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Harer-Zagier formula via Fock space

D. LEWANSKI

Let €4(d") be the number of ways of obtaining a genus g Riemann surface by
identifying in pairs the sides of a (2d')-gon. The goal of this note is to give
a short proof of the following theorem.

Theorem 0.1 (Harer-Zagier formula, [7], 1986).

A LR 1L P NV o I
(0.1) 6g(d)_ (d' —2g +1)! hﬁ][sinh(u)] [tanh(u)} .

This formula was needed in the same paper [7] as key combinatorial
fact to compute the celebrated formula for the Euler characteristic of the
moduli space of curves of genus g. Nine years after the original paper, a
proof of this formula via representation theory was given in [15]. Later on,
it was proved again using different techniques (see, e.g., [2, 3, 4, 14]). Our
proof uses operators in the semi-infinite wedge formalism. The operator we
need is available in the literature, but corresponds to a different enumerative
problem. However, this enumerative problem is known to be related to e4(d’)
via a certain correspondence in the group algebra of the symmetric group
due to Jucys.

0.1. Hurwitz numbers as vacuum expectations

The pioneering paper of Okounkov in 2000 [12] expresses simple Hurwitz
numbers as vacuum expectation via the so called semi-infinite wedge for-
malism (for an introduction on the topic we recommend [9]). Since then,
many more (generating series of) different kinds of Hurwitz numbers have
been related to vacuum expectations of the type

(Ear(21)Eay (22) -+ Ea, (20)) Z a; =0,
i=1

where a; are integer numbers called energies, and z; are complex variables.
Such expressions vanish whenever a; is negative or a, is positive — the
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general strategy to evaluate them is to commute the £ operators exploiting
this vanishing property, until a single energy zero operator £y(z) is left:

5, if 2 =w =0,
(0.2) [Ea(2), Ep(w)] = § “ 7+ N
slaw — bz)Eq4p(2 +w)  otherwise,

with ¢(2) := 2sinh(z/2) = e*/2 — e=*/2. For the purpose of this note we will
actually only need the last computational rule. We will also use the function

S(z) =<(2)/z.
0.2. Recalling four facts

Our proof consists of an elementary computation, whose first equation fol-
lows from four known facts.

Fact 1. Standard topological arguments (see, e.g., [5]) show that

Eg(d,) _ hG’I".,2
(2d") — o2d)

where hgzé’j,) is the weighted enumeration of ramified coverings of
the Riemann sphere CP! of degree 2d’ by a genus g > 0 surface only
ramified over 0,1,00 € CP! (also known as Grothendieck dessins
d’enfant), whose ramification profiles over 0 and oo are given re-
spectively by the cycle types (2d') and (2,2,...,2), whereas the
cycle type p = 2d' over 1 is arbitrary (also known as one-part 2-
hypermaps, or ribbon graphs with a single face).

Fact 2. The Jucys Correspondence [10] implies that

Gr.,2 <2
hg@ay = Mgaw)

where h;’é ) is the weighted enumeration of ramified coverings of

the Riemann sphere CP' of degree is 2d’ by a genus g > 0 surface
ramified over 0,00 € CP!, with ramification profiles given respec-
tively by the cycle types (2d’) and (2,2, ...,2), and m further simple
ramifications (z; ¥;)i=1,..m € Saog written such that z; < y; and
subject to the extra strictly monotone condition y; < y;+1. This can
be found, e.g. in [1, 8]. We prove it once more in Appendix A for
the reader’s convenience.
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Fact 3. The vacuum expectation operator for strictly monotone ramifica-

Fact 4.

tions D@ (u) was derived in [1], Proposition 5.2, and it implies that

<2 2g-1+d’
2 ey
g=0

_ 1/ aepe @) () —E:(0)/2
= o (DI e 20 0) (D)) 0.

where D(U)(u) = exp (W + [w ]Eo(w)>log(u).

The nested conjugations above were computed in a more general set-
ting in [11], Lemma 4.4. The computation is an elementary applica-
tion of the Campbell-Baker-Hausdorff formula e4Be 4 =
S0 mlA, .. [A[A,B]]...], since D) (u) itself is an exponential
operator. It implies that

-1
652(0)/2])(0)(@5726[,(0) <D<o>(u>> o—E2(0)/2

ooty S(2uz)?
— Z Z t' 2d’ — v z t]mfét Qd'(UZ)

t=0 v=t

0.3. Proof of Theorem 0.1

We are now armed to compute the constants eq(d’).

Proof.

tation.

Facts 1 — 4 together imply the first equality of the following compu-

’ 2dl ’
(d/ 29 1+d Z Z t‘ T U Zv—t]S(uz)—Qd -1

t=0 v=t

x §(2uz)" (- (uz)) <<Ea(z)> = 5“7‘))

)
29 1 Z d” 2d/ ]S(UZ)_Zd,_ls(QUZ)d/ ('LLZ)

(w+1:2g)

_(2d — 1)12% u/2 2 ol _ ot d
= m[u2g [Sinh(U/Q)] [(6“/2 —eu/2)2 (U/Q)}

) (2(3//: ;i}”‘id/l;g () Ling(u)r {tanz(wr/' O
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Appendix A. The Jucys correspondence and proof of Fact 2

The goal of this appendix is to re-prove Fact 2 via the Jucys-Murphy corre-
spondence, following [1].

Theorem A.1 (The Jucys correspondence [10], 1974). Let pu be a conjugacy
class of &, or equivalently a partition of n, and let () the number of its
cycles or parts. Let C, = 3 o, g € Z(Q(&,)) be the formal sum of all
permutations with cycle type p in the center of the group algebra. We have

(A1) on(For.. Tu)= Y. Cpu € 2Q[&,], k=0,...,n—1,

pil(p)=n—k

where o, is the k-th elementary symmetric polynomial and
Je=0Qk)+ 2k +- -+ (k-1 k) € Q&S] for k=2,....n

18 the k-th Jucys-Murphy element. By convention O‘o(j) =id € 6,,.
Example 1 (Testing the Jucys correspondence for ZQ[G4]).

00(J2, T3, Ja) =id = ()(2)B)4) = Y Cyu

() —4—0=4
01(J2, I3, Tu) = Jo+ T3+ Ja = (12) + ((13) + (23)) +
= all transpositions = (12)(3)(4) + (13)(
- Z C,
pib(p)=4-1=3
02(J2, I3, Ja) = Jo T3 + FoJs + J3Js =
2) ((13) +(23)) + (12) ((14) + (24) + (34)) +

((14) +(24) + (34))
2)(4)+ ...

=(1

+((13) +(23)) ((14) + (24) + (34)) =

= (123)(4) + (132)(4) + (142)(3) + (124)(3) + (12)(34) +
+ (143)(2) + (14)(23) + (13)(24) + (432)(1) +
+(134)(2) + (234)(1)

= Z C,,

peb(p)=4-2=2

03(J2, T3, Ja) = T2 J3Ta = (12)[(13) + (23)][(14) + (24) + (34)] =
= (1234) + (1243) + (1324) + (1342) + (1423) + (1432)

:ZCM

pl(p)=4—3=1
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A.1. Proof of fact 2

By definition we have

Gr.,2 1
M) = (aay Gl )3 Cu |Claary,
pib(p)=d—(29—1+d’)

1
h<(22d/) = W[Cid]cm)d' 099 14a (T2, - - s Jod ) Claary

where [Ciq] is the operator that extracts the coefficient of Cjq from the
expression. The Jucys correspondence A.1 for n = 2d’ and k =29 — 1+ d’
gives

UQg—1+d’(j27"'>j2d') = Z C,LL?
pib(p)=d—(2g—1+d’)

hGI‘ 2
20y — "g:(2ar
dedicated to explain how the deﬁnltlons above correspond to their respective

geometric meaning.

which immediately implies A’ ( ) The rest of the appendix is

A.1.1. One part Grothendieck dessins d’enfant with one 2-orbifold
ramification Let hGE%Ql,) be the weighted number of ramified coverings
of the Riemann sphere CP! of degree 2d’ by a genus g > 0 surface only
ramified over 0,1,00 € CP', whose ramification profiles over 0 and oo are
given respectively by the cycle types (2d') and (2,2, ...,2), whereas the cycle
type p b 2d’ over 1 is arbitrary. The Riemann-Hurwitz equation imposes the
following restriction on the lenght of p: () = d'+1-2g = 2d'— (2g—1+d').

In terms of the group algebra, hGEQé/) is defined as

Gr.,2 1
hgaary = W[Cid]c@)d’ > Cu | Caary,
pib(p)=d—(2g—1+d’)

where [Cjq] is the operator that extracts the coefficient of Cjq from the
expression. The expression above can be thought as follows. Label the 2d’
sheets of the covering. Take an unbrached point on the Riemann sphere and
compose the three loops around the points 0, 1, co. Every loop picks up the
monodromy around that point. Since the base curve is a sphere, it is always
possible to “pull” the loop on the other side of the sphere and contract it, this
means that the product of the monodromies should be equal to the identity.
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At the level of the group algebra, this corresponds to formally expanding
all the C), in the expression above, compute all multiplications in Gy, and
count how many identities one gets this way. The final division by (2d’)!
accounts for the possible choices of labelling the sheets.

A.1.2. One part strictly monotone Hurwitz numbers with one 2-
orbifold ramification Let hg<(22 ) be the weighted number of ramified
coverings of the Riemann sphere CP! of degree is 2d’ by a genus g > 0 surface
ramified over 0,00 € CP!, with ramification profiles given respectively by
the cycle types (2d') and (2,2, ...,2), and m further simple ramifications (i.e.
these m ramification profiles are given by m transpositions (z; y;) € Gag ).
Let us write them in such a way that z; < y;, ¢ = 1,...,m. We impose the
extra strictly monotone condition y; < y;41. The Riemann-Hurwitz equation

imposes that m = 2g—1+d'. In terms of the group algebra, h;’é ) is defined
as

1
hg<,222d’) = m[Cid]C(z)d’ . 0—2971+d’(\.727 ) \72d')0(2d')'

Let us explain why the symmetric elementary polynomials o of the Jucys-
Murphy elements are the right elements to describe these ramified coverings.
First of all, every Jucys-Murphy element is a formal sum of transpositions,
and 04144 is homogenous of degree 29 — 1+ d’, therefore every summand
in its expansion is a product of exactly 2g — 1 + d’ transpositions, as re-
quired. Let us see how the strict monotonicity condition is guaranteed. The
Jucys-Murphy element Jj is the formal sum of all those ramification pro-
files whose greatest sheet label is equal to k, therefore, if J; appears as i-th
factor in some summand of o, this translates to y; = k in the correspond-
ing covering. At this point, the definition of o grants that the summands
produced are all and only the ones satisfying the monotonicity conditions in
the corresponding coverings.

Acknowledgements

This short note was inspired by the talk of N. Do at the conference
MoSCATR VI: 6th Workshop on Combinatorics of Moduli Spaces, Cluster
Algebras, and Topological Recursion in June 2018 about Hurwitz problems
and related one-point recursions. The author is grateful to A. Alexandrov,
R. Kramer, and S. Shadrin for useful discussions. The work of the author is
supported by the Max-Planck-Gesellschaft.



1]

[10]

[11]

[12]

[13]

Harer-Zagier formula via Fock space 625

References

A. Alexandrov, D. Lewanski, S. Shadrin. Ramifications of Hurwitz
theory, KP integrability and quantum curves, J. High Energy Phys.,
10.1007/JHEP05(2016)124. MR3521843

E. T. Akhmedov, S. Shakirov, Gluings of surfaces with polygonal bound-
aries, Functi. Analysis and Its Appl. 43 (2009) 245. MR2596651

G. Chapuy, A new combinatorial identity for unicellular maps, via
a direct bijective approach, Adv. Appl. Math. 47(4) (2011) 874-893.
MR2832383

A. Chaudhuri, N. Do, Generalisations of the Harer-Zagier recursion for
1-point functions.

N. Do, D. Manescu, Quantum curves for the enumeration of ribbon
graphs and hypermaps, Comm. Num. Th. Phys., 8(4) (2014) 677-701.
MR3318387

P. Dunin-Barkowski, N. Orantin, A. Popolitov, S. Shadrin, Combina-
torics of loop equations for branched covers of sphere, Int. Math. Res.
Not., rnx047, https://doi.org/10.1093 /imrn/rnx047. MR3862116

J. Harer and D. Zagier, The Euler characteristic of the moduli space of
curves, Invent. Math., 85 (1986) 457-485. MR0848681

J. Harnad, A. Orlov, Hypergeometric tau-functions, Hurwitz numbers
and enumeration of paths, Commun. Math. Phys., 338 (2015) 267-284.
MR3345377

P. Johnson, Double Hurwitz numbers via the infinite wedge, Trans.

Amer. Math. Soc. 367 (2015) 6415-6440. MR3356942

A. Jucys, Symmetric polynomials and the center of the symmetric group

ring, Reports on Math. Phys. 5(1) (1974) 107-12. MR0419576

R. Kramer, D. Lewanski, and S. Shadrin. Quasi-polynomiality of mono-
tone orbifold Hurwitz numbers and Grothendieck’s dessins d’enfants,
arXiv:1610.08376 (2016). MR3846148

A. Okounkov, Toda equations for Hurwitz numbers, Math. Res. Lett.
7(4) (2000) 447-453. MR1783622

A. Okounkov and R. Pandharipande, The equivariant Gromouv- Witten
theory of P!, Ann. Math., 163 (2006) 561-605. MR2199226


http://www.ams.org/mathscinet-getitem?mr=3521843
http://www.ams.org/mathscinet-getitem?mr=2596651
http://www.ams.org/mathscinet-getitem?mr=2832383
http://www.ams.org/mathscinet-getitem?mr=3318387
http://www.ams.org/mathscinet-getitem?mr=3862116
http://www.ams.org/mathscinet-getitem?mr=0848681
http://www.ams.org/mathscinet-getitem?mr=3345377
http://www.ams.org/mathscinet-getitem?mr=3356942
http://www.ams.org/mathscinet-getitem?mr=0419576
http://www.ams.org/mathscinet-getitem?mr=3846148
http://www.ams.org/mathscinet-getitem?mr=1783622
http://www.ams.org/mathscinet-getitem?mr=2199226

626 D. Lewanski

[14] B. Pittel, Another proof of the Harer-Zagier formula, The Electr. J.
Commb., 23(1) (2016) P1.21. MR3484726

[15] D. Zagier, On the distribution of the number of cycles of elements in
symmetric groups, Nieuw Arch. Wiskd., 13 (1995) 489-495. MR1378813

D. LEWANSKI

MAX PLANCK INSTITUT FUR MATHEMATIK
VIVATSGASSE 7

53111 BONN

GERMANY

E-mail address: ilgrillodani@mpim-bonn.mpg.de

RECEIVED SEPTEMBER 12, 2018
ACCEPTED JUNE 17, 2019


http://www.ams.org/mathscinet-getitem?mr=3484726
http://www.ams.org/mathscinet-getitem?mr=1378813
mailto:ilgrillodani@mpim-bonn.mpg.de

	Hurwitz numbers as vacuum expectations
	Recalling four facts
	Proof of Theorem 0.1
	The Jucys correspondence and proof of Fact 2
	Proof of fact 2
	One part Grothendieck dessins d'enfant with one 2-orbifold ramification
	One part strictly monotone Hurwitz numbers with one 2-orbifold ramification


	Acknowledgements
	References

