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Stringy Hirzebruch classes of Weierstrass

fibrations
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A Weierstrass fibration is an elliptic fibration Y — B whose total
space Y may be given by a global Weierstrass equation in a P2-
bundle over B. In this note, we compute stringy Hirzebruch classes
of singular Weierstrass fibrations associated with constructing non-
Abelian gauge theories in F-theory. For each Weierstrass fibration
Y — B we then derive a generating function X;“(Y;t), whose
degree-d coefficient encodes the stringy x,-genus of ¥ — B over
an unspecified base of dimension d, solely in terms of invariants of
the base. To facilitate our computations, we prove a formula for
general characteristic classes of blowups along (possibly singular)
complete intersections.
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1. Introduction

Let X be a smooth complex variety, & — X a holomorphic vector bundle,
and let T, (&) be the cohomological characteristic class given by

T,(8) = ch(A6Y)td(&)y? € H(X) @ Qly),
q>0

which we refer to as the Hirzebruch class of &. The homology class

T,(TX) N [X] € Hi(X) ® Qy]

will then be referred to as the Hirzebruch class of X, which we denote by
T,(X). The zero-dimensional component [ Ty,(X) of T, (X) is denoted by
Xy(X), which is referred to as Hirzebruch’s x,-genus. By the Hirzebruch-
Riemann-Roch theorem,

(1.1) Xy(X) =D [ D (=1 dimcH (AIT*X) | 47 € Z[y),
q=0 \ =0

so that x,(X) encodes linear relations among the Hodge numbers
hP9(X) = dimc HP(AIT* X)),

and moreover, evaluating x,(X) at y = —1,0, 1 yields the topological Euler
characteristic x(X), the arithmetic genus xq(X), and the signature o(X)
respectively. B

While the Hirzebruch class T, encodes fundamental invariants of a
smooth variety, its associated power series, namely

Q) = 0rue )

9
admits the somewhat undesirable feature of being un-normalized, i.e.,

Q) =1+y#1.
However, the power series

z(1+y)
1— @‘Z(1+y)

(1.2) Q(z)=Q(=(1+y)) - (1+y)' =

Yyz
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is such that Q(0) = 1, and equation (1.2) further implies that the char-
acteristic class T}, associated with Q(z) is a normalized class which agrees
with fy in top degree. As such, the characteristic class T}, will be referred to
as the normalized Hirzebruch class, and if X is a smooth variety then the
homology class

T,(TX) N [X] € Hi(X) @ Qy]

will be referred to as the normalized Hirzebruch class of X, which will be
denoted T, (X). Since T, and T}, agree in top degree we have

(13) [ 100 = [ 3,00 = 0,00
and evaluating 7,,(X) at y = —1,0,1 yields
T (X) = o(X), To(X)=td(X), and Ti(X)=L(X),

thus the normalized Hirzebruch class unifies the notions of Chern, Todd, and
L-class while retaining x,(X) in dimension zero. This unifying aspect of the
normalized Hirzebruch class makes it more fundamental in some sense than
its un-normalized counterpart, and when the context is clear we will often
refer to the normalized Hirzebruch class simply as the Hirzebruch class.

There are various extensions of Hirzebruch classes to singular X [7], and
it is the ‘stringy’ notion with which we concern ourselves. Given an invari-
ant for smooth varieties, an extension of the invariant to singular varieties
is often referred to as stringy if it is invariant with respect to the notion
of K-equivalence in birational geometry. In particular, stringy invariants
are preserved under maps which are crepant, i.e., proper birational maps
f:Y — X such that Ky = f*Kx. Stringy invariants require restrictions on
the allowed singularities for their definition, and for X with at worst Goren-
stein canonical singularities, there exists stringy Hirzebruch classes Tys“(X )
and T3 (X) which agree in dimension-zero, and this dimension-zero com-
ponent common to both, which we denote by XZ“ (X), will be referred to as
the stringy x,-genus of X. We note that while Hirzebruch’s x,-genus is a
polynomial in y, XZ“(X ) is a priori a rational function in y. The stringy x,-
genus is invariant with respect to crepant maps, and if X admits a crepant
resolution p : Z — X, then

(14) pT,(2) = T3"(X) and p.T,(2) = T3"(X),

and in such a case XZ“(X ) is a polynomial whose coefficients yield linear

relations for the stringy Hodge numbers of X as defined by Batyrev [5].
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Evaluating T;tr(X ) at y = —1 yields the stringy Chern class of X, and as
such, evaluating XZ“(X ) at y = —1 yields the stringy Euler characteristic of
X [5][1][9]. Evaluating x§"*(X) at y = 0,1 then yields stringy versions of the
arithmetic genus and signature. In §2 we review in further detail the general
theory for stringy characteristic classes.

In this note, we compute stringy Hirzebruch classes of elliptic fibrations
Y — B whose total space Y may be embedded as a hypersurface in a P2-

bundle given by a global Weierstrass equation
(1.5) Y (yPz =23 + fa + g2%) C P(&),

where f and g are sections of tensor powers of a line bundle .¥ — B,
referred to as the fundamental line bundle of Y — B. We refer to such
elliptic fibrations as Weierstrass fibrations. The rank-3 vector bundle & — B
which is projectivized to construct the ambient space of Y is then given by
E=0p®L?*D L3, where £ is the fundamental line bundle.

The Weierstrass fibrations we consider consist of 14 different families
which are relevant for constructing super-symmetric string vacua whose
associated field theories admit non-Abelian gauge symmetries [12]. In F-
theory, a gauge group Gy is associated with a singular Weierstrass fibration
Y — B according to the type of singular fibers which appear upon a resolu-
tion of singularities and its Mordell-Weil group of rational sections. In order
to avoid complications associated with singular compactifications of string
vacua, crepant resolutions have been constructed in the F-theory literature
for a number of Weierstrass fibrations [13][22][12], and in such a case we
exploit property (1.4) to compute their stringy Hirzebruch classes. There
are often multiple crepant resolutions of Weierstrass fibrations, which are
connected by a network of flop transitions. As the particular resolution one
uses among a network of choices is often irrelevant from the physics per-
spective, we advocate the viewpoint that the physically relevant invariants
one computes via such a resolution should be seen as stringy invariants of
the singular Weierstrass fibration one is resolving, rather than invariants
of the resolved geometry. In any case, as such crepant resolutions are con-
structed by successively blowing up the ambient space P(&) of a Weierstrass
fibration along complete intersections, in §3 we employ intersection-theoretic
techniques along with a blowup formula of Aluffi ([2], Theorem 1.2) to derive
a formula for general characteristic classes of blowups along (possibly singu-
lar) complete intersections, along with an associated pushforward formula
for computing p, as in (1.4).

As an elliptic fibration may be characterized by its configuration of sin-
gular fibers, it is often possible to compute invariants of an elliptic fibration
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Y — B relative to an unspecified base B. For example, since only the sin-
gular fibers of an elliptic fibration ¥ — B contribute its topological Fuler
characteristic x(Y), one may stratify the discriminant of the fibration into
strata over which the topological type of the fiber is constant, and then
give a formula for x(Y") in terms of the combinatorics of the fiber structure
and the geometry of the strata of the discriminant. Such methods were em-
ployed for example in [18], where formulas for the Euler characteristic of
elliptic 3-folds were given in terms of a certain representation of a Lie group
determined by the fiber structure of the fibration.

More recently, techniques from intersection theory have been used to
compute the Euler characteristic of elliptic fibrations over an unspecified
base of arbitrary dimension [3][4][11][14], generalizing formulas found in the
physics literature for elliptic 3- and 4-folds [23][20]. In particular, if Y — B
is a smooth Weierstrass fibration with fundamental line bundle . — B, its
topological Euler characteristic was computed in [3] as

dim(B)—1
x(Y) = 12¢1 (&) Z ci(B)(—6c1 (&) 4m(B) 11,
=0

so that a formula for x(Y) may be given in terms of invariants of an un-
specified base of arbitrary dimension. Such formulas were referred to as
‘Sethi-Vafa-Witten formulas’ in [3], and similar formulas for stringy Euler
characteristics of singular Weierstrass fibrations and elliptic fibrations not
in Weierstrass form have appeared in [16][12][4][11][21][8]. In a similar vein,
given a singular Weierstrass fibration Y — B, in §6 we derive a generating
function x5"(Y;t) = 3, ant™, where a, is a formula for x5 (Y') over an
unspecified base B of dimension n, solely in terms of invariants of B. Such
formulas can then be used to derive relations between the stringy Hodge
numbers of Y, via ‘stringy’ Hirzebruch-Riemann Roch. For example, in §6
we show that if Y is a Weierstrass fibration with gauge group Gy = SO(6),

then x§" (V1) =

(1 sy Y (eIt +4)y — et(Hy)L)> exp (S(t) © <_tcl(t)>>

e2t(1+y)L y C(t)

where L is the first Chern class of the fundamental line bundle . — B of
Y, S(t) = In(Q(t)) for Q(t) the characteristic power series of the normalized
Hirzebruch class as given in equation (1.2), C(t) is the formal power series
C(t) = > 2(—=1)¢;t" (where the ¢;s are interpreted as the Chern classes of
B), and ® denotes the Hadamard product of power series.
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Notation and conventions A variety will always be assumed to be a reduced
and separated scheme of finite type over the complex numbers C. Given a
holomorphic vector bundle & — B over a variety B, P(&) — B will always
be taken to denote the associated projective bundle of lines in &, and given
a line bundle . — B, its m-th tensor power will be denoted ™ — B.

2. Stringy characteristic classes

Let X be a variety, and let A, X denote the group of algebraic cycles in X
modulo rational equivalence. Assume € is a characteristic class associated
with holomorphic vector bundles & — X such that for every o € A, X

¢ NaeAX R,

where R is a commutative ring with unity. If X is smooth, the class €(T'X)N
[X] will be denoted simply by €(X). If X is singular, we may define a
‘stringy’ extension €57 (X) of € provided we suitably restrict the singularities
of X. As such, we now define what it means for X to have at worst Gorenstein
canonical singularities.

Definition 2.1. Let X be a normal irreducible variety over C. We will say
that X admits at worst Gorenstein canonical singularities if and only if
the canonical divisor Kx is Cartier, and for any resolution of singularities
p : Z — X such that the exceptional locus is a smooth normal crossing
divisor with irreducible components {D;};cs, the discrepancy divisor

Kz—p'Kx =) a;D;
icl

is such that a; > 0. Such a resolution p : Z — X will be referred to as a log
resolution of X (log resolutions always exist).

Definition 2.2. Let f : Y — X be a proper birational map between (normal
and irreducible) varieties. We will refer to f as crepant if and only if Ky =
f*Kx, and if f is also a log resolution, then f will be referred to as a crepant
resolution.

Now let X be a normal variety with at worst Gorenstein canonical sin-
gularities, p: Z — X a log resolution of X, and let D, = >, ; a;D; denote
the discrepancy divisor Kz — p* Kx. For J a subset of the index set I of the

irreducible components of D,, we let D; = ﬂje 7 Dj, with the convention
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that Dy = Z. Techniques of motivic integration may then be used to show
the class!

o €AY = ([, €(A))V ™
(2.1) p % (Dy) jl;[} (fAl Q:(Al))aj—&—l 1

is independent of the resolution p : Z — X ([10], Proposition 6.3.2), and as
such, it is an intrinsic invariant of X, which leads us to the following

Definition 2.3. The class (2.1) will be referred to as the stringy €-class of
X, and will be denoted €5 (X).

It immediately follows from Definition 2.3 that if the map p appearing
in (2.1) is crepant, then €5 (X) = p,€(Z), and in particular, if X is smooth
then € (X) = €(X).

Now suppose V and W are K-equivalent varieties with at worst Goren-
stein canonical singularities, so that there exists a common log resolution

V/ZXW

such that v*Ky = w*Kyy. It then follows that the discrepancy divisors
D, =Kz —v*Ky and D,, = Kz — w* Ky coincide, thus by Definition 2.3
there exists a class C' € A.Z ® Frac(R) such that

0. (C) = E"(V), and w.(C) = (W),

This further implies

(2.2) [emw)= [ e,

and moreover, if f : X — Y is crepant then

(2.3) /X (X)) = /Y (Y.

'The map p, : A.,Z — A,X is the proper pushforward associated with
the map p : Z — X. Moreover, by €(Dy) in (2.1) we really mean i;.&(Dy),
where 7; denotes the inclusion iy : D; — Y. Also, if fAl ¢(Al) = 1, replace
I, LS @)

jeJ (-[Al @(Al))aj+1,1

—a; _ - p_pai Lo,
by Hjej G+l lim;_,q pa g (2.1).
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With regards towards the cases where € is either the Hirzebruch class fy
or the normalized Hirzebruch class T, as defined in §1, equation (1.3) along
with the definition of €5 implies

(2.4) /X T3 (X) = / T3 (X),

X

and as such, we take either side of equation (2.4) as the definition of the
stringy xy-characteristic of X, which we denote by X;“(X ). The stringy
Xy-characteristic thr(X ) evaluated at y = —1 then yields the stringy Euler
characteristic st (X) as defined by Batyrev in [5]. We note that while Hirze-
bruch’s x,-genus is a polynomial in y, XZ“(X ) is a priori a rational function
in y. In the case that X admits a crepant resolution p : Z — X, the coef-
ficient of y? in XZ“(X ) encodes linear relations between the stringy Hodge
numbers hE?(X) for ¢ = 0,...,dim(X) (which in such a case coincide with
the usual Hodge numbers hP4(Z)), thus yielding a ‘stringy’ version of the
Hirzebruch-Riemann-Roch theorem. For more on stringy Hodge numbers,

see [5].
3. Computing stringy characteristic classes

Let € be a cohomological characteristic class for vector bundles which is
multiplicative on short exact sequences, so that if

00— — B —%F —0

is a short exact sequence of vector bundles, then

If Y is a smooth variety, we recall €$'(Y) = ¢(Y) = ¢(TY) N [Y]. We
note that we don’t make the assumption that ¢(0) = 1, as to incorporate
the (non-normalized) Hirzebruch class T;. For Y with at worst Gorenstein
canonical singularities, assume Y is a complete intersection in a smooth
ambient variety Z. We then consider crepant resolutions of Y which are
obtained by successively blowing up Z along (possibly singular) complete
intersections and then taking a proper transform of Y along the blowups. We
now outline a general method for computing € (Y") via such a resolution.

A complete intersection is a special case of a regular embedding ¥ — Z,
which in particular is a closed embedding such that the normal cone to Y in
Z is in fact a vector bundle Ny Z — Y, referred to as the normal bundle to
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Y in Z. The sheaf of sections of Ny Z — Y is then dual to %y / fg. A regular
embedding Y < Z of codimension d is said to be a complete intersection
if there exists a vector bundle N' — Z of rank d such that the image of
the embedding Y < Z may be identified with the zero-scheme of a regular
section of N' — Z. In such a case, the vector bundle N’ — Z restricts to
Y as Ny Z. We now recall some facts about blowups of regular embeddings
along a common regularly embedded subscheme.

Lemma 3.1. Let X — Y — Z be a sequence of regular embeddings with
Z smooth, and let p : Z — Z and q: Y = Y be the blowups of Z and Y
along X respectively. Then

(i) the composition X — Z is a reqular embedding, and there exists a
short exact sequence of vector bundles

O—)ny—>NXz—) NyZ‘X — 0.

(i) X may be realized as the zero-scheme of a regular section of a vector
bundle & — Z. The normal bundle to X in Z, denoted NxZ, then embeds
as a subbundle of &|. If X is in fact a complete intersection in Z, then
|y =NxZ.

(iii) there exists a sequence of reqular embeddings Y — Z —+ P(&)
which forms the top row of the following commutative diagram

(3.1) Yy o7 Lop&)

A

XY 7

where 7 : P(&) — Z denotes the projective bundle of lines in &. In particu-
lar, Y and Z are both reqularly embedded in the smooth variety P(&).

(iv) O(—=1)|7 = O(Ep) and O(—1)|y = O(E,), where E, and E, are the
exceptional divisors of the blowups p : 7 — 7 and q: Y Y respectively,
and O(—1) is the tautological line bundle of 7 : P(&) — Z.

(v) Y is the proper transform of Y under the blowup p : 7 — Z, and

NyZ = ¢*NyZ @ O(—E,).

Proof. (i) follows from B.7.4 in [17]. (i) and (éi7) follow from B.8.2 in [17].
(iv) follows B.6.3 and B.6.9 in [17]. (v) follows from B.6.10 in [17]. O
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We now arrive at the following

Proposition 3.2. Under the assumptions of Lemma 3.1, if Y is smooth
then

(3.2)
— e(O(E)E(p Ely © 0(—E,) (T 2]g)
C(0y)elq Ny Z @ O(~E))E(p Ny €(p Qg © 6(~E,)

where N and Q are bundles on Z which restrict to X as NxZ and the
quotient bundle &|y /NxZ, respectively.? In particular, if X is in fact a
complete intersection in Z, so that NxZ = &|y = N|y and Q = 0, and
¢(0) =1, then

C(O(Eq))E(p" Ny ® O(—Eg)e(p™TZl5)

(3.3) 1Y) = (¢ Ny Z ® O(—E,))&(p" Ny

Proof. Since € is multiplicative it satisfies the adjunction formula, thus

E(TP(S)|y)

UTY) = S NP (E))

By B.5.8 in [17] we have

(& @ O(1))m*e&(TZ)
¢(Op(s)) ’

e(TP(£)) =

and since by Lemma 3.1 &'(1) (—E,), restricting to Y yields

’y:

(p*fly ® ﬁ(_Eq))Q(p*TZ’f/).

S(TP(E)ly) = o

We now compute €(NyP(&£)). For this, note by Lemma 3.1 there exists a
short exact sequence of vector bundles

0 — Ny Z — NyP(&) — NZzP(8)]y — 0,

2The RHS of formula (3.2) still makes sense when the bundle N doesn’t exist,
since one can first cap classes with €(J(E,)) which yields classes supported on
subvarieties of E,, and then instead of capping with €(p*N)€(p*Q ® O(—E,)) one
can then cap with with €(r*Nx 2Z)€(r*Q ® 0(— Eq|Eq)), where r = q|p : Eq = X
and Q = &|y /NxZ.
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so that
C(NyP(&)) = €(N3 Z)E(NZP(8) ;).

Now since Q(N?ZV) = &(¢*NyZ @ O(—E,)) by Lemma 3.1, the proposition
is proved once we show

N5 *Olo _
(3.4) Q(sz(éa)’?) _ ¢(p ‘y)i((%%:);g’ o( Eq))7

where N and Q are bundles on Z which restrict to NxZ and the quotient
bundle &|y /NxZ respectively (if such a bundle N does not exist, see the
footnote referenced in the statement of Proposition 3.2). For € the Chern
class, formula (3.4) follows from Theorem 1.2 in [2], which in the context at
hand says

" N)elp* Q& O(~F,))

(3.5) c(N;P(8)) = &)

But going through the proof of Theorem 1.2 in [2], one sees that formula (3.5)
is essentially obtained by equating Chern classes of normal bundles via exact
sequences obtained from the following fiber square of regular embeddings

(3.6) 7 ~P&)

L

& —=P(f*&),

where & — & is the blowup of & along the zero section of f : & — Z. In
particular, diagram (3.6) along with Lemma 3.1 yields
c(NP(f*&)|;)e(Nz&)
(3.7) c(NzP(&)) = " .
c(Npe)P(f*€)| )

Then using the fact that
N B 6)| ;2 0°6 and  NP(f°6)|; =06/ O(E,),

equation (3.7) then simplifies to

¢(NP(8)) =
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The proof then concludes by showing C(Nzg) = c(p*N)c(p*Q ® O(—E,)),
which again uses the technique of constructing sequences of regular embed-
dings and the taking Chern classes of the associated short exact sequence of
normal bundles. As such, at each stage of the proof ¢ may be replaced by €,
and after restriction to Y we then arrive at equation (3.4), as desired. [

Now suppose Yy < Zj is a complete intersection with Zy a smooth
variety, and assume Y; has at worst Gorenstein canonical singularities. We
then assume there exists a sequence of n blowups

Ly — L1 —> -+ — L1 — Ly,

such that the proper transform of Yy through the blowups yields a crepant
resolution

p:Y, — Y,

We further assume that Z; 11 — Z; is the blowup of Z; along a (possibly sin-
gular) complete intersection X; — Z;, and we assume that X; is a complete
intersection in the proper transform Y; of Y;_1, so that for i = 0,...,n — 1
we have a sequence of regular embeddings X; — Y; — Z;. By Lemma 3.1
we then have the following commutative diagram

(3.8) Y, Zy

dn Dn

X, 1 Y, "z
qn—1 Pn-1
qz D2

X, Vi — ez P&
q1 pl/

Xo Yo Zy,

where & is a vector bundle on Zy such that Xy may be realized as the zero-
scheme of a regular section of &y — Zy, and p; and ¢; are the blowups of
Z;—1 and Y;_1 along X;_; respectively. The crepant resolution p : Y,, — Y¥p
is then given by p = q1 0 -+ 0 ¢,. We now wish to compute €(Y,) via an
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adjunction formula, which exists if Y;, is embedded in a smooth variety. An
explicit embedding of Y,, in a smooth variety then follows from the following

Claim 3.3. Let Z; be as in diagram (3.8) for i = 1,...,n. Then there exists
a regular embedding Z; — W; with W, smooth. In particular, W; may be
defined inductively as W; = P(&;_1), where &;_1 — W,,_1 is a vector bundle
which admits a regular section whose zero-scheme is X;_1.

Proof. We use induction on i. For i = 1 we take j; : Z1 — P(&) = Wi,
which is a regular embedding of Z; into a smooth variety by Lemma 3.1.
Now assume the result holds for ¢ = k with 1 < k < n. Then again by
Lemma 3.1 we have the following diagram

Yir1r —= Zia Wi P(&%)
X Ys Zy, Wi,

where the vertical arrows are all blowups along X, and &, — W} is a vector
bundle which admits a regular section whose zero-scheme is Xj;. We then
take the composition Zx,1 — P(&%) = Wiy in the above diagram, which
completes the proof. O

We note that if X; is smooth for ¢ = 1,...,n — 1, Z; will be smooth for
i =1,...,n, thus in such a case the embedding i, : Y;, = Z, is sufficient for
adjunction. Claim 3.3 then becomes relevant only if X; is singular for some
i. In any case, by Claim 3.3, we may supplement the top of diagram (3.8)
as follows

— k

(39) Yn anl — P(éanfl)

- RS

Xn-1 Y1 Zn—1— Wy_1.

Jn

By Proposition 3.2 we then arrive at the following

Proposition 3.4. Under the assumptions and notation of diagram (3.9),
we have

(O (En))EN @ O(—=Ep))p,&(W)
&(O0z,)¢(Ny,))C(pyNz,_, ® O(—Ey))C(N)

n

i €(Y,,) = N [Y).
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where W = TWn—1|Zn_1’ Nyn = NynZn, ]\onf1 = NZn,lwn—l; (mdN —
Zy 1s a restriction to Z, of a bundle on Wy,_1 which restricts to X, _1 as
Nx, Wy_1.

We now recall ¢ : Yy — Zy denotes the inclusion of the singular variety
Yp in the smooth ambient space Zy. Now since p : Y,, — Yj is a crepant
resolution, we then have

L*Q:Str(YO) = Tx (Zn*Q:(Yn))7

where 7 = pj o -+ 0 p,. As such, to complete the computation of ¢,€5(Yy),
we now prove a lemma which suffices to effectively compute 7, of any class
in A,Z,, which essentially boils down to computing pi*EfC fori=1,...,n,
where EF denotes the k-fold intersection product of the exceptional divisor
E; of p; : Z; — Z;_1 with itself.

The formula we now prove for pushing forward powers of the exceptional
divisor of a blowup is a direct generalization of a formula appearing in [16].
Whereas the formula appearing in [16] is for blowups along smooth com-
plete intersections cut out by smooth divisors, we generalize the situation to
blowups along possibly singular complete intersections, and no smoothness
assumption is made on the divisors which cut out the complete intersection.

Lemma 3.5. Let v : X — Z be a (possibly singular) complete intersection
of codimension d with Z smooth, p : Z — Z be the blowup of Z along X,
and let E denote the exceptional divisor of p. Then if Uy, ...,Uy are classes
of divisors which cut out X in Z, then

d U
(3.10) pEF =Y (] +2 Uk,

i=1 \j#i Uj = Ui

In particular, if g(E) = Y 1o, apE* is a formal power series in E with
coefficients a, € AvZ and C; = [[;,,U;/(U; — U;), then

(3.11) f9(E) = C1g(Ur) + - - + Cag(Ua).

Proof. The Segre class of E in Z , denoted s(E, A ), is by definition given by
s(E,Z)=c¢(NgZ) ' N[E] € A.E,

so its pushforward to Z is then given by

i.s(E,Z)=c(OE) 'N[E|=E—-E*+E*— ...,
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where 7 : E — Z denotes the inclusion. Now consider the following fiber
square

E—7
Il
X =7
By the birational invariance of Segre classes (namely, Proposition 4.2 (a) in

(17]),
S(E,Z) =s(X,2),

thus
peinS(B, 2) = tuqus(B, Z) = 1,8(X, Z) = ¢(N) "' N [X],

where N' — Z is a vector bundle such that N'|y = NxZ. Now if Uy,...,Uy
denote classes of divisors which cut out X in Z, so that [X]| =U;---Uy €
A, Z, then

Uy---Uy
(1+0)---(1+Uy)’

where 1/(1+U;) is shorthand for the formal series expansion 1—U; +UZ2 —- - -
Putting things together then yields

c(N)TN[X] =

Uy - Uy

p(E—E?>+E3—...)= (ENARNIENAL

so that
iU, - Uy
(L4 tU1)--- (1 +tUq)

p*Ek — (71)k+1 . [tk]
where if h(t) = Y, b;t" is a formal power series in ¢ then [t™]h(t) = by,. Equa-

tion (3.10) then follows by elementary manipulations of formal power series.
Now if g(E) = Y32, arE" is a formal power series in E with coefficients

ay € A.Z and C; = [, U;/(Uj — U;), then

frg(E Zakf* = Y a(CLUT + -+ + CaUY)
= Cig(U1) + -+ + Cag(Ua),

thus completing the proof. O
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We note that in the case ¢ : X — Z is a smooth complete intersection cut
out by smooth divisors, formula (3.11) is referred to as ‘Theorem 1.8" in [12],
but in any case, formula (3.11) follows immediately from the pushforward
formula (3.10).

4. Weierstrass fibrations in F-theory

F-theory is a geometrization of the SLg(Z) symmetry of non-perturbative
type-IIB string theory [25]. In particular, a type-1IB compactification of 10—
2n spacetime dimensions on a compact n-fold B comes with a fundamental
SLo(Z)-invariant complex scalar field 7 referred to as the axio-dilaton, which
is given by

T=C + e ?,

where C(g) is the RR-scalar field and ¢ is coming from the NS-NS sec-
tor, which is related to the string coupling parameter g; by the equation
e? = g,. In perturbative type-IIB string theory, 7 is taken to be constant
and B is assumed to be Calabi-Yau in order to preserve super-symmetry. In
its non-perturbative regime, the axio-dilaton 7 of type-IIB is assumed to be
a varying complex scalar field over B, and B is then no longer required to
be Calabi-Yau as the non-constant behavior of 7 preserves super-symmetry.
In F-theory, the SLy(Z)-invariant, non-constant complex scalar field 7 of
non-perturbative type-IIB is then identified with the complex structure pa-
rameter of an actual family of elliptic curves, varying over the n-fold B
according to the behavior of the axio-dilaton 7. This geometric viewpoint
of non-perturbative type-IIB is then encapsulated in an elliptic fibration
Y — B, whose total space Y is a Calabi-Yau (n + 1)-fold.

The F-theoretic geometrization of type-I1IB via an elliptic fibration ¥ —
B has been a useful tool for probing the non-perturbative aspects of type-
I1B string compactifications. In particular, using Weierstrass fibrations along
with Tate’s algorithm, one may geometrically engineer non-Abelian gauge
theories [6][19]. For this, one starts with a Weierstrass fibration ¥ — B
in Tate form, so that the total space Y is a hypersurface in a P?-bundle
7 : P(&) — B given by

(4.1) Y : (Y22 + arxyz + azyz® = 2° + agr’z + agxz? + ag2®) C P(&),

where & = Op & £?> ® £? and £ — B is a line bundle referred to as the
fundamental line bundle of Y — B. Taking x to be a section of 0(1)®m* %2,
y to be a section of &(1)@7*.%3, 2 to be a section of the tautological bundle
0(1) and a; to be a section of 7*.Z" then identifies Y with the zero-scheme
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of a section of €(3) ® n*.£%. The canonical class Ky is then trivial if and
only if ¥ = O(—Kp), so in the context of string compactifications % is
always taken to be the anti-canonical bundle of B. The discriminant of Y
is then a divisor in B which parametrizes the singular fibers of Y, which is
given by

Ay : (4F3 4 27G* = 0) C B,
where
F = 23(b3 — 24by)
G = 225 (36b2by — b3 — 216b;)
by = a% + 4aq
by = araz + 2a4
\bﬁ = CL% + 4a6.

Moreover, the Weierstrass equation for Y is then given by
Y i (y22 = 23 + Faz? + G23) C P(&).

A gauge group Gy is then associated with Y as follows (see [12] for
further details). By Tate’s algorithm [24], one may perturb the coefficient
sections a; in such a way that a particular reducible singular fiber fy appears
generically over an irreducible component S of the discriminant Ay after
a resolution of singularities. In such a case, the equation of Ay necessarily
takes the form st = 0, where s is a regular section of €'(S), and the singular
locus of Y is given by {x = y = s = 0} C P(&). The dual graph of fy is
then an affine Dynkin diagram associated with a Lie algebra g. The gauge
group Gy is then given by

exp(g”) kMW ()
gy = ——— - xU(1)F ®
YT MWior() (1)

)

where ¢ : Y — B denotes the projection associated with the elliptic struc-
ture of Y as given by (4.1), and MW(¢p) denotes the Mordell-Weil group of
rational sections of ¢ (whose torsion subgroup is denoted MWy (¢)). We
note that it is possible for two distinct Weierstrass fibrations ¥ — B and
Y’ — B with distinct fy and fys to give rise to the same gauge group, so
that it is not necessarily the case that Gy # Gy.

In this note, we consider 14 different families of Weierstrass fibrations
Y — B for which Gy is simple. In [12], crepant resolutions of the Weier-
strass fibrations we consider were constructed over an unspecified base B of
arbitrary dimension, and moreover, the resolutions do not require that the
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fundamental line bundle £ is the anti-canonical line bundle of B (so that
the Calabi-Yau case is recovered by setting .2 = 0(—Kp)). We now give
the equations for such Weierstrass fibrations, along with the details of the
crepant resolutions constructed in [12].

Table 1: Equations for the Weierstrass fibrations we consider along with the
associated gauge groups

Y Gy
y2z = 23 + ay1802% + ag 25723 SU(2)
Y2z + a3 15y2° = 25 + ag 282127 + a6 35°2° SU(3)
Y22+ a1wyz = 23 + ag150%2 + a425°02% + apa5' 20 SU(4)
Y22 + a1ryz + az 25°y2? = 2% + ag 157%2 + ag 385127 + ag55°2° | SU(5)
Y2z = 2% + ag1r’z + a4 355727 + ap 55°2° USp(4)
Y2z = a2 + apr’z + sw2? SO(3)
Y2z = 23 + ag?z + 52222 SO(5)
vz + aywyz = 23 + sx?z + s SO(6)
y2r = + a2715x2z + a47232xz2 + a67484z3 Spin(7)
Y2z = 23 + ag 958227 + ag 35°2° Go
y2z =% 4+ a4,3s3x22 + a674s4z3 Fy
y2z + a3,232y22 =% 4+ a4,3s3xz2 + a6,5s5z3 FEs
yiz =23 + ag38°22% + ag 55°2° E-
Y2z =a + a4,4s4xz2 + a6’5s5z3 FEg

For each Weierstrass fibration listed in Table 1, a crepant resolution was
constructed in [12] by blowing up the projective bundle P(&’) along smooth
complete intersections and then taking the proper transform of Y along
the blowups. For example in the SU(3), G2 and USp(4) cases, a crepant
resolution is obtained by two blowups. The first blowup Z; — Zy = P(&)
is along its singular locus {x = y = s = 0} C Zy with exceptional divisor
Eq, and the second blowup is along {y = e} C Z;, where e; is a section of
O(E7) and y denotes the pullback of the section y under Z; — Zp. We then
summarize the resolution procedure with the notation

((l‘, Y, 8)7 (y’ 61)),

where the first entry (z,y, s) denotes the ideal along which the first blowup
takes place, and the the second entry (y,e;) denotes the ideal along which
the second blowup takes place. Such notation will then be used to summarize
each resolution we consider, so that if Z; — Z; 1 denotes the i-th blowup
with exceptional divisor F;, then e; denotes a section of O(E;) (we also elide
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the difference in notation between a section of a line bundle and its pullback
via Zz — Zz'—l)-

Table 2: Resolution procedure for each Weierstrass model

Resolution Gy
(@,y,s) SU(2)
((x,y,s),(y,€1)) SU(?))
((1},y,8),(y,61),($,62)) SU(4)
((xvy’s)’(x7y761)7(y761)7(y762)) SU(5)
((.13, Y, 8)7 (y7 61)) USP(4)
(z,y) SO(@3)
((xaya S)a($7y,€1)) SO(5)
((z,y,5), (y,e1), (z,€2)) S0(6)
((x7y78)7(yael)a(~r362)) Spln(?)
((x7y78)7(y761)) Gg
((x’yvs)v(yvel)v(x762)a(62763)) F4
((z,y,5), (y,e1), (x,e2), (e2,€3), (y, €3), (y, €4)) Eg
((‘Tv Y, 5)7 (ya 61)7 (‘Tv 62)7 (ya 63)7 (62, 63)7 (627 64)7 (647 65)) Er
((.7;, Y, 8)7 (y> e1)7 (aj’ 62)’ (y’ 63)’ (627 63)7 (647 65)7 (627 €4, 66>7 (64’ 67)) Es

5. Stringy Hirzebruch class computation for SO(5) fibrations

Let B be a smooth compact variety of arbitrary dimension, and let ¢ :
Y — B be the Weierstrass fibration in Table 1 with Gy = SO(5). We now
explicitly compute TySt’" (Y'), which will serve as a representative case for all
Weierstrass fibrations in Table 1.

We now set Yy = Y and Zy = P(0p @ £? & .£3), where & — B is
the fundamental line bundle. In the notation of §3, we have the following
diagram

(5.1) Yo -2+ 7,

q2 lpz

X —Y =27

q1 lpl

Xo——= Yy 2= 7,

|

B
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so that p; : Z; — Z;_1 is the blowup of Z;_; along X; 1 for : = 1,2. By
Table 2 we have Xy and X; are smooth complete intersections given by

Xo:(x=y=s=0)C % Xi:(x=y=e€=0)C Z.

Since Xg and X7 are both smooth, Z; and Z5 are both smooth as well, so that
the crepant resolution Y2 — Yj is a smooth hypersurface in Zs. In particular,
in the notation of Claim 3.3 and Proposition 3.4, we have W7 = Z; and
Wy = Zs, so that both Nz W and Nz, Ws are both rank zero vector bundles.
Now let Q(z) be the characteristic power series for T}, given by (1.2), and
let E; denote the class of the exceptional divisor of p; : Z; — Z;_1. Then the
divisor class of Y3 in Zy is given by [Yo| = 3H +6L —2E; — 2FE5, where H is
the divisor associated with €'(1) on Zy, and L = ¢1(¢). By Proposition 3.4
we then have

’I;Q*Ty(}@) = q2(E2)p;Ty(Zl)’
where

Q(E2)Q(H + 2L — E»)Q(H + 3L — E»)Q(E) — Ey) - [Y7]
QBH + 6L — 2B, — 2B2)Q(H + 2L)Q(H + 3L)Q(E1)

q2(E2) =

where we recall the classes of {x = 0} and {y = 0} are given by H 4+ 2L and
H + 3L respectively, and S denotes the class of {s = 0}. By the projection
formula we then have

(5.2) p2x (12: Ty (Y2)) = p2:(q2(F2))Ty(Z1).

By Lemma 3.5 we have

3
(5'3) pZ*(qQ(EQ)) = chq2(Un)a
n=1

where Uy = H+ 2L, Uy = H+ 3L, U3 = B, C,, = Hm?én Un/(Up — Uy),
and q2(U,) is the class obtained by replacing Ey with U, in the definition
of q2(E>). Proposition 3.2 then yields

Q(E)Q(H +2L — E1)Q(H + 3L — F1)Q(S — Fq)

Ty(Z1) = Q(H +2L)Q(H + 3L)Q(S)

pTTy(ZO)v

so that
p2s (i2:Ty(Y2)) = q1(E1)pi Ty (Zo),
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where ql(El) =

3
Q(E1)Q(H +2L — E)Q(H + 3L — E1)Q(S — E1)
(Z quz(Un)> Q(H +2L)Q(H + 3L)Q(S) '

Now let 7 denote the morphism p; o ps : Z9 — Zjy. Then

iO*TyStr(YE)) - T*(lQ*Ty(}/Z)) = P1«P2x (12*Ty(}6)) pl*(ql(El)pl (ZO))

so that by the projection formula and Lemma 3.5 we have

ZO*Tstr YVO (Z an1 ) ( )

where Vi = H +2L, Vo = H+3L, V3 = 5, Dn = [, Vin/ (Vi — Vau),
and q;(V},) is the class obtained by replacing F; with V, in the definition of
q1(E1). Moreover, by B.5.8 in [17] we have
Ty(%) = Q(H)Q(H +2L)Q(H + 3L)7"Ty(B),
where we recall  denotes the projection Zy = P(0p @ £? ® £3) — B. As
such, for the SO(5) model Y — B we have
3
<M>uﬁ%ﬂ—<2mewOQ&me+MW&H%Mﬁ%w»
n=1

where ¢ : Y < P(0p @ £* ® £3) denotes the inclusion.
str

6. Generating functions for xj

Let ¢ : Y — B be a Weierstrass fibration over an arbitrary smooth compact
variety B, so that we have the following diagram

(6.1) Y (&)

| A

B,

where & = Op ® £? ® 3. The stringy x,-characteristic is then given by

(6.2) X%WZLWW%
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where [ denotes taking the degree of the zero-dimensional component of the
class T;tr(Y). A consequence of the functoriality of the proper pushforward
associated with proper maps is that the degree of a zero-dimensional class
is invariant under proper pushforwards (see [17] Definition 1.4), so that

(6.3) /Y T (Y) = /B e T (Y).

By equations (6.2) and (6.3) we then have
X?thr(Y) - /B(’D*Tystr(y)’

so that we can obtain a formula for x5 (Y) in terms of invariants of B by
explicitly computing ¢.T;"(Y). As in equation (5.4) which represents the
case Gy = SO(5), for all Weierstrass fibrations we consider we have

(6.4) WIN(Y) = qy(L, S, H)w*T,(B),

where qy is a rational expression in Q(L), Q(S) and Q(H) (Q is the char-
acteristic power series of T}). By diagram (6.1) we then have

T (Y) = mut T, " (V) = me(qy (L, S, H)w*T,(B))
= ﬂ—*(qY(L? S7 H))Ty(B>,
so that computing ¢, 7, (Y") amounts to computing m.qy (L, S, H). For this,

we use Theorem 4.1 in [15], which is a general formula for ,.3 In particular,
for Gy = SU(2) we have

y+1 y2s — (I*+ (s — D)I? — s)y — 14
vy (LS, H)y=1—2y+ 2~ ! ,
Ty ( ) y+y+s<y+8 16+ s%y

where | = e1t9L and s = e(1+)S,

As in the SU(2) case, for a general Weierstrass fibration ¢ : ¥ — B
as in Table 1, the pushforward m.qy (L, S, H) (as in equation (6.4)) will be
a rational expression in [ = e(t¥L and s = e(1*¥)S which we denote by
Qy (1, 5), so that?

P Ty (V) = Qy (1, 8) Ty (B).

3A Maple implementation for computing 7, may be found under the program
name ‘PiStar’ in www.math.fsu.edu/~hoeij/files/SHC/MapleCode.
4The different Qy (I, s) for all Y considered will be listed at the end of §8.
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Now denote by Qy(t) the formal power series in ¢ obtained by evaluating
Qy(l,s) at (I',s"), where I’ = e +¥ and 5" = e+ and given a formal
power series f(t) = bg + byt + ---, let [tF]f(t) = bg. It then follows that if
dim(B) = d, then xj"(Y') is given by

d
XY = [t9] (QY(t) H Q(t)‘i)> ;

=1

where A1, ..., A\q are the Chern roots of the tangent bundle of B and Q(z) is
the characteristic power series of T}, which is given by

 2(14y)
(0 Q) = T ety ~ v
Now let x5"(Yit) = >, apt® be the associated generating function for

Xj"(Y) with respect to the dimension of B, so that

d
(6.6) [t (V5t) = (1] (QY(t) HQ(M)) :
i=1
(Y5 t), we prove a
preliminary lemma on power series. For this, we first need some definitions.
Let R be a commutative ring with 1, and consider the ring R][[¢]] of formal
power series in the variable ¢ with coefficients in R. We then recall the
definition of the Hadamard product ® : R[[t]] x R[[t]] — R[[t]], which is
given by

Now before deriving a closed form expression for x

00 00 oo
© Z aiti, Z bjtj = Z dktk, where dk = akbk.
=0 7=0 k=0

For f,g € R][[t]] we will denote ®(f,g) by f ® g. Given A1,...,\s € R, we
use the notation p; :== X +--- X}, and we let

d
C=JJa-Nt)=1—crit+ct® +-- + (1),
=1

so that ¢; is the ith symmetric polynomial, and p; is the ith power polynomial
Of)\l,...,Ad.
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Lemma 6.1. Let G(t) = ap + a1t + --- € R[[t]]. Then

d
Y GOt) =GO (d+pit+pot®+--) =dag + G o (—tC'/C),
=1

where C' denotes the formal derivative of C with respect to t.

Proof. The first equality follows from the definition of the p;. For the second,
note that —tC’/C' is well defined because the polynomial C' has a constant
term of 1. The equation —tC’'/C = pit + pat? + --- is obvious for d =
1 (geometric series). For d > 1, recall that logarithmic derivatives turn
products into sums: (CD)'/(CD)=C"/C + D'/D. O

We now prove

Theorem 6.2. Let ¢ : Y — B be a Weierstrass fibration as in Table 1,
and let S(t) = In(Q(t)), where Q(t) is the characteristic power series of the
normalized Hirzebruch class given by (6.5). Then the generating function
X;”(Y;t) is then given by

(Y1) = Qy (1) exp <S<t> ® (‘éfgtgt))) |

where Qy (t) is as given in equation (6.6), and C(t) = > oo (—1)ic;t’, where
the ¢; are formal variables representing the Chern classes of an arbitrary
base B.

str

Proof. By definition, the generating series xj,

(Y;t) is given by
o

XYt =) agt?,
d=1

where

d
ag = [t (Qy(t) HQ()\it)> )

and the )\; are elements in R representing the Chern roots of the tangent
bundle of an unspecified base B of dimension d. Now let S(t) = In(Q(?)).
Then

d

[[e(it) = exp (zd: S()\it)> — exp (S(t) ® <—20/>> :

1=1
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where the second equality follows from Lemma 6.1 along with the fact that
the constant term agy of S(¢) is given by ag = In(1) = 0. We then have

(6.7) aq = [t (Qy(t) exp (S(t) o (‘tcc)» ,

and the only way that the RHS of (6.7) depends on d is that the polynomial
C= Z?(—l)iciti is of degree d. As such, replacing C' in the RHS of (6.7)
by the power series C(t) = o2, (—1)"c;t" has no effect, since adding terms
of degree greater than d will play no role in taking the dth coefficient. And
moreover, replacing the polynomial C' in the RHS of (6.7) by the power
series C'(t) removes any dependence on the RHS of (6.7) on d, thus

ngyngzgy&ﬂmp(Sﬁﬁ3<zigﬂ>>’

as desired. OJ
An immediate corollary of Theorem 6.2 is then given by

Corollary 6.3. Let ¢ : Y — B be any of the Weierstrass fibrations as given
in Table 1. Then under the notation and assumptions of Theorem 6.2, the
power series X" (Y;t) is a generating series for the stringy Fuler charac-
teristic xst(Y) of Y, i.e., the coefficient of t* in x*(Y;t) yields a formula

for xstr(Y') over a base B of dimension d.

For an illustration of Theorem 6.2, consider the case when Gy = SO(6)
as in Table 1. In such a case, we have S = 2L so that Qy(l,s) = Qy(I)
(recall | = e1+9)L and s = e(17¥)9) which is given by

G+ +4)y—-1)

H=1-
Oy (1) S5y+ 21y

We then have

(y+1) ((t0+0L 4 4) gy — t(0+0L)
th(l—i—y)L + y ’

Qy(t)=1-5y+

so that x5 (Y;t) =

et(1+v) — et(1+y) —tC’
(1—5y+(y+1)(( - L+4)y - L)>exp<5(t)®< tC(t))).

€2t(1+y)L + Y
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In particular, in the Calabi-Yau case (i.e., when L = ¢;) we have
)(Ztr(}/7 t) = alt + G/QtQ + a3t3 + a/4t4 + - )
with

a1 = (y> — 10y + 1)e1,  az = —6(y — 1)cly,
az = —1/12(48(y* — 4y + 1)cfy — (y* — 10y + 1)%¢c) ey,

and
as = —1/2(y — 1)(y* — 10y + 1) (4¢3 + 2c1¢2 — ¢3)ery,

where we recall ¢; denotes the ith Chern class of the base ¢;(B). It then
follows that the stringy Euler characteristic of Y is given by 12¢;, —12¢3,
12¢1¢9 + 240?, and 12(cie3 — QC%CQ — 40‘11) over a base of dimension 1,2,3 and
4 respectively.

For all other cases considered in Table 1, coefficients of XZ“(Y; t) up to
degree 6 for L = ¢; are at www.math.fsu.edu/~hoeij/files/SHC/CalabiYau.

7. Stringy Hirzebruch-Riemann-Roch for SU(2) fibrations

Let ¢ : Y — B be the SU(2) fibration as given in Table 1. We then have

2. (74 V2 o)ey T4
y+1 y+sly s—(*+(s=1"—s)y—1 ’
+s 16+ s2y

and the generating series XZ“(Y; t) in the Calabi-Yau case (i.e., when L = ¢1)
is given by

XS (Y5t) = art + ast® +agt® + -+
where
a1 = (y* — 10y + L)er,  as = 3y(1 — y)(S? — 5Sc1 + 10c7),
and

ag = (y* —4y+1)(S%y —14S5%c1y+49Scliy — 60ciy) +1/12(y* — 10y +1)cico.

We now derive relations for the stringy Hodge numbers hE1(Y') in the

case that Y is a Calabi-Yau 4-fold (so that the base is a 3-fold). In such a
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case, it can be shown that c¢jca = 24 (for example, by Theorem A.2 of [11]),
so that ag simplifies to

az = (y? — 4y + 1)(S3y — 14S%c1y + 49Sc2y — 60c3y) + 2(y> — 10y + 1).

Writing a3 as a polynomial in Y we then have
(7.1) az = x(y) = 2+ x1y + x2y” + x3y” + 24,
where

X1 = x3 = 5% +145%¢; +495¢2 —60¢;  and o = 4y + 204
The stringy Euler characteristic of Y is then given by

Ystr(Y) = x(—1) = 288 + 360c3 + 6(145%¢c; — S% — 495¢3).
Now let p : Y — Y be the crepant resolution of Y given by the data in

Table 2 (in fact, any crepant resolution will suffice for our purposes), and
recall that the x,-genus of Y is given by

Now since
[ 10 = [ en@) =,
Y Y
we have
(7.2) Xo(Y) = x(v),

str

where x(y) = x"(Y) is the stringy xy,-genus of Y given by equation (7.1).
From the definition of stringy Hodge numbers we then have hLI(Y) =

str

hP4(Y), thus by equations (7.2) and (1.1) the coefficients x; of x(y) yield
linear relations among the stringy Hodge numbers of Y. In particular, we
have xo = 2, reflecting the fact that hp’O(Y) =0for 0 < p < 4 and

str

h20(v) = hY(Y) = 1 (which follows from the fact that Y is Calabi-Yau).

str str
From the coefficients x1 and y2 we have the relations

10 11 12 ;13
X1 = hstr - hstr + hstr - hstr?
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and

2,2 23 122 1,2
str h’str - h‘str - 2hstr7

X2 =h%0 —n2l4n

str

which yields

hi = Wl — (S +145%¢; + 49563 — 60¢}) — hlyt

str str stro
and
2% = 2pL2 1 4(55 1+ 145%¢; + 495¢ — 60¢3) + 204,
where h! denotes hL(Y).

Remark 7.1. By the Shioda-Tate Wazir formula one can show that if v :
X — B is a Calabi-Yau elliptic fibration then

AYH(X) = AYY(B) + 1+ tk(MW(3)) + Ty,

where k(MW (%)) is the rank of the Mordell-Weil group of rational sec-
tions of ¢ : X — B and I'y is the number of irreducible fibral divisors
not meeting the distinguished section of ) : X — B. For ¢ : X — B any
of the crepant resolutions of Weierstrass fibrations considered in this paper
we have rk(MW(¢)) = 0 and I'y, = n, where n is the number of blowups
needed for the crepant resolution. For all Weierstrass fibrations ¢ : Y — B
considered in this paper we then have
hip (V) = hWH(B) + 1+,

where n is the number of blowups needed for the crepant resolution of Y.
As such, in the case of 4-folds once one of RL2 L3 or n2? s computed,

stro "Ustr str

the two remaining non-trivial stringy Hodge numbers may be determined
str

by x3" (V) via stringy Hirzebruch-Riemann-Roch.
8. Summary of results

Given a Weierstrass fibration ¢ : Y — B with gauge group Gy as in Table
1, we computed ¢, T, (Y'), which in each case is given by

(8.1) P T, (Y) = Qy (I, s)T,(B),

so that all the information coming from Y is contained in the term Qy (I, s),
which is a rational expression in [ = 19 and s = (195 where L is the
first Chern class of the fundamental line bundle of Y and S is the divisor in
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B over which the singularities of Y are supported.® From formula (8.1) one
can then give a formula for the stringy x,-genus of ¥ in terms of invariants
of the base B, namely

WI(Y) = /B Oy (1, )T, (B).

In particular, if the base B is of dimension d, then

where the \; are the Chern roots of the tangent bundle of B, and Q(z) is
the characteristic power series of the characteristic class T, (see equation
(6.5)). It then follows that the stringy x,-genus is given by

d
(8:2) Xy (V) = [t] (Qy (') HQ(%)) ,

i=1

where I! = e o — (1405 and we recall [t4] picks out the dth coeffi-
cient of a formal power series in ¢t. From a relative perspective, that is, from
a perspective independent of the dimension of the base, we then derived a
generating series XZ“(Y;t), where the coefficient of t¢ is precisely given by

the RHS of (8.2). The generating series XZ“(Y; t) is then given by

Xy (Y;t) = Qy (t) exp (S(t) © <_z§;§t)>) ’

where Qy (t) = Qy (I', ), S(t) = In(Q(t)), and C(t) = > ,(—1)'c;t?, so that
the ¢;s appearing in the coefficient of t¢ in XZ“(Y; t) represent the Chern
classes of a base B of dimension d. Since all Y we consider admit crepant
resolutions, the coefficient of ¢ in x5 (Y;#) is in fact a polynomial in y of

Yy
the form
x(y) = xo0 + x1y + x2v® + -+ xar1y® T,

which is in fact (near) palindromic, so that (—y)™'x(1/y) = x(y). The
stringy Euler characteristic of Y over a base of dimension d is then given

5All computer calculations in this paper were performed with Maple, and
all files relevant to our computations can be found at github.com/mhoeij/
Stringy-Hirzebruch-Classes.
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by Xxst:(Y) = x(—1), and moreover, the coefficient x, in x(y) yields linear
relations among the stringy Hodge numbers hld(Y) for Y over a base of
dimension d, namely
Xp = (D)LY,
q

We conclude by listing Qy (I, s) for each Y as listed in Table 1.
For Gy = SU(2),

QY( ?S) Yy y s (Z/ S lG 82y

For Gy = SU(3),USp(4) and G,

(y+1)(s*y — 1) —y(s = DI(* + 8)>
16+ 53y '

y+1
l =1-3 =12 l
QY()‘S) y+y+s<y+5

For Gy = SU(4), Spin(7), Qy(l,s) =

1 1)(s%y2 —I3) — — 1) NP & 3
1_4y+i<3y+sl(y+ )(s”y 6) 4y(s4 )§s+)( —|—sy)>‘
y+s (16 4 sty) (14 + s2y)

For Gy = SU(5),

+1
Qv (1) =1~ 6y+ = (y+ F)
where
R Y= DI +5%) +sl(y +1)(s"y* = I° = sly(l = 1)(1? + sl + 5))

(I +y) (10 + s5y)

For the SO(3), SO(5) and SO(6) cases we have S = 4L,2L and 2L
respectively, so that Qy (I, s) = Qy(l). As such, for Gy = SO(3),

Ov(l)=1-2y+(y+

for Gy = SO(5),

2-ly—1 2lly+ 1)

Qy(l) =1-3y+(y+1) Pty @+y2
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and for Gy = SO(6),

A+ly—1
)=1-5 1
Qv (1) y+(y+1) ey
For Gy = Fy,
Ov(ls) =15yt YL (4 1 qUEDEY =) 20— Vs
o a Y y+s Y 16+S4y .

For Gy = Eg, Qy(l,s) =

1 —1)(1° 7 l 1) (s3y — 14)(13 3
1_8y+&(7y+y(8 W+ 57y) + Uy + V(% — E +5 y)>‘
y+s (13 + s2y) (16 + s5y)

For gy = E7,

1 -1+ s® Wy +1)(sTy? = 1B
Qy(hs):l_gﬁzL(gwy(s )10+ %) + sl(y + 1)(s"y >>,

(1% + s3y) (16 + s%y)

And finally, for Gy = E,

116 o B 4, 74
Qy(l,s):1—11y+z%i<1oy+y(s 1)1 + %) + sl(y + 1)(sy 1))'

16 + s5y
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