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In [9], Scholze and Weinstein show that a certain diagram of per-
fectoid spaces is Cartesian. In this paper, we generalize their result.
This generalization will be used in a forthcoming paper of ours ([6])
to compute certain non-trivial /-adic étale cohomology classes ap-
pearing in the the generic fiber of Lubin-Tate and Rapoport-Zink
towers. We also study the behavior of the vector bundle functor on
the fundamental curve in p-adic Hodge theory, defined by Fargues-
Fontaine, under multilinear morphisms.
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1. Introduction

Let R be a p-adically complete Z,-algebra and let G be a p-divisible group
over R. Let G be the universal cover of G. This is the functor on Nilpp
sending an R-algebra S, on which p is nilpotent, to the inverse limit

lim G(S)

p-

where the transition morphisms are given by multiplication by p. When G is
connected, this functor, which is a sheaf of QQ,-vector spaces, is represented,
under some mild conditions (see [9, Proposition 3.1.3, Corollary 3.1.5]) by
the formal scheme

Spf R[T}/"",... , T)/"7]

Let k be an algebraically closed field of characteristic p > 0 and let H
be a p-divisible group over k of height A and dimension d. The universal
cover H lifts uniquely to W (k). Let M%) be the Rapoport-Zink space at
infinite level, associated with H. This is a formal scheme over Spf W (k)
classifying deformations (up to isogeny) of H together with infinite Drinfeld
level structure. In [9] Scholze and Weinstein show that the adic generic fiber
of M%, denoted by Mifoﬁd, has a natural structure of a perfectoid space.
They also prove that as an adic space it embeds canonically inside the h-fold
product of I:If;d and is given by two p-adic Hodge theoretic conditions; The
first condition defining a point on a certain flag variety canonically attached
to H via Grothendieck-Messing deformation theory and the second condition
describing the geometric points as certain modifications of vector bundles
on the Fargues-Fontaine curve in p-adic Hodge theory.

Now assume that H has dimension 1. In [4] and [5] we have constructed
exterior powers of p-divisible groups of dimension at most 1. Using the high-
est exterior power of H, some ad-hoc arguments special to the highest exte-
rior power, and their classification of p-divisible groups over Oc, (the ring of
integers of C,, the p-adic completion of an algebraic closure of ), Scholze-



A Cartesian diagram of Rapoport-Zink towers 701

Weinstein prove that the following diagram is Cartesian

,ad  det ,ad
Mff;‘ HMZEQU
(Had) xh ~ad
n det Hp= n
where the horizontal morphisms are given by the determinant morphisms
(suitably defined by taking highest exterior powers), and the vertical morph-
isms are the embeddings to which we alluded above.
In this paper, we investigate the case, where instead of the highest exte-

rior power, we take an arbitrary exterior power of H and generalize Scholze-
Weinstein result by proving that the following diagram is Cartesian:

oo,ad A" oo,ad
My, ———= M n,

|

()" — (v, )<

Here the top horizontal morphism is given by using exterior powers of
p-divisible groups and a result in [6], where we show that Drinfeld level struc-
tures are preserved under the operation of taking exterior powers and there-
fore induce a natural morphism from the Lubin-Tate tower to the Rapoport-
Zink tower. The lower horizontal morphism is constructed by a careful study
of multilinear morphisms of vector bundles on the Fargues-Fontaine curve in
p-adic Hodge theory, and using results in [9] and [1] relating universal cover
a p-divisible group G to the global sections of the vector bundle (of slopes
between 0 and 1) over the Fargues-Fontaine curve associated with G.

Although we employ some similar arguments as in the case of r = h
(using the classification of p-divisible groups in terms of vector bundles over
Fargues-Fontaine curve), the ad-hoc arguments used by Scholze-Weinstein
in the case r = h fail in the general case (note that when r = h, there is an
isomorphism A" H = pip ). In the general situation, we had to build a theory
of multilinear morphisms of quasi-coherent sheaves over projective schemes
and use it to study the behavior of the equivalence of categories, from the cat-
egory of isocrystals to the category of vector bundles over Fargues-Fontaine
curve, under multilinear morphisms and tensor operations.

The main theorem of this paper (that that above diagram is Cartesian)
will be used in a forthcoming work ([6]), where we use the wedge morphism



702 S. Mohammad Hadi Hedayatzadeh

on the Lubin-Tate tower (morphism M% A M ) to study the f-adic
étale cohomology of the generic fiber Rapoport-Zink tower. More precisely,
in [6], we study the contribution of the cohomology of the Lubin-Tate tower,
via the wedge morphism, to the cohomology of the Rapoport-Zink tower.
The p-adic Hodge theoretic description of the Rapoport-Zink tower, given by
Scholze-Weinstein, is so far the best available technology for understanding
the generic fiber of these spaces, as the moduli interpretation of these formal
scheme is lost once we go to the generic fiber. It was therefore important to
have a good understanding of the operation of the wedge morphism, which is
defined in terms of the moduli property of these towers, on the generic fiber.
Another motivation for such a Cartesian diagram comes from the relation to
period morphisms. Let us explain this in more details. Let G be a p-divisible
group over k of height h and dimension d. The Grothendieck- Messing period
morphism is a morphism from the adic generic fiber M 4 to the flag
variety of rank d quotients of the Dieudonné module of G (a rank h free
W (k)-module). In [3] we have studied various embeddings of flag varieties
and in particular, we have shown that using exterior powers, one obtains a
closed embedding of P~ to the Grassmannian of rank d quotients of a fixed
rank h vector bundle, denoted by Gr(h,d). Our main theorem implies in
particular that the corresponding diagram of period morphism using exterior
powers of p-divisible groups and the closed embedding P! < Gr(h,d) is
commutative. One should however note that this diagram is not Cartesian.
In another work of ours, we will investigate the necessary modifications for
making that diagram Cartesian (e.g., by incorporating the group actions of
various reductive groups over these adic spaces in the diagram).

As a byproduct of our work on multilinear morphisms of vector bundles
over the Fargues-Fontaine curve and the intermediary steps of the proof of
the main theorem, we prove that there is a canonical isomorphism

NEG = Enry

where for a p-divisible group G over a semiperfect ring R, we denote by Eg
the associated vector bundle over

Proj (P (Biu(R)™™)

d>0

Here, as usual, BCHS(R) is one of Fontaine’s period rings appearing in p-adic
Hodge theory. The proof of this result, which can be stated without using
Rapoport-Zink spaces and their p-adic Hodge theoretic description, uses the
machinery of [9] and our proof of the main theorem.
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2. Preliminaries
2.1. Rank and the exterior power of a matrix

In this subsection, we show that the rank of a matrix is determined by the
rank of the exterior powers of it (see Lemma 2.10).

Notations 2.1. Let R be a ring and A an element of Ml,(R). Fix 1 < d < n.
We denote by AYA € M(n)(R), the matrix whose entries are the d-minors
of A. ’ *
Definition 2.2. Let R be a ring and A € M, (R). For ¢ > 0, the i-th
determinantal ideal of A, denoted by U;(A) is the ideal of R generated by
i X i-minors of A. So, we have a chain:

0=Up+1(A) CUL(A) =det(A)R C U,—1(A) C ...
-~CU1(A)CUO(A)=R A

Lemma 2.3. Let ¢ : R — S be a ring homomorphism, then for any A €
M, (R), and any i > 0, we have

(2.4) Ui (p(A)) =Ui(A)S

Proof. This follows immediately from the definition. O

Definition 2.5. Let R be a ring and A an element of M,,(R). We say that
the rank of A is r if all minors of size r 4+ 1 are zero and all minors of size
r generate the unit ideal of R. In other words, we have U,(A) = R and

Z/[H_l(A) =0. A

Remark 2.6. (i) Note that the rank of a matrix is not always defined.
(ii) It follows from Lemma 2.3 that the rank of a matrix (when it is defined)
is preserved under base change. O

Lemma 2.7. Let R be a ring and A € M, (R). Then, rank(A) = r if and
only if for all p € Spec(R), rank(A,) = r, where A, is the image of A in
M (Ryp).

Proof. If rank(A) = r, then by previous remark, A has rank r in all local-
izations. Now assume that A has rank r in all localizations. This means that
Uy11(A) is zero in all localizations (using 2.4), and so it is zero. Similarly,
U, (A) is the unit ideal in all localizations, and so it is the unit ideal. O
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Lemma 2.8. Let R be a ring and A € M, (R). Then, rank(A) = r if and
only if the cokernel of the R-linear morphism : R — R" defined by A is a
projective R-module of rank n —r.

Proof. Let us denote this cokernel by W. Recall that the i-th Fitting ideal,
Fit;(W), of W is the ideal U,_;(A). [10, Lemma 07ZD] states that W is
finitely generated projective of rank n — r if and only if Fit,,—,_1(W) =0
and Fit,_,(W) = R, which is equivalent to rank(A) =r O

Lemma 2.9. Let R be a ring and let
M- NS W0

be an exact sequence of finitely generated projective R-modules with W of
rank 1 and M and N of the same rank. Let K be the kernel of w. Choose
d < rank M. Then we have a canonical exact sequence

AM L9 AN s ALK @ W 0.

Proof. Let K denote the kernel of 7, then, it is finitely generated projective
and we have a split short exact sequence

O—-—K—-N—-W-=0

and so, since W has rank 1, we have AN = AYK @ A1 K @ W. This means
that the sequence

0= AK =5 AN S AT TK oW —0

is exact. Now, since A°M — AYK is an epimorphism, it follows that the
sequence

ANM L9 NN 5 ALK @ W= 0
is exact as desired. O

Lemma 2.10. Let R be a ring, A € M, (R) and d < n. Then A has rank
n — 1 if and only if the matriz N°A € M()(R) has rank (”51).

Proof. Assume that rank(A) = n — 1. Then, by Lemma 2.8, we have an
exact sequence

R" A4 R W 50
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where W is free of rank 1. By Lemma 2.9, we have an exact sequence
AR LA AYR™Y) 5 ALK @ W — 0

where K denotes the image of A : R — R™ and has rank n — 1. The free
R-module A% 'K ®p W has rank (Zj) and so, again by Lemma 2.8, A%A
-1 -1
has rank (g) = (571) = (")
Conversely, assume that A?A has rank (";1). By Lemma 2.7, we can

assume that R is a local ring with maximal ideal m and residue field x. Let
r be the rank of A modulo m (that we denote by A). Thus A is equivalent

(over k) to the matrix
I, 0
0 0

(here I, is the identity matrix of size r) which implies that A?A modulo m
is equivalent to the matrix

We therefore have:
-1 _
(n d ) = rank(/\dA) = rank(/\dA) = (2)

where the second equality follows from Remark 2.6 (ii). Since d < n, this
implies that r =n — 1.

So, Up—1(A) = Kk, and therefore the determinantal ideal U, _1(A) is the
unit ideal. In order to prove that A has rank n — 1, we have to show that
det(A) = 0. Since there is an invertible minor of size n — 1, by a generalized

pivot method (see e.g. [7, 5.9]), we can show that A is equivalent to the

matrix
1,1 0
0 det(A4)

and so, A%A is equivalent to the matrix

(fml) 0 )
0 det(A)I(nq)

d—1

Since A?A has rank (”;1), this implies that det(A) = 0. O
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2.2. Elements from p-adic Hodge theory

In this subsection we recall some definitions and results from p-adic Hodge
theory.

Definition 2.11. Let R be a ring of characteristic p > 0. It is called semiper-
fect if its Frobenius is surjective. A

We have the following result of Fontaine:

Proposition 2.12 (][9], Proposition 4.1.3.). Let R be a semiperfect ring
of characteristic p > 0. Let R® := @FrobR be the tilt of R. Denote by
Aeis(R) the p-adic completion of the PD hull of the surjection W (R’) — R.
Then, Acis(R) is the universal p-adically complete PD thickening of R, and
its construction is functorial in R. In particular it has a natural Frobenius
morphism ¢ : Acris(R) = Acris(R) coming from the Frobenius of R.

Set B:;iS(A) = Aais(R)[1/p].
Definition 2.13. Let R be a semiperfect ring of characteristic p > 0.

(i) A Dieudonné module over R is a finitely generated projective Aeyis(R)-
module M together with Acyis(R)-linear homomorphisms

F:M ®AC“S(R)7@ Acris(R) — M
ViM — M ®a,. (R Aeris(R)

such that FV =p=VF.
(ii) An isocrystal over R is a finitely generated projective B (R)-module
N together with a B (R)-linear isomorphism

cris

F:N®pg+ (r),Bai(R) = N
We say that N is integral if there is a finitely generated projective
Aeris(R)-module M such that N = M[1/p] and

F(M XA (R)p Acris(R)) M

By abuse of notation, we will denote by F' the (p-semilinear morphism send-
ing m to F(m®1). We will also denote by M the base change M ®4_. (r).o

Acris(R) or M ®B:rris(R)v<P BT R) A

cris(
Remark 2.14. Note that when Agis(R) is p-torsion-free (e.g., when R is

the quotient of a perfect ring by an ideal generated by a regular sequence),
the Frobenius F': M — M is injective. O
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Definition 2.15. Let N be an isocrystal over R. We denote the isomorphism

pF' N > Neg: B

cris(R)ﬁD CriS(R)

by V and call it the Verschiebung of N. A

Example 2.16. Let k be a perfect field of characteristic p and G a p-
divisible group over k. Let R be a semiperfect k-algebra, then the finite
free Acris(R?)-module D(G) @y (r) Acris(R) has a natural Frobenius and Ver-
schiebung (extending F' and V of D(G)), making it a Dieudonné module
over R. The y-semilinear Frobenius

F ]D)(G) ®W(k) Acris(R) — D(G) ®W(k) Acris(R)

is given by the formula z ® a — F(z) ® ¢(a). [ |

Definition 2.17. Let R be a semiperfect ring of characteristic p > 0 and let
G be a p-divisible group over R. The Dieudonné module of GG, denoted by
D(G) is the evaluation of the crystal of G on the PD thickening Ais(R) —
R. This defines a functor from the category of p-divisible groups over R to
the category of Dieudonné modules over R. A

Definition 2.18. Let R be a semiperfect ring of characterisitc p > 0. We
denote by Pgr the graded Q,-algebra

Pr =D (BL(R)*™

d>0

Let (N, F) be an isocrystal over R. We define the graded Pr-module

F=pd+1
Ny = NF=?
d>0

and denote by £y the associated quasi-coherent sheaf over ProjPr. Note
that the degree d elements of Ny, are NE=p"" A

Let us fix a complete and algebraically closed extension C of Q,. Recall
(cf. [1] Ch. 6, §6.1) that the Fargues-Fontaine curve is X := ProjPo /p-
Throughout this paper, we will reserve the letter X for this curve. If IV is
an isocrystal over Oc/p, then Ey is a vector bundle over X of rank equal
to the height of N.

There is a natural morphism, called Fontaine’s morphism

©: BF

cris

(Oc/p) — C
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which defines a closed embedding ix : {00} — X. In fact, if £ is a
perfect field of characteristic p and (R,R") is a perfectoid affinoid
(W (k)[1/p], W(k))-algebra, we have Fontaine’s morphism

©: BT

cris

(R"/p) = R
Let (N, F) be an isocrystal over O¢/p. We have a canonical isomorphism
(2.19) [(X,Ey) = NF=P
2.3. Universal cover of p-divisible groups

Definition 2.20. Let S be a scheme and G a p-divisible group over S. The
p-adic Tate module of G is the sheaf of Z,-modules

T,(G) = lim G[p"] )

Remark 2.21. Note that we have a canonical isomorphism of Z,-sheaves:
(2:22) T,(G) = Homg(Qp/Zp, G) O

Notations 2.23. Let R be a ring on which p is topologically nilpotent,
and denote by Nilp(]’%p the category opposite of the category of R-algebras on
which p is nilpotent. *

Definition 2.24. Let (R, R") be a complete affinoid (W (k)[1/p], W (k))-
algebra and assume that R™ is bounded. Define the adic generic fiber functor

(—)%d : (Nﬂp%l)w - (CAH(()%RJr))N

by sending a sheaf F to the sheafification of

(8,8T) — lim lim F(Sy/p")
SocS+ n

where CAff(p r+) is the category of complete affinoid (R, R™)-algebras and
the direct limit runs over all open and bounded sub-R*-algebras Sy of S
(for a discussion on the topology of (Nilp}, )™ see [8, Ch. 2] and for more
details on the adic generic functor, see [9, §2.2]). A
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Definition 2.25. Let R be a ring on which p is topologically nilpotent and

let G be a p-divisible group over R. We will consider G as the sheaf on

Nilp?’, sending an R-algebra S to lim G[p"]|(S). The universal cover of G,
H

denoted by G is the sheaf of Q,-vector spaces on Nilp%f’ that sends S to

lim G(S)
>

where the transition morphisms are the multiplication-by-p morphism (cf.
[1], Ch. 4, Définition 4.5.1., or [9], §3). We extend this functor to R-algebras
on which p is topologically nilpotent, by sending such an R-algebra S to the
limit

lim G(S/p")
(—
n A

Let us list some properties of the universal cover that we will use through-
out the paper:

Proposition 2.26. Let R be a ring on which p is topologically nilpotent and
fiz a p-divisible group G over R. We denote by D(G) the Dieudonné module
of G over R (when R is semiperfect).

(1) if p is nilpotent in R, then we have a canonical isomorphism
(2:27) G(R) = Homp(Qy/Zp, G)[1/p]
(2) if R is p-adically complete, then we have a canonical isomorphism
(2.28) G(R) = G(R/p) = Homp,(Qp/Zy, G)[1/p]
(3) there is a canonical isomorphism of Qp-sheaves
G = T,(G)[1/p]
where again T,(G) is the p-adic Tate module of G, seen as a sheaf.

(4) assume that R is an f-semiperfect ring (meaning that the tilt R’ is
f-adic), then we have a canonical isomorphism

(2.29) G(R) = (D(@)[1/p) "
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(5) let R be a perfect field. Then, the universal cover G lifts uniquely
to W(R) and for any perfectoid affinoid (W (R)[1/p], W (R))-algebra
(S,ST), we have a canonical isomorphism

(2.30) G24(S,5%) = (D(G) @w ) B (ST/p) "

Proof. See [9, §3 and §5]. O

Remark 2.31. Note that when p is merely topologically nilpotent, we ex-
tend the definitions of G and T,(G) by taking inverse limits over truncations
by powers of p. So, in the isomorphism of part (3) of the Proposition, the
localization at 1/p is before taking inverse limits. In other words, for a ring
R in which p is topologically nilpotent (and not nilpotent), we have

(232) G(R)= ljglé(R/p”) = lim (To(G)(R/p™)[1/p]) = (T,G[1/p])(R)

n n

whereas,

(To(G)(R))[1/p] = (Um T,(G)(R/p"))[1/p]

and these two inverse limits are not isomorphic. Isomorphism (2.32) yields
a canonical embedding of Z,-sheaves:

(2.33) T,(G) — G o

Remark 2.34. As we said in part (5) of Proposition 2.26, when R is a
perfect field, the universal cover G of G lifts uniquely to W(R), and we will
denote the lift by G as well. ¢

Lemma 2.35. Let k be a perfect field of characteristic p > 0 and G a
p-divisible group over k. Let G be the unique lift of the universal cover of
G to W(k), and Eg the vector bundle over the Fargues-Fontaine curve X
associated with G, i.e., 8D(G)®W(k)3;5(oc/p). Then, for any natural number
n, we have a canonical bijection:

(2.36) G24(C,0¢)*" = Homx (0F", £c)

Proof. This following by combining isomorphisms (2.19) and (2.30), and
observing that we have

Homx (Ox, &) = T'(X, ). [
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Lemma 2.37. Let G be a p-divisible group over a perfect field k of charac-
teristic p, and (R, RY) a perfectoid affinoid (W (k)[1/p], W (k))-algebra. The
following diagram is commutative

ot

Gad(R, B+) —= (D(G) @w ) Blyo(R/p))"

o

D(G) @ww) R

where qlog : C;'%d — D(H) @ G, is the quasi-logarithm (see [9, §3.2 and
§6.3]).
Proof. This follows from Lemma 3.5.1 and Theorem 4.1.4. in [9]. O

3. Multilinear theory
3.1. Multilinear morphisms of graded modules

In this subsection, we define multilinear morphisms of graded modules over
graded rings and show that they induce multilinear morphisms between their
associated quasi-coherent sheaves over the Proj.

Notations 3.1. Let ¥ and A be sets and g : ¥*" — A a map. Let h > r.
We denote by A,o (or even A, if p is understood from the context), the
following map:

h
r

Avo: S0 5 A (D)
(x1,...,2p) — (g(xil, . 7xir))1§i1<-~<i,,.§h
Now, if € is a category, X, A : € — Ens are functors and ¢ : ¥*" — A is

a natural transformation, we can define the natural transformation A,p in
the same fashion. *

Definition 3.2. Let S = ®d20 S4 be a graded ring and M, My, ..., M,, N
graded S-modules. A graded multilinear morphism

T: My X+ xM,— N

is a multilinear morphism of Sy-modules such that for all dy,...,d, > 0, we
have

T(Mdl X - X Md,,) C Nd1+-~-+d,,.
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We denote by Multg,(M; X --- x M,, N) the Abelian group of all such
multilinear morphisms. Similarly, we denote by Altg, (M *", N) (respectively
Sym,, (M*", N)) the subgroup of Multg, (M*", N) consisting of alternating
(respectively symmetric) elements. When 7 = 1, we obtain the usual notion
of graded morphism of graded modules. A

Definition 3.3. Let S = @, 54 be a graded ring and M, N graded S-
modules. For i > 0, we denote by i-Hom(M, N) the group Homg, (M, N[i]).
We call elements of this group i-graded morphisms. Using notations in [2],
we denote the graded S-module @;>¢i-Hom(M, N) by * Homg (M, N). A

Lemma 3.4. Let S = @~ Sa be a graded ring and My, ..., M., N graded
S-modules. Under the canonical isomorphism

(3.5)
O : Multg(M; x -+ x My, N) = Multg (M X -+ x M,_;, Hom(M,, N))

The subgroup Multg, (M7 x --- x M., N) is mapped onto the subgroup
Multg, (M1 X oo X My_q, *HomS(MT,N))
Proof. Recall that the isomorphism (3.5) sends ¢ to
O(p) : (m1,...,mp_1) = [my = @(m1,...,m;)]

Take ¢ € Multg(My x - -+ x M,, N), then ¢ is graded if and only if

©(Mg,,...,Mg,) C Ng,4...4a,
if and only if

O(p)(Ma,, - .., Ma, ,)(Mg,) C Na,+..td,
if and only if
O(p)(Ma,, ..., Mg, ) C (d1 + -+ dr—1)-Hom(M,, N)

if and only if ©(p) is graded. O

Lemma 3.6. Let S = ®d20 Sq be a graded ring and M, N graded S-

modules. Set Y := ProjS. For a graded S-module P, we denote by P
the associated Oy -module. There is a canonical and functorial morphism
of Oy -modules

(3.7) (* Homg(M, N)) — Hom,, (M, N)
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Proof. Let f € S; be a homogenous element of degree d and U = D4 (f)
the special open subset of ¥ attached to f. For a graded S-module P we
have P & P and so, it is enough to show that we have a canonical and
functorial morphism

(*HomS(M, N)) —>Homg(f)(M(f),N(f))

()

compatible with restrictions D4 (f) — D4 (g). So, let % be a degree zero
quotient in ( « Homg (M, N)) () 50 ¢ has degree nd. We send this quotient

to the morphism My — Ny that sends % to ‘P}Zﬁf). It is now straight-
forward to check that all the required conditions are satisfied and thus, we
have the desired morphism

(* Homg(M,N)) — Homg, (M, N) O

Proposition 3.8. Let S = B - Sa be a graded ring and M, ..., My, M, N

graded S-modules. Set Y = Proj S and fori=1,...,r, let M; (respectively
M, N ) be the Oy -module associated with M; (respectively M, N ). Then there
are canonical and functorial homomorphisms

(3.9) Multg, (M X - -+ x My, N) — Multo, (M; x - x M,, N)
(3.10) Altg,(M*",N) — Alto, (M*",N)
(3.11) Symy, (M*",N) — Symg, (M*", N)

where on the right hand sides we have respectively the group of multilinear,
alternating and symmetric morphisms of Oy -modules.

Proof. We will prove the first statement and the other two will be similar
(and in fact follow from it). We are going to prove the statement by induction

on 7. For r = 1, this follows from functoriality of the (_) construction. So,
assume the result holds for » and we want to prove it for r + 1. By Lemma
3.4, we have an isomorphism

Multg, (M7 X -+ X Myqq, N) = Multg, (My x - -+ X M,,* Homg(M,41,N))

By induction hypothesis, there is a morphism from the right hand side to
Multe, (Ml X+ x M,, ( * HomS(MT+1,N))~)

and composing with morphism (3.7), we obtain a morphism to

Multo,, (Ml X e X MT,Homoy(M,N))
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which is isomorphic to
Multoy (Ml X oo X Mr—l—la N)

All these morphisms being canonical and functorial, we obtain the desired
morphism

Multg, (My X -+ X Myy1, N) — Multo, (M X -+ X M1, N)
and the proof is achieved. O

3.2. Multilinear morphisms of vector bundles on the
Fargues-Fontaine curve

In this subsection, we show how multilinear morphisms of Dieudonné mod-
ules and isocrystals define, in a natural way, multilinear morphisms be-
tween their associated vector bundles on the Fargues-Fontaine curve of p-
adic Hodge theory.

Throughout this subsection, R is a semiperfect ring of characterisitc
p > 0.

Definition 3.12. Let M, My,..., M, and N be isocrystals over R. A mul-
tilinear morphism

T: My x -+ xM,— N

is a B, (R)-multilinear morphism of B, (R)-modules making the following
diagrams commutative (i = 1,...,7):
M? X - x M? ad N°
Vx--xVxId ><V><-~-><VT
My x - x M1 x M7 x Miiq X -+ X M, F
Id x---xId x F’x1d ><---><Idl
My x -+ x M, = N
In other words, for all « = 1,...,r and all z1,...,z, (in the appropriate

module!), we have

F(TU(Vxl, ey VlEi_l,.CUZ', in—i-la ey V:Er)) =
(313) T(atl,...,xi_l,in,le,...,:cr)
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We will denote the B

ois(R)-module of all such multilinear morphisms with

Multg(M; X -+ x M, N)

and if the chance of confusion is little, we drop R from the notation. Simi-
larly, we denote by Altg(M*", N) (respectively Symp(M*", N)) the subset
of Multg(M*", N) consisting of alternating (respectively symmetric) ele-
ments. A

Proposition 3.14. Let My,..., M, and N be isocrystals over R. Then,
every multilinear morphism

My x---xM,— N

induces, by restriction, a graded Qp-multilinear morphism (in the sense of
Definition 3.2, see also Definition 2.18)

Migr X -+ X My gr — Ngp
i other words, restriction defines a homomorphism
(3.15)  Mult(M; x -+ x M, N) — Multg (Mg X -+ X My g — Ngp)

Proof. Let 7 : My x --- x M, — N be a multilinear morphism and take
elements mg, € M; 4, (i =1,...,7),ie, F(mg, ®1) = p%*tlmg . We have to
show that 7(myg,, ..., mq ) is of degree ph+-+dr e lies in NF=p"" 7"
Since we have

F(mg, ® 1) = pdiﬂmdi = F(Vpdimdj)

and F' is injective, for all ¢ we have
mg, @1 =V (phmg,)
and so we have the following series of equalities:

F(r(ma,,....,mq,)®1) = Fr%(mg, ®1,...,mq, ® 1) =
FT"(md1 @ 1, V(ptmg,),...,V(pPm )) (3.13)
lerl

™

d d, _
ma,, P M, ..., p""mg,) =

mdl,...,de)

T(F(md1 ® ]')7pd2md27 ctt 7pdrmdr) = T(p
platrdet Ly

and the proof is achieved. O
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Corollary 3.16. Let My,..., M, and N be isocrystals over R. Let T : M X
-« X M, — N be a multilinear morphism, then the restriction of T to MlF:px
X MEEP factors through the subset N¥=P of N, i.e., we have the following

commutative diagram:

M x -+ x M, T N

J

ME=P o MfP

NI=P
So, we have a homomorphism
(3.17)  Mult(M; x -+ x My, N) — Mult(M] = x .- x MF=P NT=P)

Proof. This follows from the definition of graded multilinear morphism and
the proposition. O

Remark 3.18. We have statements similar to the previous proposition and
corollary for alternating and symmetric multilinear morphisms. So, for ex-
ample, if M and N are isocrystals over R, then we have a homomorphism:

(3'19) Alt(MT,N) — Al ((MF:p)XT,NF:P) o

Corollary 3.20. Let M be an isocrystal over R and fix a natural number r.

Assume that N+ M has a Frobenius F (i.e., is an isocrystal over R)

cris (R)

such that the universal alternating morphism of B;iS(R)—modules

Ay M7 — /\giis(R)M

(my,...,mp)—>mgA--- Am,

is a multilinear morphism in the sense of Definition 3.12. Then, this alter-
nating morphism induces a morphism

T = T F=
(3.21) N, (MF=P) — ( B mM) P

Proof. If in (3.19) we replace N with A"M, then the image of \js is an
alternating morphism

(3.22) Mg (ME=PYT 5 (AT M)E=P
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and therefore, it induces a canonical homomorphism
No, (MF=P) — (A"M)F=P

as desired. O
Construction 3.23. Using Notations 3.1, from

Mgt (ME=PYT 5 (AT A E=P
we obtain a morphism

_ ()

(3.24) A s (MF=py<h <(/\’°M)F—p) v

Proposition 3.25. Let M, M,..., M, and N be isocrystals over R. There
are natural and functorial homomorphisms

(3.26) Mult(My X+ X M, N) — Mult(Epng, X -+ X Epr, EN)
(3.27) AL (M7, N) — Alt(E;, En)
(3.28) Sym(M*",N) — Sym(E;/,En)

Proof. The first homomorphism is the composition of homomorphisms (3.9)
and (3.15). The others are given in a similar fashion (using Proposition 3.8
and Remark 3.18). O

Remark 3.29. Let R be Oc¢/p. Taking global sections, induces a homo-
morphism (using the canonical isomorphism (2.19))

Mult(Ens, X -+ X Enr,, En) — Mult(M] = x .. x MF=P NF'=P)

whose composition with homomorphism (3.26) is nothing but homomorph-
ism (3.17). 9

Corollary 3.30. Let M be an isocrystal over R satisfying the condition of
Corollary 3.20. Then, we have a canonical morphism of Ox-modules:

(3.31) AV /\gng — EnrM
Proof. By Proposition 3.25 we have a homomorphism
AL (M N"M) — AW(Ey], Eanr) = Hom(A"Epr, Enrnr)

The universal alternating morphism M*" — A"M now gives the desired
morphism %Z),. O
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3.3. Multilinear theory of p-divisible groups

In this subsection we recall some constructions and results on multilinear
theory of p-divisible groups from [5], and further develop the theory to study
multilinear constructions of the universal covers of p-divisible groups and
their adic generic fiber. From now on (until the end of the paper), we will
assume that p is an odd prime number.

Notations 3.32. We denote by BT}, BT <1, BT, and B’E{fq respectively
the smooth algebraic stack of p-divisible groups of height h, p-divisible
groups of height h and dimension at most 1, truncated Barsotti-Tate groups
of height h and level n and truncated Barsotti-Tate groups of height h, level
n and dimension at most 1. *

Let us recall the definition of multilinear morphisms of p-divisible groups:

Definition 3.33. Let S be a scheme and Gy, ...,Gq,..., G, be p-divisible
groups over S. A multilinear morphism ¢ : G1 X - -+ X G, — G is an inverse
system (¢,,) of multilinear morphisms of fppf sheaves

on : G1[p"] X - x Gy[p"] = Go[p"]

compatible with the projections G;[p"*1] = G;[p"], in the sense that for all
n, the following diagram is commutative:

el [pn+1] VTR, Gr[p”Jrl] o Peir Go[anrl]

o Golp"|

Alternating and symmetric multilinear morphisms are defined similarly. A

Lemma 3.34. Let S be a scheme and G, Gy,...,G1,...,G, be p-divisible
groups over S. There are canonical homomorphisms, functorial in all argu-
ments

(3.35)
Mult (Gq x -+ X Gy, Go) = Multz, (Tp(G1) x -+ x Tp(G), Tp(Go))
(3.36) Alt (G, Go) — Altg, (T,(G)*", Ty(Gy))

(3.37) Sym (G*",Go) — Symy,_ (T,(G)*",T,(Gy))
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Proof. Let ¢ : G1 X --- X G — G be a multilinear morphism. Taking the
inverse limit of

pn  Gi[p"] X -+ X Gr[p"] = Golp”]

and observing that inverse limit commutes with products, we obtain a mul-
tilinear morphism

Ty(p) : Tp(G1) x -+ X Tp(Gy) — Tp(Go)

By construction, this homomorphism is functorial in all arguments (as is the
Tate module construction). Alternating and symmetric multilinear morph-
isms are preserved under the homomorphism 7}, thus defined. O

Theorem 3.38. Fix natural numbers 1 < r < h. There exists a unique
morphism of stacks

A" BT < — B’T(’}f)
satisfying the following
(1) by taking the limit, A" induces a morphism

8771731 — B'T(h)

(2) if S is a scheme and G is in BTy <1(S), then we have a canonical
isomorphism

(3.39) (N G)[p"] = A(GP")
(3) if G is in BTy <1(S), then for any s € S, we have

h—1

dim(ATG)(s) = ( 1) - dim G(s)

r —

4) if G is in BT,",(S), then A"G has the categorical property of exterior
h,<1
powers, i.e., there is an alternating morphism of fppf sheaves

Ag G*" = NG

that makes N"G the r-exterior power of G in the category of finite
flat groups schemes over S. In particular, for every S-schemeY , there
18 a natural homomorphism

MY AT(GY)) = (NG (Y)

of Y -valued points.
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(5) if G is in BTp <1(S), the universal alternating morphisms
Ay : Gl = AT(G™)
define an alternating morphism
(3.40) Ag: G = NG

that is universal in the category of p-divisible groups.
(6) let G be in BTy <1(S). The alternating morphism

(3.41) T,(G) x - x T(G) — Tp(A"G)

given by the universal alternating morphism A and using (3.36) is
unwersal, i.e., it induces an isomorphism of Z,-sheaves:

(3.42) N (T,(G)) 2 T,(NG)

(7) if G is in BT;'«((S) and o : (Z/p™)" — G(S) is a Drinfeld level

structure, then the composition
N ((Zfp")) 7% AT (G(S)) 2 (W E)(S)

(still denoted by N"av) is a Drinfeld level structure.
(8) if k is a perfect field of characteristic p and G is in BT <1(Spec(k)),

then, we have a canonical isomorphism of Dieudonné modules

(3.43) D(A"G) = Ay (D(G))
Proof. This is [6, Theorem A], which relies on [4, Theorem 3.39 & Proposi-
tion 3.31] and [5, Theorem 3.25]. O

Lemma 3.44. Let R be a ring on which p is topologically nilpotent. Let
G, Go, ..., G, be p-divisible groups over R. There are canonical homomorph-
isms, functorial in all arguments:

(3.45) Mult (Gl X oo X Gr,Go) — Mult@p (él X e X GT,G())
(3.46) Alt (G*",Go) — Altg, (G*",Gy)
(3.47) Sym (G*",Gg) — Symg, (CNJXT, Gg)

Proof. This follows from Lemma 3.34, and the isomorphism of part (3) of
Proposition 2.26 (see also (2.32)). O
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Lemma 3.48. Let R be a ring on which p is topologically nilpotent. Let
G, Gy, . ..,Gy be p-divisible groups over R. The following diagrams are com-
mutative:

Mult (Gq x -+ X Gy, Go) —= Multz, (T,(G1) x - -+ x T,(G,), T,(Go))

Sym (G*", Go) —= Symy, (T,(G)*", T,(Go))

T

Symg, (G*", Go)

where the vertical morphisms are induced by the isomorphism of part (3) of
Proposition 2.26.

Proof. This follows from the construction of the oblique morphisms. O

Lemma 3.49. Let Fi,...,F., F and G be (Zariski, fppf, étale etc.) pre-
sheaves of Abelian groups on a site, and let us denote by (_)* the sheafification
functor. We have canonical homomorphisms, functorial in all arguments:

(3.50) Mult(F} X - X Fr, G) = Mult(F? x -+ x Ff, G
(3.51) Alt(FX7,G) — Alt(FH*" Gh
(3.52) Sym(F*",G) — Sym(F**" GF)

Furthermore, if G is already a sheaf, then the above homomorphisms are
bijective.

Proof. We will only prove the first statement, as the other two are proven
similarly. We will proceed by induction on r. If » = 1, then both state-
ments are true by the construction (universal property) of the sheafification
functor. So, assume that we know both statements for r» > 1.

Let us denote by Hom,,,.(F;+1,G) the pre-sheaf hom group, that is the
pre-sheaf that sends U to the group Homy (F,11),, 3|, )- Then, again by the



722 S. Mohammad Hadi Hedayatzadeh

universal property of (_)¥, we have a canonical homomorphism
(353) Hompre<]:'r+17 g)ﬁ — M(ff—&—lv gﬁ)

which is an isomorphism if G is already a sheaf (in fact if G is a sheaf, then
Hom,,.(Fr+1,G) is a sheaf).
So, we have homomorphisms

Mult (Fy x...x Fry1,G) = Mult(Fy x -+ x Fp,Homy o (Fry1,G)) 2
Mult(}'f - X ‘Fﬁ Hompre(fr—&-lvg)ﬁ) M)

Mult (F? x - - x ff,Hom(FfH,gﬁ)) L Mult(FE x - x FEL G

The composition yields the desired homomorphism. By induction hypothe-
sis, and what we said above, if G is already a sheaf, then the above homo-
morphisms are all isomorphisms. O

Proposition 3.54. Let k be a perfect field of characteristic p. Let (R, RT)
be a complete affinoid (W (k)[1/p], W (k))-algebra and assume that R* is
bounded. Let F1,...,F,, F and G be sheaves on Nilp%ﬂ. Then we have canon-
ical homomorphisms, functorial in all arguments

(3.55) Mult(Fy x -+ x Fp, G) — Mult(Fp) x -+ x F2b gad)
(3.56) ALL(F*7, G) — Ale(Fo, gf;d)
(3.57) Sym(F*",G) — Sym(F2=", Gad)

Proof. As usual, we will only prove the first statement. Using the above
proposition, and by construction of the adic generic fiber functor (Defini-
tion 2.24), we only have to show that there is a canonical and functorial
homomorphism

MU %+ % 51,6) = Ml %+ x 2.

where here (and only here!) we denote by G” (and similarly for other terms)
the pre-sheaf on CAH(()E R+ that sends (S, ST) to
lim  1im G(.So/p")
SoCS+ n

where the direct limit runs over all open and bounded sub-R™-algebras Sy
of ST. So, let ¢ : Fy x -+ x F, — G be a multilinear morphism. Fix an open
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and bounded subrings Sy of ST. For any n > 1, we have a commutative
diagram

Fu(So/p™Hh) x -+ x Fp(So/p" ) ———=G(So/p"?)

| |

F1(So/p") x -+ x Fr(So/P") G(So/p")

and so, we have a multilinear morphism

lim 3 (So/p") x - -+ x lim Fr.(So/p") — Im G(So/p")

n

Now, if S§ C ST is another open bounded sub-R*-algebra containing S,
then we have a commutative diagram

lim F1(Sp/p") x -+ x lim  F(Sp/p") ————1im G(Sp/p")

| l

lim, Fi(So/p") x -+ x lim, Fy(So/p") ——5—1lim, G(So/p")

Therefore, we have a multilinear morphism

(3.58) lim (limFi(So/p") X -+ x lim Fr(So/p™)) — lim lim G(So/p")
— — —

— —
S()CS+ n n SoCS+

Since by [9, Proposition 2.2.2 (i)] the open bounded sub-R*-algebras of S+
are filtered, we can distribute the direct limit into the product, i.e., we have
a canonical isomorphism

lim (lim Fi(So/p™) x -+ x lim F,.(So/p")) =
<—

L N
SoCS+ n n
lim lim 77 (So/p™) x -+- x lim lim F,.(So/p")
— —
SoCStT n RoCR*+ n

Composing this isomorphism with (3.58), we obtain the desired multilinear
morphism

Fi(S,8F) x - x F2(S,8%) — G°(S,ST) 0
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Corollary 3.59. Let k be a perfect field of characteristic p, and (R, R") a
complete affinoid (W (k)[1/p], W (k))-algebra. Let G,Gh,...,G, be p-divis-
ible groups over some open and bounded subring of RT. There are canonical
homomorphisms, functorial in all arguments:

(3.60)
Mult (Gy x -+ x Gy, Gg) — Multg, (T,(G1)2 x -+ x T(G)2%, T, (Go)2Y)
(3.61) Alt (G*7, Go) — Altg, (T,(G)3""", T,(Go)2?)

(3.62)  Sym (G*",Go) = Symgq, (T,(G)a% ", T,(Go);")

Proof. Composing homomorphisms (3.35) and (3.55) gives the first homor-
mophism. The other two are given similarly. O

Corollary 3.63. Let k be a perfect field of characteristic p, and (R, R") a
complete affinoid (W (k)[1/p], W (k))-algebra. Let G,Gh,...,Gy be p-divis-
ible groups over some open and bounded subring of RT. There are canonical
homomorphisms, functorial in all arguments:

(3.64)  Mult (G x - x Gy, Go) — Multg, (G3, x -+ x G2, G5
(3.65) Alt (G*", Go) — Altg, (G227 G§S))

(3.66) Sym (G*", Go) — Symg, (@Zd’”, @8%)

Proof. Composing homomorphisms (3.45) and (3.55) gives the first homo-
morphism. The other two are given similarly. O

Proposition 3.67. Let k be a perfect field of characteristic p, and (R, R™)
a complete affinoid (W (k)[1/p], W (k))-algebra. Let G a p-divisible group
of height h and dimension at most 1 over some open and bounded subring
of R*. There are canonical homomorphisms

(3.68) T mry N, (T(@RN(R, RT)) = T, (NG53R, RY)
and

~ ——ad
(3.69) Lh rrey Mg, (GEUR, RT)) = NG, (R, RT)

Furthermore, the following diagram, given by the canonical embedding of the
Tate module into the universal cover, is commutative

(3.70) A" (Tp(G)24(R, RT)) —— A" (G24(R, RY))
yg,(R,R+)\L lgé,(R,R-F)

T,(A"G)™ (R, RY) NG (R, RY)
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Proof. By Theorem 3.38, the exterior power A"G exists. If in (3.61) we
replace Gy with A"G, the image of the universal alternating morphism Aq :
G*" — N'G (3.40) yields an alternating morphism

(3.71) (LG5 = TV Gy

which on evaluating at (R, RT) gives the desired homomorphism 961;,( R.E+)
Homomorphism fé,( R.R+) is given similarly, using (3.65).

Commutativity of the square follows from Lemma 3.48 and the functo-
riality of the homomorphisms in Proposition 3.54. O

Remark 3.72. For a complete affinoid field (K, K*) over (W (k)[1/p],W (k)),
Té ey - N, (T (G KT)) = Ty (NG (K, K )
is an isomorphism. O
3.4. The wedge morphism on the Lubin-Tate tower

In this subsection, we use exterior powers of p-divisible groups and the results
from last subsection to construct a morphism from the Lubin-Tate space at
infinity to certain Rapoport-Zink spaces at infinity. Fix a perfect field k of
characteristic p and a connected p-divisible group H over k of dimension 1
and height h.

Recall the following definition:

Definition 3.73. Let X be a p-divisible group over k. Define a functor
Defyx : Nilpyy ;) — Ens

by sending R to the set of deformations of X to R, i.e., the set of isomorphism
classes of pairs (G, p), where G is a p-divisible group over R and

p:XxpR/p—GXxXgR/p

is a quasi-isogeny. A

Then we have the following theorem of Rapoport and Zink ([8, Theo-
rem 3.25]):

Theorem 3.74. The functor Defx is representable by a formal scheme Mx
over Spf W (k), which locally admits a finitely generated ideal of definition.

Now, recall the definition of the Rapoport-Zink spaces at infinity:
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Definition 3.75. Let X be a p-divisible group over k, of height h. Consider
the functor M on complete affinoid (W (k)[1/p], W (k))-algebras, sending
(R, R™) to the set of isomorphism classes of triples (G, p, ), where (G, p) €
M, (R, RY) and

a:Zl — T,(G)2Y(R, R+)
is a morphism of Z,-modules such that for all points z = Spa(K,K™") €
Spa(R, R*), the induced morphism
a(z) : Zh — Tp(GPRYK, KT)
is an isomorphism. When X has dimension 1, M§° is called the Lubin-Tate
space at infinity. A
We have the following theorem:

Theorem 3.76 ([9], Theorem 6.3.4.). The functor M is representable by
an adic space over Spa(W (k)[1/p], W (k)), and moreover, it is preperfectoid.

Remark 3.77. Note that here we are using the definition of adic spaces
that is used in [9]. O

As we said at the beginning, H is a fixed p-divisible group over k of
dimension 1 and height h.

Construction 3.78. Applying homomorphism (3.65) to the universal al-
ternating morphism Ay : H*" — A" H given by Theorem 3.38 (5), we obtain
an alternating morphism

d . (rradyxr o rr\ad
N (HY)*" = (ATH)

Using Notations 3.1, we then obtain a morphism

a rra a X(}:)
ANy (H) " = (VHE))

If sq,...,s, are sections of fff;‘d(R, R*) and § := (s1,...,8,), we write
AT/\?%?](E') =: (/\25’)06{}:}, where we use the following notation:

We let {};} denote the set consisting of subsets of {1,...,h} of size r. If
c={c <--- <} is an element of {ff}, then A5 is the section

XS (Se0, -0 86,) € (WH)M(R, RY) v
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Remark 3.79. Let (R,R") be a perfectoid affinoid (W (k)[1/p], W (k))-
algebra. Using identification (2.30) and Theorem 3.38 (8), homomorphism

~ —— ad
Ll (rre) NG, (HY(R,R")) — A"H, (R,RY)
is identified with the homomorphism (3.21):
T F= T F:p
A (D) @y Boy (R /) ) = (A (DUH) @wey B (R /p))

and we have a commutative diagram

(3.80)

A2 (R,RT)
T X h H,n
(H3(R,R"))

mi

—p\ Xh (3.24) F=p\ x(}
((D(H) ®wwy Bl (BT /p)" ") Ai%) ((AT(D(H) Bw (k) Bctis(R*/p))) p) v
O
Lemma 3.81. The following diagram is commutative
hoo A, o\ ad x(7)
(H(R, R*))* ((WH) (R RY))
qlog™" lqlogX(?)
xh r x ("
(]D(H) Qw (k) R) o (/\ D(H) W (k) R) ™)

where Ap(gry : D(H)*" — D(H) is the universal alternating morphism
(X1, oy zp) > Ty Ao Ay

Proof. Using commutative diagram (3.80) and Lemma 2.37, it is enough to
show that the following diagram is commutative:

(D(H) ®w () B (R /p)) <" (AT (D(H) @w ) Bctis(R*/p))) )

@ I

(D(H) @w ) R) "

ArAp ()

(v ®uD 2w 1)

ArAp(H)
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The commutativity of this diagram follows from the construction of the
horizontal morphisms and the following observation: if § : A — B is a ring
homomorphism and M is a free A-module of rank h, then the following
diagram is commutative

(A M)

|

(M @4 B! —— (Np(M ®4 B) )

Mxh

where as usual, we are using Notations 3.1 for the horizontal maps (applied
to the universal alternating morphisms (x1,...,2,) — 21 A -+ A 2p). O

Theorem 3.82. Let k be a perfect field k of characteristic p and H a p-
divisible group over k of dimension 1. Taking exterior powers induces a
morphism of adic spaces over Spa (W(k)[l/p], W(k))

T . o oo
AN MYy — M3y

Proof. Let (R,R") be a complete affinoid (W (k)[1/p], W (k))-algebra and
(G,p,a) an element of M$(R,R"). Since G is a deformation of H, it
also has dimension at most 1 and so, by Theorem 3.38, A"G exists. Set
N'(G,p,a) = (A"G,N"p, \"a), where

Np: N (H)xp R/p= AN"(H x; R/p) - N'(G xg R/p) = N'(G) xr R/p

is the exterior power of the quasi-isogeny p : H X R/p — G Xr R/p, which
exists thanks to the functoriality of exterior powers, and their base change
property. The level structure A"« is also given by Theorem 3.38 (7) or as
the composition (see (3.68))

™ Tr
N (ZE) 2% AT (Tp(G)3Y(R, RY)) —S580, T (A"G)2Y(R, RY)
Over a point * = Spa(K,K') € Spa(R, R") this composition is an iso-
morphism, since o and J, (K,K+) e both isomorphisms (cf. Remark 3.72).

These constructions are functorial and therefore, we obtain the desired
morphism
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Notations 3.83. Let k£ be a perfect field of characteristic p and G a p-
divisible group over k of height h and dimension d. We denote by .#/{q
the flag variety parametrizing d-dimensional quotients of the h-dimensional
W (k)[1/p]-vector space D(G)[1/p]. We consider .# /¢ as an adic space over
Spa (W (k)[1/p], W (k)). *

Construction 3.84. As before, assume that the dimension of H is 1, so
that A" H exists. We want to construct a morphism

L Fly — Flarng

Let (R, R") be a complete affinoid (W (k)[1/p], W (k))-algebra. We let & €
F (R, RT) represent the following short exact sequence of R-modules

&) 0= K—DH)@wwpmR—=>W =0

where W is a finitely generated projective R-module of rank 1. Since W is
projective, (&) splits:

DH)Q REKaoW

and since it has rank 1, we have
ANDH)QRZANK AN IK oW
Therefore, we have the following short exact sequence:
0= ANK—= ANDH)@wp R—AN"T'K@rW =0
We define £,.(§) to be this short exact sequence. v
4. Main theorem

In this section, we fix an algebraically closed field k of characteristic p and
a p-divisible group H over k of height h and dimension 1.

Proposition 4.1 ([9], Lemma 6.3.6). Let G be a p-divisible group over k of
dimension d and height h. The Rapoport-Zink tower Mg canonically repre-
sents the functor on complete affinoid (W (k)[1/p], W (k))-algebras, sending
(R, R™) to the set of h-tuples

(81, R ,Sh) S (égd(R, R+)) X

satisfying the following conditions:
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(i) The matriz

(alog(s1), - alog(sn)) € (D(G) @wry R) " = My(R)

is of rank h — d. Let D(G) ® R — W be the induced finitely generated
projective quotient of rank d (see Lemma 2.8).
(i1) For all geometric points x = Spa(C, Oc) — Spa(R, RT), the sequence

0 — @Z (S81,---y8n) ézd((loc) qlog 0% R C 0

1S exact.

Moreover, forgetting conditions (i) and (ii) gives a locally closed embedding
Mg (Gad)*™,

Proof. We are not going to repeat the proof here, and refer to [9] for de-
tails. We are only going to recall how we obtain such an h-tuple from
a point on the Rapoport-Zink tower. Let (R, RT) be a complete affinoid
(W (k)[1/p), W (k))-algebra and (I, p,a) € MF (R, R"), where (I, p) is de-
fined over some open and bounded subring Ry C R*. The quasi-isogeny p
provides an identification G Ry = I, and therefore, we have a morphism

Zh =5 T,(T2Y(R,RY) = T2 (R, R") = G2(R,R")

This morphism provides us with A sections of C;‘%d(R, R™) that satisfy con-
ditions (i) and (ii) above. The rank-d quotient thus obtained (condition (i))
is canonically isomorphic to Lie(G) ® R. O

Definition 4.2. Let us denote by 1 Mg the subsheaf of (é%d)Xh, whose
sections satisfy (only) condition (i) of the above proposition. So, we have
inclusions of functors

ME 1M C (G2 N
Lemma 4.3. Assume that 1 <r < h — 1. Then, the composition

()

Frady Xh AN, ad
WM () S (V)Y
factors through the inclusion

1M%H N <(/\7f{)zd>X(i)
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Furthermore, the resulting square

LM JM

l

(ﬁ;;d) xh o <(/\fgﬁ)zd> (1)

is Cartesian.

Proof. Let (R, RT) be an affinoid (W (k)[1/p], W (k))-algebra. Let s1, ..., sp
be sections of fIf]Ld(R, R™) and set §:= (s1,...,sp). Let us denote by Qg the
matrix

(qlog(s1), - - -, qlog(sn)) € (D(H) @ R) " = My(R)

Similarly, let us denote by Qa5 € M(h) (R) the matrix obtained, by applying
glog, from A,(5) = (/\25’)06{;1} (see Construction 3.78 for notations), i.e.,
Qprz = (qlog(/\ﬁE’)). By Lemma 3.81, we have Qp3 = A"Qgz (we use Notations

2.1). It follows from Lemma 2.10 that Qg has rank h — 1 if and only if Qa7
has rank (h_l) = (h) - (;fj) This achieves the proof. ]

T T

The following lemma describes the morphism (M% — 1M, explic-
itly:

Lemma 4.4. Let (R, RT) be an affinoid (W (k)[1/p], W (k))-algebra and let
§ = (s1,...,8n) be an element of 1M (R, RT) defining the short exact
sequence:

(4.5) 0= K—=DH)2wpr R—=W =0
in other words, W is the rank-1 finitely generated projective module, given as
the quotient of D(H)®R by the submodule generated by qlog(si), ..., qlog(sp)
and denoted by K. The short exact sequence defined by A,.(5) is

0 NK—-ANDH @R—NTTKQW =0

Proof. This follows from Lemma 3.81 and the fact that sequence (4.5) splits
(see also Construction 3.84). O
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Proposition 4.6. The following diagram is Cartesian:

(4.7) My — e My,
MG —— = MOy

Proof. Let (R,R") be an affinoid (W (k)[1/p], W (k))-algebra. Let us first
show that the diagram is commutative. Let §:= (s1,...,sp) be an h-tuple of
sections of ﬁf;‘d(R, R™T), belonging to M (R, RT). By Proposition 4.1, there
is a triple (I', p, ) € M3 (R, R"), such that s; are given by the morphism

Zh =5 T,(T)2Y(R,RY) = T2 (R, R") = H3(R,R")

Let us chase the element § in this diagram. Under A" (the top horizontal
morphism) it goes to the sections representing (A", A"p, A"«r) (see Theorem
3.82). More precisely, it goes to the section given by the composition

r Tr
AT(ZE) 7% AT(TH(D)2(R, RY)) —Rmt,
T,(N'T)2(R, RY) « (NT)24(R, RT) = (AW H)2(R, RY)

Under A, (the bottom horizontal morphism), § goes to the section given by
the composition

A (Zy) 2% AT(T,(D)2Y(R, RT)) —
~ ~ wr —
AT (TR, RY)) 2 A" (HX(R, RT)) —20 (A H)2(R, RT)

Proposition 3.67 (diagram (3.70)) states that these two compositions are
equal. It implies that the diagram is commutative.
Let us now show that the diagram is Cartesian. So, pick §= (s,,..., sp)

in 1 M3 (R, R") such that A,(5) = (/\25’)%{2} is in M2, (R, RT). Let

be the short exact sequence defined by 5. In order to show that § be-
longs to M%7, we have to show that for all geometric generic points z =
Spa(C,O¢) — Spa(R, R"), the sequence

0— Q! % H(C,0c) 2% W o C — 0

is exact.
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By Lemma 4.4 the short exact sequence defined by A,(5) is
0 ANK—-ANDH)RR—NTKQW =0

Set F := (’)?(. By Lemma 2.35, sections si,...,s, define a morphism
§: F — &g of vector bundles on the Fargues-Fontaine curve X (here &y
is the vector bundle associated with H, i.e., ED(H)®WU€)B+4 (Oc/p))’ Similarly,

sections ALS define a morphism A5 : A"F — Exrg. Note that we have a
commutative diagram

(4.8) NF DN Arey

K |«
EnrH

By [9, Theorem 6.2.1], the sequence
03 ANF = Evh = ics NTTKQW®C) =0

is exact. In particular, the oblique morphism in diagram (4.8) is a mono-
morphism, which implies that A"§ : A"F — A"Epy is a monomorphism as
well. Tt follows that F —» & is a monomorphism. Let V be the cokernel of
F s &

Since AT F A&, Enrg is an isomorphism away from co € X, and both
AN'Ex and Exrg have rank (7’:‘), L N"Eyg — Eprg is an isomorphism away
from oco. It follows that A7F 255 ATE 77 18 an isomorphism away from oo as
well. By [3, Corollary 2.3], F R & has the same property and we have a
modification of vector bundles

0—>]~"i>£’H—>ioo*U—>()

where U is a C-vector space. Counting degrees of the members of this se-
quence, we have dim U = 1. Note that by construction, the composition

F 5 & = ines(W ® C)

is zero and €y — ioox (W ® C) is an epimorphism. Therefore, we have a
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commutative diagram

oy

0 F En TooxU — 0
ioox(W @ C)

As U and W ® C have both dimension 1, isoxU — oo (W ® C) is in fact an
isomorphism and so, the following sequence is exact:

O—>]—“iﬂ>€H—>z’oo*(W®C)—>0
Taking global sections, we obtain the short exact sequence:
0— Q! % H¥(C,0c) 4%, W @z C 0
as desired. O

Proposition 4.9. The morphism £ : N"Eg — Enrg is an isomorphism.

Proof. We saw in the proof that away from oo this morphism is an isomorph-
ism. Note that we proved this via the “auxiliary” vector bundle F (diagram
(4.8)), which can be constructed by taking any Spa(C, Oc)-point of M%.
So, we only need to show that it is as isomorphism at co as well. Since A"Ex
and Exrg are vectors bundles of the same rank, it is enough to show that
Z~ is an epimorphism. By Nakayama’s lemma, it is then enough to show

that
Lt N Eg— izog/\TH

o0 ZOO

in an epimorphism. We have

loo

s\ En =N (i5.Em) = N (D(H) @w ) C)
and
ineEnr = D(A"H) QW (k) C

and the morphism % . is nothing but the isomorphism (3.43) of Theorem
3.38 tensored with C. O
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Theorem 4.10. The following diagram is Cartesian

Ar

00 00
M My

l

(I:If;d) xh o ((/ﬁ) j]d> X(?)

Proof. If r = h, then this is [9, Theorem 6.4.1]. Assume r < h. The statement
follows immediately from Lemma 4.3 and Proposition 4.6. O

Lemma 4.11. Let k be a perfect field of characteristic p and G a p-divisible
group over k. The period morphism ng : M — F g extends to a morphism
IME — Flg still denoted by mq.

Proof. Recall that the period morphism 7 is defined, using Grothendieck-
Messing deformation theory, by sending a deformation (G’,p,«) (up to
quasi-isogeny) over R to the quotient

D(G) @w ) R[1/p] — Lie(G')[1/p]

It follows from what we said in the proof of Proposition 4.1 (regarding Mg

as a subsheaf of (G%d)Xh) that the peroid morphism 7g extends to (M.
Therefore, if § € 1M (R, RT) define the short exact sequence

then the image 5 under 7 is the quotient D(G) @y () R — W — 0. O

Lemma 4.12. The following diagram is commutative

A,
LM LMy
WH\L \LWATH
ngH gﬁ/\?H

Proof. This follows from Lemma 4.4, the proof of Lemma 4.11 and the con-
struction of £, (Construction 3.84). O
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Proposition 4.13. The following diagram is commutative

A"

M M
ﬂ—Hl \LTK‘/\TH
Fluy — Flprg

3

Proof. This follows from Lemma 4.11, Lemma 4.12 and Proposition 4.6. O
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