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Integrality of the LMOV invariants for
framed unknot

Wei Luo and Shengmao Zhu

The Labastida-Marinõ-Ooguri-Vafa (LMOV) invariants are the open
string BPS invariants which are expected to be integers based on
the string duality conjecture from M-theory. Several explicit for-
mulae of LMOV invariants for framed unknot have been obtained
in the literature. In this paper, we present a unified method to deal
with the integrality of such explicit formulae. Furthermore, we also
prove the integrality of certain LMOV invariants for framed unknot
in higher genera.

1. Introduction

Topological string amplitude is the generating function of Gromov-Witten

invariants which are usually rational numbers according to their definitions

[12]. In 1998, Gopakumar and Vafa [9, 10] found that topological string am-

plitude is also the generating function of a series of integer-valued invariants

related to BPS counting in M-theory. Later, Ooguri and Vafa [26] extended

the above result to open string case, the corresponding integer-valued in-

variants are named as OV invariants. Furthermore, the OV invariants are

further refined by Labasitida, Mariño and Vafa in [20], then the resulted

invariants are called LMOV invariants [21]. An expanded physicist’s recon-

sideration of the GV and LMOV can be found in [4]. We refer to [31] for a

brief review of the applications of these integrality structures of topological

strings in mathematics.

The open string LMOV invariants have been studied in many papers,

such as [18, 19, 20, 21, 3, 8, 16, 22, 23, 24, 13, 14]. Based on the large

N duality of topological string and Chern-Simons theory [27, 11, 26], the

open string LMOV invariants can be approached by investigating the colored

HOMFLYPT invariants of the dual knots. For a knot K, we use the notation

nμ,g,Q(K) to denote the LMOV invariants of genus g with a boundary type

μ which is a partition of a positive integer, where Q is a parameter describ-

ing the dependence of the relative homology class of the dual Calabi-Yau
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geometry of the knot K. We refer to Section 2 for more detailed definition

of nμ,g,Q(K).

In particular, when the knot K is a framed unknot Uτ with framing

τ ∈ Z, we have different ways to compute its LMOV invariants according to

string dualities which have been proved in this situation [17, 28, 5]. Then one

can obtain several explicit formulae [8, 22] for the genus zero LMOV invari-

ants nμ,0,Q(Uτ ) of framed unknot Uτ . It turns out that these explicit formu-

lae are certain combinations of the Möbius function and binomial numbers.

Based on the integrality conjecture for LMOV invariants, these formulae will

give integers. However, such an argument is not so obvious, a rigorous proof

is required.

In this paper, we present a straightforward way to prove the integrality of

these formulae. We use the notation nm,l(τ) to denote the LMOV invariants

n(m),0,l−m

2
(Uτ ) of the framed unknot Uτ of genus 0, where m ≥ 1 and l ≥ 0

are two integers. We have the following explicit formula [25, 22] for nm,l(τ).

For b ≥ 0 and a ∈ Z, we introduce the notation
(
a
b

)
which is defined as

follows

(
a

b

)
=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1, b = 0,(
a

b

)
, b ≥ 1 and a ≥ 0,

(−1)b
(
−a+ b− 1

b

)
, b ≥ 1 and a < 0.

We define

cm,l(τ) = −(−1)mτ+m+l

m2

(
m

l

)(
mτ + l − 1

m− 1

)
,

then

nm,l(τ) =
∑

d|m,d|l

μ(d)

d2
cm

d
, l

d
(τ),(1)

where μ(d) denotes the Möbius functions.

In Section 3, we prove that

Theorem 1.1. For any τ ∈ Z, m ≥ 1, l ≥ 0, we have nm,l(τ) ∈ Z.

Remark 1.2. In fact, such form of the formula (1) is very general. For

example, if we take some special values of l or τ , it will give the formulae in
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[8] (cf. the formulae (1.4) and (1.5) in [8]):

b−Kp,r
= − 1

r2

∑
d|r

μ(
r

d
)

(
3d− 1

d− 1

)
, b+Kp,r

=
1

r2

∑
d|r

μ(
r

d
)

(
(2|p|+ 1)d− 1

d− 1

)(2)

for p ≤ −1 and

b−Kp,r
= − 1

r2

∑
d|r

μ(
r

d
)(−1)d+1

(
2d− 1

d− 1

)
,

b+Kp,r
=

1

r2

∑
d|r

μ(
r

d
)(−1)d

(
(2p+ 2)d− 1

d− 1

)(3)

for p ≥ 2. The above formulae (2) and (3) are referred as the extremal
BPS invariants of twist knots in [8]. Therefore, Theorem 1.1 implies the
integrality of formulae (2) and (3) immediately. Moreover, the integrality of
another special case of the formula (1) was also proved in [30].

Then, denoted by n(m1,m2)(τ) the LMOV invariants n(m1,m2),0,
m1+m2

2

(Uτ )

of the framed unknot Uτ with μ = (m1,m2), g = 0 and Q = m1+m2

2 , where
m1 ≥ m2 ≥ 1, we obtain the following formula

n(m1,m2)(τ) =
1

m1 +m2

∑
d|m1,d|m2

μ(d)(−1)(m1+m2)(τ+1)/d(4)

·
(
(m1τ +m1)/d− 1

m1/d

)(
(m2τ +m2)/d

m2/d

)
.

From this expression, we know that n(m1,m2)(τ) = n(m2,m1)(τ). With the
similar method, in Section 4, we prove that

Theorem 1.3. For any τ ∈ Z and m1,m2 ≥ 1, then n(m1,m2)(τ) ∈ Z.

Next, let nm,g,Q(τ) be the LMOV invariants n(m),g,Q(Uτ ) of higher genus
g with boundary condition μ = (m). We define the following generating
function

gm(q, a) =
∑
g≥0

∑
Q∈Z/2

nm,g,Q(τ)z
2g−2aQ

where z = q
1

2 − q−
1

2 .
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Let

Zm(q, a) = (−1)mτ
∑
|ν|=m

1

zν

{mντ}
{m}{mτ}

{ν}a
{ν}

where zν = |Aut(ν)|
∏l(ν)

i=1 νi and {m} denotes the quantum integer, see

Section 2 for introduction of the above notations.

By the definition of LMOV invariants in Section 2, we obtain the follow-

ing expression

gm(q, a) =
∑
d|m

μ(d)Zm/d(q
d, ad).

In Section 5, we prove that

Theorem 1.4. For any m ≥ 1, we have gm(q, a) ∈ z−2Z[z2, a±
1

2 ], where

z = q
1

2 − q−
1

2 .

Therefore, Theorem 1.4 implies that nm,g,Q(τ) ∈ Z and moreover

nm,g,Q(τ) vanishes for large g and Q.

2. LMOV invariants

2.1. Basic notations

We first introduce some basic notations. A partition λ is a finite sequence

of positive integers (λ1, λ2, ..) such that λ1 ≥ λ2 ≥ · · · . The length of λ

is the total number of parts in λ and denoted by l(λ). The weight of λ

is defined by |λ| =
∑l(λ)

i=1 λi. The automorphism group of λ, denoted by

Aut(λ), contains all the permutations that permute parts of λ by keeping

it as a partition. Obviously, Aut(λ) has the order |Aut(λ)| =
∏l(λ)

i=1 mi(λ)!

where mi(λ) denotes the number of times that i occurs in λ. Define zλ =

|Aut(λ)|
∏λ

i=1 λi.

In the following, we will use the notation P+ to denote the set of all

the partitions of positive integers. Let 0 be the partition of 0, i.e. the empty

partition. Define P = P+ ∪ {0}.
The power sum symmetric function of infinite variables x = (x1, .., xN , ..)

is defined by pn(x) =
∑

i x
n
i . Given a partition λ, we define pλ(x) =
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∏l(λ)
j=1 pλj

(x). The Schur function sλ(x) is determined by the Frobenius for-
mula

sλ(x) =
∑
μ

χλ(μ)

zμ
pμ(x),

where χλ is the character of the irreducible representation of the symmetric
group S|λ| corresponding to λ, we have χλ(μ) = 0 if |μ| �= |λ|. The orthogo-
nality of character formula gives

∑
λ

χλ(μ)χλ(ν)

zμ
= δμν .

Let n ∈ Z and λ, μ, ν denote the partitions. We introduce the following
notations

{n}x = x
n

2 − x−
n

2 , {μ}x =

l(μ)∏
i=1

{μi}x.

In particular, let {n} = {n}q and {μ} = {μ}q.

2.2. LMOV invariants for framed knots

Although the LMOV invariants are determined by the integrality structure
of topological open string partition function. Based on the large N duality of
topological string and Chern-Simons theory [11, 26], one can also introduce
the LMOV invariants through Chern-Simons theory of links/knots [18, 19,
20, 21].

Given a partition λ, we let κλ =
∑l(λ)

i=1 λi(λi − 2i+ 1). Let Kτ be a knot
with framing τ ∈ Z. The framed colored HOMFLYPT invariant of Kτ is
defined as follows

Hλ(Kτ ; q, a) = (−1)|λ|τq
κλτ

2 Wλ(Kτ ; q, a),

where Wλ(Kτ ; q, a) is the ordinary (framing-independent) colored HOM-
FLYPT invariant of Kτ , we refer to [29] for the concrete definition of Wλ(Kτ ;
q, a).

Let Zμ(Kτ ; q, a) =
∑

λ χλ(μ)Hλ(Kτ ; q, a), the Chern-Simons partition
function of Kτ is defined by

Z
(S3,Kτ )
CS (q, a,x) =

∑
λ∈P

Hλ(Kτ ; q, a)sλ(x) =
∑
μ∈P

Zμ(Kτ ; q, a)

zμ
pμ(x).(5)
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Then we define the functions fλ(Kτ ; q, a) by

Z
(S3,Kτ )
CS (q, a,x) = exp

⎛
⎝ ∞∑

d=1

1

d

∑
λ∈P+

fλ(Kτ ; q
d, ad)sλ(x

d)

⎞
⎠ .

Let f̂μ(Kτ ; q, a) =
∑

λ fλ(Kτ ; q, a)Mλμ(q)
−1, where

Mλμ(q) =
∑
μ

χλ(Cν)χμ(Cν)

zν

l(ν)∏
j=1

(qνj/2 − q−νj/2).

Denote z = q
1

2 − q−
1

2 , then the LMOV conjecture for framed knot Kτ

stated that [25], for any μ ∈ P+, there are integers Nμ,g,Q(Kτ ) such that

f̂μ(Kτ ; q, a) =
∑
g≥0

∑
Q∈Z/2

Nμ,g,Q(Kτ )z
2g−2aQ ∈ z−2Z[z2, a±

1

2 ].

Therefore,

gμ(Kτ ; q, a) =
∑
ν

χν(μ)f̂ν(Kτ ; q, a)

=
∑
g≥0

∑
Q∈Z/2

nμ,g,Q(Kτ )z
2g−2aQ ∈ z−2Z[z2, a±

1

2 ].

where nμ,g,Q(Kτ ) =
∑

ν χν(μ)Nν,g,Q(Kτ ). These conjectural integers
nμ,g,Q(Kτ ) (and Nν,g,Q(Kτ )) are referred to as the LMOV invariants in this
paper. We refer to [8, 16, 13, 14] for another slightly different introduction
of LMOV invariants which are referred to as OV invariants in [30]. The in-
tegrality of certain OV invariants for a large family of knots/links have been
proved in [13, 14] recently by using the knots-quivers correspondence.

In order to get an explicit expression for gμ(Kτ ; q, a), we introduce
Fμ(Kτ ; q, a) through the following expansion formula

log(Z
(S3,Kτ )
CS (q, a,x)) =

∑
μ∈P+

Fμ(Kτ ; q, a)pμ(x).

Then, by formula (5), we have

Fμ(Kτ ; q, a) =
∑
n≥1

∑
∪n

i=1ν
i=μ

(−1)n−1

n

n∏
i=1

Zνi(Kτ ; q, a)

zνi

.
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Remark 2.1. For two partitions ν1 and ν2, the notation ν1∪ν2 denotes the
new partition obtained by combining all the parts in ν1, ν2. For example, if
μ = (2, 2, 1), then the list of all the pairs (ν1, ν2) such that ν1∪ν2 = (2, 2, 1)
is

(ν1 = (2), ν2 = (2, 1)), (ν1 = (2, 1), ν2 = (2)),

(ν1 = (1), ν2 = (2, 2)), (ν1 = (2, 2), ν2 = (1)).

Finally, by using the Möbius inversion formula, we obtain

gμ(Kτ ; q, a) = zμ
1

{μ}
∑
d|μ

μ(d)

d
Fμ/d(Kτ ; q

d, ad).(6)

Remark 2.2. In the above discussion, for the sake of brevity, we only con-
sider the case of a framed knot, actually, the LMOV invariants can be defined
for any framed link.

2.3. LMOV invariants for framed unknot Uτ

In the following, we only consider the case of a framed unknot Uτ . In this
situation, the large N duality of topological string and Chern-Simons theory
[25] has been proved in [17, 28]. Therefore, we can also compute the LMOV
invariants for framed unknot Uτ through the open topological string theory.

We denote by nm,l(τ) the LMOV invariants n(m),0,l−m

2
(Uτ ) of the framed

unknot Uτ , where g = 0 and m ≥ 1, l ≥ 0. According to the computations
shown in [25] (or cf. pages 15–16 in [22]), the explicit closed formula for
nm,l(τ) is given by formula (1). The integrality of nm,l(τ) is given by Theo-
rem 1.1.

Then, denoted by n(m1,m2)(τ) the LMOV invariants n(m1,m2),0,
m1+m2

2

(Uτ )

of the framed unknot Uτ with μ = (m1,m2), g = 0 and Q = m1+m2

2 , where
m1 ≥ m2 ≥ 1. By using the computations in open topological string theory
(cf. pages 18–19 in [22]), we obtain the explicit closed formula for n(m1,m2)(τ)
which is given by formula (4). The integrality of n(m1,m2)(τ) is given by
Theorem 1.3.

Let nm,g,Q(τ) be the LMOV invariants n(m),g,Q(Uτ ) of the framed unknot
Uτ . We consider the following generating function

gm(q, a) =
∑
g≥0

∑
Q∈Z/2

nm,g,Q(τ)z
2g−2aQ
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which can be computed by using formula (6). Considering the following
function

φμ,ν(x) =
∑
λ

χλ(μ)χλ(ν)x
κλ .

By Lemma 5.1 in [3], for d ∈ Z+, we have

φ(d),ν(x) =
{dν}x2

{d}x2

.(7)

By the expression of colored HOMFLYPT invariant for unknot (cf. formula
(4.6) in [21])

Wλ(U ; q, a) =
∑
ν

χλ(ν)

zν

{ν}a
{ν} ,

we obtain

Zμ(Uτ ; q, a) =
∑
λ

χλ(μ)Hλ(Uτ ; q, a)

= (−1)|μ|τ
∑
λ

χλ(μ)q
κλτ

2

∑
ν

χλ(ν)

zν

{ν}a
{ν}

= (−1)|μ|τ
∑
ν

1

zν
φμ,ν(q

τ

2 )
{ν}a
{ν} .

In particular, for μ = (m) with m ≥ 1, formula (7) implies that

Z(m)(Uτ ; q, a) = (−1)mτ
∑
|ν|=m

1

zν

{mντ}
{mτ}

{ν}a
{ν} .

For brevity, if we let

Zm(q, a) =
1

{m}Z(m)(Uτ ; q, a) = (−1)mτ
∑
|ν|=m

1

zν

{mντ}
{m}{mτ}

{ν}a
{ν} ,

then formula (6) gives

gm(q, a) =
∑
d|m

μ(d)Zm/d(q
d, ad).(8)

Theorem 1.4 shows that gm(q, a) ∈ z−2Z[z2, a±
1

2 ] for any m ≥ 1.
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3. Proof of the Theorem 1.1

For nonnegative integer n and prime number p, we introduce the following
function

(9) fp(n) =

n∏
i=1,p�i

i =
n!

p[n/p][n/p]!
.

Given a positive integer k, throughout this paper, we use the notation pk || n
to denote that pk divides n, but pk+1 does not.

Before giving the proof of Theorem 1.1, we first establish several useful
lemmas.

Lemma 3.1. For odd prime numbers p and α ≥ 1 or for p = 2, α ≥ 2, we
have p2α | fp(pαn)− fp(p

α)n. For p = 2, α = 1, f2(2n) ≡ (−1)[n/2] (mod 4).

Proof. With α ≥ 2 or p > 2, pα−1(p− 1) is even,

fp(p
αn)− fp(p

α(n− 1))fp(p
α)

= fp(p
α(n− 1))

⎛
⎝ pα∏

i=1,p�i

(pα(n− 1) + i)− fp(p
α)

⎞
⎠

≡ pα(n− 1)fp(p
α(n− 1))fp(p

α)

⎛
⎝ pα∑

i=1,p�i

1

i

⎞
⎠ (mod p2α)

≡ pα(n− 1)fp(p
α(n− 1))fp(p

α)

⎛
⎝ [pα/2]∑

i=1,p�i

(
1

i
+

1

pα − i
)

⎞
⎠ (mod p2α)

≡ pα(n− 1)fp(p
α(n− 1))fp(p

α)

⎛
⎝ [pα/2]∑

i=1,p�i

pα

i(pα − i)

⎞
⎠ ≡ 0, (mod p2α)

Thus the first part of the Lemma 3.1 is proved by induction. For p =
2, α = 1, the formula is straightforward.

Lemma 3.2. For odd prime number p and m = pαa, l = pβb, p � a, p � b,
α ≥ 1, β ≥ 0, we have

p2α |
(
m

l

)(
mτ + l − 1

m− 1

)
−
(m

p

l
p

)(mτ+l
p − 1
m
p − 1

)

where for β = 0, the second term is defined to be zero.



90 Wei Luo and Shengmao Zhu

Proof.(
m

l

)(
mτ + l − 1

m− 1

)
−
(m

p

l
p

)(mτ+l
p − 1
m
p − 1

)

=

(m
p

l
p

)(mτ+l
p − 1
m
p − 1

)(
fp(m)

fp(l)fp(m− l)
· fp(mτ + l)

fp(m)fp(m(τ − 1) + l)
− 1

)
(10)

Write
(m

p
l

p

)
= m

l

(m

p
−1

l

p
−1

)
and

(mτ+l

p
−1

m

p
−1

)
= m

mτ+l

(mτ+l

p
m

p

)
, both are divisible by

pmax(α−β,0). Each element of {m, l,m − l,mτ + l,m(τ − 1) + l} is divisible
by pmin(α,β), so by Lemma 3.1,

(11)
fp(m)

fp(l)fp(m− l)
· fp(mτ + l)

fp(m)fp(m(τ − 1) + l)
− 1

is divisible by p2min(α,β) (including the case β = 0) in p-adic number field.
Thus (10) is divisible by p2max(α−β,0)+2min(α,β) = p2α.

Lemma 3.3. For m = 2αa, l = 2βb, α ≥ 1, β ≥ 0,

22α | (−1)mτ+m+l

(
m

l

)(
mτ + l − 1

m− 1

)
− (−1)

mτ+m+l

2

(m
2
l
2

)(mτ+l
2 − 1
m
2 − 1

)
,

where the second term is set to zero for β = 0.

Proof. For the case α ≥ 2, β ≥ 2, both mτ + m + l and (mτ + m + l)/2
are even, the Lemma is proved as in Lemma 3.2. For the case β = 0, both(
m
l

)
and

(
mτ+l−1
m−1

)
are divisible by 2α, and the Lemma is also proved. For

remaining cases α > β = 1 or β ≥ α = 1, we compute similarly as (10),

(−1)mτ+m+l

(
m

l

)(
mτ + l − 1

m− 1

)
− (−1)

mτ+m+l

2

(m
2
l
2

)(mτ+l
2 − 1
m
2 − 1

)

=

(m
2
l
2

)(mτ+l
2 − 1
m
2 − 1

)

×
(

f2(m)

f2(l)f2(m− l)
· f2(mτ + l)

f2(m(τ − 1) + l)f2(m)
− (−1)

mτ+m+l

2

)
(12)

Both
(m

2
l

2

)
and

(mτ+l

2
−1

m

2
−1

)
are divisible by 2α−1, it suffices to prove that the

third factor is divisible by 4, which is, by Lemma 3.1,

(−1)[
l

4
]+[m−l

4
]+[mτ+l

4
]+[m(τ−1)+l

4
] − (−1)

mτ+m+l

2 . (mod 4)
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It is divisible by 4 if

(13) [
l

4
] + [

m− l

4
] + [

mτ + l

4
] + [

m(τ − 1) + l

4
] +

mτ +m+ l

2

is even. Parity of (13) depends only on τ (mod 2). For τ = 1, (13) reduces
to [l/4] + [(m − l)/4] + [(m + l)/4] + [l/4] + l/2. For τ = 0, it reduces to
[l/4] + [(m − l)/4] + [l/4] + [(l − m)/4] + (m + l)/2. Both are obviously
even.

Now, we can finish the proof of Theorem 1.1.

Proof. For a prime number p | m, write m = pαa, p � a.

nm,l(τ) =
∑

d|m,d|l

μ(d)

d2
cm

d
, l

d
(τ)

=
1

m2

∑
d|m,d|l

μ(d)(−1)
mτ+m+l

d

(m
d
l
d

)(mτ+l
d − 1
m
d − 1

)

=
1

m2

∑
d|m,d|l,p�d

μ(d)

(
(−1)

mτ+m+l

d

(m
d
l
d

)(mτ+l
d − 1
m
d − 1

)

−(−1)
mτ+m+l

dp

(m
dp

l
dp

)(mτ+l
dp − 1
m
dp − 1

))
(14)

where for pd � l, the second term of (14) is understood to be zero. For odd
prime number p, mτ+m+l

d and mτ+m+l
dp have the same parity. Since pα || m

d ,

p2α divides the summand in (14) by Lemma 3.2. For p = 2, it is divisible by
22α by Lemma 3.3.

p2α divides the sum in (14) for every pα || m, thus nm,l is an integer.

4. Proof of the Theorem 1.3

We introduce the following lemma first.

Lemma 4.1. If pβ || (a, b), pα | a+ b, then pα−β divides(
aτ + a− 1

a

)(
bτ + b

b

)
.
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Proof. Power of prime p in n! is
∑∞

k=1[
n
pk ]. Apply this to the binomial coef-

ficients to find that the power of p in
(
aτ+a−1

a

)(
bτ+b
b

)
is

∞∑
i=1

(
[
aτ + a− 1

pi
] + [

bτ + b

pi
]

)
−
(
[
aτ − 1

pi
] + [

bτ

pi
]

)
−
(
[
a

pi
] + [

b

pi
]

)

≥
α∑

i=1

(
(
(a+ b)(τ + 1)

pi
− 1)− (

(a+ b)τ

pi
− 1)

)
−

β∑
i=1

(
a+ b

pi
)

−
α∑

i=β+1

(
a+ b

pi
− 1)

= α− β

where we use the fact that for k | m + n + 1, k > 1, [m/k] + [n/k] =
(m+n+1)/k−1 and for k | m+n, k � m, [m/k]+[n/k] = (m+n)/k−1.

Recall the definition of the function fp(n) given by formula (9). It is
obvious that

(15) fp(p
αk) ≡ fp(p

α)k ≡ (−1)k (mod pα)

Now, we can finish the proof of Theorem 1.3:

Proof. By definition,

n(m1,m2)(τ) =
1

m1 +m2

∑
d|m1,d|m2

μ(d)(−1)(m1+m2)(τ+1)/d

·
(
(m1τ +m1)/d− 1

m1/d

)(
(m2τ +m2)/d

m2/d

)
(16)

Let p be any prime divisor of m1 +m2, p
α || m1 +m2. We will prove pα

divides the summation in (16), thus m1 + m2 also divides and nm1,m2
are

integers.
If p � m1, each summand in (16) corresponds to p � d, so pα | (m1+m2)/d

and p � m1/d. By Lemma 4.1 applied to a = m1/d, b = m2/d, p
α divides

each summand and thus the summation.
If pβ || m1, β ≥ 1, consider two summands in (16) corresponding to d

and pd such that pd | (m1,m2), μ(pd) �= 0. When p is an odd prime or α ≥ 2,
the sign (−1)(m1+m2)(τ+1)/d and (−1)(m1+m2)(τ+1)/(pd) are equal. When p =
2, α = 1, modulo 2 the sign is irrelevant. Write a = m1/d, b = m2/d, then
pα | a+ b, pβ || a.
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(
aτ + a− 1

a

)(
bτ + b

b

)
−
(
(aτ + a)/p− 1

a/p

)(
(bτ + b)/p

b/p

)

=

(
(aτ + a)/p− 1

a/p

)(
(bτ + b)/p

b/p

)(
fp(aτ + a)fp(bτ + b)

fp(aτ)fp(a)fp(bτ)fp(b)
− 1

)

=

(
(aτ + a)/p− 1

a/p

)(
(bτ + b)/p

b/p

)

× fp(aτ + a)fp(bτ + b)− fp(aτ)fp(a)fp(bτ)fp(b)

fp(aτ)fp(a)fp(bτ)fp(b)
(17)

The term
((aτ+a)/p−1

a/p

)((bτ+b)/p
b/p

)
is divisible by pα−β by Lemma 4.1. The

numerator of the fraction term in (17) is divisible by pβ by (15), and the
denominator is not divisible by p. We proved that pα divides (17), take
summation over d, we get that pα divides the summation in (16). This is
true for any p | m1 +m2, thus n(m1,m2)(τ) is an integer.

5. Proof of the Theorem 1.4

We establish several lemmas first.

Lemma 5.1. Suppose k is a positive integer, then the number

cm(k, y) =
∑
|λ|=m

1

zλ
kl(λ){λ}y2

is equal to the coefficient of tm in (1−t/y
1−ty )

k.

Proof. Suppose the number of i’s in the partition λ is ai, i = 1, · · · . Then

cm(k, y) =
∑

∑
iai=m

∏
i

1

ai!iai
kai(yi − y−i)ai

=

⎡
⎣ ∞∏
i=1

⎛
⎝ ∞∑

j=0

tij
1

j!ij
kj(yi − y−i)j

⎞
⎠
⎤
⎦
tm

=

[ ∞∏
i=1

exp(tik(yi − y−i)/i)

]
tm

=
[
exp(k ln(1− ty)−1 + k ln(1− t/y))

]
tm

=

[
(
1− t/y

1− ty
)k
]
tm
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Lemma 5.2. Let R = Q[q±1/2, a±1/2]. Then

{m}{mτ}gm(q, a) =
∑
d|m

∑
|μ|=m/d

μ(d)(−1)mτ/d

zμ

{mμτ}
{dμ} {dμ}a(18)

is divisible by {mτ}{m}/{1}2 in R.

Proof. By the definition (8) of gm(q, a), we have the formula (18). It is clear
that

{m}{mτ}gm(q, a) ∈ R.

Denote Φn(q) =
∏

d|n(q
d − 1)μ(n/d) to be the n-th cyclotomic polynomial,

which is irreducible over R. Then qn − 1 =
∏

d|nΦd(q), and

{m}{mτ} = q−
m+mτ

2

∏
m1|m

Φm1
(q)

∏
m1|mτ

Φm1
(q)(19)

= q−
m+mτ

2

∏
m1|m

Φm1
(q)2

∏
m1|mτ,m1�m

Φm1
(q)

(i) For m1 | mτ,m1 � m, and any |μ| = m/d, at least one of dμi’s are
not divisible by m1, thus {mμiτ}/{dμi} is divisible by Φm1

(q). So Φm1
(q)

divides {m}{mτ}gm(q, a).

(ii) For m1 | m and any |μ| = m/d, if not all dμi are divisible by
m1, then at least two of them are not divisible. Then two of corresponding
{mμiτ}/{dμi} are divisible by Φm1

(q).

We consider modulo {m1}2 in the ring R. It is easy to see, for a, b ≥ 1,

{abm1}
{bm1}

≡ a

(
qm1/2 + q−m1/2

2

)(a−1)b

(mod {m1}2)

We write x = (qm1/2 + q−m1/2)/2, then x2 ≡ 1 (mod {m1}2).
Then modulo Φm1

(q)2, we have

{m}{mτ}gm(q, a)

≡
∑
d|m

∑
|μ|=m/d,m1|dμ

μ(d)(−1)mτ/d

zμ

{mμτ}
{dμ} {dμ}a

≡
∑
d|m

∑
|μ|=m/d,m1|dμ

μ(d)(−1)mτ/d

zμ

(mτ

d

)l(μ)
x(m|μ|τ−d|μ|)/m1{dμ}a
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≡
∑
d|m

∑
|λ|=m/lcm(d,m1)

μ(d)(−1)mτ/dx
m

m1
(mτ

d
−1)

· 1

zλ

(
mτ

lcm(d,m1)

)l(λ)

{λ}alcm(d,m1)

≡
∑
d|m

μ(d)(−1)mτ/dx
m

m1
(mτ

d
−1)

×
[(

1− tlcm(d,m1)a−lcm(d,m1)/2

1− tlcm(d,m1)alcm(d,m1)/2

)mτ/lcm(d,m1)
]
tm

(20)

• For the cases m1 with an odd prime factor p, or p = 2 divides m1

and 4 | m, or p = 2 divides m1 and 2 | τ : Consider those d with
μ(d) �= 0 and p � d, we have lcm(d,m1) = lcm(pd,m1) and parity of
mτ/d equals parity of mτ/(pd), but μ(d) = −μ(pd). Thus two terms
in (20) corresponding to d and pd canceled.

• For the remaining case 2 || m,m1 = 2, 2 � τ : Φm1
(q)2 = (q1/2 +

q−1/2)2 = 2x + 2. Coefficients of x in (20) equals sum of terms corre-
sponds to odd d | m,μ(d) �= 0, while constant term coefficient equals
to sum of terms corresponds to 2d | m,μ(2d) �= 0. The coefficients of
term for d and 2d match, so (20) is divisible by x+ 1.

In summary, we have proved that for m1 | mτ,m1 � m, Φm1
(q) divides

{m}{mτ}gm(q, a); for m1 | m,m1 �= 1, Φm1
(q)2 divides {m}{mτ}gm(q, a).

By (19), the lemma is proved.

Lemma 5.3. For any integer m ≥ 1, we have

gm(q, a) ∈ z−2Q[z2, a±
1

2 ].

Proof. By Lemma 5.2, we have

f(q, a) := z2gm(q, a) =
{1}2

{m}{mτ}
∑
d|m

∑
|μ|=m/d

μ(d)(−1)mτ/d

zμ

{mμτ}
{dμ} {dμ}a

∈ Q[q±
1

2 , a±1].

As a function of q, it is clear f(q, a) admits f(q, a) = f(q−1, a). Furthermore,
for any d|m and |μ| = m/d, we have

m|μ|τ − d|μ| −mτ −m ≡ m2τ/d−mτ = mτ(m/d− 1) ≡ 0 (mod 2),
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which implies f(q, a) = f(−q, a). Therefore, f(q, a) = z2gm(q, a) ∈ Q[z2,

a±
1

2 ]. The lemma is proved.

Lemma 5.4. For any τ ∈ Z, we have

{m}{mτ}Zm(q, a) ∈ Z[q±
1

2 , a±
1

2 ].(21)

Proof. Since

(−1)mτ{m}{mτ}Zm(q, a) =
∑

|μ|=m

{mτμ}
zμ{μ}

{μ}a

=
∑

∑
j≥1 jkj=m

∏
j≥1({mτj}{j}a)kj∏

j≥1 j
kjkj !

,

we construct a generating function

f(x) =
∑
n≥0

xn
∑

∑
j≥1 jkj=n

∏
j≥1({mτj}{j}a)kj∏

j≥1 j
kjkj !

(22)

=
∑
n≥0

∑
∑

j≥1 jkj=n

∏
j≥1({mτj}{j}axj)kj∏

j≥1 j
kjkj !

= exp

⎛
⎝∑

j≥1

{mτj}{j}axj
j{j}

⎞
⎠ ,

Then (−1)mτ{m}{mτ}Zm(q, a) = [f(x)]xm .

For τ = 0, it is the trivial case.

For τ ≥ 1, we use the expansion {mτj}
{j} =

∑mτ−1
k=0 q

j(mτ−2k−1)

2 , then

f(x) = exp

⎛
⎝mτ−1∑

k≥0

∑
j≥1

(
(q

mτ−1−2k

2 a
1

2x)j

j
− (q

mτ−1−2k

2 a−
1

2x)j

j

)⎞
⎠

= exp

⎛
⎝mτ−1∑

k≥0

log
1 + q

mτ−1−2k

2 a−
1

2x

1 + q
mτ−1−2k

2 a
1

2x

⎞
⎠

=

mτ−1∏
k=0

1 + q
mτ−1−2k

2 a−
1

2x

1 + q
mτ−1−2k

2 a
1

2x
.
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We introduce the q-binomial coefficients defined by(
m

r

)
q

=
(1− qm)(1− qm−1) · · · (1− qm−r+1)

(1− q)(1− q2) · · · (1− qr)

for r ≤ m, and in particular
(
m
0

)
q
= 1. The q-binomial coefficients

(
m
r

)
q
∈

Z[q] (see Chapter 2 of [15] for q-binomial coefficients). There are analogs of
the binomial formula, and of Newton’s generalized version of it for negative
integer exponents,

n−1∏
k=0

(1 + qkt) =

n∑
k=0

q
k(k−1)

2

(
n

k

)
q

tk

n−1∏
k=0

1

(1− qkt)
=

∞∑
k=0

(
n+ k − 1

k

)
q

tk.

Therefore, the coefficient [f(x)]xm of xm in f(x) is given by

∑
j+k=m

(−1)kq
j(j−1)−(mτ−1)m

2 a
k−j

2

(
mτ

j

)
q

(
mτ + k − 1

k

)
q

,

which lies in the ring Z[q±
1

2 , a±
1

2 ] by the integrality of Gaussian binomial.
For the case τ ≤ −1, we write {mτj} = −{−mτj} in the formula (22),

then the similar computations give the formula (21).

Now, we can finish the proof of Theorem 1.4 as follow:

Proof. Lemma 5.3 implies that there exist rational numbers nm,g,Q(τ), such
that

z2gm(q, a) =
∑
g≥0

∑
Q

nm,g,Q(τ)z
2gaQ ∈ Q[z2, a±

1

2 ].

So we only need to show nm,g,Q(τ) are integers. By lemma 5.4 and the
formula (8) for gm(q, a), we have

{m}{mτ}z2gm(q, a) ∈ Z[q±
1

2 , a±
1

2 ],

which is equivalent to

(q
m

2 − q−
m

2 )(q
mτ

2 − q−
mτ

2 )
∑
g≥0

∑
Q

nm,g,Q(τ)(q
1/2 − q−1/2)2gaQ
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∈ Z[q±
1

2 , a±
1

2 ].

So it is easy to get the contradiction if we assume there exists nm,g,Q(τ)
which is not an integer.
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