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CHL Calabi—Yau threefolds: curve
counting, Mathieu moonshine and Siegel
modular forms

JIM BRYAN AND GEORG OBERDIECK

A CHL model is the quotient of K3 x E by an order N automor-
phism which acts symplectically on the K3 surface and acts by
shifting by an N-torsion point on the elliptic curve E. We conjec-
ture that the primitive Donaldson—Thomas partition function of el-
liptic CHL models is a Siegel modular form, namely the Borcherds
lift of the corresponding twisted-twined elliptic genera which ap-
pear in Mathieu moonshine. The conjecture matches predictions
of string theory by David, Jatkar and Sen. We use the topological
vertex to prove several base cases of the conjecture. Via a degen-
eration to K3 x P! we also express the DT partition functions as
a twisted trace of an operator on Fock space. This yields further
computational evidence. An extension of the conjecture to non-
geometric CHL models is discussed.

We consider CHL models of order N = 2 in detail. We conjecture
a formula for the Donaldson—-Thomas invariants of all order two
CHL models in all curve classes. The conjecture is formulated in
terms of two Siegel modular forms. One of them, a Siegel form for
the Iwahori subgroup, has to our knowledge not yet appeared in
physics. This discrepancy is discussed in an appendix with Sheldon
Katz.
AMS 2000 SUBJECT CLASSIFICATIONS: Primary 14N35; secondary 11F46.

KEYWORDS AND PHRASES: Donaldson-Thomas theory, moonshine, K3
surfaces, Siegel modular forms.

1. Introduction

In this paper we conjecture a connection between Mathieu moonshine and
the enumerative geometry of algebraic curves in certain Calabi—Yau three-
folds. The connection is motivated by physics, and part of our conjecture can
be understood as a mathematical formulation of a prediction by heterotic
duality. However, the connection in general is more subtle than what has
been suggested and new input appears on the curve counting side.
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1.1. Mathieu moonshine

Eguchi, Ooguri, and Tachikawa [16] noted that the coefficients of the Fourier
expansion of the elliptic genus of a K3 surface

92(7_3 Z) ? 03(7_7 Z) ? 94(7-7 Z) ?
EI(K3 =8 — ——
(K3)(7.2) [(92(7, 0)> \m0)) T\amo)
can be decomposed into dimensions of representations of the Mathieu group
Mo, times characters of the N=4 super conformal algebra. This observa-
tion, called Mathieu moonshine, was proven recently by Gannon [21]. By
Gaberdiel et al. [20] the decomposition of the elliptic genus may be used

to define for every pair of commuting elements g,h € My the g-twisted
h-twined elliptic genus

Elly h(K3)(T,2).

Just as EII(K3) the genera £l ,(K3) are Jacobi forms [17]. Roughly, twin-
ing correspond to replacing dimensions of My representations by traces
over h.! Twisting is a certain orbifolding process. Here we treat the con-
struction of twisted-twined elliptic genera as a blackbox and instead will list
them explicitly whenever we need them.

1.2. CHL Calabi—Yau threefolds

Let S be a non-singular projective K3 surface endowed with a symplectic
automorphism

g:S5—>5

of finite order N. Let E be a non-singular elliptic curve and let eg € E be a
N-torsion point. The group

Zn =7Z/NZ
acts on the product S x E by the map

(s,e) — (gs,e+ ep).

'The twining genera Elly—iq (K 3) are the analogs of the McKay—Thompson
series which appear in Monster moonshine. The twisted-twined genera £Il 5, (K3)
have analogues in generalized Monster moonshine [40].
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The Chaudhuri—-Hockney—Lykken (CHL) model associated to g is the quo-
tient

Since Zn acts freely and preserves the Calabi—Yau form, X is a non-singular
projective Calabi-Yau threefold.? The elliptic curve E acts on the product
S x E by translation in the second factor. This action descends to an F-
action on X.

1.3. Donaldson—Thomas theory

Let Hilb" (X, 8) be the Hilbert scheme of 1-dimensional subschemes Z C X
satisfying
[Z] = B € Ha(X,Z), x(Oz)=n€cL.

The action of the elliptic curve E on X induces an action on the Hilbert
scheme. Hence (almost) every curve or subscheme on X comes in the 1-
dimensional family of its E-translates. A count of these E-orbits is defined
by integrating with respect to the (stacky) topological Euler characteristic
e(+) over the quotient stack:

DTff:/ de=> k-e(v k).
h Hilb"(X,ﬁ)/EV ‘ Z e(y ())

keZ

Here v : Hilb"(X, 8)/E — Z is the Behrend weight. The numbers
DT, ;€Q
are called the E-reduced Donaldson-Thomas invariants of X in class 3.3
1.4. Homology

Consider the averaging operator

1N71i , .
P:N;g*:H (5,Q) — H*(S,Q)

2 After pullback to S x E, the holomorphic symplectic form on S as well as the
holomorphic 1-form on E descend to X.

3In Section 2.8 we conjecture a correspondence (in the usual way) between the
reduced Gromov—Witten and Donaldson-Thomas theories of X. Our conjectures
below hence can be understood purely on the Gromov—Witten side.
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where we let g, denote the induced action on cohomology. By a Mayer-
Vietoris argument there exist a canonical isomorphism

(1) Hy(X,7Z)/Torsion = Image(P|p,(sz)) © Z-

The summands on the right record the degree of a class over S/Zy and
E/Zn respectively. The group of algebraic 1-cycles on X up to numerical
equivalence and torsion is similarly described by

N1 (X) = P(N1(S)) @ Z.
1.5. Elliptic CHL models

By a theorem of Mukai [39] every symplectic automorphism g : S — S
defines (up to conjugacy) an element in My which we denote by g as well.
It can be shown that the conjugacy class of g € Ms4 only depends on the
order N of the symplectic automorphism. Let

(2) FU = Elly 4o (K3), rs€{0,1,...,N 1},

be the associated g"-twisted g°-twined elliptic genera. Explicit expressions
for these functions can be found in Appendix A.

Heterotic duality [31, 13, 11, 12] predicts that the twisted-twined elliptic
genera (2) encode the Donaldson-Thomas theory of CHL models. However,
unlike the elliptic genera, the Donaldson—Thomas theory of a CHL model
does not only depend on the order N, but also on more refined data. For
fixed polarization degree on the K3 and given N, there can be several (but
at most finitely many) distinct deformation classes of CHL models. In the
following, we connect one of these deformation classes — the elliptic CHL
models — to the physics formula.

Let p : S — P! be an elliptically fibered K3 surface which admits two
sections

00,01 : P! — S.
We declare og to be the zero section and we assume that oy is of order N
with respect to og. The translation by o7 in the elliptic fibers

g:8—8, s—=s+o1(p(s))

is a symplectic automorphism of order N. We call the CHL model X asso-
ciated to g an elliptic CHL model.
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Consider the N sections
00,01,0; :=g(oi—1), 1=2,...,N—1

and let F' € Pic(S) be the class of a fiber of S — P!. The classes

1
— O'o+...+O'N,1+hF), h>0

ﬁth(

lie in the image of P|y,(sz) and define curve classes on X via the iso-
morphism (1). The primitive Donaldson-Thomas partition function of X is
defined by

*a,t,p) = ZZZDTXB“ gL BB ()

h=0 d=0n€zZ

where we let (o, ) = [y a U denote the intersection pairing on S.
We have the following conjecture that relates Mathieu moonshine to
Donaldson—Thomas theory. Let

7 (T z>
z o
be the coordinate on the genus 2 Siegel upper half plane, and write
(3) _2miT t = 627”'0' p= 6271'iz.

q_e I )

Consider the Borcherds lift of the twisted-twined elliptic genera (2),

(AI;N(Z) = (SN(Qat,p)'

We refer to Section A.2 for a precise definition. We consider here @y as a
formal power series in the variables g, t, p expanded in the region

0 <lql, Jt| < |p| < 1.

Conjecture A. Let X be an elliptic CHL model of order N. Under the
variable change (3) the primitive Donaldson—Thomas partition function of
X is the negative reciprocal of the Borcherds lift of the corresponding twisted—
twined elliptic genera:

X 1
Z%(q,t,p) = In(Z)
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The Borcherds lift @y is a Siegel modular form (see Section 3.4) for a
congruence subgroup of Sp,(Z) of weight

24
— | =2
Eet
In case N = 1 the Borcherds lift is the Igusa cusp form xi19. Conjecture A

then specializes to the Igusa cusp form conjecture [42], proven in [47, 48],
governing curve counts in .S X F,

1

X10

ZSXE —

The function ®y satisfies the symmetry:
(4) Oy (g,t,p) = n ("N, N, p).

A consequence of Conjecture A is the following remarkable non-geometric
symmetry of Donaldson—Thomas invariants:

X _ X
DT 6.a) = DT gy

n,

This symmetry should arise from a certain derived auto-equivalence of the
threefold X, see [48] for a related case.

1.6. Results

The main mathematical result of this paper is a proof of Conjecture A in
several base cases. Define the series Ay (q) by

(5) S ¢ e (Hib(S/Z)) =

n=0

An(q)

where Hilb"(S/Zy) is the Hilbert scheme of 0-dimensional substacks of the

quotient stack S/Zy of length n. The function Ay is a cusp form for I'(IV)

of weight [N2—j‘;ﬂ Explicit expressions are listed in Table 1.
Define also the Jacobi theta function

(1-pg™(1—p~'g™)
(1—qm)? '

O(q,p) = - —p ) []

m>1

4See Lemma 4.1 for more details on this computation.
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Table 1: The series Apn(7) for all possible orders N. Here n(r) =
gL/ anl(l — q"), where ¢ = €?™7 _is the Dedekind function

N | An(7)

1| n(r)*

2 | n(r)*n(27)*

3 | n(r)°n(37)°

4 | n(r)*n(27)?n(4r)*

5 | n(r)'n(57)*

6 | n(7)’n(27)*n(37)*n(67)?
7 | n(r)*n(7r)?

8 | n(r)*n(27)n(4r)n(87)*

Theorem 1.1. Let X be an elliptic CHL model of order N. Then

1
ZX q,tp)]|, 1N =
2@ tp)] O(¢",p)?An(q)
1
ZX(q,t L=
2l = o )
In particular, Conjecture A holds after taking coefficients t—Y/N or ¢~ 1.

The theorem determines the first coefficient in both the ¢ and ¢ direction
of ZX. The coefficient of /N correspond to curve classes which are of genus
0 (in a certain sense) in the K3 direction. The coefficient ¢~! correspond
to curves of degree 0 over the elliptic curve. The symmetry between the
first ¢ and t coefficient in Theorem 1.1 is a special case of the t < ¢V
symmetry (4).

The proof of Theorem 1.1 relies on two approaches. For the ¢~ term
we use the topological vertex method of [5, 6] to stratify the moduli space
and calculate directly. For the ¢~! term we use a degeneration to K3 x P!
and results of Garbagnati, van—-Geemen and Sarti [24, 22, 23] on elliptic K3
surfaces with N-torsion section. Here the appearence of Ay may be viewed
as a consequence of the McKay correspondence.

The vertex method also yields the second coefficient in the t-expansion
of Conjecture A. The result requires a technical assumption concerning the
Behrend function.

1/N

Theorem 1.2. Assume Conjecture 21 from [5] on the Behrend function.
Then [ZX(q,t,p)]tO is
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S Enla)(m)

m|N

2¢1(N)

e — N c J—
An (D) 6a(N) 12p(¢",p) + En(q)

N
$1(N)

where p(q,p) is the Weierstraf$ elliptic function,

Enla) = B2(a™) — — Fala)

is a holomorphic weight 2 modular form for I'(m) (see section 3.2), u(m) is
the Mdobius function, and ¢q4(N) is the number of N-torsion points in Z‘}V
so that ¢1 = ¢ is the usual Euler phi function and ¢2(N) is the number of
N-torsion points on an elliptic curve. Explicitly,

¢a(N) = NI (1 - }%) .

p|N

1.7. Order two CHL models

We consider the Donaldon-Thomas theory of CHL models which come from
a symplectic involution on the K3 in general. The reduced Donaldson—
Thomas invariants DTfi (v,d) Bre invariant under deformations which pre-
serve the Hodge type of the curve class (v,d) € H2(X,Z). In case N = 2
such deformation correspond to deformation of triples

(S,L,.:S—S)

where S is a K3 surface, L € Pic(.S) is an invariant primitive ample class and
¢ is the involution. By the Torelli theorem a K3 surface admits an involution
if and only if Fg(—2) C Pic(S). Hence the moduli space of such triples for
fixed degree of L can be described as follows [24]. If L? = 2 mod 4 there
is one connected component corresponding to K3 surfaces polarized by the
lattice

(6) Eg(—2) & ZL.
If L? = 0 mod 4 there are two connected components: Either the K3 surface

is polarized by the lattice (6) or by the degree 2 overlattice obtained by
adjoining a vector (L/2,v/2) for some v € Eg(—2),

(7) SpanZ<ZL€BE8(—2), (L/2,v/2)).
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In particular, the Donaldson—Thomas invariant does not only depend on the
degree of a primitive v, but also on lattice data.

Concretely, define the divisibility of a class v € Image(P|y, (s)) to be the
maximal integer m > 1 such that

l 1
m € Image(P]Nl(S)) C 2H2(S, Z)

The class « is primitive if it is of divisibility 1. A primitive class 7 is
o untwisted if v € Hy(S,Z),
o twisted if v € $Hy(S,Z) \ Ha(S,Z).

The untwisted and twisted cases correspond to lattice polarizations by (6)
and (7) respectively (in the twisted case, we take v = L/2).
Let now X be a N =2 CHL model and consider a curve class

B = (’%d) € NI(X) C H2(X7Z)>
such that - is non-zero and primitive with self-intersection

Z if v untwisted

, = 257 S E
(7,7 {%Z if v twisted.

By deformation invariance the Donaldson—Thomas invariant DT? (1) only
depends on n, s, d, and whether v is untwisted or twisted. We write

DTX DTgnst‘Z if 7 is untwisted,
n,(v,d) — DTtw

if v is twisted.

n,s,d

Form the partition functions of twisted and untwisted primitive invariants:

(g:t,p) = > > > DTuigt(—p)"

seZl d>0nez

Z™(q,t,p) Z D> ) DT 4 et (—p)"

scl Z neZ d>0
52—1/2

Zuntw

The twisted series Z is precisely the primtive DT partition function
of the N = 2 elliptic CHL. Hence by Conjecture A the twisted series is
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conjecturally determined by

1
ZtW(Q>t7p) = = .
9y(2)

The untwisted series is new and more interesting. The following conjec-
ture gives a precise formula. We refer to Section 3.5 for a precise definition
of the modular forms.

Conjecture B. The untwisted series for order two CHL models is deter-
mined by

—8F4(Z) +8G4(2) — HE (22)

ZuntW(Q7 t? p) = XlO(Z)

The function in the denominator is the Igusa cusp form which appears
in curve counting on S x E. The numerator is a sum of two different kinds
of modular forms. The series G4(Z) and EZEQ)(QZ ) are Siegel modular forms

of weight 4 for the level two subgroup F(()Q)(2) C Spy(Z). The function Fy(Z)
is a Siegel paramodular form of degree 2 (these correspond to sections of a
line bundle on the moduli space of (1,2) polarized abelian surfaces). Hence
the conjecture implies that Z""" is a Siegel modular form (of weight —6)

for the level 2 Iwahori subgroup

7 7 7 Z
97 7 7 7
B@R)=SpdZ)N | 97 97 7 97
97 27 7 7

Conjectures A and B describe the primitive Donaldson—Thomas invari-
ants of all order 2 CHL models. The invariants for imprimitive classes are
determined from the primitive ones by a multiple cover formula, see Con-
jecture E in Section 6 for a precise statement.

1.8. Open questions and further directions

(1) The multiplicative lift of the twisted-twined elliptic genera matches the
Donaldson—-Thomas theory of only one of the deformation classes of CHL
models. It would be interesting to connect (as we have done in case N = 2)
the other deformation classes to Siegel modular forms as well. We expect
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paramodular or Iwahori Siegel forms here as well. For higher N the number
of deformation classes is not always known yet, see [22, 6.1].

(2) Let G be a finite (not necessarily cyclic) group of symplectic automor-
phisms of a K3 surface S, and assume G embeds into the group of torsion
points of an elliptic curve E. The quotient

X=(SxE)G

is called a generalized CHL model. Our conjectures should have analogs also
for these models. Since G’ embeds into the torsion points, it is abelian and
generated by two elements g, h € G. A connection between the Donaldson—
Thomas partition function and the g-twisted h-twined elliptic genus
Ell, 1 (K3) can be expected [51, 1.2].

(3) Let g : D°(S) — D"(S) be a derived auto-equivalence that is symplec-
tic and preserves a Bridgeland stability conditions (in physics, g is called a
automorphism of a K3 non-linear sigma model). Then Gaberdiel, Hoheneg-
ger, Volpato [19], and Huybrechts [29] prove that g yields an element in the
Conway group unique up to conjugation. Moreover a Conway moonshine
has been proposed in [15] and the corresponding twined genera have been
defined in [14]. It would be interesting to find a g-equivariant counting the-
ory that corresponds to this moonshine phenomenon, see also [10]. Following
a suggestion by Shamit Kachru a slightly adhoc definition of g-equivariant
invariants is proposed and discussed in Section 2.9.

(4) The Pandharipande-Thomas theory of the relative geometry
S x P /{So, Seo}

defines a matrix [42, 41] acting on the Fock space
o0
P B Hib™(5)).
n=0

By the degeneration formula the Donaldson—Thomas partition function of a
CHL model X can be written as the g-twined g-twisted trace of this matrix
(the formula involves a sum over coinvariant classes on S which may be
interpreted as twisting, see Section 2.6 for details). Hence the Fock space
matrix controls the Donaldson—-Thomas theory of all CHL models. It would
be interesting to establish a more direct connection between the matrix and
Mathieu moonshine. We will come back to this question in the future.
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1.9. Plan of the paper

In Section 2 we recall some background on symplectic automorphisms, CHL
models and their curve counting theories. We also discuss the degeneration
formula to K3 x P! and define invariants for non-geometric CHL models. In
Section 3 we discuss Jacobi and modular forms, and define the modular forms
which are relevant to Conjecture B. Section 4 contains the proof of the ¢t =1/
coefficient of Theorem 1.1, and the proof of Theorem 1.2. Section 5 contains
the proof of the ¢~ ! coefficient of Theorem 1.1. In Section 6 we generalize
the conjectures on order two CHL models to imprimitive curve classes and
provide some evidence. In the Appendix A we list explicitly the twisted-
twined elliptic genera we use in this paper and define their multiplicative
lift. In Appendix B (by Sheldon Katz and the second author) we discuss the
discrepency between our results for order two CHL models and the string
theory predictions.
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2. CHL models

In Section 2.1 we review basic facts on symplectic automorphisms. An intro-
duction to the subject is Chapter 15 of [28]. We then discuss several topics
related to CHL models: their homology and curve classes, the equality of
Donaldson-Thomas and Pandharipande-Thomas invariants, the degenera-
tion formula to K3 x P!, a computation scheme for the curve counting in-
variants, and a conjectural Gromov—Witten/Donaldson-Thomas correspon-
dence. A definition of counting invariants for non-geometric CHL models is
proposed in Section 2.9.
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2.1. Symplectic automorphisms

Let S be a complex projective K3 surface with holomorphic-symplectic form
o€ H(S,0%). Let
g:S—>5

be an automorphism which is symplectic, i.e. that satisfies g*c = 0. We
assume that ¢ has finite order N.5

By the global Torelli theorem the symplectic automorphism g is
uniquely determined by its induced action on H?(S,Z). Moreover, by
[28, Thm. 15.3.13] the action of g on the abstract lattice H?(S,Z) depends
up to an orthogonal transformation of the lattice only on the order N. By
[28, 15.1] the order of g can take every value in the range

1< N <S8
Let U = ((1) (1)) by the hyperbolic lattice. Recall that
A= H*(S,Z) 2 U? @ Fs(—1)%
The invariant lattice with respect to g is
AN ={velA|lgv=ru}

The coinvariant lattice of g is the orthogonal complement of the invariant
lattice:

Ay = (A ¢ H%(S,7).

In particular, A; ® C is the sum of all eigenspaces of the C-linear extension
of g corresponding to eigenvalues different from 1. Let v € A; ® C be an
eigenvector to eigenvalue A 7 1. Then

(v,0) = (g0, gx0) = Av,0)

and therefore (v,0) = 0. We conclude A, C NS(S).
Consider the projection operator onto the invariant part,

N-1 1
> g HXS,Z) —» NH2(S,Z).
=0

1

P=_
N

5See [28, 15.2.5(i)] for a projective K3 surface with a symplectic automorphism
of infinite order.
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Table 2: The number of fixed points, the rank of the coinvariant lattice and
the Picard rank of a non-trivial symplectic automorphism ¢ of finite order
N on a complex projective K3 surface (taken from [28, 15.1])

N [2][3[4[5]6]7]3
Fix(g)[ [8] 6 | 4 | 4| 2| 3|2
A, [8[ 1214|1616 | 18| 18
p(S)> |9 13|15 | 17 [ 17 | 19| 19

Since the image under P of an ample class is ample, there exist an ample
invariant class L € NS(S). By the Hodge index theorem A, is therefore
negative-definite. Moreover, since L is ample and orthogonal to Ay, the lat-
tice A, contains no (—2)-classes.

The number of fixed points, the rank of the co-invariant lattice and a
bound for the Picard rank for non-trivial g are listed in Table 2.

For N € {2,...,8} the action of the automorphism g and the co-invariant
lattices were explicitly determined in the series of papers [24, 22, 23]. If the
K3 surface S is of minimal Picard rank, then its Neron—Severi group is of
one of the types listed in [23, Prop. 6.2]. In the following example we recall
the case N = 2.

Example 2.1. If N = 2 then g : S — S is called a Nikulin involution. Its
action on A is trivial on U3 and interchanges the two copies of Eg(—1). The
invariant and co-invariant lattices are

A =U° @ Bs(-2), Ay = Es(-2),

where we have written Eg(—2) for the diagonal and the anti-diagonal in
FEg(—1)? respectively.

Suppose now that S is of minimal Picard rank 9 with invariant ample
class L. Then by [24, Prop. 2.2] its Neron-Severi group can be described by
one of the following two cases. In the first case we have

NS(S) = ZL & Eg(—2).
We call this case the untwisted case.
In the second case, NS() is a finite overlattice of ZL & Eg(—2) of degree
2 obtained by adjoining a vector (L/2,v/2) for some v € Eg(—2):

NS(S) = Spany, <ZL @ Bs(—2), (L/2, v/2)>.
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In particular, since NS(S) is even, we have L? = 0 modulo 4. We call the
second case the twisted case.

By the Torelli theorem for K3, the moduli space of triples (S, L, ) can
be described as follows (see also [24] for details). If L? # 0 mod 4 then
the moduli space has a single connected component with an open subset
parametrizing the untwisted case. If L? = 0 mod 4, then the moduli space
has two connected components, corresponding to the untwisted and twisted
case respectively. The moduli space is of dimension 11.

Remark 2.2. The finite groups which act symplectically and faithfully on a
given K3 surface S were classified by Mukai in terms of the Mathieu group,
see [28, Thm. 15.3.1]. Aside from the cyclic groups which were discussed
above, the following Abelian groups can appear:

Z3, 73, Ly, 75 I,
Z2 X Z4, ZQ X ZG-
As before the action of the finite Abelian groups on H?(S,7Z) is unique up to
an orthogonal transformation of the lattice; the corresponding (co)invariant

lattices have been determined in [23] and the Neron-Severi groups for min-
imal Picard rank are listed in [23, Prop. 6.2].

2.2. Definition

Let g : S — S be a symplectic automorphism of finite order N, let E be a
non-singular elliptic curve and let ¢ € E be a torsion point of order V. Let

X =(S%XE)/Zn.
be the associated CHL Calabi—Yau threefold. We let
T:SXE—=X
denote the degree N quotient map, and let
p: X =S8 :=8/Zn, p:X—FE :=E/Zy

be the maps induced from the projection. Here Zy acts on E by translation
by t.
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2.3. Cohomology and 1-cycles

We describe the cohomology and Neron—Severi group of a CHL model X.
Let s € S be a fixed point of g (which exists by Table 2) and consider the
subscheme

(Exs)/Zy =FE' xs=F.cCX.
We often drop the subscript s in E’. For any e € E let also
D, =7(S xe).
We often drop the subscript e. By a Mayer-Vietoris argument we have

H*(X,Z) = Ker(1 — g : H*(S,Z) — H*(S,Z)) ® Z|D]
H*(X,7) = Coker(1 — g : H*(S,Z) — H*(S,Z)) ® Z[E']

and
HY(X,Z) = Hy(X,Z).

In particular, Ho(X,Z) might contain torsion.
Consider the projection operator

N-1
_ 1 . 2 l 2 g
PNgg.H (S.2) = H*(S,2)°.

Lemma 2.3. We have
Coker (1 —g: H*(S,7Z) — H*(S, Z)) /Torsion = Im(P).

Proof. Since g is of order N we have Po(1—g) = 0. Hence P factors through
the cokernel of 1 — g. Since the image has no torsion, we get a natural map

Coker(1 — g)/Torsion — Im(P).

A non-zero element in the left hand side lifts to an element o € H?(S,7)
which does not lie in Im(1 — g) ® Q. Since

H?*(S,Z) ® Q = Null(1 — g) @ Null(P) = Im(P) ® Im(1 — g)

we have Im(1 — g) ® Q = Null(P) ® Q, so P(a) # 0. O
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From now on we will work only with integral (co)homology modulo tor-
sion and will write Hy (X, Z) for H(X,Z)/Torsion, etc. With this convention
by Lemma 2.3 we therefore have

9) Hy(X,Z) = Im(P) ® Z[E'].
Explicitly, the isomorphisms sends 8 € Ha(X,Z) to (4, d) where
B = a+ d[E]
where we have used the Kiinneth theorem to identify
Hy(S x E,7Z) = Ha(S,Z) ® H2(E,Z).
The inverse of (9) is
Im(P) ®Z — Hy(X,Z), (7,d) + Ttsey + d[E']

where g : S — S x E is the inclusion of a fiber of ps. We often identify
elements in Hy(X,Z) with their image under (9).

The group of 1-cycles Ni(X) on X up to numerical equivalence and
torsion described as follows.

Lemma 2.4. Under the identification (9) we have
Ni(X) = P(Ny(S)) ® Z[E'].

Proof. The inclusion D follows from 7, N1 (Sx E) C N1(X) and the existence
of E’. For the other direction, if @ € Nj(X) then 7*a = (a1, a2) with
a1 € Ni(5)9 C A9, so %aleAg. O

2.4. Pandharipande—Thomas theory

A stable pair (F,s) on X is a coherent sheaf F supported in dimension
1 together with a section s € H°(X,F) satisfying the following stability
conditions:

(i) the sheaf F is pure
(ii) the cokernel of s is 0-dimensional.

Let P,(X, ) be the moduli space of stable pairs with Euler characteristic
and the class of the support C' of F satisfying

X(F)=ne€Z, [Cl=p¢€HyX,Z).
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Consider a curve class
B =(v,d) € Hy(X,Z).

The elliptic curve E acts on the moduli space P,(X,3) by translation. If
v > 0 or n # 0 this action has finite stabilizers and we define reduced
Pandharipande-Thomas invariants by

PTfﬂ = / vde
P.(X,8)/E

where v : P,(X,8)/E — Z is the Behrend function.
Proposition 2.5. Ifv >0, then PT, 3 = DT, 5.

Proof. This follows by the argument of [44, 4.11] from the C-local DT /PT
correspondence by integrating over the quotient of the Chow variety of
curves by E.6 O

If v > 0 then the moduli space P, (X, ) also carries a reduced virtual
fundamental class

[P.(X, 8)]" € Ho(P(X, B))

obtained from reducing the perfect obstruction theory of the moduli space by
the holomorphic 2-form pulled back from S’.” We will relate the invariants
defined by cutting down the reduced virtual class by an insertion with the
Pandharipande-Thomas invariants PTi 3- Let

q:S— S8 =8/7,

be the projection and let vV € H?(S’,Q) be any class such that

/ YU (YY) =1
S
Recall also the divisor D = D, = (S x e). We have

palp] = n[D].

SIf v = 0 then the proposition is false, and PTi 5 and DTi g differ by a non-zero
wall-crossing contribution, see [45] for the case S x E.

"The holomorphic 2-form produces a reduced virtual class by the cosection local-
ization method of Kiem-Li [34]. But the argument of [44, Prop. 1] and using that
the automorphism ¢ : S — S extends to the twister family [28, 15.1.2, Footnote 2]
even yields a reduced perfect obstruction theory (a strictly stronger statement).
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Define the reduced incidence Pandharipande—Thomas invariant
SX *x( V
PT, 5= To([D]UpI(v7)),
[Pn (X,8)]
where the insertion operator 7y(-) is defined in [49].
By arguments parallel to [44] we have the following comparision.
~— X
Proposition 2.6. If v > 0, then PT) 53 = PT, 5.

X
By deformation invariance of the reduced virtual class the PT,, 3 are
invariant under deformations of (X, /) which keep the class [ algebraic.
Hence Proposition 2.6 implies the deformation invariance of PTi 3

2.5. Rubber invariants

We relate the Pandharipande-Thomas invariants of X to rubber invariants
on K3 x P!. These are defined as follows. Consider the relative geometry

(10) S x P1/{So, Seo}
where Sy, S, are the fiber over 0,00 € P! respectively. Let

PnN(S X Pl/{Sb: 500}7 ('77d))

be the moduli space of stable pairs on the relative geometry (10) modulo
the C*-scalling on P!/{0, 00} (this is also called the moduli space of stable
pairs on the rubber of (10), see [42]). The moduli space is of reduced virtual
dimension 2d (assuming v > 0) and admits evaluation maps

evo, eVeo : P (S x P1/{Sy, Sao}, (7, d)) — Hilb?(S)

over the points 0, 00 € P! respectively.
Consider cohomology classes

. v € H*(Hilb%(S), Q).

We define the rubber Pandharipande—-Thomas invariants by

PTSXIP’l

) = [ v Uevio(v).
[Py (SXP! /{S0,800 },(7,d))]"
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2.6. Degeneration to K3 x P!

Let
E—= A

be a non-singular elliptically fibered surface over a disk A C C such that
the following conditions hold:

1. The fiber over 1 € A is isomorphic to the elliptic curve E.

2. The fiber over 0 € A is isomorphic to a cycle of N copies of P! (an I,
fiber in Kodaira’s classification).

3. There exist two sections sg, s1. We take sy to be the zero section, and
we require the section s; to be of order N with respect to the group
law defined by sq.

4. The induced action of s; on the fiber over 0 sends the i-th copy to the
(7 + 1)-th copy (modulo N).

Consider the order N automorphism on the product S x £ which acts by
g on the first, and by addition by s; on the second factor. The quotient by
this free action is a non-singular 4-fold

X=(SxE&)Zy.
Let f: X — P! be the fibration induced by & — P!. We have
) =X, f7H0)=(Sx P/~
where the cylinder S x P! is glued to itself via the monodromy relation
(s,0) ~ (g(s),00) for all s € S.

Hence X is the total space of a degeneration
(11) X ~ (SxPY/ ~.

By Proposition 2.6 the reduced Pandharipande-Thomas invariant is ex-
pressed in terms of an integral over the reduced class. Hence we may apply
the degeneration formula to the degeneration (11). The result, after a de-

rigidification [37, 1.5.3], is as follows. Let

g : Hilb4(S) — Hilb%(S)
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be the automorphism induced by g. Consider its graph
Ty, = {(2,92) |z € HilbY(S) } € Hilb¥(S) x Hilb%(S).

Let Hy(S,7Z)s0 be the set of effective curve classes on S. Then

1 1
X SxP
(12) Ploca =% 2 PTaiacaTo):
F€H2(S,Z)>0
PH)=y

2.7. Computation scheme

Modulo conjectures, the degeneration formula (12) yields a computation
scheme for the invariants PTi (1) of any CHL model X as follows. By (12) to
determine PT,, (, ) it is enough to know the rubber invariants PT,, (., 4) (1, V).
These are conjecturally known as follows.

First, the rubber Pandharipande-Thomas invariants are related by a
(conjectural) GW/PT correspondence to rubber Gromov—Witten invariants
of K3 x P! [42, 43]. On the Gromov-Witten side we can then apply the
product formula and use [42, Conjecture C2] to express invariants for im-
primitive classes v in terms of invariants where + is primitive. Hence we are
reduced to the case where «y is primitive.

Second, by the conjectural PT/Hilb correspondence of [42, Sec. 5] the
rubber invariants of K3 x P! for primitive v are determined by two-point
genus 0 Gromov-Witten invariants of the Hilbert scheme of points Hilb? K3.
An effective conjectural formula for these invariants was presented in [41]
(see also [46] for a more explicit presentation). This completes the scheme.

The scheme we described is effective, i.e. for any given n and (v,d)
the invariant PT,, (, 4) can be computed in finite time. For us this was one
important source of computational evidence for the conjectures in the paper.
However, at present it appears difficult to prove any implications or explicit
formulas from this algorithm.®

2.8. Gromov—W.itten theory

Let M,.w(X , ) be the moduli space of stable maps f : C'— X from possibly
disconnected n-marked curves C' of genus h representing the curve class

f*[C] =B = (77d) € H2(X7Z)'

8This is not unlike the case of the quintic threefold which has been ‘algorith-
mically’ solved a long time ago [37]. However, explicit formulas for the quintic are
known only in low genus.
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If v > 0 the moduli space carries a reduced virtual fundamental class

[Mz,n(Xa /8)] red € H2(n+1) (M;L,TL(X7 5))

Reduced Gromov—Witten invariants of X are defined by
Nnp= [ ei(DIUpi(")
[M g 1 (X,B)]x

where evy : M;l(X ,3) — X is the evaluation map at the first marking.
By arguments parallel to [44, Sec. 4] the formal Laurent series

Z PT,5y"

nezZ

is the expansion of a rational function in y. Hence the variable change y = e™
is well-defined.

Conjecture C. Ify > 0, then the GW/PT correspondence holds:

Z Nh”guzh_2 = Z PTn,By"

heZ nez
under the variable change y = —e'™.

2.9. Non-geometric CHL models

The Mukai lattice is the group H*(S,Z) together with the Mukai pairing
defined by

((r1, D1,n1), (r2, D2, n2)) = rini 4+ niry — / D1 U Dy
S
for all
(ri, Di,n;) € H*(S,Z) = H(S,Z) ® H*(S,Z) ® H*(S,7Z)

where we have identified H°(S,Z) = Z and H*(S,Z) = Z.
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A derived auto-equivalence
g: DY(S) — DY(S)
induces an isometry of the Mukai lattice:
g« : H*(S,Z) — H*(S,Z).

We say g is symplectic if
g*|H2»O(S) == ld

Let g : D*(S) — Db(S) be a symplectic auto-equivalence which is of
finite order IV and preserves a Bridgeland stability condition. Let ey € E be
an NN-torsion point on an elliptic curve E, let t., : £ — E be the translation
by eg, and let t,. : D*(E) — DP(E) be the induced action on the derived
category. Tensoring the kernel of g with the kernel of ¢ . induces a order N
derived auto-equivalence

G=gNt,,: DS xE)— DS x E)

which defines an action of Zy on Db(S x E). We call the pair

(13) (Db(S X E),g)

a non-geometric or non-commutative CHL model.

We would like to define invariants which count stable sheaves on the
non-commutative CHL model (13), i.e. some form of Zy-equivariant stable
complexes in D’(S x E). These invariants should correspond, via an analog
of Conjecture A, to the g-twined elliptic genera which appear in Mathieu
or Conway moonshine [15] (by [19, 29] ¢ induces an element in the Conway
group). We do not address this task here directly but instead following a
proposal of Shamit Kachru we define invariants which should be equivalent
to such a count. The idea is to start with the degeneration formula (12).
The right hand side in (12) only depends on the action on cohomology of
the symplectic automorphism, and not on the symplectic automorphism it-
self. We will define non-commutative Donaldson-Thomas invariants by the
right hand side of (12) but using the induced action g, of a derived auto-
equivalence g. Intuitively this corresponds to “gluing” the cylinder S x P!
with respect to the auto-equivalence g. A careful definition proceeds as fol-
lows.
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The definition requires a conjectural invariance property of the rubber
invariant. Let v € H2(S,Z) be an non-zero curve class. Let

¢ H*(S,R) — H*(S,R)

be any orthogonal map (defined over R, orthogonal with respect to the Mukai
lattice) which satisfies p(y) = . We let

¢ : H*(Hilb? S, R) — H*(Hilb? S, R)

be the induced map.? We require the following conjecture.

Conjecture D. For any u,v € H*(Hilb%(S)) we have
P () = PTOE (o(1), o).

The conjecture is a consequence of the conjectural formula for the rubber
invariants proposed in [41]. If ¢ acts by the identity on H°(S) and H*(S),
the conjecture specializes to [42, Conj. C1]. Let now

v € H*(S,Z)
be any non-zero Hodge class. Let
¢: H*(S,R) - H*(S,R)

be an isometry such that ¢(7) is a Hodge class, lies in H2(S,Z) and is
positive with respect to an ample class. We define the extended rubber
invariants by

—~ SxP! 1
PT () (11, v) := PTEZC o (1), 0(v).

9Concretely, for o € H*(S) and i > 0 let

p_m(a) : H*(Hilb? ) — H*(Hilb™™ 9)

be the Nakajima creation operator that geometrically adds the cycle of m-fat sub-
schemes located on the locus Poincaré dual to «. Define the modified creation
operator

(=m) " tpn(a) if a € HY(S)
Pm(a) = q pm(a ) if a € H%(S)

(=m)pm () if a € H*(S).

Then the induced map ¢ acts by ¢ ([, p—m,(i)ve) = [[; p—m,(¢(a;))ve, where
vg is the vacuum vector.
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By Conjecture D the definition is independent of the choice of .
Let

A = H*(S,2)9, A, = (A" c H*(S,Z)

be the invariant and coinvariant lattice, and let

| Nl
P = N ; 9.
be the projection operator. Let v € P(H*(S,Z)) be a Hodge class. Let
g« : H*(Hilb S, Z) — H*(Hilb? S, Z).
be the action induced by g, : H*(S,Z) — H*(S,Z). Let
I, € H*(Hilb? S, Z)%?

be its graph (where the Poincare duality is taken with respect to the Mukai
pairing). We define the Donaldson-Thomas invariant of the non-commuta-
tive CHL model (13) to be

gJ 1 —~— SxP!
DT, (. = N Y. PTuiaca@e).
5EH*(S,Z)
PH)=~

If g arises from a symplectic automorphism, then this definition specializes
by (12) to the Donaldson-Thomas invariant of the CHL model in class (v, d).

The relationship between this set of invariants and the Mathieu moonshine
conjecture will be pursued in future work.

3. Modular forms
3.1. Variables

Let H = {z+iy|z,y € R,y > 0} be the upper half plane. Consider variables
7€ H and z € C, and let

— e27m7' — 62mz_

q y P

We make the following convention: If a function f(7,z) is invariant under
z+ z+1and 7 — 7+ 1 we often write f(g,p) instead of f(7,z). Sometimes
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we will omit the argument 2z or p. Sometimes we will also omit 7 or ¢. If an
argument is modified it is always written out. For example, for the functions
f(1,2), f(27,2) and f(27,22z) we may write

f=f@=flap), [ =/[fp). [ p)

respectively.
3.2. Modular forms

A subgroup I' C SLy(Z) is a congruence subgroup if I'(N) C T’ for some
N > 1, where

T(N) = {g € SLy(2) 'gE (é ?) mod N}.

Let Modg(T") be the space of modular forms of weight k for a congruence
subgroup I' C SLy(Z) (more generally I' € GLJ (Q) is conjugate to a con-
gruence subgroup) [33]. The algebra of modular forms is defined by

Mod(T") = @5 Mod,/(I).
k

If I' = SLy(Z) we often omit I' from the notation. Let also

o= (2§

Define the weight 2k Eisenstein series

czOmodN}.

2k
Eu(r)=1- B SN d e, kE=2,4,6,...

m>1 djm

where By, are the Bernoulli numbers. If k > 4 the E}, are modular forms for
SLa(Z). For all N > 2 the functions defined by

E(r) = 5 INEa(N7) = Ba(r)] = 1+ 0()

and




CHL Calabi—Yau threefolds 811

are modular forms of weight 2 for I'g(N). For example,
E(T) =pa(t) =1+ 24q+...
is the theta function of the Dy lattice. We have
Mod(SLa(Z)) = C[E4, Es], Mod(T'¢(2)) = C[Up,, E4l.
3.3. Jacobi forms

Let I' € SLy(Z) be a congruence subgroup (or congujate to one), and let
Jacy m (I') be the space of weak Jacobi forms of weight k£ and index m > 0
for the Jacobi group I' x Z2, see [17]. The Mod(T')-algebra of weak Jacobi

forms is
Jac(I") = @ @ Jacy ;m(I).
k m

The subspace of weak Jacobi forms of even weight is

Jaceyen(I') = @ @Jachm(I‘).

k even m

Define functions K(7,z),0(T, 2), p(7, 2) by

(1—pg™)(1—p'qg™)
(1—gm)?

K(r,2) =iO(r,2) = (0"/* =p7*) T]
m>1

1 D _k —k\ d
p(1,2) = -+ ——5 + k(p® —2+p ")q".
TRNTE AP )Y

With respect to the standard Jacobi theta functions 6;(7, z) we have

i@l (7‘, Z)
(7))

O(r,z) =

Define the weak Jacobi forms

¢_21(1,2) = —K?=(—p ' +2—p)+O0(q)
bo1(7,2) = 12K*p = (p~' + 10+ p) + O(q).

In particular, the elliptic genus of a K3 surface is 2¢g, 1. The algebra of weak
Jacobi forms of even weight for group I' satisfies

Jaceven(r) = C[¢—2,17 ¢0,1] ® Mod, (F)
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Every Jacobi form F' € Jac,,(I'(IV)) has a Fourier expansion

F(r,z) = Z Z cy(4mn — j%)q"p’ .

be{0,1,...2m~1} nelz
JjE2MZ+b

3.4. Siegel modular forms

Let Hy be the Siegel upper half space. The standard coordinates are

ZZ(T Z>€H2,
z O

where 7,0 € H, z € C, and Im(z)? < Im(7)Im(c). Let

— 627rz7' — 627rzz t = 627”0.

q P

b

The group Sp,(R) acts on the Siegel space Hy by

g7 = (AZ+ B)(CZ+ D)™, g= (g g) :

A Siegel modular form of weight k for congruence subgroup I' C Sp,(Z) is
a holomorphic function f : Hy — C such that

f(9Z) =det(CZ + D) f(2)
for all g = (é g) eI'. Welet Mod](f) (T") be the space of Siegel modular forms

of weight k for I'. The C-algebra of Siegel modular forms for I' is denoted
by

Mod®(I") = @) Mod{? ().
k

We will work with several congruence subgroups in this paper. For any

N > 1 consider
@ (N) = {(é g) ‘CE 0 mod N}.

For any prime p > 1 define the paramodular subgroup [30, 25] (or rather a
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conjugate thereof)

7 7 p 7 Z

B vZ 7 I Z
K(p)_sp4(Q)m pZ pZ 7, pZ

vZ 7 7 7

as well as the Iwahori subgroup

Z Z 7 Z

_ @)\ _ pZ L L T
B(p) - K(p) N F0 (p) - Sp4(Z) n pZ pZ 7, pZ
pZ pZ 7. 7

3.5. Examples of Siegel modular forms

We discuss examples of Siegel modular forms for several congruence sub-
groups.

3.5.1. The full group Sp,(Z) Consider the Fourier expansion of the
elliptic genus of K3,

2¢0,1(7,2) = Z Z c(4dn — kQ)pkq".

n>0 keZ

The Igusa cusp form is a weight 10 Siegel modular form for Sp,(Z) which
by a result of Gritsenko and Nikulin [26] can be defined by

(14) X10(Z) = pgt H (1- pkqhtd)c(4hd_k2)‘

kEZ
h,d>0
k<0 if h=d=0

Alternatively, x10 is the additive lift of the Jacobi form

—¢101(7,2) = =218 =D Y a(n,r)p’q"

n>0rez

as in [17, Sec. 6], i.e.

xwZ)= > ¢t > aga(%é).

(m,n,r)#0 al(m,n,r)
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The second example we consider is the weight 4 Eisenstein series
EP =14 0(q,t,p).

We give two descriptions. The first is as additive lift of the Jacobi form
1
Bua(ria) = K(r.2)* (Bx(r)p(r,) - 15Ba(r) ) = S blar)a's"

‘We have

The second description is as the Siegel theta series of the Fg lattice. Let
rg.(T) is the number of embeddings of T' = (2m ") into Eg. Precisely,

r 2n

TES(T) = ‘{(xvy) € Eg | <l‘,$> = 2m, <x,y> =T, (y,y> = 2”}’ .

Then by [17, Sec. 7] we have

EP(Z)= Y re(De(tr TZ)
T:(T/z T/:,)

where we write e(z) = exp(2miz) for all z € C.

The forms Ef) and yi1g9 are generators of the ring of Siegel modular
forms for Sp,(Z). By a result of Igusa [8, v.d.G., Thm.6] we have

MOd(2) - C[EA(L2)) E((SZ)v X105 XIQ]

even

2) . . . . .
where Eé ) is an Kisenstein series and x19 is a cusp form.

3.5.2. The group I‘éz)(Z) Let Ef)(Z) be the Eisenstein series defined

above. The first Siegel modular form for I‘[()Q)(Q) we consider is

EP(22).

The second form for Fé2)(2) is an additive lift. Let ¢ € Jacg1(I'0(2)) be
Jacobi form of weight k index 1 and consider the Fourier expansion

b= ey



CHL Calabi—Yau threefolds 815

We define the m-th Hecke lift of ¥ as in [31, App. A] by

_ mn r
V[V, :anpr Z a” 1C<?’E>'
n,r

al(m,n,r)
a odd

The function |V}, is a Jacobi form of weight & and index m for I'y(2). The
series

U= 3 (Vi) (7, 2)
m=0

defines a Siegel modular form for FE)Q)(Z) (as in [17, Sec. 4] we need to pick
an appropriate re-normalization for the constant term of ¥ here).
We apply this lifting construction to the weight 4 Jacobi form

Gia(r,2) = K(r, 2)? (W(T, 2)Ei(2r) - S6h(r) + 2—14E4(T)9D4(7)> .

Define its Fourier coefficients:

Gui(7,2) = Z cg(n,r)q"p".

Then let G4(Z) be the Siegel modular form for I“(()Q) (2) defined as the additive
lift of G4’1,

7 mn r
G4(Z) = —— + E qmtin Z CL3CG (?, E) .
Oi(m,n,r) a|(m7n,7“)
a odd

We give a description of the algebra of modular forms for FéQ)(Q) and
express the function F4(2Z) and G4(Z) in terms of the standard generators.

. T .
For m/,m € Z? (considered as column vectors) and m = (™,)" consider
the genus 2 theta functions

1 AN 1 1 N\'m"
Om(Z) = Z e (5 <CC+ Em/> Z <$+ §ml> + <$+ §m'> 7) .
r€Z?

Following [1] define

X = (93000 + 05001 + 00010 + 93011) /4
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Y = (Ao000800010001000011)
Z = (93100 - 93110)2/16384
W = (001000011001000010010110001111)% /4096

The functions X,Y, Z, W are Siegel modular forms for F(()2)(2) of weight
2,4, 4,6 respectively. Moreover,

Modeven (TS (2)) = C[X, Y, 2, W].

In these generators we have explicitly

XlO(Z) = YW
Ey(Z) = 4X? —3Y + 122882
1 3
Ey(22) = ZX2 +Y —1927
1 3 12
I)=—X*-Y-22Z
Ga(2) = 135 80 5

3.5.3. The paramodular group K(2) Lety € Eg be a vector of length
(y,y) = 4 where we let (—, —) denote the pairing on Fg. Consider the theta
function

@E&y - Z q%@,l‘)p(%y)

z€Fs

By [17, Thm. 7.1] and since Ejg is unimodular the function ©g, , is a Jacobi
form for SLs(Z) ® Z? of weight 4 and index 2. Concretely,

1 1
@Es,y = K4 <92E4 - ngG + mEE) .

As explained in [25, Proof of Thm. 2.1] the paramodular lift of O, , is

1 . m/2-n r
F4(Z) = % + Z q t p Z a3@E87y |:7, E:| .

0#(m,n,r)eZs al(m/2,n,r)
m even

By [30] F4(Z) is the unique modular form for K(2) of weight 4,

Mody(K(2)) = CFy(Z).
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We have the following alternative description. As in [30] let
T = (fo10000110)" /256.

Then we have

F4:%(X2+3Y+30722—|—960T).
Because the matrix
0100
1000
0001
0010

does not lie in K (2), the function Fy(Z) = Fy(q,t,p) does not have to be
symmetric in ¢ and ¢ and in fact it is not. For example, the Fourier-Jacobi
coefficients of Fy in each direction have the form

[F4]tm = K(T7 Z)2um (W(Tﬂ Z)a 9(27—7 Z)? 19D4(T)7 E4(T)>
[F4]qm = K(Ua Z)QQO (p(a, z)a 19D4(O-> Z)> E4(U))

where P, and @,, are polynomials of weight 2m + 4 (and the degree of P,,
in p(27, z) is non-zero in general).

4. Vertex computations

In this section we use the topological vertex method to compute the first
two terms in the ¢ expansion of Z¥(q,t,p). This proves the first part of
Theorem 1.1, and Theorem 1.2.

4.1. Preliminaries

For any C-scheme S of finite type, let e(S) denote the topological Euler
characteristic of S, taken with the analytic topology. More generally, if p :
S — R is a constructible function valued in a ring R, let

e(S,u) =Y r-elpt(r))

reR

be the u-weighted Euler characteristic.
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We use the following standard facts:
e The Euler characteristic defines a ring homomorphism
e: Ko(Varc) — Z,
i.e. it is additive under the decomposition of a scheme into an open set

and its complement, and it is multiplicative on Cartesian products.
e For any constructible morphism!? f: Y — Z we have (see [36])

(15) e(Y,n) = e(Z, fup)
where f,pu is the constructible function given by
(fem)(@) = e(f (), ).
o Let g: Z>9 — Z be any function with a(0) = 1. Let
Gq:Symi(Z) = Z

be the constructible function defined by

G (Z kizi> = Hg(kl)
Then (see [5, Lemma 32])
0o e(Z)
(16) > e(Sym!(Z),Ga)g = (Z g(k)qk> :
d=0 k=0
e If C* acts on a scheme Y with fixed point locus Y& C Y, then (see [2])
e(Y)=e(Y®).

e Let G be an algebraic group acting on a scheme Y. Let u be a G-
invariant constructible function on Y. Suppose that each G-orbit has
zero Euler characteristic. Then e(Y, u) = 0 [4].

10A constructible morphism is a map which is regular on each piece of a decom-
position of its domain into locally closed subsets.
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For any C-scheme S, let vg : S — Z denote the Behrend function. We
define the virtual Euler characterisitic

evir(S) = 6(57 VS)

to be the Behrend function weighted Euler characteristic.

The Behrend function depends on a scheme formally locally and con-
sequently, the virtual Euler characteristic is motivic in the following sense.
Let Z C S be a closed subscheme, let U = S\ Z, and let Z be the formal
neighborhood of Z in S. Then

(17) evir(S) = eVir<U) + evir(z)'

We adopt the convention that replacing an index with a bullet denotes
a sum over the index multiplied by the appropriate variable raised to the
index. For example

Hﬂba+oE’,o (X) _ Z Hﬂba+dE',n (X) qd yn
d,n

where we regard the right hand side as a formal power series in ¢, Laurent
in y, and whose coefficients are schemes.
With these conventions in hand, we may write

Z¥(q, D)), 0w = D evir (Hilb”+dE"”(X )/E) ¢ ty"
d,n

= g leui (Hilb™ *7*(X) /)
and

[ZX (q’ t, p)] o = Z evir (Hﬂba—i_%F'i_dE/,”(X) /E) qd—l yn
d,n
= g e (HD7H AT () )

4.2. Decomposing Hilbert schemes via cycle support to compute
[ZX(q,t,P)] -/~

Subschemes of X correspond to Zy invariant subschemes of S x E, in par-
ticular we have

Hilb? t4Fn (X)) o Hilho T tontdBNn (g pyin,
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The 1-cycle corresponding to any subscheme of S x E in the class o +
-+ oN_1 + dE must be of the form

N-1

Y ooix{wi} + {yi oty x B
1=0

where z; € F and y1 +- - - +yq is a length d 0-cycle on S. Consequently, such
subschemes are uniquely determined by their restrictions to the subschemes

UxE, oy.xE, ... ,on_1XE

where 7; is the formal neighborhood of ¢; in S and U is the complement of
the union of the sections.
This leads to the following decomposition:

N-1
HilpootFov—iteBNe (g B) = Hilb*PN*(U x E) [ Hilb™*F*(5; x E)
1=0

which should be understood as giving constructible isomorphisms'! among

the coefficients and consequently equality of the coefficients in the Grothen-
dieck group of varieties.

Since the Zy action on the Hilbert scheme permutes the last N factors
in the above decomposition, we get an isomorphism

Hilboottov-iteBNe gy p)in = Hilb*EN(U x E)2x xHilb? T*E* (5o x E).

Moreover, we may fix a slice for the F action on the Hilbert scheme by
defining

oot+eLl e +oF,
Hilbg) (op x E) C Hilb?°™***(5y x E)
to be the locus of subschemes containing oy x {xg} as a component, where

g € FE is the origin. Combining this with the previous discussion we arrive
at

Hilb?+*F"*(X)/E = Hilb*®N*(U x E)2v x Hilb"*5*(5) x E)

fix

which again is understood as giving constructible isomorphisms of the coef-
ficients.

1A constructable isomorphism is a bijective map which is regular on some de-
composition of the domain into locally closed subsets.
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To compute the DT partition function [ZX(q, t,p)] 41/ We need to take

the virtual Euler characteristic of Hilb?+t*F"*(X)/E. Recall that for the
virtual Euler characteristic to respect the above decomposition, we must
retain the formal neighborhood of each stratum in the decomposition (see
equation (17)). The result is

1 e . op+eFE e
q [ZX(q,t,p)]t,l/N = —eyir(Hilb* BN (U x B)2V)Y - ey <H11bf,X (0o x E))

where ﬁil\bﬁx(ao x FE) is the formal neighborhood of Hilbgy(dp x E) in
Hilb(S x E). The overal minus sign arises as the difference between the
Behrend function of Hilb(S x E) and Hilb(S x E)/E.

Only the fixed points of the E action on Hilb(U x E)%~ contribute to
the virtual Euler characteristic. These fixed points correspond to E-invariant
subschemes. Such subschemes cannot have zero dimensional components and
are determined by their intersection with U x {xo}. Thus

evir (Hilb*ZN* (U x E)2N) = ey, (Hilb®(U)%Y) .

The Hilbert scheme of points on S (and hence on U) is a smooth holomorphic
symplectic variety and consequently, so are the fixed points of the Zy action.
The Behrend function on smooth even dimensional varieties is 1 and so
the virtual Euler characteristic and the usual Euler characteristic coincide.
Moreover, the Zy fixed locus can be identified with the Hilbert scheme of
substacks of the stack quotient [U/Zy]|. Thus

evir (Hilb*(U)2Y) = e (Hilb*(U)™") = e (Hilb*([U/Zn))) .

The usual motivic methods for computing the generating function of
Hilbert schemes of points on smooth orbifold surfaces work also for orbifolds
given by quotients by cyclic groups.

Lemma 4.1. Let Y be a smooth surface with a Zy action. For d|N let

Fy C Y be the locus of points whose Zy stabilizer has order d, and let
ed = e(Fa/Znyq). Then

o0

> e(HIL™([Y/ZnN]) g HH 1— qak)—ea

n=0 d|N k=1

Proof. The standard method of computing the Euler characteristic of the
Hilbert scheme of points in terms of the punctual Hilbert scheme applies in
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this setting. The punctual Hilbert scheme at a point in the quotient stack is
easily expressed in terms of punctual Hilbert schemes of the etalé cover. [J

For S a K3 surface with a symplectic Zy action, the numbers e¢; are
given in the following table:

ed
61224
61:8,62:8
6126,6326
6124,62:2,64:47
6124,6524
6126226326622
61:3,67:3
e1=eg=2,e3=¢e4=1

o || o x| o o] —=| =2

By inspection, we see that

oo

> e(HIL™([S/Zn])g" = gAY
n=0

where Ay is the modular form given in Table 1. Since
[S/ZN] = [U/ZN] U P!

we see that the values of e4 for U are the same as those for S except e; is
smaller by 2. Thus we find that

e(Hilb*([U/ZN])) = q¢An(q H (1-g¢"
and so

[ZX((:I’tvp)] t—1/N = _AN H 1 - q * Cyir (Hllb:i+.E .(O'O X E))

The last factor in the above product is independent of N and hence can be
evaluated by specializing to N = 1 and using that we know the left hand
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side by the proof of the Igusa conjecture [47].'? The result is

(T 0 ) = 2 T

L
-~ O(gN, p)? I (1 — ¢VF)2

and consequently we have completed the proof that

1
O(¢V,p)*An(q)

27 (@t 9)] o =

4.3. Decomposing Hilbert schemes via cycle support to compute
(2% (q,t,p)] 0

We first observe that if an automorphism'® ¢ € Aut(H?(S,Z))* commutes
with the Zy action, it is realized by a Zy-equivariant monodromy deforma-
tion of X [28, Chapt. 7., Prop. 5.5] and hence gives equality of Donaldson-
Thomas invariants:

X X
DTn,B+dE’ = DTn,¢(ﬂ)+dE"

Let s5,(v) = v+ (04, v) 0; be the reflection about ¢;. Then o; commutes with
oj and consequently the automorphism

¢:SO'OO'”OSO'N71
commutes with the action Zp. Since

1 1

we therefore have
[Z¥(q,t,p)] o = ¢ ewir (HilbV T TE 2 (X) /).

Second, by writing the elliptic fibration S — P! as a Weierstrafl model
and deforming the coefficients, we may assume that the fibration S — P! is

12 The extra factor of N results in the substitution ¢ — ¢~. The last factor
was also computed earlier (modulo a conjecture on the Behrend function) in [3,
equs. (4), (5), Lemma 2].

13Here Aut(H?2(S,Z))" C Aut(H?(S,Z)) is the index 2 subgroup generated by
reflections through —2-vectors.
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generic among all elliptic fibrations with an IN-torsion section. In particular
all reducible fibers are of type I,,. We also take the elliptic curve E to be
generic.

Because any subscheme in X in the class %F +dE' corresponds uniquely
to a Zy-invariant subscheme Z C S x E in the class F' 4+ dE we may write

Hilbv 7 *(X) = Hilb" T*PNe (S x )2~

Definition 4.2. We say an irreducible curve component C' C Z is horizon-
tal if mg(C') is zero dimensional, vertical if mg(C') is zero dimensional, and
diagonal otherwise.

Lemma 4.3. Assume that N > 1. Let Z C S x E be a Zy-invariant
subscheme corresponding to a point [Z] € Hilb! T*EN® (S » EY2¥ | Then the
curve support of Z must be a union of horizontal components along with
either

1. exactly N wvertical components given by

U 9(C xx)

g€ZN

where C' is an irreducible component of an Iy fiber and x € E, or
2. a single diagonal component contained in Fyx E and given by the graph
of a map f: Fy — E where F; C S is a smooth fiber.

Moreover, we may define a slice for the E action on Hilbf T*E:*(S x E)Z~
by imposing that

(1)" the curve C x x is given by Cy X xo where Cy is the component meeting
the zero section and xoy € E s the origin, or

(2)" the diagonal curve in Fy x E contains the point oo(t) X zo so that the
map f : Fy — E is either a homomorphism or an anti-homomorphism,

ie. £f(y1+y2) = f(y1) + f(y2)-

The lemma gives us the decomposition

Hilb" 5N (S x E)2Y /E = Hilbyh*®* + Hilbg!*>

where

Hilbloh ™" | Hilby [P c Hilb" TN (8 x fy%

parameterize subschemes of type (1) and (2) respectively satisfying the slice
conditions (1)" and (2)’ respectively (see figure 1).
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Figure 1: Zs-invariant curves in S x F satisfying the slice condition of
Lemma 4.3. The dark orange curves are the orbit of Cy x zg giving an in-
variant vertical configuration, while the pink curve is an invariant diagonal
curve. Horizontal curves are also possible, but not shown.

Remark 4.4. In the case of N = 1, the lemma holds as stated with the
additional caveat that in case (1), the vertical component can be any smooth
fiber.

Proof. Any Zy-invariant vertical curve must project to a Zy orbit in E and
thus must be a union of orbits Ugez, g(C x ). In the case of the lemma,
> gezy 9(C) is in the class F' and so C' must be a single component of an I,
fiber (as asserted by (1)). Moreover, since {g(C)}4¢cz, are all the components
of an Iy fiber, we may assume that C = Cp, the component meeting the
zero section. By F translation, we may then assume that x = xg and this is
unique in the E orbit (as asserted by (1)’).

Now let C' C S x E be a Zy-invariant diagonal curve with 7g(C') in the
class F'. Such a curve cannot project to a singular fiber since it would then
give rise to a non-constant map from a rational curve to E. Thus mg maps
C' isomorphically onto a smooth fiber F; and hence is the graph of a map
f: F, — E (as asserted by (2)). Moreover, by a translation by E, we may
assume that the map f takes the origin o¢(t) € F} to ¢ € E. Any such map
is the composition of a group homomorphism and an automorphism. Since
FE is generic, the only automorphisms are +1. And so f is a homomorphism
or an antihomomorphism (as asserted by (2)’).
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Any invariant curve projecting to the class of F' must have some diagonal
or vertical component and by the above arguments, it can have only one or
the other. O

4.4. Diagonal contributions

The possible diagonal curves are enumerated by the following

Lemma 4.5. Let §(d) be the number of Zy-invariant diagonal curves in
S x E upto translation by E. Then

> 8" = S S (Bala™) = i)
d=1 m|N

where p(m) is the Mébius function, Eo is the Eisenstein series of weight
2, and ¢2(N) is the number of N-torsion points in an elliptic curve (cf.
Theorem 1.2).

Proof. * By Lemma 4.3 (2)’, we need to count maps
f Fy— F

of degree d where F; C S is the fiber over some point ¢t € P! and the map f
is a homomorphism or anti-homomorphism such that the graph in F; x E is
Zy-invariant. The graph of f is invariant if and only if f is Zy-equivariant,
i.e. the N-torsion point s = o1(t) € F; is mapped to the fixed N-torsion
point e; € E.

We first count all degree d homomorphisms f : F; — F without imposing
the additional condition f(s) = ej. It is well known that there are exactly

o(d) =)k

k|d

elliptic curves F' admitting a degree d homomorphism to E (unique for E

generic), and since every such curve appears exactly 24 times in the K3

elliptic fibration, the number of such homomorphisms F; — E is 240 (d).
We can refine the count of homomorphisms f : F; — E as follows:

D(d,k,N)=#{f: Fy — E such that f(s) has order dividing k.}
E(d,k,N)=#{f : F; — FE such that f(s) has order exactly k.}

14We warmly thank Greg Martin for assistance with this proof.
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It will suffice to compute E(d, N, N) since if ¢o(N) is the number of
N-torsion points on F, then

$2(N)S(d) = 2E(d, N, N)

since the left hand side counts all homomorphisms and anti-homomorphisms
where f(s) has order exactly N.
We apply Mobius inversion to

D(d,k,N) =Y E(d,b,N)
blk
to get
E(d,k,N)=>_D(d,b,N)u(k/b).
blk
If the order of f(s) divides k, then kf(s) = f(ks) = xzp and so f: F; — E
factors through the map F; — F;/(ks) which is a map of degree N/k.
Therefore
D(d,k,N) = # {f: F,/ (ks) — E such that the degree of J is kd/N}
 [240(kd/N) it N|kd,
o otherwise.
Hence we find
E(d,N,N) =Y D(d,b,N)u(N/b)
BN
= 240(bd/N)p(N/b)

bIN
N|bd

Therefore we get
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I

m|N k=1

_2 my m
_—@(N)g;qu ) — 1) u(m). )

We compute the full contribution of the diagonal components to the DT
partition function:

Lemma 4.6.
° ° _2q m
cur (Hilbgiar ) = S NB(g) 2 Beld™) = Diulm).

m|N

Proof. Let C C F; x F be a Zy-invariant diagonal curve satisfying the slice
condition and let

F+eE Ne F+eFE Ne
Hi lbdlag c C Hi lbdIag

be the component parameterizing subschemes containing C. Such
subschemes are a union of C', horizontal components, and zero dimensional
components. Consequently, such a subscheme is a disjoint union of compo-
nents supported on Ft x F and on U x E where Ft is the formal neighborhood
of F; inside of S and U = S\ F};. Thus
Hilby [ *eN* = Hilby [ *CN* (Fy x E) - Hilb*»N*(U x E)*~

where the first factor is the Hilbert scheme parameterizing Z y-invariant
subschemes Z C S x E whose support is contained in ﬁt x E and which
contains the diagonal curve C.

As in the previous subsection, the E action on Hilb*ZN*(U x E)Z~
reduces the Euler computation to E-invariant subschemes, which necessarily
pullback from zero-dimensional subschemes of the stack [U/Zy]:

evir (Hilb* BN (U x B)2) Z (Hilb™([U/Z4))) ¢"

oo

Z (Hilb™([S/Zn])) ¢"

_ 4
An(q)

Here we have used the fact that e(S\ U) = e(F}) = 0.
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We construct a group action on Hilbg:g'g’]\“(ﬁt x E) as follows. Let Ay

be the formal neighborhood of ¢t € P! and let }?’t — A be the restriction of
S — PL. Let MW denote the Mordell-Weil group of sections of ﬁt — Ay
MW acts on F} by translation and we can define an action of MW on Fy x E
which preserves the curve C' by composing with the appropriate action of
E. In particular, on closed points the action of ¢ € MW is given by

o(y,2) = (y + o, + f(o))

where C is given by the graph of f : F} — FE. This action induces an action of

A

MW on Hilbi;’g’N°(Ft x E). The group MW is a pro-algebraic group whose

action on Hilbfi:gdg’"(ﬁt x E) factors through an algebraic group. The orbits

of the MW action on Hilbg;’g’N°(ﬁt x E) have zero Euler characteristic

unless they are fixed points. Moreover, MW preserves the Behrend function

since the action on the strata Hilbg;’g’]\h (F\t x E) extends to an action on

the formal neighborhood of this strata in the whole Hilbert scheme.'® But
the only MW -invariant subscheme is C' itself since no horizonal component
or zero-dimensional component is MW invariant. Therefore we have

evir(Hilb "0 (B x E)) = eyie (Hilbg & (Fy x B)MY)

= evir(pt)
=1
Therefore -
ey (HilbEToENey 5(d) ¢t ) —4—
o - (Ssoet) 57
and then Lemma 4.5 completes the proof of Lemma 4.6. O

4.5. Vertical contributions

The contribution of subschemes containing vertical components to the DT
partition function requires a new vertex computation which is carried out
in this subsection.

Proposition 4.7. Assuming [5, Conj. 21], we have

v F+eE Ne\ q $1(N) 1 1
Cvir (Hllbve—:_t ) = _AN(q) . 24¢2(N) . {p(qN) o —Eg(qN) 4 —517]\[}

where 01§ s 1 if N =1 and 0 otherwise.

15Gee [4] for a careful discussion of the action of Mordell-Weil groups on Hilbert
schemes.
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To prove Proposition 4.7, we begin by observing that 242;%%; is the
number of Iy fibersin S. Let C' = CyU---UCpn_1 be a fixed Iy fiber and

let

1. F+eE . Ne 1. F+eFE Ne
H lbvert,C CH 1bvert

be the component parameterizing curves whose vertical components project

to C. To prove the proposition, it then suffices to prove'®
1
y H.le+oE,N0) ___ 4 ) NY_ 2 g (gN 5
Evir < 1 vert,C AN(q> {Q(q ) 12 2(q ) =+ 1,N

Let C be the formal neighborhood of €' in S and let U = S \C.
Then, as in the previous cases (using similar notation), we have

1. F+eE Ne
evir (Hilbjor ™)

— ey (HﬂbF—‘roE,NO(a « E)) - eyir (Hﬂb.E’N.(U % E)ZN)

vert,C

and

evir (Hilb*EN(U x B)™Y) = i e (Hilb™([U/ZnN])) ¢"
n=0

since [S/ZN] = [U/ZN)U[C/ZyN] and Zy acts freely on C with e(C'/Zy) = 1.

As in the previous case, we get an action of MW, the Mordell-Weil
group of sections of C , on Hilbirt'g ’N'(é x E). Note that the group of the
fiber C' is C* x Zy and (unlike the case of smooth fibers) the restriction of

MW to the group of the fiber splits. Consequently, we get a C* action on

160ur Lemma 4.3, which asserts that the vertical components are supported on
the Iy fibers, applies only for N > 1. As previously remarked, vertical curves in
the N =1 case can also occur at smooth fibers. The contribution from subschemes
containing vertical curves on smooth fibers is given by

249 pt_ rouprsy) — 22 (1
m-e(ﬂ” {24pts}) Alg) (12 1).

This accounts for the replacement of (51 N with 1 n. See the computation in [3]
for details.
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Hilbiﬁ'g Ne(C x E). Moreover this action preserves the Behrend function,

so it will suffice to prove the following:

(18) ey (Hile+'E’N°(5 x E)(C*> _

vert,C
G _ 1
-0 o) - 5Bl + o |
k=1

The horizontal components of a C* invariant subscheme supported on
C x E must be supported at the fixed points of C*, namely over the nodes
in C. There are formal local coordinates (z,y) on S at each node such
that C is formally locally given by xy = 0 and p € C* acts by u(z,y) =
(px, p~'y). Then to be C*-invariant, the horizontal components must be of
the form Z) x FE where ) is an integer partition and Z) is the length || zero
dimensional subscheme supported at a node of C' and given by the monomial
ideal(mzy])ﬁd)gA.

We thus see that a subscheme supported on C x F which is both Iy
and C* invariant must have its one dimensional components given by

(j(A) = L‘J g((k)x xolJ<ZA X l;)

gEZLN

(see figure 2).
We let

HilbY ) € Hilby /3" (O x B)®

vert,C'

be the component parameterizing C* x Zy-invariant subschemes Z, sup-
ported on C x E, containing C()), and such that I\ /17 is a zero-dimen-
sional sheaf of length mN. In other words, the subscheme 7' = Z/Zyx C X
is obtained from the subscheme C’(\) = C(\)/Zy C X by adding m em-
bedded points.

Let

m=0
We define a constructible morphism

as follows.
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Figure 2: The C* x Zs invariant curve C()). The horizontal components
(shown in blue) are thickened by the monomial ideal corresponding to the
partition A = (3,1). The vertical components (shown in bold orange) consist
of the curves g(Cy x {xo}) where g € Zs.

Let [Z] € Hilbg}, be a closed point corresponding to a Zy x C* invariant
subscheme Z containing C()A). Let C'(A\) C Z' C X be the corresponding
subschemes in X and let F7, be the length m, zero-dimensional quotient
sheaf F, = Icv(n)/Iz. Then define

p:[Z] = supp(m.Fy)
where m : X — E’ and support is given as a collection of points with
multiplicity.
We then have

e(Hilbg,(y)) = e (Sym®E’, p,1)
(
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and x € E' — {zo}. Here we have used the fact that p.1 satisfies the multi-
plicative property required by equation (16), over Sym(E’" — {zo}).

The preimages p~!(kx) and p~!(kxg) parameterize subschemes obtained
by adding k& C* invariant embedded points to C’()) in the fiber of X — F’
over v € E' and xzg € E’ respectively. Such subschemes are determined
formally locally at the support of the embedded points and consequently
can be written in terms of the following local model.

Let A, i, v be a triple of 2D partitions and consider the scheme C),, C
A3 given by the ideal I, C Clz,y,z] where

I = Ingp N Igpp O Lop
Lo = (@97 i e
Lpp = (yjzk)(%k)%u
Iy = (2*2") (i) g0

Let

Quoty,, = {Iyw — Q, length(Q) =m, supp(Q) = (0,0,0)}

be the Quot scheme of zero-dimensional, length m quotients of I, sup-
ported at (0,0,0) € A%. Hence Quoty,,, parameterizes subschemes obtained
by adding m embedded points to C),, at the origin.

We define

oo
Quot3,, = Z Quoty,,, y™
m=0
and we define

\7)\uu(y) =€ (QUOt;\,uV) :

\~/>\W(y) is the normalized topological vertex (see [5]).

Using formal local coordinates at the point in C’(\) where embedded
points are added, we can describe the preimages p~!(kz) and p~!(kzg) in
terms of

(Quotsyy)™,  (Quotygy)™,  (Quotsy)™,  (Quotsym)®
where o € C* acts on (,y, z) by (ax,a™ly, 2). Specifically, we get

> p 7 ka) yF = ((QUO%@)C*) ;

e N
k=

0
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«\ N—2 . .

ip (ko) <(QUOt§®®)C ) (Quot;m)(c (Quot:\m)(c if N> 2,
0 =

e (Quotm)© i N = 1.

Indeed, in each case we are adding C* invariant embedded points to C’()) at
the N points in the fiber of X — E’ corresponding to the N nodes of the Iy
fiber (the C* fixed points). Over = # xo at the N points, C’()) is formally
locally given by Cgg. Over zp, C’'(\) has a vertical component which meets
2 of the nodes (if N > 1) so that at these nodes, C’(\) is formally locally
Cyop and Cygg respectively. In the case of N = 1, the vertical component
itself has a node and C’()) is locally Cyop.
Applying Euler characteristics and equation (19) we get

Viow Vo - Vg N >2

e(Hilbg,y)) = {
Voo - V)\(M) N =1.

We wish to rewrite the above in terms of the vertex with the usual
normalization. This works out nicely when we reindex by our subschemes
by holomorphic Euler characteristic instead of number of embedded points.
Using the normalization exact sequence for C’()\), we can compute

X(OC/(A)) = —)\1 - )\,1 +1-— 5N,1~

From [5, Lemma 17] we have

Vigo = Ve, Voaoe = yAl.VADQ’ Voo = y)\/l.VAQD’ Vioo = y)\1+/\/1_1'v>\|:||]
and so we get
e ) . -2 S
> e (Hilbg (Ocroyim _ JY V2o Voo -V N 22
cn )Y L
m=0 y-Vaoo - Vg N=1.
We define
Vamg | = il
Ex(y) =y y iti—g
Voo ;

Then using [6, Proof of Lemma 5] we may express y - Vg - Vago -V)_\@Q@ and
y-Vaoo - Viwlw in terms of E). Namely
oo

e <Hilbg”(/\)) yX(OC“MHm =0N,1 — E)\(y)EA(y_l).

m=0
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We now use Conjecture 21 in [5], applied to the subscheme C'(\) C X,
to convert the Euler characteristic to virtual Euler characteristic. In our
context, the conjecture says that

evir(Hilbg ) = —V(C/()\))(—1)m6(Hilbg(>\))
where v(C’())) is the value of the Behrend function of Hilb(X)/E at the

subscheme C’(\) C X (the extra sign is because of the quotient by E).

Lemma 4.8. The value of the Behrend function of Hilb(X)/E at the point
C'(\) is given by
H(C'() = ~(~ 1O,

Proof. Using the methods of [5, Sec. 9], one can show that C’(\) is a smooth
point of Hilb(X)/E of dimension 2|A| — A\; — A} + d1 n- O

Assuming the conjecture then we get

> e (Hilby ) y¥Oonm = = 3 ¢ (Hilbgy ) ) (—y)¥erwsm
m=0

m=0

= —5N,1 + Ex(— )E)\( Yy l)
= —0n1+Ex(DEA( )

where p = —y.
So then

Evir (Hllb\}/:;c.g N.(C X E) ) ZQNW Z Evir (Hllbm( )> X(Ocr(xy)+m

ZQNW —on,1 +Ex(p)Ea(p™))

=_ H(1 — ") (Ona = Flp,p 5 4Y))

where F(x1,...,2,;q) is Block-Okounkov’s n-point function. F(p,p~!

evaluated in [6, § 4] and is given by

;q) is

M) =

F(p,p'iq

sz_p +p~ k Nd

d=1 k|d

= —p(¢",p) + EEz(qN)'
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This completes the proof of equation (18) and hence the proof of Pro-
postion 4.7.

4.6. Putting vertical and diagonal contributions together
We have
(2% (g, t,p)],0 = ¢ "evir (Hﬂb%F*'E"'(X)/E)
= ¢ ey (Hilb"T*PN*(S x E)% /E)
— ¢ evi (Hile TeENe | pipE TN ) .

vert diag

Then using Lemma 4.6 and Proposition 4.7 we get

-1 ¢1(N 1 1
Z¥ @t = gt 24 DO la) = LBl + i+

Substituting E5(¢™) = En(q) + L Ey(q) and using the facts that

Z pu(m) = 61§
m|N
u(m) _ ¢i(N)
m N
m|N

we conclude

2¢1(N) { N ~ 1 ~ }
Z5%(q, t,p)],0 = ———2—3 —12 , EN———= Em
2@t 0] = Fem | 120 P TN mEN (q)p(m)
which completes the proof of Theorem 1.2. O

5. Lattice computations

We present the proof of the following part of Theorem 1.1.
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Theorem 5.1. Let X be an order N elliptic CHL model. Then

1
For the proof we apply the degeneration formula to reduce to the com-

putation of a theta function of the coinvariant lattice. We discuss the con-
nection with the McKay correspondence in a remark.

[Z%(a,t,p)] - =

5.1. Proof of Theorem 5.1

Applying the degeneration formula (12) to the left hand side of Theorem 5.1
gives

Jo NZZ DA C )PTS?g’O)(l@l).

h>0nez ,BGH2~(S' Z)>o
P(ﬁ):ﬁh

Since the curve class 3y, is indivisible in P(N{(S)) the classes 3 in the third
sum on the right are primitive. By deformation invariance, we may hence

evaluate the rubber invariant PT ?g 0)( 1) by deforming (S, 3) to a pair

(S’,8) such that 3’ is an irreducible curve class. If 3’ is irreducible, every
curve in S’ x P! of class (’,0) is contained in a fiber over a single point in
P'. Moreover, the moduli space of rubber stable pairs is isomorphic to the
moduli space of stable pairs on S’ in class 3’

P (8" x P! /{So, S}, (8',0)) = Pu(S", B).

Since P,(S’,") is non-singular, its Behrend function takes the constant
value (—1)4m (58 Hence

PTSXPO (1 ® 1) — / (_1)dlm(Pn(S,B)) de'
(8,0) (S.8")

By the Kawai—Yoshioka formula [32] (see also [38]) we conclude!”

[m] Yy

17 Alternatively, (20) follows from applying the rigidification lemma, the degen-
eration formula and localization. See [43] for similar arguments.

(20) > () PTE L@1) =

n
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Inserting this into the degeneration formula we obtain

1 1
(21) Z*) =~ ¢/ [7} :
| ]q N hZZOBEH%Z)m AMOEP)* a5 12
P(B):/Bh

We consider the set of effective curve classes 3 of S with P(B) = [y, for
some h > 0. As in Section 4.3 we may assume that the fibration S — P! is
generic and in particular all reducible fibers are of type I,,. Let

cY e Pic(S), i=0,...,n;

be the classes of irreducible components of the j-th fiber (which is of type
Inj+1). We order the CZ-(] ) such that Céj ) is the component which meets the
zero section og, and the matrix

( <Cz‘(j)’ C,gj)> )

nj

,j=1

is the Cartan matrix of the negative A, lattice. In particular, if L is the
lattice spanned by all o)

"’ for i > 1 then we have

L= A, (—1).

Every effective class 3 satisfying P(B) = By, is of degree 1 over the base
of the elliptic fibration and hence of the form

B =0;+aF + Zi:divjci(j)
=1

joi=

for somei =0,...,N—1,a >0 and d; ; € Z. By translating by o; (or rather
the inverse operation) we can assume that 3 is of the form

nj )
(22) B = UO+aF+ZZdi:jCi(])'
j =1

We make one more simplification. Consider any, not necessarily effective
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class 3 of the form (22). We have
(23) (B,8) =2a—2+ (o, a) a—ZZdJC
J

If (@, 6:) > —2, then the class § is effective by the Riemann-Roch formula.
If (8,5) < —2 then we have

[m] e

Hence in (21) we may drop the effectivity condition on the classes 3 and
sum over all @ € Z and o € L. Putting both simplifications into (21) and
accounting for overcounting N times the classes (22) by canceling the 1/N
factor we get

1
94 HP(Baa)),P(Ba.a))/2 [7}
(24) [ ZZ A)O(t,0)? | j5araparr/2

a€Z a€L

where 8,0 = 00 + aF + .
Using

for all 7 and 7 we have

1 1 1
§<P(ﬁa,a)7p(ﬁa,a)> = _N +a+ ; n; 1 ;dl]

Inserting this and (23) into (24) then yields

— o)+, ;Zl dij+N71 1 _1 1
ZX _ t 2 i nj+1 N tQ(a,a>+a
]q*l Z Z A62 t%(u,a>+a—1

acl a€Z

tn +1 z‘ d CAn

A(t) j d] (le)L

where we let C4, denote the Cartan matrix of the A,, Dynkin diagram.
Consider the following theta series of the A, lattice:

’l9A v, (q) = Z q%(ervn)TCAn(ervn)

m=(mai,...,m,)EL"
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Table 3: The number and type of singular fibers of a generic elliptic K3
surface S — P! with order N section. Taken from [23, Table 1]

singular fibers
2414

811 + 81
61 + 613

41, + 215 + 414
415 + 414

216 + 213 + 21, + 21,
317 + 31,
2Is+ I, + I, + 214

0T DU W |2

where

By a direct check using Table 3 we have'®
N-1 1
22 nCa, v, =0,
J

So we conclude

1
# o= mogpp LI O

The claim now follows from Table 3 and the following identity which is a
special case of [27, Thm. 1.3] (set ¢; = ¢//N*+Y for all 4):

n(g)"
V(@) = — o
) (gt (1) O
Remark 5.2. Under the variable change p = e consider the v =2 coefficient
of (24),
1
0 (2] - HP(Besc) P(Bac)) 2 [_}
( ) |: ]q u ae%(;/ A(t) t(Ba,a Ba,a)/2
1 n(n+2)

A small calculation shows vl Ca, v, = o5 nrl
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By the GW/DT correspondence (Section 2.8) this is precisely the genus 0
contribution to the series [ZX],-1. The sum on the right hand side arises
also naturally from the McKay correspondence as follows.

Let S be the elliptic K3 surface on which G = Z acts by translating by
an order N section. Let S’ be the crepant resolution of the coarse quotient
S/G. The lattice spanned by exceptional classes on S’ is isomorphic to L.
(This is a consequence of the equality of the values in Table 3 and the table
after Lemma 4.1) One can now show that under the McKay correspondence
[35]

® : D°([S/G]) = D°(Cohg(S)) — D(S),

where [S/G] is the quotient stack, the generating series of Euler charistics
> 4" e (HI([S/G)))
n=0

precisely corresponds to the right hand side in (24). Using (5) we hence
recover the claim without proving identities for the theta functions of the
A,, lattice. O

6. Order two CHL models

We expand the conjectures on order two CHL models by including also
imprimitive classes. A few base cases are discussed.

6.1. Definition

Let g : § — S be a symplectic involution of a non-singular projective K3
surface S, and let

X =(S%xE)/Zs
be the associated CHL model. Recall the projection operator

P=1(+g.): HY(5,Q) » L HY(S,Q).

In Section 1.7 we defined the divisibility div(y) of a class v € P(N1(.5)) to
be the maximal positive integer m such that

L e P(N(8)).

m

Let v = di\;y('y)‘ Then we say the class v is
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o untwisted if ¥ € Ho(S,Z),
o twisted if ¥ € $Ho(S,Z) \ Ha(S,Z).

Consider a curve class

B=(v,d) € Ho(X,Z), ~#0.

If ~ is primitive, then DTnX(7 d) only depends on n,d,s := %(’y,w and
whether ~ is twisted or not; we have written

DTX _ DT}‘Z?;:Z if v is untwisted,
m(1d) DT, 4 if v is twisted.
A conjectural formula for the generating series of these primitive invariants
was presented in Section 1.7 as follows:

1
Z™(q,t,p) = =
Py(2)

—8F4(Z) +8G4(Z) — =EP (22)
x10(Z)

Zuntvv(q, t, p) —

Here we present a multiple cover formula which expresses the Donald-
son—Thomas invariants for imprimitive classes v in terms of the primitive
invariants. The conjecture is a direct consequence of the multiple cover rule
for K3 surfaces proposed in [42, Conj. C] and the computation scheme of
Section 2.7.

Conjecture E. Let 8 = (v,d) € Hy(X,Z) be a curve class.
1. If v is untwisted, then
DT = L punt
n,(7,d) = Z Lo n/kE(y/k/k).d
k|(n,div(v))
2. If v is twisted, then
DT = > L pumty + > Lprow

k|(n,div(v)) k|(n,div(y))
div(v)/k even div(v)/kodd
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6.2. Evidence

We work with the following model. Let
R—P!
be a rational elliptic surface with 12 rational nodal fibers. Let
[Pt =P

be a degree 2 map, branched away from the base points of singular fibers.
Consider the elliptic K3 surface S — P! defined by the fiber diagram

S—— R

L

P! — 5 PL

The Ejg lattice of sections of R induces an FEg lattice of sections of S. Let
00 : P! — S be a fixed section which we declare as the zero section, and let
F € Pic(S) be the class of a fiber. The Picard lattice of S is

Pic(S) = <_12 é) ® FE3(—2)

where the first summand corresponds to the lattice spanned by og and F,
and Eg(—2) is the image of the section classes under orthogonal projection
away from the first summand.

Let ¢; be the involution of S which acts fiberwise by multiplication by
—1. Switching the two fibers of the degree 2 covering f : P! — P! induces
another involution ¢9 : S — S. The involutions ¢; and ¢ commute and their
composition

g=1t1012:5—S85

is symplectic. The invariance and coinvariant lattices are
A9 = Spang (oo, F), Ay = Es(-2).

The curve classes

By =09+hF, h>0
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are invariant, primitive and untwisted. Hence
X _ untw
DT 0ty = PTnn=1.d

where X is the CHL model associated to (S, g).

Both the vertex methods of Section 4 and the lattice argument of Sec-
tion 5 can be applied in a parallel way to the model X. The vertex compu-
tation for class By yields the evaluation

o0

1 1
DTX d=1(_ \n _ -
dz—()nze; naa® (P =5 O(g,p)?As(q)

Using the degeneration formula and the fact that the theta function of the
Eg lattice is the Eisenstein series F4(q) yields

> _ 1 Eyt?)
DTX td 1 —p n_ 4 ]
22 PTanol 0" = S A

Both computations match Conjecture B. Further evidence for Conjecture B
can be obtained from the computation scheme of Section 2.7.

Appendix A. Twisted-twined elliptic genera

We list the twisted-twined elliptic genera associated to symplectic automor-
phisms of K3, and define their multiplicative lift. This provides the necessary
background for Conjecture A.

A.1. List

Let g : S — S be a symplectic automorphism of a K3 surface S of order N.
By Mukai [39] the automorphism defines (up to conjugacy) an element g €
Mosy. The conjugacy class of g only depends on the order N. Let

FU = Elly o (K3), rs€{0,1,...,N -1},
denote the g"-twisted g*-twined elliptic genera in the sense of [20]. We usually

drop the subscript N from notation and we take the indices r, s modulo N.
The functions F(*) are Jacobi forms of weight 0 and index 1 for the group
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['(N) x Z2.12 The functions satisfy

+b oz
Fors) (22 — exp (2
<CT+d’c7'+d R

> F(cs+ar,ds+br) (T,Z)

cT +

for all (¢ 3) € SLy(Z). Hence the vector (F(%)), ; is a vector-valued Jacobi
form for the full group Jacobi group SLa(Z) x Z2.

Below is a list of the elliptic genera which we have taken from [7]. The
conjugacy classes corresponding to an automorphism of order N =1,...,8
are denoted by

1A, 2A, 3A, 4B, 5A, 6A, TA, 8A

in [7, Table 1] respectively. As explained in [7, 2.4] the computations of [7]
match the construction of Gaberdiel et all in [20]. We have also checked the
matching of [7] with [50, Table 3]. For the modular and Jacobi forms we will
follow the notation of Section 3. We will also use

91 (T, 2)?

4
o 1 - ﬁi(Ta Z)2 _ _
A= 01 = Z; i(r, 072 B=¢21= ()8

Case N € {1,2,3,5,7}. Forall 1 <s,r < N—1land 0 <k <N —1,

FOO(r,2) = T A(r,2)

FOS(7 2) = ﬁfl(ﬂ z) — NLHB(T’ 2)ENn(T)
., B 8 2 T+k
rrk) (1,2) = mA(T, z) + mB(T’ 2)EN < N )

Case N =4. For all s € {0,1,2,3},
F00) (1,2) = 2A(T, 2),

FOU(r 2) = FO3)(7 2) = 1 [ﬁ - B <—%82(7-) + 254(7))] )

41 3
1[4A 1., 7+s 1., 7+s
(1,s) — (33s) — - |22 _- -
F N1 z)=F 4[3 +B( 652( 5 )+254( 1 ))]7

9For a general element g € My the associated twisted-twined elliptic genera
might have a character. However, if ¢ lies in Ms3, for example it arises as in our
case from a symplectic automorphism, the character is trivial.
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4A B

(? — 5 (5&(r) - 654(7)) ;

1 /8A 4B
F(O’Q)(T, 2) 1 <? - ?52(7')> )
1 /84 2B, T7+s
(2,2s) — ==L ==
F (1,2) 4<3+352( 5 ))
Case N = 6.
Fo0) — 4,
3
1[24 1 5
O _ p05) _ ~ (22 pf =
6|3 552() — 53( M+ 3%( )]
F(O 2) _ F(0’4) _ é [QA — ngg(T)] ,
1[84 4
F(O’s) _ | — — —B
AR Ea(7)
FLE) _ p(5,5k)
124 1 T+ k 1. 7+k 5 T+ k
=5 _?+B<‘E“32< ) Sl T bl )ﬂ
A B T+2+k T+k+2
g2+ 4 B —
. +36 Es( 3 )+ Ea(T) — & 3 )
A B T+1+k T+k+1
AR+ _ 2 P e & - &
9 + 6 3( 3 ) + &a(T) 2 3 ’
A B B, t+1 B, 3r+1
F(371) = F(375) = — — — o
5 13 3(T) 7252( 5 ) 852( 5 ),
A B B T B, 3T
(32 - pB4) _ = =2 — =—=&(z) + =+
F F 5~ 80— 565+ T8,
F(2r,2rk:) — l |:2A_|_ lng(T+k‘):| 7
6 3
184 2 T+ k
F(3,3k) — | == -B
6|3 T3Bel=)

Case N = 8. In case N = 8 we have

FO0 — 4
F(Ovl) — F(ng) — F(075) — F(077)’
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- B (e + a0 |

1
8
124 B k.o 7 k
F(T,T‘k):é - 4+ = <—g4(i)+_88(7—+ )>:| ,7":17375,7

ERE g /T3y
F(Q,l) — F(G’S) — F(2’5) — F(6’7),
124 B 3 27+ 1\ |
3|3 + 3 <—52(27') + 554( 1 )) ;

F23) _ p65) _ g7 _ RO,

[2A B 3 2 3]
+ = <—52(27’) + 554( TZ_ )) .

8\ 3 3
1 /4A 1 T4+ s 1 T4+ s
(2,2s) _ p(6,6s) — — [ =2 _ - -
FO29) _ p 8<3+B(652( o)yt )))
1 /84 2B T+ s
pldds) _ — (240 =7
s\g 38l ))
F42) — p6) — 1 <ﬁ — 5(352(7) - 452(27)) ’
8\ 3 3
1 /2A 4 2 1
FW2HD) — 2 (22 4 B 2&,(47) — 2&(27) — = .
S 3 + 352( 7') 352( 7') 254(7’)

A.2. Multiplicative lift

We define the Borcherds or multiplicative lift of the twisted-twined elliptic
genera Fs) pr s=0,...,N —1.
Consider the discrete Fourier transform
N-1
F(r,@) (7,7 Z) — Z 6727ris€/NF(r,s) (7_7 Z).
s=0

Since F(™5) are Jacobi forms of index 1 we have the expansion

PO = 30 3 4=

be{0,1} neZ/N
JE2Z+b
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Remark A.1. By a direct check we have

AV =2 @0 =20 14,

In particular the first coefficient of F(0:0) is
- (0,0 - (0,0
[FOO] =™ (=1)(p+p7") +27(0)
=Y hHI(S/ZN)(=1)p’
.3

is the x, genus of the quotient S/G. This generalizes the corresponding
property of the elliptic genus (K 3). O

Let
7 (7‘ z)
z o
be the standard coordinates on the Siegel upper half space and write

2miT t = 62m¢7

q=c )

— 627Tiz )

» P

Definition A.2 ([12]). The multiplicative lift of the twisted-twined elliptic
genera (F (T’s))T,SZO ,N—1 is defined by

ger

N-1
v =ap [[ [T I a-ddp) e,

b=0,1 =0  kE€Z+L (€L
FE2Z+b
k,0>0,5<0 if k=¢=0

By [12, Sec. 3], see also [51], D (Z) is a Siegel modular form for a certain
congruence subgroup of Sp(4,Z) of weight

100y — 10 LA = |24 | _
5@ (0) = 10 2|Ag\_{N+l 2

A consequence of the modularity is the ¢ <> ¢"V symmetry
oy (N, ¢V, p) = Dn(q.t,p).

This may also seen directly as follows. By the explicit values in Appendix A
the F("Y) are symmetric in (r, /),

FrO — PO forall v, =0,...,N — 1.
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Hence
(26) &y =& \(D) for all 1, £,b, D.
This implies the symmetry by definition.
Appendix B. Heterotic string and the duality group

By Sheldon Katz?® and Georg Oberdieck

In this appendix, our main goal is to explain the difference between the
twisted and untwisted primitive invariants of order two CHL models in the
context of physics. A secondary goal is to provide a cursory explanation of
some of the physics background.

We start with a discussion of several relevant ideas about dual string
models and the duality group of the CHL model. Although many of these
ideas are necessarily relegated to a “black box,” we strive to formulate some
of the ideas in precise mathematical language in the hopes that other math-
ematicians will be able to benefit from the ideas of physics as we have.

We will adopt the device of initially describing relevant concepts from
physics in italics. We will then selectively give some precise mathematical
properties that these structures are supposed to have.

String theory is a 10-dimensional physical theory, with variants includ-
ing Type IIA string theory, Type IIB string theory, and Heterotic Eg x Eg
string theory. For brevity, we refer to these theories as ITA, 1IB, and het-
erotic respectively. String theory takes place on a 10-dimensional Lorentzian
manifold M0,

String theory can be compactified on a compact Riemannian manifold
X with a Ricci flat metric. This means that we take M0 = X x M?,
where M? is a Lorentzian manifold of dimension d = 10 — dimg(X). By
“integrating out” the fields on X, we obtain an d-dimensional effective the-
ory on M?, the physical spacetime of the theory. The physical properties
of the d-dimensional theory are determined by the geometry of X, so that
calculations and theorems about the geometry of X inform physics. Con-
versely, ideas in physics such as dualities lead to non-trivial predictions about
the geometry of X. This two-way flow of information is at the core of the
geometry-physics dictionary.

20University of Illinois at Urbana-Champaign, Department of Mathematics,
Email: katzQmath.uiuc.edu
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Consider ITA[S x E], ITIA string theory compactified on S x E. Since
dimg(S x E) = 6, this is a 4-dimensional theory, and is in fact a 4-di-
mensional N' = 4 theory. The N = 4 adjective describes the amount of
supersymmetry, as we now outline.

For simplicity, let’s assume that our spacetime M9 is d-dimensional
Minkowski space. Then the physical theory has a group of symmetries con-
taining the isometry group of M?. At each p € M we have an induced
Lie algebra of infinitesimal symmetries. The N = 4 supersymmetry algebra
is a particular Zo-graded Lie algebra g = g% @ g! of infinitesimal symme-
tries, with g° containing the infinitesimal isometries. Here, N' = 4 means
dim(g!) = 16.2! These supersymmetry algebras have precise mathematical
definitions, see for example [18]. The amount of supersymmetry in a string
compactification on a Calabi-Yau manifold X is determined by the particular
string theory used and the holonomy group of X. The holonomy group acts
naturally on a fiber of the complexified spin bundle. If the holonomy group
acts trivially on a nonzero vector, this determines a covariantly constant
spinor on X which is used to construct a supersymmetry. The holonomy
group of S x E acts trivially on a 2-dimensional subspace, leading to N' = 4
supersymmetry. By contrast, the holonomy group of a Calabi-Yau threefold
X only fixes a 1-dimensional space of spinors, so ITA[X] only has half as
much supersymmetry, A = 2.2?

Irreducible representations of g are completely classified. Among these
are the 1/2 BPS representations and 1/4 BPS representations. To these re-
spective representations correspond 1/2 (resp. 1/4) BPS states in the phys-
ical theory.

A key point is that reduced Donaldson-Thomas invariants of S x E can
be directly related to 1/4 BPS invariants in the associated physical theory.
We will return to this point shortly.

21The Zg-graded Lie algebra g is not arbitrary but is constrained by physical
principles. The minimum value of dim(g!) in a 4-dimensional supersymmetric the-
ory is 4, the dimension of a minimal real spin representation in signature (3, 1). For
any Zso-graded Lie algebra g = g° @ g!, the even part g° is an ordinary Lie algebra,
and the odd part g! is a g’-module. In 4-dimensional minimal (N = 1) supersym-
metry, g' is the real spin representation s. In a 4-dimensional N' = 2 theory we have
g' = 592 and in a 4-dimensional ' = 4 theory we have g' = 5%*. The dimension
of g! is called the number of supercharges of the theory.

22 Another description is as follows. Assume the Calabi-Yau threefold carries the
action of an abelian variety of dimension k. Then the corresponding I7A theory is
of type N = 2F+1,
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There are other 4-dimensional A = 4 theories. ITA and IIB theory have
the same amount of supersymmetry in 10 dimensions. It follows immediately
that IIB[S x E] is also an N/ = 4 theory.

Now, the heterotic string in 10 dimensions has only half of the supersym-
metry as ITA or IIB. It follows that Het[S x E] is an N’ = 2 theory. To get an
N = 4 theory, we need to compactify the heterotic string on a manifold so
that the holonomy acts trivially on the entire 4-dimensional space of spinors.
An obvious choice is the flat 6-torus T = (S)% with trivial holonomy. So
Het[T©] is an A/ = 4 theory.

The assertion of heterotic-IIA duality is that

ITA[S x E] = Het[T*°],

that is, these two 4-dimensional N' = 4 theories are the same, albeit in a
non-obvious way. Also,

IIA[S x E] = IIB[S x E|

by T'-duality. These assertions have an enormous amount of content. In the
context of CHL models, these give predictions about their reduced DT in-
variants coming from calculations with no obvious relationship to DT theory
or algebraic geometry.

To begin to extract some content, we next observe that the states of
a physical theory have charges, which live in a charge lattice. The states
also transform in a representation of the supersymmetry algebra as we have
already mentioned.

Before discussing our 4-dimensional N' = 4 theories, a more elemen-
tary example of a charge lattice is that the electric charges of the known
elementary particles live in the electric charge lattice

A =eZ CR,

where e is the absolute value of the charge of the electron. Charged particles
interact with the photon, the force carrier which is described in Yang-Mills
theory by a U(1) gauge field, identified with a connection on a principal
U(1) bundle on the 4-dimensional spacetime M*. The electromagnetic field
strength is up to a scalar the curvature of the connection, F' € Q%W.

In this formulation, Maxwell’s equations take the simple form dF =
d* F = 0. These equations are clearly invariant under the duality F' — *F,
which underlies electric-magnetic duality. When F' is expressed in terms of
the electric field E and magnetic field B, the duality transformation takes
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E to —B and B to E.? This means that if we would ever observe mag-
netic monopoles, their behavior in a magnetic field would be (with some
sign differences) the same as the behavior of an electric monopole (charged
particle) in an electric field, and the behavior of a magnetic monopole in an
electric field would be the same as that of a charged particle in a magnetic
field. We say that an electrically charged particle has magnetic charge 0 and
a magnetically charged particle has electric charge zero. Magnetic charges
are quantized (by the Dirac quantization condition), i.e. they also live in a
rank 1 lattice.

In this theoretical framework, particles can have both electric and mag-
netic charge. Such particles are called dyons. Their electromagnetic charge
lives in a rank 2 charge lattice, the direct sum of the electric and magnetic
lattices. Using the fundamental electric and magnetic charges to identify
this lattice with Z2, we can express the dyon charges as (g, p), with ¢ units
of electric charge and p units of magnetic charge. With this identification,
the standard inner product on Z? provides a pairing on the electromag-
netic lattice, which also has intrinsic physical meaning. Electric-magnetic
duality extends an action of SL2(Z) on the charge lattice Z2. We say that
SLo(Z) is the duality group. We emphasize that a duality transformation can
transform all of the fields in theory. For example, the action of the duality
transformation described by

0 -1
=(1 )

(5)-s(5)-(F)

not only exchanges electric and magnetic charges (up to sign), S(q,p) =
(—p,q), but also exchanges electric monopoles with magnetic monopoles,
and other physical quantities. In extending these notions to string dualities,
we sometimes relate physical quantities in one theory which have an algebro-
geometric description to quantities in another theory which do not admit an
algebro-geometric description.

A Yang-Mills theory with gauge group G = U(1)" physically contains r
gauge fields and correspondingly has a rank r electric charge lattice A, ~ Z".
The components of the charge of a particle can be thought of as the electric
charges of the particle with respect to the individual gauge fields. Including
magnetic charges, we get an electromagnetic charge lattice of rank 27.

acts as

23In Lorentzian signature in 4 dimensions, we have ** = —Id on 2-forms.



CHL Calabi—Yau threefolds 853

In both ITA[S x E] and Het[T®], we have G = U(1)?® (at generic points of
the physical moduli space). Without going in to details, one simply enumer-
ates the fields in the 10 dimensional theory which appear as gauge fields in
4 dimensions after compactification. This is a well-defined and simple com-
putation in geometry. In each case, we find 28 gauge fields, for very different
reasons.

The geometry-physics dictionary further identifies the electric charge
lattice of ITA[S x E] with

(27) Ao = H*(S,2) & U>.

The U? part of the lattice is associated with E via momentum and winding
modes of the string wrapping the independent 1-cycles of E (and can be
identified with H*(E,Z)). Thus A, ~ Eg(—1)?> @ US, the unique even self-
dual lattice of signature (6,22).

In this situation, the magnetic lattice A,, is isomorphic to A.. Thus

(28) A=A @A, = (H*(S,Z) 8 U?) @ (H*(S,Z) & U?)

Identifying A with A, ® Z2, the duality group is Isom(A.) x SLo(Z) ~
SO(6,22,Z) x SLa(Z), acting on A in the obvious way. To each element
o of the duality group, there is a (non-geometric) automorphism f, of the
physical theory, taking a BPS state p with charge Z(p) € I to a BPS state
fs(p) with charge o - Z(p). In this way, string theory reveals a much larger
symmetry group than we are able to see in algebraic geometry proper, with
powerful consequences for algebraic geometry.

The heterotic theory compactified on 70 is a theory including Eg x Fg
bundles on 7. In this case we have

(29) A, = Eg(—1)? @ US.

The U°® part of the lattice is associated with momentum and winding modes
of the string wrapping the independent 1-cycles of 7.
Again, the magnetic lattice A,, is isomorphic to A.. Thus

(30) A=A ® Ay, = (Bs(-1)* @ U°) & (BEs(-1)* @ U°).

Remarkably, we immediately see that the respective electric charge lattices
(27) and (29) of ITA[S x E] and Het[T%] are isomorphic. Similarly, the corre-
sponding electromagnetic charge lattices (28) and (30) are also isomorphic.
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We see that we obtain two 4-dimensional ' = 4 theories with the same
charge lattice, so it is a natural question to ask if these two theories are
actually the same. This question was asked more than 20 years ago (with
more evidence than sketched above) and no contradictions have been found
to date. This is what is meant by heterotic-type II duality in our context.
We will refine the duality in the CHL context shortly, but for simplicity we
continue to place our discussion in ITA[S x E] =Het[T] before passing to
CHL.

We write the electromagnetic charges as (Q, P) € Ae @ A;,. The three
quantities Q2,Q - P, P? are manifestly invariant under Isom(A.) (and these
quantities generate the ring of all invariants if Q A P is a primitive rank 2
lattice). DT invariants arise from D6-D2-D0 branes in ITA[S x E]. A Dp-
brane is a p-dimensional object moving in time. BPS branes exist only for
p even in IIA and p odd in IIB.

A PT-pair O — F has a K-theory class. Identifying K-theory with coho-
mology over the rationals we get components in H;(S x E,Q) ~ H67(S x
E,Q) for i € {6,2,0} only. This is the mathematical meaning of the D6-D2-
DO terminology. After compactification of ITA on S x FE, we are left with a
point particle in M* moving in time. These particles are the charged BPS
states in our theory.

The electric and magnetic charges (@, P) of the BPS states correspond-
ing to DTs?f d) have been spelled out in the physics literature. Let e; and e
denote the generators of the hyperbolic lattice as presented in Section 2.1.
Then given a class (y,d) € Ha(S x E,Z), the electric and magnetic charges,
and their invariants, are given by

(31) Q = (v,ne2,0), P =(0,e1+ (d—1)es,0)

with invariants
Q*=~% P =2d—2, Q- P =n.

The shift from des to (d — 1)eg in the component of the magnetic charge
associated to d € Ho(E,Z) arises from the quotient by E used in defining
the reduced DT invariants.

For each (@, P), we can ask about the degeneracy?* of 1/4-BPS states
with charges (Q,P). If @ A P is a primitive rank 2 lattice, the group
SO(6,22;7Z) acts transitively on the set of charges with fixed (Q?,Q - P, P?).

24The degeneracy is an index in physics, defined as a supertrace in the relevant
Hilbert space, roughly the difference between the dimensions of spaces of bosonic
and fermionic states up to an omitted universal factor.
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It follows that this index only depends on Q2 @ - P, P2, so we write the
degeneracy equivalently as d(Q, P) or d(Q?/2,P?/2,Q - P). We form the
generating function

Z(g,tp) = Y, Y > d(h, k)" (—p)".

h=—1k=—1n€Z

The degeneracies d(Q?/2, P?/2, Q- P) have been computed using the IIB
description. The result is

1

Z(q,t,p) = ——F——.
( ) x10(q,t,p)

Passing back to the ITA description and using the charges (31), we have

DT % oy =d(h—1,d—1,n).
This leads immediately to the Igusa cusp form conjecture of DT theory on
S x E, proven in [47, 48].

A useful table for understanding the content of dualities appears in
[9, Table 3.1], with conventions for electric charges and magnetic charges
switched from ours. We give two examples to show how far duality takes us
outside of algebraic geometry. For example, our DO-brane charge n of DT
theory corresponds to a momentum quantum number of the string around
one of the 1-cycles of T in the heterotic theory. Furthermore, even within
ITA[S x E], we see that a SO(6,22;Z) transformation can take the DO-
brane charge to non-geometric objects such as momentum quantum num-
bers around the 1-cycles of E. This means that the full content of physical
dualities cannot be understood within algebraic geometry proper.

We turn at last to our main interest, the CHL models. Letting X =
(S x E)/Zn, the CHL model is ITA[X]. It is also a 4-dimensional N' = 4
theory, with a heterotic dual Het[T®/Zy]. The electric charge lattice is [50]

(32) Ae = (H*(S,Z))) U U (%)

and the magnetic charge lattice is

(33) Am =N =H*(S,Z)?®U @ U (N).
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The electric and magnetic charge lattices are different in general, but we
still have

A=A.B A,

The degeneracies of several CHL models were determined in [12] including
order 2 models, and the degeneracies for additional models are worked out
in [50] using IIB[X] (which is dual to ITA[X] via T-duality on a particular
1-cycle of E depending on the particular translation in £ used to construct
the CHL model X). The charges in the IIB theory are also described in
[9, Table 3.1]. For the order two CHL model, the results are consistent
with the twisted DT partition function but not with the untwisted DT
partition function. We conclude this appendix by explaining that there is no
contraction with physics.
As in Section 2.1 of the main paper, let

P=_ Z g': H*(S,Q) — H*(S,Q)

be the projection operator. Then we have?”
P(H*(S,2)) = (H"(S,2)7)" .
To specify a CHL model we fix a primitive vector v € H(E) of square
zero and let § = v € LH'(E). The duality group of the CHL model,

N .
denoted Gqyal, contains the product?®

Fl(N) X C(f]) C Gdual

o ={(¢ o)

and C(g) is the centralizer of the pair § = (g,6) in SO(6,22;7Z), i.e

where

c=0,a,d =1 modulo N}

C(9) = {p € S0(6,22;Z) | p(6) = 6, pog=gop}

BIf a = P(a/) for some o/ € H*(S,Z) then (a,8) = («,B) for any
B € (H*(S,Z))9. Hence P(H*(S,Z)) C (H*(S,Z)%)". The converse follows since
Ny — (H*(S,Z)%)" is surjective.

26 The exact duality group of the CHL model has not yet been fully determined.
In [52] it is argued that the duality group Ggua should be strictly bigger than
' (N) x C(g), as it should contain the Fricke involution (@, P) — (=P, NQ). We
will only consider the product I'; (V) x C(§) here.
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where we have extended the action of g on Agg to an action on A by letting
it act as the identity on U @ U(N).

Let now (@, P) € A be a pair of electro-magnetic charges such that QA P
is a primitive vector in the lattice Ac AA,, := A}, AA;,. The dyon degeneracy
d(Q, P) is invariant under the duality group and we need to understand the
orbits of (@, P) under the duality group. In the case of S x E, we have
that SO(6,22;7Z) acts transitively on the set of (P,Q) with fixed (Q%, Q -
P, P?) and QAP primitive, hence the conclusion that the degeneracies are of
the form d(Q?/2, P?/2,Q - P). These triples are not preserved by SL(2,7Z),
but this additional part of the duality group gives relations between the
degeneracies. For example, in the S x F case, the matrix S € SL(2,Z) acts on
charges via S(Q, P) = (—P,Q), implying the relation d(Q?/2, P?/2,Q-P) =
d(P2%/2,Q?%/2,—Q - P). This can be verified in DT theory as the symmetry
X1_01 (¢, t,p) = X1_ol (t,q,p~ '), which makes sense after a change in stability
condition corresponding to an analytic continuation of the expansion of X1_01'

In the CHL case, we claim that there are distinct charges (@, P) with
Q A P primitive and with the same (Q?, Q- P, P?) which are not related by
a duality transformation. Hence the degeneracies need not be of the form
d(Q?%/2, P%2/2,Q - P), and more care is needed in drawing conclusions from
a calculation in a dual physical model.

For example, define the residue of (Q, P) to be the class of @ in A, /A,
where we have identified A = A}, i.e.

r(Q, P) = [Q] € AL, /A

Then for g = (¢ 3) € I'1(N) we have

r(9(Q, P)) = [dQ — bP] = [Q] = 7(Q, P)

where we have used that NA¥, C A,,. Moreover, since every h € C(g) arises
from an automorphism of the unimodular lattice I'*>6 the map h acts by
the identity on the discriminant A}, /A,,. Hence

r(h(Q, P)) = r(hQ,hP) = [hQ] = [Q] = 7(Q, P).

Moreover, in the case N = 2 the residue distinguishes between twisted and
untwisted classes: a primitive v € P(H2(S,Z)) is untwisted (or twisted)
depending on whether its residue r() vanishes (or not). A basic question
is whether the residue of (@, P) is indeed invariant under the full duality
group Gqua? More generally, we can ask:



858 Jim Bryan and Georg Oberdieck

Problem. Determine the full set of invariants of the pair (Q, P) for Q A P
primitive under the duality group.

The orbits of (@, P) with Q A P primitive under the duality group should
correspond to the deformation classes of a pair of a CHL model together
with a fixed ample primitive class on the K3. Hence understanding the set
of invariants is the first step towards identifying the Donaldson—Thomas
invariants of all CHL models.
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