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Based on Hopf algebra of rooted trees introduced by Connes and
Kreimer, we construct a class of linear maps on noncommuta-
tive polynomial algebra in two indeterminates, namely rooted tree
maps. We also prove that their maps induce a class of relations
among multiple zeta values.
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1. Introduction

A tree is a connected graph with no loops and a rooted tree is a tree with
a special node called a root such that any edge is oriented away from it.
We consider non-planar rooted trees which have no ordering of incoming
edges for each vertex. Thanks to the non-planarity, we can define the free
commutative algebra over Q generated by rooted trees. A product of rooted
trees is sometimes called a rooted forest. An important operator on the
algebra of rooted forests is the grafting operator By, which is a Q-linear
map defined by sending any rooted forest to a single tree by attaching the
roots to a single new node which then becomes the new root. Because of
non-planarity of rooted trees, there is a unique rooted forest f for every
rooted tree ¢ such that t = B, (f).

It is known that the algebra H of rooted trees is not only an algebra
but a Hopf algebra ([1, 7]). We also know that there exists the so-called
Connes-Moscovici Hopf subalgebra Hcy in H.

Here comes a list of some notations in this paper.

e A: the coproduct on H

e 9 := Q(x,y), the noncommutative polynomial algebra over Q in x
and y

e Hl:=Q+ Hy O H° := Q + zHy, subalgebras of H

e M:H®H— H given by M(v®w) =vw

e R, : the right-concatenation map by u
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e [, : the left-concatenation map by u
e z:=x+YyecHh
e Q[X](g): the degree d homogeneous part of the polynomial ring Q[X].

Our first theorem is as follows.

Theorem 1.1. Let I be regarded as the identity map on . For any rooted
forest f(# 1), we can define the Q-linear map from $ to $, which is also
denoted by f, by

(1) Iff—nthenf()—xyandf():—a?y,

") By(f)(u) == RyRy . Ry f(u) for u € {z,y},
(") If f = gh with g,h £ 1T, then f(u) = g(h(w)) for u € {z,y},
(ii) Forw e $H and u € {z,y}, f(wu) = M(A(f)(w @ u)).

For the construction of rooted forest maps, it is convenient to introduce
the additional map v := [f, R;], where the bracket denotes the commuta-
tor. We call the number of nodes of a rooted forest f the degree of f. Our
second theorem states as follows.

Theorem 1.2. For any rooted forests f, g, we show the following:

(a) There is a map ¢y such that vy = Ry¢sR,.
(b) ff#L f(Q-z+Q-y+5°) CahHy.
( ) ¢B+ f+RZ¢f'

(d) o5 € Q[RZ, rooted tree maps|(deg f—1)-

(e) [f. 9] =

(f) For any v,w € 9, f(vw) = M(A(f)(v®@w)).

On the other hand, the multiple zeta values (abbreviated to MZV’s) are

defined, for an index (k1,...,k,) € N” with k; > 1, by the convergent series

1
(ks k)= Y e T eR.

“m
my>-->me>0

It is known that there are many linear relatons among MZV’s. For example,
in [8], it is shown that the linear part of Kawashima relation [6] contains
the quasi-derivation relation, which is a slightly but strictly larger class of
relations than the derivation relation described in [4]. The quasi-derivation
relation was first formulated in [5] by modeling the Connes-Moscovici’s Hopf
algebra [2].

MZV'’s are often investigated under the algebraic language due to Hoff-
man [3] which enables us to understand algebraic and combinatorial struc-
tures of MZV’s in a down-to-earth way. The Q-linear map Z : $§° — R called
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u,.,..,I,...,.I,A,i

Figure 1: Example of rooted forests.

the evaluation map is defined by Z(1) = 1 and

Z(Zkl . 'zk,,) = C(kl,.. .,k‘r) (k‘l > 1),

where 2, := 2*~1y for k£ > 1. In what follows, all matters for MZV’s are com-

prehended based on this algebraic setup. Here, note that to find a relation
for MZV’s amounts to find an element in ker Z.

As an application of rooted tree maps, we show the third theorem as
follows.

Theorem 1.3. f(H°) C ker Z for any rooted tree map f.

The proof is similar to the one we have discussed on the quasi-derivation
relation in [8].

2. Rooted trees

For the sake of conventions, we begin with a short review of the theory of
rooted trees by Connes and Kreimer [1, 7].

2.1. The algebra H of rooted trees

A tree is a non-empty connected finite graph with no loops and a rooted tree
is a tree with a special node such that any edge is oriented away from it. The
planarity of rooted trees is defined by taking a linear ordering of incoming
edges for each vertex into account. In this paper we consider non-planar
rooted trees and the topmost node represents the root.

Let H be the free commutative algebra over Q linearly generated by

rooted forests:
W= Y ey

firooted forest

Here the product of rooted trees is defined by the disjoint union. Thanks to
the non-planarity, the product of trees is commutative. The neutral element
is the empty forest denoted by I (this is not a tree but a forest). Obviously
H is algebraically generated by rooted trees.
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2.2. Grafting operator

Let T be the set of all rooted trees and (7 )g be its linear span over Q. The
grafting operator is the Q-linear map By : H — (7T )q defined by B (I) = »
and sending any rooted forest to a single tree by attaching the roots to a
single new node which then becomes the new root:

Bi(tity---ty) = /\

1t - ty

for rooted trees t1,...,t,. Because of non-planarity of rooted trees, there is
a unique forest f for every rooted tree t such that ¢t = B (f).

2.3. Grading

There is a natural grading on H by the number of nodes. Let F,, be the set
of all forests with n nodes. Put H,, := (F,)q for n > 1 and Hy := QI. Then

we have
H= @ H,.
n>0

The product has the grading property
H;H; C Hl+k-
2.4. Coproduct

We define the coproduct A : H — H ® H. The coproduct is to be multi-
plicative, that is

A(fg) = A(f)A(9)

and so we just need to define A(t) for tree t. Let t = B4 (f), then we define
A(t) by virtue of

that is
(2.1) A()=AoBy(f) =t 1+ (id® B.) o A(f).

We also set A(I) =1® L
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This definition of A allows us to calculate the coproduct of rooted forests
recursively. Here are some examples of coproducts of rooted trees and forests.

A(e)=AoBy(I)
=By(I) @1+ (id® By) o A(I)
=eRQI+I® e
A(ss)=oe@[+2e @ s +1® oo
A =101+ e®¢«+Ix
AR)= AR+ ee@e+2:0 1+ A
Proposition 2.1. The algebra morphism A is coassociative, that is

(id® A)o A = (A®id) o A.

Proof. The proof goes by induction on the grading. O

Remark 2.2. (i) There is another geometric way to define the coproduct
A by using admissible cuts, which can be found in [1, 7].

(ii) The counit [: H — Q is given by vanishing on all forests except for
I(I) = 1. The antipode S : H — H is defined by

mo(S®id)oA=Tol=mo(id®S)o A,
where m denotes the product on H. For example,
S(H):H, S(o):—o7 S(I):—I+oo, S(oo):oo_

Then it is known that (H,m, 1, A, IS ) forms a Hopf algebra (Hopf algebra
of rooted trees).

3. Rooted tree maps

By Subsection 2.3 the space H is graded by the degree. In this section we
construct rooted tree maps on $ inductively by this degree and show that
they satisfy the proposition mentioned in the Introduction.

3.1. Degree 0 and 1
The only rooted forest of degree 0 is I, which is regarded as the identity map

on $). We know that A(I) = I® I and [(vw) = [(v)[(w) for any v,w € $.
Put 91 = ¢1 := 0. It obviously follows that 11 = Ry¢1R,.
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We see that F; = {e}. The coproduct of e is given by
(3.1) A(e)=eRI+1® e

as stated in Section 2.4. We define, for w € $) and u € {z,y}, the Q-linear
map ¢ by

(3.2) o (wu) = o(w)u+ we(u)
and

(1) = —+(y) = 2.

Lemma 3.1. We have
(3-3) [+,R.] =0.

Proof. For w € $, [+, R,](w) = e (wz) — e (w)z = e (w)z+we(2) — o(w)z =
0. O

Then we are allowed to define the map associated to e by
Y, = Sgn(u)[°7Ru] = [.7Rl‘]7

where sgn(u) = 1 or —1 according to v = x or y. Since ¢, (w) = we(x) =
wzy, it follows that

(3.4) Y. = Ryop. Ry

by putting ¢, = id. This implies that

(3.5) *(wu) = o (w)u +sgn(u)g. (wa)y (w e H,u € {z,y})
and in particular

(3.6) «(Q-z+9H") C Hy

because of (1) = 0. We also find the following.
Lemma 3.2. «(Q-2+Q-y+$H°) C z9y.

Proof. Using (3.5), we have «(Q -z +Q-y+ $H") C 28 by induction on the
length of a word w € $”. We have already obtained (3.6), and hence the
lemma holds. 0
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We obviously find that [e, «] = 0. We also have the following.
Proposition 3.3. We have

o (vw) = o (vV)w + ve(w)

for any v, w € .

Proof. By (3.1) and (3.2), we obtain the proposition by induction on the
degree of a word w. O

3.2. Degree 2

In the first step, we prepare a lemma which is required several times below.

Lemma 3.4. If a Q-linear map f : $ — $ satisfies [f,Ry] = [f,Ry] =0
and f(1) =0, Then f =0.

Proof. Since f is Q-linear, it is only necessary to show f(w) = 0 for any
words w € $. Write w = ujug - - u, with uy,ug,...,u, € {z,y}. Since
[f, Ry,] = 0 for any 1 < i < n by assumption, we have

f(w) = flurug - up) = flutug - Up_1)un = -~ = f(Lugug - up = 0.

There are two rooted forests of degree 2: ee and 3. Their coproducts
are

(3,7) A(..) —eeR[+2e @ e +I® oo, A(I) =IQRI+e«+I®1.
We define, for w € ) and u € {x,y}, the Q-linear maps ee and { by

(3.8) oo (wu) = oo (w)u+ 2e(w)e(u) +wee(u),
(3.9) $(wu) = T(w)u+ o (w)e(u) +wl(u)

and for u € {z,y},
(310) vo(u) = +(s(u)), Tu) = ByRysoRyt e (u).

Lemma 3.5. We have
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Proof. For w € $), we get by (3.8)

[o0, R:](w) = eo(wz) — oo (w)z
= eo(w)z+ 20 (w)e(z) +twee(z) — oo (w)z.

Since ee(z) = o(z) = 0, this becomes 0 and hence [ee, R,] = 0. The proof
of [3, R.] = 0 goes similarly by using (3.9). O

Then we are allowed to define the maps associated to rooted forests of
degree 2 by

Y., i=sgn(u)[es, Ry] = [e*, Re], ¥y :=sgn(u)[l, Ru] = 1, Ryl
By the coproduct rules (3.7), we calculate
.. (w) = 20 (wa)y — wazy, Yy(w) = « (wa)y + wazy,
and hence we have
(3.11) Voo = Rydp..Re, by = Ryéy R,

by putting
¢oo:2._R27 ¢I:.+Rz

Notice that the property (c) in the Introduction holds for f = e. These
expressions and (3.3) implies that

(3.12) bue, b3 € Q[R:, o] ()

by assuming the degree of R, to be 1. Moreover, (3.11) implies that

(3.13) e (wu) = oo (w)u + sgn(u)g.. (w)y,
(3.14) I (wu) = $(w)u + sgn(u)dy (wz)y

for w € $ and u € {z,y}, and in particular
(3.15) Q- z+9"),1Q 2+ 9 CHy

because of ee(1) = 3(1) = 0. We also find the following.
Lemma 3.6. ¢¢(Q -2+ Q -y +9H),3(Q -2+ Q- -y+H°) C zHy.
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Proof. Using (3.13) and (3.14), we have f(Q -z + Q -y + ) C 29, where
f = ee or 1, by induction on the length of a word w € $°. We have already
obtained (3.15), and hence the lemma holds. O

Let f be ee or . Because of

[[fa ']7Ru] = _[['7Ru]uﬂ - [[Ruaf]> ']a

(3.4) and (3.11), we see that

(3.16) —sgn(u)[[f, o], Ru] = Ry¢.[Ru, f] + Ryld., f1Rs + [Ry, flo. Ry
- Ry¢f[RfL"’ .] - Ry[ﬁbﬁ .]Rx - [Rya ']¢fo

But since we have already obtained [¢,, f] = 0 and [¢f, o] = 0 by (3.12), we
have

(316) = —qub.d)f + wfﬁboRx + qu/)fd}- - ¢.¢fo
= _Ry¢.Ry¢fo + Ry¢fo¢.Rx + Ry¢fRy¢-Rx - Ry¢.Rx¢fo
= *Rygb.Rzﬁbex + Ryﬁbesz.Rx'

This becomes 0 since the maps ¢., ¢y, R, are commutative pairwise. By
(3.10), we see that f(1) = 0. Hence by Lemma 3.4, we have

(317) [00,0]2[17.]:0‘
Similarly, because of
[[..7 I]’Ru] = _HIaRu]v ..] - [[Ru7 .‘]7 I]
and (3.11), we see that

(3.18)
—sgn(u)([ee, 3], Ry = Ry¢I[R:ra oo] + Ry[ﬁf):a oo Ry + [Ry’ "]¢1Rw

- Ry¢.-[Rma I] - Ry[¢..7 I]Rm - [Rya I]¢..Rm-

By (3.12), (3.17) and Lemma 3.5, we have

[¢Iv "] = [¢.., I] =0,

and hence

(3.18) = —Ry¢:¢.. + ¢..¢1Rw + Ry¢..¢! - ¢:¢>..Rx



656 Tatsushi Tanaka

= —Ry¢1Ry¢.. Ry + Ry¢.. Repy Ry + Ryd,. Rydy Re — Ryp1 Rod, Ry
=—Ry¢1R.0.. Ry + Ry¢.. R0y Ry,
which becomes 0 since ¢..,¢;, R, are commutative pairwise. Since
[ee.2](1) =0, we have
[¢e,2]=0
by Lemma 3.4.
Proposition 3.7. We have

oo (o) = o (0)w + 20 (0) o (w) + vae (w),
1(vw) = 1(v)w + +(v) (w) + 02 (w)

for any v,w € $.

Proof. By (3.7), (3.8) and (3.9), we obtain the proposition by induction on
the degree of a word w. O

3.3. General degree

Suppose that we have constructed the rooted tree (or forest) maps of degree
less than n. Moreover we assume (a), (b), (d) and (e) in the Introduction for
any rooted forest maps f, g each of which degrees is less than n. We construct
all of the rooted forest maps of degree n and show that they satisfy (a), (b),
(d) and (e).

For any rooted forest f with degf =n > 1, w € H\Q and u € {z,y},
we define

(3.19) f(wu) == M(A(f)(w @ u)).
We also define, for u € {z,y},
f(u) = Ry Ry =Ry g(u)

if f is a tree and f = B4 (g), or otherwise

where f = gh with non-empty rooted forests g and h. We notice that, in the
case of f = Bi(g), the definition of f(u) makes sense because g(Q -z + Q -
y+ 9% C z9Hy.
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By definition, it follows that f(z) = —f(y), or equivalently f(z) = 0.
For any rooted forest of degree < mn, we have obtained the same property.
Hence we are allowed to define the map

wf = Sgn(u)[fv Ru] = [f: Rx]

for u € {z,y}.

Case I: f is a tree, i.e. f = By(g).
By (2.1) and using Sweedler notation A(g) = > a ® b, we find

(3.20) Yi(w) = ¢p, () (w) = By(g9)(wz) — By (g)(w)z
(((id ® By) o A)(g)(w ® x))

(w)zy + Y a(w)RyRy. Ry 'b(x).
b£1

Note that, for the last equality, we use By (I) = ¢ and B4 (f) = RyRy+ZR;1f
for f # 1. Since a(w)x = Rga(w) = (aRy — o) (w) = (a — Rydq)(wz),
b(x) € z9Hy and again A(g) = > a®b,

(3.20) = g(wx)y — Z a(w)b(z)y + Z(a - Ry¢a)(wx)L;lRyRy+zRy_1b(x)

b£I b£I
glwr)y + Y (a— Ryda)(wz) L, (R, b(x))zy
b#£1

Therefore we obtain vy = R,¢;R,, where

(3.21) b =9+ R > Ry gy (a— Ryda).
b#1

On the other hand, we find

Yy(w) =Y a(w)b(z) =Y a(w)zL; 'b(x)

a#g a#g
= (a— Ryéa)(wz)L, "b(x)
a#tg

and hence by putting

(3.22) by = Z R (e
aFg
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we find 9y = Ry¢4R,. Obviously, the condition a # ¢ is equivalent to the
condition b # I. Combining (3.21) and (3.22), we have

¢f =g+ Rz¢g-
(This is (c) in the Introduction.) This in particular asserts that ¢ €
Q[Rz, Tn— ]( ), where 7,1 stands for the set of all rooted trees of de-
gree < n — 1.

Case II: f is not a tree, i.e. f = gh with g, h # L.
By easy calculation we find

Ygn = g¥n + Pgh.
Since 1y = Ry¢pqR, and ¢, = Ry R, we have
wgh = gRy¢th + Ry¢ngh

= (Ryg - 7/’9)¢th + Ryd’g(th - wh)
= Ry(g¢h + ¢gh - ¢9Rz¢h)Rx

Therefore we obtain 9y = Ry¢sR,, where

¢f = g¢h + ¢gh - ¢9R2¢h'

This in particular asserts again that ¢y € Q[R., Tn—1](n—1)-

Therefore, for any rooted forest of degree m, we obtain (a) and (d) in
the Introduction. For any rooted forest f of degree n, we see that f(1) = 0.
Thereby we also have (b) in the Introduction by induction on a degree of a
word in §). (The proof goes similar to Lemma 3.2 and 3.6.)

Now the only we have to show is (e) in the Introduction for any rooted
forests f, g of degree < n. For rooted forests f and g, we have

[[f)g]’Ru] = _Hngu]vf] - [[Ruaf]’g]'

If deg f,deg g < n, because of this and (a), we see that

—sgn(u){[f, 9], Ru] = [¥, 9] — [1bg, f]
= Ry¢y[Ry, g] + Ryloy, 9| Re + [Ry, gl s Ry
(3.23) — Rydg[Ra, f] — Ryldg, [1Re — Ry, fldgRa
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If f = e, then ¢; = id and hence

(95, 9] = 0.

Since ¢4 € Q[R., Tn—1](n—1), we also have

[¢gaf] = 0.

Thus

(3.23) = —Ry?/)g + ¢ng + Ry¢g¢f - waSgR:L“
= —RyR.¢gR: + RyogR. Ry = 0.

Since [f, g](1) = 0, we conclude [f, g] = 0 by Lemma 3.4.

Assume that [f,g] = 0 holds for rooted forests f,g of degg = n and
deg f < i with 1 < i < n. Then, for a rooted forest f with deg f =i+ 1, we
have

[¢f7g] :07 [¢g7f] :0
because of (d): ¢y € Q[R:, Ti]i), ¢g € Q[R:, Tn—1](n—1)- Thus

(3.23) = —Ry¢ sy + 1hgds Ry + Ryggths — g Ry
= —Ryﬁbeszng + Ry¢9RZ¢fRI =0.

Since [f, g](1) = 0, we conclude [f, g] = 0 by Lemma 3.4. Thus we conclude
(e), the commutativity property, for any rooted forests f, g of degree < n.

Proposition 3.8. We have f(vw) = M(A(f)(v® w)) for any rooted forest
map f of defree n and any v, w € §.

Proof. By (3.19), we obtain the proposition by induction on the degree of a
word w. 0]

As a consequence of this section, we have Theorem 1.1 and 1.2.
4. Application to MZV’s

In this section we show that rooted tree (or forest) maps constructed in the
previous section induce a class of relations among MZV’s. This will be done
by use of the Kawashima relation, which we recall in the following.
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4.1. Kawashima relation

Let zj, := 2F~1y for k > 1. The harmonic (or stuffle) product * : H! x H' —
$! is a Q-bilinear map defined by the following rules.

i) Forany w € H', lxw=wx*1=uw.
ii) For any w,w’ € 9t and any k,1 > 1,

2pw * 7w’ = zp(w * zw') + 2 (zpw * W) + zpg(w x w').

This is, as shown in [3], an associative and commutative product on £'.

Denote by ¢ an automorphism of $) defined by ¢(x) = z = = + y and
©(y) = —y. The linear part of Kawashima’s relation [6, Corollary 4.9] is then
stated as follows.

Proposition 4.1. L,p(Hy * Hy) C ker Z.

Let 7 be an anti-automorphism of § defined by 7(x) = y and 7(y) = =,
which is known to induce the duality for MZV’s: (1 —7)($°) C kerZ. In [6],
Kawashima proved that Kawashima’s relation contains the duality formula:

Lemma 4.2. (1 —7)(H°) C L.o(Hy * Hy).
4.2. Main result 2

For w € 9!, let Hy(v) := w*v (v € H'). Denote by H. the degree n
homogenous part of $'. Let 20 be the Q-vector space generated by {H.,|w €
$H'}, and 20, the vector subspace of 20 generated by {H.,|w € HL}. Let 20
be the Q-vector space generated by {L., H,|k > 1, w € '}, and 20, the
vector subspace of 20’ generated by {L., Hy|l < k < n,w € H. ,}. The
Q-linear map A : 20" — 20 is defined by

Here, we show the well-definedness of the map A. Assume that

(4.1) D ClopuwyLe Mo =0 (€ 20),
(Zk“vw)

where the sum is over a finite number of pairs of words (zj,w). Applying
(4.1) to 1 € $, we have

Z C(zhw)zkw =0.

(zk vw)
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Then, for each z;, we have

Z Cizpuyw =0

w

where the sum is over different words w. Therefore, each coefficient C, .
becomes zero, and hence, L, H,’s are linearly independent. We also set
Xz := TLzp. Then we have the following.

Theorem 4.3. Letn be a positive integer. For any rooted forest map f with
deg f = n, we have

(A) eTosR,To € 20),.
(B) Xz ' fXxz = —MNeTdsReT) € W,

Remark 4.4. In (B), the expression y; ! = eTR,; ! makes sense because (b)
in the Introduction has been shown in the previous section.

Proof of Theorem 4.3. We begin with the case of n = 1. We have

(4.2) o1 Ry = —L, € W,

and hence (A) holds. Because of (a) and (b) in the Introduction, we find
(4.3) R,/'eR, =R, (Rys —¢.) =« — ¢.R,.

We also calculate

oL, = —eR 1R,y
= _Rz’“*l(w- + Rx')TSD
= R, (Ry¢.Rm + R, ')TQD

by using (a), (d) in the Introduction and Lemma 4.8. Hence we have

[X;l * Xz sz] = X;l 'Xxsz - szX;;l * Xz
=@7(e — Q. Ry)TPL,, — Lo o7(* — ¢ Ry)To
= _QOTRz’Cfl(Rbe.Rx + Ry ‘)7—90 - QOTQb.R:cTSOsz
- szQOT(° - ¢-R$>T§0
= 7Lmk <P7'¢.Rx7'90 - SOT¢.RITSOsz
= [/\(—SOTﬁf).RxTSO), sz]
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Here we use Lemma 4.9 and (4.2) for the last equality. By (4.3) and «(1) =0,

Xo ' oxa(1) = o7(s — ¢ Ry)To(1) = —p7¢. Rep(1),

and by Lemma 4.12 this is equal to A(—¢7¢.Rz7¢)(1). Therefore we con-
clude (B) for f = ¢ by using Lemma 4.13.

Now suppose that (A) and (B) hold for any rooted forest map of degree
< n and let f be any rooted forest map of degree n. We remark that

(4.4) R,'fRy =R, (Ryf —y) = f — ¢sRa,

which is because of (a) and (b) in the Introduction. We obtain
(4.5)
PTfT0 = X5 FXo +9TopRate = (A = 1)(—97é s Rae) € (A = 1)(W, )

because of (4.4) and (B). According to (e) in the Introduction, we have the
expression

b = Zdeznfj (dj € Q[rooted tree maps];)),
j=0
and hence
PRy = Z djR i RyTp = Z djtoL;, ., ;-

J=0 Jj=0

We find
ordjTe € (A — 1)(%17;) (1<j<n)

because of (4.5) and Lemma 4.11. Therefore we obtain
n
eTor Ry € Q- L., .+ Z()‘ - 1)(m;)LG+1—j - QH;H-D
j=1

which is expected as (A) for f.
We calculate

fT(,Osz = —Rzk—lfoT(p = —Rzk—l(qubex + Rxf)T(,D

by using (a), (d) in the Introduction and Lemma 4.8. Hence, by using (4.4)
and similar calculation above, we have

Xz ' fXar L] = N—pTd s ReTe0), Lz, .
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For this equality, we use Lemma 4.9 and (A) for f which has already been
obtained. By (4.4) and f(1) =0,

Yo fxa(1) = o7(f — o5 Re)T(1) = —p7¢ s RuTo(1),

which is found to be equal to A(—pT¢rR,79)(1) by using Lemma 4.12.
Therefore we conclude (B) for f by using Lemma 4.13. This completes the
proof. O

Corollary 4.5. For any rooted forest map f # 1, there is an element w € $Hy
such that

fXe = XaHuw-

Remark 4.6. Such w in the corollary is determined by
w=Hau(1) = x5 fxa(1) = x5 f(y)-
Corollary 4.7. For any rooted forest map f # 1, we have
F(9°) C ker Z.
Proof. 1t is enough to show, for any rooted forest map f,
f(z$Hy) Cker Z

because of $H° = Q + x$Hy and f(Q) = {0}.
By definition of ¢ and 7, we find

Xz(9y) = 29y.
By the previous corollary, there exists w € $y such that
fXxe = XaHuw-
We also notice that
Xa(9y * Hy) = (1= (1= 7))(Hy * Hy) C Latp(Hy * Hy)
due to Lemma 4.2. Therefore we have
f(@Hy) = [xe(Oy) = XaHw(HY) C Lap(Hy * HY).

Thanks to Proposition 4.1, we have the conclusion. ]

As a consequence, we have Theorem 1.3.
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4.3. Lemmata
The following lemmata are required in the proof of Theorem 4.3 in the
previous section.

Lemma 4.8. oL, = L.p, ¢Ly, = —Lyp, 7L, = Ryt, 7L, = R,7, TR, =
Lyt, TR, = L,T.

Proof. Easy. O

Lemma 4.9. For any X € W' and any | > 1, we have [N(X),L,] =
XL, +LpX.

Proof. 1t is sufficient to show the case in which X = L, H,,, which follows
directly from

(46) [szlw LZZ] - szHwLZ’l + sz+sz7

the harmonic product rule. O
Lemma 4.10. For any k,l > 1, we have (A — 1)(20},) L., C 20,

Proof. The proof follows directly from (4.6). O

Lemma 4.11. We have (A —1)(20;) - (A —1)(20;) C (A= 1)(,,,,) for any
k> 1.

Proof. Let d and d' be the weights of words w and w’, respectively. The
assertion (A — 1)(Lz, Huw) - (A = 1)(LzHu) € (X = 1) (W4 y4qpq) is only
necessary to show.

LHS = (Huw — LzyHuw)(Haw — Lz Hu)

= Howezw — HawlaHw — Lo Hwew + Loy How L Hor

= Hoafumziwr )z uwnn ) (o) ~ (Lo Hu Lz
+ Lz Hopw + Ly How)Hor — Lz Huszywr + Lz, Hoo Lz, Mo

= Hapweswr) = Lo Huszw + Moy = Lo Hapwsr
+H s (wrw) — Lz Huwsw

= (A= 1)(LaHuwszw + Loy Hopwiw + Loy, Husw)-

€ RHS.

Hence, the lemma is proven. O

Lemma 4.12. For any X € Q0', we have A\(X)(1) = X(1).



Rooted tree maps 665

Proof. (A —1)(Lz,Huw)(1) = Hapw(1) — Lz, Ho(1) = zpw — 2w = 0. O

Lemma 4.13. Let X € 2. If X(1) =0 and [X, L,,| =0 for any k > 1, we
have X = 0.

Proof. If [X,L,, ] =0 for any k > 1,

X(zg, - 2k,) = 2, X (2hy - 2k,) =+ = 2k, - 2, X (1) = 0. ]

n n
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