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ABSTRACT. We study localization of spectra (Counting Lemma) and LP con-
vergence of spectral decompositions of 1D periodic Dirac operators. The main
technical tool is estimates of the resolvent norms in their dependence on the
smoothness of a potential.
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1. Introduction; Statement of the Problem and Main Results.

We consider 1D periodic Dirac operators
_..d _ (1 0 (0 p
(1.1) L—ZJE—FV, J—(O _1), V_(q O)’
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126 B. MITYAGIN

where p, ¢ are L2-functions on [0, 1]. The operators

d
1.2 L0 =iJ—
(1.2) i
and L act in H = H x H, H = L3[0, 1], being certainly defined on H' x H' by
Dfi+pf2
1.3 LF = ,
(13) (ah 2 Br
where F = (?) fie Hy,i=1,2and D = id/dx.
2
After Zakharov-Shabat [22, 23, 24| such operators are infinitely related to
analysis of the complete integrability of a dynamic system — nonlinear (cubic)
Schroedinger equation
0y 0y 2
ZE——%'FOCJ% Y, f=+1

with the initial condition
U(x, t”t:o = Y(x).
See details in [1].

2. In this paper we study the structure (or localization) of the spectrum o (L)
under different boundary conditions. Three types of bc are most important.

(a) periodic, or Pert: F(0) = F(1), Le. f1(0) = fi(1), f2(0) = fo(1),
(b) antiperiodic, or Per—: F(0) = —F(1), i.e. f1(0) = —f1(1), f2(0) = —fa2(1),
(c) Dirichlet be, or Dir:
f1(0) = f2(0),  f1(1) = f2(1).
Each of these bc’s defines the operator Ly, the closure of L from a domain
Domy. = {F € H* x H' : F € be}
in a Hilbert space H = Ly X Ly with a scalar product
) 1
(R.G) =5 [ (igr + fog) o
0
We could consider other regular bc; see the details in Section 6.1.

D 0
0 _
In the case of L* = <0 D

values and eigenvectors (eigenfunctions) of LY.

) the following table tells everything about eigen-

complete system spectrum | multiplicity of

bc  of eigenvectors in H o(Lpe) eigenvalues 7,

peven podd
Per™ e;t ,p even ™, n even 2 0
Per— e;‘[, p odd mn, n odd 0 2
Dir ug, k € Z m™m, n €% 1 1

In this table and later on we use the following notations.

efiwpx B 0 1 B
(14) e;:\/i( 0 )7 ep :\/§<ei7rpm>7 U’P:E(e;—i_ep)u

(1.5) vp =
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3. If V is not zero, it is expected that o(Lp.) is ”close” to o(LY.). Under the
assumption that V € H' Y. Li and D. McLaughlin gave the following version of
Counting Lemma (for convenience, they talk about the case p = —g.)

Form = ||V|2, M = |jv|H!|| set N = 2[m? coshm+3M sinh m]. Then o(Lp.) C
D°U U Dy where D° = {\ € C : [\ < 2N + 1)7/2}, and Dy = {A € C :

|k|>N
A —kn| < mw/4}.

The dimensions of corresponding projectors are the same as for V' = 0.

The restriction V € H! is critical. Such a statement cannot be given just in
terms of m = ||[V||2. In general context of operators L., p. 1-3, let us make the
following remark, an apologue of Y. Li and D. McLaughlin observation [14], p. 183,
Remark 2. The potential

- 0 p62iaz
V= |:q62iaz 0 :| ; @ evell,

is 1-periodic and it has the same L2 -norm m(V) = m(V) as V.
If LF = \F then for L = iJ-L + W we have

Zﬁ' = ()\ + a)ﬁ‘ with ﬁ = < fle—iam) :
fae

Moreover, a is even, and it guarantees that

Febe=Fe be, be = Per® or Dir.

Therefore, op.(L) = op(L) + a. It means, that L?-control on the initial disk D"
(or another shape) is hardly possible.

4. But we can eliminate counterexample of this type of the multiplication by
e’ g real, would not be a uniformly bounded family of operators in a correspond-
ing (Hilbert) space of potentials. It leads us with necessity to Hilbert weighted

(1.6) IVIHQ)? = (Ipxl* + lax|)Q* (k) < o,
where
(1L.7) Q0)=1, Qk)=Q(-k), Qk)<Qk+1), Qk)— oo (k— fo0).

We’ll prove a Counting Lemma just assuming that V € H(Q).

Moreover, the choice of the initial domain D in [21], [14] and [9] as a disc does
not distinct roles of real and imaginary parts of spectral points, or how m = ||v||2
and M = |V|H!| or ||[V|H(Q)| restrict spectrum in the directions of real and
imaginary axes. Instead of a disc DY we talk about rectangles

M={z€C :|Rez| <X, |Imz|] <Y}

and try to give much smaller restrictions on Y than on X in Counting Lemma.
One of our main results in this paper is the following Theorem.

THEOREM 1.1. Let V be a periodic potential, V(z+1) = V(z), and V € H(QY),
where S is a weight sequence in (1.6).
Then for all be = Per*, Dir

o(Lye) CI(X;Y)U | Dr(0r)
|k|>N
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where Y = K1 (mM)Y/?, X = N+1/2, N depending on m, M and B, and &, — 0,
(1.8) Di(r)={2€C: |z —7k| <r}.

The dimensions of all projectors for Il and Dy are the same as in the case of zero
potential.

The precise statement is given in Section 4, Theorems 4.1 and 4.2.

5. With complex-valued entries p and ¢ of potential V', the operator Ly, is not
necessarily selfadjoint. Spectral expansions of elements F' € H are defined now in
terms of projectors

1

_ L _ -1
(1.9) P= 5 (z — Lpe) ™ dz,
oIl
and
1 —1
9Dy,

THEOREM 1.2. If (logk)?/Qx — O the series

PaF+ Y PF=F
|k|>N

converges uniformly for any F satisfying Dini condition.
If 302 < oo and V € H(Q) this series converges unconditionally.

See details in Prop. 7.3 and Thm. 7.4, and Prop. 8.7 and Thm. 8.8.

THEOREM 1.3. Under weak assumption Q — oo, the eigenfunctions of Ly,
normalized in H, are uniformly Loo-bounded. Moreover, for some K = K({Q}; M)
if F € ImP, or Im Py its Loo-norm

[Flloc < K||F||1-

See details in Thm. 8.4 and Cor. 8.5.

Proofs of these statements have many technical details which could be of certain
interest by themselves. The central role belongs to Proposition 2.4, Ineq. (2.27),
which provides estimates of the resolvent norms in complex plane.

1.1. Acknowledgments. Many collegues helped me in this work. In September—
October 2001, when the analytic core of this work was done, Plamen Djakov (of
Sofia Univ., Bulgaria) was a very patient listener of different reasons of the construc-
tions in Sect. 2—4 and a valuable advisor. Charles Li (of Univ. Missouri, Columbia,
MO) explained to me some results on Counting Lemma and further developments.
Evgeni Semenov (of Voronezh State University, Voronezh, Russia) consulted me on
a series of inequalities for Fourier coefficients.

My course on Spectral Analysis of Differential Operators, April-May 2002, in
CIMAT, Guanajuato, Mexico, contained a few lecftures with presentation of this
work. An advice and shrude questions of listeners, in particular, of Steve Sontz and
Maite Ferndndez Unzueta, led to improvement of this exposition. I am thankful to
Victor M. Perez-Abreu and Xavier Gomes-Montes for their hospitality during my
visit to CIMAT in Spring 2002 when I wrote a significant part of this paper.
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2. How to Evaluate the Norms of Resolvents of Perturbed Operators

Elementary methods of perturbation theory of linear operators are based on
resolvent identity

A=—A-T)'=N-A)"11-T\-A)"1HL

In our context, if

(2.1) Ry=M\-L-V)"', Ry =(\-L"""
then
(2.2) Ry=R\1-VR) ™' =(01-RWV)'RS.

We will use only the first representation.

We omit the subscript be with understanding that both L? and L are considered
in (2.1), (2.2) with the same boundary conditions. Of course these identities are
valid only if all the operators are well-defined, or can be properly interpreted.

(2.3) RY is well defined

for A ¢ o(LY), see Table, p. 126.
Moreover, by Parseval’s identity
1 < 1
max —— < max ————.
sea(L) [N —s| = kez |A — mk]|

Of course, by (2.2) Ry would be well defined if

(2.4) |RS : Ly — Lo =

1
(25) IV < 5
and therefore
(2.6) 11 =VRY) M2 <2.

But there are two obstacles here. A potential V' is an Lo-function, so an operator
of multiplication

(2.7) VF = (gﬁ)

does not act in Ly although there is a bounded operator from Ly X Lo — L1 X Ly
and from L., X Lo — L9 X Lo with norms

(2.8) V=1 = [Vlleomz = [[v]l2 < m.

We could compensate (2.8) to get (2.5) by treating RS as an operator from Ly to
L so

(2.9) IVE|l2 < IBR[l2—oc |V [[oc—2-
Indeed, the following is true.

ProrosiTION 2.1. For any

(2.10) A ¢ Z, A =mu,
e.11) 1R o € 2A(0), A2(0) = 30—
e < ZAW), =P

kEZ
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PRrROOF. Whatever bc is, the orthonormal eigenfunctions ¢ of an operator L°
are uniformly bounded, say

(2.12) lerlloo < 2
(see Table, p. 126). For any

(2.13) &) el®, Y &l <
H&=5" &k

0p &k
R =) 3¢k
and

1) IR <Y |5 <2(Slar)” aw)

i.e. (2.11) holds. O

This is a nice inequality but

1 1
2.15) A(—p)=A(p) =A(p+1 d inf A%(p) > =
Even moving along real line, we cannot make ||V RY|| small just by (2.9) although
if I'm X is large enough we can guarantee (2.5).

LEMMA 2.2. Let

. 1
(2.16) p=a+iy |o <3, o=l
Then
3 10
2.17 A%(p) < = + ——.

Proof of the Lemma and other inequalities for spectral sums of this type is
given in Section 3.
This lemma leads us imediately to the following

PROPOSITION 2.3. The spectrum o(Lyc) lies in the horizontal strip

(2.18) {z € C|[Imz| <4(1+4m)}.
PROOF. Inequalities (2.9), (2.11) and (2.17) give us for p > 1
V3 viz\"
(2.19) [VRY2 < <= ( ; + Pl 1/2

where m > ||v||2. Therefore, (2.5) holds if

(2.20) p = (1+4m)%

But if A ¢ (2.18), i.e. [ImA| > 4(1 +4m)?, then certainly p = L|\| > 4(1 + 4m)?.
It means that (2.20) and (2.5) hold, and Ry = RS(1 — VRY)™! is well defined. O

We cannot get more (see (2.15) and arguments there) from the function A(u)
and any attempts to use (2.5). But von Neumann series can still help us if we notice
that

(2.21) 1-K)'=(1+K)(1-K?*"!
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is well defined if K is a bounded operator, and

1
(2.22) K% <1, say < 3
We know by (2.11) and (2.17) that K = V RY is bounded in Ly and
1/2
2/(3 12
(2.23) 1K) <= (—2 + —) m
T\ p 14+p

As before (compare (2.9))
(2.24) [52]|l2 = [VRIVRS|l2 < m[|RYV RS [l2—c0-

If (2.24) < 1/2 then A is a regular point, i.e. A ¢ o(Lp.). It makes important for
us good estimates of the norm |RQV RY |2 c0-

PROPOSITION 2.4. Let a potential V in (1.1) be H(QY) function, and

(2.25) IVIHEQ)[| < M < oco.
Then, with
1
(2.26) A=n(n+w), |Rew|< 2 |lw| = p
we have
(2.27) RV R (|2 00 < CMA(2; ) AY(2; w5 1)
where
log?(2 + |2 |+ p) i
2.28 AP (9 ;1) = 2208 nopTp
and
) 1/2

(2 29) APET(2.w. 1) = Z Y

. 1 IR} S (277, —p)2 + p2 .

PRrROOF. First, we’ll write all the details in a more complicated case, the Dirich-
let case, and then analyze bc = Per® with simpler inequalities.

In Dirichlet case (c), Sect. 1.2, components of vector function F = <§1> are
2

coupled in boundary conditions so we cannot reduce analysis to blocks and one-
component decompositions. (We will do just that in Per® cases and even in Dir-
case when ¢(z) = p(—x)).

We know that
(2.30) {uk, k € Z} € (1.5)

is an orthonormal basis in H = L? x L?. With this basis RE{ acts as a multiplier-
operator, i.e. it is diagonal:

1
(2.31) Ru, = pume—t VjEeZ, ¢l
s

A —

Potentials

(2.32) V= <2 g)
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with a loose language could also be constructed as elements of H, or

(2.33) (p,a) € H(Q) = H(Q) x H(Q),

but for our analysis of V' another decomposition of H is important. We put
(234) H+ = {p(.I),p(—I)}, pe H(Q)a H™ = {p(I), —p(—I)}, pec H(Q)
These two subspaces in H (or in H(2)) are orthogonal, and

(2.35) H=H"®&H .

They have orthonormal bases

0 e*iﬂ'mx
+ (.
(2.36) Ul = (e“’mz 0 ) , M even,
and
(2 37) - — 0 efiwmz
. m _eiﬂ'mx 0 ’ m even,
and any V' € H(Q) has a decomposition
0 p(w))
2.38 V= =
(2:3%) (ot 75
_1 0 p() +q(—»’6)} 1 [ 0 p(x) —q(=2)| _
2 [p(=2) +q(x) 0 2 [-p(=2) +q(@) 0
=VI4+V = > ohUL+> v,Un,
m even
and
(2.39) IVIIG = D (v + o [)22 (m).
Now
(2.40) ROVRY = ROVTRS + RYV ™ RS
and we’ll analyze these two terms separately. Put g: = vt Q(m) so
1
(2.41) vE = gtw,, where w, = ——
Q(m)

and by (2.25)
(2.42) M2 = VG = lgle®)* = lg 1201 + g~ 1221

To continue (2.31) we need to know ULu,;.
Case H™T as we see from (2.36) and (1.5)

(243) Untuj = Um—j-
Therefore
R$ 1 wnULf W R w 1
2'44 3 A 3 m¥m m —i A m . i
(244) u]—>/\_ﬂ_ju] —> )\—7Tju ]—>/\—7Tj A—w(m—j)u /
For
(2.45) F=Y" fiu;, |FI3=>_Ifi<1,
and

(2.46) V= qumer—g7 ||V+H?l = Z |qm|2 <1
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the image-vector is (A = mu)

1
Oy, +p0p E
m,j

(b= 3)(n—m+j)

Um—j-

To avoid problems of convergence, we can consider in (2.45) and (2.46) only finite
sums. Any constants (norms) independent on F, V* with norms < 1 will give us
the norm of RQV R} anyway. As in (2.12) we know

(2.48) lurlloo < 2;
therefore,
Wi
(2.49) TRV R Fllo < S = Z LELCY s Yoy m+])}

Notice that

(2.50) 1 _{1+1}1
: . Sl 1R

(1= 5)(p—m+j) —Jj m—m+j —m

and define
(2.51) c _Zf‘( L1 )

' "t \p—g pmmtg)
By Cauchy inequality

1
(2.52) lem® < Z |fj|2 <2Z M —j|2) < 24%(p).
j
Therefore
(2.53)
1/2 w2 1/2
S = Z cmlgm|m—— |2,u m| (Z cmgm) (Z m) < V2A(p)Ar (n, w)
where
1
(2.54) p=n+w, |Rew| < <3
and
A? @,

2.55 = —_m
(2.55) 1(n,w) Z [2n — m — 2w|?

m even

It proves (2.27) in the Dir-case, V € HT.
Case H~. Now the images (m even)

(2.56) Urus = om
are not basis elements, and we need their Fourier decomposition. Notice
(257) Vi = Z<’U}€,’ul>’u,l,
and
1 .
11 » 1.4 ifk—1odd
2.58) (vp,u) == - = —l<k—l>m _ezw—z)m} dp — d 7 F ;
(298) o 2 2/ 0 if k — 1 even,
0
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SO

1 1
2.59 U u; =— E —uy.
(2:59) mt = , m—j—lul
I+j odd

The sequence (2.44) has a little bit different from now:

RY 1 wnU; W
(2.60) uj —> pu Ll s
Wm 1 1 R} 1 1 Wm 1
(2.61) =_—-m ' L . .
W(M—J)WH;ddm—J—l W2Zm—y—lu—y w1

Again, as in (2.48) ||ui]|co < 2, and with F' € (2.45) and analogue of (2.46)
(2:62) Vo= tmwmUps IVIP = laml* <1,

the Loo-norm of RYV ™ RYF does not exceed (compare (2.49)) =35 where

1 1 w

2.63 S =5 {fiqm L wm ‘
(263) mz]:l =g op=l m—j =l
As in (2.50) we use the identity

1 1 1 1 1
(2.64) I ( 1 )

p—j p=j—1 m—-Il—p \p—j m-—j—I
and later

1 1 1 1 1
(2.65) : = : - .

p—1l m—-Il—pup m-—2u \pu—0 m-Il-—p

For fixed m (even) and [, put
1 1
(2.66) cmlzzj:fj (H_j—m_l_j>=c;ﬂ+0%z-

The estimates of two parts of this sum c¢,,; are done differently because we need to
preserve dependence on w,

1
(2.67) w=mn+w, |Rew|§§, w=2x+ iy,

and specially, on y = Imw, in the final inequality.
For the first term ¢/, as in (2.51), (2.52), we have

(2.68) |l < A%(n) = A*(w).
For the second sum ¢” we use the Hilbert transform’s boundedness in {2, i.e. if
1
2.69 Hf =h, hy=S"F ,
(2.69) f=n, 2;& —
then
(2.70) hel* and |h|| <3|f

(see [25], Ch. 4, Thm. 9.18 and Exm. 9.23). Therefore,
2.71 = hp_y, and hi|? < 10.
ml
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Now

(2.72) S=>

m,l

G (Crnt =+ Cont)

Wm 1
m—1l—pu p—1|

Put, keeping (2.65) in mind,

(2.73) D, =

Then by (2.68)

(2.74) IDl| < A1) - B (1),

where

(2.75) Bp(p) = Z‘ L1 ’ .
= I p—m-+l1

This function B, will be estimated in Lemma 3.4.
Another part of the sum S in (2.72) comes from

1 1
2.76 Dy = » + )}
(2.76) P zl:cpl(u—l p+l—p

and by (2.71) for any p

1/2
(2.77) Dy < (S Ihaf?) " (2AG) < 5AGw).
Now, with (2.77), (2.74) and (2.65),
(2.78) S=8+38"
with
(279) 5" = X |a- 2 D -5 < 500410

p

This is an apologue of (2.53) in the case H'. But to estimate

1/2 9 1/2
(280) §'=3"|q w(p) ‘D; < Ap) <Z|qpl2> (Z %Bﬁuo

p —
p p=2p P

we need good inequalities for B,(p) provided by Lemma 3.4 in Sect. 3 and (2.51).
They lead to the estimate

(2.81) S < A(u)32[ A (1) + Aa(p)

where

(2.82) A%( )—2%1 2(2 4220 — p|)
' 2\ = |2n — p + 2w|? o8 i

Now we can conclude the case H~. We proved (up to Lemmas 3.5, 3.7c in
Section 3) that for V€ H~

(2.83) IRV RSl < 40MA(y) [(% n 1) Ay + Azwﬂ |

Together with (2.53) it proves Proposition 2.4 for Dirichlet bec.
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The cases Per® are simpler; they could be split to the component’s be. Tech-
nically, the inequalities we need in these cases are essentially the same as in the
case V € H', bc = Dir. But to avoid any misunderstanding, let us write details,
at least in the case Per™.

Case Per~. Eigenvectors for LY. (see Table, p. 126, line Per™) are pairs of
functions

(2.84) ef =V2 (e:m) e =2 (eigkx)

for each odd k. For any potential V instead of decomposition (2.38), which fits to
Dirichlet be, we have a much simpler decomposition

(2.85) H = (H x {0}) x ({0} x H)
with basis
0 e impe _ 0 0
(2.86) El = <O 0 >, E, = <eiﬂpm O>’ p even.

Any V = <2 g) € H(Q) has a decomposition V =P + @,

(2.87) P:(g é’) Qz(S 8)

and

(2.88) P=> g¢fwEl, Q= ¢ wFE,,

(2.89) M2 = |[VIROIP =) (I 1* + g, %) -

Notice that for any p even, k € Z

(2.90) E;"ekIr =0, E e, =0, E;e; = e;otk, Ep_e;c|r =e, -
If

(2.91) F=Y f—ktef+> fieg =F +F~

then VF = QFt + PF~ and

(2.92) RYVRYF = RSQR\F* + R\PRSF~.

Loo-norms of two terms in (2.92) are estimated in the same way. Let us do details
for the first term. Write as in (2.44) or (2.60)

L R} 1 LwB, 1wy o R 1wy 1 -
(293) ey = ST T TRk mak o p koW

therefore, with [le, [l <2, Vp, k

p—=k)(p—p+k)
(compare (2.47)). It has already been proven in (2.47)—(2.55) that this quantity
does not exceed M A(u)A1(p).
Of course, a second term in (2.92) can be controlled in the same way. All the

decompositions are orthogonal so we even do not need to double the constant to
claim

(2.95) IRV RS Flloe < MA(1) A1 (1)

2 - w(p)
p
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It completes the proof of Proposition 2.4. (I

Its part (2.28) incorporates estimates of a function B € (2.75) given in Lemma 3.4
from the next Section. Of course, we need more information about behavior
(growth, decay) of all these functions A, B, A;, As. This is a goal of the next
Section to find good inequalities for them.

3. Inequalities for Sums of Series Which Majorize the Norms of
Resolvent Operators

0. In Section 2 we assumed that V € L? and V € H(Q). Later in Sections 4-6
we'll explain that our constructionsand results can be carried on for V € L, b > 1
(or V € LlogL, see Sect. 9.1). Keeping this in mind, now we’ll consider and
estimate more general sums that A(p) and Ap(u) of Sect. 2.In this section we do
technical analysis and found good inequalities for the following functions.

1 1/o0
- 1 <
ZW‘MP) ) <o

keZ

(3.1) A(osp) = (

with understanding that

1
(32) Aoo; p) = SR ATk
Next
( ) 1/0
w(p
3.3 A(o,wy ) = —_— , 1<o< oo,
3 )= ( ¥ )

where y = n + w and

(34) Arloywi) = < 20— p+ 2]

m even

o\ 1/o
Z w7 (m) (10g(2+2|2n—p|)> ) C l<o<oo

Finally, for a even, |Rew| < %, define

(3.5) Bu(a,w) =Y

kEZ

1 n 1
a—k+w k+w|
Often, we will omit the sequence {w} in notations (3.3), (3.4) with understanding

that a subscript '1” or '2’ reminds us on its presence.
Functions in Section 2 came from V € L2, i.e.,

(3.6) Alp) = A2, ), Ai(p) = A1(2,p), et

So inequalities of this Section will imply the mentioned in Sect. 2 inequalities if we
put o = 2.

1. First, we deal with A(o; ) € (3.1). For any fixed o, this is a periodic and
even function

(3.7) A(os ) = A(o; —p)Aos p + 1)
so let us consider = w = z + iy, |z| < 1/2. Then
(3.8) =k = (k—2)* +y°
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and if |k| > 2
Lo 2 2 _ 3,2 2
Therefore
(3.10) Z|k ul"\ Z\_+220 3,
|k|>2
where
(3.11) o= (kP +pH) 2
k=2
Then

(3.12) Z</Z—f:0i

for any p > 0, but if p > 1 we can do better:

o0

_ _ 3 o _
1 < k2 2 U/2dl€< 1 a/ 1 o
(3.13) > /( +0°) p T <7 1"
1

1/p

In any case

(3.14) Z < —mln{l optT7) <

For o > 1, u,v > 0 one has

2
0—1 o+ po1’

(3.15) (u” + 7)Y <utv <27 (w7 +07)10
By (3.10) and (3.14)
l1—0o
3 20
3.16 Ao ) < = +4 o-1y-1/o
(3.16) (o5 1) p—i— (a—l) (c+p77")

Ifp<1/2, 0> 1,
3
(3.17) Aoy p) < p + Ci(o).

If p > 1/4 the second term in (3.16) majorizes the first one, up to the factor
depending on 0, 1 < 0 < o0, s0

(3.18) A(o; ) < Ca(o)p' ™17,
with
(3.19) Co(0) < Ch < o6

if 0 > 2, but for 1 < ¢ < 2 it is continuous, and
(3.20) (0 —1)Cs(0) < Cy < 0.

We can write, after (3.16), these functions C4 (o) and Ca(o) explicitly but we
do not need it and we will not use it. (3.17) or (3.18) will suffice. We have proven
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LEMMA 3.1. If1 < 0 < oo then for C3(0) < 0o, C3 € (3.19)&(3.20),

1 1
(3.21) Ao p) < Cs(0) {; + pl—l/g] :
COROLLARY 3.2. If 0 =2 then
2 6
3.22 Ap) = A2;p0) < =+ ——.
(3.22) (1) = A(2i) < 2+ 2
PrOOF. If we follow (3.10)—(3.16) but put there ¢ = 2 from the outset we’ll
come to (3.22), an analogue of (3.16). O

2. Now we go to A — 1 € (3.3). Monotonicity of {w}, wp, \, 0 (p — £00), as
we assume in (1.7), implies the decay of A;(c;7n + mw) when n — £o00 as well.

LEMMA 3.3. For A1 € (3.3) and 1 < r < n, 2 < n the following inequality
holds.

w(2n)

1/o
(3.23) Ai(o,w;p) < T + Cy(o) w(r) 3r

1+ pl—l/a n+ p'
In particular, if r =n, an inequality (3.29) below holds.

PrROOF. WLOG we can assume n > 0 so n > 2. We analyze the sum » in

p even

the brackets in (3.8). For any a,
(3.24) 0<a<n<2n—2
we write

(3.25) D= +> =si+s.

lpl<a |p[>a
With w(p) < w(0) =1
(3.26) s1 < Z 20 —p|77 = Z 2n —p+w|77 <

Ip|<a Ipl<a
2 1
<(2a+1)2n—a+w| 7 < L.
n+wl
On another side, w(p) < w(a) if |p| > a so

w?(2n
(3.27) s2 < w(a) Z < wg(a)z + (22)0)

lp[>a
(where > is defined in (3.11).)
o 2 w7(2n)
o1 or 1T 2o
by (3.12)—(3.13). Again, we use (3.15) and combine (3.25)—(3.27) to conclude that
3a'7 O —3(0)w(a) w(2n)
2 A = Ve g
(3 8) 1 (51 +52) n+p 1+p1,1/g p
In particular, if we coose a = n, — it is consistant with (3.24), — we have for
p=n+w, |[Rew| <1/2, p=|w
w(2n)

< w(a) -

w(n) 3nt/o

3.29 Ay = Ay (o, wi ) < ,
( ) 1 1(0'7(4)7#) 1+p1_1/o. n+p

+C—1(0)
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]

3. Functions B and Aj came into play in (2.74), (2.75), (2.81). We need to
analyze B first, and than it becomes clear that (3.4) is a proper explicit form for
As.

As it appear in (2.74)—(2.75),

(3.30)  B,( Z’ iy R pH’ zl:

1 1
+ =
n—Il+w n—p+l4+w

—Z}k+w+(2n = k—l—w‘ B.(2n — p;w).

This is our function B, € (3.5).

LEMMA 3.4. For w, |Rew| <1, p=|w| and a even we have

ol o, lal £ 1 s

3.31 B. 10+ 2 + 8 ol =4,
(3.1 (a10) < S Liog Ly
or

1
(3.32) B (a;w) < 16 (2+ —) , Ja] <2

p

REMARK. We'll use its simplified form (3.46).
PROOF. As in (3.7) we have
(3.33) B.(—a;w) = B.(a; —w)

so WLOG we can assume a > 0.
Let us consider the case a > 4.
We can split B, into four sums

(3.34) Bo=bot+bi+batby= Y + D +Y + Y .

2<k<a—2 k<—2 k>a+2

k=0,%1
k=a,at1
Then a > 4 and |w| < 1/2 imply
1 2 2 2 1
3.35 bo<2|—-+=-+2+_-+2+- 2(-+5).
(3.35) 0 [p+7+ +z+ +9}< <p+>
For by, with a >4 and 2 < k < a — 2 we have a — k > 2 and as in (3.8)—(3.9)
1
(3.36) k> 024 ),
1
(3.37) la —k+w]* > 5((a—k)2+p2).

It gives us simplified inequalities

(3.39) la —k +w| >

(3.38) -+ ul > (k+ p),
Sa—k)+0)
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Therefore, with a > 4

3

a—2

3.40
( ) k_2<k+p a—k—i—p) Zk—i—p
a—2
dk (a—2)+p
<4 | — =4log——.
/k+p T,

1

For by, with £k < —2 and @ > 0 a — k > 2, so again we can use (3.38), (3.39)
with |k| instead of k, i.e.

(3.41) Ik +w| > = (—k + p).

N =

Therefore,
-2

(3.42) by = Z

1 1 la + 2uw|
a—k+w+k+w‘ Z|a—k+w|-|k+w|\
—2

4 1 1 1
< 2wl - <4 2 z - -
o+ 2v] ;(a—k+P)(—k+p) (a+ p);a<k+p a—i—k-i—p)

a+1
_4(1+2)§:]€ (1+2p>1g%’“;f).
The sum b3 is equal to by as we can easily see by changing the summation index
ktoj=a—k,so
(3.43) bs = by < (3.42)’s right side.
Now we can combine (3.35), (3.40), (3.42) and (3.43) and claim (3.31)!

We omit explicit analysis, i.e., the same lines with a few simplifications, which
leads to (3.32). Lemma 3.4 is proven. O

4. Let us simplify (3.31). If p < |a| then (|a| > 4)

2 1+ 2|a|
3.44 B.(a;w) <10+ = + 16log —— .
(3.44) (@50) €10+ 2 + 1610g 122
If p > |a| (recall log(1 + u) < w if u > 0) then
2 2 1
(3.45) B*(a;w)<10+—+8-—p-ﬂ<2<—+13>.
P la| 1+p P
In all cases, (3.32) included,
1
(3.46) B (a;w) < 16 (— + 2) + 161og(1 + 2|al).
p

The second term on the right side justifies our definition (2.82) and (3.4) of the
functions Az (p) and Az (o, w; w).

5. Now we’ll give for Ay € (3.4) an analogue of Lemma 3.3, or of its inequalities
(3.23) and (3.29).

LEMMA 3.5. For Ay € (34) and 1 < a < n, 2 < n the following inequality
holds, p =n+w, |[Rew| < 3
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/e, log(1+ 2In])

(3.47) Az(o,w;p) <3 T 2w +w(a)D(o;w)
where
log(1 + 2k \ 1" |
og(l +
3.48 D = —_— R < -
e = ()] e

PRrROOF. It follows the same scheme as inequalities (3.24)-(3.27), (3.28) in
Lemma 3.3. It is possible because the structure of the sums (compare (3.25)),
i.e.,

~—

(3.49) T(n) = 3w (p)b(2n — p)
where b is an even I'-sequence.
Therefore,

(3.50) T(n) = Y+ Y < Y b2n—p)+w(a)- bl < (2a+1)b(n)+8-w(a),
lpl<a  |pl>a  [p|<a
where 8 = ||b||1 = > b(2k).
We omit further details in explaining inequalities (3.47). O

6. Of course, it was an easy part. If we want to apply Lemma 3.5 (and we
will do it in Sect. 4-7) we need for D the analogue of inequalities (3.21), (3.22), or
Lemma 3.1, Corr. 3.2.

LEMMA 3.6. For 1 < o < oo there exists constant J(o) < oo such that for
D € (3.48), p = |M]|

1+ log(1 + p)

(3.51) D =D(o;pn) < J(o) v 0<p<oo.
PRrROOF. Notice, like in (3.8), (3.9) that
1
(3.52) |1+wF:(L+@2+y2>ga+p%
0
1 ) 10
(3.53) Vi V10

< < .
L+w| =\ /T+p2  1+p

We use it and (3.8)—(3.12) in the following sequence of inequalities.

P =) ey (e

k even lq|>1 |q+w|
(3.55)

10/21og5 = [log(1 4+ 4¢)\°
—or (T3 ez o (BB ey ey (L)
g=%1  |q|>2 Tr q=2 §(q + p)
(3.56)

2)1/2] 7 7 (log(1 7
<2<§LL—3§) +g/<3§—iﬂ>¢m+2m@%:m+2m+2m.
L+p T+p
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We specify hy = ha(p) later. We use an integral comparision but

(3.57) pla) = EL )

and (p(x))?, are not always monotone on [1, 00). Indeed

)

(3.58) ¢'(x) = (x+p)~?

oy 1/4 —log(1 + 4x)

If p < % then (z + p)/(z + 1/4) < 1 but log(1 + 4z) > log5 > 1 s0 ¢/(z) < 0
(z > 1). This is true as long as

14+p . 5
3.59 logh, i.e. « = —logh—1.
(3.59) Tr1/a < log% ten p<p.=glog
(For curiosity, let us notice that p, = 1.011797..., i.e
(3.60) pe > 1)

Therefore, we do not need an extra term hy when the sum is majorized by the
integral hq, i.e., we can choose

(3.61) ha(p) =0 if 0<p< ps.
If however p > p, there is ONE and ONLY ONE root z* > 1

1oy P(x)>0, 1<z<az*
(3.62) ©'(z*) =0, and F(2) <0, 2 <2< o0

as it follows from (3.58). Explicitly, an equation for z* is
(3.63) p=1/4+ (z" +1/4)[log(1 + 4z™) — 1].
(3.55)—(3.56) will be correct if we’ll choose ha(p) > (m;ii( o(x))? for p > p..

But for any p
log(1 +4x) _ log(1+ 4p)
(3.64) ola) = 2=

If > p we use another inequality

log(1 +4 log(1+4
(3.65) plz) < BT A2) logl¥dp) = )
T P
It is correct because for x > 1

300 (Flo(1+ 4x>>' —o |

and max p(z) = p(p).
z=p

Finally, we choose

ifo<z<p.

x
——— —log(1+14 21 -1
T/ og(1+ I)] <z ogh] < 0,

P
0, 0<p<ps.

o
(L(IH”)) . P ps

(3.67) ha(p) = {

Then (3.55)—(3.56) holds.
7. Now, for any p > 0

(3.68) 7<1°g (1 +42) > dz < 0o (0> 1).



144 B. MITYAGIN

We need a better estimate for large p.

log(1 + 4x) log(1 + 4p€)
(3.69) hy = (Ii) ( ) de <
1/ +p / 14+¢

0
o—1 _1l—0o log 1+4§ 1 1+p
s [ () e

We used (3.15) for the second inequality, and an obvious inequality

(3.70) 1+4p6 < (1 +48(1+ p).
Therefore,
(3.711) hi < [I2(0) + I3 (o) (log(1 + p))7] - p' =7
where
(3.72) I3(0) = Pt
oy T (log(1 + 4€)
(3.73) =2 0/ ( 1€ ) dg.

For curiosity, we can notice that

(3.74) I(o) < 871 7 <1°ﬂ)g dy =871 < ! >UH (o +1).

Y oc—1

By Young inequality (3.15) and (3.71)

(3.75) m'” < [i3/°(0) + /" (o) tog(1 + p) | p/7 71, v,
and by (3.68)
(3.76) n'" < 1%(0), .

Although specific form of I;(0), j = 1,2, 3, is not essential.
It is important to point out that functions (I; (o), j =1,2,3, are bounded
at +oo. For example
—-1/c
1/ 2
(3.77) 1 —2-m—>2 (0 — )
and by (3.74)

r'/s(c+1) 8
1-1/0 °
8 7(0—1)1+1/‘7_>e (0 — 0).

We can choose min of the right sides in (3.75) or (3.76) and with proper choice
of a continuous J1(0), 1 < 0 < 00, limsup Ji (o) < .

(3.78) (o) <

1o 1+1log(1+p)
(3.79) hy'" < (o) - Y=
An inequality (3.67) and an observation (3.60) imply that
- log(1+4p
(3.80) ha!? < 2¥, Yp

1+p
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and
1o _ o1 +log(1+p)
(3.81) hy'” < 371 ey Vp, Vo.
The case hg is easy; by (3.55)
7 14

3.82 hl/e < ,
(382) 0 1+p<1+p1*1/"

Now we collect inequalities (3.82), (3.79) and (3.81) into (3.55) and use Young
inequality for three terms

W+ +w) < (utv+w), o=1, uv,w>0.

This leads to our main inequality

(3.83) D <2(hY/7 +n7 + b)Y < J(0) - %&Zp)
with
(3.84) J(o)=Ji(o)+ 17, Jy €(3.79).
Lemma 3.6 is proven. O

REMARK. Looking more carefully into I; € (3.68), I € (3.72)&(3.74) we can
explain that

(3.85) sup (0 —1)?J(0) < 0.
1<o<2

8. We will use Lemma 3.5 in Section 6.7 with different choices of a, 1 < a <
n, but let us write its specification with @ = n and estimates for D in (3.51),
Lemma 3.6.

LEMMA 3.7. For Ay € (34) and |n| 2 2, p =n+w, |[Rew| < %, p = |w| the
following inequality holds
[n['/* log(1 + 2|n|)
Inl+p

1+ log(1 + p)
1+ pt=1/p

(3.86) Ag(o,wip) <3 + w(|n|)J(o)

where J(o) defined in Lemma 3.6

It is interesting to compare this inequality with (3.29) for A; where the term
1/pin (3.86) and (3.47) has the same power 1/0 — 1.

4. Trapping the Spectrum

0. Now, with the estimates of Section 3, we are ready to construct contours I'
containing o(LY,) (see Table, p. 126) and

(*) such that T cannot be crossed — either from inside or from outside — by
eigenvalues of

(4.1) Lye, L(t)=L°+tV

when t, 0 <t < 1, changes from 0 to 1.
I" will have the following structure.
For each n, |n| > N, N to be chosen later, and ¢, 0 < § < 7, we define

(4.2) D(n;6) = {z‘ |z —mn| < 6}
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and
(4.3) C(n;0) = 0D(n;0) = {z ||z — mn| = 6}.
With N chosen, we construct a rectangle
(4.4) R(X;Y)={2€C"||Rez| < X, [Imz| <Y},
(4.5) X =7N+ g
Then
(4.6) I =0RrRU |J C(n;dn).

|n|>N

Its parameters N, Y and {d,}, 0, \, 0, are to be choosen to guarantee (*).

In this Section we’ll write all the detail for the case V € L2 All necessary
adjustements for more general case V € L?, 1 < b, are explained in the conclusion
of this Section although technical inequalities come from Section 3 and Section 5.

In this Section, at least until Subsection 4.7, we use functions A, A;, A only
in the case 0 = 2 so the index is omitted in the same way as in Section 2.

1. As before, see (2.1), (2.2), (2.21) we (want to) use the representations

(4.7) Ry=M\-L)"'=RY(1-VR))™*,
or
(4.8) Ry=RY1+VRY)(1—-VR\VR))™ '

RS is well-defined for A ¢ o(LY.), certainly for A # 7n, n € Z, and therefore on
I € (4.6).
(4.7) defines R) if

1
(49) VR < 5.
and (4.8) gives good representation of Ry if
1
(4.10) IVRYVRY < 5
We proved in Proposition 2.3, Section 2 (see (2.19)) that
15 30m
O _ S
Therefore (4.9) holds if
(4.12) [Im Al = (60m)2,  m > ||V]|2,
and (4.9) holds on horizontal intervals
(4.13) {zeC"||Rez| < X,Imz=+4Y} CORCT

for any X if Y > (60m)2.

It is nice to observe that the height of the rectangle R € (4.4) is controlled by
L?-norm of the potential V', not by |V|H (L)

2. On other pieces of T', we need (4.10) and all the inequalities from Sections 3
and 2.

First, let us do necessary evaluations for Per®  or Dir when the potential
V € HT (see Section 2, (2.34), and case H™T there).By Proposition 2.4, in all these
cases the inequalitites (2.27), or (2.53), (2.95) holds, i.e.
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(4.14) | RV RS oo < 2MA() Ay (1, w)

where A = mu, g = n+w, |[Rew| <1/2,and A € (3.1), A1 € (3.2), M > ||[V|H(Q)].
If

1
(4.15) A=(n+a)r+iv, |z| < 3
then by (3.6), or Lemma 2.2, (2.17), p > 3, and
3 10
4.16 A2 <=4+ —
and
Ap) < =+ 1
s T T
By Lemma 3.5, (3.3),
1 1 [n|
2 2
(4.17) Ai(n,w) <3 {w (n) (F + 1 +p> + > +p2]
and
(4.18) Ai(n,w) <2 w(n)(l—i- = )-FM
' R PV 2]
If
1
(4.19) NEOR, A=£(N+zmtiv), <Y,
then p = %, and
(4.20) Alp) <4+4=8,
(a.21) Arln,) <6 (w(n) +
. n,w) <6 |whn)+—=).
1\’ \/ﬁ
Therefore for A € (4.19)
1
4.22 RSV RS [l2—00 < 100M (w(n) + — | .
Let us define
(4.23) Ni(e) = min{k : w(k)+ k™2 <&}
By (1.7) w(k) = 1/Q2(k) — 0 monotonically so Ny is well-defined and
(4.24) Ni(e) /oo when &\, 0.
(4.10) holds if
1 1
(4.25) [Vll2 - [RYV RS2 00 < 100mM (w(n) + ﬁ) <3

or (4.10) holds if

~ 1
. 2 - )
(4.26) 0l > Ny (mM) = Ny (200m M)
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(4.27) Ni(z) = Ny (ﬁ) .

3. If we did not care to choose d,, \, 0 but take §,, = p > 0, |n| = N, we could
take

(4.28) N = Ny(p~>mM),
and the inequalities of the prevoius subsection would guarantee that (4.10) held on
C(n,9), |n|] = N, N € (4.28).

If however we want the sequence of radiuses d,, \, 0 decaying to zero we need

to compensate such a decay in inequalities (4.16) and (4.18). If p is small, let us
say p < %, then by (4.14)-(4.18)

1 1 1
4.29 VRV RS <m-2M-2(—+2)-2 wn(——i—l)—i—— <
(429)  [VRYVEY] P (n) P N

—1/2

(4.30) < 30mM <°"(§) Ll > .

p p

If
(4.31) p=0n=(W%(n)+|n|"?), 0<y<1,
then the factor on the right side of (4.30)
—1/2

(4.3) A B i) 20

@)+ 725 T,
Let us define (by choosing v = 7/8)

(4.33) No(e) = min{k : w'/3(k) + k7110 L &},
Then (4.29)(4.32) guarantee that for n, |n| > No(mM), where
~ 1
4.34 N: =Ny | —
(1.39) (o) = 3 (52 ).

our dream-inequality (4.10) holds.
With w(k) <1, (4.23) and (4.33) imply that

€
. = —.
(4.35) Na(e) > M (3)
Now we define I' € (4.6) by choosing

7/8
~ 1
(4.36) N = No(mM), 6, = (w1/2(n) + %) .
4. With (4.9) on the part (4.13) of T and (4.10) on T"\ (4.13), we succeeded to
explain that Ry = (A — Lbc)_1 is well-defined on I". Therefore, we have proven the

following statement.

THEOREM 4.1. Let us consider Ly, bc = Per®, or bc = Dir but V€ Ht, and
assume that

(4.37) [Vile <m, [IVIH@Q)[ < M.
Define contour T € (4.4)-(4.6) by choosing

(4.38) Y = (60m)%, X =N+ g
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and N and {6, } being defined by (4.36). Then

(4.39) o(Lye) € R(X;Y)U | D(nsdn).
n|>N

5. The twin-statement for Dir, H™ case, can be proven along the same lines
but with proper adjustment of the inequality (4.14). According to Proposition 4
— see (2.27), (2.28) and in particular (2.79) — in bec = Dir case we have instead
of (4.14) the following inequality

1
W10) = [Vl < 00040 | (5 41) 4100 + 4200

Now, together with (4.16), (4.18) we need to use (3.42). This inequality implies
for p < 1/2

log(1 + 2|n|)
(4.41) Az(p) <5 [201(#) R v —
If we use (4.16), (4.18) and (4.41) in (4.40) we get
1
(4.42) v=|RYVR}||l2—00 <40M -2 (2 + ;> X

() (o 1) ) )

8 2, 4, 10 log(1 + 2|n|)

Ifp=1/2

(4.43) v C* [w(n) + M] ,

|n|1/2

C* being an absolute constant.
Let us define

Ni(e) = min {1 > 0 |w(h) + 2D Y

L1/2

and
(4.44) Ni(e) =N !

' W& =M\ 90wy )
Then for
(4.45) N > Ny(mM)
and any potential V' with
(4.46) V2 <m, [VIHQ)|| < M.

The inequality (4.10), bc = Dir, holds on the vertical sides of a rectangle R €
(4.4) + (4.5).
Next, like in (4.31) we’ll choose

(4.47) p=0,=(W3n)+n" YY), 0<y<1.
Then on dD(n;d,) = C,, (4.42) implies
(4.48) v < MC* [w' =7 4 n~1/20-7)],
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Again, we can put v = 7/8 and take the same definition of Ny(¢) as in (4.33)
but

(4.49) No(z) = Ny <ﬁ) .

For n, |n| = Na(mM), (4.48) and (4.47) guarantee that on C,, (4.10) holde, i.e.
1
IVERVES] < 3

Therefore, (4.8) tells us that Ry is well-defined on |J C,. Moreover, if
n|>N
A=nr+w, |[Rew| < 7/2,

2
(4.50) IRAlN < IR+ ml[ BY]l2—o0) - 2 < m(l +mA(p)).

We have proven the following

THEOREM 4.2. Let bc = Dir, and V € (4.37). Define contour T € (4.4)-(4.6)
by choosing Y = (60m)?, X = N + 7/1 with N = Na(mM), N2 € (4.49), and
{6.} € (4.47). Then

(4.51) o(Lye) C R(X,Y)U | D(n;dn).
n|>N

6. Let us notice that I', the contour in Theorem 1 or 2, depends on m and M,
and the conclusion (4.39) or (4.51) is valid for ANY potential V' € (4.37). If we
consider a family

(4.52) Lye=L{t) =Ly, +tV, 0<t<1,

then of course all of its potentials tV, 0 < ¢ < 1, are in the ball (4.37). So
(4.53) R\t)=(\—L). —tV)™', 0<t<1

is a family of operator-valued functions and for each piece ~ of the contour I'
(4.54) vy=90R or v=C,, |[n|>N

it depends continuously on ¢ in the norm

(4.55) 1Al = max{[ AN : A€ 7}

on the space of the continuous operator-valued functions on ~.
Therefore, projectors

_ L 0 et
(4.56) Pi(t) = 5 / (A= L0 — V)~ 1d)

OR
and

1

(4.57) Pu(t) = — / R(\: t) dA

211

Ch

depends continuously on ¢, 0 < t < 1, as well.
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If ¢ = 0 these projectors are orthogonal, and we show their values explic-
itly by Table. Certainly, for each v € (4.54) dim P,(0) < oo and by M. Krein-
M. Krasnoselski-D. Milman Theorem (see M. Naimark [20], Sect. 14.10, Thm. 11)
dim P, (t), dim P,(t) are constant functions, and if P, = P,(1)

(4.58) dim P, = dim P,(0),
(4.59) dim P, = dim P,(0).

It means that we have proven the following complement to Lemma 3.7 and

Theorems 4.1 and 4.2.

PRrROPOSITION 4.3. Under assumptions and notations of Lemma 3.7 and The-
orem 4.1, dimensions of Riecz spaces I'm P, are given by the following Table 4.2.

be Pert Per— Dir

N even | 2N + 1 2N 2N +1
dim P,

Nodd |2N—-1 2N +2 2N +1
dim P, | n even 2 0 1
[n| > N | n odd 0 2 1

7. So far in this Section we’ve done all the estimates and proofs in the case of
L?-potential V and in L2-space. Now we’ll assume that V isin L, 1 <b <2,V €
K(m, M) € (5.13) and extend this Section’s results. We use technical inequalities
from the next Section 5.

As in Section 4.1 we use two representations (4.7) and (4.8) of the resolvent
R). But each element there should be well-defined or understood.

First, let us use (4.7) to define Ry in L% b < d < o0. The formula

(4.60) Ry =RYI-VR9)™!
gives the factorization

- 0y—1 0
(4.61) L Lo pp R g I g

if d > 2, or the last step is split into

(4.62) pr B, 2 L pa
if d < 2, i.e., we do not hope to have better estimates that coming from an inequality
(4.63) |T: L° — LY <||T : L — L?| ifd<2.
The operator (I — VRY)~! is defined in L if
(4.64) VR : L* — L°|| < 1.

We can achieve this restriction by using inequalities of Section 5 (Lemma 5.2;
(5.21))
(4.65)

. 11
VA 2 = < ol I+ 20— 2] < mai) < coim (34— ).

The right side is < 1/2 if p is large enough; more precisely, if
(4.66) p > (2c(b)ym)vT.



152 B. MITYAGIN

The right side of (4.65) is < 1/2, and

1
(4.67) IVRY : LY — LY|| < 5 If re (4.66)
and
(4.68) (VRS)™! is defined in L® and its norm < 2.

But we have to return to L.
The last step in (4.61) is RS : L® — L%
According to Lemma 5.2, inequality (5.21), and final remark (4.63),

(4.69) IRY = L* — LY < A(o; p)
where
1 L_ Ll y4fd>o2,
) 1 < 2.

In any case, 1 < 0 < oo and A(o; ) is well-defined and finite, u ¢ Z.
It leads us to an analogue of Lemma 2.2.

LEMMA 4.4. If (4.66) holds X is a reqular point in the space L%, and
(4.71) [RAl <2(IRY : L® — LY < 2A(05p), o € (4.70).
The spectrum o(Lye; L), b < d < 0o, lies in the strip
(4.72) {zeC" : |Imz| < (C(b)m)7T}.

8. As in Subsections 4.1-4.2, to analyze Ry in the strip (4.72) we use repre-
sentation (4.8). Norms of factors R and I + VRS have already been estimated in
(4.69) and (4.65) soto make the third factor (I — K?)~! = (I — VRSV R})™! be
well-defined as an operator in L%, 1 < b, it will suffice to guarantee an inequality

1
(4.73) I[VROVRS : L* — LP| < 5
or
1
4.74 *=||ROVRY : L — L™| < —.
(4.74) w* = [|[R\VR) — L™ T

Proposition 5.4 gives estimates on this norm w*. By (5.31) and (5.34)

(4.75) W < Ka(b)A(b; ) As (b )
if be = Per®, DirH™*, and

(4.76) W < Ks(B)A(b; ) As (b )
if bc = Dir.

Therefore if the right side in (4.75) (or (4.76) for bc = Dir) is less than 1/2m
the condition (4.74) holds and the third factor (I — K?)~! is well-defined and its
norm in L? does not exceed 2. To be more specific about regular X in the strip, or
for small p, we need Lemma 3.3, inequality (3.29) for A; and Lemma 3.7, inequality
(3.86) for Ay. They imply that in the case (4.75)

C [w(2n)

4.77 w* < —
(4.77) 5

+ Ca(b)w(b) 4 3n~1=1/Y
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and in the case (4.76)

Cs M 2
(4.78) wr < 2 w(2n) +w(n) +n" "0 log(1 + 2n)| .
p p

The factor 1/p comes from the estimate of the function A given by inequality
(3.47).

For p > 1/4 and adjusting a constant factor C' we choose now N = N(CmM)
in such a way that for all n, |n| > N,

1

(4.79) I[VROVRS : L* — LY < 5 A=mntrw, fwl=p.
Indeed, put
~ 1
(4.80) N(zx) = inf {k w(k) + k=YD Jogle + k) < E} .

Then the right sides in (4.77), (4.78) are smaller than 1/2m, and (4.74) and (4.73)
hold. Therefore, we have proven that in the vertical strips

(4.81) T,={z=m+7w : |[Rew| <1/2},
the resolvent R) is well-defined outside disks
(4.82) D,={ze€C': |z—mn|<1/4}.

Of course, by adjusting a constant C' in the definition (4.80) we can make the
same conclusion by choosing any fixed r > 0 instead of 1/4, i.e., take disks

(4.83) Dyu(r)y={z€C': |z —mn| <r}.

But inequalities (4.77)—(4.78) help us to trap the spectrum o(Lp.) into disks
with radiuses ¢, — 0; compare Section 4.3, (4.29)—(4.32). Indeed, put for example
(4.84)

1/3 -

Op = [w(n)+n_1_l/blog(1+2n)} , N>2n>Ny=4, N =N1(ngmM)
with
(4.85) Ni(z) = N(@@®), z>1.

Then (4.80) guarantees, — together with (4.77)—(4.78) that (4.79) holds in the
strip Ty, |n| = Ny, outside of the disks

(4.86) Dn(6,) ={z€C' : |z —7n| <.}
9. Therefore, we have proven a more general that Theorem 4.1 statement:

THEOREM 4.5. Let us consider Ly, defined by (1.1) and be = Per® or Dir with
a potential V € L, 1 < b and

(4.87) VeHDQ), VekK@m M)
(see (5.10)—(5.18)). Define contour T' by (4.4)—(4.6) where

(4.88) Y =(CH)m)Pt, X =N+ g
and N = N(CysmM), {6,} are deined in (4.80) and (4.84). Then
(4.89) o(Lye) € R(X;Y)U | D(nsdn).

|n|>N
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10. Remarks in Section 4.6 are general and can be applied under assumptions
of Theorem 4.5 as soon as this theorem has been proven. Therefore, we have the
same Counting Lemma as Proposition 4.3, i.e.

PROPOSITION 4.6. Under assumptions and notations of Theorem 4.5, the di-
mensions of Riecz spaces Im P, and Im P,, |n| > N,

1

P=— — Lp) "N d

omi / (A= Loe)™" d,
AR(X,Y)

1
Pn - 5
271
oD,

(A — Lye) "t d,

are given by Table 2 (see Prop. 4.3).

5. Estimates of Norms of Resolvent and Related Operators in Complex
Plane

0. Proposition 4, inequalities (2.27) and (2.83), were important to make the
norm of the square K2, K = VRY, small if A = 7n + 7w, |[Rew| < 1/2, and n
large enough. This led us to main results (Counting Lemma) of Section 4 about
the contour, or domain, which traps the spectrum o(Lp.). For further results
on convergence of spectral decompositions, completeness or uniform boundedness
of eigenfunctions (Riesz subspaces), given in the next Section 6, we need more
inequalities for norms of resolvents and other operator-valued functions. Of course,
we'll repeat basic scheme of Section 2 but now a potential is an L’-function, 1 <
b < 2, and operators act from L€ into L*, with ¢ and a more general than 2 or oco.

1. Notations and general scheme.

IfVell 1<b<2 asin (2.8)

(5.1) IV 2 L% — L) = [v]ly <m

but an analogue of the norm (2.30), or the space H(2) if b = 2, is defined on the
basis of Hausdorff-Young Theorem ([25], Sect. 12.2, Thm. 2.3):

LEMMA 5.1. (i) If v € LY, 1 < b < 2, then its Fourier coefficients sequence

(5.2) v e W(k) el % + bl =1,
and
(53) 1% < Cllol L.
(i3) If a sequence f = (fi) €1, 1 < d <2, then a function
(5.4) F(z) = Z frBy(x) € L,
and
(5.5) L) <l

These statements hold for standard Fourier series and more generally for any
complete orthogonal system {Ej} which is uniformly bounded in L*°, i.e.

(5.6) | Bl < a < oo,
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A constant C'= C(a) in (5.3) and (5.5) depends on a only.
See the proofs and further details in Zygmund, Ch. 12.
Therefore, for Ve L?, 1 < b < 2,

’

(5.7) STk < ct'm?,

and for a given compact K C L’ these series converges uniformly for v € K. It
follows that for some sequence

(5.8) Qr /oo, Q0) =1, Q(-k)=Q(k),
still

(5.9) M=3 { (Z(W(k:)m(k))b')l/b/ Lve K} < .

See details on the choice of 2 in Lemma 8.2, Sect. 8 below.
With this motivation, as in (1.6)—(1.7) for any sequence (5.8) we define the
space

(5.10) H(b;Q) = {ve L : [0l (Q)] < oo}
where

(5.11) @l = (Smiem)) " 1<b<,
and

(5.12) ol (b; )| = Jo|Z*]l + 712 ()]

(From now on we assume that a potential V' is in a bounded set
(5.13) K(m, M) ={V € L*||[v|L°|| <m, |lv|H (b Q)| < M}.

For curiosity, let us notice that (5.8) does not guarantee that K(m, M) is a
compact set in L?, 1 < b < 2, although this is certainly true if b = 2.
2. Holder inequality implies that

(5.14) IV e L% — L = ol
if
1 1 1 bd
(5.15) Ty T @ p—asts®™
Of course,
(5.16) IVIZ® = L¥) = ol 1<b<2.

For a multiplier-operator R = (1),
(517) RE, = ri g, ke Z,
Lemma 5.1, (ii) and (i), implies

LEMMA 5.2. If1<a<2,2<c< 00, then

1 1 1
(5.18) IR : L = L < CPrfi7)), — =~ —=.
g a (&
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PRrROOF. R can be factorized by Lemma 5.1 as

(5.19) Lol g e T e

with

(5.20) [l 2 1 = L = {17 ]]

(compare (5.14)) where J are Young operators from Lemma 5.1. It implies (5.18)
with C? coming from (5.3). O

IfR= Rg is a resolvent of L° then Lemma 5.2 tells us that
(5.21) RS : L — L7 < C2pli7l| < CPA(oi ), 1<a<2< <o,

where 1 > 1/c=1/a—1/¢c > 0.

Of course, in the case a = 1, ¢ = oo an operator R} is unbounded. The
inequality (5.21) holds with A(1; ) = oo but it is meaningless.

(3.1), (5.14) and (5.21) lead us to

LEMMA 5.3. For1<a<2,1<d<b<?2

(5.22) IVRS : L* — L < C?||r8|17||m < C?A(o; w)m,
where
1 1 1 1
5.23 1.1
( ) c a d + b

PROOF. As in (5.15) we factorize VRY in the following sequence with ¢/, 1 <
cd <2

(5.24) Lo e 5 N e Y, pd
By (5.14)—(5.15) (a there should be changed to ¢) we can choose ¢ by
1 1 1
(5.25) - + =3
sol <L <l co>c>2and1 < <2 permits us to apply Lemma 5.1 (ii).
Notice that 1 > 1/d > 1/b > 1/2 so
(5.26)  t-T<l-s<i and oglzl_(l_l)a.
d b 2 72 o a d b
By Lemma 5.2 factorization (5.24) leads to (5.22). O
3. Now we’ll estimate the norm
(5.27) |ROVR® : L* - L°||, 1<b<2<c< oo

We could consider the index a # b but with complete understanding of our
method it can be easily adjusted. The choice of b (with V € L? and V € K (m, M)
from (5.13)) is important for further applications.

Of course, keeping in mind inequalities (5.14) and (5.21) we can factorize
RV R as

0 0
(5.28) e Lo B e
and it leads to estimates (1/7 =1/b—1/c)
(5.29)

|ROVRN® : LP|| < ||RS : LY — L™®|| xmx||RY : L® — L°¢|| < C*mA(b; p)A(7; ).
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But functions A are periodic, A(p) = A(p + 1), and (5.29) does not give any
decay along real axis when n — oo (u = n+ w, |Rew| < 1/2, |u| = p). Still, by
Lemma 3.1, inequality (3.21), we get from (5.29)

(5.30)

. 1 1 1 1

1 1
< C(b;e)m <ﬁ + p2(1—1/b)+1/c) :

Now we'll give an analogue of Proposition 2.4, Section 2, in the case of LP-potential.

PROPOSITION 5.4. Let a potential V in (1.1) be from the set K(m, M) € (5.13).
Then (1<b<2)with0<1l/T=1/a—1/c<1

(5.31) w* = |RYVRY : L* — L¢|| < Ki(a,b,c)A(T, ) Ay (b, 1)
if
(a) 1 <a<2<c< oo but{a,ct#{1,o0} with
(5.32) 0 < Ki(a,b,c) < o0
and

(b) bc = Per® or Dir H™.
In the case Dir H™ or general Dir the estimate (5.33) holds

(5.33)  [IRRVRY : L — L°|| < Ka(a,b,0)[A(r, p) + Ala, ) A(c, j1)] A1 (b, 1)

with 0 < Ko < 00 if
(c)1<a<2<e<o.
Finally, ifc=00, 1 <a<2,1<b<2,

(5.34) |IRSVRY : L™ — L™®| < Ks(a,b)A(a, 1) Az (b, ).
(Functions A, Ay and Ay are defined in Section 3.)

NN

PROOF. As in Section 2, — see the proof of Proposition 2.4, — we give an alge-
braic representation of this operator W = RV RY and factorize it in the following
way

(535) La ﬂ} la, E/} lc, ﬁ LC
so by (5.3), (5.5)
(5.36) W : L = L°|| < C?|jw : 1¢ — LY.

But W = W, (V) depends in a linear way on V € H(b,§) and it is not just a
multiplier like R in lemma 5.2.
But we know (see (2.44) and (2.61)) how this operator acts on eigenvectors of

Lgc. There are two cases, and we’ll consider them separately.
Case 1 (Per® or Dir H*). By (2.44) or (5.81)

1 1
We; = ozz - JLWk ~Ck_j
—n—J p—(k—j)

where

1
(5.37) V= ngwkEk S K(m, M), Wi = Q_k
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=)
(539) (Sla)” < u

By (5.36) and (5.38) and duality for I¢, the norm ||[W : L% — L¢|
(5.39) W : L — L°|| < C*Maw*
does not exceed C?Mw*a where
(540) " =sup{W (£, ) [IFRI <L, g™ < 1, el < 1},
(5.41) W(f,9,t) nggk Wk ! - ! tk—js

pw—j pu—(k—j)

and sequences f, g, t are finite so there is no problems with (convergence of) infinite
series. Let us majorize this ternary form (5.41). As in (2.50)

(5.42) L. ! S {1,+ ! }

p—j p—(k—j) 2u—k pw—(k—7)
and
(5.43) W(f,g,t) ng
where
(5.44) ze = fit ( L . ! )
. k= itk—j . = |-
— 7 \u=j n=(k—3)
For any k ||tx—.|I¢| = [|t|I¢|| < 1, and sequences {ﬂ%} and {#7(27_)} have

the same norms in [P-spaces, in particular in {7,

1 1 1
5.45 = _
( ) T a ¢
Notice that with 1 < a < 2 < ¢ < oo we have

1_1_1
5.46 1>—2>2=->2-20
( ) - a 27 ¢

so0<1/r<1/a<1and 7#1.
Holder inequality for the factors in (5.44) guarantees that for any k € Z, m ¢ Z

(5.47) i < ILF 1 [0 - 2A(T, 1) < 2A(T, 1)

because
1 1 1

A4 — 4+ -4+ -=1
(5.48) a ¢ + T
by (5.45).
Now, by (5.43)
549 W(f0.0 <2400 3ty 2 9] < 24l 11 A <



SPECTRAL EXPANSIONS 159

Like in (5.30) we use Lemmas 3.1 and 3.3, or inequalities (5.21) and (5.25) to
write (5.50) in terms n and p more explicitly:
(5.51)

|W(f,g,t)| < Klgcg(’?') <% “+ p1—11/7—> . <w(in) + C4(b)

01rifp>411

w(n) N 3n1/b)

L4 ptte ™" ntp

_ 1/b
(5.52) [IRVR : L% = L] < K(a,b,e)pt/* 71/ L}m)p“l/b’ tat p] .

Case 2 (Dir’H™). By (2.60) or (2.61)

1 1
(5.53) Wuj—ﬂgwkgkk R L
where
(5.54) V= ngwkUk

(see (2.37), (2.59), (2.62)) and V € K(m,M). As in (5.38)—(5.41) (5.39) holds but
instead of (5.41) we need analyze a ternary form

1 1
5.55 t . . .
(5.55) W(f.9.t) %f;gk W —j R

As we do often (j + 1 — k are odd), write
(5.56)

1 1 I | K 1, 1 >< 1 1>}
p—j p—=1 k—=j—=1 2p—k{\p—1 p—(k-=0)\k—-j—1 p—j

SO

(557) fv gv Z gk

where

(5.58) Ty = xf + 258 + s + af

and x], v = 1,2,3,4 are written explicitly below in (5.59), (5.64), (5.66).
Terms ;..

B L, 11 B t fi b F—
(5.59) :C,lc—;f]tz‘u_l k_j_l_;(‘u—l;k—l—j_Z,U_lf(k )

where fis a Hilbert transform of f.
Withl<a<2and2<dad <o

(5.60) [F 1< k@ 1l and  (1f(k =) [ (| = LF 1], VE.
Therefore, by Holder inequality
(5.61) il LN 1] - Al )
with
1 1 1 1 1 1
(5.62) -+ +=-=1 ie —-=---<-<1,
c ad T T a ¢ a
and

(5.63) k| < h(a)A(r, ).
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Terms xi
_ 1 1 _ fj t
(5:64) xi__sztlu—llm_ (Zu—j) (Zu—l)
and
(5.65) 27| < Ala, p) - A(c, )

withl <aea<2and 1< <o0.
This inequality is good if 1 < ¢/, i.e. ¢ < oo, but the case ¢ = oo will require a
special statement.

Terms 3 are estimated in the same way as j.

1 1
00 xzzzjkfjtlu—(k—n'k—j—z:
_ t fi f 1 k-1
D ) DY o R Ay ’

and as in (5.60)—(5.61) for z},
(5.67) | < e 1] - P(@) £ 11| AT, 1) < h(@)A(T, ),

with 7 from (5.62).
Terms xi are estimated as x%

N LU (B (ot
(5.68) ok = Z:fmu—(k—l) pw—j <Zu—j> <Zu—(k—l)>
and

(5.69) 2] < Ala, 1) A(, ).

If we collect (5.63), (5.65), (5.67) and (5.69), with 7 € (5.62), we come to the
inequality

(570) |xk| < 015[A(G,M) ’ A(Clu /1’) + A(Tu ,U,)] < 00
if ¢ # occ.
Now, by (5.57) — like in (5.43) and (5.49)
(5.71) [l < X - [lg |1”]] - A(b, )
It leads to inequalities (compare (5.50)—(5.52))
1 1 1 1 1 1
o () )+ )

wn)  wn) nl/t
X + e+ :
p pl 1/b 7’L+p
and if p > 1/4

1/b
(5.73)  [RYVRY : L% — L°|| < Cagp H(1/a1/) [w(n)P(ll/b)+ n }

n+p

It looks as (5.52) but the difference comes if ¢ = o0o. In (5.52) a constant K (a,b, c)
is finite if

(5.74) l<a<2<e<o0, 1<b<2 or 1<a<2<e<

(see (5.46)), but in (5.65) and (5.69) ¢ = oo is not acceptable so Cayy = 0 if ¢ = 0.
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But the case ¢ = oo is important for us and we now consider (5.55) for ¢ = oo

SO
(5.75) [t:] < 1.
Now instead of (5.57) we use a representation
Wi
5.76 = .
( ) w zk: 9k % —k Tk
where

70 x’“_zl:tl(ul—ﬁu—&c—l));fj<k—;—j_uij>'

Notice as in (5.59)—(5.60) that

N R
and
1 ~
(5.79) > i =1,
— =

o
(5.80) Ful < 1F 111 Ala, ).
But the sequence (5.78) for each k can be considered as a shift
(5.81) {f(k—)}el”, 1<d <o,
of a Hilbert transform of f, and
(5.82) 17k =) 1) < ha), V-

Therefore, with (5.75)

1 1 ~ ~
. < - <
(5.83) £ Xl:tl (u—l+u—(k—l)>(f(k l)+f(u))
< S0 (o + )+ Pl S | + e <6
. lw—kl = (k=1 ~lp=1 p—(k=1)

(5.84) X =2h(a)A(a, n) + A(a, 1) B.(2n — k;w).

The last factor B, comes from the sum

(5.85) > ! ! ’ =

p n+w—l+n+w—k—|—l

1 1
_Z’w+j+(2n—k)—j+w'_B*(2n_k’w)'

We use (5.83)—(5.84) to estimate w in (5.76); we have
(5.86)

Wi
|lw| < CA(a, p) Ek |9k prpy— 2w|B (2n — k;w) < A(a, p)Az(byu), 1<b<2

It completes the proof of Proposition 5.4. O
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Inequalities (5.51), (5.52) simplified (5.31) by writing the right side of this
inequality as a function of p = |u|. Let us do the same for (5.33) and (5.34).

COROLLARY 5.5. If (5.32) holds and bc = Per™ or Dir H* then for p > 1/4

1/b
1
5.87 * < K(a,b,c)p2H(1/at1/)=1/c n <E> , .
50 ’ (o0l w () p L+n/p
If
(5.88) l<a<2<c< >

and be = Dir then the same inequality (5.87) holds with K7(a,b,c) finite in (5.88).
Finally, if ¢ = oo, for p > 1/4

(5.89) W < Kep~(0=1/®) [w(n)lﬂog(l +p)  n"log(1 + 2n)] |

1+ plfl/b n+p

If p is small such estimates are important for us (see Sections 4.3, 4.4, 4.5 in-
equalities (4.29)—(4.32) or (4.40), (4.41)—(4.43)) if we want to localize the spectrum
o(Lpc). It has been used and explained in Sections 4.7-4.9.

COROLLARY 5.6. For small p
w(2n)

1
(5.90) w* < Ky— { +w(n) + n%l} .
“p
Now we are ready to analyze problems mentioned in Section 5.0. It is done in
the next Sections 6 and 7.

6. Spectral Expansions and Their Convergence

0. Proposition 2.4, inequalities (2.27) and (2.83) in Section 2, have been impor-
tant in making the norm of the square K%, K = VRS, small if n large enough. This
led us to main results of the previous section (Theorem 4.1, 4.2 and Proposition 4.3).

Now we will use Proposition 5.4 to get L?- and L>-estimates of deviations
Pf— PYf where P, P° are Riesz projections (6.4). It will allow us to prove a series
of statements on convergence of spectral expansions

(6.1) f=Pf+ Y Puf

In|>N
where (see (4.56) and (4.57), Section 4 or (1.9), (1.10), Section 1)
(6.2) P.=P.(1), P,=P,(1).

At the same time we use notations
(6.3) P) =P.(0), P)=P,(0)

for projections in the case of zero potential V' (see Section 1.2).
1. Projections for Riescz subspaces are defined by Cauchy integral

1

6.4 P=— [ Ryd\

(6.4) 2m'/ A
C

where C' is a properly chosen contour,

(6.5) Cno(Ly)=2 and Cno()) = 2.
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Therefore

1
(6.6) P—-P°= 5 (Rx — RY)dX.
7T
C

As through this paper we follow the perturbation scheme so
(6.7) Ry— R} =R\(I—-VR})™' - RS =
=R\VRYM(I—-VRY) ™' = RVRS(I+VRY)(I - VRIVRS)™!

Put
(6.8) a(\) = [[VRY|.
(69) FO) = [BVES : 12— L],
and
(6.10) fo\) = [|RAVRY : L? — L.
(By Lemma 5.2
(6.11) ) < a(N)AG),
and
(6.12) fo(N) < a(N)A(o0, ).
Then if (compare (4.9))
(6.13) () < % Ney
we have
(6.14) / Ry —R3)d / ) |dA|
v 2—o00 Y
and the norm of the same operator in L?
1 . 1
(6.15) 5 (Rx — Ry) dA <= [ fo(A)dx
T
v 2—2

If we need to use (compare (4.10)) an assumption
1
(6.16) 12 = [VRAVEI] < 5. A€,
or just this fact when it holds, then a second representation in (6.7) implies

1

2mi

2

Ja-myan| < fasaroin

v 2—o00 v

(6.17)

and the norm of the same operator in L? is majorized in the following way

(6.18) 1P, = P2llaz < (14 aO)MAo(0)

Y
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By (6.6)
1
(6.19) 1P~ Plaee = o [ 18 = Rl dA
C
1
(6.20) 1P~ Plaa < 5= [ IRy = R la-aldX,
C

and if we succeed to split C' into pieces v where (6.13) or (6.16) holds we could use
(6.14) and (6.17) to get a good estimate of the right side in (6.19) or (6.20). This
is our approach to finding estimates of the norms ||P — P°||a—2 or ||P — P°||2—o
for different contours C' in (6.6).

2. With notations (6.1)—(6.3) let us define partial sums (k,n > N)

(6.21) SinF =P.F+ > PF
—k<j<n
jl >N
and
(6.22) St F=PF+ >  PF
~k<j<n
lil > N

of spectral decompositions for Ly, and LY.

THEOREM 6.1. Under the assumptions and notations of Theorems 4.1 and 4.2
there exist a sequence {e, > 0}, e, \, 0 (n — o0) such that

(6.23) [(Skn — S Fll2 < (e(k) + () [ Fll2-
The series (6.21) converges in L?, i.e.
(6.24) lim SuF =F, YFeMH.
k — oo
n— 0o

PROOF. We've used to consider bc = Per®™ and Dir Ht or bec = Dir H™and
general Dir differently but now the argument is the same. Only more complicated
inequalities (2.83) and (2.94) than (2.27) or (2.53) give a little bit different sequences
{en} for (6.23).

By Theorems 4.1 and 4.2 we can choose

(6.25) C=Twm=00U |J
—k<j<n
il >N

in (6.6) to present

1
(6.26) Spn — Sp = 5 /(R,\ —R))d\, n>=k>=N.

i

Tkn
The contour I'y, lies in the vertical strip
1 1

(6.27) Lin={2€C": —(k+ 2)r < Rez< (n+ 2)m}

2 2
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and both resolvents Ry and RS are analytic there (by Theorems 4.1 and 4.2) outside
of the set

(6.28) D =1u |J D(mj;é)
j€J(k,n)

where

(6.29) J(k,n)={j : |j| >N, -k <j<n}.

Therefore, we can transform — without leaving Ly, \ D¥" — this contour to
A preserving the representation (6.26) but choosing A in such a way that it will
enable us to give good estimates of the type (6.15) or (6.20) on different pieces of
A.

3. To realize this approach let us choose (wlog we assume k < n)
(6.30) A = 0, (H)

where

(6.31) M (H) ={z€C" : —(k+ %)W <Rez< (n+ %)w, [Imz| < H}

so A is a union of six intervals
(6.32) yE={z €M, (H) : Imz=+H},
(6.33) ’yjﬁ ={zeC': Rez=(j + %)ﬂ', 0<+Imz< H}, j=—-korn.
If H is large, certainly we want
(6.34) H > 4(1+50m)%, m= |V,
Proposition 2.3 of Section 2 guarantees that y* lie outside of the horizontal strip

(2.19), i.e. |[Imz| > Y and by (2.19)

(6.35) a(\) <

and by (6.12)
(6.36) fo(\) < 4mH3/2,
Therefore, by (6.13) and (6.15)

1

(6.37) 5

1
/(RA — RV dN| <71 +n+k) = 4mH /2
vE !
On ﬁ-[ we are under inequalities (6.16) and (6.18) — don’t forget that |i| > N
— so by (6.18) and (6.35)

H
1 1
(6.38) — /(RA “RY) || < —/2fo(xj +it) dt
2mi m
v 0
and by (6.12) and (2.11)
(6.39) fo(A) < 24(co, w)A(2, 1) -m  if be = Per™® or DirH™
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or by (2.95) for bc = Dir
(6.40) fo(A) < [10A(00, 1) A1) + 24%(1) Ay (n, w)] - M.

The right side in (6.40) is larger than the right side in (6.39) so we’ll use in any
case the inequality (6.40). It guarantees that (z; = (k + 1))

] wl) Lo (32 1
(6.41) fo(Ij“tKO{(lH)s/ﬁHt<1+t+(1+t)1/2)}'

Let us deal with each of three integrals we’ll get when we substitute (6.41) into
the right side of (6.38). For any H > 0

H 00

G .
(6.42) /(1‘_‘:t3/2dt<w / 1+t3/2*2w(j).
J 0

Next, for any H > 0
H/j
rde Jl/z_ﬂdf
(6.43) /m‘/ J(1+8)i(5 9

oo

oo drea < ([

Finally, for any H > 0

=57Y2(1 +1og(1 + ).

bl»—l

H H/j

dt B Jdg
o | G / JA+ O/ +E7 7

0
,1/2 4'71/2
/1+§§1/2 T
0

Now we combine inequalities (6.41)-(6.44) and come to

5 <

L] (1
(6.45) (6.38) < & (w(j) + 28 +j)).
Together with (6.37) it brings us to
(6.46)
1
5 /(RA — RY) d|| < (6.45)igni (n) + (6.45)signs (k) + 2(n+ k) (n + K)H /2. m
A

and with H — oo we conclude that

(6.47) 1Sk — Siull < e(k) +2(n)
where
~ ~ log(1+7)

A part (6.23) of Theorem 6.1 has been proven!
4. Of course it immediately leads to a part (6.24).



SPECTRAL EXPANSIONS 167

The decomposition (6.22) is orthogonal so for any F' € H

(6.49) lim Sp,F=F
k — oo
n — 00
but
(6.50) Sin = Sy + Ten
where
(6.51) Tin = Skn — Spn
and by (6.23)
(6.52) [Tin|| < (k) +&(n).
But (j) \, 0 (j — o0), therefore (6.49)—(6.52) imply (6.24).
Theorem 6.1 is proven. ([

5. Trigonometric Fourier series (6.21) converges in ALL LP-spaces, 1 < p < 00,
ie.
(6.53) ISy, F — Fl|l, =0, VYFe¢glLP,
so it is natural to ask (and prove!) whether an analogue of (6.23) holds in LP,

1 < p < co. We'll present related results under general assumption V € L, 1 < b,
Ve K(m,M).

THEOREM 6.2. Under the assumptions and notations of Theorem 6.1,

(6.54) (a) ifb>§, l<a<2<ce< oo,

(6.55) ) ifa<b<2, 14l log
a b ¢

(6.56) ©) if2a>b, %—%a,

there exists a sequence {e, > 0}, €, \, 0 (n — o) depending on {Q} and a, b, ¢,
such that

(6.57) 1(Sin — S0 ) = LT — L¢|| < e(k) + ().

PROOF. Proof follows the same lines as the proof of Theorem 6.1. We choose
a contour A € (6.30), k,n > N, N and H large enough so

! /(RA — RY)aA.

— 0 e
(6.58) (Skn — Sin) 5o
A

On horizonthal sides 4 € (6.32) we use a representation

(6.59) Ry — RS = R\VRY(I —VRY)™'.
By Lemma 5.3, inequality (5.22) for

(6.60) e = min{a, b}

(6.61) VRS : L¢ — L¢|| < C3omA(b; )

and if (compare (4.65)—(4.68))
(6.62) [Imp| > H > (Cyym)¥/ 0=
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the norm in (6.61) is less than . Therefore, with H € (6.62) and A € v*

1 1 1
(663)  [(Ra=RY) 5 L= 17 <2+ CxsAle; pymA(se), ~ =3 — -

as it follows from Lemma 5.2, inequality (5.18), and the following factorization
(compare (4.61), (4.62))

rp0y—1 0 0
(6.64) Lo Lope VYR pe By poo Vo pb VA e

(where I is an identity-embedding by (6.60)).
By inequality (3.17) the norm (6.63) does not exceed

(6.65) Cmp~ (=) . p=(=1/o) — Omp=e,
1 1 1 1
6.660 =2—|(-4+-=—=-]2=22(1-- 0.
566) =2 (5ri-z)>2(17) >
Finally,
(6.67) / IRy — RY) : L — Lo [dA| < () - CH,
»Yi

where [(y*) = n + k. (Notice that this step (6.59)-(6.67) is possible if ¢ = oo as
well. We applied twice the inequality (5.18) witho =e >1land1/oc =1/b—1/c< 1
even if ¢ = 00.)

6. On the vertical sides (6.33), p. 165 we use a representation

(6.68) Ry — R = R\VRY(I + VRY)(I — VRSV RS)™ .

The estimates in Section 4.7 have been written for a = b; if a < b we need first
to analyze (in the same way) K2, K = VRY in L°.

Case 1. Choose d by é + % = % Then
1 1

d b
By the choice of d, and Lemma 3.1, inequality (3.21), Lemma 3.3, inequality
(3.29)

1 1
(6.69) w* = [[VERVEY : L* — L < Ky A(r, p) v (b, m) M, — = =

1/b
(6.70)  ||V-W : L¢ — L°| < mMKy - p~ V0 () p= (1170 4 n+ <
n+p
1
< KymMlo(n) + 009 5> L
and for n > Ng(mM) this norm < 1/2 so
(6.71) |(I - VRYVRY)™ : L¢ — L°|| < 2.

The norm of second factor I + V RY has been evaluated in (6.61); it does not
exceed

(6.72) 14+ CmA((b; ) < Ky < 0.
Therefore by (6.68) and (6.71), (6.72)
(6.73) [(Rx — RY) : L¢ — L°|| < 2K4||RAVRS : L® — L°||
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and we can readily use Proposition 5.4, inequality (5.31) with {e,c} # {1,000} by
(6.60), and 1/7 =1/e — 1/c. Tt implies
(6.74) B = |(Rx— RY) : L — Lo < KMA(r; 1) As (b )
and as in (6.69—(6.70), for p > 1/5,
(6.75) < MKp~ 719 y(n)p~ =1/ 4 L/b .
n-+p
Notice that

1_1
(6.76) =115 4z

A= =

Now we have the same o € (6.65), i.e.

1 1y [—2+1+1-1if a<b,
(6.77) _<1_F>_<1_E>_{ —24+2-1 " if a>o
Inequality (6.74) gives us the same estimates of pieces in (6.58) which come
from vertical sides of A. Indeed,

6.78 KM [ + j%l/bt_(l_lm d
. ] < Nt . t
( ) / / [W(J) i+t

ji 1/2

(compare with (6.41)—(6.45)). If (6.54)—(6.56) holds then a > 1 and

H
2a—1
(6.79) /t_‘" dt < —— < oc.
1/2
A second integral
(6.80)
H H/j
1/by—(1—1/7)
Jot 1 /b—(1—1/7) / d§ a1 ,
———dt < — X <K 0 .
[ ’ Arger <HT =0 U=
1/2
Collect inequalities (6.67), (6.78) and (6.80) and we have
(6.81)

[(Skn —S2 )+ L — L < (n+k)Csr H™® + KM (w(n) +w(k) +n-o+t 4 kot
if H — oo we get
(6.82) e(k) = KM (w(k) + k~(@=1),

Case 2 — i.e. Dir’H™, or general Dir.

We have to repeat the same proof from (6.58) to (6.81) with one minor adjust-
ment.

If ¢ < oo in inequalities (6.73)—(6.74) we can use (5.33) of Proposition 5.4
instead if inequality (5.31). The right side in (5.33) has the same majorant (6.75),
— just change constants K. So we can choose €(k) as (6.82) with another constant
K. instead of K. It completes the proof of Theorem 6.2 (|
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7. Some steps of the proof are valid even for ¢ = oo but the second condition in
(6.54) excludes ¢ = oo anyway. Indeed if 1 < a,b < 2then1/a+1/b>1/2+1/2=1
and (6.55) cannot hold if ¢ = co. This condition makes possible the estimates
(6.78)—(6.79) and (6.80) with right sides independent on H so we can go from
(6.81) to (6.57) by sending H to infinity. But we can try to choose a finite H to get
good estimates. This is a way to analyze uniform convergence, and we got through
all the details in Section 7.

The condition (6.54) is written because the Young inequality (to both directions
— see Lemma 5.1) has been applied in Proposition 5.4 in this range of parameters.
But an obvious identity-embedding

(6.83) P Lre, |I)=1 if d>e

gives us an extension of inequality (6.57) to other a and ¢, however, without im-
provement of the right side in (6.57) defined by (6.82) where

(6.84) K = K(a,b,c) < o

if (6.54), (6.55) hold.
More accurately, for any a, c let us define

(6.85) a=min{q,2} and ¢=max{c,2},
then of course L% -5 L& and L¥ - L¢ and for any operator T’
(6.86) T : L — L¢|| < ||T : L% — L°|.
If for example,
(6.87) a>2 and c¢<2
we write (6.57) after (6.86) as
(6:88)  [[(Sen — Sk + L* = L < [(Skn — Sk L* — L?|| <E(k) +2(n)
where by (6.82)
(6.89) 2(j) = M- K(2,b,2)(w(j) +57Y)
with @ coming from (6.77) or (6.65), where e = min(b,a) = b, i.e.
1 1 1 5 2
6.90 a=2-(s4+--2)=2-12
(6.90) “ (b+b 2) 2 b
Condition (6.55) should hold but it takes the form
1 1 1 .
(691) a—*+g_c—*<1 if ax=a<bd
and
2 1
In the case (6.87) it means
3 2 4
(6.93) a>1, or §—E>O, or b>§.
Let us write explicitly the restriction (6.91) in two other cases
(6.94) a=2, c=2 [ax =2, ¢ =,

(6.95) a<2, ¢<2 [|a=a, =2
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Therefore, we want (see (6.77))

2 1 1 1 1
6.96 | ———< =
( ) b c<7 or b c<27
or

1 1 1 1 1
. -—4+-—-=x<1 -+ -< =
(6.97) c+b 2<, or c+b<2

1 1 3

. —+-< - if <b
(6.98) ~t+5 <5 if a
and

2 4
(6.99) E<g’ or b>§ if b<a.

These inequalities (6.93), (6.96), (6.97) put restrictions on parameters in the
cases (6.87), (6.94), (6.95) correspondingly. But if they hold, the statement (6.57)
is correct with K < oo and

(6.100) e(k) = K(w(k)+k77), B=a—-1>0.

We do not write explicitly the observations and results of this subsection in the
form of Proposition or Theorem but let us collect an arithmetic of this subsection
into the following table which shows the value of 8 =@ — 1 in (6.100).

Table 6.3 for =@ —1

a<b b<a<?2 2<a
cz2|1+i-T_JTT14+1_I7141_2
<o oI Ee
2T B S B N LS T

We have proven

COROLLARY 6.3. Under notations of Theorem 6.2, if B of the Table 6.3 is
positive then

(6.101) 1(Skn — Spn) + L — L°| < e(k) + £(n)
where € is defined by (6.100) with 0 < Ksg < 00, i.e.
(6.102) e(k) = Ksg(w(k) + k7).

8. May be, it was not obvious why in Theorem 6.2 we have a condition b > 4/3.
Simple inequalities show that if b < 4/3, in ALL six cases of the two first lines in
Table 6.3 the set {(a,¢)|8 > 0} is empty. If 2 > b > 3, ie. & < ¢ < 3, put
0= % - %, the third line defines

1
(6.103) {a : >0 for (a,0)>
as an interval
1
(6.104) 20 < p <1-4.

In particular, if b =2 and § =0 all a’s, 1 < a < o0, lie in the interval (6.103). This
observation leads us to the following statement.
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THEOREM 6.4. If a potential V in (1.1) is a L?-function then spectral expansion
(6.21), or

(6.105) P.F+) PjF=F, VFel,

converges in LP, 1 < p < oo.

PRrOOF. For an individual V € L? we can choose {Q} € (1.7) in such a way
that V. € H(Q) = H(2,9Q) defined in (1.6) of (5.10). This elementary fact is
explained in detail in Section 8, Lemma 8.2. For b = 2 as we observed just in the
line after (6.103) 8 > 0 for any a = ¢, 1 < a < 0o. Then

(6.106) F—SgnF =F—8) F+(S) — Sin)F
and by Corollary 6.3, inequation (6.101), a =c=p
(6.107) IF = SenFllp < |1F = SpuFllp + ((k) + e(n)) 1Pl
with e(k) — 0 (k — 00).

But trigonometric Fourier series S, converges in every LP, 1 < p < 0o, — see
Zygmund [25], Ch.7, Thm. 6.4. Therefore, both terms on the right side (6.107) go
to zero when k,n — oco. It proves Theorem 6.4. O

REMARK . (Warning). All expansions we are talking about are defined by
Riesz projections P;, see Proposition 4.3, Section 4. In the case of Dirichlet-type bc
they are one-dimensional so putting aside a projector P, we have an eigenfunction
expansion, i.e. (6.105) has a form

(6.108) F=PF+ Y  fi®
|k|>N

where

(6.109) Ld, = )\k¢k7 A € Dy, € (4.86).

But in Per® cases dim P; = 2. Even if there are two eigenfunctions ®, ¥ such
that

©j, 1¥; being coeflicient linear functionals
(6.111) Ly = M\ Py, LY, = )\;C\Ifk, {)\k, ;c} S (4.86)

Theorem 6.4, or (6.105) does not tell us that we can split P; and sum (6.105) by
adding one term from (6.110) at the time.In other words, we have no control over
the norms of these linear functionals ¢;, 1; although we can control even L*°-norms
of eigenfunctions (see Thm. 8.4, (8.33) and Cor. 8.5, (8.45) in Section 8).

7. Uniform Convergence of Spectral Decompositions

Estimates of elementary functions A, Ay, A3 (Sect 3) and the resolvents of Dirac
operator (Sect 5) lead us to the series of further results on convergence of spectral
expensions. In this analysis and in the proofs we sometime need to repeat routine
developed in the previous sections, in particular, our basic scheme in the estimates
of the norm of RQV R} from the proof of Proposition 2.4; see (2.44)) and (2.60)-
(2.61).



SPECTRAL EXPANSIONS 173

1. First, we explain that the system of Riesz projectors is complete; more
precisely, the following is true.

PROPOSITION 7.1. Let

(7.1) VelLb>1,

and be = Per* or Dir. Put

(7.2) E,=ImPy, |k| >N, E.=ImP,;

then the linear span

(7.3) E= |J Em, En=Span{E.; Ey, N <|k| <m}
m=N+1

is dense in the space Cye([0,1]) of continuous functions with bc = Per® Dir.

PrOOF. If V = 0, then we know the systems of eigenfunctions (1.4), (1.5) for
each be. These systems { f;} are complete, i.e., the proposition’s claim holds. Notice
that

Spfi €En, n>N, Vi

The general case will be done if we show that

(7.4) |Snfi — fill =0 as n— oo Vi,

where

(7.5) Sn = Snn, 82 = Sgn

of (6.21), (6.22). Forn > 2j+1

(7.6) Snti = i,

so as in (6.58)
1

(77) Sufy = I3 = Sufy = 825 = 5= [ (B = R) 502
™ JA

for a properly chosen countor A. Now, we will use a second factorization in (2.2),
ie.,

(7.8) Ry=(1-RV) 'R} = (14 (1 - RWV)'RV)RY
SO
(7.9) Ry —RY=(1—-RW)'ROVRY =

=(1-RVRV) (1 + RYV)RSVRY.
Of course, as in (2.5) or (2.24), this formula (7.9) is valid if
(7.10) ANgrZ, |R3V| <1, or [|(RAV)?| < 1.

The advantage of this factorization is that for an individual vector f the first
factor acting on f is the operator RE{VRR. We have a special procedure to evaluate
RSV RS f if f is a standard exponential - see the proof of Proposition 2.4.

We want to prove (7.4). Let us normalize f’s so that ||f;]|2 = 1, Vj; they are
eigenvectors of LY . As in Sect 2 we have two cases:

(1) be = Per® or Dir for H;

(2) Dir for H™.
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As in Sect 6.3, (6.30)-(6.33), we choose a counter A in (7.7) in the following
way.

(7.11) A =9I, (H),
where
(712) A =0l,(H), IN,(H)={2z€C:|Rez| < (n+1/2)7, Imz| < H},

so A is a union of six intervals

(7.13) vE={zel,(H): Imz=+H}
(7.14) IE, ={2€l,(H): Rez=+(n+1/2)m, 0< +Imz < H}.
By Lemma 4.4, (4.72), and Lemma 3.1, (3.21),
1 1-1/b
1 0: L' S L®| < Albyp) < Cb) - [ ——— .
@15) IR 10— 2% < A < 00 ()

Therefore, for A € ¥*, we have |Im u| = H, so
(7.16) |RSV : L>® — L>®|| < mC(b)H'/*1,

(7.17)  ||[RSVRY : L* — L™=|| < |RS : L® — L*=|?|V|Lb|| = mC?(b)H>1/>~D

and

(7.18) |RSVRSV : L™® — L®| < m?C?H?>(/b~1),

These inequalities guarantee that both lines in (7.9) are valid on v+, with
(7.19) 10— RV)™ L% L) <2

if mC(b)H?(1/b=1) < 1/2, and

(7.20) |Rx — RY : LY — L®°| < 2mC?(b)H2/P=1) | X e 4%,

On intervals Fin we use (7.9), the second line, and evaluate the norm of vectors
(7.21) RYVRY S,
see table in Sect 1.2, and (1.4), (1.5). As in Prop 2.4 we have two cases:

(1) bc = Per* or Dir for H*;

(2) Dir for H™.

We follow the same scheme as in Prop 2.4; we’ll use in the estimates only the
assumption
(7.22) Velt, b>1, m=|VIL®| < cc.
Still we need the condition V' € K(m, M) € (5.3) to guarantee that Ry is well-
defined on T'E,, if
(7.23) A=mn+mw, |Rew—1/2]<1/3, |n|> N.,.

We use notations of the proof of Prop. 2.4.
Case 1. We consider a potential V € H* and bc = Dir. If bc = Per® and

V' € H then the proof is the same. The decomposition (2.35), (2.38) holds in all
LP-spaces, 1 < p < 0o, and by (2.38)

IVEIL?|| < [VILP]-
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Put V =3 g,U;". By Lemma 5.1 and (7.0)

(7.24) > lgql” < C'm”
as in (2.44), with wy, =1,

R 1 Ul 1
(725) ’u]‘—k? A—ﬂ'juj_q) /\_ﬂ_juq_j
RO 1 1 1
RN , g,
mpu—jm—(q—j)
SO
@ 9q 1
(7.26) RSV RSu; = , SUg—j, = 3,
AT u—yzu—(q—J) B w2

q

and for L*-norm v; of this vector we have by (2.12), and Lemma 3.1, (3.21), if
Il > 1+ 2,

_ o 9q U
(727) ) S g 2 (g gyl

1/b
2a ’
< - (Z |gq|b ) ~A(b, p)

dam Cm 1
7.28 < ——A(bw) < . ]
(7.28) S w0 S G T
Analogue of Prop 2.4 for b, 1 < b < 2, would give us - instead of (2.27) -
(7.29) IRV R [[p—o0 < C(b)MA(b; 1) A (b, w; p),
and therefore,
(7.30) IRV RS [loo—oo < C(0)MmA(b; 1) AT (b, w; p).

We will not use this inequality to estimate the norm of Ry — R in (7.9), but (7.30)
guarantees that the first factor in the second line is well defined and its norm in L*°
does not exceed 2 if |n| > N,.(M), i.e., if the right side in (7.30) does not exceed
1/2 in the strip

(7.31) Qn={A=mp=7m(n+w): |Rew-—1/2] <1/3}.
With (7.15)
(7.32) |RSV = L>® — L™=|| < Cm(1 + [v)/*~! < C'm.

Now we collect these inequalities (7.32), (7.28) and conclude by (7.9), that in the
upper strip S, |n| > N,

Cm 1
In|+1+Jv| 1+ Jot-1/b

Recall that |n| > 1 + 2j. We succeeded to get (7.33) on I'T,. For v* we have a
simpler estimate (7.21). Finally, by (7.7)

1
(7.34) Sty = uj = 5— /A(RA — RY)u,d\ =

1 + -
L /+ +/ +/ +/ +/
2mi \ Jy ¥ ri, Jrt, n .

(7.33) (R = RY)ujloe < 2(1+Cm)
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with proper orientations of these six intervals. By (7.21) for fixed n > N,.(M) with

length 4+ = 2n
L/ < C(bymH?*1/P=Y L 9n,
2mi vE

(7.35) ‘

If we choose

1 1

7.36 H=n", 1>_—+4 -, ie.
(7.36) n", >2r+b’ ie r>2(b_1),
then
(7.37) H?/P=D 0 (n — o),
and
(7.38) ’ / — 0 (— o0).

yE

Four remaining integrals have the same upper estimate by (7.33), with 8 =1—1/b,

1/
’ ;3

We omit an elementary exercise to explain that with 1 > 3 >0

1 dv

7.39 _ .
( ) 1+v8 n+vw

<C(+m)e,, en= /
0

(7.40) en— 0 (n— 00),

more precisely,

(7.41) limn’e, = D(B) = /OO __% < o0.
o &F(1+9)

By (7.34), the limits (7.38), (7.40) guarantee that

(7.42) lim (1S f; — £ =0, Vi

Therefore, f; € E, FE € (7.3) and
E D LinSpan(f;) = Cp.[0,1].
Proposition 7.1 is proven in Case 1.

Case 2. V € H, bc = Dir.

We follow the same scheme. The formulas (7.21) and (7.38) hold anyway. But
(7.25) - (7.28) need to be adjusted and substituted by analogue of (2.60)-(2.61)
instead of (2.44).

Put
(7.43) V=> gU eL'nH".
g even
As in (7.24)
(7.44) > lgdl” < 2m)”
By (2.60), with w, =1,
Ry 1 vy 1 1 i 1
(7.45) uj—)\))\—ﬂjuj—q>A—7ijq_j:A—ﬂ'j; Z il

044 odd
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R, i 1 1 1
— = — g
=] q—j—t p—"t

0+j odd

and instead of (7.26) we have, with o = 2,

(7.46) RSV RQu; = —Z > !

7 t470dd ! _j_g K= p=r"

Let v; be L*-norm of this vector (7.46), and introduce a function

1
7.47 B*(s) = — |,
(7.47) () keZZ\{O} Kk + )

which is similar to the function B in (2.75) and (3.30).

s & Z,

LEMMA 7.2. If
(7.48) |s—p| >1/4, VpeZ,
then
(7.49) B*(s) < D%7

- 1+ |s]
where D is an absolute constant.

Proof is an analogue of the proof of Lemma 3.4, and we omit technical details.
Again, if

(7.50) Il > 1+ 2,
then

1 .
(7.51) 5(1+Iul) <t gl <20pl

By (7.46) and (2.12)

o N 1/b
(7.52) vi ST (Z nglb) : (Z(B*(uﬂ' - q))b> :

q

By Lemma 7.2
. ) 1+log(1+ |p+37—q|
7.53 B*(u+j—q) <D - .
(7.53) ( )< Da L+ |u+j—q|
With
(7.54) p=n+w, 1/4<|Rew|<3/4

this inequality (7.53) implies that

1+1log(1 + |u| + k) \"
B* —¢)’<D
zq:( (n+37—4q) 32( 5 Tl TR

Therefore, in (7.52) we have by Lemma 3.6

D(j) 1 +1log(1 + |w])
Lt [n| 4wl (14 w])=1/0

(7.55) vj(n) <
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This is an anlogue of (7.33). Now we can repeat the scheme (7.34-7.42); the only
adjustment that is required is (7.39). We have

(7.56) / <C(1+m?)e,
re,
> d log(1

(7.57) . / v og(1+v) .

o nt+v (14+v)l-1/0
Of course,
(7.58) lim e/, =0 if b>1.
This completes the proof of the claim (comp. (7.42))
(7.59) lim ||Spu; —uj|| =0, Yy
in Case 2. Proposition 7.1 is proven. (I

3. This propositions claim the completeness of the system of eigenvalues and
associated vectors of Dirac operators for any potential V' € Lb, b > 1. Now we’ll
show that if V € L? then the partial sums

S,F =P,F + Z P.F
N.<|k|<n

of a continuous vector-function F' € Cy.[0, 1] behave, roughly speaking, in the same
way as partial sums of standard Fourier series, i.e., SO F.

PROPOSITION 7.3. IfV € L? and V € H(Q) with

(7.60) (@) wplogn —0 (n— o)

or

(7.61) (b) wp(logn)®> =0 (n — o)
then

(7.62) o =sup (S, —SY): L? - L™ < o0

(i) for bc = Per* and Dir if V. € HT and (a) holds;
(i1) for be = Dir if (b) holds.

PROOF. Again we use the representation
1
(7.63) Sp— 8% = — / (Rx — RY)d\
211 A

with a countor A € (7.11) — (7.14), and Ry — RY as in (7.9) or (6.7). Factor-
operators in (7.9) or (6.7), besides of RV RS, are uniformly bounded, and we need
good estimates of the norms

(7.64) v(\) = ||[RSVRY : L? — L™||

if we want to get (7.62). More precisely, say by (6.7),

(7.65) I(Bx = RY) = L2 — L[| < [[(1 = VR) ™" [l2—2 - v(A)
or

(7.66) <11 = RVE) 21+ [VERI) - v(A) < 2(1+ Cm)u(N).
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In (7.35) we gave the estimate of an operator norm, not just the norm of a special
vector. If b = 2 we have
1

2mi

(7.67)

/ H < C(2)mH 'n.
,Yi

On the intervals I'* we use Prop. 5.4, (5.31) of (5.34), so

(7.68) |RSVRY : L? — L™= <
(7.70) KA(2,p)Aa(2,p) if (i4).
(7.71)
Under condition (7.31) for A = mu, = n + w,
c
(7.72) A2, p) < Ao |[v| = [Imp]  (by Lemma 3.1, (3.22));
w(n) nl/?
7.73 Aq(2 <C
( ) 1(7/1’)_ ((1+1})1/2+7’L+1}

(by Lemma 3.3, (3.23) or (3.28));

(7.74) Ay(2.p) < C ( D) 1o601 4 v) + M>

(1+v)1/2 n+v
(by Lemma 3.7, (3.86)).

In the case (i) under the conditions (7.60) we evaluate || [.. ||; Compare (7.39)
and (15.2). We have by (7.69) and (7.72)-(7.73)

/ < Cim) [ vl <

H 1 w(n) nl/?
. <
(7.75) _02/0 (1+wv)t/? {(1+U)1/2+n+v] dv

< wlnos i)+ [ ot
o &72(1+¢)
If we choose H = n?, then the inequalities (7.67) and (7.75) together with (7.60)
imply (7.62) in the case (i).
In the case (ii), even under the conditions (7.61), the direct analogue of the

above argument with an inequality (7.74) would not work because the sequence

H n'/?logn
b ey
3.7, let us incorporate the condition (7.61) into the estimates of a(u) = A2(2,w; ) €
(3.4) and accordingly adjust (3.86). We have for A € @, € (7.31)

97 1/2
, log(2 + 2[2n — m
(7.76) a(p) = [ > wi(m) [(1i(|2;—|m+2ul)l)] ]

meven

dv is unbounded. But instead of using (7.74), or (3.86) in Lemma

<C

1/2
22(m log(2 + 2|2n — m|) 2
- Z (m) [(l—l—|2n—m|+2|w|)(1+10g(2+|m|)] ] ’

meven
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where

(177 B(m) = max w(k)(1 +1og(2+ k) < Cs/(1+ log(2 + |m))

by (7.61). As in the proof of Lemma 3.5, the sum o on the right side in (7.76) can
be estimated in the following way (assume n > 0 large enough)

(7.78) <y +)

m<n m>n

with
(7.79) Y <& (n)- Diw),
m>n

log(2 + 2k) ]2
7.80 Di(p) = ,
(7.:80) 1) k>0{(1+k+v)log(2+|2n—k|)
and

log(2 + 2k) 2
ws) Y en=3X| |
= = (1+k+n+wv)log(2+|2n—k|)
Let us do D5 first. With v in the interval [0, H], H < 3n and k > n

(7.82) 1+k<l4+k+n+v<1+k+4n<1+5k,
and
(7.83) |2n — k| > k/3 ifk > 3n.

Under the condition (7.83)
log(2 + 2k) log(2 + 2k)
< <C<
T+log2+2n—k)) — 1+log(2+k/3) =
and this part of Dy
1
7.85 <C ——— < C/n.
(7.85) 2 < Z(1+k)2_ /n
k>3n k>3n

If n < k < 3n then the factor (7.82) is between 14 2n and 14 5n when 0 < v < H;
therefore [n, 3n]-part of Do

(7.84)

3n

log?(2 + 2n) 9
. <(C——m—= — .
(7.86) n<;3n_c T 20)? > (1 +log(2+[2n — k)

n
The second factor D), can be evaluated as

(7.87) D, <C / " de <
' 2= ) [4log2+2n—a])]? ~

sn dx ! ndé¢
<2 =2
- C/n [1+log(2 4+ 2x))? O/O [1+log(2 + 2nz))?

n—1/8 1
<20 <C |n/® n
- "(A *LUJ-‘{" T Al )2
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The last term comes from an observation

log(2 + 2n"/8 log(2 + 2n7/8
(7.88) 0 < inf 108G F207T) _ Jls@ 42077
n>0 log(2+n) n>0 log(2+n)
with limy,_,o - -+ = 7/8. Now, if we collect the inequalities (7.85), (7.86) and (7.87)
we conclude that
(7.89) Dy(p) <C/n if 0 <wv < 3n.
We still have to evaluate D;(u) € (7.80). Subdivide [0, c0) into three intervals
(7.90) 0<k<n, n<k<3n 3n<k
and accordingly the sum (7.80) into three parts
n 3n o}
(7.91) dy=», di=>», d=) .
0 n+1 3n+1

Parts di, dy have been really done in analysis of Do, and we got

For dy
(7.93) log(2 + [2n — k|) > log(2 + n),
=)
log(2 + 2n) | * — 1
7.94 do <
(7.94) 0_<log(2+n)> kgo(l—l—k—l-v)Q
and
C
7.95 do <
( ) =1+
It follows from (7.92) and (7.95) that
1 1
. < — <v < 3n.
(7.96) Dl(u)_C<n+1+v), 0<v<3n

After taking square root in the right side of (7.76), with (7.78), (7.96) and
(7.89) we have

(7.97) a(p) < C (@(n) - [% + \/%] + %) .

We have another factor A(2,u) in (7.68), so with H =n
<C

/Fi = /H (1 +dz>1/2 ' U%+%}

<C [@(n) logn + (1 + H)l/Qn’l/Q}

(7.98) ‘

and (7.77) guarantees that with some constant independent on n these integrals
(7.98) are uniformly bounded. For intervals v+ the inequality (7.67) holds in the
case (ii) as well. It completes the proof of the statement (7.62). Proposition 7.3 is
proven. (I
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4. These results lead to our main statement in this section. Let us remind that
F satisfies Dini condition if

(7.99) /OW @dh < o0,

where 7 is a modulus of continuity
(7.100) 7(h) =sup{|F(z + h') — F(z)|: |W'|<h}, 0<h<m.

THEOREM 7.4. Let F satisfies Dini condition. Its spectral decomposition P,F +
> ksn PeF uniformly converges,i.e.,

(7.101) nan;O [|ShF — Flleo = 0,
where
(7.102) SyF=P.F+ Y PF,
N<|k|<n
if hypotheses if Proposition 7.3 holds, i.e., V € L? and V € H(Q), and
(7.103) (a) w(n)logn —0
if bc = Per*, or Dir with V “even”, i.e., q(z) = p(—x);
(7.104) (b) w(n)(logn)? — 0

if bc = Dir with any V.

PRrOOF. Notice, that for any “polynomial” G, i.e., with {ug} being complete
o.n.s. of eigenfunctions for LY (see Table, Sect. 1.2),

(7.105) G=) &uk, #K <o,
keK
we have
(7.106) SpF —F = (SYF — F)+ (S, — S9)G + (Sn — SY)(F — G).

By Proposition 7.1 we know that “polynomials” are dense in Cp.([0,1]), but we
need only to know that polynomials are dense in L? to choose for any § > 0 such
G € (7.105) that

(7.107) |IF'— G| <4,

and by (7.62) of Proposition 7.3

(7.108) [1(Sn — SINF — G)||oe < 0* -6, ¥n > N.,.
By (7.4) of Proposition 7.1

(7.109) 1(Sn — SHGloo — 0 (n — o).

For standard Fourier series, Dini condition guarantees uniform convergence (see
[25], Sect. 2.6, Thm. 6.8), so

(7.110) |SOF — Flloo — 0 (n — 00).
These claims (7.110), (7.109) and (7.108) imply for (7.106)
(7.111) limsup ||SpF — Flleo < 0" - 0.

But § in (7.107) could be any positive number, so by (7.111)
(7.112) SpF'— F  uniformly,
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i.e., in Cpe([0,1]). Theorem 7.4 is proven. O

8. L2-Unconditional Convergence; Uniform Boundedness of
Eigenfunctions

In the previous section the estimates of operator norms of RSV RS on the
boundary of large rectangles IT € (7.12) helped us to analyze partial sums

(8.1) S.F=P.F+ Y PBF
N<|k|<n

of the spectral decomposition and prove a series of results on uniform convergence.
But analysis of individual projectors Py could be quite useful and informative as
well.

First, we state the following.

PROPOSITION 8.1. Let V € L’ 1 < b and 1 < a. For bc = Per*, Dir, there
exists &, — 0 depending on V such that

(8.2) (P, —P%): L* - L*>®|| <6,, n>N.,.
PROOF. Assume for a while that

(8.3) VeHbQ), VeK@m,M) (see(5.13))

with © € (1.7). As in (7.7)

(8.4) P, —P? = % . (Rx — RY)d\

with

(8.5) D,={2€C: z=n(n+w), lw =1/4}.
Again, we use a representation

(8.6) Ry — RS = R\VRY(1+ VRS)(1 — VRSVRY) ™.

For [n| > N the first and second factors from the right have uniform estimates of
their norms in L* on 0D, i.e.,

(8.7) 11+ VR)las 101 =VRVR) o <C, A€ DDy, [n| >N,
where C' depends on a,b, Q2 but not on n and A. Therefore, by (8.6) and (8.7),
(88)  N(Ra—R: L — L] < CI VRS : L — L%| < Cu,
where by Proposition 5.4
(8.9) w* < KA(a, pu)A1(b, ) in the Case 1,
or
(8.10) w* < KA(a, ) Az (b, u) in the Case 2.

By Lemma 3.1 [put p = 1/4 there]
(8.11) Afa;p) < Cla) if Xe | 0Dy

|k|>N

The second factor in (8.10) or (8.11) is evaluated in Lemma 3.3, (3.23), or Lemma
3.5, (3.47). We have

(8.12) Ay (b, ) < Clw(n) +n'/*71,
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or
(8.13) Ay (b, i) < Clw(n) +n/*logn).

In either case [with logn > 1 for n > N] it implies by (8.8)

(8.14) w* < Clw(n) +n/*"1logn]

and by (8.4)

(8.15) (P, — P%) : L% — L*®|| < Clw(n) + n'/*"tlogn] — 0.

To complete the proof, we need to explain that the assumption V' € H(b,Q) is
not restrictive. Indeed, the following is true.

LEMMA 8.2. Let Q be a compact set in L°, 1 < b. Then, a sequence 2 € (1.7)
could be chosen in such a way that

(8.16) QC HbQ) and@ e K(m,M) for somem,M > 0.
PRrROOF. Of course, we can choose

(8.17) m=sup{||[V|y: V € Q} < cc.

By Hausdorff-Young inequality [Lemma 5.1]

0 1 1
818) > (o)’ +lal®) <2IVIy, V= (q 8)’ pta =t

B
These series converge uniformly (!) on a compact @ so with a notation
(8.19) (m(V))? = D (Ipsl” + laxl?)
|k|>n
we define
(8.20) o =sup{m, (V) +e™ " |V € Q}.

[We include an artificial term e™™ to avoid an unnecessary talk about possible
zeroes.| This is a positive sequence

8.21 T’Il>07 Tnlo n—0o), 0<T0§\/§m6/2+1
(8.21)
Put
(8.22) Q(—n) = Qn) = (ro/7a)/?, n>0.
Then for V € Q
B4 ¢
(8.23) ST (el + [arl?) =70 3 w -
2 _ 2
<7 Z Tn(V) Tn+1 (V)
n>0 Tn

<97 Z 7 (V)? = a1 (V)? i (V) + g1 (V)
=20 = T (V) + Tnt1(V) Tn + Tn+1
<279 Y (V) = masa (V) < 275
n>0
Therefore,

(8.24) Qe K(m,M), with M = (272)/% < [4(2m!/? 4 1)]'/7.

Lemma 8.2 is proven. (I
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Now we can apply (8.15), and choose

(8.25) 60 = C lw(n) + (1+n) /P log(1+n)|, n>0.

Proposition 8.1 is proven. ([l
By duality it implies the following
PROPOSITION 8.3. Under the conditions of Proposition 8.1 (o = a)

(8.26) [(P,—P)): L' - L¥| < 6,, n>N,.

PRrROOF. By duality (8.2) of Proposition 8.1 implies that for any potential in
Lb 1<,

(8.27) (P, — P2*: L' — L[| < 5.
But
1

(8.28) P,=P,(V)= 9 - Rx(V)dA
SO
(8.29) P ! / R<(V)d\ ! R.(V)dz = P,(V*)

. - — 4 ~ = S z Z = In 5

" 2ni Jop, 27 Jop
where
. 0 qlz) ] (fl) [ q(z) f2(x) }

8.30 VF=| — = | === .
(5:30) w0 ) -
Therefore,
(8.31) P, (V)* = P, (V*), P,(V)=P,(V*)".
Of course, (P%)* = P? in L? and on polynomials; it does not depend on V so
(8.32) (Pu(V*) = P))* = Pu(V) = Py.

A change V — V* in (8.30) does not change L’-norm of the potential so (8.2)
of Proposition 8.1 written for a potential V* implies (8.27) for the potential V.
Proposition 8.3 is proven. ([

Now we are ready to prove the uniform L>-boundedness of L2-normalized
eigenfunctions of Ly.. More precisely, the following holds.

THEOREM 8.4. Let V € L°, 1 < b, and V € K(m, M). Let {P,; P,, n > N} be
the projectors defined in Proposition 4.6. Then for some B > 0 depending only on
Q and m, M,

(8.33) |Flleo < B||Fll1, #FelImP,, |n|]>N, or FelImP,.
Proor. We’ll use Propositions 8.1 and 8.3 with a = 2 so

(8.34) (P, — P)): L — L[| < 6, — 0,

and

(8.35) (P, — PY): L' — L?| < 6,

The structure of P?, see Tables in Sect 2.2 and Proposition 4.3, guarantess that

(8.36) IPRFlloe < 2(|F 1, |n| > N,
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and with dim P? < 2N + 1

(8.37) IP/Flloe < 202N + 1| F]1.
These observations show that (8.33) holds if
(8.38) V=0, BY=2(2N +1).
Let F € ImP, and ||F|; = 1. Then
(8.39) F=PF+(P,—P)F
and
(3.40) IFll2 < |P°F |12 + [[(P — P9) : L' — L2
By (8.36) and (8.35)
(8.41) [Flla <2+ 6, <2467, 5*:|s‘u>pN5n-

If F € Im P, the same argument shows that
(8.42) |Fll2 < [|PPF[l2 + | (P = P) : L' — L?|| < B® + R,
where

R=|(P.—P)): L' — L?||.

With B* = B + 2+ §* + R we have
(8.43) |F|le < B*||F|1, ifFeImP,,n>N, orFelImbP,.
The same analysis, with (8.34) used instead of (8.35) leads to the following claim
(8.44) IGlloo < B*||G|l2 ifGeImP,,n>N, orG e ImP,.

The inequality (8.33) holds with B = (B*)2.

It should be pointed out that R in (8.42) comes from the estimates of the
integrals fan .-+, see (6.25)-(6.30), and Thm 6.2, and it depends on £, m, M but
not on an individual V in K(m, M).

Theorem 8.4 is proven. (|

COROLLARY 8.5. If {f;} is a system of eigenfunctions of Ly., V C L 1 < b,
then for some constant B

(8.45) [ fills < Bllfills Vi
PROOF. As in Lemma 8.2 we can choose 2 and m, M such that
(8.46) Ve K(m,M) e (5.13).

For any j f; € Im P, for some n, |n| > N, f; € Im P,. So, Theorem 8.4 implies
(8.45). Corollary 8.5 is proven. O

A special case of Proposition 8.1 with a = 2 plays an important role in our
analysis [P. Djakov and B. Mityagin, [5], Theorems 2,3] of smoothness of a complex-
valued potential V' in terms of the decay rate of diameters of spectral triangles. We
used it in (8.34) but let us state it as the following.
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COROLLARY 8.6. If V € L? and V € H(Q) then for any bc = Per*, Dir

(8.47) |P,—PY: L? —» L>®| < C6,, |n|>N,
where
(8.48) 0(=n)=4d(n) -0 (n— oc0).

Moreover, we can choose
(8.49) 5(n) =w(n) + (1 +n)"2log(1 +n), |n|> N.

This choice does not guarantee that Y2 < oo even if > w(n)? < co. But if
we consider norms

(8.50) =||P,—P): L* = L™|
we can claim the following.

PROPOSITION 8.7. IfV € L2,V € H(Q) then
(8.51) dar<C?> Wl

PROOF. Again we use the representation

1
(8.52) P, - P’ =_— (Rx — R%)d)\, |n| > N,
27 Jop,

with
(8.53) D,={z=n(n+w): |w| <1/4},
and Proposition 2.4. We get with (8.6)
(8.54) |Rx — RY[l2—2 < 2(1 + 4m) || RYV RS ||2—2,
and by (2.27), Proposition 2.4, for A € 9D,
(8.55) |RSVRY |20 < CMB,,
where

log® (3 + [2n — p|)
8.56 B2 = 2 .
(8.56) " p;ﬂ‘”l’ 1/16 + (2n — p)?
Of course, (8.52)-(8.55) imply
(8.57) an = ||Py — Pllama < C(1 +m)MB,,.
But

' 1/16+ (2n— 2
where
>, log?(3 + 2k|)

8.59 2oy 2T
(8:59) 7= kzzo 116+ 4k
Therefore, by (8.57)-(8.59)
(8.60) daz <y w2 C=C1+m)MB.

Proposition 8.7 is proven. (I



188 B. MITYAGIN

By A. Markus version ([16, 17, 7]) of N. Bari theorem on unconditional con-
vergence we can go from Proposition 8.7 to the following.

THEOREM 8.8. IfV € L? and V € H(Q) with
(8.61) D wl<oo

then the spectral decompositions
(8.62) F=P.+ » P,F, VFelL’
[n|>N

converge unconditionally.

PROOF. This decomposition (6.105) converges in L?, according to Theorem
6.4. Then (8.61) and (8.51) of Proposition 8.7 imply

(8.63) > al <o,

and by Bari-Markus Theorem, the series (8.62) converge in L? unconditionally.
Theorem 8.8 is proven. O

6. We conclude this section by a comment to Theorem 6.4 and condition
(6.104). If in Cor. 6.3

(8.64) a=c¢, 4/3<b<2

then (6.104) and (6.101) imply that spectral expansions (6.105) converge in L* for
any F' e L% if

(8.65) 2 <1ja<1-0, 0<d=1/b—1/2<1/4.

This subinterval of (0,1) is not symetric around 1/2. However, the duality type

argument we used in the proof of Proposition 8.3 could explain that if there is a
convergence in (6.105) for a, 1/2<1/a <1 -4, 0 < 4§ < 1/4, then for o’ such that

(8.66) §<1/d <1/2,
the spectral decompositions (6.105) converge in all L% -spaces if (8.66) holds. It

extends the interval (24,1 — §) in (8.65) to the interval (§,1 — §). Therefore, the
following refinement of Theorem 6.4 holds.

PROPOSITION 8.9. If a potential V € L°, 4/3 < b < 2, then spectral expansions
(6.21), or (6.105), converge in L%,
(8.67) 0<1/a<1-4, d=1/b—1/2,
for any F € L* if 6 > 0.

Remark. The case § = 0, i.e., b = 2, is covered by Theorem 6.4 and Theorem
7.4.

PROOF. In the case of strict inequality 1/2 < 1/a < 1 — § we can repeat the
argument in the proof of Theorem 6.4. If 1/a = 1 — § we need to look carefully into
the proof of Cor. 6.3 and realize that if 3 = 0 then we can claim

(8.68) |(Skn — SY,) : L* — L < C(a) < 0o, Vk,n; n> N.
Then by the density theorem (Proposition 7.1) and convergence of standard Fourier

series in LP,
S'F - F, VFelLP, 1<p< oo,
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together with routine approximation theory scheme (see the proof of Theorem 7.4,
(7.105)-(7.112)) guarantee that by (8.68) we have

. .1 32

(From 1/2 < 1/a <1 -6 we go to 1/a’ € [4,1/2] by duality. Therefore, if 4/3 <
b < 2, the convergence

(8.70) llicm Sin'=F, VF e L®
. 2b 2b . .
takes place in L® for all a € 3B _2'2-3|" Proposition 8.9 is proven. (|

9. Comments; Conclusion.

In conclusion of this paper we make a few observations on how far its results
could be extended.

p
0

inequality (Lemma 5.1) helped to guarantee that the series

P + k! |pk|+|%|
(9.1) P T Yo T los(+ 1RD

converge; it was a crucial element of the proof of Prop. 2.4 and what followed. But
it happens even if we weaken assumptions on V and use the following.

1. A potential was assumed to be in L2, or in L’ 1 < b. Young

LEMMA 9.1. Let (pr) be a complete orthonormal system on [0, 1] which is uni-
formly bounded, i.e., |¢kllco < A < 00. Then for any function f € L(log L)%, a > 1

|fx]
1+ |k
K depend on fol |fl(log | f[)S dx only.

See Zygmund [25], v.2, Ch. 12, Misc. # 8.
If we consider Banach-Orlicz spaces L(log L) or L(log L)? we can state an ana-
logue of Lemma 8.2.

(9.2) - (log(2 + |k))* ! < K < o0,

LEMMA 9.2. Let Q be a compact set in L(logL)*, o > 1. Then a sequence
Qe (1.7) and M < oo could be chosen in such a way that

(9.3) S kL g 4 fkp)at < M < oo

1+ |k
for any f € Q.
Proof is an analogue of the proof of Lemma 8.2, and we omit details.

2. Lemma 9.1 and its incorporation into our construction of Sections 1-4 lead
to slight improvement of Thm 4.1 and 4.2.

PROPOSITION 9.3. (comp. Thm 4.1). Let us consider Ly., bc = Per* or
bc = Dir but V € HY, and assume that

(9-4) [VIL(og L)|| < m, [[VIH(S; Llog L|| < M.
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There are functions g = g(m) and N = N(Q;m, M) and a sequence {d,}, 0, —
0(n — £o00) depending on Q,m, M such that for anuy V € (9.4) the spectrum of
its Dirac operator lies in

(9.5) R(X,Y)U |J D(n;dn),
In|>N
where R, D are defined in (4.2)-(4.5), withY = g(m), X = 7N +7/2.

If we consider Ly., bc = Dir, without any assumptionon “evenness” of the
potential V, we have the same statement with L(log L) changed to L(log L)?.

3. Other statements on convergence of spectral expansions in Sect. 6-8 put
restrictions on V € LP, with b sometimes not close to 1 anyway. For example, the
conditions (6.54)-(6.56) of Thm 6.2 imply the following.

PROPOSITION 9.4. ) If V € L then the spectral expansions (6.21), or (6.105)
converge in L* if

(i) b>4/3, 1<

[ 4

(i) 1 <b < 3,

< 00,
i-3l<2G-9).

a

=

Are restrictions (ii) sharp? For example, let b = 8/7; then (ii) becomes 1/4 <
1/a < 3/4. Ts it true that for any £ > 0 there exists such a potential V' € L7 that
its projectors ||S,, : L*/37¢ — L4/3=¢|| are unboundeed in L*/3-¢?

In the same way we can ask questions whether restrictions (a) and (b) in Prop.
7.3 are sharp. We do not write these questions explicitly. But we’ll ask whether
Thm 8.8 is sharp.

Let us consider

Q={vel®: |VIL*| <m, |VIH(Q] <M}
and assume that for any V' € Q the spectral decompositions (6.105) converge in L?
unconditionally for any F € L?. Does it imply that

(9.6) > 1/0F < o0?
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