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Aspects of (2,2) and (0,2) hybrid models

MARCO BERTOLINI AND MAURICIO ROMO

In this work we study the topological rings of two dimensional
(2,2) and (0,2) hybrid models. In particular, we use localization to
derive a formula for the correlators in both cases, focusing on the
B- and %—twists. Although our methods apply to a vast range of
hybrid CFTs, we focus on hybrid models suitable for compactifi-
cations of the heterotic string. In this case, our formula provides
unnormalized Yukawa couplings of the spacetime superpotential.
We apply our techniques to hybrid phases of linear models, and we
find complete agreement with known results in other phases. We
also obtain a prediction for a certain class of correlators involving
twisted operators in (2,2) Landau-Ginzburg orbifolds. For (0,2)
theories, our argument does not rely on the existence of a (2,2) lo-
cus. Finally, we derive vanishing conditions concerning worldsheet
instanton corrections in (0,2) %—twisted hybrid models.
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1. Introduction

Most of what is currently known about the structure of the moduli space of
(2,2) and, more in general, (0,2) superconformal field theories (SCFTs) is due
to our ability to extract relevant structures at special loci/limits. The most
prominent example of this is probably the Calabi-Yau/Landau-Ginzburg
(CY/LG) correspondence [1, 2]. For instance, the overwhelming evidence
that various geometrical data of Calabi-Yau (CY) manifolds is encoded in
orbifolds of Landau-Ginzburg (LG) models has inspired the construction of
the gauged linear sigma model (GLSM) [3]. In turn, the GLSM has been one
of the main tools in exploring various aspects of the moduli space. Another
example is mirror symmetry, which in its early days has been proved as a
correspondence of orbifolds of Gepner models [4], and later generalized to a
vast collection of theories.

Despite these remarkable successes, the picture is far from complete.
Even for (2,2) SCFTs, generically the GLSM comprises only a subspace of
the moduli space, and even in the realm of GLSMs, a generic phase will not
be described by a non-linear sigma model (NLSM) or a LG orbifold (LGO).
Moreover, (2,2) theories admit deformations which preserve only (0,2) su-
perconformal symmetry. This class of deformations is much less understood.
Although there has been recent progress in analyzing these models [5], ques-
tions such as, for example, how to extend mirror symmetry to this larger
moduli space of (0,2) deformations, have not yet found a complete answer
[6, 7].

Even more mysterious are (0,2) theories which do not admit a (2,2) locus.
For instance, the issue of whether instanton contributions to the spacetime
superpotential destabilize the vacuum of a heterotic compactification based
on a (0,2) SCFT, which were believed to be ruled out in the contest of (0,2)
GLSMs [8, 9], is still unresolved even in this subset of theories [10].

An important feature of SCFTs is the existence of chiral rings. In (2,2)
theories there are two such rings, the (a,c)/(c,c) rings (and their equivalent
conjugates)! which are topological in nature and are independent of a set
of parameters of the theory. In particular, they are exchanged under mirror
symmetry. In (0,2) theories, where we lack the definition of a left-moving
chirality condition, in favorable cases it is possible to show the existence

In this paper, we will often refer to the (a,c) ring as the A ring and to the (c,c)
ring as the B ring.
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of subrings of the (right-moving) chiral ring, which in particular generalize
the A/B rings, and reduce to these on the (2,2) locus (when available). We
refer to these, following the nomenclature in literature, as A /2 and B/2 rings.
Properties of such rings are still largely unknown. For instance, do B/2 model
correlators receive instanton corrections? If yes, is there a class of theories
where they do not? If yes, this class of theories would constitute a natural
playground for improving our understanding of (0,2) mirror symmetry.

It should be evident at this point that one approach to tackle some of
these issues is to deepen our understanding of more general theories. This
is the path we choose to follow in this work, as we study the ring structure
of B and B/2 rings in hybrid theories. Loosely speaking, a hybrid model is
a class of NLSMs with superpotential, where the theory can be intepreted
as a Landau-Ginzburg (orbifold) whose superpotential varies adiabatically
over a compact and smooth manifold. Such theories depend on a number
of parameters, namely the Ké&hler class and the complex structure of the
target space, a set of parameters defining a holomorphic bundle over it, and
a set of parameters defining the superpotential. While their existence has
been known for over two decades [3, 11], and both the mathematics [12] and
physics [13] literature exhibit instances of hybrid models, it was only recently
that a systematic study of their physical properties has begun [14, 15]. Be-
sides [12], there has also been other recent developments in mathematics
that study hybrid models closely such as [16, 17].

An important property of (quasi-)topological theories is that often they
depend only on a subset of the parameters of the original theory. In (2,2)
hybrid theories, B-model correlators depend only on the parameters in the
superpotential. When a hybrid model describes a limit in the moduli space
of a Calabi-Yau compactifications, these parameters determine a choice of
complex structure on the Calabi-Yau. In (0,2) models instead, this depen-
dence is naturally enlarged to the set of parameters determining the (0,2)
superpotential. In a large radius interpretation, this set of parameters de-
termine a holomorphic bundle over the CY manifold. Moreover, there could
be in principle a dependence on worldsheet instantons. As mentioned above,
models for which this dependence can be ruled out are particularly interest-
ing.

When a hybrid model arises as a phase in a linear model, we can compare
our results with the ones derived from GLSM techniques. In particular, in
such cases we can interpret the hybrid model as a fixed point along the RG
flow between the GLSM (for a particular choice of the parameters) and the
IR CFT.
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As it is more than likely that the length of the present work and the
number of technical passages the reader will encounter along the way might
obscure the structure we find, which we believe is quite interesting and
actually rather simple, we present here a summary of our main results.

In the first part of this work, we consider a class of N' = (2,2) hy-
brid models, as the ones defined in [14]. These are specified by a triplet
(Y, W, Cy,) (further details are given in section 2), where Y is a Kéhler man-
ifold, W € H%(Oy) and dW~1(0) = B, with B some compact Kéhler man-
ifold. These models possess enough supersymmetry to admit a well-defined
B-twisted version of the theory, provided the conditions for an anomaly-
free vector R-symmetry are satisfied. In such case, we compute explicitly
the genus-0 correlators of the B-twisted theory. As expected, the expression
reduces to a classical integral and instanton corrections are absent. This is
given by (eq. (4.30))

(1.1) (O(w))s: = /Y Oy A (Qy(ehw)) |

where the operator O(w) is determined by a polyvector field w on Y.2 The
operator L can be written in terms of various objects defining the hybrid
model

-1
(1.2) L:= —£||J||2 + V20 0o T 00 1= g0 W Do € PVIO(Y) .

The meaning of the various constants as well as the dependence of (O(w)) g2
on them is explained in section 4. We also make a comparison between
(O(w))s2 and other similar expressions in the physics and mathematical
literature. In particular, we remark here that (1.1) is not explictly a holo-
morphic expression on the coefficients of W (due to the dependence on W
through .J). We argue however that the final result is indeed holomorphic,
by proposing a transformation law for this class of integrals, analogous to
the transformation law of multiple (local) residue integrals. This transfor-
mation law will also be key in the explicit evaluation of the integrals. Let
us summarize our proposal here. We argue for the existence of a section
B eI (Hom(T5,15)) = I' (Ty ® Ty ), where Ty denotes the tangent bun-
dle of Y, such that the form

(1.3) To =Bl Js € T(T%)

2A product of operators O(w)O(w') reduces to O(w A w') where w A w’ is the
ordinary wedge product on polyvector fields.
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does not depend on the coefficients of W (while B does) and B = {1, =
0} C Y.If Bt € I (Hom(Ty, Ty)) denotes the transpose of B then the wedge
product B! A Bt is well-defined, and so is the tensor

(1.4) M(B) = QyiB A...AB e T(Y,NT%) .
(d—p)-times

The transformation law we propose corresponds to the equality (for w €
PVPP(Y))

(1.5)
(O(w))ge = (Vf)d_p /Y Oy A (M(B) (e 31T @T"0,)"7w))

Thus, all the dependence on the coefficient of W is contained in M (B) which
is in fact holomorphic. We use this property to perform explicit computations
in section 5.

In the second part of this paper, we perform an analogous computation
for N' = (0,2) hybrids, defined recently in [15]. These models are specified
by a quadruple (Z,&,V,J) where Z is a Kahler manifold and £ — Z is a
rank- R holomorphic vector bundle. Further conditions on this data required
for the consistency of these models [15] are recalled in section 6. In particular
we study the conditions for which these models admit a B/2-twist. In such
cases, we compute the genus-0 correlators in the zero instanton sector. The
formula we derive reads

(1.6) (Ow))s: = / S

zZ

where
(1.7) L= —%||J||2 n %W%A Ja € D(EY)

and w € Q°(Z,N\*E), which is the natural generalization of polyvector fields.
The section )¢ is nowhere vanishing, making the integral well-defined. Not
surprisingly, the expression (1.6), as its (2,2) predecessor, involves non-
holomorphic parameters through .J. Luckily, the solution is also of the same
nature: the transformation law sketched above generalizes to the (0,2) in-
tegrals (in this case B € Hom(&*,£*)). In addition, we derive a sufficient
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condition for (1.6) to admit no instanton corrections. By writing the pull-
back of Ty to the P! worldsheet

(1.8) a*(Tz) = ®L_,0(d)
our condition reads

(1.9) [{aldo > 1}] # [{alda < -1} .

We found that, though, this condition is in general not very strong. In fact,
we found that for some (0,2) models that can be shown to be instanton-
free by UV arguments through their GLSM description, the hybrid model
CFT however violates (1.9). We find that it is only possible to recover the
vanishing result from the hybrid perspective by constructing an appropriate
compactification of the moduli space of worldsheet instantons along the lines
of [18]. We also find examples where the opposite happens: the hybrid model
forbids instanton corrections but the GLSM does not rule them out.

Another interesting observation concerns the dependence of the correla-
tors on the various parameters of the theory. In a large class of GLSMs, B
model correlators are independent of FF parameters — which instead appear
as parameters in A /2 model correlators — and instead depend exclusively on
J parameters [19]. This separation seems to disappear in the hybrid model,
where E parameters descend to “bundle” parameters and J parameters de-
scend to superpotential parameters. While it is somehow expected that this
splitting does not occur in the IR CF'T, it is interesting that it is not manifest
in the UV hybrid theory as well.

This paper is organized as follows. In section 2 we review the construction
of (2,2) hybrids. In section 3 we describe the main object of interest, the
B ring, and review the techniques that allow to compute its elements. In
section 4, we introduce the B-twisted version of the hybrid theory, and use
localization to derive a formula for the correlators and study its properties.
In section 5 we completely solve an example, and we check our results via the
GLSM. Finally, in section 6 we derive an analogous formula for correlators
of B/2-twisted (0,2) hybrid models. We analyze the conditions for instanton
corrections to vanish, and apply our techniques to an example. We conclude
with some open questions in section 7.

2. N = (2,2) hybrid models

In this section we review the construction of [14] of (2,2) hybrid models in
order to set-up notation and to highlight the aspects relevant for the present
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work. The results are valid for an arbitrary compact Riemann surface 3. We
will work locally on an open patch U = C of ¥ with coordinates (z, ).

A hybrid model is determined by the data (Y, W, C3,), where the differ-
ent objects are defined as follows:

e Y is a Kéhler manifold and it admits a C*-action defined by a Killing
vector field V on Y. We denote this action by Cj;.

e W is a holomorphic function on Y, ie., W € H°(Oy) satisfying
LyW =W.

We impose further conditions on these objects:

e We assume Y is CY, i.e., its canonical class is trivial, Ky = Oy, and
that it admits a bundle structure with a compact base® B and V a
vertical Killing vector of Y. When these conditions on Y are met, we
call the triple (Y, W, C3,) a good hybrid.

e The superpotential W is chosen such that it satisfies the potential
condition

(2.1) AW 0)=BcCY.

We write then Y = tot (X — B) and X = &;X; for a decomposition into
eigenspaces with respect to the V-action, that is,

(2.2) V(B)=0, V(Xi) = ¢ Xi

where q; € Qso, ¢ = 1,...,n. Although not a necessary condition to con-
struct a well-defined model, we will make the simplifying assumption that
X; are line bundles over B. This is the class of models to which our meth-
ods apply. In the rest of this section we will construct the action for the
corresponding NLSM and study its symmetries.

2.1. Action

We work in (2,2) superspace in Euclidean signature parametrized by (z,%)

and (A%, gi), where the + (—) corresponds to the right-moving (left-moving)
sector. In this setting we define the supercharges

0 4= — o =
(23) Q+:aoﬁ+29 85, Q.i_:—aaﬁ—eag.

3In all our applications we will restrict to B being Kéhler and smooth.
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These allti—commute and satisfy the algebra {Q+,@+} = —2i05, where we
denote 0z := 0/0z. We also define the superderivatives

§+ - —% + i9+52 5

R
00

24 Dy =
(2.4) += 3

which anti-commute among each other and with the operators (2.3), and
satisfy the algebra {D,,D;} = 2i0s. There is an equivalent structure on
the left-moving sector of the theory, (anti-)commuting with the operators
above and which is obtained by replacing 0> with —9, := —3/9., and (0™, §+)
with (7,0 ).

The field content of the theory is given by d chiral (2,2) supermultiplets
and their anti-chiral conjugates

(2.5)

X=X+ V2070 +i070 9,X%, X =X"—-v20 T“ —i070 9,X7,
where a = 1,...,d, and where we define

(2.6) d=dimY , b=dimB , n =rank X .

These are decomposed in terms of (0,2) bosonic and fermionic chiral super-
multiplets X'“ and ¥ respectively, which have the following expansions

(2.7)

XY = 2% + V20T — 070 02, X =T — V20 P +i670 03"
U = % — V20T FY — 0T 00, T =3" — V20 FC +i00 0507 .
The chirality conditions read

(2.8) DiX*=0, DyX*=D,¥*=0

- ’

and similarly for the conjugate anti-chiral fields. The lowest component =
are coordinates on Y, i.e., maps

(2.9) X =Y,

while ¢ (@) are right-moving (left-moving) fermions on the worldsheet,
i.e., C° sections of the tangent sheaf Ty := T(:0Y | or more precisely

(2.10) Y® e T(KE ® 2" Ty) Yo eT(Ky? ® 2 Ty) |
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where K is the anti-canonical bundle of the worldsheet Y. The action on
¥ in (2,2) superspace is given by*

(211)  S[X] = / P2(Lx + L) = 8i / &2D,D,D_D_K(X,X)
by T Js

+ [ @D, D_W(X) + cec.
47 )

where K is a Kahler potential on Y with Kahler metric g 0B = 8a53K . We
can expand the action in components and we obtain

Lk = 945 (@anaufg + %(Ega 'Y'LLD,quZ)a> + %@Da, ’Y'LLD/LEE>>
1
4
1 —a —a —fB —
o (P = 3T500% 0% (F7 4 5T

R (6%, 0% (07, 57

(2.12)
1 1 e
Lw =3 <F0‘8aW - §aaaﬁw<w,¢ﬁ> + FY0aW +

The covariant derivatives act on the fermions as

1
(2.13) D™ = (0 + §wu)¢a + 8uxﬁrg5¢6 )

where w,, is the spin connection on ¥ and (,) denotes the frame invariant
product (see appendix A). The Ké&hler connection and the curvature are
given by

_ . _ B _ 6 _ 19
(2.14) P%W = 948,89 B Raﬁ"/ - Pory,B ’

Finally, it is possible to integrate out the auxiliary fields via the equations
of motion

1 = — —a 1~ —& -F -&
(215) F* = —5g%05W —Tgdw) P = —g™0,W —T5ut ol .

4Here m is a parameter with a dimension of mass and we will set it to one in
the rest of the paper.
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2.2. Supersymmetry transformations

The action we defined in the previous section is by construction invariant
under (2,2) supersymmetry. For our study of the (c,c) ring in the following
sections, we need the explicit supersymmetry transformations induced by the
supercharges Q 4 and Q_. For completeness, we present the supersymmetry
transformations of the component fields for all the supercharges.

Let us define the operator Q4 and Q. such that, acting on a superfield
A, [e:Q4, Al = :F%E¥ Q.+ A, where ex are anticommuting parameters, and

similarly for the barred quantities.” With these conventions for the charges
(2.3) we find

[Q+a xa] = ﬂﬂﬁf ) {Q+a@?—} = _1525@ )
{Q-‘r?wg} =F", [Q-HFOC] = —igz@(i )

(2.16) e -
[Q+’Ea] = 77Z)—|- ’ {Q+ﬂ/}i} = ’iagilia )
{Q—‘,—?Ea—} = FO‘ ) [6+7Fa] - —1521#2 )
as well as
[Q—Vra] = 2 ) {Q—7@?} = _lazfa )
(217) {Qfﬂp?f-} = Fiv [Q*aF ] = iaﬂ/@ ;

«Q

[Q—afa] = _E— } {Q_’?ﬁg} - Zazxa )
Q. 0iy=F". [Q . F]=iduf.

The N = (2,2) transformations can be written in a more covariant fashion

as follows
0z = (e, 9)°) 07 = —(€,9") ,

(2.18) S = inh 0,2+ eFY | 5Y°" = —inh0, 30 + eF"
OF® = i(e A" 9,0%) . 6F" = i(e,/"9,0") .

>The pairing ez +> Q4 corresponds to the frame invariant product defined in
appendix A.
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2.3. R-symmetries and the low-energy limit

The action (2.12) at W = 0 exhibits the chiral symmetries of the NLSM on
Y, which act on the superfields (2.7) as

(2.19) oF 0~ X« v

U(1)? 0 1 0 -1

Uy 1 0 0 0
These are however broken in the theory with a non-trivial superpotential.
A consequence of the Cj, action induced by the Killing vector field V' is the
fact that the superpotential satisfies a quasi-homogeneity condition. Assum-

ing that at least for a generic enough superpotential, V' is unique, and that
locally it can be written as V' = q,z%0/0z%, this condition reads

(2.20) W (2%ee) = W (22) .

It then follows that the classical action admits the symmetries

(2.21) A R
U(l)g 0 1 o Ga—1
U(l)R 1 0 o qa

These are non-anomalous when Y is a Calabi-Yau manifold, which we as-
sumed in our construction. Moreover, the vertical property of V implies
that g, = 0 for the base coordinates, while each coordinate along the fiber
component X; has charge 0 < ¢; < 1/2.

There is a particularly useful structure which we can use, together with
known renormalization theorems, to relate UV data and the IR CFT. Name-
ly, we can construct a left-moving AN/ = 2 superconformal algebra in Q 4-
cohomology [20]. For the class of models under study, the generators have
been worked out in [14] and we report them here for convenience

JL = (qa — DY2Y_ 4 — 4o pa

T = 0.0 — 5 (D a0 + 9200 ) — 301
G =iV2 [ (0.0 = 0.(qat_ o2%)]
G~ =iV2y°p, ,

(2.22)
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where p, = gaaﬁzfa+Fg,YE,,5wz. In term of these fields, the action reduces

to a first-order system, with free fields OPEs

(223) 2 ()pp(w) ~ ——88 . ()P plw) ~ —

Z—w

60{
z—w P
which define the left-moving N' = 2 algebra in the full theory, while the non-
trivial geometry is encoded in the transformation properties across patches
of the fields. In this case, there is plenty of evidence [14] that the theory flows
under RG to a conformal fixed point characterized by the central charges

(2.24) c=c=3) (1-2¢) .

[0}

In the present work, we are concerned with the (c,c) ring of the theory, and as
we will see, only a subset of the fields actively plays a role. In particular, the
field p will not enter our discussion, thus we do not need to review its prop-
erties. Nonetheless, this patch-wise free-fields first-order system description
of a hybrid model is particularly useful in performing explicit computations,
as we will see in later sections.

2.4. The orbifold and the twisted Jacobian algebra

In application to string theory, the relevant objects are not quite hybrid
models, but rather orbifolds thereof, obtained by quotienting the theory by
the discrete symmetry generated by exp(2wJp), where Jy is the conserved
charge associated to the J; current.® Let ¢; = a;/Nj, where a;, N; € N5,
then this discrete symmetry is given by I' = Zy where N = lem(NVy, ..., Ny).
As a consequence, all (NS,NS) states have integral charges under both
U(1)r x U(1)r and the theory can be consistently completed to define a
type II or heterotic string vacuum [21]. In particular, given the vertical
property of V' the orbifold action is purely on the fiber X. As mentioned
above, this condition defines a good hybrid [14]. When this fails to be the
case, it has been shown [13] that the theory develops a singularity at finite
distance in the moduli space, and the hybrid structure of a LGO fibered
over a compact base breaks down.

From a purely mathematical point of view, the orbifold can be viewed
as additional structure on the data defining the hybrid model. In particular,
given W :'Y — C, let the Jacobian algebra Jac(1V) be the finite-dimensional

SWe remark that exp(27iJy) acts on x® and ¥¢ with the same phase, hence it
is a flavor symmetry of the theory and the quotient theory is well-defined.
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C-algebra defined by the cohomology of Q L+ Q_, which we will study in
detail in the following section. This algebra is expected to have the structure
of a Frobenius algebra [22, 23]. The authors of [24] defined, in the case of
orbifolds of an invertible polynomial W, a I'-twisted version of the Jaco-
bian algebra, denoted Jac'(W,T'). This object is further equipped with an
orbifold residue pairing which defines an orbifold Jacobian algebra, i.e., the
[-invariant subalgebra of Jac'(W,T'). This in turns defines the structure of
a Zs-graded (commutative) Frobenius algebra.

From this perspective, one of the results of this work is to derive a non-
degenerate C-bilinear form, which we can call the residue pairing, which
gives (Y, W, C%) the structure of a (orbifold) Frobenius algebra.

3. The B ring

Having reviewed the construction of the theories we wish to study, we now
turn to the characterization of the main object of interest in this first part
of the work, namely, the (c,c) ring. In generic (2,2) SCFTs, it is defined as
the collection of operators which satisfy the relations h = ¢/2 and h = g/2,
where h(h) is the left(right)-moving weight and q(q) the charge under the
left(right)-moving R-symmetry [25]. This is identified with the cohomology
of the supercharges Q 4 and Q_," or equivalently with the cohomology of

the sum

(31) Q(c,c) = QJr + 6— .

A simple consequence of the N/ = 2 superconformal algebra is that in a
compact SCFT® the number of such elements is finite. The ring structure
is provided by the OPE between these operators, which is non-singular as
a consequence of the unitarity bounds. This also implies that the three-
point functions (O1(z1)02(22)O3(z3)) of such operators in a suitable twisted
theory (the B model) are independent of the insertion points z; 2 3, and the
computation of these correlators in hybrid theories is the main result of this
work.

"In (2,2) theories there is another (in general) inequivalent ring, the (a,c) ring,
defined by the cohomology of the supercharges Q 4 and Q_, or equivalently by the
relations h = —q/2 and h = g/2.

8By definition, a compact CFt is a CFT where the number of quasi-primary
fields of conformal weight A < A, for any A, € R is finite. See chapter 2 of [26]
for more details.
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Before we proceed to review the techniques, developed in [14], to com-
pute the elements of the ring, a comment is in order. While it is customary in
the literature to use Q(C,c) as the BRST charge in the B model [27, 28], this
choice has the disadvantage that the corresponding representatives of the
cohomology classes, i.e., the elements of the ring, do not, in general, admit a
well-defined U(1)y, x U(1)g-action. In other words, such representatives are
not eigenvectors of the chiral symmetries (2.21). This issue is avoided in the
context of (2,2) LG models as the cohomology is localized at one particu-
lar position in the (dual) Koszul complex, the ring assumes the usual form
Clzy,...,zN]/{(OW,...,O0NW), and the representatives have well-defined
charges and weights. This is not the case for a more general hybrid, as the
description of the ring generally involves, as we will see, some particular
linear combinations of the Fermi fields which do not admit a well-defined
action under the chiral symmetries.

For this reason, we find it more convenient to consider the cohomol-
ogy of both Q 4 and Q_ separately. Specifically, we observe that there
exists a deformation of the Q(C’C)—cohomology defined by the supercharge
QC = Q+ +(¢Q_. We will argue that Qc—cohomology is equivalent to 6(076)—
cohomology. It is clear that Qc—cohomology will not depend on ¢ as long as
¢ # 0, while at { = 0 obviously Qc:o = Q.. A look at (2.18) shows that

[anfa] = Ei - CEﬁ ) {Qgﬂ/ﬁf} = igixa )

(3.2) o _ >
{Qe. v} =(i0.a® . {Qe¥_ o+ (ot =0+)W,.

At first order in (, the only additional condition is that ¥ are no longer
exact. This implies that Q.-cohomology is equivalent, up to Q_-exact terms,
to the cohomology of an operator Q which acts as

(3.3) .
Q.7% =97, {Qui}=i0:=2", {Qu*}=i0.a®, {Qv_,}=W,.

In particular, we can split Q = Q, + Qyy, where Q, := Q|w=o and Qy
contains all the dependence on W. These satisfy 6(2) = 6124, =1{Q,, Qw} =
0, and the non-trivial action of these operators is represented by

[QO?EE] = ﬁi 9 {607¢i} = 7:521‘0{ )

(3.4) - e
{QO’¢S} = iazxa s {Qvaf,a} =W, .
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In order to simplify notation it is convenient to redefine the fields as follows

(3.5) =0T Yo =V -

)

Now, we can rewrite (3.4) as

(3.6)
[Q __] - 77 ’ {Q0,¢+} - Za .I‘ {Qoﬂﬁ} = iaz$a> {QW?YQ} = Wa-

From (3.6) we see that up to (anti-)holomorphic derivatives, 11 are Q,-exact
and the candidates for elements in Q-cohomology are the local operators

Q.0 ﬁl =B,

(37) Ow) = (@ BT TP Xy e,
The action of the supercharges on the states (3.7) is given by
(38)  Qo:OW) = @)@ )% TN X, X,
where (Ow)5 = 0w/0T7, and

(3.9) Qu : O(w) — (—1)5w(x,E)%i::_’%”'Walﬁﬁl TP X, Xa, -

We now specialize this structure to the hybrid geometry Y = tot (X 5 B).

Let {U,} be an open cover of B, then {7 1U,} is an open cover of Y.
Consider an open set 71U, = U, x C" parametrized by the coordinates

(3.10) = (y!,¢") € U, x C"

where I = 1,...,b and ¢ = 1,...,n. On this patch we can identify the
operators (3.7) as sections of the sheaf

(3.11) < P () 2 82(Cn)> &N Ty ,
S1+82=s

where all the products ® are over the ring of C™ functions on 7~ 1U,. We

take this ring to be C'°° functions on U, with at most polynomial growth

along the fiber directions. This condition does not affect the cohomology, as

we show in appendix B using the results of [29].
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As shown in [14], upon specialization to Y, in order to compute Q-
cohomology we can restrict our attention to operators that are horizontal
forms and independent of ¢. That is, we can interpret w in (3.7) as a (0, s)-
horizontal forms valued in A"Ty. We identify this vector space as

(3.12) ATy == Q% (Y, A" Ty) ,

that is, (0, s)-forms in Y valued in A"Ty with at most polynomial growth
along the fibers. The supercharges act on (3.12) as

(313) 60 : /\ZTY — /\ZJrlTY , GW : /\QTY — /\g+1TY .

The space of operators (3.7) constitutes a double graded complex K™*
(3.14)

S
0 0 cee 0 0 0 0
Ey® = K™ :
0 /\gTY cee /\gTY /\ll)TY /\STY 0
0 /\ilTY ce /\%TY /\%TY /\('fTY 0
0 ATy - Ay Ty Oy 0

r

and (3.13) implies that Q, and Qy act as the vertical and horizontal differ-
entials, respectively. Thus, the total cohomology Q is computed by a spectral
sequence determined by this data. In particular, the first stage is obtained
as B)° = H%O (Y, K"™*), which yields

(3.15)
Qw Qw

0—— H*(Y,ATy) —= ... —= HY(Y,Ty)|——= H*(Y,Oy) —=0
ET*

Q Q
00— HY(Y,ANTy) — ... =% YUY, Ty)|—> H'(Y,Oy) —0

Q Q Q
00— HOY, ATy) —2 .. =2 HO(Y, Ty )| ——> H(Y,Oy) —= 0
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The next stage is given by taking cohomology with respect to the horizontal
map Qs according to (3.9). This is the hybrid generalization of the (dual)
Koszul complex familiar from Landau-Ginzburg models [30, 31]. Higher dif-
ferentials are constructed from (3.13) using the standard zig-zag procedure
[32]. An important fact is that the spectral sequence defined above is ensured
to converge, since s < b= dim B.

An apparent issue in computing the spectral sequence is that, due to the
non-compactness of Y, the cohomology groups Héo (Y,A\"Ty) are generi-

cally infinite dimensional. This issue can be circumnavigated due to the fact
that Q-cohomology commutes with the left-moving A" = 2 algebra, and we
can use the generators J; and T to introduce additional gradings on the
space of operators (3.7). This is why it is convenient to choose cohomology
class representatives that admit well-defined charges. In particular, as we
discussed above, the left-chirality condition 2h = ¢ is already automatically
imposed by Q-cohomology, therefore it suffices to restrict our attention to
the grading q corresponding to Jr. In practice, this means that we can com-
pute the spectral sequence at a fixed value of q, and the groups H, a(Y, N'Ty)
are then finite-dimensional. A prescription for how to compute these graded
cohomology groups in terms of cohomology groups on the base is given in
appendix C of [14].

4. B-twisted N = (2, 2) hybrid models and S? correlators

In this section we turn to the study of the B model for hybrid theories. The
vector and axial R-charges act on the component fields as

(4.1) o (e P Fe
UDv gy ap—-1 qp—-1 qp—2
Ubla ¢ ¢5-1 q3+1 q

These are related to the left- and right-moving R-charges by
(42) Uy =UM)r+UMr,  U@)a=-U(1),+U()s.

From (2.21) it follows that in the models under study, ¢% = 0 and ¢f; = 2¢,.
The B-twist [28] of the theory amounts to twisting the Euclidean rotation
group U(1)g by U(1)4. There are two options for performing such a twist,
namely

(4.3)
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and for definitiveness we choose the twist denoted B(,). Under this choice,
the spinors €4+ become scalars,” and the matter fermions transform as sec-
tions of the bundles

Y§ eT(Ky0a*(Ty)), ¢ eT(Ks®a*(Ty)) ,

“ er(=*(Ty)) .

(4.4) 0 i _
vy €T(a"(Ty)) , Y

There exists a family of nilpotent operators d;, parametrized by a phase ¢ 10
which is defined by setting

(4.5) 6¢ = Ole,=ce_ -

This differential corresponds to the operator GC in (3.2). Since we showed

in the previous section that the cohomology of QC does not depend on ( as
long as ¢ # 0, we choose in this section to restrict our attention to ¢ being
a phase. The SUSY transformations generated by d; acquire a very simple
form if we redefine the fields as follows'!

R=0T — T, 0T =P+, g = yldz+ (T

(4.6) -/ & e
F'e = ¢ lpe | F%=CcF".

In terms of these, from (2.18), we obtain

5<$a =0 5gfa =€_K
e Sep = 2i€_ 82 5.0 =26 F°
. 5<F/a = 22'@_8””8#,03 , 5CF/a =0,
5C,‘<cd =0 y
where we defined the symbol e# as e = —¢** = 1. The B()-twisted

Lagrangian, in terms of the fields (4.6), reads
Cx = —go3 (W0,2°0,2° + Li pe D P 4 ic8,207
K = —9a8 n v B Pullv vPy

. 2o
+ " Roaparip v

9The B(_)-twist is equivalent and, in such case, e+ become scalars.

19T [33], ¢ is denoted €% and fixed to 8 = m. §: is also the same differential
denoted 9y in [34].

"The Fermi field p® is not to be confused with the field p, in (2.23). As men-
tioned before, the latter will make no significant appearance in our computations.
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—a 1 1
+ 90aF" F " + Zgaa gvs“”pupyF + gaaI‘/ﬁF'a K207

2
1 =a v B 07
+ J90al' 3, Tase 0 pln"07 .
(4.8)
1 1K C 1224 15 C 0-0:W Eu
L = 5 ( CF "W + S0a05W e i pl+C" F“0aW+ +250a05Wr

From the above expressions it is easy to see that the net effect of keeping
the phase ( arbitrary is equivalent to a rescaling of the superpotential

(4.9) W — (W, W — W

This is a good point to comment on the geometric interpretation of the
differential d¢. The local operators that are candidates to be d.-closed are

(4.10) O(w) = wgll g KO 5P 0, - B,
where we defined 6, = g.zf®. While the structure is precisely the same

as in (3.7), here we are using a different basis which does not have a well
defined vector R-charge. The operators O(w) can be identified with global
sections of the sheaf of polyvector fields

411) PV =PV =P o rTy =P ATy ,
s,r

via the mapping

(4.12) k® — dz% | 0o — O .

Then, we identify the operators (4.10) with

(4.13)
Ow) = wy = w55 “di” 7" © 0, -84, € PV(Y) :=T(Y,PV).

1yeeesPr

Upon acting on these, the differential J. is identified with
(4.14) ¢ = 9 — Claw

where the operator (g acts as

s

(4.15)  tgwow’ = Z(_l)rﬂﬂamngl,...,asaal A NBgy A...0q
=1

s
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= (= 1) W w019 A A,

s—1 °

The charge orthogonal to d; has instead the following interpretation
(4.16) SC = 5’g+:7<g7 — [A,g — Qde] = [A, 54] .

The operator A is defined as the contraction with the inverse of the Kéhler
(symplectic) form on Y, and it acts on w? as

(4.17)

Nowf 4 dz™ A ANdZ® =r(=1)"""g%%E 5, 5, AT A A dT

The space PV(Y) = @®4,PV?P(Y) admits a Z-grading (see for example
[34]), given by

(4.18) deg(wy)=r—s, wy € NNy .
In particular, ¢ shifts deg(w]) by +1.
4.1. Localization on S2

We now turn to the derivation of the formula for the closed B-twisted cor-
relators of local fields via S? localization. This can be interpreted as the
hybrid generalization of the LG correlators from [27]. We remark that this
result has been first derived in [35] — although in a slightly different fashion
than the one we will present here — as well as in [36]. In the latter work,
however, the result is valid only for the non-degenerate case, as it involves
determinants of the Hessian of W. This is not the case for the models we
study in this work whenever Y is non-compact, that is, whenever X and W
are not trivial. Nevertheless, we find instructive and useful to re-derive this
result from our perspective. This will also pay off in section 6 when we will
perform an analogous localization computation for (0,2) models, where our
result is instead new.

First, let us note that the kinetic term Lx in the Lagrangian is d.-exact,
as

1 1 _
(4.19) L = 5{ < gaah p'ua o + 2gaa <F’C¥ + §5HVFg7pﬁpZ> 90‘) .
In particular, the term

(4.20) 6¢ < Jaah p;, 0,7 ) = —€_0oa <h” 0,057 + = h’“’pO‘D K )
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is positive-definite, and we can use it to localize the action by regarding, at
a first stage, the fields F’ Q,F/a and 0% as background fields. This means
that we first localize regarding only the fields {x%, 2%, %, p®} as dynamical.
The solution to the saddle point equations

(4.21) d¢k =06¢p=0

on ¥ = S? is simply given by #® = const. The classical action evaluated at
x® = const reduces to

(4.22) S()[F,g] ::/dzz(ﬁK‘i‘ﬁW)’xconst
/d z(ng’aF ¥z (gF’aa W+ ¢\ F aaW)> .

The 1-loop determinant coming from the expansion of (4.20) over non-zero
modes is actually a numerical constant that we can ignore. While the zero
modes of z® are weighted by Sp[F, 0], we have to be careful with the zero
modes of the fermions k% (on S2, p has no zero modes). The usual trick (see
for example [37]) is to use the classical action evaluated at the zero modes
of k§ to absorb them. Thus, the path integral reads

(4.23) / DF'DF DY / ] / drg eS|
Y «

and it is weighted by

(424) S[Fv 9] = / dZZ('CK + EW)|(r:const,ng‘) = SO[Fu 0]
b

2, (S5 5 70 ag
d“z kS0P ) .
The integral over D6 is to be interpreted as an integral over the 6% zero
-/
modes, and the integration over F'® I can be performed by means of a

change of variables. The result, using the geometric interpretation outlined
in the previous section, is the following formula for the correlators

(4.25) )g2 :_/ d*x /Hd&o Hd/so exp(——HdWHQ

1 _
4 v%mégmgag)ow ,
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where v is the worldsheet volume and ||[dW|? := g*®0,WzW. The last
step is the integration over the fermion zero modes. If w € PV™*(Y), we
have the equality

(4.26) /deaz/(Hng)(Hdmg‘)O(w):/YQY/\(QYJwﬁ),

where €y is defined as

(4.27)
Qyw? = (Qy) w2 dzP A A dEP A da® A A da®

Ay Oggy1 Qg ﬁ ,Br

Some comments about this formula are in order. The contributions of the
Fermi fields to the measure are identified with sections of the bundles

(4.28) []d65 e r(xy) . [[dx6 e T(Ky) .

The condition for the measure to be well-defined is then Kvy ®K; =Ky ®
Ky = Oy since Oy always has a nowhere vanishing global section. This
condition was obtained also in [18]. For the case at hand, where we want to
consider Y being non-compact, the holomorphic volume form Qv is defined
only up to a multiplicative non-vanishing holomorphic function on Y. We
remedy this ambiguity by requiring

(4.29) Qy A ﬁy = [’%n , [? = igaadr® A dz®

Finally, the S? correlators can be written as
(4.30) (O(wW))s: = / Oy A (Qy(ehwp)) |
Y
where we introduced the operator
> MR o —a oTH_TT 1,0
(431) L:= —ZHJH +VTaJ 8a s J aa = 85W8a e PV® (Y) s
whose exponential acts by the usual wedge product on polyvector fields

(4.32) L_, umvzc v (@7%0.)" .
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We remark that the correlator (4.30), when Y is compact and smooth (thus
L= 0), reduces to the well known expression for a NLSM with target the
CY manifold Y (see for example section 16 of [38]).

Although the formula (4.30) is formally a one-point function, it is of most
interest when interpreted as a three-point function, that is, by expressing
the insertion as the product O(w) = O(w1)O(w2)O(w3), where O(w123) €
Hé(Y,/\'Ty). In particular, the correlators must be invariant under the
chiral symmetries. From the expression (4.25), it follows that the measure
has charge —c/3 under U(1), thus the correlators vanish unless

C

(4.33) A(O(w1)) + a(O(w2)) +a(O(ws)) = 3 -
Invariance of the formula (4.25) under U(1)4, under which the measure has
charge 0, instead implies that O(w) € EB;’,:OPV”’ (Y).

4.2. Properties of S? correlators

The formula for the S? correlators we derived in the previous section enjoys
a series of properties that we will argue for in this section. We remark that
some of these properties have already been shown in [29] and [39].

Let us start by showing that (4.30) is independent of the choice of rep-
resentatives. Consider the following integral on S?

438 (50w))e = /Y Oy A (Qydew),  we PVPAY) .

In order for the integral to be well-defined, we take O(w) to be a compactly
supported (we only need it to be compactly supported along X ), nonsingular,
homogenous (in degree) polyvector field. Since dw € PVP4+1(Y) and 1w €
PVP=L4(Y), then (0;O(w))s =0 unless g+1=p=dorp—1=q=d. If
p =d+ 1, w vanishes identically, while in the former case we are left with

(4.35) <6C(9(w))f92 = /YQY VAN (Qngw) = /YdQY VAN (Qy_lo.)) =0,

where the last equality follows from our assumptions that w has no poles
on Y and that the integral is convergent. By a direct computation one can
show that

(4.36) 6, "] = 8¢ (el) + elo, — b5, =0 .
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Hence

(4.37) (0:0(w))s2 = (0 (P O(W)))s: =0,

for any polyvector field w, concluding the proof that the correlators do not
depend on the choice of representatives.

A second property of (O(w))g= is that it is independent of small varia-
tions of v whenever w is in ;-cohomology. This is expected for a topological
field theory and it follows from the identity

139 e (<P I, ) <@ net
where

—1
(4.39) &= 5VCT7“0Q

Now, since all the dependence on v is contained in f), it follows that

(4.40) (O(W))s2lvisw = (OW))s2lv + (5c(0(@)) A L O(w))se

= (O(W))szlv + (5:(O(&) A P O(w)))ss
= (OW))s2lv ,

where the last equality follows from (4.37).

Next, we are going to show that (O(w))s= is independent of variations
0gnp of the metric on Y such that dgag = dgz3 = 0, Le., our B model
correlators are independent of variations of the Kéahler moduli of Y, as
expected. Let, as before, w € PV*°(Y) be a homogeneous polyvector field
in ;-cohomology. Then

(4.41)

R 7‘S+ 7*(7 1)
N A A )
e = B (2) A
71 = ’77‘ Y = _RB

X (a5, A AT Tl A A ndZP
where s = d—r. Moreover, notice that the only dependence of_f/ on the metric
is in the form of the inverse metric ¢g®?. The variation §¢®’ in exp(L) can
be split in two pieces, namely the variation of the multiplicative exponent

_v 2 \4 3—= v 2
(4.42) (e T ) = _Z(ggaBJBJae i B
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and the variation of the 8.J"8, factors
(4.43) 0(0T"0a) = 0(09°" T 5)0a -

The full variation of (4.41), after a slightly lengthy computation, is given by

(4.44) 5(Qy (eFw)) = <41 oy, (eFa(0) Aw)
_ C::VQYJ (@ nw) |

where

(4.45) 0 :=69°9 T30, € PVIO(Y)

Thus, the variation of the full correlator is

(v

(446) 5<O(w)>52 = <5<O(@ A w)>32 =0.

_Finally, we want to comment on the independence of the parameters
in W. While we expect (O(a))g2 to depend holomorphically on the super-
potential parameters, (4?@) is _certainly not explicitly holomorphic. Let us
consider a variation J — J + §J. A direct computation shows

(4.47) e£‘7+57 =el d¢c(w) A ek ,
where

(v —a
(4.48) w =200 € PVE0(Y)

Thus, this variation produces a d¢-exact form, which gives a vanishing con-
tribution to the correlator, and the correlators do not depend on the anti-
holomorphic parameters in W.

4.3. Reduction to integral over B and residue formula

In this section we are going to analyze more closely the integral arising in the
S? correlators. Our goal is to show that such integral reduces to an integral
over B, and we will compare it with the residue formula given in [39]. Given
the factor exp(—v|dW||?/4) in (4.30) and the assumption of polynomial
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growth along X, the integration over the fiber coordinates is absolutely
convergent. Thus, it should be possible to perform such integration and
obtain (O(w))g2 as an integral over B. In this section we will push this line
of reasoning a bit further to derive a residue formula for (4.30).

Let us consider w = ZZZO wp, where w, € PVPP(Y), as appropriate for
a non-vanishing integral. This is an element in d;-cohomology if and only if

(4.49) Owy = CLywpi1 , p=0,...,d—1.

Let us define the collection of functions

r d—! —1_—a¥|J|?
(4.50) fri= (1) aT et

a=1

for r € Z~go. These satisfy the following properties

(4.51)
af. = () eI 722572 — ot (Y ez
of, = (3) e SWPIIIF200II) 5 fra = v = () IIIZe 31

Let us also define the collection of polyvector fields A;_1 € PV5~1(Y) by

—a - s—1

J 8a> <8J &x)
4.52 Ay = ,
(4.52) ! <IIJH2 1712

for s=1,...,d — 1, which instead satisfy

(4.53) 0A_1 =154, , 0A4_1=0.
It is possible to show that

(4.54)

\% p ]_ v 2 = b= Vv p ]_ v 2 —_
2N 2SI « P _ 2N 2SI 2p
(4> e (8J 8a) 811,./41,_1 + <4) e HJH (‘3Ap_1 .

With this property we can write

V\P 1 _v 2 == — —
(4.55) (Z> p° TP @T 00wy = 8 (fpAp-10a—p) — fp0Ap-100a—p
+ prp_lgwd_p

vip 1 _ v 2 —
+(3) e I, e
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5 1
=0 (prp—lwd—p) - ]_)fp-J,-lLJprd_p
+ Cprpflewd—pH .
Now, let us define

P C—p+1
(4.56) By = — o sy Cpi= prAp—wwdpr ,

for p=0,...,d, with Cp := 0 and By := 0. It is possible to show that!'?
(4.57) B,+Cpy1 =0, p=0,...,d—1.
Putting all together, we obtained the expression

d P

(458) eIAI(JJ = 5 Z Fl)'prpfla.)d_p
p=1 '

Thus, a generic correlator can be written as
(4.59) <O(w)>g2 = / d (QY A (Qy_lE(w))) ,
Y\B

where the polyvector

(4.60) Elw) =) ﬁ foAp_1wa_p € PVHL(Y)
p=1 ’

is meromorphic, and (4.59) is an integral over Y \ B, where B is the zero
section of Y and is the singular loci of =. By Stokes’ theorem, the integral
reduces to an integral over M = 9(Y \ B), where M has the structure
of a fiber bundle over B, say M : S — B, and the fiber is the sphere
S = §2d=2b=1 Hence

(4.61) (O(w))s2 = /Bw*(QY A (QyoEw))) ,

12Here we use the following property: given a € PV?4(Y) and 8 € PV™3(Y),
if we write them in an explicit basis, in terms of fermions, a{f; ]]ﬁ[q])‘([p], etc., then we

have tj(af8) = ty(a)B + (=1)P 9 ;3.
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where 7, (v A (Qy1=(w))) is defined by integration over the fiber coordi-
nates by

(462) ™ (Qy A (QyEW))| = / » )QY A (QyEw)) .

We can interpret (4.61) as our residue formula, and it coincides with the
one presented in [39]. As a consistency check we can see that in the case of
a pure LG model, where B = pt. and Y = C%, (4.61) reduces to an integral
over 521, By a well-known theorem in residue theory (see, for example,
chapter 5 of [40]) (4.61) can be expressed as an integral of a holomorphic
form in C?\ Uy{Jo = 0} over the torus {|J.| = €4} (recall that, for a LG
model, the é:-cohomology collapses to degree (0,0), i.e., the relevant w’s are
just holomorphic functions). This is exactly the formula derived in [27]. A
detailed derivation of this can also be found in [34], where our function f,
at large v plays the role of the cut-off function introduced in [34].

As a final comment, we were not able to reduce our formula to an in-
tegration over a cycle in Y \ B (and neither are the authors of [39]). More
importantly perhaps, it seems challenging to implement (4.61) for explicit
calculations. For the purpose of actually finding the value of the integrals in
specific examples, or to be more precise, the dependence of the correlators
on the parameters in W, we present in the next section a proposal for a
transformation law.

4.4. A transformation law for hybrid integrals

The transformation law for local residues is well known (see chapter 5 of
[40]). This property is very useful for computing correlators in N/ = (2,2)
LG models, since they can be expressed in terms of residue integrals [27].
Let us review how this transformation law can be used to compute S? B-
twisted correlators in LG models, from the formula of [27]. Let us consider
the LG model (C",Wig) (this considerations also apply to LG orbifolds
(C", Wrg,T') where I is a finite group), where ¢1,. .., ¢, are coordinates on
C™. Then, there exists a n x n matrix B;”, whose entries are polynomials in
the ¢;’s, such that

(4.63) B J; =T;, Ti:=¢,  a;€Nsg,

where we defined J; := 0;Wrg. The matrix B is not unique (and neither
are the integers a;), but the residue is not affected by this choice. By con-
struction, B contains all the dependence on the parameters in Wy,q, which
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we collectively denote €. Then we can write

(4.64) det(B) = > hy(&)my

where h; () are rational functions in £ and m; are monomials in the ¢;’s.
The local operators spanning the (c,c) ring of the theory are given by
Clo1,...,¢n]/ < J >, where < J > is the Jacobian ideal [25]. Let O(w) €
PVY9(C™) be an element of the (c,c) ring. Then, using the local transfor-
mation law, LG S? correlators can be written as

(4.65)  (O(w)& = th )Res (H T) th O(myw))e

where we denoted (O(myw))L. the correlators obtained by replacing .J; with
T;. These do not contain any dependence on £ and are straightforward to
evaluate. The proof of this transformation property for the residue formula,
given in [40], relies on the property that the residue integral is explicitly
expressible as a holomorphic integral over a cycle. As we pointed out above,
we do not know how to generalize this property to the hybrid case, despite
the fact that formally the hybrid correlator has no dependence on the anti-
holomorphic parameters. However, we conjecture that a similar property also
holds in the more general hybrid setting. In the remainder of this section we
are going to provide a non-rigourous argument in favor of the existence of
such a property for the general hybrid S? correlator.

Let w € PVPP(Y), and we do not need to require that w is an element
in d¢,-cohomology for the following argument to hold. This specific form of
the insertion selects one term in the expansion (4.32), and the correlator
(4.30) reads

(4.66) (O(w))ge = (Vi_1>d_p /Y Oy A (QYJ (e*ﬂlJlP(Wo‘aa)dfpw)) _

Let us now assume that there exists B € I'(Hom(7%,,75)) = I' (Ty ® T5)
such that

(4.67) T, =BlJs € T(T%)

does not depend on the parameters £ of W and B = {T,, = 0} C Y, that is
the potential condition holds for T as well. We can interpret the inverse of
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the Kéhler metric g~ to be a section of Hom(Ty, Ty) and write
(4.68) 117 = J(g™ 1) -

Let us define the metric A on Y by

(4.69) g '=B'r"B,

where B! € T (Hom(Ty,Ty)) denotes the transpose of B (and B €
r (Hom(T?,T?))). We can then express the operator L in terms of the

metric h as

C—l

A v —
(4.70) L= —ZHTH?L + VT(Bf)ﬁaaT s

where we emphasized that ||J||> = ||T||? is contracted using the metric h
and T" = h®®T,. Since B! € T(T% ® Ty), the wedge product B! A Bt is
well-defined, as is the tensor

(4.71) M(B) = QyaB' A...AB e T(Y,NIT%) .
(d—p)-times

Finally, by plugging in these definitions in (4.66) we obtain
(4.72)
chl d—p v s 0
(O(w)) g = ( ) / Oy A (M(B)J (e—zHTH (T aa)d—%)) .
4 Y

Although the above expression appears to be merely a rewriting of the origi-
nal correlator (4.66), notice that all the £ dependence is now contained in the
metric h and the tensor M(B). Next, we wish to make use of the property
that the S? correlators do not depend on variations of the Kihler metric, as
we showed above. This implies that we can choose g in (4.69) such that h
has no dependence on £. In particular, we can choose h to be diagonal and

constant over Y. The tensor M(B) can be written in terms of minors of B.
Let us make this more explicit. Let us define the matrix ./\/laﬁ = 5576 and
let Mgll g‘“ be the completely skew-symmetric tensor where each compo-

nent is given by the determinant of the minor of M obtained by removing
the columns ayq,. .., &, and the rows 1, ..., ,. This can be expressed as a
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sum of products

Q1yeeyQp A1y, Qp (RE\ V150D
(4.73) Mg = @) (B s
[7]
In a patch, we can write (v)ay,...0u = fY€ar,.,as, With fy a nowhere

vanishing holomorphic function. Then (4.72) can be written more explicitly
as

(4.74)
(O(w) 52 = ("4 ) Z [ e B O

17 71?

The determinants (Bt)gl’ ’gf can be expanded, similarly to (4.64), as

(4.75) (BY T = th M, |

where M; are monomials in the local coordinates of Y, and the coefficients
ht(€) are rational functions of &. Thus, (4.74) is expressed as a sum

(4.76) (OW))s: =Y hi(&)MOW))E:

where each of the correlators (M;O(w))%, are computed with respect to T
and do not depend on the parameters £&. We have arrived, at least formally,
at an analogous situation as in the LG case above.

We conclude by commenting where our argument fails to provide a rig-
orous proof of the conjectured transformation law. Despite the fact that
(4.72) appears to be simply a rewriting of (4.66), it implicitly assumes that
the section B exists and that the map (4.69) is invertible, but det(B) is in
general a non-trivial function on Y, hence it can vanish. Nevertheless, we
believe that a rigorous proof should exist, and that the argument presented
here is sufficiently close to it for our purposes.

5. Main example: the octic hybrid

In this section we apply the techniques developed above to a non-trivial
example. Let us consider the hybrid model defined by the geometric data

Y = tot ((’)(—2) DO - ]P’l) and Cj-action with weights ¢; = %, 1=
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., 4, acting on the fiber coordinates and fixing the P! base. The orbifold
action I' = Z, introduces 3 additional twisted sectors, which will not be
relevant for our analysis. The most general superpotential compatible with
this structure is given by

4
(5.1) W = Z S[zi]F[4—t](¢a)(¢l)t )

t=0

where S, € H (P!, O(p)) and Fig is a homogeneous polynomial of degree
q in the variables ¢% a = 2,3,4. This model inherits its name from the
geometric phase of the corresponding 2-parameter GLSM, which in the large
radius phase describes an octic hypersurface in the toric resolution of P{;59,.

Specifically, we choose a one-dimensional parameter subspace of the
above superpotential

(5.2)
W= St +ad@) + (6D + 1) + 1(0")! — voraad! P!

where [z1 : x2] are homogeneous coordinates on B = P!, Let u = z9/11
and v = z1/x2 be local coordinates on the standard cover U; = {x; # 0}
and Uy = {za # 0} respectively. Just in this section we slightly alter our
notation to a = 0,...,d — 1 = 4, so that the base index assumes the value
I = 0 and the fiber coordinates have indices ¢ = 1,...,4. Thus, in the Uy
patch we have the (0,2) superpotential®®

Ty =T (gp)t —eldiessn , Ji = (u +1)(¢2)? — Yugtdl e
(5-3) 1y = (62)% — dugldis? J3=<¢i) — pugldet |
Ji = (¢n)” — wucﬁu&m,

and similarly in the Uy patch

Jo =0T (p) — porg2eiey , I = (v +1)(61) — vl
(54 gy = (¢2)° — pogletel, Sy =<¢3> — pugllel
Ty = (¢1)% — ogpdags .

13This terminology will become clear when we study (0,2) hybrids. Here J;** :=
0;W |y for the fiber coordinates, while J3 = 9, W|,, and J¥ = 9, W/, for the local
base coordinates.
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Here, qbfw = gZ)Z'|U1)2 indicate the restrictions to the respective patches of the
appropriate sections over the base, which transform according to

(5.5) S =120y P = b -

It is then easy to verify that (5.3) and (5.4) transform as a section of 75 .
In particular, we can make use of the fact that the splitting of the geometry
Y = 0% @Y, where Y’ = tot (O(—2) — P'), induces a similar splitting
for the cotangent bundle

(5.6) T =0V Ty,

that is,

JE\ v 20l (T .
o (B)-(TEHE). wen

The chiral ring

The dimension of the chiral ring for the Z4 orbifold of this hybrid model
has been computed in [14]. However, for our purposes, we need an explicit
representation of the elements of the ring. In this section we will achieve
this by following the prescription outlined in section 3. Before we delve
into the computation, we make a couple of observations which will simplify
considerably our task. First, the GSO projection is onto integral charges,
q € Z, and unitarity bounds further restrict 0 < q < ¢/3 = 3. Since we can
compute the spectral sequence at fixed value of q, we only need to analyze
the cases q = 0,1, 2, 3. Second, it is well known that the dimension of the
ring does not depend on the particular form of the superpotential as long as
it does not lead to a singular model. In particular, such choice only affects
the representatives of each cohomology class. Since, as we showed above, our
formula is independent of representatives, we can compute the correlators
for any non-singular W. The simplest choice is to set v = 0 in (5.3). As
this computation, although somewhat less explicit, already appeared [14],
we defer the detailed analysis to appendix D, and here we limit ourselves to
a brief summary of the results, keeping in mind that in this sector q - 3—q
corresponds to a CPT transformation.
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At q = 0 we find one state, corresponding to the identity element in the
ring, while at q = 1 the spectral sequence degenerates at the second stage

S
(5.8) C3 0
E;’S :
0 (C83
1 0o |7

The states (5.8) have a geometrical interpretation when the Z4-orbifold of
the hybrid theory is employed for heterotic or type II compactifications.'*
These 86 states correspond to complex structure deformations of the K3
fibered CY manifold obtained by blowing up the ¢ = ¢ = 6 LG fiber. The 83
states from the bottom row correspond to polynomial deformations, that is,
deformations of the equation defining the hypersurface. The 3 extra states
from the first row of the spectral sequence correspond to non-polynomial
complex structure deformations [41, 42], that is, deformations that are not
related to parameters in the action (2.12). This fact makes them hard to
study with GLSM techniques, as one lacks the UV description for those, or
with LG techniques, where these parameters appear in twisted sectors. In our
hybrid model, while technically slightly more challenging due to the PV 1!
component, they appear essentially at the same footing as the polynomial
deformations, and we are able to compute correlators in the ring including
these operators.

5.1. Correlators

In this section we will completely solve the example by evaluating the map
(4.25). As we have seen above, we can qualitatively distinguish between
two types of elements in the (c,c) ring, that is bottom row and first row
operators.'” It turns out that it is technically easier to distinguish correlators
by the numbers of “first row insertions”.

As discussed in section 4.4, we are going to evaluate the map (4.25) by
implementing the proposed hybrid transformation law. The key ingredient

4From a spacetime point of view, these consist of the internal part of the vertex
operators associated to the emission of a scalar field in the 10; component of the
2_7 of E6~

5We saw in (D.14) and (D.19) that elements involving PV11(Y) operators are
accompanied by appropriate PV%°(Y) tails. The term first row operators refers to
the full cohomology classes given by the combination of both operators.
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for achieving this is a section B € I'(Ty ® T5,) such that
(5.9) B Js =T, eT(Ty) ,

such that T is independent of the parameter ¢ and T-1(0) = B, that is, T
satisfies the potential condition as well. An appropriate such section is given
by

(5.10) T = (P L +1)62 oFF o8 o).

The expression of the section B such that (5.9) holds is rather bulky and
unilluminating, and we relegate it to appendix E.

5.1.1. Bottom row correlators Let a = 0;0,03 € T'(Oy), where
O1,2,3 are (c,c) elements of the bottom row type such that q(O;) +q(O2) +
q(O3) = 3. According to the discussion regarding the B ring for this exam-
ple, a will be of the general form

(5.11) a = u(¢")1(¢%)2(¢”) (o), ta >0,
such that t; + -+ +t4 = 12 and tp < 2t;. From (5.10) we compute

(5.12)  detdT = —2028(19725 — 150)7*(3")24(6°)12(4") 2(4 )12 .

Thus, the correlators now read
(5.13) (o) g2 = /QY A Qy exp /4TI o det B det(9T) |

where ||T||? = Taéaﬁfg = T, T", that is, we used the independence of the
correlators from the metric to set h oB = ) B

Solving this type of integrals exactly proves to be a daunting challenge,
which we are not able to fully overcome. It is possible, however, to perform
the integral over the various phases arg(z®). This will turn out to be enough
to determine the entire dependence of the correlators on the parameter 1, up
to an unknown constant. While this is easily done for the fiber coordinates,
one has to be careful in considering the exponential factor, as it is not phase
invariant with respect to the base coordinate arg(u). Let us consider the
argument of the exponential

(5.14)
— 1
TaTa:|u|50|¢)1‘26+Z(|U|52+U26+ﬂ26+1)|¢1’24 + |¢2’26 + |¢3’26 + |¢4’26 )
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We note that the only term which is not phase invariant is 1 (%6 +u%0)|¢; [*.
Now, using the fact that (5.13) is independent of v, we can take the limit
v — 0 and consider the expansion

(5.15) e—vT“Ta:Z(_T: ZF (], |u|) (@2 + u26)"

n=0

—ZG (1], [ul) (@ +u*™) |

where F,,G,, only depend on the magnitudes |z%| of the coordinates. By
incorporating the full = dependence in (5.13) we obtain the expansion

(5.16)

e 150 >
e—vT To (ﬂ% _ E) ﬂ24 — Z (Hn(|¢|, |u‘)a26n+24 + Ln(|¢|7 ‘u|)u26n—50) ’
n=0

for appropriate functions H,, L,. The expansion

(517)  detB= Y fongmi ()uT (1) (67 (0% (6™

mo,...,m4 >0

can be constructed explicitly from the expression of B in appendix E. Con-
sidering the contribution from (5.11) and integrating over arg(¢") we obtain
that the relevant contribution to the correlator is

4
(5.18)  adetB = Z Finooima (R)umo o (p1)24 (H(¢“)12>

a=2
4
5m1+t1,24 H 6ma+ta,12 )
a=2

where one can check explicitly that mg+ty < 48. A look at (5.16) shows that
the the integration with respect to arg(u) selects mgy + to = 24. Therefore
we have determined that

(5.19) ()52 = foa—to 241, 12,125,121, (V) -
In particular, all such functions assume the form

P

(5.20) (a)s2 = m )

0<v, <8,



362 Marco Bertolini and Mauricio Romo

where v, is a non-negative integer that depends on the insertion «. The
correlators diverge when 1)® = 1, which corresponds to a singularity in the
conformal field theory. This singularity appears in the hybrid theory as the
potential condition dW ~1(0) = B does not hold for this choice of parameters.

As an example, we can consider the element of charge (3,3) in (D.20),
which can be interpreted as a three-point function as, for example, o =

(u?(¢1)%(6%)%) (u*(¢")?(¢°)?) (u(¢")*(¢")?), which gives

1
(521) <det HeSS W>SZ == m .
As expected, this is the only possibility for a non-zero correlator in the
undeformed theory at 1 = 0.

5.1.2. First row correlators Next, we tackle the case where a =
010503, and at least one of the insertions arises from the first-row of the
spectral sequence. In particular, by inspecting the elements of the (c,c) ring
computed above, it follows that o = a1X,7° + ap, where ag, a; € PVO0(Y).
Thus, the correlator (a)g: splits as a sum of two integrals which we can
compute separately. Although o ¢ H°(Y, Oy), its contribution to the cor-
relator can be nonetheless computed by the methods of the previous section.
Thus, the main novelty here is the a; contribution. B

The correlator {(a1Y;7°) is determined in terms of the object MY, which
we recall is the determinant of the minor of the matrix M = 0J obtained
by removing the column corresponding to the index @ = 0 (from the 7"
insertion) and the row corresponding to the index f = 1 (from the %
insertion). Then, in this case (4.73) reads

4
6 . [
(5.22) MY =>" det(9T) det B ,

where det; ; indicates the determinant of the minor obtained by removing
the i-th row and the j-th column. In particular, from (5.12) we have that
deto,k(G_T) = 0 for k = 2,3,4. Thus, the sum above reduces to just two
terms, corresponding to

2 3

det(9T) = 13182(u® + 1)(¢)!1(6°)'2(8°)2(6)'? ,
(5.23) o0

det(9T) = 2856177 (3) *(6")'(8")"*(6)"2 .
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That is, putting all together the full correlator reads

(5.24)
(a)g2 = /QY A Qy exp V/AITIF oy ((i)?lt B%%t(a_T) + qit B((iﬁt((“)_T)

+ / Ov A Qy exp*"/‘iHTHQ g det Bdet(9T) .

First, suppose there is only one first-row insertion, that is, say, Oy is
of the form (D.14) or (D.19), while Oz3 € H%(Y,Oy) are bottom row
insertions, again satisfying the charge condition q(O1)+q(O2)+q(O3) = 3.
The general expressions for ag ; are

ap = ?1 uz ut (¢ t1+3 ﬁ Pt
(5.25) )
= (g @) Il
such that
(5.26) ta >0, to < 2t < 16 , ti4to+ts+14=9.

The relevant contribution to (ag)sz, determined again by integrating over
the phases arg(¢'), is now given by

mo-+to 4
(5.27) apdetB = Z Z Srmo,...oma )u ;ﬂ(¢1)24 (H(¢a)12)

m0+t0> 1 mi,...,M4 a=2

4
X Oy 11,21 H(Sma+ta,12 ,

a=2

which, combined with (5.16) and integrating over arg(u), yields

(5.28) (00)s2 = foa—ty 21—t 12— 15, 12—t5,12—2, (V) -

For the (1) correlator, we need the w dependence of the expansions



364 Marco Bertolini and Mauricio Romo

[eS)
—~TT ar 7 —26m
« T = H
IOl = 3 Hall e
(5.29) ~
T T 4ot 0T = S (Bl [u) w5 + Lo (1o, Jul)u®" %)
’ n=0

for some appropriate phase-invariant functions ﬁn, ﬁn, En Similarly, we rep-
resent the relevant determinants as

det B = Y Gmom (D)) (@) (7)™ (1)

detB=" 3 g, ()" (7)™ (0%)" (67)™ (61)™ .

Now, after integrating over the fiber arg(¢'), we are left with

(5.31)
38

detB= Y D g (D)) ()20 ()2

mo+to=0mi,...,my4

4
X Oyt 11 | [ Omattantz
a=2

37
detB= 3 D A (D) (01)12(67)12(6%) (1)1

mo—‘rto:O my,...,M4
4
i=1

Thus, we obtain a contribution from three terms, which reads

(5.32)
(a1)sz = 11901112 t2,12—t5,12— 1, (V) + 12926 —t0,11—t,,12— 15,12~ 15,121, (V)

+ I3hos—t, 12—, 12—ts 12—t5, 12—, (V)

where the coefficients I; 2 3 are represented by integrals over the magnitudes
|z|. We see the difficulty with this expression, compared with (5.19) and
(5.28), where the unknown integral can be reabsorbed into a multiplicative
constant. In this case instead it appears that we cannot determine in prin-
ciple the relative coefficients between the various contribution, and thus we
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cannot determine the full dependence on the parameter ¢). However, it turns
out by inspection that all the three contributions to (5.32) vanish separately,
thus (a1)g2 = 0. Finally, we conclude that for one first-row insertion

(5.33) (a)s2 = {ag)se

It follows that we can choose a basis A = O + O%O), where'® O €
HL(Y, Ty ® Oy), O € HY(Y,0y) and q(O1) = a(0}”), such that

(5.34) (A0203)52 =0, VO3 € H%(Y, Oy) .

Explicitly, let

(5.35) FY = ¢, FP =¢"(")(¢°), a#b#ec.

Then, there exists a unique h € C such that

(5.36) Al = _ép(q)y 7 — 1“7 — ﬂ(¢1)3p(q) + YRE@D $2 34
“ (14+wm)2 @ M 21+wuu 4 “

satisfy (5.34). This simply follows from the fact that the following holds

(5.37)  foa—te,21—t1,12—t2,12— 15,12, (V) = Y fou—ty 24—, 11— t5,11—t5,11—2, (V) -

Next, we turn to the case of two first row insertions of the form (5.34),
and one insertion from the bottom row O3 € H%(Y, Oy), that is, we study
the correlators

a

(5.38) (Al AR 05) ¢, = (Fl@) F9) A204) g2 |

where we defined A by Féq)A = A((lq). The argument above can be repeated
almost identically in this case, the only difference being in the expressions
(5.25). Let us write A = Ai;xn + Ao + ¢C, then the components of the
insertions are given by

(5.39)
o = 2F,§q1)Fb(q2)03A1(Ao +9C), ap= Féql)Fb(qz)O3<A0 4 QbC)Q _

16This notation emphasizes that O has both a PV11(Y) and a PV%9(Y) com-
ponent. Moreover, the spectral sequence degenerates at the second stage, therefore
HIG(Y7 o) = H%’(Y7 o).
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The result is that there are only a few non-vanishing correlators, thus we

can present the full list!”

(5.40) Fi1FO4 (A1 A203) g2
(¢%¢°*)? e + ks
u?(¢h)*(¢%)* -
u?(¢")*(¢%)* =
w?(g1)2(¢1)! o
T COR —

We notice that for the first correlator we were not able to determine the
relative coefficient I{, between the two contributions.

The last case to consider is for three first-row insertions. Here we find
that all the operators must have q = 1, which we can write

(5.41) (AW AD AM) g, = (¢°¢P ¢ A3) .
We can simplify the computation by expanding

(5.42)
A3 = (Arxn + Ao)® + 31 (Arxn + Ao)C + 3 (Arxn + Ao)C% + 3¢

and compute the contribution from each term separately. Using (5.34) we
have

(900 (Arxm + Ag)C?)s2 = —1p(¢*¢°¢°C?) g2 |

5.43
049 (00" (Arxn + Ao)’C) sz = (9706 A’C) 52 — (96" ¢°C%) 2

hence

(5:44) (970" ¢ A%)s2 = (80" (Arxn + Ao)*)s2 + B ("' 6°AC) 52
— 5% (¢ ¢°C%) 2.
1"Here we denote by F} F»O3 the scalar product Féql)Fb(QZ)(’)g without specifying

a,b or q. This completely determines the value of the correlator <qu1)Al()q2)03> g2,
but it is up to the reader to extract it from (5.40). For example, FyF505 =

(¢%¢3¢*)? determines the correlator (Agl), Al(f), 1)g2 for any a = 2,3, 4.
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The only choice for which the correlator does not automatically vanish is
for a # b # ¢, where

‘ 9
<¢2¢3¢4(A1Y?7 + «40)3>SQ =1 1— 48 +1; 1 _wws J

, 1 , B
(5.45) (?¢°¢" A%C)s2 = I 1= 8 + T U8

6
<¢a¢b¢cc3>52 — Iém ]

Thus, the full correlator reads

wQ
1— 8
Again, we are not able to determine the various coefficients and therefore
the full dependence of the correlator on the parameter .

Y

(546)  (¢°¢"¢°A%)s: = (I7 + 3} — 5I3) -

+ (I} + 31I%)

5.2. GLSM and comparison with LG phase

A non-trivial test for our formula is provided by the linear model. The B-
twisted GLSM is independent of the Kahler parameters, and the relations in
the B ring can be evaluated at any point in the Kahler moduli space. Thus,
when a hybrid model arises in a phase of a GLSM, our formula must agree
with the computations in other phases.

The hybrid model we have solved in this section arises as a phase of a
(2,2) U(1)? GLSM [43] with seven chiral superfields with gauge charges

(5.47) X, Xy X3 Xy X5 X P FlL
U(l); 1 1 1 1 0 0 -4
U(l)g —2 0 0 0 1 1 0 ro

We indicate as z1, .. ¢ and p the lowest components of the various superfields,
and 712 are the F.I. parameters. In the large radius phase, i.e., in the cone
r1,72 > 0, the model reduces to a NLSM with target space a K3-fibered
CY3 obtained by resolving the singularities of the hypersurface W of degree
8 in the toric resolution of the weighted projective space P;99s-

The hybrid phase we have studied at length in this section arises in
the cone 71 < 0,79 > 0, where the D-terms force the field p to acquire
a non-zero vev, as well as determine the irrelevant ideal to be (zs,x¢).
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Upon the quotient by U(1)s, this data determines the hybrid geometry
Y = tot (O(—2) & 0% — P'). Finally, U(1); is broken by < p > to a Z4
subgroup, which determines the R-symmetry assignment and the orbifold
quotient.

The Landau-Ginzburg orbifold phase arises instead in the cone ry <
0,2r1 + r9 < 0, where both z; and p acquire non-zero vevs, while the re-
maining fields are massless and interact through the superpotential

(5.48) Wig = %(:L‘% + :L‘éL + 383) + %(l'g + :L‘g) — YX2T3T4T5X6

which corresponds to our choice (5.2) for the superpotential in the hy-
brid phase. The description for the observables in the chiral ring of LGO
theories is well known: for this example these are the elements in R =
Clza, ..., z¢)/(OWLg) which are invariant under the Zg orbifold. Again, set-
ting ¥ = 0 will generate good representatives for the cohomology classes.
Explicitly, a generic element in the ring is of the form

(5.49)

4 4
OL(;:(Ha:za)xl;xéﬁ, 2) latls+lg=8m, m=0,...4.
a=2

a=2

In particular, it follows that [5 + lg must be even. The correspondence be-
tween hybrid and LG coordinates is quite straightforward. The elements
(5.49) lift in the GLSM to the operators

4
, 1
(5.50) OgLsMm = p.l‘lll H xfl"xl;xé" , L= 5([5 +1g) ,
a=2

which reduce in the hybrid theory, in the patch U; and identifyng without
loss of generality x5 = u, to

4 4
(5.51) Ouy = u(¢")" T](6™)' , Wt la=4m, I5<2.
a=2

a=2

These indeed coincide with the elements from the bottom row of the spectral
sequence we described above. It is possible to check explicitly that, up to a
numerical factor which we are not able to determine, the following holds

O1c0icOia }
Wirg - 06Wie )

(5.52) <O%IYOI2—IYO%IY>SQ = <OiGOiGOiG> = Res{
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In other words, we find a complete match of the correlators involving bottom
row elements on the hybrid side and untwisted elements on the LGO side.

From the linear model point of view, we can employ the elements (5.50)
at g = 1 (that is, m = 1) to deform the theory by

(5.53) Warsm = Wérsm + 1/}(981:5& ;

where W(%LSM is the superpotential of the undeformed theory. For this reason
these deformations are dubbed polynomial. On the other hand, there is no
such interpretation for the elements which arise, in hybrid language, from
the first row of the spectral sequence. There are no good representatives for
these operators in the GLSM defined by (5.47) and thus no simple manner
to correspondingly deform the GLSM action. In fact, as pointed out in [41],
these non-polynomial deformations, from the point of view of this GLSM,
are obstructed as turning them on would prevent the embedding of W in
the toric variety which is the toric resolution of P{;,9,.1

In the LGO phase, the non-polynomial representatives in the (c,c) ring
appear in twisted sectors. In this particular example [41] they have the form

(5.54) T =g,)4) | TR =g z2a?4) , a#b#c,

where |4) is the (NS,NS) vacuum state in the k = 4 twisted sector. Presently,
to the knowledge of the authors, there is no technique to evaluate correlators
involving these states, except when Wi is an invertible polynomial [24],
which, in our example corresponds to 1) = 0. However, at the LG point, the
theory exhibits a Zg quantum symmetry, which automatically yields

(5.55) (TUU) = (TTT) =0 ,

where by 7' we denote an element in (5.54) and by U an element from
the untwisted sector (5.49). The first equation above is reminiscent of the
structure in the hybrid theory in (5.34). Hence, it is natural to conjecture a
correspondence between

(5.56) Al @)

18The authors of [41] provide a different GLSM which describes the same mod-
uli space of (2,2) SCFTs, but in which all 86 complex structure deformations are
realized polynomially. It is however unknown which 83 dimensional subspace cor-
responds to the polynomial complex structure deformations of the original model.
As the more general GLSM has a hybrid phase (but no LGO), the methods we are
providing in this work could be of help in answering this question.
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and given the identical structure of (5.54) and (5.35), in particular A <—
|4). We can employ this conjecture to derive predictions on the structure of
both theories. On the one side, the correlators (5.40) provide a prediction
for correlators in the LGO theory involving twisted operators

(5.57) FLFyUs (T ToUs3)
z3r323 ﬁ + ]6%
THwg .
wwsg i
T4wg 5
Tox3T4T 3T T

This agrees with the computation at the Fermat point (¢p = 0) [24, 44],
where

[ RU
(5.58) (TyToUs) = Res{ 12273 }

D WLaOsWLaOWia

and V[N/LG is obtained from Wy g by setting to zero all non-invariant variables
with respect to the orbifold action, which in the k = 4 twisted sector are x5
and xg. For a general quasi-homogeneous Wi, the generalization of (5.58)
is to our knowledge not known, thus our hybrid methods allow us to compute
the full list of correlators.

On the other side, the condition (T'T'T) = 0 predicts that the correlator
(5.46) vanishes, that is

(5.59) (p?PPp* A3) g2 =0 .
6. N = (0,2) hybrid models and B/2 correlators

We now turn to the analysis of hybrid theories which flow in the IR to (0,2)
SCFTs. These models have been recently introduced in [15], and we begin
this section by reviewing that construction. A (0,2) hybrid model is defined
by the quadruple (Z,€&,V, J) where Z is a Kdhler manifold and € — Z is a
rank- R holomorphic vector bundle. As before, we take Z to be the total space
of a holomorphic vector bundle Z = tot (X 5 B), and B to be a smooth

compact manifold. Let z% o = 1,...,d = dimZ, be local coordinates on
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Z, which we split according to the fiber/base decomposition'? as (y*, ¢?),
p=1,....,b=dimB andi=1,...,n =rank X. Similarly to the (2,2) case,
V is a U(1)-action on Z determined by a holomorphic Killing vector on Z.
We again assume it acts vertically on Z, thus defining a good (0,2) hybrid,
and that it induces the decomposition X = @;X;, where ¢’ is the coordinate
along X, into eigenspaces of positive eigenvalues, that is

(6.1) V(B)=0, V(Xi) = ¢ X; ¢ € Qo .

The bundle & must respect the bundle structure of Z and must admit a lift
of the V-action. Let A, A = 1,..., R, be a section of &, and let GAB be
the transition functions for €. If {U,} is a cover of B, we indicate as A2 the
restriction of A? to the patch 7—1U,. Then, the bundle £ admits a lift of
the V-action if, on the intersection U, N Uy # (), the following holds

(6.2) VD) = QN VA = (Gra)BAY) = QaN;'

that is, the charge assignment holds globally. We take —1 < Q4 < 0 and
0 < g; < 1. A class of bundles that satisfy this property are classified by
extensions of the form

(6.3) 0— =N TO(L) —E 1" —0,

where £p is a rank-(R — N) bundle and O(L;), I = 1,...,N, Ly € PicB,
are a collection of line bundles over B such that2°

(6.4) V(€B) =—¢€p, V(O(L1) = QrO(Ly),  Qr>-1.

Finally, the (0,2) superpotential is specified by a holomorphic section J €
['(&E*), such that

(6.5) V(Ja) = —QaJa =) V(z*)0ala V(z®) = qaz®

where the V-action on a section J € I'(£*) is determined by the V-action on
sections of £ in (6.2). Given the property (6.2) this is a globally well-defined
condition. This construction defines a nonsingular model when the potential
condition J~1(0) = B is satisfied.

DFor ease of exposition, we assume that X splits as a sum of line bundles,
although the general case can be treated at the price of a more involved notation.
20 Again, the restriction to line bundles is not essential but simplifies notation.
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In order to write the action for the corresponding NLSM we introduce
the (0,2) superfields
X = 2% + V208 — 010 Daa®
X" =7 V20 P + 979 9.7
A = A — V20T FA — 90 D0t |
[T 6 A T/ A T

(6.6)

These satisfy the same chirality conditions as in (2.8).

Let K be the Kéhler potential on Z and g,,5 the associated Kahler metric,
and let ‘H ;5 be a Hermitian metric on & — Z. The action in components
reads

L = —g50,a°0" T — gy Dt + 2Hy 0 Do)
(6.7) + R g 0l

£y = ~3080ADada + 5050 Dty — H P T504
where the covariant derivatives

1
(6.8) D:tf = (9 + gwa)¥ + 0.2 Thsr
. B 2 )
Doy = (@: + gws)i? + Dz’ Thipy? |

are constructed with the Kéahler and Hermitian connection, respectively,
and R ABap is the curvature constructed from the Hermitian connection.
In writing (6.7) we have already imposed the equations of motion for the
auxiliary field.

6.1. Anomalies and the low-energy limit

Given the construction outlined above, the action (6.7) admits an unbroken
U(1), x U(1)} symmetry with charges

(6.9) fields o+ X A
Uy 1 0 1
U(l)g 0 Qo Qa
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However, anomaly cancellation plays a much more predominant role in the
context of (0,2) hybrids. In order to probe this IR theory, it is useful again
to construct a left-moving algebra

Jr = QAwéE—7A - %xapoc )

(6.10) _ 1
T = —az$apa _ wéaz’[/}_7A — §8ZJL 5

corresponding to the generators of the global U(1); symmetry and of the
energy-momentum tensor. Again, we have introduced the field p, =
00a0-.T* + F£B¢,7 4¥B. Using this structure and free-fields OPEs, it fol-
lows that U(1)z is non-anomalous, that is,

Jr(w OwJr(w
L( )2+ L(w)

(6.11) T(2)J1(w) ~

(z —w) (z —w)

when

(6.12) DAY == Q1> da,
A o

A «

which corresponds to the condition that the anomaly of the (0,2) LG fiber
theory vanishes [30, 45]. Note that this fixes the normalization (and the
sign) of the charges U(1)z in (6.9). The remaining anomaly cancellation
conditions [15] impose constraints on the allowed geometric structure and
are given by

(6.13)
D Qre(O(LY) — e1(€p) =D aier(Xi) =0, c1(E) +er(Tz) =0

1

When these are satisfied, it is argued in [15] that the theory flows to a
non-trivial IR fixed point characterized by the left-moving central charge

(6.14) c=2(d— R)+3t, t==>"Qa—> da,
A a

where t is the level of the u(1);, Kac-Moody (KM) algebra.
Next, we need to determine the IR right-moving R-current. Barring ac-
cidental symmetries [46], this must be given as a linear combination of the
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symmetries (6.9), which we take to be U(1)% 4+ AU(1) . This can be deter-
mined by c-extremization [47] of the right-moving central charge

(6.15) M) =Y (Ma—17=D (AQu+1)*,

« A

which yields

A\ = ZQQa‘f’ZAQA _
Yada— 2@

where we used (6.12). Thus, the IR U(1)z x U(1)r symmetries are given by

(6.16) 1,

(6.17) fields 9 X« g4
U<1)R 1 Qo QA +1
U(l)L 0 do Qa

In particular, this yields the right-moving central charge
(6.18) c=3(d—R+r).

Finally, there is one additional anomaly condition we need to impose, which
reads

(619) ChQ(g) = ChQ(Tz) .

This is the condition that the NLSM constructed above is well-defined.

A comment might be useful at this point. The anomaly cancellation
(6.13) does not require ¢1(Tz) = 0. However, as familiar from GLSM [48]
and NLSM [49] constructions, it is always possible to recover the condition
that the target space is CY by adding spectators fields to the theory. These
are a massive pair, consisting of a bosonic field S and a Fermi field = such
that V(S) = =V(E) = gqs < 1. Let Xg¢ — B be a line bundle such that
Z' = tot (X & Xg — B) has vanishing first Chern class, i.e., ¢1(Tz) = 0.
Then, we take the spectator fields to transform according to

(6.20) S eT(Xs), = eD(XE) .

By (6.13) we have that & := £ @ 7" X} satisfies ¢1(£’) = 0. Now, these
fields interact through the potential [ d2zd0 =S , which is consistent with
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charge assignment and the bundle geometry. Thus, the theory with specta-
tors defines a UV geometry satisfying c;(Tz/) = ¢1(€') = 0, but since these
fields are massive in the IR and can be simply integrated out, the model
with spectators flows to the same IR theory as the model without them.
We will therefore consider models without spectators satisfying the weaker
topological condition.

6.2. The heterotic topological ring

While in (2,2) SCFTs the B ring is defined by the cohomology of the su-
percharge Q(C,C) =Q_+Q +, as considered in the first part of this work, in
general (0,2) SCFTs we do not have this definition at our disposal, as there is
no left-moving supersymmetry and therefore no operator which can assume
the role of Q_. The cohomology of Q +, which we denote HQJJ still defines
the (infinite dimensional) ring of right-moving chiral operators, which from
here on we will refer to as the chiral ring. In a large class of theories, it is
possible [50] to define a subring of the chiral ring, where we take a projection
within Q_ -cohomology onto elements O that satisfy 2h(0) = q(O), where
h(O) and q(O) are the left-moving weight and U(1);, charge, respectively.
We denote this subset Hp/. It is not hard to show that our theories fall
into this category. Let O12 € Hpy, then their OPE takes the general form

(6.21) O1(z) - 05(0) = Zcfgoszhs—qsm ’

up to Q,-exact terms, where hs = h(0O;) and g = q(0O;). Here the sum on
the RHS is over elements Oy € Hﬁg The charges of the allowed operators
in the OPE is fixed by ¢s = g1 + g2. By applying the standard Sugawara
decomposition for the level v u(1) Kac-Moody (KM) algebra (6.10), we can
write any O as

(6.22) Os(z) = eiqsq’/\/;(z)@s(z) ,

where we bosonized the current J; = iy/ro® and ® is a free chiral boson,
and

R - 2
(6.23) q(0,) =0, h(O) =hy— 3= >0.

This unitary bound, together with the charge integrality requirement of the
(NS,NS) spectrum, yield the desired bound hs > gs/2. Therefore, taking the
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limit z — 0 in (6.21) defines a finite subring of the chiral ring known as the
heterotic topological ring.?!

At a conceptual level, the computation of the full heterotic topological
ring is a only a slight generalization of the methods in section 3, thus our
discussion will be brief and focused on highlighting the differences which
arise in the (0,2) setting. Again, we will restrict our attention to the un-
twisted (NS,NS) sector. The supersymmetry transformation of the relevant
supercharge again splits as a sum of two terms Q+ = Q,+Q, and are given
by

o

(6.24)  [Qp7%=v5, {Quui} =102, {QU_a}=Ja.

Then, a generic Q o -closed element takes the form

)

. =B, =B, B T —
(6.25) Ow) = w(x, x)g i:Bl---Bt LB g8 V_a, Y- A,

We can compute the corresponding weight and the left-moving charge using
the operators (6.10), and we find

2h(OW)) = alw) + S (1+Qp,) ZQAV ,
(6.26) e )
A(OW)) = aw) + 3 Qs, = 3 Qa, -
pn=1 v=1

It follows that the condition 2h(Q) = q(O) can only be satisfied if ¢ = 0. In
this case, we can interpret w in (6.25) as a (0, s)-horizontal form valued in
ATE. Extending the notation from the tangent bundle case we define

(6.27) ATE = QV(Z,NTE)

where we assume at most polynomial growth along the fibers. On these the
action of the supercharges is

Qo:(?(w)H@w)(ﬂf,f)gl'f VLU BT a T

Q,: O(w) = (—1)w(a, T o G0 TP X,

(6.28)

21Tn a geometric phase these rings are also denoted by the term quantum sheaf
cohomology rings.
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In particular, the relevant states are double graded with respect to r and s,
and the supercharge still acts as expected

(6.29) Qo ALE — ALLLE Q :AE = ATLE .

Therefore, the elements of the topological heterotic ring are computed by a
spectral sequence, as in (3.15), where ALE replaces ALTy.

At a technical level instead, the explicit computation of the cohomology
groups Hé+ (Z, \NLE) can be quite daunting. The class of theories reviewed
here are amenable to such computations, as shown in [15], together with a
method to compute their cohomology. Although the formal formula for the
S? correlators we are going to derive later in this section is valid for a generic
hybrid model, its applicability, and hence its usefulness, relies on our ability
to compute the heterotic topological ring. Thus, it is natural to restrict our
attention to the class of theories studied in [15].

6.3. B/2-twisted hybrid models and S? localization

The B/2-twist is defined as in the (2,2) case by
(6.30) U1y o= U — U(1)s

where in this setting the role of the left-moving R-symmetry is taken by the
flavor symmetry U(1)z, which is guaranteed to exist by construction in our
models. This does not lead to a contradiction, since we have shown in section
6.1 that anomaly cancellation fixes the sign of the IR flavor symmetry.??

We make again the choice of working with the B, )-twist. Under this
choice the supercharge Q 1 becomes a scalar, and the Fermi fields become
C®° sections of the following bundles

¢ S F(KE ® z* ) )
72 eT@E)

@Zq_ eT(x*Tyz) ,

1/J+ S P(KZ R x Tz)

(6.31)

221f the sign of the flavor symmetry had not been fixed, we would not have been
able to distinguish between the A/2 and the B/2 twists.
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The action (6.24) of Q. on the component fields can be identified in the
B/2-twisted theory with a cohomology problem via the map

(6.32) P — dz” V_4— 0,

where we write d4 for a local basis of £. It then follows that the operators
(6.25) are mapped to (0, e) differential horizontal forms valued in A®E

(6.33) O(w) — w € Q" (Z,A%€E) .

Under this identification, we map the supercharge Q . to a differential op-
erator

(6.34) Q, > 6:=0—1y,
where ¢ acts as

(6.35) vyows = s(—=1)" Jaw A A1y AL ANDs
for any ws € QO)(Z, ASE).

Now we turn to the computation of the S? correlators via localization.
The procedure is analogous to the (2,2) case, that is, we localize with respect
to a subset of dynamical fields {z®,z%, ¢%, Ei}, and we keep the remaining
ones as background fields. The saddle point equations in this case are just

(6.36) SY§ =iz =0.

In contrast to the (2,2) case, this does not imply = = const., but x is allowed
more generically to be a holomorphic map. This in fact implies that world-
sheet instanton corrections to B/2 model correlators cannot be ruled out.
For the purpose of deriving our formula we will ignore such corrections, that
is, we assume that in fact the strongest condition z = const holds. In section
6.6 we will address the question of whether instanton corrections do appear
in our models. However, let us point out here that there are several known
classes of examples in the literature where it has been shown that such cor-
rections are absent in their B/2-twisted versions [19]. With our assumption,
G and ¥? have no zero modes, and integrating over the auxiliary fields
F, ' we obtain

(6.37)
= d*z 0 i exp(— 2|12 Y Dud w).
Ow)si= [ & NERlIEE (- 117+ DaT70T0) 0(w)
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Some remarks about the Fermi measure are in order. The two contributions
are identified with sections of the bundles

(6.38) Hdﬁ eTl(Kg), Hdﬁ e T(AFEY) |
a A

where Kz := /\dT; is the anti-holomorphic anti-canonical bundle of Z. The
requirement that the measure is well-defined now reads

(6.39) Kz ® (ANRE)* = Oy ,

since Oz always admits a nowhere vanishing global section. This condition
was obtained also in [18] and can be rewritten, upon an overall conjugation
of (6.39), as

(6.40) ANE~EKS .

Since AE and K7 are line bundles over Z, topologically they are deter-
mined by their first Chern class. Thus (6.40) is equivalent to the condition
c1(TY) =0, where Y = tot(€ — Z), and in particular it coincides with the
second anomaly cancellation condition in (6.13). Thus, we do not need any
additional constraints on our models in order for the B/2-twisted theory to
be well-defined.

Another assumption we implicitly made in writing the above, following
[19] and [51], is that the ratio of 1-loop determinants

detgx*g

(6.41) —
detd -7,

is a number, which we can just ignore.
Finally, we integrate over the Fermi zero modes and we obtain

(6.42) (O(w))ge = / Qe el |

Z
where, by a slight abuse of notation, we define
(6.43) L= —}HJHZ + zm“aA ,

and ()¢ is the nowhere vanishing section

(6.44) Qs e T(Kz @ AE) =T(0z) .
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In particular, Q¢ is unique up to rescaling by a non-vanishing holomorphic
section of Oz. In deriving (6.42) we used the condition that, if s := H @ g
is a hermitian Kéahler metric on the total space & — Z, then the unique
compatible connection is given by s~'ds, which implies that

(6.45) rd.=r4.=0.

Thus, if we define

(6.46) J o =H"Jg,
it follows that
(6.47) DaTt =8.7" .

The operator {2¢ . is defined as

(6.48) Qeowy := fZEalmadAlmASAS“,~~ARw§11,:é?ﬂsd53ﬁl A ANdTPr

Qe A AR @Az A A da®

where fz is a nowhere vanishing function and {4} is the dual basis to d4.
Let O(w) € Q%P(Z,A9€). Then, necessary conditions to have a non-
vanishing correlator are

(6.49) p—q=dimZ —rank& , q(O(w)) =t

which follow by requiring (6.37) to be invariant under the chiral symmetries
U(I)L X U(l)R

As a final remark, for the case of a (0,2) LG model, we have Z = C¢
and £ a trivial bundle of rank R. Then, Q¢ = Qca A Qcr and therefore, the
correlator (6.42) reproduces exactly the one derived in [31], where the action
of Q¢r 1 becomes simply the contraction with the Levi-Civita symbol of rank
R. Similar computations for A /2 twisted correlators for (0,2) theories with
(2,2) locus has been carried on in [52], using the GLSM approach.

6.4. Properties of (0,2) correlators

In this section we derive some formal properties for our formula. We start
by showing that (6.42) does not depend on the representatives in Hp/o. Let
us define

(6.50) (BY = /ZQgJﬁ : B eT(Q%(Z,A€)) .
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In order for the integral to be well-defined, we assume [ to be compactly
supported along the fiber X. In particular, the quantity (63)" is identically
zero unless 63 € T(ARE). Thus, B8 € T(AR [€) and 68 = JB. Since Q¢ is a
section of a holomorphic bundle, we have

(6.51) 68y = | 0095 = [ aoes) 0.

where we assumed that 5 has no poles. Let us now take a look at sel. By a
direct computation it is possible to show that

(6.52)
el ~ Ja0T  NOTY AL ANBT O AL NDs, €T (9(07R+1> X /\Ré‘) :

If rank £ > dim Z,23 Sel vanishes identically because it is a (0, R+ 1) form.
If rank £ < dim Z instead, we note that it is possible to write (6.52) as

(6.53) el ~ JAdT  NOT AL ANTT A ARG, A LN,

In particular, this expression always involves the product WA A WA =0
for some A. Hence, we conclude that

(6.54) sel =0,
and that
(6.55) (80(w))s: = (8(eFw)) =0,

which proves that B/2-correlators do not depend on the representatives of
the d-cohomology classes.

With this result at our disposal, we can proceed further and show that
our formula (6.42) is invariant under variations of the following parame-

ters:24

ZWe remark that almost all the examples in the literature, among which defor-
mations of (2,2) hybrids and (0,2) LG models, satisfy this condition but there are
examples that elude it. For instance, the authors of [53] construct a class of stable
rank-2 bundles over CY3 satisfying the heterotic anomaly conditions.

24In the following we use the notation 6.7, 0H5p and 0v for the variations of
the parameters and d(e) for the differential acting on (e). We hope this is not too
confusing for the reader.
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1. anti-holomorphic parameters J — J + 6.J;
2. worldsheet volume v — v + dv;
3. metric H 5 — H 5 + 0H4p such that 6Hap = 0H 45 = 0.

It is possible to show that under the above variations, the exponential term
in (6.42) transforms, respectively, as

srel =5 (YHAPoTg0a) Nk
(6.56) yel =5 (%"7’4@1) Aek
5HeL =4 (%5%A§7§8A> Ael .
Hence, given any operator O(w) satisfying 6O(w) = 0, we have
(6.57) 67(0W))s> = 6 (O(w))s> = 0v(O(w))s> = 0,
as claimed, where we used the property
(6.58) (0(a) A eFOW)) = (6 (a netOw))) =0,
where a € T'(Q%*(Z, A*E)) is determined in each case in (6.56).
6.5. The transformation law for (0,2) hybrid integrals

We now turn to a proposal for a generalized transformation law for the inte-
grals (6.42) that arise in the B/2-twisted hybrid correlators. Our derivation
can be regarded as a natural generalization of the argument presented in
section 4.4 for (2,2) correlators. The key assumption is that there exists a
section B of Hom(&E*, £*) such that

(6.59) BJI=T, 9T =0,

where T' € I'(£*) satisfies the potential condition 771(0) = B and it does
not depend on the parameters of J, which we denoted collectively as ).
Recall that & — Z is equipped with a hermitian metric H ,5. Let us define
a new metric h by

(6.60) H'=B'r'B.

Note that (6.60) is not well-defined in all of Z since B, in general, is not
invertible at every point £ € Z. Nonetheless, we assume that the argument
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can be extended to those points as well. Then, by substituting (6.60) into
(6.42) we obtain the transformed correlator, which reads

(6.61) (O(w)) = /ZQ(S_IGE/LU,
where

a v v N
(6.62) L= -JITI7 + Z(zst)/i_r,a:rBaA .

Although L' = L, we wish to emphasize that in (6.62) the indices are con-
tracted with h instead of with 7, that is,

(6.63) T2 = Tah Ty 7" .= hWBBT .

At this point we invoke the property, shown above, that the correlators are
independent of variations 6h44, and thus we argue that h can be considered
independent of the parameters . In order to obtain a more explicit formula,
let w be a section of AJE satisfying p — ¢ = dimZ — R, and let

(664) o= (Bt)[%lla_TBl o (Bt)ABkka_TBkwAk+1,”.7AR] cl (QO,d(Z’ /\Rg)) 7

where the antisymmetrization |- - - ] is over the A; indices only, and k := R—q.
For ease of notation, in (6.64) we omitted the indices corresponding to the
form degree. Then, (6.61) can be written as

(6.65) (O(w)) = /Z eI,

Let us define®® M to be the R x d matrix whose components are given by
MZ = (B*OT)4 and let Mjiir be the completely skew-symmetric tensor
where each component is given by the determinant of the (R —s) x (d —r)
minor of M obtained by removing the columns &j,...,a, and the rows
Aq, ..., As. With this notation, (6.65) finally becomes

(6.66)  (Ow)) = /Z et f (o) M s e

Z5This is the analogue of the matrix M we defined on section 4.4., in the (2,2)
case.
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The functions Mjiiz ngj_';_'ﬁ) 7 are C° sections of Oz with coefficients
given by rational functions of the parameters ¢. Thus, the integral (6.66)
can be expanded as a sum of integrals where the ¢ dependence can be simply
factored out. Unfortunately, it is not possible to derive a more explicit form
for the correlators, as in (4.74), due to the fact that the property (4.73) does

not hold for a generic &, since in general rank £ # dim Z.
6.6. Instanton corrections

In the case of (0,2) models, B/2 correlators may be subject to instanton
corrections. In this section, we analyze the structure of Fermi zero modes
in the background of a non-trivial instanton, and we derive simple selection
rules for the absence of such corrections.

In hybrid models, worldsheet instantons are associated to holomorphic
maps from the worldsheet into B. These are characterized by homology
classes in Ho(B,Z). Picking a basis £* for Hy(B,Z), a given homology class
is determined by a set of integers n,, which we denote instanton numbers.

The Fermi fields of the B/2-twisted theory couple over the worldsheet
to the following bundles

(6.67)
—a —A
(L (o P (U
bundle Ks @ 2Ty Ty Ky ® z*& s
# z.m. Y (S, 2*Tz) RO(S, 2*Tz) hY(%, 2*E¥) hO(%, 2*E%) |

and the number of zero modes is computed by the appropriate cohomology
group.?® The computation is fairly treatable given the fact that these bundles
split over ¥ = P! as sums of line bundles

(6.68) 2*(Tz) = ®L_10(ds) z*(€) = o%_,0(Da)

where the degrees d,, D4 depend on the instanton numbers n,. The coho-
mology of z*(Tyz) is given by

(6.69) KOS, 2"Tz) = > (da+1), R'(S,2"Tz)= > (-do—1),
ald,>0 alda <0

26We emphasized in (6.67) that the zero modes of 1, and ¢  are counted by anti-
holomorphic sections of the appropriate bundles, while 1/_ and 1 _ by holomorphic
ones. Of course, this does not affect the dimensions of the cohomology groups.
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and for £&* similarly

(6.70)

WS, 26 ) = > (-Da+1), h(Z,2°€)= > (Da-1).

Given a specific instanton background, there will be a non-trivial con-
tribution to the correlator if we can absorb all the Fermi zero modes from
the measure. From the general expression of the insertions (6.25), the only
possibility to soak up zero modes of ¥, is by bringing down appropriate
terms from the action. There are only two terms in the action that contain
these fields: the Yukawa coupling D, J Al/)ﬁ“ﬂ/}f and the curvature four-fermi
term. It then follows that the contribution can only be in the form of the
product ¥_1. Hence, the instanton contribution must vanish unless these
zero modes appear in equal number in the measure, that is, if

(6.71) d (da—1)= > (Da-1).

Oéldu<0 A|DA>0

For the zero modes of ¥ , in addition to the four-fermi term and the Yukawa

. - 5 Ta— A . . . . .
coupling Danz/Jiw_, there are in general contributions from the insertion
itself. Thus, the instanton contribution to the correlator (a)g2, where a €
I'(ALE) vanishes unless

(6.72) r—s= Y (~Dat+1)— ) (da+1).

A|DA<0 a|da>0

Combining this with (6.71), and using the fact that ¢1(7z) + ¢1(€) = 0, we
obtain the expected relation

(6.73) r—s=rank & —dimZ .
If £ = Tz, which describes a subset of deformations of a (2,2) model, these

formulae simplify considerably. Trivially r = s, as rank Tz = dim Z, while
(6.71) becomes

(6.74) Yo da=1)= > (=da—1),

alda>1 alda<-1



386 Marco Bertolini and Mauricio Romo

which, using the fact that ¢;(7%) = 0, gives a simple selection rule, which
reads

(6.75) Ha|da > 1}} = ‘{a|da < —1}! .

As a final comment, we would like to point out that these selection rules,
although simple, are rather mild, and instanton corrections in a given model
can still be absent even if the conditions above are satisfied. This is somewhat
expected, as the discussion in this section only involves the hybrid geometry,
and it is insensitive to the remaining structure of the model. In the example
we are going to study next, we will see that in order to fully exclude instanton
corrections we need to employ more sophisticated techniques.

6.7. A (0,2) example

We conclude this section with an example of a (0,2) hybrid. In particular,
we choose a model which is obtained as a (0,2) deformation of the octic
model we studied in section 5. For the geometric data we choose again
Z = tot (O(—2) ® O — P') /Z4 and € = Ty, and U(1)y acts with charges
q = %, i =1,...,4 on the fiber coordinates and the I' = Z4 orbifold acts
only on the fibers with weights ¢;. We choose the (0,2) superpotential

(6.76)

T = (8 — Lok = S+ 1)L — drudieled
Jy = (00)° =y diudy i = (60)° — Usudydid

Ji = (¢u)* — Yaudldsdi, ,

in the patch Uy, and

(677) J§ =0T (8)* —r0h30lah . JF = L0+ 1)(9})° — wrvglelet

J3 = (60)° —avdyGudu T3 =(60)" — Usvdy by .
Ji = (9,)° = Yaveududi
in the patch Us. For generic values of the parameters, (6.76) and (6.77) are

not integrable, thus defining a (0,2) model. When #; = - - - = 14 we recover
the (2,2) superpotential (5.2).
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Instanton corrections? The geometry of this example is fairly simple,
which allows us to be explicit. Here B = P!, thus instantons are classified
by an integer n € Zx>(, and since we are interested in probing non-trivial
instanton corrections we restrict to the case n > 0. The splitting (6.68) is
given by

(6.78) a*(Tz) = O(—=2n) ® 0% @ O(2n) .

Thus, (6.75) is satisfied for each value of n, and it appears that the corre-
lators do receive instanton corrections, in disagreement with [19]. In order
to resolve this apparent puzzle, we implement the same approach as in [18].
That is, we look for a suitable compactification of the space of worldsheet
instantons, as well as a suitable extension of the sheaves (6.67) over the
moduli space.

Following [15], we construct a linear model (V* model in the terminology
of [22]) with target space O(—2) @ O3 — P! by introducing the (0,2) chiral
matter superfields

(6.79) Xi, Xo P, P, Py P FL
uly 11 -2 0 0 0 r

together with a neutral chiral field ¥, with lowest component . We indicate
by 1,2 and p1 2,34 the lowest components of the superfields X1 o and Py 23 4,
respectively, and by r the F.I. parameter. We introduce a collection of (0,2)
Fermi fields with the same gauge charge assignments

(6.80) 't 12 Al A2 A% MY
vl 1 1 -2 0 0 0

which satisfy the chirality conditions

(6.81)
DIl =%z, DI?=3%2,, DA'=-2%p,, DA*’=DA*=DA*=0.

We choose the following assignment for the chiral symmetries

(6.82) X19  Piosa  TH2 0 AL234 @

-

~—~

—_

N~—

=

=)

e L]
=}

W=

—_
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This allows us to introduce potential terms, which we take of the form
I'-J+ A-H, where

(6.83) Ji = x{p] — Pr12p1papspa Jo = xbpt — brz1p1pepsps
1
H, = 5(37% + 23)p} — Ysx1m9popsps , Ho = p3 — PYaz1z9p1papa
Hj = p3 — Ysx102p1p2p4 Hy = pi} — Yax102p1p2p3 -

For r > 0, x12 cannot simultaneously vanish, and o is instead forced to
vanish, while the F-term constraints from the vanishing of (6.83) require
p1 = -+ = pg = 0. Thus, the classical vacuum of the theory is B = P
In order for (0,2) supersymmetry to be unbroken, these need to satisfy the
constraint [3]

(6.84) 0=uaz1J1 +x2J2 —2p1Hy

which holds for the superpotential (6.83). The coordinates p; . 4 transform
as sections of line bundles over B as specified by their gauge charges, p; €
O(—2) and p234 € O, while the massless left-moving fermions are described
by the SES

g

(6.85) 0 70 012 @ *O(-2) @ 10 —= € —=0,
where g = (xl g —2p1 0 O 0) is determined by (6.81). This deter-
mines £ = Tz, and we have recovered our (0,2) hybrid model.

The gauge instantons for this model in the phase » > 0 are characterized
by an integer n € Zx>(, and again we restrict to the case n > 0. In this
case, 12 € I'(O(n)) have n + 1 zero modes each, p; € I'(O(—2n)) has
no zero modes, while py34 € I'(O) have one zero mode each. It appears
that the moduli space of instantons is therefore non-compact. However, the
localization conditions need to be supplemented by J = H = 0, which imply
p1,2,34 = 0. Thus, taking into account the quotient by the gauge action (6.79)
we find that the moduli space is B,, = P?"*!, which is indeed compact.

The strategy, following [51], to determine the extension of the sheaves
(6.67) over the moduli space By, is to expand the various Fermi fields into
zero modes, and then interpret the coefficients of the expansion as line bun-
dles over the moduli space?”. In particular, we are interested in the exten-
sions of the bundles Ky, ® m*T; and Ky, ® z*€ over B,,. The former is

27If one denotes the moduli space of instantons z : ¥ — Z by M, the universal
instanton map by « : ¥ X M — Z and the projection 7 : 3 x M — M, then the
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determined by the zero modes of the massless right-moving Fermi fields in
Xi12 and Pp234, which we denote collectively as pﬁf, o =1,...,6. The
latter is parametrized by the zero modes of the massless lowest components
of left-moving fields I''2 and A%?34 which similarly we denote collectively
as p.

Applying this procedure to the LES?®

(6.86)
@(UEBhO(E,O(n))
0 @ @ —
0(72)@10(2,0(—%)) @ O3 /QO
v/ O(l)@hl(E,O(n))
0—— @ g1 0

O(_Q)@hl (2,0(—2n))

associated to the SES (6.85) and using the fact that
(6.87) HE, Ky ®a*Ty) = HY(S,Tz)* ,
we have that the zero modes of pS‘r/ couple to

(6.88) G, = 0(2)2Cn=1)

It is often more convenient to work with holomorphic bundles, thus we
can make use of a Hermitian fiber metric to dualize the bundle to G; =
O(—Z)EB(Q”_U.

For the extension sheaves of zero modes of p® , we instead consider the
LES induced by the dual of (6.85), which simplifies to

(6.89)
0——=Fg—— 0(2)@(2n+1) 9=0 O Fi O(_l)Z(nfl) 0.

sheaves where the zero modes of the fermions belong are given by (possibly dual or
conjugates of) F; = Rim,a*E* and G; = Rim.a*Tz. It is crucial for this analysis to
choose a compactification of M and an extension of these bundles over it. There is
no systematic method to do this in general. When a GLSM model is available this
is instead possible, as pointed out in [51, 18].

28In the following all the sheaves are over B,,.
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The map g, induced from g, vanishes identically because p; has no zero
modes. Therefore we obtain

(6.90) Fo=0(2)%Cm ) | Fi =03 0(-1)%2n-1)
Now, since we have
(6.91) HY(Z, Ky @ 2*Tgz) = H (2, T3)"

it follows that the zero modes of p_ couple to Fff = O @ O(1)®2(»—1),

Now, to solve the aforementioned puzzle, let us have a closer look at the
term in the action DyJ Awﬁ‘_@bf, which appears it can be used to soak up 9+
zero modes. In our GLSM interpretation, this corresponds to a term in the
action of the form D,/ Jg p‘j‘r/ pﬁ /, where for simplicity we have grouped the
various superpotential terms J,» = (J, H). Following the same logic as in
[18], we interpret D,J4 as an element of HY(B,,,G1 ® F7), and

(6.92)
H'(Bn, Gy @ FY) = H" (]P’Q"“, O(-2)%¢" D g (O il 0(1)@2(%1)))

— HO (P2n+1, O(_2))€9(2n71)
o HO (PZn—i—l’ O(_l))@Q(n—l)(Qn—l) —0.

The other term that can be used to soak up ¥+ zero modes is the 4-Fermi
term RQEAB@DST_@ZE&?Q/_)E_. Again, following [18] we can interpret this term as
an element in H'(B,, G ® Ff ® Fy). Therefore, we compute:

(6.93) HY(B,,G1® Ff ® Fy) = H' (P2n+170)€9(2n—1)(2n+1)

@ Hl (P2n+1’ O(l)>®2(n71)(4n271) — 0 .

Thus, the terms that we are required to bring down from the action in order
to soak up the relevant Fermi zero modes are trivial in cohomology, and they
cannot contribute to the correlator. Hence, we conclude that no instanton
corrections are possible for our example, in agreement with [19].

Although in our (0,2) octic hybrid example a simple zero mode counting
could not rule out instanton contributions, our selection rules prove them-
selves useful in some non-trivial models. A nice example [41] is the hybrid
geometry Z = tot ((9(—1)@2 B 092 Pl) and & = Ty, with U(1)y charge
assignment ¢; = 1/4 for the fiber coordinates, and the analysis of the cor-
responding linear model [19] does not rule out instanton corrections. From
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our hybrid perspective, it is obvious that (6.75) cannot be satisfied and thus
instanton corrections are absent in the B/2 model correlators.

B/2-correlators Let us now turn to the computation of the correlators,
where for simplicity we restrict our attention to bottom row insertions.
A choice of representatives for the cohomology classes of the B/2 chiral ring
is still described by (5.11). It has been shown in [14] that for this class of
J-deformations, for which & = Ty, the dimension of the heterotic topological
ring does not jump, and it agrees with its value at the (2,2) locus. Thus, we
can carry out the computation for any choice of non-singular superpotential
J, in particular at 11234 = 0, where it becomes isomorphic to our com-
putation in section 5. That is, @ = 010203, where O 23 € H6+(Z, Oz),
assumes again the form

(694) o= uto(¢1)t1 (¢2)t2 (¢3)t3(¢4)t4 , to > 0.

Here the charge condition implies ¢; + - - - + t4 = 12, and the condition that
this is a restriction to the patch U; of the product of sections of the trivial
bundle Oy forces tg < 2t4.

Moreover, there exists B € I'(Tz ® T7;) such that

]
695 Tr=B0s = (Pl J 0ol o o off)"

Note that although this is a section of the same bundle & = Tz, and T is
given by the same expression as in the (2,2) case, B is necessarily a different
section, as it depends on the parameters 1, ..., ¥4. We report it in appendix
E, and we represent its determinant as

(6.96)
detB= 3 Fougma (W1, )™ (81 (627 (%)™ (6™

mo,...,ma>0

Integrating over the fiber phases arg(¢?) we have that the only contribution
to the integral is

4
(6.97) adetB= > fongm, (Y1, ..., hg)um™ o (g1)H <H(¢a)12>

mo,...,m4g >0 a=2

4
X 6m1+t1,24 H 6ma+ta712

a=2
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Putting all together, and integrating over arg(u), where we make use of
(5.16), we obtain

(6.98) (a)s2 = foato20 12121912 t5.12—12 (U1, - - -, Pa) -

As an example, we see that

1
6.99 det Hess W)ge = ———5—5—5— -
(6.99) < S = T RRAR
When ¢y = --- = 94 = 1 we recover the (2,2) correlator (5.21). More

generally, for each insertion of the form (6.94) we obtain the structure

7115" ;}5‘ 1/};))? Zfi“
(6100) <Oé>,5‘2 = 1 _w%w%¢§ Z )
where v{* are non-negative integers that depend on the form of the inser-
tion «. In particular, we have that in this class of (0,2) deformations the
discriminant is the locus w%w%wgwi = 1, which determines the locus where
the condition J~1(0) = B fails to be satisfied.

To check our results we invoke again the GLSM. In particular, our (0,2)
hybrid arises in a phase of a linear model which is obtained as a (0,2) defor-
mation of the (2,2) GLSM we studied in section 5. In particular, the phase
structure is unaltered by the class of deformations considered, and in the
cone 19 < 0,211 + 2r9 < 0 the model exhibits a LG phase, where the hybrid
(0,2) superpotential (6.76) corresponds to the LG (0,2) superpotential

LG 3 LG 3
JoT =15 — Pax3raT5T6 J3Y =13 — Y312747576 ,
LG 3
(6.101) Jy7 = xy — Yaxex3T5TE
LG 7 LG 7
J5 = x5 — P12073T4%6 Jg = xg — V120737475 .

The B/2 ring in this phase is described by R = Clza, ..., x¢]/{JLg). Invari-
ance under the Zg orbifold action implies that good representatives for the
ring are given again by (5.49) and the correspondence between hybrid and
LG operators is quite straightforward

4 4
(6102) OLG = H xlaaxl;xlﬁﬁ «—> OHY = ul5 (¢1)(15+16)/2 H(d)a)la .
a=2 a=2



Aspects of (2,2) and (0,2) hybrid models 393

By applying the methods of [54] we verify explicitly that the following holds

1 M2 3 1 "2 3 O1c0tc0ia
(6.103)  (OpyOnyOny)s: = (OgO0rcOrc) :Res{ JLG .. JLG } '

Again, up to a numerical factor, we find a complete agreement between these
sets of correlators.

6.7.1. Bundle deformations and FE-parameters dependence The
hybrid model offers another set of deformations off the (2,2) locus. Namely,
we can take £ to be a deformation of T%z. As an example, we can take
E = 0P @ & where £ is a one-parameter family of rank 2 bundles with
transition functions given by

—v72 2vepl

In particular £.—1 = Tz. Of course, J € I'(E)) depends on the parameter e.
However, one can show that

1. the dimension of Hp/, is independent of ¢;
2. the number of parameters of J, which we collectively denote %, is
independent of e.

A natural question is then the following: is € actually a parameter of the
B/2-twisted theory? From the hybrid perspective the answer seems to be
yes, as any correlation function («)g= will be a function of ¥ and e.

This is somewhat puzzling when we interpret our result from the GLSM
perspective. In fact, parameters defining the bundle £ — Z arise as F-
parameters in the GLSM construction [3]. These are the natural parameters
that appear in A /2-model computations, and their appearance in B/2-model
correlators was ruled out in a class of theories, including our example, in [19].
It then appears that from the hybrid perspective, B/2-model correlators do
depend on these. The resolution of the apparent puzzle resides in taking into
consideration the action of field redefinitions in the linear model. In fact, at
the level of the GLSM, it is always possible to perform a field redefinition
absorbing the parameter e. Hence, in the hybrid phase of the GLSM obtained
after performing such a field redefinition we have € = 1, i.e., £ = Tz. In
other words, the hybrid model defined by (&, J¢) is equivalent to the model
(Ee=1,J), where J is not necessarily equal to J.—;. While this equivalence is
evident at the level of the linear model, it would be interesting to investigate
it in the hybrid model directly.
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7. Discussion

In this work we have started an analysis of the S? B-type (and B/2-type)
correlators in (2,2) and (0,2) hybrid models. Some features of these correla-
tors have been already studied for a different class of (2,2) hybrid models in
[36]. In fact, the treatment there applies only when dW ~1(0) = 0 is a com-
plete intersection and, moreover, their explicit formulas require the points
dW=1(0) = 0 to be non-degenerate. Both of these conditions are not sat-
isfied generically in the class of hybrid theories studied in this work. For
instance, the octic example studied at length in this work does not satisfy
this criteria. More relevant to us are the properties of the correlators stud-
ied in [55]. There, the authors propose Mathai-Quillen like forms for (0,2)
and (2,2) correlators, for both B- and A-twist. To make connection with our
notation, the Mathai-Quillen like form allows to write integrals over B of
products of elements in Q-cohomology as integrals over Y (of appropriately
defined lifts of the insertions). From our perspective, this can be achieved by
integrating along the fibers. It would be interesting to give a more thorough
connection between their results and ours.

We also find an interesting connection with the work [56]. There, the
author defines the Koszul-De Rham complex, which is an extension of the
usual De Rham complex by auxiliary commuting and anti-commuting vari-
ables. This is a bi-complex with differentials (dpg, dx) that can be identified
as dpr — Q_ + Qq and 9¢ — Qy acting on pa, 2%, 7% ¥, a and J,.

Another connections with recent mathematical work can be find in [57].
In this work, the authors study hybrid models in the context of homological
mirror symmetry of Fano manifolds and define different classes of Hodge
numbers associated to a hybrid. It would be interesting to elucidate the
physical interpretation of these invariants.

A natural extension of this work would be to consider the cases when
0% # () and the theory admits boundary conditions corresponding to B-
branes. This situation is considered, in the (2,2) case, in [58, 35, 29]. It
would be interesting to extend the constructions of this paper to correlators
involving B-branes, or more in general defects, in particular to the situation
where the orbifold action is non-trivial. We hope to return to these cases in
a sequel.

On a more technical note, our results fall short in a number of ways.
First, it would be important to give a formal proof of the transformation law
we proposed for non-trivial hybrid models. Second, it would be illuminating
to posses a residue formula where the integration is over a holomorphic
cycle over Y\B. Third, it would be very important to have a technique to
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evaluate the integrals that arise in our correlators. In fact, while for simple
examples we managed to elude this, in order to compute the full dependence
in more complicated situations (see for instance (5.45)) this seems to be a
unavoidable.

Appendix A. Conventions

In this appendix we collect our convention for superspace. Our choice of
Euclidean signature is obtained from the Minkowski metric

(A.1) d?s = —(dz°)? + (dz)? ,
by performing the Wick rotation
(A.2) 2V = —iy? o=yt

With this choice we have

(A3) a7 =a+al =yl —i? =7, 27 =2—2t =yt —iy?=—2,
and
0 0
A4: = — = Z _=—=-0, .
(A.4) Or Ox* Oz 0 Ox~ 0

We follow the convention of [59] for Dirac spinors

= (2)

with the following product structure

(A.6) (1,9) = P16 1hog = —h1_thay + Y148

where we defined e~ = —1. In our (0,2) application we will work with left-
and right-moving Weyl spinors, which are obtained from (A.5) by setting
the bottom or the top component to zero, respectively. Conjugation acts
on bosonic and fermionic fields alike, by exchanging barred and unbarred
components, that is

(A7) WLe%) = —(@",97) .
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The product (A.6) also satisfies
(A8) <¢117Mw2> = —<’Y“¢17¢2> )

and the Fierz identities

(A.9) (€, A+ (€ N)e+ (6, \)e= 8 ,

(€,7™€)YmA + (6, )\ + 2(€, A\ye =

The Dirac operator in flat space in Euclidean signature reads

0 20,
(A.10) YD, = 420y + 710 = (252 0 ) ,

where we have used the choice of v matrices
(A.ll) ’}/1 =01, ’}/2 =02 .
Appendix B. A note on cohomology of polyvector fields

In Proposition 3.7 of [29] is proved that the inclusion ¢ : PV.(Y) < PV (Y)
induces a quasi-isomorphism on the cohomologies (PV.(Y),d) and
(PV(Y),d), where PV.(Y) are compactly supported polyvector fields on Y
and PV (Y) are C* polyvector fields. The proof of the quasi-isomorphism
involves two operators

~

(B.1) 7:=p-id+ (8p)R , R:=(1y —p)R,

where 1y is the unit function on Y, p is a function with compact support
on a open set of Y containing B = dW=1(0) and R is constructed out of the
section s = W(G@W) g8 0 and its d-derivatives. These operators maps
the spaces as

(B.2) m: PV(Y) = PV,(Y) | R : PV(Y) = PV(Y) .

The quasi-isomorphism is proved by showing that zom and 7wo2 are homotopi-
cally equivalent to the identity (acting on the respective spaces). The proof
requires that R preserves the subspace PV,(Y) inside PV (Y). Since the
operators m and R have at most polynomial growth because dW is a regular
section of 75, the proof goes through by replacing PV (Y) with PV, (Y),
the space of polyvector fields on Y with at most polynomial growth along
the fiber X, where Y = Tot(X — B) and dW ~1(0) = B. Therefore the co-
homology rings (PV(Y),d), (PV.(Y),d) and (PV,0(Y),d) are isomorphic.
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Appendix C. Sections of various bundles

In this appendix we provide explicit expressions for various geometrical
quantities we need in solving the examples in the main body of the work. The
geometric set-up is given by Y = O%? @ Y’, where Y’ = tot (O(—2) — P*).
We denote by u = v~! the local coordinates on the standard cover Uy = U,
and Uy = U], of B =PL.

The tangent bundle The tangent bundle splits as Ty = O3 @ Ty,
therefore we can restrict our attention to the non-trivial summand Y’. A
generic section of Ty at grade d, which here is simply given by the overall
power of ¢!, satisfies

2

©1) (6T @) = (T bt ()

v
which implies

Ty = —Yads2|, , Yu= 24|, — 20" (Tu(u) — T,(0)) ,

(C.2)
Ty =Sogsa|, . Yo = Saa|, +20"F1T,(0) .

Here 3, € H°(P!,O(m)). In particular, in the patch U, these have the
form

(C.3)
Ty = ag + a1u + agu’® + - - - + aggout?

Yu = (bo — 2a1) + (b1 — 2a2)u + -+ (bgd — 2a2d+1)u2d — 2a2d+2u2d+1 .
The cotangent bundle The cotangent bundle has a similar splitting

Ty = 0 @ T3 and again the only non-trivial component is given by
sections of T5,,. At grade d we have

(C.4) Su(¢y) ™ _ 0% 209, (Su(dy)!

' Zyow)" ) N0 v )\ Zu(ey)! )
which means that Z, , are restriction of a section of O(2d + 2) and we can
take

(C5)  Su=—Yaq|, +2u""(Zy — Zu(0)) , Sy = Taq|, + 201 Z,(0) ,
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where as before Yoy € HY(P!, Op(2d)). Explicitly, in the U; patch we have
Zy =ap+aiu+---+ a2d+2U2d+2 )
(C.6) Sy = (2a1 — bo) + (2a2 — by)u + (2a3 — bo)u® + - -

+ (202441 — bag)u®® + 25420t .

The tensor product Ty @ Ty For our hybrid geometry, the tensor prod-
uct splits as Ty @ T3, = O & (Ty) P2 @ (T5)®3 & (Ty: ® T%,). The only
novelty here is the section of Ty ® T+, which, at degree d, satisfies

(C.7)
—v? 20, [Ayditt B,odt?\ (v 2v¢,\  [Au¢ltt B,¢it?
0 v? Codl Dyt 0 v* )\ Cudl Duot)

With a bit of algebra one shows that the most general solution is given by

(C.8)
Cu = Sady4l, » Co = —Ya44, »
Dy = Sagya|, — 20 (Cy — Cu(0)) , Dy = Sogia|, + 20*3C,(0)
Ay = Sgata|, +2u” (Cu — Cu(0)) , Ay = Sagya|, — 20°3C,(0) |

where Yo449, Y449 are two distinct elements of HO(P', Op: (2d +2)), as well
as

—

C.9)
By = 4|, — 2u™ ' (Ay — Au(0)) + 2u™ (Dy — Dy(0)) + 4u™2Cy)

By = —Yaq|, — 20*71 4,(0) + 20> Dy (0) + 40*H2C, (0) + 40> C(0) |
where, if C, = co + c1u + cou® + - - -, then

Cl=u"1(Cy— Cu(0) =c1 + cpu® + - - -,

(C.10) Cll = (Cy — Cul(0) — CL(0)) = cou® + -+ .
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Finally, in the U; patch these quantities assume the following form

(C.11)
Cu = co+cru+ -+ cogpgu®

Dy, = (do — 2¢1) + (di — 2co)ut- -+ (dagya — 2c2a43)u** T — 2e9q4 4uH3,
Ay = (ag + 2¢1) + (a1 + 2c2)ut- -+ (azara + 2c2a13)u>? 4 2e94 4u*HH3,
B, = (bop — 2a1 + 2d; — 4c2) + (b1 — 2a2 + 2dy — 4e3)u + - - -
+
+

—~

bog — 2a2441 + 2dag 1 — 4caqyo)u?
d

—~~

2d+2

2d+1
—2a3442 + 2dagr2 — dcagys)u* T — dogigu

Appendix D. The chiral ring: detailed computation

As prescribed in the main text, we carry out our computation of the chiral
ring at fixed values of q = 0,1,2,3, with superpotential of the form (5.3)
with ¢ = 0.

At q = 0 the spectral sequence is trivial except at ngo(Y7 Oy) =C.
This operator has charges (0,0) and therefore it can be interpreted as the
identity element in the ring.

At q = 1, the spectral sequence at the first stage is

S
(D.1) c3 0
EMS .
1 —
22 Qw C105
1 0 | r

To show how we obtained this, let us look first at the bottow row (s = 0).
A generic section of H 0:1(Y, Ty) is parametrized by the operators

(D2) (TUYO Yu(ﬁlyl) ’ Cab¢bY(1 ’ SFQ]CbIYa )
where in the patch U; we have (see appendix C)

(D.3)
T, =ay+ aiu+ CL2U2 , Y, = (bo — 2@1) — 2a9u S[Q} =do+ diu+ d2u2 R

and c¢qp € C. Counting the number of parameters

(D.4) Ha+#b+H#c+H#d=3+1+9+3-3=22,
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leads to the value in (D.1). Sections of ngl(Y, Oy) are simply

(D5) S[Zt]F[4fﬂ (¢G)(¢1)t ) = Oa s 74 )

where Sjg € H O(B,O(2t)) and F 4] (¢?) is a generic polynomial of degree d
in ¢®. It is easy to count those, as

4

(D.6) > @2t+1) le ~ i) =105 .

t=0

The first row (s = 1) is much simpler, and the only non-vanishing d-closed
polyvectors PV"™!(Y) have the form

(D.7) St gt X’
where
(D.8) {910 € Ha—o(Y, 7 O(=2)) = H'(B,0(-2)) = C ,

which therefore yield three elements in J-cohomology at r = s = 1. To
compute the second stage of the spectral sequence, for the bottom row we
can write explicitly the action of Qy on the states (D.1) as

(D.9)

Qu (Tuxo Yud'x1)

Il
—
5
S
ASS

3
SN—
S
S &
N———

% [(bo —2a1) — 2au + 2apu’ + bgu8} (¢1)4 ,
Quy(cavd” + S )Xa = (cavd” + S0")Ja = (card’ + S ") (8%)° .

While it is easy to verify that this map has a trivial kernel, we would like
to have explicit representatives of its cokernel. As mentioned above, these
will be good representatives for the cohomology classes even after we turn
on the v deformation. First, the operators

(D.10) S (") (%) (¢7) 2 ("), 1 <3, ta34<2,

are clearly not in the image of (D.9). Since t1 + to +t3+t4 = 4, we count 78
of them. When ¢; = 4, a little more carefulness is required, and the cokernel
of the first map in (D.9) can be parametrized by the operators

(D.11) ul(ph)t,  2<t<6,
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accounting for additional 5 operators, which give rise to the second stage of
the spectral sequence

S
(D.12) C3 0
E;’S :
0 (C83
1 0o I

However, we are not quite done yet, as the first row operators (D.7) are
manifestly not Qy-closed. This can be fixed by requiring

(D13) Q (SP o™X’ + R0t ) = SPygd I’ + xR 6" Ty’ =0,

which has solution when R® € I'(Oy) such that dzR® = _5[612]6'
the representatives for the cohomology classes corresponding to the PV !
operators (D.7) are given by

Explicitly,

1 o 5 Lu"—m
(D.14) — T 0T

1\3 1a
=2,3,4.
(1 + vu)? 21—|—uﬂ(¢)¢ ’ a=23

For the operators at q = 2 we have at the first stage

. S
(D.15) cis v, 3 0
E’V’,S'
I _ _
126 _ v oses W w25
2 1| 0

The second stage of this spectral sequence has been computed in [14] and
we simply report it here

S
(D.16) c3 0
E;’s :
0 (C83
1 0 Ir

which agrees as expected with (5.8). Let us list the explicit representatives.
The bottom row consists again of states of the form (D.10), where now
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instead t1 4+ to 4+ t3 +t4 = 8, yielding 26 states. The missing elements can be
identified as the cokernel of the map

(D.17)
_ 1
w (TudXo Yud™X1) Fla—q(9%) = 5 [(bo — 2a1)+- - 1 — 2a2t41)u
Qu (Tud'Xo Yud™'X1) Fla—yg(6") = 5 [(bo = 2a1) 4+ + (b — 2aze41)u™
_2a2t+2u2t+1 + 2a0u7 + bou8 4ot b2tu8+2t] (¢1)4+tF[47t](¢a) ,
for ¢ =0,...,4, where F}y_; has degree 4 — ¢ in the ¢ coordinates and is

subject to the condition that each variable is allowed to appear to a power
not greater than 2. Explicitly,

(D.18) t operator #
0 ub(¢1) Py (%) 2<{<6, 30
1 ub(¢)5 Fig (%) 4<i<6, 21
2 uf(¢1)°Fig(67) i=6, 6

while there are no states for ¢ = 3,4. In total, we produced 83 operators, as
expected. The 3 operators from the first row can be written as

1 a2/ 1b\2 rc— =0 1u7—ﬂ
(D.19) —m(ﬂﬁ )2 (#7) XM B TR

a#b#c=2,3,4.

(61)%(6%)%(¢")%6° ,

Finally, at q = 3 we only find one operator in cohomology, which correspond
to det Hess W, and has the expression

(D.20) det Hess W = u®(¢1)°(¢%)*(¢°)%(¢")* .

The cohomology is empty for q > 3, as expected from unitarity bounds,
thus this concludes our discussion of the (untwisted) (c,c) ring.

Appendix E. Transformation law for the octic hybrid
In this appendix we collect the details concerning the section B € I'(Ty ®75)
which we implement in the transformation law to solve our examples. We

work in the patch U; and we recall that

©1)  BI=T= (' P00l of o of) .
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For ease of notation, in this appendix we write the fiber coordinates with

lower indices.

E.1. (2,2) example

In this case we have

(E.2)
1

1_wgkw%@ﬁ—ww%%mmrnw%%%%%i
+ 3ypu' ¢S pacpsds — u'0)
+y00 307 + v u' ¢l 38363 Jo
+ (2091 + 20" 0uP 1030307 — 200G Badsda] i
+ [T oioi0] + vPuteleied] 1o
+ [VPugidsel + v i i dsi] Js
+ [P 0020507 + 0Ou06l0a0507] Ja] |
= 1w [t + 6t = waPglonsaoy
+ pu @ adsds — VUG 5507
+ U’ $l 9303073 + Y oudidhdie]
— Y0uT iR 307 + 200U Bl 50307
— 20" G151 + ¢ uP BT dadada
—p U@l dadsda + YPugt — vPul?¢Y] Jy
+2 [ 0ul gl p30307 — ' UGl d 03¢
+ 0ulel930307 — Y ugtdadsda
—5¢] + VUG B3 0307 + Yudidadsds + 7] i
+ [P pl 30t + vPu’ bl di o}
+ 0 uT ¢ R e] + Y ugt 3ol T
+ [V i daot + vtutdlds el
+ ¢ ubBieso] + VPu Bl dsei] Js
+ [Ou” 6} a3 b7 + Ou ] dads i
F0Ou 007 + VO Sloa0sdt] T

25 ,13
Ul Py =

(™ + 11"
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The remaining entries are
(E.3)

13 _ @ZJS [1/} ¢?¢3¢4( u® 2u"¢y ) ( ) + Y3 podad] (u 0) (jo)
[( — %) 33 + (v — %) ugip1psda + (V? — ¥'0) uPdip3d307
+P3u B padi s + WOu 5307 ] Jo
+ (Y'u'dldesdy + Vusid3d565) Js
+ (TG e3 a0t + 0w i63630) Ja) -

Similarly, by permuting the indices a = 2, 3,4 we obtain the expressions for
¢33 and @13

E.2. (0,2) example

In this case we have instead

(E.4)
uPor’ = TM [—otyiuiviu'®el — piviviviut lgadsss
— 201 5Y5Yu 9130507 + 3vut P dagzda — u'0)
+ Y Patstpag 3307
+ it o o30301)Jo + 2017 01" + 201 Y3UR YT 61656507
— 2010 ] dacp3pa] Sy
+ [V1sadi 308 + it ¢l9ied]
+ (D15 saud] d3di + ViPou’ ¢l dsei] s
+ [iv3svau oS pags by +¢?¢2¢3u6¢?¢2¢3¢i]h ;
L = s et - Judh + Junelnons,
— S Giea0an + 5¢%u5¢1¢2¢3¢4

1 1
— SUIU S1030301 — SUivavstuu $li650]
1
+ SUTasiudodss] — Yivauiviv’¢ig505¢;
R TRt T
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— ORI 26 s+ LU S r030
~ SURUAURURSS
A R O T A e
— VOB 303
+ Ui Yatsau’o] B3 ¢io]
— UPUYR VI u dadsda — VIYIUIYI
U HGR + vrudonssos + AU + u?)olalol
+ S0ttt + u) GO + [utva(ed +ut)6lous!
+ SULUBYs (e + )8l bsdil )
+ [ty + u¥)6l0a0007
+ SutvBudin (e + ) 5loasRl ]

and
(E.5)
1
L3 — TR e |(—vBuspaneiolo] + vrudusbiudadiot)

+ 205y’ ¢t

+ (1= P5yaed) 05 + a1 — Yiv3u37 ) ug dsdsda

+ 5 (1 — YPP3Usv u’ el dr0567 + Uiu’ el dadie]

+ ythsau’ld3e]) Jo

+ (Yout ] P23+ VTP Ushaudt 930505 ) J3+ (VT3 hau’ BT ¢330
+ Uhugu’ 9703 6a0R) 1 -

As before, the remaining relations can be obtained from (E.5) by permuta-
tions of the indices a = 2, 3, 4.

Appendix F. A (0,2) LG model

In this appendix we apply the hybrid techniques to solve a (0,2) LG model,
for which a residue form is not attainable [31]. Let us consider the model
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with n =2, N = 3 and superpotential

(F.1) Ji = ¢igo J2 = ¢ (¢ — V) | J3 = ¢1(¢1 — Vo) .

If ¢ # 0 the model is non-singular, and it has the property that there does
not exist a two-dimensional subset of the J’s such that the model is non-
singular. This is precisely the condition [31] for the existence of a residue
formula for the correlators. Anomaly cancellation fixes the normalization of
the charges to be

6

2 4 8 8
F'2 = — = — = — — e = ——
(F2) a 5’ ©2=g> Q1 9’ Q2 9 Q3 9

These lead to ¢ = 10/3, ¢ = 5/3 and r = 16/9. The chiral ring is computed
as the cohomology of the Koszul complex

(F.3) K:= 0 Ng—LopNe—Loe TR 0,

where we interpret £ = R? as a module over the ring R = C[¢1, ¢2]. In
particular, we find that the only non-zero elements are

(F.4)
HO(K) = R/J=C5 H'(K) = {62000, $200 ", ¢30°, 300" , 1630 }

In order to solve this model we apply the transformation law, which for this
example is fairly straightforward. Let B : R> — R3 given by

1 0 0\ [/J; Pio2
(F.5) B-J=| v 0 || R]=]| ot |=T.
vt o=l 0) \Js 3

The quantity 7" does not depend on the parameter ¢ and satisfies the con-
dition 771(0) = {¢ = 0}. Next, we construct the matrix

(F.6) M§:<2_52182+4w_5i’ 0 45%1).
¢1+2¢_1¢2 _21/’_1¢2 0



Aspects of (2,2) and (0,2) hybrid models 407

The determinants relevant for the correlators are obtained from the appro-
priate minors, as prescribed in section 6.5. We obtain

My = 81#715?52% ;
(F.7) My = 4161(8; + 207 3y)
M3 = —45152(253 + ¢_152) ;

where M4 denotes the determinant of the minor of M given by ignoring the
i-th column. A general correlator is then given by

(F.8) () g2 =/ P d2poe ST M 02
C2

—A . .
where a4 € H'(K) has the general form a? = ¢¥¢hep”. Tt is then straight-
forward to compute, up to overall constants, the full list of correlators

1 _
(P Php_) = 2¢1 3071610k 2
—9 _
(F.9) (PR hU") = 50010084 + 2¢310 1011082
3 _
(P dhh” ) = —2¢310110k3 — 1200 012081 -

The coefficients ¢, € C are given as integrals of the form
(F.10) Cap = 4/ d|r |d|gale™ T |61 2| .
RZ,
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