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Approximating tau-functions by
theta-functions
B. DUBROVIN
We prove that the logarithm of an arbitrary tau-function of the
KdV hierarchy can be approximated, in the topology of graded
formal series by the logarithmic expansions of hyperelliptic theta-
functions of finite genus, up to at most quadratic terms. As an ex-

ample, we consider theta-functional approximations of the Witten—
Kontsevich tau-function.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 37K10; secondary 14K25.

1. Introduction

Consider the algebra W = Cla, b, c| of polynomials in infinite number of
variables

a:(al,ag,...), b:(bl,bQ,...), C:(Cl,CQ,...).
Define a gradation on W by
(1.1) dega; =2i+1, degb; =degc; = 2i.

Introduce the matrix-valued formal Laurent series in 1/z

(1.2) W(z)zW(a,b,c;z)_(zfcl é>+z< % _ba>zi

C;
i>1 i+1

and define a Poisson algebra structure on VW by means of the following
Poisson bracket!

'Recall that the notation {W(zl) ® W(ZQ)} € C2@C%2®C[[1/21,1/2]] is tradi-

tionally used for the table {W;;(21), Wiki(22)} of pairwise Poisson brackets between
the entries of the matrices W (z1) and W (z2). The negative part ( . )_ by definition
is obtained by eliminating all terms containing nonnegative powers of z; or zs.
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{Wen oW | = (86 ). Wen 01410 W)

(1.3) +[AR,W(z1) ®1—1® W(z)]
where
(1.4) R(z) = g

is the standard r-matrix,
P:C?C2-C?0C? Py =y

and

(1.5) AR = FEy ® Ey1 with FEo = < [1) 8 ) .

For any pair of homogeneous elements f, g € W one has

(1.6) deg{f. g} = deg f + degg — 3.

The annihilator of the Poisson bracket coincides with the subring C[by + ¢1].
We will now introduce an infinite family of derivations on the algebra
W. Let

(1.7) Q(z) = —det W(z) =z+ Y

Define an infinite sequence of polynomials H, € W, n > —1 using coeffi-
cients of the following series

1 H, Q(z)
(1.8) 1+5;12”+2: .

The polynomial H_; = by + ¢ is the Casimir of the Poisson bracket. The
derivations 0,, are defined as Hamiltonian vector fields

(1.9) Onf ={Hn, f} VfeW, n=0.

Explicitly

0 0 0
— (cg — 2 _ S VA P
154 (02 ba + b7 b1C1) By ay by + 2a; et +
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0 0
8—a2—2(128—b2+2<a2+a1(61—bl))—+...

C2
B 1 1 1,5 5\ 0
81 = <C3 — bg + 552(3[)1 — Cl) — 562(51 + C1) — ibl(bl — Cl)) 8—CL1

+ (03 —bg + bg(bl — Cl))

9 0
+(—2a2 +a1(b1 +c1)) P, + + (2a2 + a1 (b1 + ¢1)) e

1 1
+ <C4 — by + 5(()3 + C3)(b1 — Cl) — 552(262 — 2by + b% — C%) a—a2

0
+ (—2&3 + a2(01 — bl) + 2(1162) B_bz
0

+ (2@3 + az(c1 — by) — 2a1by + a1(b% — a%)) 6—02 +...
etc. Note that the Hamiltonian H,, is a graded homogeneous polynomial of
degree 2n + 4. Thus the derivation d, increases the degree by 2n + 1.

We will now derive a “commutator representation” for the action of the
vector fields 9, on W(z) = W(a,b,c,z). To this end introduce another
matrix-valued series

(1.10)
w G b, 1
M= Mibe) = agz= (Do )+ Slan 53
Q(Z)/Z Z 0 > Ci+1 —a; P
b 7 —-b
Note that
det M(Z) = —Z.

Also define a series

~

(1.11) b(z) = % :Z%.
i>1

Lemma 1.1. For any n > 0 the following equation holds true
(1.12) W (2) = [Un(2),W(z)], n=0,1,2,...

where

(1.13) Un(2) = ["M(2)], ( Bn0+1 8 ) .
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The notation | . |4+ used here and below stands for the polynomial part

of a series in z*!.

Corollary 1.2. The derivations 0, commute pairwise.

Remark 1.3. One can consider in a similar way the graded algebra W, of
polynomials in 3¢ 4 1 variables

Wg = (C[al,. ..,ag,bl,... ,bg,Cl,.. . ,Cg+1].
A Poisson bracket on W, defined by a formula similar to (1.3) first appeared

n [10]. However it differs from the one induced by restriction of (1.3) wrt
the natural embedding

1

Due to the commutativity of derivations [0y, Op,] = 0 for an arbitrary

triple of sequences of complex numbers a?, bg, c?, i > 1 there exists a unique

common solution
ai(t), bi(t), Ci(t) ECHto,tl,...H, ’iZl, 2,...

to the following infinite system of Hamiltonian differential equations

(1.14)
dai dbi dCi .
Qi gai, =, G — e, i=1,2,..., k=0,1,...
dt, O g TR gy, T Ok T

satisfying the initial conditions

ai(0) =a?, b;(0) =bY, c;(0)=¢c), i=1,2,...

19

We will now establish a relationship between this infinite system of com-
muting polynomial ODEs with the Korteweg—de Vries (KdV) hierarchy of
PDEs

uto = ua:

1
(115) U, = U Uz + Zu:r:p:v

15 5 1
Ut, = ?UQUx + 5 (2uxuxx + Uua:xz) + 1_6U(5)
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etc. that can be represented in the Lax form

%L: [(L%)JF,L], L =02+ 2u.

Consider the matrix-valued series
0 1 ad 1
WO —_ 7 [ _.
(2) <z—|—c(1) 0>+;<C?+1 —a?)zZ

For any N > 2 define a collection of numbers F; ,Sli_.kN labelled by indices k1,

..., kny =0, 1,... by the following generating series
(1.16)
0
Z Fr ok _
ki +1 kn+1
fky A1 AN

B tr [Wo(zsl) .. WO(zSN)]

1 1
B _N /M /M sgg:N (Zsl - ZS2) ce (ZSN—l - ZSN)<ZSN - ZS1)

zZ1 + 29
(21 — 22)?

— N2

where the summation is taken over all elements s = (s, ..., sy) of the group
Sy of permutations of {1,2,..., N}. Define a function F(t) € C[[t]] by the
following formal series

1
(1.17) F(t)=) N > FQ kath ety

NZQ k‘l ..... k/'N
Theorem 1.4. For arbitrary initial conditions a?, b?, c? the function

2
ut) =2 %(t)

satisfies equations of the KdV hierarchy. The tau-function of this solution is
equal to

T(t) = ef'®)
up to a transformation 7(t) — e* T2 Pitir(t) with some constant coefficients

a, Bi. Any solution u(t) € C[[t]] of the KdV hierarchy along with its tau-
function can be obtained by this procedure.
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Remark 1.5. Changing W (z) by a scalar factor

W(z) — f(z) W(z), =1 +Z e C[[1/2]]

i>1

does not change the KdV solution.

Note that the polynomial F;, ;. (a,b,c) = 0" log7/0t;, ...0t;, defined
by eq. (1.16) is graded homogeneous of the degree 2(i1+- - -+iyx)+ N. There-
fore it belongs to the subring Wy = Cla1, ..., a4, b1,...,bg,c1,...,cq41] for

. ‘ N
g:zl+--'+2N+[5]

We can reformulate this observation in the following way.

Let
1
= Z E Z fil...intil b, € (C[[t]]
7’120 Z’l,“.,in
be a formal series of an infinite number of variables t = (to,?1,...). For a

given number m > 0 denote

118 Y@= Y it

n>0 """ 2(iy+- iy ) +n<m

the m-truncation of the series.

Corollary 1.6. Let 7(t) be the tau-function of an arbitrary solution u(t) €
C[[t]] of the KdV hierarchy. Then for any m > 0 there exists a hyperelliptic
m

curve C of genus less or equal than [B] and a point ug € J(C) \ (©) in the
Jacobian such that

log 7(t)],, = |log6 Z £V — g +

2i+1<m m

+ Z 5iti+% Z Vijtity

2i+1<m 2(i+j+1)<m

for some constants o, B;, vij-
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Remark 1.7. It can happen that the curve C' is singular. In that case, one
has to deal with the generalized Jacobian and the corresponding analogue
of theta-function.

Our last remark is about a block-triangular invertible change of variables
between the generators of the algebra VW and the jet variables u, u,, ...
depending on the constants of motion g; (see eq. (1.7))

(119) {al,bl,cl, ce ,an,bn,cn} < {fQ, .. -af2n+17q17 ce 7Qn}

for every n > 1. Here

1
Jo= 5(51 —c1) = (log 7)oy = u,

f3 - (IOg 7-)000 = Ugy .- f2n+1 = 8gn+1 logT = u(?n—l)‘
Explicitly

1 b N 1 . 1

ap = —3zu =1U - Cl = —U —

1 2 T 1 2(117 1 2q1

. 5 L 1 3 1 q2 q2
1 1 1 q2 Q%

Co = 4U:mc 2u 2q u 5 5

etc. After such a change the matrix polynomials U,,(z) take the familiar form

0 1 — z+u
Up = , U=
z—2u 0 2oz — e —?

etc. Observe that the coefficients of these matrix polynomials depend only
on the jet variables but not on the integration constants g;.

The constructions of the present paper can be generalized to other spaces
of matrix-valued series. Moreover they can be extended to series with coef-
ficients in an arbitrary simple Lie algebra. This will be done in a separate
publication.

2. Proofs

We begin with the proof of Lemma 1.1. Let us rewrite the Poisson bracket
(1.3) in coordinates,
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(2.1) {a(2),a(w)} =0, {a(z),b(w)} = _b(zi : wa)
fa(z). ey = =y
{b(2),b(w)} =0, {b(2), c(w)} = 26@ - i(w)

so that

Using (2.1) obtain

[ {Qw)a(x)} Q). b))
{Qw), W(z)} = < Q) e(z).} —{QMw),a(z)} )
1

= [M (w), W (2)] = b(w) [Ea1, W (2)]

w—z

where the series b(w) was defined by eq. (1.11). Collecting the coefficient of
w™""1 in eq. (2.2) we obtain (1.12). O

Proof of Corollary 1.2. Due to the commutator structure of the rhs of eq.
(2.2) we deduce that

Hy,
n>—1
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hence
> Y S0 0
wn+1’ ym+1 -
n>—1 m>—1

Proof of Theorem 1.4. Introduce a t-dependent matrix series

and

Due to Lemma 1.1 the matrix series W (t, z) satisfies

d
%W(t,z) = [Un(t,2),W(t,2)], n>0
where the matrix polynomials Uy (t, z) are obtained from the series M(t, z)
by the construction of eq. (1.13). In particular,

23 U= (g o) w0500 - aw)

Similar equations hold true for M (t, z)

d
—M(t,z) = [Un(t,2),M(t,z)], n>0
dty,
Because of the commutativity of the derivations the matrix polynomials
U, (t, z) satisfy the “zero curvature equations”

d

d
%—Un(t,z),——Um(t,z) =0 Vm,n>0

dt,,
that imply equations of the KdV hierarchy (1.15) for the function wu(t).

To compute the tau-function of this solution, according to the recipe
of [1] we have to find the so-called matrix resolvent, i.e. the unique matrix
series R(t, z) of the form

R(t,z) = < z—(ZL(t) (1) > O <%>
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satisfying the equations

%R(t 2) = [Un(t,2), R(t,2)], n>0

along with the normalization
tr R(t,z) =0, detR(t,2)=—z.
Then the N-th order logarithmic derivatives

ON log 7(t)

Frvbn () = 5 ——5 —
..ok (B) Oty ... 0tk

of the tau-function of this solution for any N > 2 can be determined from
the following generating series

(2.4)
Z Fi,  kx(t) _ 1 tr[R(t, zs,) ... R(t, 25, )]
Ky, kN k1+1 R Z?VN—H N SESN (ZS1 - 252) Tt (ZSN—I - ZSN)(ZSN - 251)
_5 z1 + 22
N727(Zl )2

Clearly the matrix series M (t, z) satisfies all these conditions, so R(t,z) =
M (t, z). Therefore the logarithmic derivatives of the tau-function of the
solution u(t) are given by

Fr o xn(t)
Z kr‘rl o ZkN+1 -

k1,.. 7kN
1 tr [W(t, zs,) ... W(t, 25, )]
N Q(z1 \/Q ZN) 5 (25, — Zs5) -+ - (Zsn_y — Zsn ) (Zsny — Zs1)
5 M
N,2 (21 — 22)27

N > 2. For t = 0 it reduces to eq. (1.17). This completes the proof of the
first part of the theorem.

Conversely, let u(t) € C[[t]] be a solution to the equations of the KdV
hierarchy. Let R(t,z) € Maty (C[[t]]) ® 2C[[1/z]] be the matrix resolvent of
this solution. Put WO( ) := R(0,z). Then Q(z) = zsoeq. (24) at t =0

coincides with (1.17). O
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3. Examples
3.1. Logarithmic expansions of hyperelliptic theta-functions

Let us briefly revisit the finite-gap case within the general framework. Con-
sider the subspace of matrix series that truncate at the g-th term,

0 1 N a b\ 1
_ . _ (2 (2 -
W(z) =W(a,b,c;2) = ( st 0 > —I—Zl< 1 —ag > ot
i=
It corresponds to the subalgebra
Wg :(C[al,...,ag,bl,...,bg,cl,...,cgﬂ} cw

(we use the same notation as in Remark 1.3). Using the degree counting
(1.6) it is easy to verify that W, is a Poisson subalgebra wrt the Poisson
bracket (1.3). The annihilator of the restriction of (1.3) onto W, is generated
by g + 1 Casimirs q; = b1 + ¢; and

g

Qg+k+1 = Z(aiag-l—k—i +bicgrk+1-i), k=1,...,9.
i=k
The Darboux coordinates z1,...,x4, p1, .., Dy,

on the symplectic leaves
G =qYs dgra = Qgrar - Q2041 = Dy

are obtained by the standard, see e.g. [11], up to a change z +— 1/z procedure
by taking the z- and w-coordinates of poles of the eigenvector of the matrix

W(z). Le., x1, ..., x4 are roots of the equation
b b
14— =
z 29
and
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The corresponding solutions to the KdV hierarchy are often called finite-
gap or algebro-geometric solutions. For them, the tau-function coincides with
the hyperelliptic theta-function up to multiplication by exponential of a
quadratic polynomial. Let us recall this construction. It is convenient to
change

W(z) — 29W(z)

in order to deal with matrix polynomials of the form

_( az) b(z)

(3.1) W(z) = ( o(z) —al2)

a(z) =a12% P+ day, b(z) =29+ 01297 4+ by,

c(2) =29 f 129 + -+ cgp
Assuming the roots of

Q(z) = —det W(2) = 229 + 2% + -+ + gog a1

to be pairwise distinct we obtain a hyperelliptic curve C'
(3.2) w® =22 4 2 4+ o

of genus g with one branch point P, at infinity. The fibers of the natural
fibration

{space of matrix polynomials

0 Zg a b
— - 9 9
Wiz) = ( 29t 4129 0 ) L ( Cg+1  —a >}

l

{space of hyperelliptic curves w? = 229 ... 4+ g9}
(3.3) W(z) — det(W(2) —w-1) = w? — Q(2)

are isomorphic to the affine Jacobians J(C) \ (©) of the curves. Here (0©) C
J(C) is the theta divisor. For g = 1 it comes from an easy calculation. For
g > 2 it was first observed in [5], see also the book [9]. The correspondence
between the matrices in the fibers of the fibration (3.3) can be established
by the map

W (z) + line bundle over C of eigenvectors of W(z).



Approximating tau-functions by theta-functions 215

The degree of the line bundle equals g + 1. It is convenient to choose a
representative in the class of linear equivalence in the form Dy + P, where

(3.4) Dy =Q1+ -+ Qy, Qj:(Zj,wj)EC\Poo

is a nonspecial positive divisor of degree g defined by the equations

(3.5) b(zj)) =0, w;=—-a(z), j=1,...,9

Applying to the divisor Dg the Abel-Jacobi map one obtains a point ug €
J(C)\ (©). Explicitly,

9 Qj Q;
(3.6) u0:2</ wl,...,/ wg>—w

where

dz

(37) wi:(aﬂzg_l—i—---—l—aig)%, t=1,...,¢9

are the normalized holomorphic differentials,

f Wy = 271'\/*1(51']'

J

for some basis a1, ..., ag, b1, ..., by € Ha(C,Z),
aioaj:biobj:O, aiobj:(i,-j.

By B;; we will denote the matrix of b-periods of the normalized holomorphic
differentials

By=fwn ii=lo.g
Recall that the Jacobi variety (or, simply Jacobian) of C' can be realized as
a quotient of CY over the lattice of periods of holomorphic differentials

J(C) =C9/{2nv/—1M + BN | M, N € 79}

Finally, the half-period zo, for a suitable choice of the basis of cycles (see
details in [6]) has the form

(38) w:m/—l(l,o,l,o,...)—k (Bli,BQi,...,Bgi).

g
=1

N =

)
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Let

(3.9) o) = Y exp {%m, Bn) + (n, u)}

nezs

be the Riemann theta-function of the curve C associated with the chosen
basis of cycles. Here u = (u1,...,uq) is the vector of independent complex
variables, n = (n1,...,ng) € Z9,

(n, Bn) Z Bjgnjng, (n,u) anuk
7, k=1

Then the tau-function of the solution to the KdV hierarchy corresponding
to the matrix (3.1) reads

(3.10) T(t) = e3 L 20 Bigtiti g (Z tkv(kz) _ uO)

where 6(u) is the theta-function of the hyperelliptic curve (3.2), the point
g is specified by egs. (3.4)-(3.6), the vector V(¥) = (Vl(k), . V:q(k)>, k>0
is made of the b-periods of the normalized second kind differentials

2k +1 B d
Q) — 5 (Zg+k +oepp2dTR 4 Ck,g+k> 4z _
w
1 1 ki
3.11 =_ | 2k+1)F | dz, k>0
(3.11) 5 | 2k + 2+ @§>o | 4 k2

]§Q<m:o, v}@;fn(k), i=1....g
a; bz

and the coefficients ¢;; come from the regular part of the expansion (3.11).
The vectors V) can also be computed from the expansions of normalized
holomorphic differentials

1 k dz .
(3.12) wz‘:§ZVi() . i=1....0
k>0 S

From Theorem 1.4 we derive

Corollary 3.1. The logarithmic derivatives of the theta-function of the hy-
perelliptic spectral curve (3.2) of the matriz polynomial W (z) of the form
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(3.1) for any N > 3 satisfy the following identities

MNlogt (X t,VE) — up) 1
Kiyoskin >0 ko - o Oy =z iz ®
:_i 1 Z tr[W(le)...W(zsN)]
N w(z1)...w(zN) = (26, — 283) - - (Zsy_y — Zsy) (Zon — 2s,)
L . . 1/2 1/2
of formal series in inverse powers of independent variables z;'~, ..., zy".

As an immediate consequence, we obtain

Corollary 3.2. If (3.2) is the spectral curve of a matriz polynomial (3.1)
with rational coefficients then the logarithmic derivatives

0N log 0 (Z t V) — uo)
Gtkl . GtkN ‘t:O

of its theta-function evaluated at the point (3.4)—(3.6) are rational numbers
for any N > 3.

Generalizations of this Corollary for more general spectral curves will be
given in [4].

Remark 3.3. It would be interesting to study the properties of solutions
to the KdV hierarchy for which W (z) is not a polynomial but a convergent
infinite series.

3.2. Theta-functional approximations of the Witten—Kontsevich
tau-function
Let us consider the Airy operator
d2

Then the matrix resolvent computed in [1] has the form (1.2) with

(3.15)
o - L@k=5 o (Gk-DN o Gk+1(6k—1)!
P TU R VYU S e U

all other coefficients vanish. Recall [1] that for this solution of the KdV
hierarchy the logarithmic derivatives of the tau-function are related to the
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intersection numbers of the psi-classes in the cohomologies of the Deligne—
Mumford moduli spaces of stable algebraic curves

N
F} iy = H(%z + 1)”/ L
=1 Mg n

assuming

ih+---+iy—N+3=3g.

Let us consider for this particular case the procedure of approximation
of log7(t) by logarithms of theta-functions. As an example consider the
9-truncation of F'(t) = log7(t)

(3.16)

th ty 3 tota 14 1 4 1 1, 1,
F(t)]g= = + —2 4 21 L 20%2 4 23 43 ptity  ——t2tg - —t3t
(8] 51 T 1152 Tas T 16 g0 T it pplotitz T gtols + gloh

1 1
+ gtgt% + ﬂtétz.
According to the Corollary this polynomial coincides, modulo the linear and
quadratic terms with the 9-truncation of the Taylor logarithmic expansion
of the genus 4 theta-function

1 1 1 1
logf toV©® + 6,V 4 —,v@ 4 4, v®) 4 v _
°8 (0 AR T R T M YT Ho

of the spectral curve

—%,23 — % 24 + %z
(3.17) w?+detW(z) =0, W(z)= ,

5 7.2 1.3
z° — g% 527+

»—\|<'.»J
[@2] &3]

see Figure 1. This immediately follows from Corollary 3.1. To be on the
safe side we have checked this statement by a numerical computation of the
theta-function. Some hints from [7] were helpful for us in this computation.

Choose the basis of cycles in the following way. The cycles aq, ..., aq go
around the finite branch cuts. Every cycle b; crosses once the cycle a; and
also the infinite branch cut. This yields the following matrix of b-periods of
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AN

-1.5 -1.0 -0.5 0.5 1.0 1.5
-0.5 /
.\_1.0

Figure 1: Branchcuts of the spectral curve (3.17). The yellow dots show

the points (0, %), (—512/3,%>, (—62’”'/3#, %), <—e‘2”/3¥, %) of the

divisor Dy.

5.800 2.811 1.720 0.895
w) . 2.811 7.374 3.263 1.722
| = -

normalized holomorphic differentials
1.720 3.263 7.376 2.815
0.895 1.722 2.815 5.807

_ (74
1.272 1.842 2.376 3.137
1.842 2.116 3.137 3.898
TVl 5376 3137 4158 4.431
3.137 3.808 4.431 5.000

where

w1 = [(—0.866 + 0.5721)2% + (1.456 + 0.2757)22 — (1.137 + 1.3434)z

d
+(0.064 + 1.6431)] EZ
wy = [(—1.332 + 0.261)2> — (0.260 — 1.0424)2* — (0.316 — 1.2704)z
dz

+ (1.994 +1.2131)] -
w3 = [(—1.332 — 0.261)2> — (0.260 + 1.0424)2* — (0.316 + 1.2704)z
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d
+(1.994 —1.2134)] =
w
wa = [(—0.866 — 0.5721)z° + (1.456 — 0.275i)2% — (1.137 — 1.3434)2
d
+(0.064 — 1.6437)] =.

w

With the help of (3.12) we obtain the vectors V(*)

v

(—1.731 + 1.1454, —2.664 + 0.522 4, —2.664 — 0.5221,
—1.731 — 1.145%)

(2.912 4 0.551 4, —0.520 + 2.083 4, —0.520 — 2.083 4,
2.912 — 0.5514)

V@ = (-2.273 — 2.6854, —0.632 + 2.541 4, —0.632 — 2.5414,

—2.273 + 2.6851)
V&) = (0.127 + 3.286 7, 3.987 + 2.426 i, 3.987 — 2.426 1,
0.127 — 3.286 1)

v

and V4 = 0. Finally, we compute the Abel-Jacobi image
(4.506 4+ 5.841,6.826 + 1.741¢,6.826 — 1.741¢,4.506 — 5.841 1)
of the divisor Dy and the point ug € J(C) \ (0)
ug = (10.119 — 1.6144,14.411 — 3.756i, 14.413 — 11.933i, 10.126 — 14.0744) .

To avoid computational problems with big real parts, it is convenient to
shift this point by a vector of the lattice

up — ug + B(1,1,1,1).

Finally, we arrive at the following 9-truncated expansion

15 105 945
= 0.447 +0.0027 — (0.577 4 0.0037)to 4 0.186 t; + 0.05t5 + 0.228 2
+0.175toty + 0.07t% + 0.091 toty — 0.057 t1ty — 0.016 tot3 + 0.167 ¢
+0.014 % + 0.084 tot1ts + 0.021 t5t3 + 0.167 t5ty + 0.167 t5t5 + 0.042 gt

1 1 1 1
[1og9 <t0V(0) + §t1V<1) + VP 4 VO 4 v u0>] =
9

We have omitted terms less than 1073, Two small imaginary numbers in the
first line come from some numerical errors to be settled. The first two lines
are of no interest but the third line satisfactorily matches the expansion
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Figure 2: Branch points of the spectral curve of the matrix Wi, (2).

(3.16) (the apparent discrepancy in the coefficient in front of totity is ~
5-107%).

Let us also make a few comments about the theta-functional approx-
imations of the Witten—Kontsevich tau-function for growing order of the
truncation. For a given g > 0 denote

0 1 7 a B\ 1
0 _ 7 i -
Wg(z)_<z+c? 0>+Z< 9, —a? | 2

i=1 Ci+1

In order to compute the m-truncated log7(t) with m = 2g or m = 2g + 1
according to Corollary, one has to deal with the spectral curve of Wg(z). Here
we will consider one particular subfamily of spectral curves with ¢ = 3n+ 1.
In that case, there are 6n + 3 zeros of the equation det W3, (z) = 0 that,
for large n are distributed in the following way. One of them is on the real
axis near z = 1. Other zeros are located near two circles (see Figure 2 for
n = 33). On the inner circle there are 3n zeros and on the outer one there
are 3n + 2 zeros. The inner zeros are close to roots of the equation?®

po
1+Zz—;=o

2Recall that the roots of this equation are the z-projections of the poles of the
eigenvector of W3, ().




222 B. Dubrovin

while the outer poles are close to the roots of
3n+2 0

z+ Z
i=1

Taking into account only the leading terms of these equations one obtains
the following asymptotics for the radii of these two circles for large n

=0.

G
ST

2 logn 1
log Ry, ~ =(1 —1)— ol-),
og R 3(og?m ) o + <n>

log Rout ~ ;(log 3n—1)+ 1?5: +0 (%)
SO
Rout N n%
Rin .

The structure of the spectral curve for ¢ = 3n + 2 is identical to the
above one as W5, ,(z) = W3 .,(2). For ¢ = 3n the spectral curve has a
double point at z = 0. The branch points are still located near two circles,
like for the above case g = 3n + 1 but there is no branch point near z = 1.
Appearance of this exceptional real branch point for ¢ = 3n + 1 requires a
better understanding.
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