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Dodgson polynomial identities

MARCEL GOLZ

Dodgson polynomials appear in Schwinger parametric Feynman
integrals and are closely related to the well known Kirchhoff (or
first Symanzik) polynomial. In this article a new combinatorial
interpretation and a generalisation of Dodgson polynomials are
provided. This leads to two new identities that relate large sums
of products of Dodgson polynomials to a much simpler expres-
sion involving powers of the Kirchhoff polynomial. These identities
can be applied to the parametric integrand for quantum electro-
dynamics, simplifying it significantly. This makes QED Feynman
integrals more accessible for both direct parametric integration via
computer algebra and more abstract algebro-geometric methods.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 81Q30, 05C31, 81T18.

1. Introduction
1.1. Background

Perturbative quantum field theory is the standard framework used by parti-
cle physicists to predict and explain high-energy experiments, e.g. at modern
colliders like the LHC. This necessitates the computation of a large number
of complicated integrals. These Feynman integrals grow quickly in number
and complexity, so on the one hand one wants to find methods to compute
them as efficiently as possible, and on the other hand one looks for hidden
structures that reduce the amount of necessary computations.

To that end, the Schwinger parametric representation of Feynman inte-
grals has proved to be very useful in recent years. It was already known in
the early days of quantum field theory [1, 2, 3, 4, 5, 6, 7], but fell somewhat
out of favour, since it was not as suitable for direct integration as other
versions of Feynman integrals. This problem was rectified when, building on
the connections to algebraic geometry found in [8], an algorithm for the sys-
tematic integration of parametric Feynman integrals was developed [9, 10]
and subsequently implemented in computer algebra [11].

The renewed interest in parametric Feynman integrals has already yield-
ed many interesting results [12, 13, 14, 15, 16, 17, 18, 19]. However, those
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have all been confined to scalar quantum field theories. In that case the
(unrenormalised) integral is simply of the form

(-]

(1.1) o= | e

where I' is a Feynman graph and Y, &r are two homogenous polynomials
that will be discussed extensively below.

There are numerous longstanding problems in gauge theories, like the
cancellation of transcendental numbers in the QED beta function [35, 37],
that might be more accessible with the methods of parametric Feynman in-
tegrals. However, in gauge theories they become much more complicated and
until recently the integrand could only be expressed in terms of complicated
derivatives of the scalar integrand [20, 15]. For quantum electrodynamics
the combinatorics of these derivatives have been analysed in [21] and it was
found that they can be expressed explicitly in terms of graph polynomials
similar to ¥ and ®r. The other complication of QED, the tensor structure
consisting of products of Dirac matrices, was dealt with in [22]. Combin-
ing these results yields an (unrenormalised, massless) parametric Feynman
integral for QED that is of the form

where each Iy) is essentially (cf. eq. (1.41) and sec. 4) just a sum over certain
subsets of chord diagrams D,

(13) S (—2) P x,

D

where Xp is a product of the polynomials from [21] and ¢é(D) is an integer
determined by the combinatorial properties of D. In our main results, the-
orems 3.1 and 3.8, we prove that the sums in [1@ and Il(}) are equal to a

simpler sum of the form

hi(T)
(1.4) 278 N (=) OR 1) 2, for k=0,1,
=1



Dodgson polynomial identities 669

where Z’IE , is defined in sec. 2.3. This leads to cancellations of Kirchhoff
polynomials Ur in eq. (1.2), significantly simplifying the integrand. On the
concrete example of a massless photon propagator graph in Feynman gauge
we show that the cases of k = 0,1 suffice to express the superficially renor-
malised integral with a simple entirely scalar integrand.

1.1.1. Generalisations and extensions The results of this article are
not just applicable to this rather specific photon propagator. In a general
gauge one gets another sum and our results apply to each summand (see
eq. (4.2)). The same holds for the inclusion of masses, if one assumes quite
reasonably that all fermion masses are identical. The parametric renormali-
sation of massive integrals is much more cumbersome than the simple renor-
malisation procedure that we employ in section 4.1, but in principle not a
problem [16].

For a fermion propagator and a vertex with one external momentum set
to zero the differences are basically just a few different factors in the com-
putations of section 4.1 (e.g. the fermion propagator would be proportional
to ¢ rather than ?q" — q"*q¥). The step to the full vertex function is more
complicated and needs more attention in future work. Much of this article
and especially section 3.2 is based on the assumption that the polynomial
®r factorises into ¢?¢r with a g-independent or. It will need to be seen
how much the results have to be modified if one has instead a polynomial
Or = qier +a3era + (a1 + @2)%r 3.

Finally, in order to include subdivergences one also needs to understand
the higher order terms Ilgk) with £ > 2. In eq. (1.4) we already suggest what
this should look like, although it is not yet entirely clear how the Z’lf , have
to be defined for k > 2.

1.2. Graph polynomials

A graph G is an ordered pair (Vig, Eg) of the set of wvertices Vg =
{v1, ..., vy, ) and the set of edges Eg = {e1,...,e|p,|}, together with a
map 0 : Eg — Vg x V. We assume that G is connected and assign to each
edge e € F¢ a direction by specifying an ordered pair d(e) = (90— (e), d+(e)),
where the vertex 0_(e) € Vg is called start or initial vertex while 04 (e) € Vi
is called target or final vertex. In a common abuse of notation subgraphs
g € G are identified with their edge set £, C Eg. In the rare cases in which
the edge set does not uniquely identify the subgraph, i.e. when ¢ contains
isolated vertices without incident edges, it will be mentioned explicitly. The
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number of independent cycles (loops, in physics nomenclature) is denoted
hi1(G), which is the first Betti number of the graph.

Graph polynomials are polynomial valued invariants of a graph. The
polynomials that we are interested in all have in common that their variables
are the Schwinger parameters o = (a.)cc g, assigned to the edges of a graph
(which distinguishes them from other famous graph polynomials like the
Tutte polynomial [23, 24] and its various specialisations like the chromatic
polynomial [25, 26]). In the following we briefly introduce and review some
properties of six such graph polynomials that appear in Feynman integrals.

1.2.1. Kirchhoff and Symanzik A tree T is a graph that is connected
and simply connected, i.e. it has no cycles. A disjoint union of trees F =
UF_ | T; is called a k-forest, such that a tree is a 1-forest. If all vertices of G
are contained in such a subgraph T or F', then it is called a spanning tree
or spanning forest of G and we denote with ’TGW the set of all such spanning
k-forests.

The Kirchhoff polynomial, which is especially in the physics literature
also often called the first Symanzik polynomial, is then defined as

(1.5) Ta(e) = > [] e

TeTl! T

It has been known for a very long time and was first introduced by Kirchhoff
in his study of electrical circuits [27]. In the 1950s it was then rediscovered
in quantum field theory [4]. We will often make use of the abbreviation

(16) os = [ o
eeS

for any edge subset S C Eg, such that Vg =}, ag,\r. The Kirchhoff
polynomial is homogeneous of degree hi(G) in a and linear in each «.
Moreover, it also satisfies the famous contraction-deletion relation®

(17) \I/G = \IJG//E =+ 046\110\6.

This means in particular that ¥gy. = Vg, _o and ¥g\, = 0. ¥, where
0. denotes the partial derivative w.r.t. .. The definition of the Kirchhoff

INote that we use the double-slash to denote contraction of an edge subset, as
opposed to contraction of a subgraph I'/~ in the Hopf algebra of Feynman graphs.
The two notions differ if the subgraph in question is a propagator Feynman graph,
but in this article we will not encounter this problem.
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polynomial is commonly generalised to disjoint unions of graphs G = LI;G;
(i.e. graphs with multiple connected components) via

(1.8) Ve = H\I/G

Note that due to this definition one needs to exclude bridges from the
contraction-deletion relation, since 9, ¥g = 0 for any bridge e, whereas this
definition gives ¥ . as the product of the polynomials of its two connected
components.

Many properties of graphs can be captured by matrices and we discuss
here some of the well known relations between graphs, matrices and the
Kirchhoff polynomial. The incidence matrix I is an |Eg| % | V| matrix whose
entries are defined as

(1.9) o= +1 ifv=20(e),
’ v 0 if e is not incident to v.

The Laplacian matrix L is defined as the difference of the degree and adja-
cency matrices of a graph. Since we will not need either of those two going
forward we instead use a well known identity to define the Laplacian as the
product of the incidence matrix and its transpose,

(1.10) L=1"T.

Instead of the full matrices we will actually always need the smaller matrices
in which one column (of I) or one column and one row (of L) corresponding
to an arbitrarily chosen vertex vy of G are deleted. From now on we use I’
and L' for these |Eg| X [Vg| — 1 and |Vg| — 1 x |Vg| — 1 matrices, called
reduced incidence and reduced Laplacian matrix.

Finally, let A be the diagonal |Eg| X |Eg| matrix with entries A;; =
dijae,. With this setup the well known Matriz-Tree- Theorem [28] tells us
that

(1.11) Vg = apg, det(I'"A™'T).

Note that here we have the inverse A~!, with entries A;jl = 51-]'01;1. We call
the matrix in that determinant the weighted reduced Laplacian and denote
it with I/ = I'"A=1T,

Remark 1.1. The polynomial ¥, = det(/ T AI") is sometimes called dual

Kirchhoff polynomial. If G is planar then it is the Kirchhoff polynomial of
its planar dual graph G*.
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Often I’ and A are arranged in a block matrix

1.12 M 40
" ()

This is called the expanded Laplacian or graph matrix of G [10, 8], and with
the block matrix determinant identity

S T

(1.13) det = det(S) det(V — US™'T)
U v

one sees that

(1.14) det(M) = det(A) det(I'" A7) = Wg.

Example 1.2. Let G be the wheel with three spokes depicted on the left
of fig. 1.1. It has 16 spanning trees and the Kirchhoff polynomial is

Vo = ajasay + arasas + arazay + aragas + arasag + ajasag
+ ajagag + arasag + asazay + asasas + ooy
(1.15) + a3 + Qo030 + iaug g + 350l + QL5 Qg .-

() Vg

€2 €3
€g €3

G = G2

V1 U3

€5 €4
€6 V4
Figure 1.1: The wheel with three spokes G = WS3 = K, and a QED Feyn-

man graph I' that corresponds to the wheel with edge eg cut to become an
external photon edge.

Unlike the Kirchhoff polynomial, the second Symanzik polynomial is
not defined for generic graphs but only for Feynman graphs, which carry
additional information. Feynman graphs can have different types of edges,
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like photons (~n) and fermions (—>—) in the graph on the r.h.s. of fig.
1.1. Moreover, Feynman graphs have so-called external edges, i.e. half edges
incident to only a single vertex. One associates to the external edges external
momenta ¢;, that are real Euclidean vectors ¢; € R* for this article, but may
also be Minkowskian, D-dimensional, or complex, depending on context. To
distinguish them from generic graphs G we use I' for Feynman graphs. The
second Symanzik polynomial is then defined as [4]

(1.16) Op(a,q) = > s(eT,To) J[ oo

(ThTQ)e’]}[Q 8¢T1UT2

where one sums over spanning 2-forests. The function s is the square of the
momentum flow between the two trees, i.e. the sum of all external momenta
entering either tree (which is the same for both trees due to momentum
conservation).

If, as in fig. 1.1 for example, there are only two (non-zero) external
momenta, such that ¢g = —¢2 = ¢ by momentum conservation, then the
second Symanzik polynomial factorises and we write

(117) (I)F = q2‘10F-

We focus on this case for this article. Note that ¢r is also a Kirchhoff
polynomial, namely that of the graph I'*, which results from adding the
external edge between the two external vertices and then contracting it.

The second Symanzik polynomial can also be expressed in terms of ma-
trices. When deriving parametric Feynman integrals it appears in the form of
the inverse Laplacian L'~ multiplied from both sides with vectors collecting
all external momenta. Using cofactors to invert the matrix and expanding
the matrix products as sums this yields

(1.18) Pr = ag, Z Gor o, (—1)?102 det(L/gjlb

v1,v2 € VL

where V. = Vp \ {vo} is the set of all vertices except the one whose row and
column was removed from all matrices to get their reduced versions, and the
subscript and superscript on L’ indicate deletion of column v; and row vy
from the matrix.

Example 1.3. Let I' be the Feynman graph on the r.h.s of fig. 1.1. Its
Kirchhoff polynomial is just
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Ur = ajag + ajag + ajoyg + ajos + asag + asoy + agas + g
(1.19) = (042+a5)(a3+a4)+a1(a2+a3—|—a4+a5),

which is the derivative w.r.t. ag of the Kirchhoff polynomial from example
1.2. There are a total of 10 spanning 2-forests, but not all of them con-
tribute to the second Symanzik polynomial. Consider the spanning 2-forest
with 77 = {e2, e5} and T3 just the isolated vertex vs without edges. The ex-
ternal momentum ¢; enters 77 in the vertex v; and g2 (which has to be —¢;
due to momentum conservation) enters T, in vs. Hence, the corresponding
monomial is ¢fajazay. An example of a forest that does not contribute is
T = {eg,es} and T; just the vertex vy. The external momenta entering 7;
in v; and v3 add up to 0, whereas 75 has no incident external edges at all.
Hence s(q1, g2, T1,T>) = 0 in this case. Overall, 8 of the 10 forests contribute
to yield the second Symanzik polynomial ®r = ¢?¢r with

Or = 10 + oo + apa3oy + apasos
(1.20) + agazay + anaigas + aoogas + aigagaes.

Here one sees that ¢r is indeed Wre = Uy, = Vi where G is the

QGZO7
wheel from example 1.2.

1.2.2. Bonds and cycles A bond B C GG is a minimal subgraph G such
that G \ B has exactly two connected components. A simple cycle C C G
is a subgraph of G that is 2-regular, i.e. all vertices have exactly two edges
incident to it, and it has only one connected component. The sets of bonds
and simple cycles of a graph G are denoted Bg and Cg].

In [21] two polynomials based on these types of subgraphs were defined
and it was shown that they can be used to express the Schwinger parametric
integrand in quantum electrodynamics without derivatives. The basic bond

polynomial and cycle polynomial are

2
(1.21) Ba(a,§) = (ZOB(6)€e> ap¥e\ B,

BeBe \eeB
2
(1.22) CRIE Y (ZOC(@&) \deyret
Cecg] ecC
where ¢ = ({1,...,5‘ Ec\) are formal parameters assigned to each edge

(later interpreted as auxiliary momenta, i.e. Euclidean 4-vectors), and
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op(e),oc(e) € {0,£1} are the signs of the relative orientations of e w.r.t.
some arbitrarily chosen orientation of the bond or cycle. Note that this choice
does not influence the sign of the polynomials, since these orientations only
appear within the square. Below we will abbreviate products of such signs
as oc(e1)oc(e2) = oc(er, €2).

Via eq. (1.8) — the Kirchhoff polynomial definition for disconnected
graphs — these definitions extend to disconnected G as well. For Feynman
graphs the bond polynomial is closely related to the second Symanzik poly-
nomial. In fact, ®p(«, q) is simply the evaluation of Sr(a, £), where one sends
& — q for each e in some arbitrary path between the external vertices and
all others to 0 (and if there are n > 2 external vertices, then one does this
for n — 1 pairs of external vertices to get the correct linear combinations
§e = D *£qi).

From these two polynomials we derive two families of polynomials that
we will from now on mostly mean when speaking of cycle or bond polyno-
mials:

(eide) . L 9%Ba _
(1.23) Be' (o) = 20608, B%; op(ei,ej)ap¥e B
(e, v L Pxg o
ect

Cycle and bond polynomials inherit many useful properties from the
Kirchhoff polynomial. They are clearly still linear in each o, and homogenous
of degree hy(G) + 1 (for SBg, B(eqm ) and h1(G) — 1 (for xg, Xgl‘e’ ). They
also satisfy the contraction-deletion relations and the following three useful
identities (proposition 2.8 and lemmata 2.9, 2.10, 2.11 in [21]):

(1.25) X(G?M =Vaq\= %\PG if e is not a bridge.
(1.26) B(Gele) =aVqye = ae Yal, g if e is not a self-cycle.
(1.27) Bg‘e/) = —aeae/x(cf‘e/) if e # €.

We also need the polynomial

(128)  XPH(0,6) = —— 2 Br(a,€) =t 3 €4Bl),

856 o e'ebr
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More specifically, we need its evaluation & — ¢ for the case of a single
external momentum,

(1.29) X (e, q) = "z (o),
which factorises similarly to the second Symanzik polynomial in eq. (1.17).

1.2.3. Dodgson and spanning forests In eq. (1.14) we have seen that
the Kirchhoff polynomial can be written as the determinant of the graph
matrix M. Motivated by this one considers minors of the graph matrix, i.e.
determinants

(1.30) w5 = det (M7),

where the edge subsets I,J C Eg with |I| = |J] in the subscript and su-
perscript denote deletion of all rows and columns indexed by edges in the
respective set. In general one often uses a third index set K for \IIéJK and

sets . = 0 for all e € K, but here we always have K = (). Note that \Ilé"]
is only well-defined up to an overall sign since a different ordering of the
rows and columns in the graph matrix may change the sign of the determi-
nant. This will be discussed further below, but for now we just fix one such
ordering.

The \I’é‘] are called Dodgson polynomials and appeared already in [8].
They were first named and systematically studied by Francis Brown in [10].
In the following we discuss some notable properties.

Passing to a minor For all A, B C Eg

I,J 5 TUA,JUA
(1.31) \IJG\A//B,K =VoruB >

which justifies our setting K = ().

Determinant identities Let adj(M)[I, J]| be the restriction of the adju-
gate matrix of M to rows and columns indexed by I and J. Based on the
Desnanot-Jacobi identity [29]

(1.32) det(adj(M)[I,J]) = det(M)1=1 det(M})
for determinants one finds identities of the type

(133)  wlihlishg bt gl glihtin) _ g gt
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This case (|I| = 2 = |J|) is also called Dodgson identity? and its generalisa-
tions are the crucial tool that we will work with below.

Combinatoric interpretation In the case of INJ =@ = K the combi-
natoric interpretation for Dodgson polynomials given by Brown in [10, Prop.
23] simplifies to

(1.34) ve'= > £]]ee

TCEc\(IUJ) e¢T

where the sum is over edge subsets 7" that are simultaneously spanning trees
of (G\I)/)J and (G \ J)/JI. A criterion for two monomials in this sum to
have the same or opposite signs is given in [13, Corollary 17]. Moreover, if
I and J do intersect, then

IJ g INJJ\I
(1.35) v =W

if G\ (I NJ) is still connected and zero otherwise. In particular, \I/g}”{e} =
qu\e.

Finally, the last graph polynomial that we will need is the spanning
forest polynomial [13, Def. 9]

(1.36) oL = > QB P
F=T,U--UT, T

where P = P,..., P, is a partition of vertices of G and Tlt[,k] is the subset
of spanning k-forests which have the vertices of P; contained in the tree T;.

Being a sum over spanning forests and denoted by the same letter it is
no surprise to find that these polynomials are closely related to the second
Symanzik polynomial. Consider the matrix expression for ®r from eq. (1.18).
The coefficients of a product g,,- ¢, of external momenta are precisely the

spanning forest polynomials <I>1£v°}’{v1’v2}, such that

(1.37)
Sr=ap Y du @1 = Y g o, @50,

v1,v2E VL V1,02 EVE
r

2Somewhat confusingly, it is also occasionally called Lewis Carroll identity and
both names are sometimes used to refer to the determinant identity eq. (1.32) [30].
Here we follow the conventions of [10].
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Note that @gO}’{Ul’v"’} = 0 if either of the two vertices vy, v9 is equal to v.
Hence, in this expression we can just sum over the entire vertex set and do
not need to write V{.

1.3. Chord diagrams

Aside from Feynman graphs we need another very special kind of graph —
chord diagrams. They can be used to model the contraction and traces of
Dirac matrices, which is why they appear in QED Feynman integrals. For
proofs and a more in-depth discussion we refer to [22].

Classically, chord diagrams consist of a cycle on 2n vertices (the base)
and k < n additional edges that pairwise connect 2k of the vertices of that
cycle (the chords), but here we need a slightly more general definition that
allows for multiple base cycles.

Definition 1.4. A chord diagram is a graph that consists of £ > 1 cycles
with 2nq,...,2n, vertices and k < > n; = N further edges, such that each
vertex is at most 3-valent.

—

Figure 1.2: Three chord diagrams of order n = 4 with one base cycle and
four, three and two chords respectively.

We denote with D;j! the set of all chord diagrams® with the respective
number and size of base cycles and chords, determined by the /-tuple n =
(n1,...,m¢) € N{ and 1 < k < N. The set of 2-valent vertices of a chord

diagram is denoted V1(72) and we will often call them the “free vertices” of D.

3Here we always mean labelled diagrams, i.e. two diagrams that are isomorphic
as graphs but differ in the labelling of the vertices are viewed as different chord
diagrams. In practice we will always either fix an arbitrary labelling 1,...,2N that
does not influence the result, or have a labelling fixed from context because the
diagram is derived from a Feynman graph in a certain way.
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1.3.1. Colours In addition to the distinction between base edges and
chords we will need to introduce more properties to differentiate between
certain types of edge subsets. This is achieved via colouring. For some finite
set K a map k : Eg — K is called an edge k-colouring if for every vertex
v of G all edges incident to it are assigned different colours, i.e. if £ is
injective in the neighbourhood of v. Chord diagrams D admit an edge 3-
coloring x : Ep — {0, 1,2} that assigns two alternating colours 1 and 2 to
the edges of the base cycles and the third colour 0 to all chords. There are
2¢ possibilities of such a colouring corresponding to the exchange of colours
1 and 2 in some base cycles, so from now on we fix one such choice in all
diagrams. In drawings we visualise the colours with different line types:

0~ s 1~ 2~ emaaaan

Let E% = v 1({i}), ZIJ) = k" 1({i,5}) be the edge subsets consisting only
of edges of the respective colour or colours. Each bicoloured edge subset can
be decompoaed into collections of cycles C}} " and paths PD, where P12 = (),
1P| = |PY, |CL2| = ¢, and we define c2(D ) IC%| +[C%|. The bicoloured
paths between the 2-valent vertices of D can be joined in their shared vertices
to build tricoloured cycles, whose number we define to be c3(D). Often we
are only interested in the total number of such coloured cycles, which we
call &(D) = ca(D)+ c3(D). Beware that this excludes the base cycles in C1}
which are counted separately by /.

Figure 1.3: Colour decompositions of the left and right chord diagrams from
fig. 1.2.

Example 1.5. Let Dy, Do, D3 be the three chord diagrams, left to right,
from fig. 1.2. For Dy and D3 the bicoloured subsets are depicted in fig. 1.3.
Since there are no 2-valent vertices in D all bicoloured components are
cycles. Simply counting them in the drawing one finds

CQ(Dl) =3 Cg(Dl) =0
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D3, on the other hand, has four free vertices. We see that there is still a
bicoloured cycle on the very r.h.s. of fig. 1.3. The other bicoloured subsets
are paths, four of them, which combine into a single tricoloured cycle, such
that

CQ(Dg) =1 Cg(Dg) =1.

We leave it as an exercise for the reader to draw the bicoloured subsets of
Do, count the cycles, and confirm that also

02(D2) =1 Cg(DQ) =1.

Contracting each path in P%i to a single edge of colour ¢ maps the tri-
coloured cycles to a chord diagram Dy € Dy°, for some suitable ng with
Y- no,; < N, without any chords. Its base cycles correspond to the tricoloured
cycles and its vertices are the 2-valent vertices of D. We call this projection
map 7.

Figure 1.4: Visualisation of the projection map my for the case of diagram
D3 from fig. 1.2.

The final notion that we need to introduce is the signum sgn(u,v) of

two free vertices u,v € Vl()Q) within a chord diagram. It is —1 if they are
not part of the same tricoloured cycle of D, and 0 or 1 if there are an even
or odd number of paths between them. Alternatively, in terms of my(D),
sgn(u,v) = —1 if u and v are in different base cycles and is 0 or 1 if they
are in the same base cycle and are separated by an even or odd number of
base edges. In [22, Prop. 3.5] it was worked out how the numbers ¢y and c3
change when a chord is added to a chord diagram Dy € Dj with & < N.
Focussing only on the total number ¢ it reduces to

(1.38) ¢(D) = é(Dg) + sgn(u,v),

where D = (Vp,, E%O U {u,v}, E}DO, E]%O).
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1.3.2. Chord diagrams and Feynman graphs In this section we es-

tablish the connection between Feynman graphs (and integrals) and chord

diagrams. For concreteness we focus on the case of photon propagator graphs

with a single fermion cycle, in Feynman gauge, and we ignore subdivergences.
The Feynman rules for a fermion cycle yield a trace

(1.39) E(Vyer * Vptan, )

where the matrices v, correspond to fermion edges (i odd) and vertices (i
even), and hy = hy(I") is the graph’s first Betti number. Since we are in
Feynman gauge every other matrix is contracted with metric tensors g,
corresponding to the photon propagators (including the external photon,
see sec. 4.1.1). The trace can be visualised as a chord diagram Dr € Di?l
in which each vertex is labelled by one matrix and contraction via metric
tensors is represented by chords.

We are now interested in sums over chord diagrams that result from
all possible additions of further chords to Dr. Because the chords fixed in
place are always the same, we can consider smaller diagrams instead, namely
diagrams built on the projection DY = 7o(Dr). Even if Dr has only one base
cycle the projection may contain multiple base cycles. Hence, let n € Nﬁ’
with Y n; = N = h; be some suitable tuple representing the base cycle
structure of D1Q after the projection, such that D% € Dj. Then we denote
with DE ~ Dy, . the set of all chord diagrams that contain the base cycles
of qu € Dy as a subgraph together with h; — k chords and have their
vertices labelled by fermion edges of the underlying Feynman graph. Each
such diagram corresponds to a trace of 4h; Dirac matrices contracted with
2h, — k metric tensors,*

(140) Df 3D~ < H gmm) ( H guufuv/)tr(’yul P,

(u,v)€EY (' v)EED

For k = 0 this trace is simply (—2)+?1+&DP) [22 Theorem 3.9]. Similar
results also hold if there are uncontracted matrices left, and for contractions
between products of multiple traces. Since there is only a single external
momentum ¢ all matrices not contracted with metric tensors are contracted

4To be precise, these diagrams of course correspond to some product of traces
with a total of 2k Dirac matrices. However, the fixed chords in Dy do not influence
¢, 50 we can just take the factor (—2)"t due to these h; chords and otherwise work
with the smaller diagrams, even though we actually compute the contraction of a
larger product of matrices. See [22] for details.
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to ¢ = qp7”, and with ¢¢ = q? one finds that one always just has an integer
multiple of a power of ¢?. Applying this to the parametric integrand for QED
Feynman integrals from [21], which we will do in more detail in section 4,
yields sums of the form

Gy Y o T ) T e

DeDry: (u,v)EEY weV?
which we will be able to rewrite with the two main theorems of this article.
2. Dodgson polynomials revisited

In order to prove the polynomial identities of section 3 we will need a variant
of the Dodgson polynomials that is in some sense a reinterpretation (in
section 2.1) but also a generalisation (in section 2.2). This then allows us
to define what we call partition polynomials, the polynomials Z’li mentioned
above, in section 2.3.

2.1. Dodgson cycle polynomials

The relation X(Ggle) =Y suggests a possible connection between

cycle and Dodgson polynomials, and indeed we find

— \Pg}v{e}

Proposition 2.1.

foralli,j € Fg.

Proof. For i = j the proof is done and for ¢ # j we use the combinatoric
interpretation from eq. (1.34),

(2.2) Y I

TCEc\{i,j} €¢T

A sum over spanning trees can be decomposed into a double sum over paths
P C G'\i and spanning trees of the corresponding graph (G \ i)/ P where all
paths are between endpoints 04 (i) and 0_(i) and contain the edge j. Then
adding i to each path completes it into a simple cycle Cp = P U {i} € Cg]
that contains both ¢ and j, and the corresponding monomials of X(éjj ) and

\I/g}’{j} indeed agree, at least up to sign. The signs o¢, (4, j), oc, (7, j) of two
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partial polynomials ¥¢yc, and ¥y, in Xg'j ) differ if and only if C; UCy is
— up to contraction of longer paths to single edges — isomorphic to Kjy:

Ci~ ¢t le; Cy~ ¢t te;

Comparing this with the discussion of signs in Dodgson polynomials in sec-
tion 2 of [13], one finds that the endpoints of ¢ are precisely the transposed
vertices given in [13, corollary 17] as a criterion for opposite signs. Therefore
all partial polynomials have the correct relative signs and only the overall
sign ambiguity of Dodgson polynomials remains, concluding the proof. [

It should be noted that the sign ambiguity of the Dodgson polynomials is
of course not entirely absent from the cycle polynomials — the choice one has
to make is simply moved from the order of rows and columns in a matrix
to the orientations of edges in G. Since we always considered our graphs
together with some such fixed choice from the very beginning it does not
appear in the combinatorial definition of the cycle polynomials. Moreover, in
the context of Feynman integrals we can even have a physical motivation for
certain orientations, e.g. aligning all fermion edge orientations with fermion
flow.

We can use this to fix the choice of the graph matrix such that the
signs of X(Cf,lj) and \I!{Gi}’{j}
polynomials as a fixed-sign version of Dodgson polynomials also suggests
the definition of a higher order cycle polynomial via the Dodgson identity
eq. (1.33).

agree. Furthermore, the interpretation of cycle

Definition 2.2. Let G be a connected graph and Xg,‘j) for all 4,5 € Eg
the cycle polynomial as defined in eq. (1.24). Then define an alphabet A =
{a; | i € Eg} in which each letter is associated to an edge of G and consider

two words u,v over this alphabet with |u| = k& = |v|. The Dodgson cycle

polynomial is then defined as X(C?ilaj ) = Xg'j )if k=1 and
k

(2.3) XM = 5 R 3 sen(o) [ i,
O’ESk =1

where u;, 0;(v) denote the i-th letter of u and (the permutation of) v, for
2 <k < h(G).
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In this we simply recursively define X(c? ) for words of length k by re-

peatedly using the Dodgson identity eq. (1.33) or its generalisations derived
from eq. (1.32). For k = 2,3 one has

(2.4) X(C?132|aaa4):\pal( (a1las)  (az]as) (al|a4)X(Gaz|aB))

XaG Xa — Xa )
Xglazaala@s)ae) _ \1,52 (XS1\84)X(C§2\35)X(C§3|86) _ X(Gé!1|a4)X(Gazlaa)X(C§3\a5)
+ X81|35)X(G32|34)X(G33|36) _ X((?l\%)xgﬂas)xgdad
(2.5) Tyl sl Galas) _ | (@ufao), (alan), (ala)y

Note that this also permits an expansion (essentially the cofactor expansion
of the determinant) that yields, e.g. for k = 3,

(313233\343536)

(2.6) = \Ilal (X(Gal|a4)x(03233|3536) _ X(G31|35)X(G3233|3436) + X81|36)X8233|a435))’
which will be very useful later on.

Defining the polynomials like this imposes an ordering on the indices in-
stead of using unordered sets. This yields a symmetry X(C;"V) = sgn(o) Xg'|g(v))
for all permutations of letters in the words, which we will be able to exploit
for our purposes below. Moreover, note that Xg ) — 0 if one of the words
contains a repeated letter and

(2'7) ng\v) _ (_1)l+mX(Cl;\1;-uz~-~Uk\V1~-~vm-~-v1c)

if uy = vy, = ae.

Remark 2.3. The relation between Dodgson polynomials and “sums over
subgraphs of G containing cycles which satisfy certain properties” was al-
ready observed by Brown when he originally defined Dodgson polynomials
in [10, Remark 24], but not further pursued. At some point it might be
worthwhile to study what exactly these certain properties should be for
higher order polynomials, so one can give a direct combinatorial definition
analogous to eq. (1.24), but for this article the recursive definition above
shall suffice.

2.2. Vertex-indexed Dodgson polynomials

We just modified the Dodgson polynomial in a way that allows us to control
their signs by relating them to another polynomial also indexed by edge sub-
sets of the underlying graph. However, the graph matrix is an Fg + Vg — 1
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square matrix that also has rows corresponding to vertices of the graph. It is
therefore quite natural to extend the definition of the Dodgson polynomials
to include deletion of rows and columns labelled by vertices. Since the de-
terminant identity eq. (1.32) holds generally, irrespective of which columns
or rows are deleted, the polynomials given by such minors still satisfy the
Dodgson identity. Moreover, we have already seen the fixed-sign versions
of these types of Dodgson polynomials that we can use analogously to the
cycle polynomials in the previous section. Remember the spanning forest
polynomials used to rewrite the second Symanzik polynomial in eq. (1.37).
Using again the block matrix identity from eq. (1.13) we can write

(28) ®GH = (L, den(E) = (—1)7 = det(M(G) (1)),

The ambiguous sign of the determinant is precisely cancelled by the factor
(—1)"**%2 such that <I>{GU°}’{U1 2} ig indeed a fixed-sign version of the Dodgson

polynomial \IJ{GUI}’{UZ}. Hence, we reuse our previous notation to define

(29) X(Civl‘aw) — Q)g(’}’{v17v2}7

now with words (over an extended alphabet that includes vertices) indexing
it, as in the previous case of cycle Dodgson polynomials. In this notation
the Dodgson identity again takes the form

)

(210) X81|32)XS3|34) _ X(C?1|33)X(C?2|a4) — \I/FX(C?134|3233)

and generalisations are analogous to eq. (2.3). Note that, where edge indices
lower the degree of the polynomial, such that deg(X(GWllW?)) = h1(G) — |wg], if
the letters of both w; correspond to edges, the vertex indices do the opposite.
For single letters, deg(xgilaj)) = deg((D{GU”}’{i’j}) = h1(G) + 1, such that the
polynomial with two-letter words on the r.h.s. has to have degree h; + 2.

Another property we get by courtesy of the spanning forest polynomial is
that

(2.11) vl — V..

In other words, equal indices correspond to identification of that vertex with

vo in the graph, analogous to the edge-indexed case X(C?elae) = ¥a\e, which

indicated deletion of an edge.
In CID{GM’}’{U“UZ} the vertex vg whose row and column are initially deleted

from the graph matrix is explicit. We will see below that it is actually useful
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to consider Dodgson polynomials coming from different such choices. Hence,
from now we will use the subscript X(ci‘j,‘;lg to indicate it, whenever the choice
actually matters. Note that this is different from the subscript K in the
usual Dodgson polynomial \I/IGJK, which indicates contracted edges and is

always empty for us.
2.3. Partition polynomials

With these new variants of the Dodgson polynomials we can define another
new polynomial that bridges the gap between Feynman graphs and the chord
diagrams associated to them. For this purpose, we briefly return to the case
of Dodgson polynomials only indexed by edge subsets of the underlying
graph, not vertices.

Let I" be a suitable Feynman graph such that DIQ =D € Dy withn € N¢
and label all its vertices with the graph’s fermion edges, i.e. letters from an
alphabet A = {a; |i € El(ﬂf )}. Consider all pairs of monomial words (u,v) of
length |u| = N = |v| over this alphabet such that uv contains each letter
exactly once. Then the symmetries

(2.12) Xl(ﬂu‘v) = X%\llu) and X§U|V) = sgn(a)x%ub(v)) Vo € Sy,
induce an equivalence relation on these words via

(2.13) (u,v) ~ (U,V) <= Xl(ﬂulv) = ix%“'lv')’

or equivalently

(2.14) (u,v) ~ (U,V) < Fo,0/ € Sy st. v =0(u), vV =0'(v).

Let P denote the corresponding set of equivalence classes of pairs (u,v) that
satisfy the above mentioned properties. For the two coloured subsets of base
edges Ell) and Ej% define the corresponding subsets P; C P by imposing an
additional constraint: For all edges (u,v) € E% we demand that the two
corresponding letters do not appear in the same word, i.e. a, € u and a, € v
or vice versa. The full set of equivalence classes is then the union P = P{UPs.
Moreover, in most cases the P; intersect only in exactly one element, which,
assuming the vertices of D are labelled consecutively within each base cycle,
is the class of pairs that contain all letters labelled with odd numbers in one
word and those labelled with even numbers in the other. The only exception
occurs if D has one or more base cycles of size 1. Then there is a base edge
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of either colour between the same two vertices, leading to some redundancy.
In particular, P; = P2 if n = (1,...,1).

Finally, we need to fix one distinguished representative of each class
with respect to which we consider permutations. Assuming some arbitrary
ordering of i-coloured base edges (u1,v1),..., (uy,vn) € E% each equiva-
lence class contains exactly one element that we notate (uiq,viq) such that
ay; and a,, are the j-th letters of ujq and viq, or vice versa. For any other
ordering of base edges the designated element would be related to (uiq, viq)
by the same permutation in both words, such that the choice of ordering on
E}') does not matter.

For all partitions of i-coloured base edges € = (E1,..., Ejg) € P(E})
and (u,v) € P define a map ¢ as follows. Let

(2.15) Vi= |J {wo}cw
(u,v)EE;

be the set of vertices in the part £ and consider the restriction

(2.16) (uj Vi) = (U, V)|ap=1 vkevn\V;

of (u,v) to the alphabet corresponding to these vertices. In each (uj,v;) all
letters not associated to this part of the partition are removed but, critically,
the order of the remaining letters is preserved. Then

(2.17)

{(u,vi), ..., (ugpvig)}  if |uj| = |vj] for all 1 < 5 < |€],
Aé.;(u,v):{ e}l =l

The concatenations u; - - - ujg| and vy - - - v|g| are then permutations of u and v
(which are themselves permutations of the words ujq, viq of their equivalence
class) and we define

(2.18) sgng(u,v) = { 0 if Ae(u,v) =0,
sgn(o)sgn(o’)  else,

where 0, 0" € Sy are the permutations with o(ujq) = u1 - - - ujg; and o’ (viq) =

vi - -vig|. With this we are now ready to insert these types of words into

certain combinations of Dodgson polynomials, which we will call partition

polynomials.
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Definition 2.4. Let I' be a QED Feynman graph with the associated chord
diagram Dr such that D = 7o(Dr) = qu € Df with n € N¢, N = doini =
hi(T"). Then we define the partition polynomial of I" to be

(2.19)
ZIQ(CY) = Z (—\IJF)N*\S\(IS‘_FU! Z sgng(u, v) H Xéu’\v/)’

EeP(ED) (u,v)EP, (w v)eXe (u,v)

where P(E}) is the set of all partitions of 1-coloured base edges of D.
Moreover, for 1 <1 < N let

(2.20) A= > > smewv [ o™

‘SEP(EID) (u,V)EPQ (u’,v’)E)\g(u,v)
|E|=1
such that
N
(2.21) 72 =Y ()N i+ 1) 22,

=1

Note that using partitions P(E?%) in the first and words (u,v) € Py in the
second sum yields the exact same polynomial. This symmetry is not quite
obvious from this definition but will become so in the proof of theorem
3.1 below. However, the separate polynomials ZIQ‘ , do differ considerably
depending on whether one sums over P(E%) and Py or P(E%) and Pj.
Hence, when discussing these polynomials specifically, one should make clear
which one is chosen. We reiterate that the sum Zlg is independent of this
choice, which only reflects two different possible decompositions.

Based on this definition we can introduce a similar polynomial that in-
corporates vertex-indexing in Dodgson polynomials. For the purposes of this
article it suffices to stick to a very specific vertex indexing, but it should cer-
tainly be possible to extend this to include any type of Dodgson polynomial.

Definition 2.5. Let everything be as in def. 2.4. Additionally, let I" be a
Feynman graph with only two non-zero external momenta and z,y € V!
the corresponding external vertices. Let y be the additional letter represent-
ing y and assume that the deleted column and row of the graph matrix

corresponds to x, i.e. all Dodgson polynomials are X%“‘V) = X%u!;'). Define

1 (u'v") XE“U/y'VIy) ¥r
ZF|Z — Z Z sgng(u,v) H Xr Z (W_\IJ_F>

EEP(ED) (u,v)EP, (W v)eEXe(uv) (U, v)EAe(u,v) r
&]=1
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(2.22)
or b g A
= _l ZF‘; Z ngng H Z Wy
EEP(EL) (u,v)eP, (u V)EXe (u, v) (W' v)EXe (uy) XT

€=t
Then we define the first order partition polynomial of I" to be

N

(2.23) ZMa) = %Z(—WF)N*H(Z 1) ZY,
=1

Note the additional factors of 1/2 and —Vr, in contrast to eq. (2.19)
above. Together with the observation that or = Xg'” and Up = Xfﬂ@l@)

the first line of eq. (2.22) this suggests a straightforward generalisation

(2.24) Zh(0) = o 3 (~Ur) VR 1)1 2

Z{f‘ , should contain something like a sum over all choices of k£ word pairs in
Ae(u,v) to which the letter y is added. Then the factor 1 in Zlg‘l
to a sum over the unique choice of no element at all and the sum in le ;
is the sum over choices of exactly one word pair. If this is in fact a correct
(i.e. useful) generalised definition shall be studied in future work. For now
we will concentrate on the cases of order 0 and 1.

corresponds

3. Polynomial identities

The statement of our two main theorems is now that the two partition
polynomials Zlg and Z% are in fact equal to the sums of chord diagrams,
with products of cycle polynomials in each summand, that appear in the
parametric integrand of QED.

3.1. The first summation theorem

Theorem 3.1.

1 6 u v
(3.1) =5 > I .

DeDy (u,v)EEY



690 Marcel Golz

In order to prove this we first need some auxiliary results. First we at-
tempt to study the summation by essentially working backwards and looking
at sums » X(F“idlvid) for (uiq,viq) € P2, which appear in the partition polyno-

mial for the single part partition & = {E}}.

Lemma 3.2. Let P; be as above and c;(D) = |CODj| the number of two-
coloured cycles consisting of chords and j-coloured base edges (such that
c2(D) = c3(D) + c3(D)). Then

(32) E X%Uidh/id) _ (—\I/F)I_N Z (_2)0;(D)—1 H Xgau|a,,).

(Uia,via)EP; DeDy (u,v)EEY

Proof. Quick computations show that the claim holds for all n with N =
>>n; = 1,2, and even N = 3 is only mildly tedious, as shown below in
example 3.3. We now reduce the Lh.s. of eq. (3.2) to a sum over expressions
corresponding to N — 1, in order to prove by induction.

Consider a word pair (xi1 - -- X1y, X21 - - - xon) with all x;; € A. Assuming
this word is a representative (uiq,viq) € P;, each pair (xij, o) of k-th letters
corresponds to a base edge of EJ ,» for a chord diagram Dy € Dg. With eq.
(2.3) its Dodgson polynomial can be written as
U (X117 X1 N [X21 X2 N )

r'Xp
N

(_1)1+kX§X11 |X2k)X§X12'“X1N X21“'>A(2k“'X2N)
k=1
(3.3)

N
— %X11|X21)X§X12“'X1N X22"'X2N) _Z X§X11|X2k)x

(XlkXIQ“'Xlk"'XlN X21"'X2k"'X2N)

r
k=2

Moving the letter x1 in the last line guarantees that the letter pairs (xq;,xg;),
with [ #£ 1, k, are still paired up in the expansion. In fact, the word pairs

(3.4) (X1kX12 * X1k * - XIN, X21 * - X0k * * * X2N)

are the representatives (uly,vi;) of an equivalence class of word pairs asso-
ciated to the diagram my(D), where D is Dy together with the chord corre-
sponding to the letter pair (x11,x2x). The sum over all equivalence classes in
P; can be realised by summing word pairs of the form

(3.5) (X1 7 X(A4E0)N s X@2—t)1 7" X(2—tn)N)
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over all N-tuples in 7 = {t € {0,1}" | t; = 0}. One finds

X X X(2— e X(2—
\I/I‘z :X% (14+t1)1 (1+tN)N| (2—tq1)1 (2 tN)N)
teT
o (xanfxer) (X(1tt9)2 X1+t 5 )N [X(2=t2)27 X2t 5 )N)
Xr Xr

teT

(X11 |X(2—tk)k) (X(1+f,,€)kX(1+t2)2”-i(1+tk)k-"x(1+tN)N\le-"?(z—tk)k'"X(z—tN)N)
- Xr Xr .

k=2tcT
(3.6)

Now we want to translate this back to vertices of a chord diagram. Let
u,v € Vp, such that x;1 = a,, x21 = a, and (u,v) € E{)O. Note that, by
definition of P;, such u,v always exist. Then eq. (3.6) becomes

\Ill" Z X%“id‘vid)

(Uia,via)EP;
_ o9 (@ulan) (ula|Vviy) (au]aw) (Wl vLy)
(37) = 2XF Xr alVia) _ Z X5 Z N AV ’
(UiaVa) P wEV, (uia Vi) P
WHEU,V

where P;-"U and P}"w are the classes of word pairs after addition of the chords
(u,v) or (u,w) respectively. Replacing these sums with the corresponding
r.h.s. of eq. (3.2) finishes the proof, where the factor of —(—2) in the first
term corresponds to the addition of the cycle that consists of the j-coloured
base edge (u,v) and the chord between those same vertices. All other chords
(u,w) added to Dy do not add two-coloured cycles but only split, twist or
merge base cycles when projected out with . O

Example 3.3. Consider as an example N = 3 with a single base cycle.
Label vertices consecutively from 1 to 6 and choose j to be the colour of
(1,2). Then the sum over word pairs in P; on the Lh.s. of eq. (3.2) is

(38) X§313335‘323436) +X%a1a4a5|323336) _’_X§‘313336|323435) _’_X§3134a6|323335).
Expanding each term as defined in eq. (2.3) yields ¥ 2 times 24 terms, 15
of which are distinct, such that one finds

4X1@1|32)X1£33|34)X1£35|36) _ 2X§31\az)xgaa\%)xgaﬂas) _ 2X1@1|32)X1@3|36)X1(ﬂ34|35)
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_2X(Fal\as)X(FaQ\a4)X(Fa5\a6) +X(FalI.aus)X(FazIas)X(F.am\ae) +X(FanIas)X(Fazlae)X(Faulas)

*2X(ral‘34)X(ra2‘as)x(ra5‘36) + X(Falla4)X(Fazlas)X(Fas\as) JrX(Fallm)x(razlae)X(Faslas)
+X%a1\as)X%aﬂas)X%az;\as) + Xlgallas)xlgazla4)x(ras\aa) _ 2X§§1Ias)x§§zlae)xgﬁsla4)
+X(Fal\aa)X(Faz\as)X(Fa4\as) + X1(~31|36)X1(~32|a4)x(;3‘a5) _ 2X(pa1|a6)X(pa2|aE)X(pagla4)-

Now one can simply check each summand by counting the cycles of the
corresponding chord diagram, while keeping in mind that only the bicoloured
cycles with chords and j-coloured base edges are counted. For example, in
the first term each factor corresponds to a chord (1,2), (3,4), (5,6), each
spanning exactly one of the j-coloured base edges. Hence, there are three
such cycles and (—2)%2(P)~1 =4,

The obvious next questions is now: Can we find such an identity for all
partitions? Indeed, we can.

Lemma 3.4. Let £ € P(E}jo) be any partition of 1-coloured base edges of a
diagram Dy € Dy and Py the corresponding word pairs as above. Then

>osens(uv) I ™

(u,v)€EP, (u’,v)EXe (u,v)

(3.9) = (_1)1—\5|(_\I,F)ISI—NZ (_2)c§(D)_1 H X%a“,\av)’

DeD|} (u,v)€EY,

where Dlg C DY ~ DY is the subset of complete chord diagrams with base
cycles given by n (and vertices labelled by edges of T') that is restricted by
demanding that all chords of a diagram can only connect vertices that lie
within the same part of £.

Proof. Consider again the word pair (x11 - - - X1 x5, X21 + - - Xan7 ). The letter pairs
(x14,%2;) correspond to 2-coloured base edges, so the 1-coloured base edges
correspond to pairs (xy(jt1),x2i) for i # mni,n1 + ng,..., N as well as
(X115 %2n, )s (X1(ny+1)» X2(ny4ns)) €tc. due to cyclicity in each base cycle. With
this we can represent the partitions of Ell)0 by partitions of {1,...,N}.
Assume at first that there is a single base cycle with ny = N and the par-
tition has two parts, I = {i1,...,4,} C {1,...,N}and J = {j1,...,5,} C
{1,..., N} with j;, = N. The extension to the general case is quite straight-
forward and discussed further below. Now look again at word pairs of the
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form

(X(l—f—t])l X1t )N X(2—t)1 " 'X(2—tN)N)

summed over all N-tuples in 7 = {t € {0,1}¥ | t; = 0}. The map ¢
restricts which tuples are permitted in the sum and describes how the re-
maining word pairs have to be split up. The only word pair that always
yields a nonempty set under A\¢ is that of t = (0,...,0) where one finds

(3.10)
>\5(X11 CXIN, X217t 'XZN)

= {(Xl(z’1+1) T XL (g, 1) X240y " 'X2ill)» (Xl(j1+1) T XL (G, 1) X251 'X2j12)

with the cyclic identification x;(y41) = x11 understood. By construction both
words in each pair have the same length, I; and ls respectively. Moreover,
we can note that regardless of the specific partition the same permutation
applied to both words of the concatenated pair

(Xl(i1+l) T KLy D)X A1) T XLy 1) X2iq 7 X240y, X255, 'X2jz2)

1("etu)1"11\17s 1(X12  XINX11,X21 * - - Xan ), SO here sgng((Xi1 - Xin,X21 - Xon) =
1)

Next we need to study what happens for different word pairs, i.e. if the
letter pairs (x1,, X2, ) are exchanged for all r in another subset R C {2,... N}.
If r and » — 1 are both in I or both in J then the swap of x1,- and xo, results
in word pairs that still have equal length words since xi, is contained in
the same word pair as xg,. If 7 and  — 1 are not in the same part then we
find that exchange of any single letter pair (xi,,xo,) will lead to words of
different lengths in each pair such that the term does not contribute. Hence,
each exchange of a letter pair (xi,,x2,) with € I and r — 1 ¢ I will require
another exchange of (xs,x25) with a suitable s € J to compensate and
return word pairs with non-vanishing contribution. Here we need to start
distinguishing between different types of partitions.

First, let I and J be sets of consecutive numbers (counting N and 1 as
such). Then there are only two r € {1,..., N} such that r and r — 1 are
in different parts. Since only word pairs in which either both or neither are
exchanged contribute one finds that exactly half of all word pairs in Py yield
non-empty sets of pairs under A¢. Then the sum

Y seng(uv) [T o™

(u,v)EP, (W v)EXe (u,v)



694 Marcel Golz

contains 2V~2 terms that decompose into two factors with 22~1 and 20>~1
terms corresponding to the two parts. Permutations with signum (—1)n~!
and (—1)27! can be used (analogous to the discussion of the sign above)
to align the original letter pairs (corresponding to 2-coloured base edges)
in each word pair. Then each such factor can be rewritten with lemma 3.2,
where one interprets it as arising from a certain smaller chord diagram base
cycle. That cycle, say for the part I, results from contraction of the path that
consists all 1-coloured base edges represented by the integers in J as well as
the 2-coloured base edges in between these (consecutive) 1-coloured edges
to a single 2-coloured base edge. Any pair of diagrams built on these smaller
base cycles corresponds to a larger diagram with the original base cycle
that one finds by simply cutting the contracted 2-coloured base edge in each
diagram and gluing them together. The number of 2-coloured cycles is almost
additive but the cutting removes one cycle in each diagram and restores only
one when gluing them together. Hence, ¢3(Dy)—1+c3(Dy)—1 = c3(Dyrj)—

This straightforwardly extends to partitions with any number of parts,
as long as each consists of consecutive base edges, and one finds

S seng(uv) I

(u,v)€P, (u",v)€EXe (u,v)
€]
_ yI=N H ( Dl (—p) Z (—2)B(P)-1 H X(pa“|a"))
D;eDy (u,v)EEY,
= (-1~ |5| |5\ NZ c3(D)-1 H (aulav)
DeD|2 (u,v)EEY,

(3.11)
where l1,...,ljg with [1 + ...+ ljgy = N are the cardinalities of each part.

This even extends further to partitions like {{1}, {3}, {2,4}} where the part
{2,4} does not contain consecutive base edges initially but 2 and 4 become
consecutive after factoring out the terms (contracting the base edges) cor-
responding to 1 and 3.

Next we look at the exact opposite case, i.e. we assume that I and J do
not contain any consecutive numbers at all. Note that then both parts need
to have the same cardinality |I| = |J| = N/2 and N has to be even. The
contributing word pairs can be found by considering all possible choices of
k < N/2—1 index swaps out of the set that contains 1 (which is kept fixed)
together with all possible choices of the same number of indices from the
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other set (in which all N/2 elements are permitted). The number of such
exchanges can be counted with Vandermonde’s identity to be

(3.12) Ngl <N/2k_ 1) (Nk/ 2> = (N]\;z_—11> - %(N]\/fz) ‘

The sum containing these terms does not factorise, but we can reduce it
to a sum of expressions corresponding to N — 1, allowing for proof by in-
duction. Choose one of the two parts and expand the corresponding factor
of each summand analogously to eq. (3.3). By construction the first term
on the r.h.s. cannot exist in these expansions, since x;; and xo1; belong to
different word pairs. The sum contains fewer terms but the principle is the
same: Suitable permutation within the remaining word pair allows us to in-
terpret it as associated to a diagram that in turn resulted from addition of
a chord corresponding to the removed letter pair. Hence, we only pick up an
overall factor of —Wr and can collect coefficients of each Dodgson polyno-
mial X§X1T|X25). By simply counting how often a given letter pair is or is not
involved in an exchange one finds that one can collect terms into groups of

(3.13) ( N]\/rz__21) - ((NN—_2)2/2>

which is exactly twice the number of possible exchanges we would have
for N — 2. The coefficient of each X(FX”‘XZS) corresponds to the sum in eq.
(3.11) but for a smaller diagram with N’ = N — 1 and a corresponding
smaller partition. For the small cases of N = 2 and N = 4 the reduction
already yields factorising expressions (see example 3.5). For larger N that
is generally not the case and since N — 1 is odd it also cannot belong to
the case we discussed here. Instead, what happens is a partial factorisation
that allows us to collect the 2, 6, 20, ... terms into 1, 3, 10, ... pairs which
correspond to a non-factorising partition with a total cardinality of N — 2.
The corresponding partition consists of one part in which all elements are
still non-consecutive and one part that contains only exactly one pair of
consecutive numbers. Then the reduction process goes through for any such
partition with mixed consecutive and non-consecutive base edges, even for
more than two parts. If there are k pairs of consecutive base edges in one
part then this simply yields 2¥~1 terms which correspond to a subset of the
possible word pairs resulting from some smaller diagram — but it is not the
full subset needed for the factorisation seen above.
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Finally, all of this goes through for any number of base cycles without
much change. The only difference is in which base edges are viewed as con-
secutive. For example, for a diagram with two base cycles of size ni and no
with ny +ng = N one has (1,n1) and (n; + 1, N) as consecutive pairs, but
neither (1, N) nor (n1,n1 + 1). O

Example 3.5. Consider an empty chord diagram D € Dé on a single base
cycle with 8 vertices labelled 1-8. Let 2 be the colour of the base edges
(1,2),(3,4),(5,6),(7,8) and 1 the colour of (8,1),(2,3),(4,5),(6,7). The
word pairs in Py are, up to possible permutations,
(a1agasar,azasapag) (a1azasas,azasagay) (a1asagar, agasasag)
(a1asasar,azazagag) (a1azagas,azasasay) (a1asasas,azasasar)
(313436377 32333538) (313436387 32333537).

The partitions with one part are very similar to those in example 3.3 but a
bit too large already to sensibly write them here in their fully expanded form.
With two parts there are three types of partitions. Firstly, if £ = {E1, Fa}
with |Ey| = 3, |E2| = 1, then the factorisation is obvious. For example, for
E=1{{(8,1),(2,3),(4,5)},{(6,7)} one has

(aglar) (X%313335|323438) + X?134a5|aga3a8) + X%alagas\a2a4a5) + X§313438|323335)) ‘

—Xr

Similarly, for a partition like &€ = {{(8,1),(2,3)},{(4,5),(6,7)} one also
finds a factorisation since the four terms one gets are

(3133|3238) (3537‘3436) (3133‘3238) (8637‘3435)
r Xr +Xr Xr

(3138|3233) (3637\3435) (3138\3233) (a5a7|a436)

+ Xr Xr +Xr Xr .
The non-factorising partition & = {{(8,1), (4,5)},{(2,3),(6,7)} yields three
terms that we can still simply expand explicitly:
\If% (X%ala5|a4ag)X§aga7\aQaﬁ) + X%alag\a4a5)xg‘agag|aga7) + X%ala4|a5ag)x£‘aga7|aga3))
:<X(Falla4)x(ras|as) _ X%allas)x(raéxlas)) <X%az\as)x(ras\a7) _ X(FazlaﬂX(Faslas))
+ (X(Fal\adx(raslas) _ X(Fallas)x(ra4\as)> (X(Faalax)x(raelaﬁ _ X(Fa2\as)x(rasla7))

+( (a1]as) | (aalas) (31|38)X§34\35)) (Xl(j‘2|36)xl(j‘3|a7) %32\37)X%33|36))

Xr XT —Xr - X

—9)1
(—2) (X(Fal|a4>X(Fa2|a3)X(Fa5|a8)X(Fa5\a7)+X(Fal|a5)X(Fa2|a6)X(Fa3|a7)X(Fa4|ag>
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+ X%al \ag)X%aQ\a7)X%a3\a6)X%a4|a5))

a5|a8)

—92)0
Jr( ) < (Fa1|a4) (Faz|as)X(Fag,\;,,7)X(F;,,5\;,,8)JrX(Fal|a4)X(Faz|a7)X(FaB|as)X(F

(=Dt

% 1]as) %az|33)x%a4\38)x(36\a7)+X(al|35)X§32|a7)X§aa|a6)X§a4|aS)

(al|38)X§a2|33)X%a4\35)x(36\a7) +X(al|38)X§32|36)X§j‘3|a7)x§a4|35)).

_l’_

_l’_
With a quick drawing one can now check that the chord diagrams corre-
sponding to these terms are as expected and that the number of cycles is
indeed correct. Finally, expanding only one of the two polynomials in each
summand leads to the reduction from the proof of lemma 3.4:

(a1laq) _ (as]as) (azazlazas) (3336|3237)
Xr Xr (Xr +X )
+X§‘a1|a )X§‘84|as) (X%azaﬂaeas) + ?233|3637))

+X%‘alla8)X§‘a4|aS) (X§‘a236|a7ag) + X%aga3|a7ag)) .

The final ingredient for the proof of this chapter’s main theorem is an
identity allowing summation of Stirling numbers of the second kind S(k, ).
They count the ways to partition a set of k£ elements into [ non-empty sets.
To prove it we need a certain identity relating Stirling numbers and the clas-
sical polylogarithm. While the literature contains a number of well known
identities that do so, they are all either similar but not obviously equivalent
to the one we need, or appear without proof. Moreover, the commonly cited
references (e.g. [31, 32, 33|, among many others) all appear to cite each other
or unavailable older literature, so it may actually be somewhat elucidating
to derive everything we need ourselves.

Proposition 3.6. Let

1
(3.14) Lis(z) = Z’;— 2| <1, seZ

be the classical polylogarithm and S(k,1) be the Stirling number of the second
kind. Then

k 1)'
(3.15) Li_g1(2) = (-1)" > S(k, :

for integers k > 2.
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Proof. For k = 2 the r.h.s. is

(3.16)
1 1 P 1 = e, .
= y—— = o = l :L_ .
z—1+(z—1) =22 281_2 20 ;z ;z i1(2)

Now proceed by induction

Li_gy1(2) = 20, Li_py2(2 )M 125 ( _11)l(l—1>
k—1 ;
(3.17) = (—1)* 3 S(k — 1,z)mu,
and use partial fraction decomposition to find
(3.18)
S(k — 1,1)@1! —1S(k — 1,1)% + Sk — 1,1)#

Using the recurrence relation S(k,l) = S(k—1,1—1)+1(S(k—1,1) the first

term is further rewritten as

In the sum one now has a telescopic cancellation involving the second terms
of egs. (3.18) and (3.19). The only remaining terms are

(k—1)! (k—1)!
(== 1F (== 1)

as well as the first part of the r.h.s. of eq. (3.19) summed up to [ = k — 1,
such that overall

S(k —1,0)

po— =0 and Sk—1,k—-1)

= S(k, k)

1)k : 1)'
Li_pi1(z ZS . O

Lemma 3.7. Let S(k,l) be the Stirling number of the second kind. Then

k

S OSEDDHI+1) = (-2)F  VE>1.

=1
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Proof. For k =1 the claim is checked directly. For k > 2 we use the identity
derived for the polylogarithm in proposition 3.6 and note that a change of
the argument allows us to write

k
(3.20) (—1)’“Li,k+1( ) S Sk, 121 - 1)

=1

with z < —1. Now let

k k
L(z) =Y _ Sk +1) =2022)  S(k, 1)z (1 - 1)!
=1 =1
(3.21) = (—1)F 2022 Li_pt (1 + %)

Computing the derivative one finds

(3.22) L(z) = (i_ﬂ; (Li_k_l (1 + %) CLiy, (1 + %))

Both polylogarithms start with terms linear in (z41)/z, yielding divergences
when evaluating at z = —1, but upon closer inspection we see that they
precisely cancel each other. With z < —1 one has |1 +1/z| < 1 such that we
are able to employ the classical sum representation of the polylogarithm, of
which only the first two terms are of interest to us:

(3.23)

o= (3 () 3 (1))

t=1

(-DF (241 4 (z+1 241 (2+1)?
= +2 - —2
(z4+1)2\ =z z z z

. (2)k(z_12 b O <<+1>> )

Now we can safely take the limit z — —1 to find
k

(3.24) > Sk D=1+ 1) = L(-1) = (-2)*.
=1 O]



700 Marcel Golz

Proof of Theorem 3.1 First, use lemma 3.4 to rewrite the partition
polynomial as

A Z (—Tp)NEle) + 1) Z sgng(u,v) H X%”IIV/)

EeP(ED) (u,v)EPy (0’ v)EXe (U,Vv)
= Y e Y (2@ T )
EEP(EDL) DeD|2 (uw)EEY

The sum already contains c3(D), the number of 2-coloured cycles. Regarding
cycles of the other colour we can make the following observation: In each di-
agram with ¢3(D) < N the 1-coloured cycles can themselves be interpreted
as a partition of E%) in which each part is given by the base edges connected
to each other by chords. The diagrams in D\g can only have chords con-
necting base edges within the same part of £, so each part in the partition
given by the 1-coloured cycles has to be a subset of a part of £. Counting
the number of ways of partitioning the c3(D) cycles of a given diagram into
partitions with |£| parts (i.e. counting the number of partitions £ with a
certain number of parts such that D|g contains the given diagram D) one
finds precisely the Stirling numbers of the second kind S(c}(D), |€]). Using
this, we can exchange summation over diagrams and partitions and find

ZE D DI C S (CERID DR | I

EEP(EL) DeD|2 (u,v)EEY
_1 Z Z(D < H (au|a ) Z S 1)l(l+1)'
DED“ (u,v)€EY,

Now lemma 3.7 is applied to evaluate the sum to (—2)05([) ), which finishes
the proof. O

3.2. The second summation theorem

Now that Z19 is well understood we can proceed to the more complicated
Z%. Contrary to ZIQ they contain not only the cycle polynomials, but also
xf., which we had defined in eq. (1.29). We begin by analysing these poly-
nomials and in particular their products a bit further. Building on this we
will then find that the summation theorem from the previous section can be
generalised rather straightforwardly to the following result.
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Theorem 3.8.

(3.25) 7= Z(_Q)ew)( I x(p““)) 11 =+

DeDr. (uv)EEY, weVy?

3.2.1. The polynomial z}' The first step to prove this theorem is get-
ting a better understanding of the polynomials x} and their products. We
begin with some general observations about their connections to bond and
spanning forest polynomials and then state the precise result that we will
need in lemma 3.9 below.

Analogous to eq. (1.37) we can also write the bond polynomial as

(326) ﬁG — Z 19”1191)2(1)2)0}’{1)1,112}’

v1,02€Ve

where the momenta g,, are replaced with 9, = ", Icy,&. With the defini-
tion of Xg/* as derivative of the bond polynomial w.r.t. &' (see eq. (1.28))
one finds

(3.27) ’” = Z Iy O (I){Uo} {vn02}

V1 Y vy
v1,02EVg

Then we move to the physical case, i.e. a Feynman graph I' in which we
evaluate the formal parameters £, to physical momenta. For each edge there
are only two vertices, namely u1, ug with d(e) = (u1,u2), such that I.,, # 0,

and Ig,, = —I¢y, for this pair. Hence, the polynomial reduces to
(328) X?M _ _agl Z q{j (@%UO}:{U2:U} _ @1{17)0}:{“1:“})'
veVEr!

Accounting for cancellations between spanning forests (i.e. their correspond-
ing monomials) that appear in both polynomials, the difference can be writ-
ten as

(3‘29) q)l{}o},{uz,v} (I){Uo} {u,v} (I){Uoful} {u2,v} (pl{—‘v(),u‘z},{ul,v}.

If we now specialise to the case of only two external vertices vi,ve (or at
least only two with non-vanishing momenta), then this reduces further to

(3.30)
XF# — q“oz_l (@{Uo} Ao} + (I,{Uo} {uz,v2} (I)]?U(J}y{u’zﬂ}l} _ @%UO}’{M’UZ})
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In order to explain the overall sign we emphasise again that e is directed
from 0_(e) = u; to 04+(e) = ug, and that we chose g, = q¢ = —qu,.

By the same principle as eq. (3.29) we can explicitly remove terms that
would cancel between these four summands:

(3.31)
q)livo}7{u1,v1} _ q)livo},{uz,v1} + q)livo},{uz,vz} _ Qliﬂo},{ul,vz}

(I)Fio,uz},{ulﬂ)l} _ (I)%U07u1}7{uz7v1} + (I)l{})o,ul},{uz,w} _ @i{j’l}o,uz},{uhvz}

— ¢§U0,U27U2}7{U1701} + @1{—‘1)0»“1:”1}7{”211)2} o (Dl‘LUOyUQyUl}y{ula@?} o @l{‘v07ulyv2}:{u27vl}
— @l{\U17v1}7{UQ7D2} _ @1{‘“1,”2}u{u2uvl}'

This is now explicitly independent of the arbitrarily chosen vertex vg. We
can re-expand eq. (3.32) by including terms cancelled between the two to
get

(332) (I)éul,vl},{uz,vz} o (I)I{‘UhUz},{UmUl} — @%vl}y{,uZy’UZ} o q:)%vl}y{ulﬂ&}'

This is now not only independent of the original arbitrary choice of vy but
can actually be interpreted as Dodgson polynomials with respect to a graph
matrix in which v; was removed:

3.33 X&,M _ =1 (a“,2|al,2) _ (aullavz) _ Ma.e

(3.33) A P Xra, ) = "

Lemma 3.9. Let I" be a QED Feynman graph with only two non-zero ex-
ternal momenta q, = q = —q, at vertices u,v € Vp, and I'* = T'|,—,. Let
furthermore e, f € Er be any two edges of I'. Then

(3.34) aeafx%x{: = ‘Pp-,ﬁl(f'f) - ‘I’Fﬁl(ﬂe.‘f)-

Moreover, if e # f this simplifies to

(3.35) wprh = —‘I’F-X(pelf) I \Ifrx(pe.lf)a
which means that up to sign xf = :I:ng';) and the signs are such that

(3.36) zgal = —x U,

Proof. Let a,b,c,d € V1 be the not necessarily distinct endpoints of edges e
and f, with directions d(e) = (a,b) and 9(f) = (¢, d), and use letters a = a,,
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b = ap, etc. With eq. (3.33) the product is then

acapriat = (xy) = xi) O’ — xiT)

b|v d|v v d|v b|v clv alv clv
80 0 ) 4
X( Iv) (X(be) X(al ) ng\uC) +X(3\C))
(337) . (Xébﬁdv) . XS\;IdV) X( u|cv) + X(av\cv)).

(vIv)

The coefficient of xp 7 in the first summand is exactly the sum from eq.
(3.32) with different labels, such that

(b\d) X(F IS) X(Fb\:)_i_x(Fa’IJ) _ @lﬂu},{bﬁd} _ ¢§u}7{a7d} _ @%u}v{bvc} + @12“}’{“’0}

(3.38) _ (I)%a,c},{b,d} B (Dl{‘b,c},{a,d}'

X%"L\:) itself is the Kirchhoff polynomial ¥« = ¢r. The terms in the coeffi-

cient of W can be interpreted as

v|dv d
s )

such that they add up to

(3.40) plachibdr _ glbel{ad)

just like eq. (3.38). After putting all of this together we have proved the first
claim,

e (q){a (€),0-()}{0+(€),0+(f)} _ (I)l~£3+(6)73—(f)},{a—(e)73+(f)})

ozeozfajpxp
— Up (cI)l{f—(e), _(H)110:(e),04 (N} q)li(?Jr(e),B_(f)},{a_(e),3+(f)})
(3.41) = W B i pld,

For the second claim we simply remember eq. (1.27),
ﬂl(ﬂe‘f) — Qe X(F elf) for all e # f

and divide by acay on both sides. For the final claim we return from the
notation with I'* to Dodgson polynomials. Then we have
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<
(3.42) MRl ] = wpEoie)

and the nature of the xf becomes obvious from a comparison with the
Dodgson identity in eq. (1.33) or eq. (2.10). O

3.2.2. The sum over ’Dll Now that we know that the additional poly-
nomials xf are also just Dodgson polynomials it seems reasonable to think
that the ideas used for the previous summation can also be used here. We
find that this is indeed the case, but there are some complications that we

need to consider first.
Note that D% has

2N
2

)(2]\7 _3)n = %(m _3)l = N(2N — )

(3.43) |Dp| = <
elements. They can be sorted into (2N — 1)!! groups of N diagrams, each
of which corresponds to a diagram D € DY and all N possible choices to
remove one chord from it. Hence, a sum over ’D% can be split into a double
sum over DIQ and chords of each diagram. The addition of the final chord
always raises the total cycle number by one, by removing the tricoloured
cycle to add one bicoloured cycle of each colour. With polynomials one has

> (—z)éw)( 11 x(pa“'a“)) I =

DeDp (uv)EED weVE?
=Y 2 ] (aulay) Z TP
- XT (aula.)
DeD? (u,v)€EY, (uw)e By, XT

(auly) | (auly)

(3.44) =-> (f2)5(D)—1( I1 x(p"‘“'a“)) 3 %

DeD? (u,w)EEY (uw)eEy, XU

Here and for the rest of this section we still assume that I' has two external
vertices, say x,y € Vr, all Dodgson polynomials are with respect to the
vertex  with the incoming momentum ¢, = ¢, i.e. Xl(f“‘a”) = X%azla“), and y
is the letter associated to the other vertex with the outgoing momentum.
Define the set of diagrams D|. C DL restricted by a partition anal-

ogously to the previous case D[%. Chords are only allowed between base
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edges belonging to the same part and the two free vertices are treated as if
they had a chord between them. In other words, a diagram D € D% isin D[é
if and only if the corresponding diagram D’ € DIQ (resulting from addition
of the missing chord) is in D|2.

The next lemma is the analogue of lemmata 3.2 and 3.4. Since the idea
behind the proof is very similar we directly combine them into one.

Lemma 3.10. Let &£ € ”P(Eb) be any partition of 1-coloured base edges.
Then

o (uy[v'y)
Z sgng(u,v) H X%u Iv') ( — |&|¥pe + Up Z %)
(u,v)EP, (u",v)EXe (u,v) (u’, v')ez\g(u,v) Xr
=~ ) VY (- ( I i ) IE2
DeD|; (u,v)EEY, weV?

Proof. Let w; = x;1---x;n, ¢ = 1,2 be the two words from eq. (3.3) in the
proof of lemma 3.2. Append the letter y to the front of both words and
consider again the expansion

\Ij%xgwl lyws)

— (Y\Y) (W1|W2)+\II Z z (Xh|Y)X(YX11"'5<1i"'X1N X21X2N )

T
=1
N
— \I]I“ \I/FX%W1|W2) _ Z (_1)i+jX§X17‘,‘y)X%ij|Y)X§X11"'§<1i”'X1N X21"'>A(2j"'X2N).
1,7=1

(3.45)

(wilwz) .

The term W is precisely what was discussed in lemma 3.2 and

1+7 (X11"'>A<11'"'X1N|X21"'>A<2*'"X2N)
(=1)"xp !

with ¢ = 1 was the coefficient of X(X“lxz’) in its expansion. Hence, repeating

the steps from that proof we immediately find the result for |£] = 1:

(3.46)
Z (\Il o (uiay|Viay) WF.X%UM‘VM))

(U d, Vd)EP
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—p)t Ny (—2)% D)< IT ) NES

DeDy, (u,0)EEY weVE?

Replacing the Dodgson polynomials with x% (see eq. (3.36)) flips the sign
in front of the sum in eq. (3.45). Since it is a double sum we get a factor
of 2. This, together with a —1 due to the factor +¥r on the Lh.s. raises
the power of —2 to ¢(D). This can be interpreted as due to the additional
tricoloured cycle that all diagrams D € D} have.

Now we can simply repeat the arguments of lemma 3.4 to extend this to
|€] > 1 to finish the proof. Inclusion of the factor

X(U’VIV’y)

(3.47) > T

(u',v)EXe (u,v) XT

simply turns each summand into a sum of |€| terms where one of the factors
in each of them is replaced with the Dodgson polynomials with appended
letters y. Expanding that factor as above yields the term X(yly) = Pr. in
each summand, so we need —|E|¥r. to cancel it. The remaining terms can
then be collected into groups of terms that either already factorise or can
be reduced with the exact same arguments as in lemma 3.4. O

3.2.3. An example Before we move on to prove the main theorem we
discuss an example to illustrate the previous lemma.

Consider a sum over word pairs (uiq,viq) € P; as before, but add in each
Dodgson polynomial an additional letter y representing a vertex. Due to
this additional letter we constrain ourselves to an N = 2 example, namely
n = (2). The word pairs are then (ajas,azas) and (ajay,agzas), where we
choose the colour j to be that of the edges (1,2) and (3,4), and we expand
the Dodgson polynomials as

\If% (X(3133y|3234y) + X?134y|agagy))

T
:2X§31|32)X§33|34)X(Y|Y) _ 2X(31|32) {fsmx%ad)/) _ 2X§33\a4)x£31\)/)x§a2|>’)
_ X£?1|33)X?2|34)X(Y|Y) + X(31|33)X§32|Y)X(34\Y) + X(32|a4)X§‘aIIY)X§“aS‘y)
(3.48) X§f1|a4)x§f2|a3) (Y|Y)_|_X(al|a4)x§f'2|Y) (as \Y)+X(az|33) §1|Y)X%34W)'

Note that there are 9 distinct terms. Firstly, we have the 3 = (2N — 1)!!
terms

(3.49) X%Yb’) (2X§81|32)X§33‘a4) _ Xl(j‘ﬂaa)xl(j’ﬂaét) _ X%allaOX%anas))
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corresponding to diagrams D € D3 (~ Dg for some suitable I'). Dividing by
Wr one finds that this exactly agrees with the sum predicted in lemma 3.2
but with a factor Xl(ﬂym.

The other 6 = N(2N — 1)!! terms are

-2 (X%al \32)X£33\Y)X1(j4|>’) + X?s\h)x;ﬁl \Y)Xl(jzb’))

+X(Fal\as)x(raz\y)x(ra4ly) + X(Faz\azl)x(ral\y)x(raaly)

(350) +X§"a1 ‘34)X%32‘Y)X%33|Y) 4 X%az ‘aS)X%al ‘Y)X?d}’)’

and correspond to diagrams D € D? with one missing chord. Alternatively
we can write this as

2(xf " bt + X rkad) — 0P rfat — xR ot

(3.51) — M atad - et

and we see that the factors are as predicted by lemma 3.10, specifically the
|€] =1 case in eq. (3.47).

We continue the example to a partition with two parts. Since we chose
the colour of the word pairs to be that of (1,2) and (3,4), the partition
needs to be of the other edges, i.e. £ = {{(1,4)},{(2,3)}}. One finds

(3.52)

—¥r (X§31|34)X(paz>/|33” + X(Fa2|a3)x(ralyla4y))
= 2 PRI 2RO 4 xRy W )
= —2X(p31|a4)x(ra2|a3)\yr. — X%allaﬁ‘)x%x% B X§?2|a3)x%xi‘i,

The above results from the pairs Ag(ajas, azas) = {(a1,a4), (as,a2)}. Note
that this also yields a sign sgng(ajas,azas) = —1 in front of ¥r on the Lh.s.
since a4 and a are permuted when concatenating the two word pairs in
Ae(a1as, azay). The other word pair yields Ag¢(ajag, azas) = 0, and thus no
polynomial. We see that only two diagrams are in D|}, since (1,4) and (2, 3)
are the only two possible chords that stay within one part of the partition
E={{(1,4)},{(2,3)}}. For the other term note that the —2 does not come
from the number of cycles but from |£] = 2 together with the signum.



708 Marcel Golz

Proof of Theorem 3.8 The partition polynomial definitions 2.4 and 2.5
together with lemma 3.10 directly yield

(3.53)
1
11 @y \N—|E
Zi=1 Y (e E(e] 4 1)
EeP(EL)
W'V X(U’y\v/y)
X Z sgng(u,v) H Xr <‘€’(PF_\I’F Z %)
(u,v)EP, (0, v )EXg (u,v) (u'v)eXe(uv) AT
1 (ulv w
=3 >0 CUER e+ 0 YD (=@ (T ) [T
EEP(ED) DeD|; (u,v)EEY weV

Now we have almost the same situation as in theorem 3.1, except for the
summation over D|} instead of D|%. We can again exploit the one-to-one
correspondence between diagrams in D|g and subsets of N diagrams in D|§
to be able to use the same argument as before. This correspondence carries
over to the restricted sets and we can split the sum over D[} into a sum
over D|? and the chords of each diagram (see also eq. (3.44)). We then
have

Zh=> 3 (-1 (el + 1)
25673'(19)
(3.54) < 3t (T ") X T

DeD|? (u,v)EEY, (uw)eEY XT

Exchange of summations yields the same sum involving the Stirling numbers
of the second kind, which allows us to find c}(D). We now have

1 c ulo U .V
zh=3 > (O TL ) X

DeD? (u,w)EEY, (uw)eEY, XT
1 (ulv) w
@55) =1 Y (2 ( T ) 1T o
DeD} (u,v)EEY wEV]gz)

where we take care to account for the reduced cycle number when translating
back to a sum over Df. This is exactly eq. (3.25) and the proof is done. [
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4. Application to Feynman integrals
4.1. Structure of the integrand

We now return to Feynman integrals and apply the theorems we just proved.
In order to do so we first need to combine the results of [21] and [22]. Our
starting point is the unrenormalised integral

Dr ) hi(D) (k)
eXp<W1‘> I
qu:/ day - -dap, —s———2t E S
R p2m0) vk

from eq. (1.2). It is convenient to consider the k-th summand contracted
with a metric tensor corresponding to the two external vertices x,y € V.
Then

k 1 2h
gmuyfﬁ):*tf(’w NG 1)< H guuuv)

(uv)EEY

(4.1) <3 ( I1 %x(ﬁ"”)) II et

DeDfE * (u,w)EEY weVP

is just a rewriting of the integrand as worked out in [21, eq. (72)]. The
sum over fermion edge subsets and pairings is interpreted in terms of chord
diagrams whose vertices are labelled by fermion edges and the additional
metric tensor adds a chord such that we indeed have sums over DIQ in 11(10)
etc.

As all throughout this article we stay in the special case of photon propa-
gator graphs, Feynman gauge, and quenched QED, which becomes manifest
in the terms above as follows:

e A propagator graph has only two external vertices with a single exter-
nal momentum ¢, such that one has the factorised polynomials g, x} .

e Because it is a photon propagator there is one closed fermion cycle,
which leads to the trace of Dirac matrices. Since we have quenched
QED there is only exactly one such cycle and therefore no product of
traces.

e For a general gauge each Ilgk)

(4.2) =3 (\I%)l

=0

itself contains another sum
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where the gauge parameter ¢ is such that Feynman gauge is ¢ — 0.
Each Iék’l) is structurally similar to Iék’o) but instead of a skeleton
chord diagram Dr with h; fixed chords it contains a sum over all
possible such skeletons with h; — [ fixed chords and then the usual
chord diagram sums over all possible additions of further chords. Note
that this in particular means that the sum over k& then also goes up to
2h1 —1. Here we stick to Feynman gauge and identify Iﬁk) = Iﬁk) le=0 =
159 for 0 < k < hy.

4.1.1. Contraction Next we apply the contraction theorem [22, Theorem
3.9] to remove all Dirac matrices and metric tensors. We find

k‘ é u|v w
(43) G [ = 2" (=) D (-2) (D)( 11 X(F|)> 1] =t

DeD} (u,0)€EY, wev®

The final integer factor is computed as follows. There are a total of 2h; — k
chords yielding (—2)2"'=* but the h; —k non-fixed chords added to DY come
with a factor 1/2. Free vertices, corresponding to Dirac matrices contracted
with a momentum instead of a metric tensor yield powers of ¢*> and there
is one more factor of —2, due to the one base cycle of Dr, whose sign is
cancelled by the —1 from the Feynman rules for a fermion cycle. Altogether
one finds

e . U G AU Gt SR ' I A G b
—— —— — ~——
1 base cycle/trace fixed chords otherE chords  free Vv(sgtices
Dr D Vo

For the actual integrand we are interested in I, (k), not its contraction
with g,,.,, so we need to work out what the effect of this contraction is.
To simplify notation, let p and v, without subscript, denote the space time
indices of the external vertices, previously written ji,, p,. For k = 0 there are
no free vertices. In other words, the added chord between external vertices
causes the contraction g,,g"” = 4 which is counteracted by a factor 272 for
all D € DIQ. Hence,

45) A0 =gt Y ) ] =gy
DeDy (u,v)€EY,

with theorem 3.1.
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For k£ > 1 the chord diagrams split into three disjoint subsets D’lf o C Dllﬁ.
The correction factor depends on the result of the Dirac matrix contraction
without contraction of the external vertices. This, in turn, is characterised
by sgn(z,y), the signum of the external vertices in the chord diagram (in-
troduced in section 1.3.1):

+1 = tr(gdg”q”) ~ g
(4.6) sgn(z,y) = 0 — tr(dq"¢q”) ~ 2¢1q" — q*gH

-1 — tr(dg")tr(dq”) ~ ¢"'q”
Contracting the results on the r.h.s. with g, one sees that the correction
factor is a —2 with the exponent 1+ sgn(z,y) for all diagrams, including the

k = 0 case, in which only +1 occurs. We can define partial chord diagram
sums

(4.7) Zf ::% Z (_g)é(D)< H X<Fu|v>> H 2,

DeDr, (uv)EE}, weVy)

based on these subsets. Then ZRJF = Zlg and Z197_ = Z1970 =0,and for k=1
we have

(4.8) Zp = Zp 4 + Db+ Zp
with theorem 3.8. For k > 1 similar equalities should hold, assuming one
defines the right k-th order partition polynomial, but, as we will see in the

next section, for a superficially renormalised integral these two will suffice.
With this notation the k-th summand now has become

WAV oAV
(o RTCe S PO Py
(49) = om(—g)k (g (zh, +ozh )+ 4L (zk g
. = a*)" (9" (Zr 4 + 221 ) + 7 (28— - 2ry) ),

and the full unrenormalised integrand is

h 6_% 0 & (=) k k
(4.10)  Ip=2™ gt (QWZF - gk (q 9" (21 4 +22r )
r k=1 r

gt (2 - - 7Ly)).
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Now this may seem somewhat problematic — we know the sum Z%, 4+t le,o +
ZL _ (and can presumably generalise that knowledge to k& > 1). But what
can we do about these combinations? As it turns out, we can exploit the
transversality of the photon propagator to modify the integrand such that
it only contains these types of sums, but first we want to renormalise it.

4.1.2. Renormalisation We (superficially) renormalise this integrand in
a BPHZ scheme following [16]. Consider a generic integral of the same form
as our Feynman integral, namely

m

(4.11) / day -+ day » e ¥,
R

¥ k=—1

where X and all I} are rational functions in «; with overall degree (degree
of numerator minus degree of denominator) 1 and k — n respectively.
We can introduce an auxiliary variable ¢ by inserting

1= / 5(t - Z )\Z'Oéi)dt,
0 i

where each \; € {0,1} and at least one of them non-zero. Then scaling all
Schwinger parameters by a; — ta; turns eq. (4.11) into

(4.12) / dag---day 6(1 =3 Naw) Y T
R i

n
+ k=—1

with
(4.13) Ty = / dt t*=te X = X kD (k).
0

The Gamma function has poles at negative integers and zero, corresponding
here to quadratic and logarithmic divergences for £ = —1 and 0. They can
be parametrised for further study by regularising the t-integration with an
e>0:

e—0

(4.14) Ty = / t~le ™ dt = —loge — log X — v 4+ O(e)

€

e—0 €

00 —eX 00
(4.15) T, _/ t2e X dt = —X/ t~le X dt
€ € €
| —
~Ty
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We see that the divergent terms are isolated and a simple subtraction like

(4.16) To — T} = —log %,
is already enough to cancel a logarithmic divergence. The quadratic diver-
gence requires first an on-shell subtraction to remove the term ~ e~ !, then
the usual subtraction for the remaining logarithmic divergence.

Note that, assuming convergence, the integral in eq. (4.12) can equiva-
lently be written projectively®

(4.17) / dog---day 6(1 =3 Naw) Y LTy :/ Or > LTy,
R i k=—1 or

k=—1
where Qp = Z?:l(—l)i_laidal Ao A d/c?i A --- A day, and one integrates
over the subset of real projective space in which all parameters are positive

n
+

(4.18) or={la1:...:an) | a; >0Vi=1,...,n}

For brevity we will use this notation from now on.

We can now apply this to the integrand. Simply counting the degrees
of the various homogenous polynomials that appear in numerator and de-
nominator one finds that the 0-th term is quadratically divergent, the next
one logarithmically, and all others are convergent. Hence, the (superficially)
renormalised integrand is

(4.19)

Iff =

ML 0, 2 1 1 1 1
ohie <q 9" erZp + q° 9" (Zr 4 + 22r0) +49"¢" (Zr - - ZDO))
r
h
_ 21L<2MV( Z0+Zl +2zl )_ ;Ll/(421 _421 ))
'@Eig qag \¥rir I+ r,0 qq r,0 r—) )
with L = log ¢?/u>.
At this point we can now impose transversality on the integrand to sim-
plify it. For the photon propagator transversality simply means that the
amplitude, the sum of all relevant Feynman integrals, is proportional to

5For a more thorough discussion of the bijection between R" and (a certain
subset of) projective space induced by the introduction of the delta function see
[34, sec. 2.1.3]. Of note in particular is the fact that it is completely independent of
the choice of the parameters \;, which is sometimes called the “Cheng-Wu theorem”.
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¢>g" — g*q”. This is manifestly not true for individual Feynman integrals,
let alone their integrands. However, since only their sum has physical mean-
ing we can simply redefine IIB such that it already satisfies transversality.
Whatever change this effects in the integral cancels when adding up all in-
tegrals. Here we get the condition

(4.20) orZd+ Zh 422k 2 4zb — 4z .

We could now naively just use either side of this in the integrand. However,
we can also do better than that. Note that

(4.21)
orZp+ Zp y + 220 g = (erZp + Zh o + Zo+ Z ) + (Zo — Zp ).

=7z}

Now imposing the transversality condition eq. (4.20) yields
(4.22) orZp + Zt = 3(Zp g — Zp )
and the integrand becomes

ha
r 2ML

It (o™ (o022 + 2t 1 + 22} 0) — 4a"q" (2o — 2} ))

P2 o 20 4 7}
h1+3
3 UL

— ghts
W

(423) = (¢*¢" —q¢"q")L

We can also use the definitions of the partition polynomials to make the
cancellations more obvious:

ha 0 1
orZp + 2} Z hi—1 erZp|, 124,

4.2. Examples

4.2.1. 1-loop photon propagator The 1-loop case is the only primitive
photon propagator and therefore the only example we can show in full with-
out discussing subdivergences. The Kirchhoff polynomial is ¥ = a3 + a9

are both

and ¢r = ajas. The only possible cycle polynomial X?IQ) and ZIQ‘1
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Figure 4.1: The 1-loop photon propagator.

just 1 and ZL|, = —pr/¥r. The integrand is therefore

\1

(4.25)
0 1
and the renormalised integral is
off = (¢*g™ — q“q”)ﬁL/ Qr%
or r
=8L(¢%¢" — ¢"¢") /U ﬁﬁr

4
(4.26) = 3L — d"¢").

The factor 4/3 is exactly the 1-loop coefficient of the QED beta function in
the conventions of [35, 36, 37].

4.2.2. 3-loop photon propagators For Feynman graphs with more than
one loop we can not compute the full integral without discussing subdiver-
gences and including the corresponding terms of Zimmermann’s forest for-
mula for a fully renormalised integrand. However, we can show what the
superficially renormalised part of the integrand looks like and especially em-
phasise the cancellations and reductions in size due to the two summation
theorems.

At two loops the examples are still rather simple so we go to three loops,
where the integrals start to become much more involved. For example, Zlg
is now already a polynomial of degree hj(h; — 1) = 6, compared to just 2 at
two loops, and the number of chord diagrams rises to 15 (in Feynman gauge,
and already hundreds in general gauge) such that the reduction to hy = 3
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(a) (b) (c) (d)
(e) () (8) (h)
Figure 4.2: The 3-loop topologies with one fermion cycle.

small summands in the partition polynomial now becomes significant. All
examples were computed with Maple.”

We focus on the graph in fig. 4.2h. Label edges and vertices as in fig. 4.3

Figure 4.3: From left to right: The graph I' from fig. 4.2h with its external
photon edge closed — the corresponding chord diagram Dr with fixed chords
corresponding to all photon edges — the projection DY = mo(Dr).

with vy, v4 being the external vertices and e7 = (v2,v5) and eg = (v3, vg) the
two photon edges. The Kirchhoff and second Symanzik polynomial consist
of 36 and 45 monomials, so we refrain from writing them out in full here.
An example for a cycle polynomial is:

(4.27)
O = ap(ag + g + as + ag) + (a3 + au)(as + a7 + ag) + az(as + ag)

6Maple™ is a trademark of Waterloo Maple Inc. [38].
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This one has so many terms since e; and eg share all their cycles, because
they are incident to the same external (i.e. 2-valent) vertex of I'. In other

words, Xg'ﬁ) = Xl(}‘l) = nglﬁ). Others are simpler:
(4.28) W = = 79 = 319 = —aza5 + azag

Here we have an example of monomials with different signs, which is due to
the fact that the two corresponding cycles are twisted relative to each other
(as discussed in the proof of proposition 2.1). One cycle is the fermion cycle,
the other crosses via both photon edges.

The partition polynomial Zg The word pairs we get from D% are

(aragag,asasag), (a1asas,asazag), (aiazas,asasasz), (aiasag,asazas).

For Zg‘l we have the single partition & = {{(e1, e4), (e2,€5), (e3,e6)}}, such
that
ZI(_)“1 _ X§813233‘a43536) + X%a13236|a43533) + X§a13533 asasag) + Xl(—‘a13536|a43233)

(4.29) =14+0+0+1=2.

Remark 4.1. Note that the two vanishing Dodgson polynomials are those
that have the letter pairs aj/ag and as/ay within the same word. While
these are different letters we have seen above that their associated edges are
equivalent as far as the cycle space of I" is concerned. This is reflected in the
behaviour of the Dodgson polynomials, which vanish as if the letters were
identical.

For ZIQ‘2 we have three partitions with two parts, consisting of one and

two edges respectively. For & = {{(e1,e4)}, {(e2,¢€5), (e3,€6)}} one has

Ag, (aragas, asasag) = {(a1,a4), (a2as, asag) },

Mg, (a1aza6, asasas

Ag

o~ s

( ) ={(a1,a4)

2 ( ) ={(a1,a4),

\(a13523, a422a6) = {(a1,a4), (a5a3, a2a6)},
( ) ={(a1, )

( )
(azag,asas)},
( )
Ag, (a1asa,a1a2a3) = {(a1,a4), (asap, azas) }.

All permutations give positive signs and the corresponding polynomial is

(4.30) 21 (x22elere) oy fe2elaoa)y = o (—anas + azas)(ar + as),
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which is also the polynomial one finds analogously for &3 ={{(e1, e4),(e2,€5)},
{(es, e6)}}. For the third, & = {{(e1,e4), (es, €6)}, {(e2,€5)}}, the words are

Mg, (a1azas, asasag) = {(ag,as), (a1as, asag)},
Ag,(a1a2a6,a4a533) = {(az,as5), (a136,2423)},
Ag, (213523, a4a236) = {(a5,22), (a1a3,a426) },
Ag,(a1asae, a1a2a3) = {(as,a2), (2136, a133) }.

Again, the total sign is always positive but this time with sgn(o) = —1 =
sgn(c’), where e.g. asajag = o(ajaqzas) and asasag = o’(asasag). The poly-
nomial is

2X§"a2‘35) (X§alaa\a4as) + X%alas\a4a3))
(4.31) = 2(—(a1 + ag) (a3 + aq) + arag)(ag + as + a7 + ag).
The last polynomial is always of the same form. The only partition & =

{{(e1,e4)},{(e2,e5)},{(es,e6)}} has each base edge in a separate part such
that

As(arazas, asasag) = {(a1,24), (a2, 25), (a3, 26) },
Ae(a1aza6, a4a523) = {(a1,24), (a2,as), (a6, 23) },
Ag(a1asas, asazag) = {(a1,a4), (a5, a2), (a3, a6)},
Ae(a1asa6, asa2a3) = {(a1,24), (as,a2), (a6, a3) },
and
28], — a2 )y ol oo
(4.32) = (—oas + arag)®(— (o1 + ag)(as + as) + aras).

Remark 4.2. The fact that the Ag¢ are all non-vanishing and often the
same is due to the fact that DY has the base cycle structure n = (1,1,1)
(see fig. 4.3). In this case the partitions P(E}) and words Ps are in a sense
maximally compatible, since each 1-coloured base edge has a 2-coloured base
edge partner between the exact same vertices. In other words, P(E}) =
'P(E%) and P1 = P2.
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The number of terms in the three polynomials Zg‘ p 18 1, 22 and 15
respectively. For comparison, the full chord diagram sum consists of 437
monomials. Here we especially also see how hidden the factorisation of the
Kirchhoff polynomials can be. The expression a\I’%ZIQII + b\IJleg|2 + cZIQ‘?)
should have 362-1+36-22+ 15 = 2103 terms. But the same monomials may
of course occur in different parts and add up or cancel to yield the 437 that
are left in the sum, obscuring the pattern. See also table 1 for the reduction
observed for other graphs.

Table 1: Number of terms in Z2 compared to Z2/U% after cancellations for
all graphs from fig. 4.2a to 4.2h

@) | )| ()| ()| (e | ()| (g) | (h)
#2772 9 9 | 44 | 84 | 348 | 231 | 448 | 437
#72/08 | 9 9 | 44 | 15 | 16 | 72 53 | 38

Table 2: Total number of terms in the superficially renormalised integrand
with and without cancellations for all graphs from fig. 4.2a to 4.2h

@) [ ()| (¢ [ (d | (e | () | (g | (b
#(orZ2 + Z§) | 528 | 681 | 1937 | 4698 | 17641 | 8210 | 22627 | 25575

#% 88 | 329 | 387 | 513 | 1106 | 782 | 1637 | 2439
I

The partition polynomial Z% We do not need to repeat the discussion
of partitions etc. but can simply sum over all possible ways to append a

letter to the word pairs. For Z}|, this means we take ZP|, from eq. (4.29)

L L

and get
le‘l + %29‘1 _ X§313233y|a43536y) i X§‘a1a2a6y|a4a5a3y)
(433) + Xlgalasasy\a4azasy) + X§?13536Y|343233y).

This already has 92 terms, so explicitly giving it here in terms of Schwinger
parameters would not be particularly enlightening. Similarly one finds e.g.

ZH:; +3$—I;ZIQ‘3 _ 4X(aly|a4y)X(az\a5)X(a3\ae) +4X(a1|a4)X(azy|a5y)X(a3\a6)

r T T r r T
(434) + 4X?1|a4)X§a2|35)X§‘33)’|36}’),

which has 1551 terms. We see that these expressions are still quite large, but
they nonetheless represent a massive reduction in size compared to the full
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integrand without cancellations. In table 2 the superficially renormalised
integrands with and without cancellations are compared and one finds a
reduction by roughly one order of magnitude.
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