on a compact manifold.

In this paper, the Fredholm property of D4 is established for continuous fam-
ilies of non-selfadjoint unbounded operators in suitable Banach spaces and in the
“LP” setting. Partial results of this type (with D(A(¢)) possibly t-dependent) have
recently been obtained by Di Giorgio, Lunardi and Schnaubelt [16], via exponential
dichotomies. In this spirit, see also Latushin and Tomilov [26] and Di Giorgio and
Lunardi [15] for the case of Holder rather than Sobolev spaces. The recent work
by Abbondandolo and Majer [1] addresses the case when X is a Hilbert space and
A(t) is bounded. When dim X = oo, this is a much different problem than the one
considered here.

Some preliminary discussion is needed before the appropriate hypotheses can be
formulated. An important generalization of Hilbert space is found in the concept of
Banach space with UMD (unconditionality of martingale differences), introduced by
Burkholder [11] in 1966. While their original definition was motivated by probabil-
ity theory, such spaces happen to provide an adequate framework for the discussion
of evolution problems. Closed subspaces, products and duals of Banach spaces with
UMD are themselves Banach spaces with UMD. Also, Banach spaces with UMD
are (super)reflexive (Maurey [28], Aldous [5]). Hilbert spaces as well as the L?
spaces, ¢ € (1,00), have the UMD property ([11], [12, Section 3]).

The characterization of the UMD property in terms of the Hilbert transform
(Burkholder [13], Bourgain [9]) led Bourgain [10] and later Zimmermann [40] to ob-
tain operator-valued versions of various LP multiplier theorems, notably Mikhlin’s,
in Banach spaces with UMD, but only for scalar multiples of the identity. This
limitation was recently removed by Weis [38], which enabled the author to prove a
generalization of the Robbin-Salamon theorem in the UMD setting when the family
A(t) is constant ([32]). This generalization is one of the main tools needed here to
discuss the general case.

A key ingredient in Weis’ multiplier theorem is the combination of the UMD
property of the underlying Banach space with an emerging concept of bound-
edness for families of operators. This so-called “Rademacher boundedness” (r-
boundedness for short) is captured by the following definition, in which r(¢) :=
sgnsin 287 1rt, k € N, denotes the sequence of Rademacher functions on [0, 1].

DEFINITION 1.1. Let X and Y be Banach spaces. The subset T C L(X,Y) is
said to be Rademacher-bounded (r-bounded) if there is a constant C' > 0 such that

(1.1) /01 dTgc/Ol

Y

K
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for every finite collections Ty, ....,Tx € T and x1, ...,xx € X. The smallest constant
C for which (1.1) holds is called the r-bound of T, denoted by r(T) or by roix,v)(T)
if it is important to specify that T is viewed as a subset of L(X,Y).

By letting x = 1 in Definition 1.1, every r-bounded subset 7 C L(X,Y) is
bounded and suppe ||T]| < r(7T). For p,q € [1,00), the Khintchin-Kahane in-
equality (Lindenstrauss and Tzafriri [27, Part IT, p. 74]) ensures the existence of a

constant A, , > 0 such that
B 1 4
dT) <A, (/ dT)
0 X

1 K K
(1.2) (/o ;7‘/@(7)% ;7‘/@(7)%

in any Banach space X. As a result, Definition 1.1 is unaffected if fol [| - ||dT is

1
P .

Qlm

P

X

replaced by (fol [| - ||Pd7') n (1.1), for any p € [1,00). In particular, with p = 2,
the orthonormality of the Rademacher functions shows that r-boundedness is the
same as boundedness if X and Y are Hilbert spaces. In general Banach spaces

(even with UMD), r-boundedness is more restrictive than ordinary boundedness.

REMARK 1.1. If X =Y is an L? space, ¢ € [1,00), there is a more conve-
nient equivalent definition of r-boundedness which does not involve the Rademacher
functions: T C L(L?) is r-bounded if and only if there is a constant C > 0 such
that ) )

K 2 K 2
(Z |kak|2> <C <Z |fk|2> :
k=1 e k=1 e
for every finite collections Ty, ..., T, € T and f1,..., fx € LY. This follows at once
from |27, Part 11, Theorem 1.d.6, p. 49]. Evidently, the only difference with norm-
boundedness is that C must be independent of k. More generally, a similar formu-
lation is valid in q-conver Banach lattices.

If Ag is an unbounded operator on a Banach space X, then o(Ap) and R(Agp, A)
will denote the spectrum and resolvent of Ag, respectively. Because of spectral
considerations, it is convenient to work with complex spaces, but the main theorems
remain true in the real case as well (Remark 6.2).

After these preliminaries, we are now in a position to state our generalization
of the Robbin-Salamon theorem. From now on, X is a Banach space with UMD
and W C X is a normed space. Given a family (A(t)).er of unbounded operators
on X with common domain W, we shall assume that the following conditions hold:

(H1) W is a Banach space and the embedding W — X is compact and dense.
(H2) A € CO(R, L(W, X)).
(H3) There are operators A1, A_ € GL(W, X) such that
J [[AQE) = Aillew.x) = im [[A(t) = A-[[w.x) = 0.
The hypothesis (H3) justifies the notation A_ = A(—o00), A} = A(o0), convenient

to formulate further assumptions. As usual, R := [~o0, 00]. The operators A are

also viewed as unbounded operators on X with domain W. The next condition
controls the behavior of the resolvent of A(t) on the imaginary axis. It is vacuous
in the selfadjoint case (see below).
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(H4) For every t € R there is a constant Cp(t) > 0 such that, for some ng(t) €
N,

(1.3)  rexy({2"aR(i2%a, A(t)) : n > no(t)}) < Colt), aeR,1<]a| <2,

where the left-hand side of (1.3) refers to the r-bound of the set {2"aR(i2"a, A(t)) :
n > ng(t)} C L(X) (see Definition 1.1). This implies

(1.4) IER(EE, A)llccx) < Colt),  E€R, €] =70(),

with ro(t) = 2"®), When X is a Hilbert space, (1.3) is equivalent to (1.4) holding
for some Cy(t) > 0 and ro(t) > 0. For clarity, it should be pointed out that (1.3)
holds if rz(x)({ER(i&, A(t)) = |€] > 270 }) < Co(t), but the latter assumption is
stronger (in general, the r-bound of a union is larger than the maximum of the
r-bounds)

In our framework, the invertibility of the limits A4 does not suffice. The
appropriate substitute is the stronger condition that

(H5) o(Ax) NiR = 0.

The hypotheses (H1) to (H3), plus some differentiability of A, are retained in
[34] when X and W are Hilbert spaces and A(t) is selfadjoint. If so, (H4) and
(H5) also hold: (1.3) has the form (1.4), which in turn is well known to be true for
selfadjoint operators. Thus, (H4) holds and (H5) follows from the invertibility of
A_ and A in (H3).

REMARK 1.2. The case when W = X and hence (A(t))ier is bounded on X
is also instructive: (H1) amounts to dim X < oo and the other assumptions reduce
to (H2), (H3) and (H5). On the other hand, it is not difficult to find bounded
counterexamples to Theorem 1.1 below when dim X = oo and the compactness of
the embedding of W = X into X is the only hypothesis that breaks down. See for
instance [1].

Except for (H4), the assumptions made above can easily be checked directly in
many concrete examples, notably from elliptic PDEs. We shall postpone comments
about the practical verification of (H4) until Section 7.

The main result of this paper may be summarized by

THEOREM 1.1. If the family (A(t))ier of unbounded operators on X satisfies
the assumptions (H1) to (H5), then the operator Dy := % — A is Fredholm from
WLP(R, X)N LP(R,W) to LP(R, X) for every p € (1,00).

The proof of Theorem 1.1 proceeds in two main steps: In Section 3, we show
that the operator D4 is semi-Fredholm of index v € Z U {—o0}. The proof relies
upon the isomorphism theorem of [32] via suitable estimates. While similar esti-
mates were already used in [34], they are here obtained without selfadjointness or
differentiability assumption and by a quite different line of arguments.

The second step (Section 4) consists in proving that the first step is valid for
D_ 4~ and that ker D_ 4« is the annihilator of the range of D 4. This is mostly
an issue of regularity of the weak solutions for D_ 4+, but it is simpler than the
analogous step in [34] in spite of the fact that our framework is much more general.
The difference lies in the choice for the adjoint operator: In this paper, A*(t)
is the adjoint of A(t) € L(W,X), so that A*(t) € L(X*, W*) is viewed as an
unbounded operator on W* with domain X*. In contrast, the Robbin-Salamon
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approach leads to viewing A*(t) as an unbounded operator on X* with smaller
domain D(A*(t)) := {z* € X* : A*(t)z* € W™ is continuous for the topology
of X} C X*. This difference remains important when X is a Hilbert space and
the UMD property and Rademacher boundedness considerations are not an issue,
because working with a smaller domain requires proving stronger regularity results.
In particular, in the Hilbert and selfadjoint case, our proof is simpler than that of
Robbin and Salamon, yet valid for merely continuous families (A(t)):cr (a question
explicitly left open in [34]) and for p € (1, 00) rather than just p = 2.

Relatively elementary properties of the index of D4 are established in Section
5, notably its p-independence (Theorem 5.1), sufficient conditions for D4 to have
index 0 (Theorem 5.2 and Corollary 5.4) and a theorem of invariance of the index
under perturbations which may be neither compact nor limited in size (Theorem
5.3 and Remark 5.1).

In Section 6, we show that the index of D4 can be viewed as the algebraic
count of the eigenvalues of A(t) crossing the imaginary axis as ¢ runs from —oo to
oo (spectral flow). This generalizes the characterization given in [34] and is very
useful to calculate the index of D4 in nontrivial examples. In Section 7, we discuss
how the hypotheses (H1) to (H5) can be checked when (A(t))icr is a family of
second order elliptic operators on a bounded domain and also stress the relevance
of Theorem 1.1 for systems of PDEs with a Hamiltonian-like structure.

The last section shows how the Fredholm properties of D4 on the whole line
can be used to obtain similar properties for initial value problems on the half-line
R and how this has a direct impact on the famous L? maximal regularity question
for the nonautonomous Cauchy problem.

In the next section, we develop some material needed in various places to carry
out the program outlined above. Most results there are either collected or derived
from [32].

2. Background material
We begin with a list of useful consequences of the hypotheses (H1) to (H5).

THEOREM 2.1. Under the assumptions (H1) to (H4), the following properties
hold for everyt € R :
(i) If » € C\o(A(t)), then, A(t) — A\ € GL(W, X).
(i) A(t) has compact resolvent (hence o(A(t)) is discrete).
(iii) The norm of W is equivalent® to the graph norm of A(t) (hence A(t) is a closed
operator on X since W is a Banach space).
In addition,

() If X is has the UMD property, then W has the UMD property.

PROOF. (i) By the continuity of the embedding W — X in (H1), A(t) — A\ €
LW, X) and A(t) — Al is a bijection of W onto X since A ¢ o(A(t)). Thus,
A(t) — A\ € GL(W, X) by the inverse mapping theorem.

(ii) From (i), (A(t)—XI)~! € L(X,W). Since, by (H1), the embedding W «— X
is compact, it follows that (A(t) — AI)~! € L£(X) is compact. Thus, A(t) has
compact resolvent and o(A(t)) is discrete since o(A(t)) # C by (1.4) (implied by
(111)).

11t is not difficult to see that, due to (H3), this equivalence is in fact uniform in t € R.
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(iii) Given t € R, the graph norm of A(t) is equivalent to the graph norm
of A(t) — M for every A € C. It thus follows from (i) and (ii) that we may
assume that A(t) € GL(W, X) with no loss of generality. If so, there is a constant
C = C(t) > 0 such that C7H|w|lw < ||A(t)w||x < C|lw||w for every w € W. This
implies C Y |w|lw < |J[A()w||x + [|w||x < Cllw|lw + ||w||x. After increasing C
if necessary, we may assume that ||w||x < C||lw||w since the embedding W — X
is continuous by (H1). Thus, C~Yjw||lw < |J[A()w||x + |Jw||x < 2C|jw||w for
weW.

(iv) If X has the UMD property, the same thing is true of X x X and of every
closed subspace of X x X (see the Introduction). By (iii), W is isomorphic to a
closed subspace of X x X (the graph of A(t) for any chosen ¢) and hence has the
UMD property. I

The following result is a sharpening of Theorem 1.1 when A(t) is constant.

THEOREM 2.2. ([32]) Let X be a Banach space with UMD and let Ay be a
closed unbounded operator on X with domain D(Ag) =W dense in X and equipped
with the graph norm of Ay. Suppose that:

(i) o(Ag) NiR = 0.
(i) There is a constant Cy > 0 such that, for some ng € N,

(2.1) rex)({2"aR(i2"a, Ag) : n > no}) < Co, VaeR,1< |a| <2.
Then, the operator % — Aq is an isomorphism of W1P(R, X) N LP(R, W) onto

LP(R, X) for every p € (1,00).

REMARK 2.1. More generally, % — Ag is an isomorphism of WFLP(R, X) N
WkP(R, W) onto W*P(R, X) for every p € (1,00) and every k € NU{0}; see [32,
Remark 4.3].

Unlike Theorem 1.1, Theorem 2.2 is valid even if the embedding W = D(Ag) —
X is not compact. Recall (see e.g. Kato [25]) that if X is a Banach space and
Ay, B are unbounded linear operators on X, then B is said to be Ag-bounded if
D(Ap) C D(B) and there are constants «, 5 > 0 such that

(2.2) |Bz[|x < aflAoz||x + Bllzllx,  z € D(A).

The infimum of the possible constants « above is called the Ay -bound «(B) of B
or relative bound of B. Tt is rather fortunate that the technical condition (ii) in
Theorem 2.2 is unaffected by relatively bounded perturbations with small enough
relative bounds:

THEOREM 2.3. ([32]) Let X be a Banach space and let Ag be a closed unbounded
operator on X . Suppose that there is a constant Cy > 0 such that, for some ng € N,

(2.3) rex)({2"aR(i2"a, Ag) : n > no}) < Co, Va e R,1<a|] <2.
Then, there is ag > 0 such that (2.3) continues to hold with Ay replaced by Ao+ H
whenever H is an Ag-bounded operator on X with Ag-bound a(H) < «ap. More
precisely, given (o, 3) such that a € (0,a0) and B > 0, there are C(«) > 0 and
n(a, ) € N, both independent of H satisfying (2.2), such that 2
(2.4)

rex)y({2"aR(i2"a, Ao + H) : n > n(a, B)}) < Cla), Va e R,1<la| < 2.

20f course, C(a) and n(a, 8) also depend upon Ag.
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The following corollary shows that the assumptions (H1) through (H5) are
unaffected by small enough perturbations of A(t). It will be useful in Section 6.

COROLLARY 2.4. Suppose that (H1) to (H5) hold. There is € > 0 such that
if H € C°(R,L(W, X)) satisfies ||H(t)||zow,x) < € and limy_, 1o H(t) = 0, then
(H1) to (H5) hold with A replaced by A+ H.

PRrROOF. This is obvious, except for the fact that condition (H4) holds if € > 0
is small enough. Let ¢y € R be given. By (H3) and the continuity of A and by the
equivalence of the norm of W with the graph norm of A(tg) (Theorem 2.1 (iii)), there
are an open interval® .J;, about to and 8 > 0 such that ||A(t)z+H (t)z— A(to)z||x <
2e||A(to)x||x + Bl|z||x for all t € J, and all z € W. It now follows from Theorem
2.3 with A9 = A(t) that (H4) holds with A replaced by A+ H and ¢t € Jy, if £ > 0
is small enough. Thus, by the compactness of R, (H4) holds with A replaced by
A+ H and all t € R after shrinking & > 0 if necessary. I

In Theorem 2.2, Ay may also be viewed in L(W, X) if W = D(Ay) is equipped
with the graph norm, and then R(i€, Ag) € L(X, W) whenever i€ ¢ o(Ap). The
following theorem shows that condition (ii) of Theorem 2.2 can also be formulated
in this (different) setting.

THEOREM 2.5. Let X be a Banach space and let Ag be an unbounded operator
on X with domain D(Ag) = W equipped with the graph norm of Ag. Then, condi-
tion (i) of Theorem 2.2 holds if and only if there is a constant Cy > 0 such that,
for some ng € N,

(2.5) rex,wy({R(i2%a, Ag) = n > ng}) < Co, VaeR,1<|a| <2.

Likewise, the boundedness of ||ER(i&, Ao)||z(x) and of ||R(i&, Ao)l|ccx,wy for €] >
ro and some ro > 0 are equivalent.

PROOF. We only prove the equivalence of (2.1) and (2.5) since the equivalence
of the boundedness of ||{R(i§, Ao)||z(x) and of ||R(i, Ao)||z(x,w) for [£] > 70 is
entirely similar and technically simpler.

Suppose that (2.5) holds. Given k € N and n € N and o, € X,1 < k < &, we
have

(2.6) 12" aR(i2"a, Ag)xr = x + Ao R(i2""a, Ag)xk,
for every a € R with 1 < |a| < 2, so that
1
dr S/
0

(2.7) /0 ZTk(T)an aR(i2™a, Ag)xk Zrk (1)xg
X k=1

k=1
1 K
/ Ao <Zrk(T)R(i2"’“a,Ao)xk>
0 k=1

Since W is equipped with the graph norm of Ay,

Ag <i ri(T)R(i2™a, Ao)xk>
k=1

K
dr+
X

dr.
X

<
b's

Z ri(T)R(i12™ a, Ag)xk
k=1

w

3opon in R.
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and hence it follows from (2.5) that

1 K 1 K
/ Ao <Z re(T)R(i2"a, Ao)xk> dr < C’O/ re(T)xg|| dr.
0 k=1 X 0 k=1 X
if ny > ng. By substitution into (2.7), we obtain
/ Zrk 12" aR(i2"*a, Ag)x|| dr < (Cop+1) / Z T,
X k= X

so that (2.1) holds.
Conversely, suppose that (2.1) holds. Rewrite (2.6) in the form

2" aR(12™a, Ag)xr — x = AoR(i2™a, Ag — Aol )xk
This yields

/0 g (Z r (F)R(i2%a, Ao)xk>

k=1

/

dr <
X

K

Zrk (1)2™ aR(i2"*a, Ag)xy Zrk (T)zk

1
/
0

k=1 X k=1 X
and hence, with Cy and ng from (2.1),
1 K
(2.8) / Ap <Z Tk(T)R(i2”ka,A0)xk> dr < Co-‘rl T,
0 k=1 X = e

if ng > nog.
On the other hand, since |a] > 1 and ng € N, then

{R(i2"a, Ag) : n > ng} C [0,1]{2"aR(i2"a, Ag) : n > ng},

where the set in the right-hand side consists of the products a2"aR(i2"a, Ag) for
some « € [0,1] and some n > ng. Hence (for instance by [32]),

rex)({R(i2%a, Ag) 1 n > no}) < 1rx)({2"aR(i2"a, Ag) : n > no})
so that r,(x)({R(i2"a, Ag) : n > no}) < Co, irrespective of 1 < |a| < 2. Thus, if

nk2n07
1 1
/ dTSOo/
0 0

X
Together with (2.8) and since the norm of W is the graph norm of Ay, we obtain

/

so that (2.5) holds. I

K

Z ri(7)xk

k=1

dr.

> rk(r)R(i2™ a, Ag)zy,
k=1

X

dr.

1
dr < (200+ 1)/
0

Z ri(T)R(i12™ a, Ag)xk
k=1

w X

The next result is a special case of [32], using the fact that Banach spaces with
UMD have nontrivial Rademacher type ([32]). It is the r-bounded version of the
elementary result that a subset of £(X,Y) is bounded if and only if the subset of
the corresponding adjoints is bounded in £(Y™*, X™*).
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THEOREM 2.6. Let X andY be Banach spaces with UMD. Given T C L(X,Y),
denote by T* the set T* := {T* : T € T} C L(Y*,X*). Then, T is r-bounded
if and only if T* is r-bounded. Furthermore, there are constants ¢(X) > 0 and
c*(Y') > 0 depending only upon X and Y, respectively, such that rpiy« x+)(7*) <
(X)rex ) (T) and that rex y)(T) < ¢ (Y)rey = x)(TF).

3. The semi-Fredholm property

This section is devoted to proving Theorem 3.1 below, a first and main step
towards the proof of Theorem 1.1.

THEOREM 3.1. Let X be a Banach space with UMD. If the family (A(t))ier of
unbounded operators on X satisfies the assumptions (H1) to (H5), then for every
p € (1,00) the operator Da = & — A is semi-Fredholm with index v € Z U {—oo}
from WHP(R, X) N LP(R,W) to LP(R, X). (In other words, Da has closed range

and a finite dimensional null space.)

From now on, with X and W as in Theorem 3.1, it will be convenient to use
the notation

(3.1) X? .= LP(R, X), WP .= WP(R, X)NLP(R, W)

and we shall assume throughout this section that (A(t))ier C L(W, X) satisfies
the assumptions (H1) to (H5) without further mention. Also, p € (1,00) is chosen
once and for all.

We need a series of lemmas, notably about the operators D 4(,)—x; when both
s and A are parameters and hence D 4(5)_x;1 = % — (A(s) = A I) acts on functions
u = u(t).

LEMMA 3.2. (i) Let so € R be given and let A\g € R be such that 0 (A(so)—AoI)N
iR = 0. Then, there are an open interval Jy about so and a constant C(sg) > 0 such
that D g(sy—xo1 € GLONV?, XP) for every s € Jo and that ||D2(15)_>\01||L(XP7WP) <
C(s9) for every s € Jy.

(ii) There is T > 0 such that D 45y € GLOVP, XP) for every s € (—oo, =T)U(T, 00)
and there is a constant Cso > 0 such that ||D2(15)||L(XP)W;J) < Cx for every s €
(=00, =T)U (T, ).

PROOF. (i) By Theorem 2.1 (iii), the operator A(sp) is a closed unbounded
operator on X with domain W equipped with a norm equivalent to the graph norm
of A(so), also the graph norm of A(sg) — Aol. Next, by (H4), A(so) satisfies the
condition (2.3) of Theorem 2.3 and —\¢I is A(sg)-bounded with relative bound 0.
Thus, by Theorem 2.3, A(sg)— o I also satisfies (2.3), i.e., condition (ii) of Theorem
2.2. Since W = D(A(so)—Ao!) is dense in X by (H1) and since o(A(sg)—Aol)NiR =
0, it follows from that theorem that D 4(5,)—x,7 € GL(WP, AP).

It is readily checked that (H2) implies that the mapping s € R+ D 4(5)—x,1 €
L(WP, XP) is continuous. By the openness of GL(WP, XP) in LONVP, XP), it thus
follows that Dags)-x,s € GLOWP,XP) with ||Dl_, /lle(xewr) bounded by a
constant C'(sg) > 0 if s € Jy and Jy is a small enough open interval about sg. This
proves (i).

(ii) The procedure is similar, just replacing A(sg) by A4 and using (H3) instead
of (H2). The assumption (H5) ensures that Theorem 2.2 is available with Ay =
Ar. 1
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LEMMA 3.3. There are a finite set A C R and a constant C > 0 such that, for
every s € R, the following two properties hold:
(i) There is Ao € A such that D o(5)—x, 1 € GLOVP, X?) and HDX(IS%AOI
C.
(it) There is T > 0 such that (i) holds with Ao = 0 whenever |s| > T, that is,

D sy € GL(WP, XP) and HD;(ls) ) <Cifls| >T.

L(xrwe) —

PROOF. Let T' > 0 be as in part (i) of Lemma 3.2 and let sg € [-T,T] be
given. From Theorem 2.1 (ii), o(A(sp)) is discrete. As a result, there is A\g € R
such that o(A(sp) — MoI) NiR = @) and Lemma 3.2 (i) shows that there are an open
interval .Jo about s and a constant C(so) > 0 such that D 45)—x,1 € GL(WP, &P)

1 .
and HDA(S)—/\U IHL(XP,WP) < C(sp) if s € Jp.

Cover [—T,T] by finitely many such open intervals J; about s, € [-T,T],1 <
¢ < N, with corresponding A\; € R and set A := {0, \1,..., An}. If s € R, we have
either s € [-T,T] or s € (—oo0,—T) U (T, 00). In the first case, s € J; for some £ €

1 -1
{1, N}, whence DL, € GLOW,&7) and |D3l, ,HE(XP?WP) < C(s0).

< Co by part (ii)

L(xP, W)
of Lemma 3.2. Thus, C' = max{Co, maxi<;<n C(s;)} works in (i) and (ii). Il

)
In the second case, D 4(5) € GL(WP, &?) and HDX(ls)

LEMMA 3.4. There is € > 0 such that, for every 6 € C*(R) and every u € WP,

(32)  sup [JA(s) = AW)llcwx) S e =
s,teSupp 0

u—

e (o

+ ||9’U,||)(p) .

XP

Furthermore, there is T > 0 such that whenever Supp6 C (—oo, =T)U(T, ), then

..
XP'

u—

(33) I6ulbwr << (I6Daulles + o

PRrROOF. Let u € WP be given and set f := Dau. The multiplication of both
sides by § € C*(R) yields D4 (6u) = u% + 60f. Pick sg € Suppf and let \g € A
be given by Lemma 3.3 (i). Then,

df
DA(SO)—AOI(HU) = (A - A(So)) Ou+0f + u% + Aobu

and hence, by Lemma 3.3 (i),
dé

u—

34) Il <€ (114~ Als0) Oull e + 107+ [0

Tl ||9u||m) ,
xp

where C' > 0 is a constant independent of sy, u and 6. By writing

A= Aol ouller = (1A = Ao o0 )

upp 0
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we obtain the estimate

1 (A = A(s0)) Oullx» < sup |[A(t) = A(so)l|cow,x)l|0ul| oW <

teESupp 6

sup |[A(s) — A()] o, x)l[0ul[ye.
s,teSupp 6

Since A is finite, we now may change C into C' max{l, maxyea |A|} in (3.4) to
get

10ullwe <C sup 9||A(S)_A(t)HE(W,X)”euHWP‘f’

s,teSupp

de
U—

o (105l + a2y

+ ||9u| |Xp) ;
X

which yields (3.2) with ¢ = 55 independent of u and 6 since f := Du.

The proof of (3.3) is similar, using part (ii) instead of part (i) of Lemma 3.3,

which shows that we may choose A\g = 0 in (3.4 ) if T > 0 is large enough and

Supp C (—oo,—T) U (T,00). In particular, by (H3), T can be chosen so that

|A(s) — A(t)||zow,x) < 5 whenever s, > T or s,t < —T. This yields (3.3)
1

with € = 55 when Supp 6 C (—oo, —T) or when Supp@ C (T, 00) and hence when

Supp C (—oo,=T) U (T,00). I

The last lemma follows readily from the uniform continuity of A on compact
intervals.

LEMMA 3.5. Giwwven ¢ > 0 and T > 0, there is a covering of [-T,T)] by
finitely many bounded open intervals Jp,1 < £ < M, such that sup, ;¢ ;, [|A(s) —
A cow,xy <€ for every 1 <L < M.

Proof of Theorem 3.1. By Yood’s criterion ([14, p. 78] ), it suffices to show
that D4 is proper on the closed bounded subsets of WP, i.e., that every bounded
sequence (u,) C WP such that

(3.5) Dau, — fin XP,

contains a convergent subsequence.

Let € > 0 be given by Lemma 3.4 and let 7' > 0 be such that ( 3.3) holds. With
this choice of ¢ and T, Lemma 3.5 yields finitely many bounded open intervals
J1, ..., Jpr covering [T, T such that

(3.6) sup [|A() = AW)lleawx) <& 1<L<M.
s,tedp

Set Jo := (—00,T) and Jy+1 = (T,00), so that R = UL, and let

(0¢)o<e<m+1 be a partition of unity subordinate to this covering. From the bound-

edness of J; when 1 < ¢ < M, we infer that 0y(¢t) = 1 for —t > 0 large enough and

Orr41(t) =1 for ¢ > 0 large enough. Thus, Supp % and Supp dagft“ are compact.

Since also Supp 8, C J; is compact when 1 < £ < M, there is 0 < T' < oo such that

(3.7) Suppy C (-T,T), 1<t<M,

do .
Suz?pd—tlZ C(=7T), 0<{<M+1.
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Since Supp Oy C (T, 00) and SuppOyr+1 C (—oo, —T') and due to the choice of
e and T, it follows from (3.3) that
de,
ar
for every u € WP. If now 1 < ¢ < M, we infer from ( 3.6) and Supp8, C Jy that
SUP; s suppo, [1A(S) — A)||cow,x) < . Hence, by (3.2) with 6 = 0,,

(3.8) ||9gu||wp < g1 <||9gDAu||)(p +

>, {=0or M +1,
xPp

de
(3.9) ||6‘gu||wp < et (||9@DAU||XP + ud—f + ||9gu||xp> , 1<é<M
xp
for every v € WP. By adding up (3.8) and (3.9),
M+1 M+1 MALy e M
(3.10) ; [[0cullw»r < et (; [|0¢D aul|xr + ; UE » +; ||6‘gu||/\/p> .

We shall set
(3.11)  AP:=LP((-T.,T),X), WE:=W"(-T,T),X)nL*((-T,T),W).

By (3.7) and (3.10) and Zé‘f&l 6y =1 (whence u = e]\ﬁgl Oyu), there is a constant
C > 0 independent of u such that

(3.12) lullwr < C([[Daullxr +[lullaz), e WP

Since the embedding W < X is compact and the interval (=7, T) is bounded,
it follows from Simon [37, Theorem 1] that the embedding Wg — XTQ is compact.
We may thus assume with no loss of generality that the sequence (u,) (bounded in
WP and hence in Wg) is convergent in X;Z. Then, by letting u = u, — 4y, in (3.12)
and since (D guy,) is convergent in X by (3.5), we find that (u,) is convergent in
WP This completes the proof.

REMARK 3.1. When A satisfies the hypotheses of Theorem 3.1, it follows from
(3.12) that the boundedness of u and Dau in XP implies the boundedness of u in
WP,

4. Regularity and the Fredholm property

We continue to assume that X is a Banach space with UMD and that p €
(1,00). With p’ € (1,00) denoting the Holder conjugate of p, we introduce the
spaces

(4.1) WP =LV (R,W*),  &xP =W (R, W*) N LY (R, X*).

The spaces WP and Xf/correspond to the space X and WP in (3.1) (in that order),
upon replacing X, W and p by W*, X* and p/, respectively. It is important that
(4.2) L¥ (R, X*) = (I*(R, X)) = (X?)".

For this, see Edwards [20] and recall that Banach spaces with UMD are reflexive
(see the Introduction). In fact, if ((-,-)) denotes the duality pairing between X
and (X?)*, then

(4.3)  ((v,v")) = A(u(t),v*(t))x,x*dt, veEXP, vt e (XP) =LV (R, X%),

where (-, -)x x~ is the duality pairing between X and X*.
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With
(4.4) (rge Da)t = {v* € (XP)* : ({v,v")) = 0,Vv €1ge Da},
we first prove that if (A(t)):er satisfies (H1) to (H5), then
(4.5) (rge Do)t =ker D_4-,

where D : WP — XP and D_4. = & 4 4% . X7 — WI'. By (H2) and (H3)
and duality, A* : R — L£(X™*, W*) is continuous and bounded, whence D_ 4« does
map X? to WP and (4.5) makes sense since x¥ ¢ (XP)* by (4.1) and (4.2). Of
course, (rge D)t = ker(D4)* with (Da)* € L((XP)*, (WP)*) the adjoint of D 4.
But (D)* has no convenient explicit characterization and hence a direct proof
that dimker(D4)* < oo is not available. On the other hand, (4.5) shows that (rge
D)%, a subspace of (XP)*, is actually a subspace of X7 (XP)*, so that (4.5) is
a “regularity” result. We now prove it in

LEMMA 4.1. Let X be a Banach space and let (A(t))ier be a family of un-
bounded operators on X satisfying the assumptions (H1) to (H5). Then, v* € (XP)*
and

(4.6) ({Dau,v*)) =0,
for every w € WP if and only if v* € Xf/ and D_ 4«v* = 0.

PROOF. Suppose first that v* € (X?)* = L (R, X*) and that ((Dau,v*)) = 0.
Since the embedding W — X is continuous, every z* € X* is in W* and the
restriction of * to W (dense in X') determines z* uniquely. Thus,

(4.7) (T, 2"y x x+ = (@, 2" )Ywwe, VeeW, Vz*eX*C W

In particular, the embedding X * C W* is continuous, so that L (R, X*) C L (R, W*)
and hence v* € L¥' (R, W*).

It remains to prove that L~ € LP (R, W*) and that D_4-v* = 0 as distri-
butions with values in W*. The former property follows from the latter because
D_ 4«v* = 0 amounts to dst* = —A** € LP (R, W*) since A* : R — L(X*, W*) is
continuous and bounded (by (H2), (H3) and duality) and v* € L (R, X*).

Let z € W C X and ¢ € D(R) = C§°(R) be given, so that gz € WP and hence
({Da(px),v*)) = fR<Cfl—f(t)x— e(t)A(t)z, v*(t)) x,x~dt = 0 by (4.3) and (4.6). This
may be rewritten as

[ 5P 00 Ohxxe = [ (o) Oww-de = 0.

Since the Bochner integral commutes with duality pairings, this is also
d * * *
(4.8) <x,/ d—s:(t)v (t)dtyx,x» — <x,/ w(t)A*(t)v*™ (t)dt)w,w~ = 0.
R R
It follows from (4.7) and the assumption « € W that the pairing (-, ) x x» in (4.8)
may be replaced by (-, -)w,w~=. In this form, (4.8) expresses that

(4.9) /R ‘fl—f(t)v*(t)dt— /R P(t)A* (t)v* (t)dt = 0,

in W*. By definition of the derivative in the sense of distributions and since ¢ €
D(R) is arbitrary, this is just D_4+-v* = 0 as distributions with values in W*.
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Conversely, suppose that v* € X7 and D_4«v* = 0. Then, v* € (XP)* by
(4.1) and (4.2) and (4.9) holds for every ¢ € D(R). By reversing the above steps,
it follows that ({(Da(ex),v*)) = 0 for every x € W and every ¢ € D(R). Thus,
by linearity, ((Dau,v*)) = 0 for u € D(R) ® W and hence for u € WP by a
straightforward density argument (since W is dense in X). I

THEOREM 4.2. Let X be a Banach space with UMD and let (A(t))ier be a
family of unbounded operators on X satisfying the assumptions (H1) to (H5). Then,
the operator D, is Fredholm from WP to XP for every p € (1,00). Furthermore,
D_ 5« is Fredholm from Xfl to Wfl and in this setting, index D_ 4« = —index D 4
and (rge Dp)* =ker D_ 4-.

PrOOF. By Theorem 3.1, D4 is semi-Fredholm with dimker D4 < oco. To
prove that D 4 is Fredholm, it suffices to show that dimker D_ 4« < oo when D_ g«

acts from Xf/ to Wf/ : If so, codim rge D4 = dimker D_ 4+« by Lemma 4.1 and
the closedness of rge D 4. The characterization (rge D A)J- = ker D_ 4+ also follows
from Lemma 4.1.

We shall prove the stronger result that D_ 4« is semi-Fredholm with finite

dimensional null space from X7 "to WY, To do this, we check that we may replace
A by A* in Theorem 3.1, so that X becomes W* and W becomes X*. To begin
with, W is a Banach space with UMD by Theorem 2.1 (iv), whence W* is a Banach
space with UMD. For convenience, in the remainder of the proof, we call (H*1),...,
(H*5) the conditions (H1),..., (H5) for A*.

As noted in the proof of Lemma 4.1, X* — W* (continuous embedding). Let
j denote the embedding W — X, so that j is compact by (H1). Then, j* €
L(X*, W*) is compact and, for x* € X*, j*z* € W* is the restriction of z* to W.
Thus, j* is the (compact) embedding X* — W*. Since X and W are reflexive
(Theorem 2.1 (iv)), we have (j*)* = j and, since j is one to one, it follows that
7*(X*) = X* is dense in W*. This proves (H*1). From now on, we simply denote
by “I” (identity) the embeddings j and j*.

The conditions (H*2) and (H*3) (with Ay replaced by A%) are trivial from
(H2) and (H3) and duality.

Given t € R, the property (H*4) requires the existence of C{(t) > 0 and of
ng(t) € N such that

rew=y({2"aR(i2"a, A™(t)) : n > ng(t)}) < Co (1), acR,1<]a <2,

where A*(t) is viewed as an unbounded operator on W* with domain X*. This
inequality follows from (H4) and Theorems 2.5 and 2.6. Specifically, by (H4) and
Theorem 2.5 there are Cy(t) > 0 and ng(t) € N such that

(4.10)  reoxowy ({R(i2%a, A(t)) :n > no(t)}) < Col(t), aceR,1<al <2.
The embedding X* — W™ being the adjoint of the embedding W — X, we have
(M — A)* = AI — A* and hence R(\, A*(t)) = R(\, A(t))*. Thus,

reowe xs) ({B(i2%, A%(1)) s n > no(t)}) < ¢(X)Co(t),
by (4.10) and Theorem 2.6, where ¢(X) > 0 depends only upon X. Thus, (H*4)
holds by another application of Theorem 2.5, provided that we check that the norm
of X* is equivalent to the graph norm of A*(¢). This is done below.

By the continuity of the embedding X* < W™* the graph norm of A*(t) is
equivalent to the graph norm of A*(t) — A\ I= (A(t) — M\I)* for every A € C. On
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the other hand, since o(A(t)) # C, there is A such that A(t) — A€ GL(W, X) (see
Theorem 2.1 (i) and (iii)). As a result, it is not restrictive to prove the equivalence
of the norm of X* with the graph norm of A*(¢) under the additional assumption
that A(t) € GL(W, X).

Given z* € X* and = € X, we have

= (AWA™ )z, 2%) x x| = (A7 (t)z, A* () ) ww-| <
JAT ()| lw || A* ()™ |-,

(@, 2") x x~

so that

[l2*[[x < AT O e m 1A ()2 | lw- <
AT Ol coxow) (2 [lw= + [|A* ()" [[w-)-

Conversely, [[o* [~ +[|A*(#)a* [l < (C + A (1) |e(x- ) lla*] [ x- where C > 0
is the norm of the embedding X* — W¥*. This proves the desired equivalence of
norms and completes the proof of (H*4).

The last condition, (H*5), is trivial from (H5) and Theorem 2.1 (i).

At this stage, we have that D_ 4« is semi-Fredholm with finite dimensional null
space from X to WY by Theorem 3.1 for —A*. As noted at the beginning of the
proof, this yields codim rge D4 = dimker D_ 4~ and hence

(4.11) index D4 = dimker Dy — dimker D_ 4.

In turn, if A is replaced by —A* in this identity (a substitution justified by the first
part of the proof), then —A* is replaced by A**. But A** = A since X and W are
reflexive. This gives index D_ 4« = dimker D_ 4+ — dimker D4 = —index D 4 and
the proof is complete. I

Theorem 4.2 raises the question of the p-independence of the index of Dy,
which will be proved in Theorem 5.1.

REMARK 4.1. It follows at once from Theorem 4.2 and the local constancy of
the index of Fredholm operators that the index of D4 is a homotopy invariant of
the paths (A(t))ier satisfying the assumptions (H1) to (H5).

5. Elementary properties of the index of Dy

We begin with a regularity result that also proves the p-independence of the
index of D4 in Theorem 4.2.

THEOREM 5.1. Let X be a Banach space with UMD and let the family (A(t))ter
of unbounded operators on X satisfy the assumptions (H1) to (H5). If p,q € (1,00)
and f € XP N XY and if uw € WP satisfies Dau = f, then u € WP N W9, In
particular, the index of Dy : WP — XP is independent of p € (1,00).

PrOOF. We shall use a localization argument based on the fact that when
A(t) = Ag is constant and o(Ag) iR = (), then D4, € GL(WP, XP)NGL(W?, X9)N
GL(WP W1, XP N X1) ([32]).

Given T' > 0 and 6 € D(R) with support in (T, 0o) satisfying § = 1 in [T+1, 00),
we have D4 (0u) = 0f + %u and D4 (0u) = D, (6u) where Ap(t) = A(T) ift < T
and Ap(t) = A(t) if t > T. Thus, Da,(0u) = 0f + %u. By increasing T', Da,.
is an arbitrarily small perturbation of D4, and since o(A4) NiR = 0 by (H5), it
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follows that D, € GLOWP, XP) N GLOWY, X9) N GLOWP N W1, XP N X9) for T
large enough. Since u € WP C C°(R, X) and %u has compact support (whence
of, %u € XP N X?), this implies that Ou € WP N W4. Likewise, fu € WP N W1
if # € D(R) has support in (—oo, —T) with T > 0 large enough and § = 1 in
(=00, =T —1].

Let now to € R be fixed. Choose A\g € R such that o(A(tp) — Aol)NiR = 0 (see
Theorem 2.1 (ii)), so that D 4(;y)—x,1 € GLOWP, XP)NGL(W?, X )NGL(WP N1,
XPNAXT). Given € > 0, define Ay (t) = A(to—¢) if t < to—e, Asye(t) = A(to+¢)
if t >tg+eand Ay, (t) = A(t) if t € [t —e,t +¢]. Then, Da, .1 is arbitrarily
close to D (1y)- a1 if € > 0 is small enough, whence Dy, .—x,1 € GLOWP,X?)N
GLOW1, X)) N GLOWP N W1, XP N X?). Next, Da(0u) = Da_x,1(0u) + Aobu =
D, .~xo1(0u)+Xo0u if € D(R) has support in (to—¢, to+€). Thus, Da, .- 1(0u)
0f + %u — Xfu € XP N X7 and hence u € WP N W1 from the above.

That u € WP N W1 follows from the results of the previous two paragraphs via
a partition of unity similar to the one used in the proof of Theorem 3.1. We skip
the (routine) details.

With the choice f = 0, we obtain that the null space of Dy : WP — AP is
contained in WP N W% C WY for all 1 < g < oo and hence independent of p. By
replacing A by —A* (see the proof of Theorem 4.2), the null space of D_ 4~ : X7

WY is also independent of p and hence index D4 is independent of p by (4.11). 1

In our next result, we give a simple condition ensuring that D4 has index 0. It
will be used for the general characterization of the index in the next section.

THEOREM 5.2. Let X be a Banach space with UMD and let the family (A(t))ter
of unbounded operators on X satisfy the assumptions (H1) to (H5). If also o(A(t))N
iR = 0 for every t € R, then the operator D4 := % — A is Fredholm of index 0
from WP to XP for every p € (1,00).

ProoOF. From Theorem 4.2, we already know that D 4 is Fredholm. For T' > 0,
let A denote the operator Ar(t) = A(t) fort € [-T,T], Ar(t) = A(=T) fort < =T
and Ap(t) = A(T) for t > T. It is obvious that Ar satisfies the assumptions (H1) to
(H5), so that once again by Theorem 4.2, the operator D 4, is Fredholm from WP
to XP. Since Dy, € L(WP, XP) depends continuously upon T',the index of Dy, is
independent of "> 0. On the other hand, lim7 .o [|[Da, — Dal|zoww,xr) = 0 by
(H3), so that index D4, = index Dy if T > 0 is large enough. Thus, index Dy =
index D 4, from the above. But (Ao (t))ier is the constant family A(0) and, since
o(A(0)) NiR = 0, it follows from Theorem 2.2 that D,, is an isomorphism. As a
result, index D4 = 0. 1

Next, we examine the effect of perturbations of A on index D 4. The proof of the
following theorem is not based on the usual argument that compact perturbations
of Fredholm operators preserve the index (see Remark 5.1).

THEOREM 5.3. Let X be a Banach space with UMD and let the family (A(t))ier
of unbounded operators on X satisfy the assumptions (H1) to (H5). Suppose that
K € CO(R,K(W, X)) where K(W,X) C L(W, X) is the subspace of compact oper-
ators and that limy_o || K(t)||z(w,x) = 0. Then, the operator Dk is Fredholm
from WP to XP for every p € (1,00) and index Dk = index D 4.
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PRrROOF. It suffices to show that A + K satisfies (H1) to (H5). If so, after
replacing K by aK for o € [0,1], it follows from Theorem 4.2 that Dajax is
Fredholm and then index D 54k = index D4 by the local constancy of the index.

It is obvious that A 4+ K satisfies (H1), (H2), (H3) and (H5). We prove that
A+ K satisfies (H4). Observe first that, by the equivalence of the norm of W with
the graph norm of A(t) (Theorem 2.1 (iii)), the assumption that C(t) € (W, X)
(with C(d00) = 0) implies that K (t) is A(t)-compact for ¢ € R and hence A(t)-
bounded with A(t)-bound 0 (Hess [22]; recall that X is reflexive). Therefore, (H4)
for A+ K follows from (H4) for A and Theorem 2.3. I

REMARK 5.1. In Theorem 5.3, Dayx need not be a compact perturbation of
D 4, i.e., the multiplication operator K : WP — XP induced by K wn the obvious way
need not be compact. In fact, from the given proof, Theorem 5.8 remains valid if the
assumption K (t) € K(W, X) is replaced by the condition that K (t) is A(t)-bounded
with A(t)-bound 0. Thus, Theorem 5.3 does not follow from the classical stability
properties of Fredholm operators. However, K is compact when X is a (separable)
Hilbert space (see [34]). Also, K is compact when K € CO(R, £(X)) (a special case
of Theorem 5.3 since the embedding W — X is compact). If so, the compactness
ofl? can be derived from [37, Theorem 1] after replacing K by a step function with
values in L(X) and vanishing outside a compact interval. It is noteworthy that if
K € C°(R,K(X)) and A(t) = A is constant, then Theorem 5.3 is still true even
if the embedding D(Ag) = W — X is not compact (see [32], or [1, Theorem B]
when X is a Hilbert space and Ay is bounded).

As a simple corollary to Theorem 5.3, we obtain another sufficient condition
for the index of D4 to be 0.

COROLLARY 5.4. Let X be a Banach space with UMD and let the family
(A(t))ter of unbounded operators on X satisfy the assumptions (H1) to (H5). Sup-
pose also that A_ = Ay and that A(t) — AL € K(W, X) for everyt € R. Then, the
operator D 4 is Fredholm of index O from WP to XP for every p € (1,00).

Another sufficient condition for the index of D 4 to be 0 arises as a special case
of Theorem 6.7 later.

REMARK 5.2. All the index theorems of this paper remain true if X is a real
space. This follows from a straightforward general property: If E and F are real
Banach spaces and L € L(E,F), denote by Ec,Fc and Lc € L(Ec, Fc) their
complezifications. Then, L and Lc have closed range simultaneously, (Lg)* =
(L*)c and dimker L = dimgker Le, dimker L* = dimg ker(Lc)*, so that the
indices of L and Lc are simultaneously defined and equal. This property is relevant
here since passing from X to Xc amounts to changing WP, XP and D 4 into their
complezifications.

6. Calculation of the index of D4

In this section, we show that the index of D4 coincides with the spectral flow
of A, that is, with the algebraic count of the eigenvalues of A(t) that cross the
imaginary axis when ¢ varies from —oo to co. Of course, this characterization,
which generalizes the one given in [34] in the Hilbert and selfadjoint case, makes
sense only when the crossing of the imaginary axis can be defined without ambiguity.
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Let X and W be complex Banach spaces such that W C X and the embedding
W — X is compact. For the time being, we need not assume that X has the UMD
property. Every operator L € L£L(W, X) can be viewed as an unbounded operator
on X with domain W and hence has a well defined spectrum o(L). If o(L) # C,
then L has compact resolvent and L — Al € GL(W, X) for every A € C\o(L) (see
the proof of Theorem 2.1). We set

(6.1) O:={L-X:LeL(WX),0(L)#C,X e C}
and, for k € N, we define S C O by
(6.2) Sk :={N € O: codimc rge N = k}.

LEMMA 6.1. (i) The subset O is an open subset of L(W, X).
(ii) Sy is a compler analytic submanifold of O of (complex) codimension k*. Fur-
thermore, the tangent space TSy is given by

(6.3) TnSy ={H € LW, X) : H(ker N) C rge N}.

PROOF. (i) The set of those L € L(W,X) such that o(L) # C is open in
L(W, X) and hence, for every A € C, the set Oy ={L - A : L € L(W,X),0(L) #
C} is open in L(W, X). Thus, O = UyecO, is open in L(W, X).

(ii) First, note that Sy is also characterized by

(6.4) Sk :={N € O :dimcker N = k}.

Indeed, if N € Sk, then N = L — AI for some L € L(W, X) such that o(L) # C
and some A € C. Choose u € C\o(L), so that (L —pl)~* € £(X,W) and hence
(L—pI)~t € L(W)is compact. Since N = (L—pul)(I+(u—M)(L—ul)~1), it follows
that codim rge(/+(u—\)(L—pI)™1) = k. Thus, dimc ker(I+(u—A)(L—pl)™) =k
by the compactness of (L — ul)~t € L(W) and so dimc ker N = k. By reversing
the above arguments, if N € O and dimcker N = k, then N € S;. This proves
(6.4).

Now, let Ny € Sk and let N € O be given. Let P € £(X) denote a projection
onto a complement of rge Ny (recall that, in Banach spaces, bounded linear opera-
tors with finite corank have closed ranges, hence closed and complemented ranges)
so that Q := I — P projects onto rge Ny. Let 7 € L(W) denote a projection
onto ker No with null-space V' := ker7. If ||[N — No|[zw,x) is small enough, then
(QNjy)~! € L(rge Ny, V) is well defined and € ker N if and only if [(I — 7)z =
—(QNj)'QNma AND] PN (I — (QNyy) 'QN)raz = 0 Thus, dimker N = k (and
then N € Sy, by (6.4)) if and only if PN|yer v, — PN(QN‘V)’lQN| ker No = 0. The
left-hand side is a complex analytic function F' = F(N) from O to L(ker Ny, rge P)
with (surjective) derivative DF(No)H = PH|yer n, (H € L(W, X)). It follows that,
locally near Ny, Sy, coincides with F~1(0), a submanifold of O of complex codi-
mension k2, and that Tn,Sk = ker DF(No) = {H € L(W,X) : PH|yern, = 0} =
{H € L(W,X) : H(ker Ny) C rge Ny}. This completes the proof. I

Given Ay, A_ € L(W, X), denote by M(A4, A_) the set of C! paths A: R —
L(W, X)) such that lim; 1.0 A(t) = Ax and lim;_,4 o A(t) = 0. It is obvious that
M(A,,A_) is a closed affine subspace of the space of C' paths R — L(W, X)

bounded along with their derivatives, equipped with the norm

(6.5) IIAIl] = sup [|A®)]| £qw, x) + sup [[AD|zow,x)-
teR teR
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In particular, M(A4, A_) is a manifold with tangent space M(0,0) at each point.
We denote by U(A4, A_) the subset of M(A4, A_) of those paths A for which
there are constants Cy(t) > 0 and ro(¢) > 0 such that

(6.6) [[R(i&, A®))||cx,wy < Colt), EER,E >1o(t), teR.

REMARK 6.1. By the continuity of A on R and the compactness of R, the
constants Co(t) and ro(t) in (6.6) can be chosen independent of t € R.

LEMMA 6.2. (i) U(A4+, A_) is an open subset of M(A4, A_).

(ii) Given A € U(A4,A_) and € > 0, there is a path B € U(A4, A_) such that*
|||B — Al|| < & and such that the mapping (t,€) € R? — B(t) — i&I € O intersects
all the manifolds Sy, transversely.

(iii) Assume o(Ay) NiR = 0. If A € U(A;, A_) and the mapping (t,£) € R? —
A(t)—i€l € O intersects all the manifolds Sy transversely, then o(A(t))NiR # 0 for
only finitely many distinct values of t € R. Furthermore, if o(A(t;)) NiR # 0 for
1 <j <m and distinct values t; € R, the operator A(t;) has only a finite number
of imaginary eigenvalues i; 1, ...,i€; o, . These eigenvalues are algebraically simple
and, for t neart;, the spectrum of A(t) near {i; ., ...,i§;,,} consists of {; curves
Aja(t), s Xje, (t) of class C and satisfying Xje(t;) = i€; , and Re Nji(t;) #0 for
1<8<landl <j<m.

PRrOOF. (i) Let A € U(A,,A_) and let ty € R be given. We use the notation
of (6.6). If H € L(W, X) satisfies ||H||zqw,x) < Cj ' (to) and if £ € R, €] > ro(to),

then A(to)+H—i¢I is invertible and ||R(i€, A(to)+H)||c(x.w) < 1= (tfﬁf;;fmw) .

Thus, ||R(’L€,A(f0) + H)Hg(xw) < 200(t0) if ||H||L(W,X) < %C&l(to). Together
with the continuity of A on R, this implies that there is an open interval .J;,
about to such that, if B € M(A;,A_) and sup,cg ||B(t) — A(t)||zw,x) is small
enough, then ||R(i§, B(t))||zx,w) < 2Co(to) for all t € Jy,. By the compactness
of R, it follows that ||R(i&, B(t))||z(x,w) is uniformly bounded for all ¢ € R if
supyer ||B(t) — A(t)||z(w,x) is small enough (and hence if [||B — Al|[ in (6.5) is
small enough), so that B € U(Ay, A_).

(ii) Let F : U(Ay, A_) x R? — O be defined by F(A,t,£) := A(t) —i&I. Then,
F is of class C! and 25 (A,t,&)H = H(t) for all H € M(0,0), so that 95(A,¢,¢)
is onto L(W, X). As a result, F is transversal to Sy for all kK € N. Thus, by the
parametric transversality theorem (see for instance [3, p. 232], or [4]), the set of
paths A € U(A,,A_) such that the mapping (¢,£) € R? — A(t) —i&l € O is
transversal to Sy, is residual in U(Ay, A_). Since U(A4, A_) is an open subset of
the complete metric space M (A4, A_), the intersection of these residual subsets is
dense in U (A, A_). The existence of the path B follows at once from this property.

(iii) If A € U(A4+, A_) and the mapping (¢,£) € R? — A(t) —i&I € O intersects
all the manifolds Sy, transversely, then A(t)—i&I ¢ Sy, for every (¢,€) € R? whenever
k > 2 since, by Lemma 6.1, codimg Sk > 8 in this case.

Thus, if A(tg) — i€yl € UrSk, then A(to) — 1§y € S1 and hence, by (6.4),
i€, is an eigenvalue of A(tp) with geometric multiplicity 1. We claim that, in
fact, i€, has algebraic multiplicity 1. Indeed, since &; has real codimension 2 by
Lemma 6.1, the transversality condition implies that the range of the derivative

4See (6.5).
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(5,¢) € R? — sA(tg) —iCI is a direct complement of T'a(ty)—ig,181- By (6.3), this
means that if ker(A(tg) — i€yI) = span{zo}, then

(6.7) sA(to)zo — iCxo € rge (A(to) —i€yl) & s =( =0.

By letting s = 0 and ¢ = 1, we find that iz ¢ rge (A(tg) — i€yI), whence o ¢ rge
(A(to) —i€yI). This shows that i§, has algebraic multiplicity 1.

The condition g ¢ rge (A(to) —iyI) also means that if 2 € X* and kerzfy =
rge (A(tg)—i&yI), then xf(xg) # 0. It follows from this remark and from the implicit
function theorem that, for ¢ near ¢g, the (unique) eigenvalue of A(t) near i&, is given
by a C! function A(¢) such that A(tg) = i€,. Furthermore, ker(A(t) — A(t)I) =
span{z(t)} where z(t) € W is a (nonunique) C! function of ¢ satisfying z(tg) =
xo. By differentiating A(t)z(t) — A(t)z(t) = 0, we find that A(to)zo — A(to)zo =
—(A(to) — i€ )i(to) € rge (A(ty) — i€yI), whence Re A(ty) # 0 by (6.7).

To complete the proof, it suffices to show that A(t) —i€I € S; cannot occur for
more than finitely many pairs (¢,&) € R2. This follows from the fact that such pairs

are isolated (by transversality) and compact (by Remark 6.1 and the assumption
U(Ai) NiR = (Z)) [ |

Under the conditions of Lemma 6.2 (iii), we define

(6.8) sf(A) = — Z sgnRe A o(t;)

(spectral flow of A). In particular, sf(A) = 0if o(A(¢)) NiR =0 for all ¢t € R.

REMARK 6.2. When dim X < oo and W = X, a different definition of the
spectral flow can be given, which is valid for merely continuous paths (|34, Sec-
tion 2]). The two definitions coincide for “transversal” C' paths. Furthermore,
indexDa = sf(A) when Da actsfrom W12(R, X) to L*(R,X). From the p -
independence of indexD s (Theorem 5.1), this relation still holds when D4 acts
from WHP(R, X) to LP(R, X) and p € (1,00).

As in [34] in the selfadjoint case, the general proof that indexDy = sf(A) will
be based on a preliminary construction. The proof of [34] is actually incomplete
and we also provide the details of the (important) missing step.

We assume that the path A satisfies the conditions of Lemma 6.2 (iii) and use
the notation of that lemma. We also assume that m > 1, that is, that o (A(¢))NiR #
() for at least one value t € R.. Set
(6.9) Zm = @y ker(A(ty) — i€,, 1) C W,
so that dim Z,;, = £p,. Since each eigenvalue i§,,, , is algebraically simple, it follows
that X = Z,, ® X,, where X,, := N7 rge (A(t,) — i§m 1) and hence that W =
Zm @ Wy, where Wy, == X,,, N W. Clearly, A(ty,) — i€, I is one-to-one on W,
and maps W, onto X,,,,The latter is readily checked from the definition of X, and
the decompositions W = Z,,, @ W, and X = Z,, @ Xop. For £ € {6, 1,80, 1
A(ty,) — i€I is an isomorphism of W onto X and hence of Z,, onto Z,,, and of
W, onto X,,,. Thus, A(t,,) — €I is an isomorphism of W,, onto X,, for all £ €
R. Furthermore, by (6.6), [|((A(tm) — i&1)w,,) " ll2(x,n.w,,) is bounded for large
enough [¢] and hence for all £ € R by continuity, say

(6.10) 1((A(tm) = €D w, )" e, wn) <C. E€R.
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In the proof of Lemma 6.2 (iii), it was observed that ker(A(t) — Ap o(t)I) =
span{z,(t)}, where z¢(t) € W is a (nonunique) C! function of ¢ near t,,. Set

(6.11) Zn(t) = @ ker(A(t) — Ao ()I) = spanf{a1(t), ..., e, (1)},

so that Z,, in (6.9) is Z,,(t,,). We claim that

(6.12) W = Z,,(t)®W,, and (A(t)—i&l) (Wi )NZn(t) = {0}, ted,,, £€R.
where J;, is an open interval about t,,. Indeed, for ¢ close enough to t,,, we
have W = Z,,(t) ® W, and X = Z,,,(t) ® X, and the projection P(t) onto X,,
corresponding to the latter splitting is bounded in norm. In addition, by (6.10),
the operator (A(t) — A(tm))((A(tm) — i) jw,,) " € L(Xy,) has arbitrarily small
norm uniformly in £ € R. It follows that the image of X, under I + (A(t) —
Atm))((A(tm) — €1 ), )" intersects Z,(t) only at {0} irrespective of ¢ € R.
Thus, (A(t) —i€I)(Wy,) N Z,(t) = {0}.

Above, we may further restrict J;,, so that the functions A, ¢(t) are defined
and C! on J;,,. Moreover, since Ay, ¢(t) ¢ iR for 0 < |t — t,,,| small enough by
the condition Re Ay ¢(tm) # 0, we may assume with no loss of generality that
Ame(t) € iR for t € J;, \{tm} and 1 < ¢ < ¢,,. From now on, the functions A,
are extended to all of R as C! functions eventually constant and satisfying °

(6.13) Am,e(t) ¢ iR, teR\{tm}, 1<L<4L,.

Let uy,...,u; € W* be such that W,,, = Nor, keruf and that (x(t, ), up) = oy
(Kronecker delta). For ¢ close enough to t,,, say t € J, after shrinking once
again Jy, if necessary, and given 1 < k < {,,, the system Ei;’”‘l agplxi(t),u)) =
Sk, 1 < j < Ly, has a unique solution (ayx(t),...au, k(t)) € C and x}(t) :=
S ag(t)u; € W* satisfies

(6.14) (,(8), 2} (8)) = 3.
Note that z7 above is a C! function of t € J;,, . After possibly shrinking .J;, a last
time, we can manage so that

(615) t1,.ccstim—1 € R\jtm-
Let M(t) € £L(C') be the C' diagonal path defined by
(6.16) M(t) := diag(—Am1(t), ooy —Am.e,, (1))

Since the functions A, , have been extended so as to be eventually constant, M is
of class C1, lim; 100 M(t) = 0 and lim; .1, M(t) = My exist. By (6.13),

(6.17) o(My)NiR = 0.
Let now 6§ € C*(R,R) satisfy Suppf C J;, ,0 >
functions 0z, : R — W and 0z; : R — W*,1 < ¢
class C! For s € [0,1] and t € R, we set

A(t) sO(t)z1(t) - s6(t)xy,, (1)
s0(t)z1(t)

0 and 6(tm,) = 1. Then, the
< {l,,, are well defined and of

(6.18) A(s,t) = M)

5Evidently, Am,¢(t) need not be an eigenvalue of A(t) for ¢ outside J¢,, .
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Given s € [0,1], the path A(s,) : R — L(W x C/ X x C%) is of class C* and
lim;, o A( D =Ay(s) = Ay x My, limy_,_oo A(s,) = A_(s) :== A_ x M_ and
limy 400 22 ( s,-) = 0. By (6.17), o(A+(s)) NiR = 0. Two more properties of A

are given in the next lemma, in which O and S, denote the sets © and Sy, in (6.1)
and (6.4) when W and X are replaced by W x C’" and X x C’m, respectively.

LEMMA 6.3. (i) If s € [0,1], A(s,-) satisfies (6.6) with W and X replaced by
W x Clm and X x C*n, respectively.
(i) If s € (0,1] and ¢ € R, then i € o(A(s,t)) if and only if t = t; for some
1<j<m-1and§ = ¢&;, for some 1 < { < {;. Furthermore, the mapping
(t,€) e R? — Z(s, t) — &I intersects all the manifolds Sk transversely, the spectral
flow sf(A(s,-)) is well defined and

m—1 ¢

(6.19) sf ngn Re A o(t;).
j=1 ¢=1

<)

PROOF. (i) When an operator in Banach spaces has the block decomposition

L= < éll éu > with Loo invertible, the invertibility of L is equivalent to the
21 Loz

invertibility of Ly — L12Ly5 Loy and the norm of L~! is controlled by ||(L1; —
L12L L21) 1|| ||L || ||L12|| and ||L21|| By (6 18) A(S,t)—lg[ has such a block
decomposmon with an obvious choice for the blocks. In particular, the off-diagonal
blocks L1s and Lo; are uniformly bounded and

Ly = (M(t) —i&)~" = diag (/\ (_t)l_lg At _(;) —i§>

so that || L5 || is uniformly bounded for ¢ € R and |¢] large enough (recall that the
functions A, » are constant outside a finite interval). The operator L1q —L12L22 Loy
is given by

(6.20) — el + 22 (tm(t),
Am.e ( ) - 15

a uniformly small perturbation of A( ) zf[ when t € R and [¢] large enough.
Thus, the boundedness of |[(L1; — LiaLyy Lo1) Y|, ie., (6.6) for A(s,-), follows
from (6.6).

(ii) Suppose s € (0,1]. We begin by characterizing the pairs (¢,£) such that
i€ € o(A(s,t)). By (6.4) for Sy, this is equivalent to ker(A(s, t) —i€I) # {0}. First,
we show that there is no such pair if ¢ = t,,. Since 0(t,,) = 1 and A, ¢(tm) = i&,, 4

we have that (g(s, tm) — i{]) (2) =0 with a = (ov, ..., a,,) € C* if and only if

(6.21) { (A(tm) —i€)x +s Eéml agze(tm) =0,

502, 75 (b)) + 06y — €) = 0,1 < £ < b,
The first relation shows that (A(t,,) —i€I)x € Z,, (see ( 6.9)). Since A(t,,) — i€l
maps Z,, into Z,, and is an isomorphism of W,, onto X,,, as noted earlier, it
follows that = € Z,,, whence z = Zle Byxe(ty) with 8, € C. By substituting
into the second relation in (6.21) and by using (6.14), we find 58, + ai(&,,  —§) =

0,1 < j < £, and hence 3, = — 2 Eme=8)

S

,1 <7 </{,. Now, returning to the
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2
first relation in (6.21), we find (@ + s) ay = 0, whence ay = 0 since s > 0.

Thus, @ = 0 and 2 = 0. This shows that o(A(s, t,,)) NiR = 0.

From now on, we assume ¢ # t,,. We shall prove below that i¢ ¢ o(A(s, 1))
whenever ¢ € 7, , so that i§ € o(A(s,t)) only if t € R\J,,,, in which case
A(s,t) = A(t) x M(t). (This crucial step was omitted in the proof of [34, Theorem
4.25].) When t € R\J;,, M(t) has no imaginary eigenvalue by (6.13), so that
the imaginary eigenvalues of A(t) x M(t) coincide with the imaginary eigenvalues
of A(t). By (6.15), these eigenvalues are obtained for (¢,£) = (t;,&;,) for some
1<j<m-—1and1l<?¢< Y. Furthermore, since Suppd C Jy,,, /Nl(s,t) coincides
with A(t) x M(t) for all ¢ in an open neighborhood of ¢; and then the transver-
sality of the intersection of A(s,t) — iéI with Sy at (tj,&;.) follows at once from
the transversality of the intersection of A(t) — il with Sy at (t;,¢;,). Also, for
t near t;,1 < j < m — 1, the eigenvalues of A(t) x M(t) and A(t) near ¢, , are
the same and hence given by the functions A;¢(¢). Thus, from part (i) and the
comments preceding the lemma, the spectral flow sf(A(s,-)) is well defined and
given by (6.19).

Suppose then that ¢t € J;, \{t,}. It follows from (6.13) that M(t) — & is
invertible for all £ € R, so that i€ ¢ o(A(s,t)) if and only if the operator (6.20)
is invertible. Since this operator is a finite dimensional perturbation of A(t) — i€,
its invertibility is equivalent to the triviality of its null space (recall that A(t) has
compact resolvent).

Let € W be such that

23~ @ OOTT ) 1) =
(622 (A(t) ~ i€D)z + 5 Z T oyt = 0
so that (A(t) —i&I)x € Z(t) (see (6.11)). By (6.12 ), we can write z = z +y with
z = 2#1 apxe(t) € Zp(t) and y € Wy, and, recalling (6.14), (6.22) becomes

\- IEAON .
> (Amalt) —i + = Jasne(t) + (40 — igy =
(=1

From the second part of (6.11), we infer that (A(t) — i€I)y = 0 and hence that

(/\m)g(t) — i€+ %) ag=0for 1 <<, Sincet e J; \{tm}, it follows

from (6.15) that ¢ ¢ {¢1,...,tm} and hence that A(t) — i¢] is one-to-one. Thus,
_ . $202(1) [Am.e(t)—i€]2 45202 (1)
y = 0. Also, A e(t) — i€ + 5 Tow IO # 0 by (6.13), whence
m, L —1 m,L —
ap =0 for 1 <¢</,. This shows that £ = 0 and the proof is complete. i

LEMMA 6.4. Suppose that, in addition, X is a Banach space with UMD and
that A satisfies the conditions (H1) to (H5). Then,
(i) X x C*» is a Banach space with UMD,
(ii) for s € [0,1), A(s, ) satisfies (H1) to (H5) with X and W replaced by X x C'm
and W x Cln | respectively.

PROOF. (i) This follows from dim C» < oo and the fact that the product of
two Banach spaces with UMD has the UMD property (see the Introduction).

(i) The conditions (H1), (H2), (H3) and (H5) for A(s,-) are trivial and were
already noticed earlier. It remains to prove (1.3) for A(s,t), assuming the same
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for A(t). First, condition ( 6.6) holds trivially with A(t) replaced by M (t) (and X
and W replaced by C") and implies (2.5) for Ag = M (t) since finite dimensional
spaces are Hilbert spaces (so that boundedness and r-boundedness coincide). Thus,
(2.5) holds for both A(t) and M(t), the former by (1.3) and Theorem 2.5. As a
result, (2.5) holds for Ay = A(t) x M(t) since the product of two r-bounded sets
is itself r-bounded (see e.g. [32]). By using once again Theorem 2.5, it follows
that A(0,£) = A(t) x M(t) satisfies (1.3). Next, A(s,t) is a finite dimensional
perturbation of A(0,t). Thus, A(s,t) is an A(0,t) -bounded perturbation of A(0,t)
with A(0,¢) -bound 0. That A(s, ¢) satisfies (1.3) thus follows from Theorem 2.3. i

We are finally in a position to prove the desired result that indexD4 = sf(A).
Recall that O and S, are defined in (6.1) and (6.2), respectively, and the spaces
WP to XP are defined in (3.1).

THEOREM 6.5. Let X be a Banach space with UMD and let (A(t))ier be a fam-
ily of unbounded operators on X satisfying the assumptions (H1) to (H5). Suppose
also that A : R — L(W, X) is C*, that lim; .1, A(t) = 0 and that the mapping
(t,€) € R? — A(t) — i€l € O intersects each manifold Sy transversely. Then, the

operator D, is Fredholm from WP to XP for every p € (1,00), the spectral flow
sf(A) is well defined and indexDy = sf(A).

PRrROOF. That D4 is Fredholm is Theorem 4.2 and that sf(A) is defined follows
from our assumptions about A. If o(A(t)) NiR = for all ¢t € R, then sf(A) =0
while indexD 4 = 0 by Theorem 5.2, so that indexDs = sf(A). Next, consistent
with Lemma 6.2 (ii), assume that o(A(t)) NiR # @ for exactly one value ¢t = #1, so
that m = 1 in Lemma 6.2. With the notation of that lemma, we have

£1
(6.23) sf(A) == sgnReky(tr).
=1

Let A(s,t) be given by (6.18) with m = 1. By Lemma 6.4 and Theorem
4.2, the operator Dy, , is Fredholm from W? to X? for all s € [0,1]. By the
local constancy of the index, it follows that indexDA(Oy,) = inde;vDA(l_’_). Now, by

Lemma 6.3 (ii), we have o(A(1,-)) NiR = 0 for all ¢ € R, so that indexD 5, =0
by Theorem 5.2. Thus, indexD ., = 0. But A(0,t) = A(t) x M(t), so that

indexD A(0,) = indexD 4 + index D) as a straightforward verification reveals, so
that
(6.24) indexD 4 = —indexDyy.

Since M is a finite dimensional path, the relation indezDys = sf(M) holds
(Remark 6.2). Now, it is trivial from (6.16) with m = 1 that M satisfies the
conditions required for sf (M) to be given by (6.8) with m =1 and Ay ¢(¢) replaced
by —A1,¢(t). As a result,

41 .
(6.25) indexDpyr = ngn Re Ay ¢(t1).
=1
The relation indexD 4 = sf(A) thus follows from (6.23), (6.24) and (6.25).

To complete the proof, we consider general case and use the notation of Lemma

6.2 (iii). From the above, we may assume m > 1 and, by induction, that the
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relation index D4 = sf(A) is true whenever o(A(t)) intersects iR at m — 1 distinct
points. Arguing as above, we obtain indexD j, y = indexD ) = sf(A(s,-)) =

- Z;n:_ll Zﬁjzl sgnRe \j¢(t;) by the hypothesis of induction and Lemma 6.3 (ii).
Next, A(0,t) = A(t) x M (t), so that, as before, indexD ;, ., = index D a+index Dy
and indexDy = sf(M) by Remark 6.2, while sf(M) = ?:1 sgnRe Apg(t1).
Thus, indexDa = — 37", ST sgnRedj(t;) = sf(A) by (6.8). N

The characterization of indexD 4 in Theorem 6.5 along with the approxima-
tion result of Lemma 6.6 below is very useful to calculate indexD 4 in cases more
complicated than the ones considered in the previous section. An example is given
Theorem 6.7.

LEMMA 6.6. Let (A(t))ier be a family of unbounded operators on X satisfying®
the assumptions (H1) to (H5). Given e > 0, there is a C path A. : R — L(W, X)
with the following properties:
(i) imy— o0 Ac(t) = A, limy—s00 A(t) = 0,
(i) sup, g [[A(t) = Ac(®)l|cw,x) <,
(iii) the mapping (t,€) € R?* — A.(t) — i€l € O intersects each manifold Sy trans-
versely,
() (Ac(t))ier satisfies the assumptions (H1) to (H5).
In particular, if X has the UMD property and e > 0 is small enough, then indexD 4 =
indexDa, = sf(A:) when D4 is viewed as an operator from WP to XP,p € (1,00).

PROOF. It is straightforward to check that a C' path A. can be found that
satisfies (i) and (ii). By Lemma 6.2 (ii), Ac can be modified so as to satisfy (iii) as
well. Then, after shrinking € > 0 if necessary, it follows from Corollary 2.4 that A
satisfies (iv). The “in particular” part follows at once from the local constancy of
indexD 4 and Theorem 6.5. 1

THEOREM 6.7. Let (A(t))ter be a family of unbounded operators on X satisfy-
ing the assumptions (H1) to (H5). Suppose also that A_ has only a finite number of
eigenvalues with positive real part, so that the sum of the corresponding generalized
eigenspaces has finite dimension " v_. Then,

(i) Ay has a finite number of eigenvalues with positive real part and the sum of the
corresponding generalized eigenspaces has finite dimension v .
(i) If X has the UMD property, then indexDs = v_ — vy when Dy is viewed as

an operator from WP to XP p € (1,00).

PROOF. By Lemma 6.6 and the local constancy of the index of D4, we may
assume with no loss of generality that A is a C* path such that lim;_ 4+ Ac(t) =
Ax, limy 400 A(t) = 0 and the mapping (t,£) € R? — A(t) — i€l € O intersects
each manifold Sy transversely. Both (i) and (ii) are trivial if o(A(¢)) NiR = 0
for all t € R, so that we may assume that m > 1 in Lemma 6.2 (iii). Evidently,
we may also assume that t; < --- < t,, in that lemma. Denote by v(t) the
dimension (finite or infinite) of the sum of the generalized eigenspace associated with
the eigenvalues of A(t) with positive real part. Since A(t) has compact resolvent
and lim;_, o A(t) = A_, it follows from standard perturbation theory of isolated

6Here, there is no need to assume that X has the UMD property.
"Because A_ has compact resolvent.
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eigenvalues (Kato [25]) that v(t) = v_ as t — —oo. In fact, similar arguments
easily show that v(t) = v_ for t € (—oo,t1).

As t crosses t1, the set of eigenvalues of A(t) with positive real part loses (ex-
actly) the algebraically simple eigenvalues A ¢(t) with Aj ¢(¢1) < 0 and gains (ex-
actly) those with ).\1, ¢(t1) > 0. The justification of this statement requires using con-
dition (1.4) for ¢ = ¢; (in the equivalent form given in Theorem 2.5) showing that if
AR i a sequence of eigenvalues of A(t(k)) approaching the imaginary axis as t(*) —
t1, then A®) must tend to the set {i€1.15+,1&1 4, } (hence cannot escape to infinity).
Thus, as t crosses t1, v(t) passes from v_ to v_ + 251:1 A1¢(t1). By the same argu-
ments, v(t) remains constant in (¢1,t2), ..., (t,,00) and increases by 2?:1 Njo(t;)
when ¢ crosses t;. This shows that vy = v + >0, Zﬁ;l sgnRe A (t;) =
v_ —sf(A), so that vy <ooand v_ — vy =sf(A) =indexDy. I

There is an obvious variant of Theorem 6.7 if A rather than A_ is assumed to
have only a finite number of eigenvalues with positive real part. An equally obvious
variant is given by the case when A_ or A, has only a finite number of eigenvalues
with negative real part.

REMARK 6.3. It should not be inferred from Theorem 6.7 that indexD 4 always
depends only upon the endpoints A4. This was proved only when A+ have finitely
many eigenvalues with positive or negative real parts.

7. The case of differential operators

We complement the previous sections with some comments regarding the veri-
fication of the assumptions (H1) to (H5) when (A(¢)):cr is a family of second order
elliptic differential operators on a bounded open subset Q C R¥ with sufficiently
smooth boundary 9. We choose X = L%(f2) for some ¢ € (1,00) and let W
denote a closed subspace of W24(Q) incorporating boundary conditions such that
D) CW.

As pointed out in the Introduction, X = L4(€)) has the UMD property. In the
setting just outlined above, (H1) holds and the same thing is true of (H2) and (H3)
under self-evident simple conditions about the coefficients of A(t). Since o(A4) is
discrete when (H1) to (H4) hold (Theorem 2.1 (ii)), (H5) is not a severe additional
restriction. The verification of (H4) is more delicate. Since (H4) is just condition
(2.3) of Theorem 2.3 with Ag = A(t) and t € R, it will be clearer to discuss the
verification of (2.3), first in the abstract setting and next when, as above, A is a
second order elliptic differential operator.

Assume that ||[AR(), Ao)||z(x) is bounded in the complement of a sector ¥,
with angle o9 < 7 around the negative real axis (so that Ag generates a bounded
holomorphic semigroup) and that Ay has a bounded H*(X,,) functional calculus.
As shown by Kalton and Weis ® [24, Theorem 5.3, part 3], if v > ¢ the set
{2"sR(2"se*™  Ay) : n € Z} is r-bounded with r-bound independent of s > 0. (In
[24], Ag is —Ap so that ¥, is a sector around the positive real axis.) Thus, (2.3)
follows by choosing v = Z, which is possible since o9 < F, and s = |a|. More
generally, from the above and Theorem 2.3, (2.3) continues to hold if Ay —wg I has
a bounded H*(X,,) functional calculus for some wg > 0 and oo < 3.

8In the terminology of [24], this requires “property A”, which holds in all spaces with UMD,
and even in the more general class of spaces with “analytic UMD” ([24, Proposition 3.2]).
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The above changes the problem into finding conditions ensuring that Ag or,
more generally, Ag — wol, has a bounded H*(X,,) functional calculus, an issue
investigated by Duong and Robinson [19] for abstract operators Ag on X = L1(0).
They show that the question can be reduced to the existence of suitable bounds
for the kernel of the semigroup generated by Ag. The specialization of these ideas
to the case of a second order elliptic differential operator Ag was subsequently
considered by Arendt and ter Elst [7] (see also Duong and McIntosh [18]). The
net result is that Ay —wol has a bounded H*(X%,,) functional calculus for some
wo > 0 and o¢ < 3 under familiar boundedness and regularity assumptions about
the coefficients of Ay and various boundary conditions on 9. See [7, Theorems
3.1 and 4.4]; that the desired functional calculus properties hold follows from [7,
Theorems 5.4 and 5.7].

In summary, just like the other hypotheses, the assumption (H4) is quite rea-
sonable when A(t) is a second order elliptic operator for ¢+ € R. While the justifi-
cation given here is rather convoluted, a more direct argument, if any, remains to
be found. In that regard, it may be helpful to observe that since X = L4(Q}), the
simpler formulation of the r-boundedness condition in Remark 1.1 is available.

REMARK 7.1. Theorem 5.3 is relevant in the above setting since, due to the
compactness of the embedding W4(Q) — L4(2), the operator C(t) may represent
a lower order perturbation of A(t). This is to say that, if convenient, the verification
of (H1) to (H5) for A(t) may be done after modifying the lower order terms.

REMARK 7.2. Little seems to be available for higher order elliptic boundary
value problems, but elliptic systems on RN and on compact manifolds also have a
bounded H>® functional calculus; see Amann, Hieber and Simonett [6]. However,
when X = LYRYN) and W = W24(RY), the embedding W — X is not compact
and (H1) fails to hold.

A trivial but important remark is that the assumptions (H1) to (H5) are un-
affected by changing A into —A. As a result, if (A;(¢))ter C L(W7,X;) and
(A2(t))ter C L(Wa, X3) satisfy (H1) to (H5) then also (A(t))ier C L(W7 x
WQ,Xl X XQ) defined by A(t) = Al(t) X (—Ag(t)) = ( Alo(t) AO (t) >, sat-

— Az
isfies (H1) to (H5) with W = D(A(t)) = W1 x Wa. In general, neither A(¢) nor
—A(t) generates a semigroup and hence the previous arguments cannot be used
directly to justify the validity of (H4), but this follows at once from the elementary
fact that the product of two r-bounded subsets is r-bounded (see for instance [32]).

Since X; x X9 has the UMD property along with X; and X5, the index theorems

of this paper are available with the operator D4 = % — ( /(1)1 gl ) and hence
— Az
with the Hamiltonian-like operator
d 0 A,
JDy =J— —
AT ( A1 0 > ’
0 —I .
where J = ( I 0 ) More generally, Theorem 5.3 shows that the index of D 4

above is unaffected by suitable lower order perturbations.
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8. Initial value problems on the half-line and L? maximal regularity

Given p € (1,00) and a family A := (A(t)),cg, of generators of semigroups
on a Banach space X, where R4 := (0,00), the so-called L? maximal regularity
question for the Cauchy problem may be phrased as follows: Find conditions about
A ensuring the existence of a constant C' > 0 such that

(8.1) l[ullwrery,x) + [[AullLe @, x) < Cllfllzrry X))
for all f € LP(R4, X) and corresponding solutions u of the Cauchy problem

% =Au+ fin Ry,
u(0) = 0.

A frequently discussed variant and indeed a simpler problem, arises when R is
replaced by a finite interval (0,7).

There is by now a fairly large literature about L? maximal regularity, especially
when A(t) = Ay is constant. If X is a Hilbert space and A generates a holomorphic
semigroup on X, the issue was resolved by de Simon [36] in 1964, but in spite of
various subsequent results in special cases, a broader treatment remained elusive
until Dore and Venni [17] found a generalization in Banach spaces with UMD. In
such spaces, a necessary and sufficient condition for L? maximal regularity in prob-
lems with constant coefficients was finally obtained by Weis [38] as an application
of his operator-valued generalization of Mikhlin’s multiplier theorem.

Most treatments of the variable coefficients case introduce Holder type assump-
tions about the coefficients via commutator conditions and are limited to finite in-
tervals. The domains may or may not depend upon ¢. See for instance Acquistapace
and Terreni [2], Giga, Giga and Sohr [21], Yamamoto [39], Monniaux and Priiss
[29], Hieber and Monniaux [23], Priiss and Schnaubelt [31], among others. In
some of these works, a special structure of X, for example Hilbert or L? space, is
assumed. In [31], the LP maximal regularity problem is discussed assuming only
the continuity of the coeflicients, but only on finite intervals.

In this section, we establish the LP maximal regularity on the half-line for
problems with continuous coefficients as an application of the earlier results. This
approach shows that, in general, the inequality (8.1) can only hold when f satisfies
a finite number of “compatibility” condition obtained via the null-space of D_ 4«
on the whole line, which can hardly be discovered by confining the attention to the
interval R.

We begin with a local uniqueness result.

LEMMA 8.1. Let X be a Banach space with UMD and let (A(t))ier be a family
of unbounded operators on X satisfying the assumptions (H1) to (H5).
(i) If A(0) generates a holomorphic semigroup, there is € > 0 such that the only
solution u € WHP((0,¢), X) N LP((0,¢), W) of

U — Ay in
63 { @ im0

(8.2)

s u = 0.

(i) If A(t) generates a holomorphic semigroup for all t > 0, then the only solution
u€ WLP(Ry, X)NLP(Ry, W) of

{ ‘2—1; = Au in Ry,

(8.4) Y
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is u = 0.

PRrROOF. (i) By (H4) with ¢ = 0 and the assumption that A(0) generates a
holomorphic semigroup, the operator ‘fl—it‘ — A(0) has maximal LP regularity on finite
intervals (see [38, Remark 4.7] or [32]) and hence there is a constant Cp > 0 such
that

(8.5) [wllwreo,1),x) + 1AO)u|| L 0,7),x) < CrllfllLe(0,7),%)5
for all f € LP((0,T), X) and corresponding (unique) solution u € W12 ((0,T), X)N
L?((0,T), W) of the Cauchy problem
% = AOu+ f in (0,7),
u(0) = 0.

The uniqueness property with 7' = ¢ implies that if 0 < ¢ < 1 and f €
L?((0,1), X), then the solution u of (8.6) on (0, ) is simply the restriction to (0, )
of the solution on (0, 1) and then

(8.6)

(8.7) ullw e (0,),%) + 1A Lo (0,6),x) < CullFl Lo (0,1), %)

where C; > 0 is the constant corresponding to T = 1 in (8.5). Now, if f €
L”((O,e),X), extend f by 0 outside (035)7 so that ||f||LT’((O,8),X) = ||f||Lp((O,1),X)
and, by (8.7)

(8.8) ullw e 0,00, x) + [[AQO)ullLe (0,0),x) < Cullflle((0,0),)

with no modification of Cj.
Let then u € WP((0,¢), X) N LP((0,e), W) solve (8.3), so that u solves (8.6)
with T'=¢ and f = (A — A(0))u. By (8.8),

(8.9)  ullwre((o,e),x) + [|A0)ul|Lr(0,6),x) < C1l[(A = A0))ul|Lr((0,6),x) <
Cy sup [|A(t) — AO)|| 2w, x)l[ullLr(0,0),w)-
te(0,e]

Since the norm of W is (equivalent to) the graph norm of A(0), we have

p—1
ullLeqoewy < 277 ([ullzro.e,x) + AUl Lr(0,0),x)) <

-1
2% (I[ullwrr(0.0).x) + [[A0)ul [ Lo ((0.0).x))
and hence, by (8.9),

277 |[ul| 1o (0,0 w) < Ci sup 1A(t) = A©O)]| 2w 1l o (0.0).w)-
te|0,e

By (H2), Cysupsepo . [|A®) — AO)|[cw,x) < 27°7 if ¢ > 0 is small enough and
then v = 0.

(ii) By contradiction, suppose that v € W1P(R,, X)NLP(Ry, W) is a nonzero
solution of (8.4). It follows from part (i) that « = 0 on some subinterval (0, %),
so that and we may assume that (0,tp) is the largest subinterval of R in which
u = 0. Note that ¢ty < oo since u # 0 and that u(tyg) = 0 by continuity.

Given £ > 0, we have u € WHP((tg,to + ), X) N LP((to, to + £), W) and

du = Auin (to, to +€),
’u(to) =0

and since A(tg) generates a holomorphic semigroup, it follows from part (i) with
A(t) replaced by A(t + to) (which does not affect (H1) to (H5)) that w = 0 in
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(to,to + €) if € > 0 is small enough. A contradiction is then reached with the
maximality of (0,%p). il

REMARK 8.1. Instead of (ii) in Lemma 8.1, assume that —A(t) generates a
holomorphic semigroup for all t < 0. Then, the only solution u € WHP(R_, X) N
LP(R_,W) of

% = Au in R_,
u(0) =0,
is u=0. This follows from Lemma 8.1 after setting u(t) = v(—t).

Lemma 8.2 below is the bridge between problems on the whole line and prob-
lems on the half line.

LEMMA 8.2. Let X be a Banach space with UMD and let (A(t))icr be a family
of unbounded operators on X satisfying not only the assumptions (H1) to (H5) but
also
(i) A(t) = A(0) for everyt < 0.

(i) A(0)(= A_) generates a holomorphic semigroup on X.

Denote by XJ the direct sum of the generalized eigenspaces of A(0) associated with
etgenvalues with positive real part. Then, dim XJ' < o0 and, given p € (1,00), the
following property holds: If u € WP and Dau = 0 a.e. on R_, then u(t) € X for
every t € R_. In particular, if A(0) generates a bounded holomorphic semigroup
on X, thenu=0 on R_.

PrOOF. That dim X < oo follows from condition (ii) since A(0) has compact
resolvent.

For the second part, we begin with the remark that, by (i), Dyu =0 on R_
and that u(tg) € X is well defined since WP € W1P(R, X) C C°(R, X). Denote
by PT € L£(X) the spectral projection onto X, so that X = X @ X, where
Xy =P~ (X)and P~ :=1—P". Set u~ := P~u. Notice that X; C W and that
P~ (W) C W, so that P~ and A(0) commute and hence v~ := P~u € WP and u~
satisfies

du~

To prove that u(ty) € X for every ¢y < 0, it suffices to show that (U7 (=o0,to]
can be extended to a~ € WP such that D 4ya~ = 0. If so, = = 0 by Theorem 2.2
for A(0), so that u~(to) = @~ (to) = 0. That u(0) € X then follows by continuity
since X is closed in X. To see that A(0) does satisfy the hypotheses of Theorem
2.2, recall that the norm of W = D(A(0)) is equivalent to the graph norm of A(0)
and note that o(A4(0)) NiR = @ by (H5) since A(0) = A_ by condition (i) of the
lemma. Of course, (H4) with ¢ = 0 is just (1.3).

We thus pass to the proof that (u47)|(—oo ¢, has the desired extension property
when ¢y < 0. Consider the autonomous initial value problem

4o — A(0)v in (to,00),
(8.11) { ’Ll)i(to) =u" (to), i

with the solution
(812) ’U(t) = So(t - to)ui(to), Vit Z to,
where Sy is the semigroup generated by A(0).



INDEX THEOREM 333

Our first task will be to show that not only u(tg) € X but in fact u(ty) € W.
Since P~ (W) C W, this shows that u~(t9) € W, which endows the solution v
in (8.12) with better properties. Set f := Dau € AP and choose ¢ € D(R)
with Suppe C R_ and ¢(ty) = 1. By multiplying Dau = f by ¢, we obtain
Da(pu) = of + ufl—f = ufl—f since f =0 a.e. on Suppy C R_. Also, by condition
(i) of the lemma and Supp(¢u) C R_, we have D4(pu) = D 4(0)(pu). Thus,

D a0y (pu) = uz—f eEWPCW'(R,X)
and by Remark 2.1 for A(0), it follows that pu € W1P(R,W) Cc C°(R,W). In
particular, o(to)u(to) = u(te) € W, as claimed.

Note that, in (8.12), Sy may be viewed as a holomorphic semigroup on the closed
invariant subspace X . By condition (H5) for A_ = A(0) and the compactness of
the resolvent of A(0), it follows that Sy is a bounded holomorphic semigroup on
X, generated by A(O)\Xg' Thus, sup Re O'(A(O)|XO—) < 0, so that ||S0(t)||£(X07) has
exponential decay on [0, 00) (Pazy [30, Theorem 4.3, p. 118]).

By (8.12) and the exponential decay of ||Sy (t)Hﬁ(X;)’ it follows at once that v €
LP((tg,00), X ) C LP((to,00), X). In addition, since u™ (to) € W = D(A(0)), we
have v(t) € D(A(0)) for t > ¢o and A(0)v(t) = A(0)So(t)u™ (to) = So(t)A(0)u (to).
Thus, A(0)v € LP((tg,00), X ), once again by exponential decay, and then % €
L?((tg,0), X) by (8.11). Since the norm of W is equivalent to the graph norm
of A(0), the relations v € LP((tg,0),X) and A(0)v € LP((tg,0), X) amount to
v € LP((tg,00), W). Altogether, we have obtained

(8.13) v € WHP((tg,00), X) N LP((tg, 00), W).
From (8.10), (8.11) and (8.13), it is clear that the function a~ € C°(R, X)
defined by @~ = w on (—o00,tg] and @~ = v on (tg,00) satisfies a~ € WP and

D40yt~ =0 on R, as desired.
The “in particular” part is obvious since X; = {0} when A(0) generates a
bounded holomorphic semigroup. This completes the proof. I

LEMMA 8.3. Let X be a Banach space with UMD and let the family (A(t))ter
of unbounded operators on X satisfy not only the assumptions (H1) to (H5) but
also
(i) A(t) = A(0) for every t < 0.

(i) A(0)(= A_) generates a bounded holomorphic semigroup on X.
(iii) A(t) generates a holomorphic semigroup on X for every t > 0.

Then, given p € (1,00), the operator D4 = % — A is Fredholm and one-to-one

from WP to XP(so that indexDy = —v < 0). In addition, if g7, ...,g5 € X is a
basis of ker D_ g4+ when D_ 4« is viewed as a linear operator from Xfl to Wfl (see
(4.1) and Theorem 4.2), then the restrictions of g3, ..., g} to Ry remain linearly
independent in LP (R4, X*).

Proor. That D4 is Fredholm follows from Theorem 2.3. To prove that_ Dy is
one-to-one, let u € WP be such that Dau = 0. By Lemma 8.2, u = 0 on R_, so
that uw € WHP(R4, X)N LP(R, W) solves the initial value problem

‘2—1; = Au in Ry,
u(0) =0,
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whose only solution is v = 0 by Lemma 8.1 (ii). This shows that u =0 on R.

Next, let g* = SV_, y,9% be a linear combination such that g* = 0in L” (R, X*)
and hence a.e. on R. Since g* € XY c CY(R, W*), it follows that g*(¢) = 0 for all
t > 0. In particular, g*(0) = 0. Since also ¢* € ker D_ 4+ means that % = —A*g*,
it follows from Remark 8.1 for —A* that ¢* = 0 in R_ (and hence g* = 0, so that
pq = -+ = p, = 0), provided that A*(t) generates a holomorphic semigroup on W*
for all t < 0.

Since A(t) = A(0) for all ¢t < 0, this amounts to showing that A*(0) generates a
holomorphic semigroup on W*. Because this statement involve W* and not X*, it
is not the classical one and some justification is needed, which is as follows. Since
A(0) generates a bounded holomorphic semigroup on X and 0 ¢ o(A(0)), there is a
constant M > 0 such that || R()\, A(0))||(x) < \/\I% for A € C in some large enough
sector X containing the positive real axis. Since W is equipped with the graph norm
of A(0), this implies |[R(X, A(0))||z(x,w) < M after possibly changing M and then
IR, A*(O)]| 2w+, x+) = [[RA, AQ0)*|| ow=,x+y < M. (Here, we used the fact
that the embedding X* — W* is the adjoint of the embedding W «— X.) In turn,
since the norm of X* is equivalent to the graph norm of A*(0) (this was seen in the
proof of Theorem 4.2), this yields, after changing M once again if necessary, that

[[R(X, A*(0))|zow+) < Mﬁl for A € 3, which proves the claim. [}

THEOREM 8.4. Let X be a Banach space with UMD and let the family (A(t))ter
of unbounded operators on X satisfy not only the assumptions (H1) to (H5) but also
(i) A(t) = A(0) for everyt <0 (so that A_ = A(0)).

(i) A(0)(= A_) generates a bounded holomorphic semigroup on X.

(iii) A(t) generates a holomorphic semigroup on X for every t > 0.

For p € (1,00), let —v < 0 denote the inder’ of Da : WP — XP (see Lemma
8.8). Then, v equals the dimension of the sum of the generalized eigenspaces of
Ay corresponding to eigenvalues with positive real part. Furthermore, there are v
linearly independent elements g7, ..., g, € Lp,(R+,X*) with the following property:
Given f € LP(Ry, X), the initial value problem

{ %:Au—i—finRJr,

(8.14) =0

has a solution u € Wy P (R, X)NLP(Ry, W) if and only if I 98 x,x= =0 for
1 <i <w. If so, the solution u is unique and there is a constant C > 0 independent
of f such that

(8.15) [ullwrre@®,,x) + ulloe @y wy < Cllflle®y,x)-

PROOF. The characterization of v follows from Theorem 6.7 since, here, v_ =0
by (i) and (ii). If w exists, then the extension @ of w by 0 in R_ is in WP and
solves Dot = f where f € XP is the extension of f by 0 in R_. From Theo-
rem 4.2, this is possible if and only if fR<f, 9 x.x» = 0 for 1 < i < v where
91, ... 95 € X?" is a basis of ker D_ 4«. Since f = 0 on R_, this condition reduces
to fooo<f, 97 )x,x+ = 0. By Lemma 8.3, v = index Dy, gj,...,¢;, remain linearly
independent in Lp/(R_|r7 X*) and the solution @ (hence also ) is unique.

9Indepcndont of p by Theorem 5.1.
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Conversely, by reversing the above steps, we find that if fooo<f, 9 xx« =0
for 1 < i < v, then [R(f,g7)x,x+ = 0 and hence there is a unique @ € W?
such that Daa = f. But then & = 0 in R by Lemma 8.2, so that v = aRr,
satisfies (8.14). All this shows that the operator % — A is an isomorphism of
Wy (Ry, X)N LP(Ry, W) onto the closed subspace of LP(R, X) of those f such
that fooo<f, 95 ) x.x» =0 for 1 < i <w. The existence of a constant C' > 0 such that
(8.15) holds is a mere translation of this property. I

In practice, the operators A(¢) are only given for ¢ > 0, but it suffices to
define A(t) = A(0) for t < 0 to be in a position to use Theorem 8.4. Clearly, it
answer the LP maximal regularity question in the nonautonomous case when A(0)
generates a bounded holomorphic semigroup (otherwise, see Corollary 8.5 below).
The relevance of the functions g7, ..., g;; (depending upon the operator D_ 4« on the
whole line) is a new feature, even when p = 2 and X and W are Hilbert spaces.

As a corollary, we now obtain a generalization of Theorem 8.4 when condi-
tion (ii) and (H5) for A_ = A(0) are dropped. To our best knowledge, this was
previously known only when A(t) = A is constant and nu = 0.

COROLLARY 8.5. Let X be a Banach space with UMD and let the family
(A(t))ter of unbounded operators on X satisfying the assumptions (H1) to (H4)
and also
(i) A(t) = A(0) for every t <0 (so that A_ = A(0)).

(i1) o(Ay) NiR = 0.

(iii) A(t) generates a holomorphic semigroup on X for every t > 0.

Let v > 0 denote the dimension of the sum of the generalized eigenspaces of A
corresponding to eigenvalues with positive real part. Then, v < oo and for every
p € (1,00), the operator

(8.16) %—A Wy PRy, X) N LP(Ry, W) — LP(Ry, X),

is one to one and Fredholm of indexr —v. In particular, it is an isomorphism if
v=20.

PROOF. Given 6 > 0, let ¢ : Ry — [1,1] be a smooth function such that
©(0) =1, ¢(0) = = and (t) = 1 for t > 1. Then, the multiplication by ¢
is an isomorphism of W, ”(R, X) N LP(Ry, W) and of LP(R., X), with inverse
the multiplication by i. It follows that the Fredholm properties (and index) of
the operator (8.16) are unchanged when A is replaced by A,, where A,(t) =

A(t)— %[ . Now, A,(t) has exactly the same properties as A(t) and even coincides
with it for ¢ > 1, so that Ay is unchanged, except that A,(0) = A(0) — 1. (That
A, satisfies (H4) follows from (H4) for A and Theorem 5.3 since the embedding of
W into X is compact.) Clearly, if § > 0 is large enough, then o(A,(0)) NiR = 0
and A,(0) generates a bounded holomorphic semigroup. The conclusion follows

from Theorem 8.4 for A,. 1

Naturally, Corollary 8.5 implies that (8.15) continues to hold for every right-
hand side f for which % = Au + f is solvable.

It is obvious how to derive an existence and uniqueness result for the problem
(8.2) from Corollary 8.5 when the initial condition «(0) = 0 is replaced by u(0) =
up € W, by using a lifting of ug in W?(R,, X)N LP(R,, W). Actually, it is clear
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that the “right” space for ug is not W but, rather, the space of traces {u(0) : u €
WLP(Ry, X) N LP(Ry, W)}, intermediate between W and X. We do not know if
this space coincides with more classical interpolation spaces between W and X, but
it contains the real interpolation space (X, W)l_%m; see [16, Lemma 2.1].

It is also a simple exercise to obtain the LP maximal regularity over finite
intervals from Corollary 8.5). In this problem, a family A(t) is given for ¢ € [0, T
with T € (0,00) and then extended by setting A(t) = A(0) for ¢t < 0 and A(t) =
A(T) for t > T, so that A_ = A(0) and Ay = A(T). This extended family is
assumed to satisfy the assumptions of Corollary 8.5. Since attention is confined
to solutions on (0,7) and right-hand sides in LP((0,7),X) (i.e., in LP(R4+,X)
that vanish a.e. in (T, 00)) and since the multiplication by e#! is an isomorphism
of all three spaces LP((0,T), X), Wy *((0,T), X) and LP((0,T), W), A(t) may be
changed into A(t) — ul for any u > 0 upon setting u = e**v. Thus, the problem can
always be reduced to the case when A(T) = A, generates a bounded holomorphic
semigroups, so that v = 0 and the isomorphism property of Corollary 8.5 can be
used (no compatibility condition arises).

REMARK 8.2. According to [33], the Fredholm property of (8.16) hasan im-
mediate impact on the asymptotic behavior of the solutions u of (8.2) depending
upon the asymptotic behavior of f € LP(Ry,X). See also Schnaubelt [35] for other
results of this type, by a different approach.
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