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Integrality of the LMOYV invariants for
framed unknot

WEI LUO AND SHENGMAO ZHU

The Labastida-Marind-Ooguri-Vafa (LMOV) invariants are the open
string BPS invariants which are expected to be integers based on
the string duality conjecture from M-theory. Several explicit for-
mulae of LMOV invariants for framed unknot have been obtained
in the literature. In this paper, we present a unified method to deal
with the integrality of such explicit formulae. Furthermore, we also
prove the integrality of certain LMOV invariants for framed unknot
in higher genera.

1. Introduction

Topological string amplitude is the generating function of Gromov-Witten
invariants which are usually rational numbers according to their definitions
[12]. In 1998, Gopakumar and Vafa [9, 10] found that topological string am-
plitude is also the generating function of a series of integer-valued invariants
related to BPS counting in M-theory. Later, Ooguri and Vafa [26] extended
the above result to open string case, the corresponding integer-valued in-
variants are named as OV invariants. Furthermore, the OV invariants are
further refined by Labasitida, Marino and Vafa in [20], then the resulted
invariants are called LMOV invariants [21]. An expanded physicist’s recon-
sideration of the GV and LMOV can be found in [4]. We refer to [31] for a
brief review of the applications of these integrality structures of topological
strings in mathematics.

The open string LMOV invariants have been studied in many papers,
such as [18, 19, 20, 21, 3, 8, 16, 22, 23, 24, 13, 14]. Based on the large
N duality of topological string and Chern-Simons theory [27, 11, 26], the
open string LMOYV invariants can be approached by investigating the colored
HOMFLYPT invariants of the dual knots. For a knot K, we use the notation
Ny,g,Q(K) to denote the LMOV invariants of genus g with a boundary type
i which is a partition of a positive integer, where @) is a parameter describ-
ing the dependence of the relative homology class of the dual Calabi-Yau
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geometry of the knot . We refer to Section 2 for more detailed definition
of 11,9, (K)-

In particular, when the knot K is a framed unknot U, with framing
T € Z, we have different ways to compute its LMOV invariants according to
string dualities which have been proved in this situation [17, 28, 5]. Then one
can obtain several explicit formulae [8, 22] for the genus zero LMOV invari-
ants n,,0,0(U;) of framed unknot U;. It turns out that these explicit formu-
lae are certain combinations of the M&bius function and binomial numbers.
Based on the integrality conjecture for LMOV invariants, these formulae will
give integers. However, such an argument is not so obvious, a rigorous proof
is required.

In this paper, we present a straightforward way to prove the integrality of
these formulae. We use the notation n,, ;(7) to denote the LMOV invariants
n(m)7o7l_%(UT) of the framed unknot U, of genus 0, where m > 1 and [ > 0
are two integers. We have the following explicit formula [25, 22] for n,, ;(7).

For b > 0 and a € Z, we introduce the notation (g) which is defined as
follows

1, b =0,

(a) <a), b>1anda>0,
b~ b

—a+b-1
(—1)b< ath >, b>1anda<0.

b
We define
B (—=1)ymm+mHl fm\ (mr 41— 1
Cm,l(T) - m2 I m—1 s
then
u(d
1) ma(r) = 3 e, (),

dlm,d|l
where 1(d) denotes the Mébius functions.
In Section 3, we prove that
Theorem 1.1. For any 7 € Z, m > 1,1 > 0, we have ny, (1) € Z.

Remark 1.2. In fact, such form of the formula (1) is very general. For
example, if we take some special values of [ or 7, it will give the formulae in
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[8] (cf. the formulae (1.4) and (1.5) in [8]):

LAY ()

d|r d|r

for p < —1 and
2d—1
_ 1)d+!
Kpr =7 22“ (d—l)’
3
3 (2p+2)d —
Ky = QZ“ d—1

for p > 2. The above formulae (2) and (3) are referred as the extremal
BPS invariants of twist knots in [8]. Therefore, Theorem 1.1 implies the
integrality of formulae (2) and (3) immediately. Moreover, the integrality of
another special case of the formula (1) was also proved in [30].

Then, denoted by n(m, m,)(7) the LMOV invariants n,, .,y o mim; (Ur)

of the framed unknot U, with u = (my,mg), ¢ =0 and Q = %, where
mq > me > 1, we obtain the following formula

1
(4) N(my,ms (7‘) = /L(d)(—l)(m1+m2)(7+1)/d
( ) mi + meo d|m¥d|m2
(myiT 4+ mq)/d — 1\ [((maT + mg)/d
' ( my/d > ( ma/d >

From this expression, we know that n(m,, m,)(T) = N(mym,) (7). With the
similar method, in Section 4, we prove that

Theorem 1.3. For any 7 € Z and mi,mz > 1, then 0y, m,)(T) € Z.

Next, let 1, .o (7) be the LMOV invariants n(,,) 4 o(Ur) of higher genus
g with boundary condition u = (m). We define the following generating
function

a) =Y D tmgq(r)z %a?
920 Qez/2

1

where z = q% —q .



84 Wei Luo and Shengmao Zhu

Let
1 {mvr} {v},
Zmn(g,0) = (=1)"
Z < 3 {m}{mr} {v}
where 3, = \Aut(u)H_[i(:V% v; and {m} denotes the quantum integer, see

Section 2 for introduction of the above notations.
By the definition of LMOV invariants in Section 2, we obtain the follow-
ing expression

Zu Z,a(q, a%).

In Section 5, we prove that

Theorem 1 4. For any m > 1, we have gm(q,a) € 2 27Z[22,a*3], where
z = q2 —q- 2

Therefore, Theorem 1.4 implies that n,,40(7) € Z and moreover
Nm.q,0(T) vanishes for large g and Q.

2. LMOV invariants
2.1. Basic notations

We first introduce some basic notations. A partition A is a finite sequence
of positive integers (A1, A2,..) such that A\ > Ao > ---. The length of A
is the total number of parts in A and denoted by I(\). The weight of A
is defined by [\ = Ei(:’\l) Ai. The automorphism group of A, denoted by
Aut(\), contains all the permutations that permute parts of A by keeping
it as a partition. Obviously, Aut(\) has the order |Aut(\)| = Hi(:)\l) m;(A)!
where m;(A) denotes the number of times that ¢ occurs in A. Define 3, =
[Aut(V)| T A

In the following, we will use the notation P, to denote the set of all
the partitions of positive integers. Let 0 be the partition of 0, i.e. the empty
partition. Define P = Py U {0}.

The power sum symmetric function of infinite variables x = (z1, .., zn, ..)
is defined by p,(x) = >, 2. Given a partition A, we define p)(x ) =
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Hé(ﬁ Py, (x). The Schur function sy(x) is determined by the Frobenius for-
mula

Xa(p)
() = 3 2 ),
PR
where ) is the character of the irreducible representation of the symmetric
group S| corresponding to A, we have x(u) = 0 if || # [A]. The orthogo-
nality of character formula gives

= Sy

xa(u)xa(v)
2

Let n € Z and A, u,v denote the partitions. We introduce the following
notations

o)

In particular, let {n} = {n}, and {u} = {u},.
2.2. LMOYV invariants for framed knots

Although the LMOYV invariants are determined by the integrality structure
of topological open string partition function. Based on the large N duality of
topological string and Chern-Simons theory [11, 26], one can also introduce
the LMOV invariants through Chern-Simons theory of links/knots [18, 19,
20, 21].

Given a partition A, we let k) = Zi(:)\l) Ai(A; —2i+1). Let K be a knot
with framing 7 € Z. The framed colored HOMFLYPT invariant of I, is
defined as follows

K

H}\(ICT; q, a) = (_1)|>\‘Tq% W/\(,CT; q, CL),

where Wy (K+;q,a) is the ordinary (framing-independent) colored HOM-
FLYPT invariant of IC-, we refer to [29] for the concrete definition of Wy (K+;
q,a).

Let Z,(Kr;q,a) = Y\ xa()HA(K+;q,a), the Chern-Simons partition
function of K, is defined by

(5)  Z5s" N gax) =Y HalKriq.a)sa(x) = > Zu(Krig,0)

pu(x).
AeP pEP du
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Then we define the functions f)\(K;;q,a) by

78" (q,0,%) = exp D7 2 hlKedha)sy(x?)

d=1 AEPL

Let fu(Kriq,a) = 35 fa(Krsq,a) My, (q) !, where

(
My (q Z {0 H vil2 — qval?),

Denote z = q% - qfé, then the LMOV conjecture for framed knot K,
stated that [25], for any u € P4, there are integers N, 4 o(K;) such that

T7q7 Z Z N,UQQ 29*2aQ S 2722[227ai5].

9>0 Qe7/2
Therefore,
K+ q,a qu fu(Kriq,a)
= Z Z N4,9,0( (K;)z%972a% ziQZ[zQ,aié].
9>0 Qez/2
where n,4,0(K;) = >, xu(1)Nyg.0(Kr). These conjectural integers

Nu,g,Q(K7) (and N, 4.0(K;)) are referred to as the LMOV invariants in this
paper. We refer to [8, 16, 13, 14] for another slightly different introduction
of LMOV invariants which are referred to as OV invariants in [30]. The in-
tegrality of certain OV invariants for a large family of knots/links have been
proved in [13, 14] recently by using the knots-quivers correspondence.

In order to get an explicit expression for g,(K;;q,a), we introduce
F,(K+;q,a) through the following expansion formula

S3.K+) Z
Zé‘s Qaa’ X F T7Q7 ( )
HEPL

log(

Then, by formula (5), we have

K.:q.a Z Z H Zui(lcrj q,a).

n>1Ur  vi=u
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Remark 2.1. For two partitions ! and v2, the notation v' Uv? denotes the
new partition obtained by combining all the parts in v*, 2. For example, if
@ = (2,2, 1), then the list of all the pairs (¢!, ?) such that v Uv? = (2,2,1)
is

—~
R
=
Il
—~
[—
~—
<
[\
Il
—
\‘[\3
(V)
~
~
—~
—
Il
—~
\‘[\3
[\
~
<
[
Il
—~
[a—
~—
~—

Finally, by using the Mobius inversion formula, we obtain
1 d
(6) gu(ICT;‘La) :5M—ZMFu/d(KT§qd7ad)'
{u} ™ d

Remark 2.2. In the above discussion, for the sake of brevity, we only con-
sider the case of a framed knot, actually, the LMOV invariants can be defined
for any framed link.

2.3. LMOYV invariants for framed unknot U

In the following, we only consider the case of a framed unknot U;. In this
situation, the large N duality of topological string and Chern-Simons theory
[25] has been proved in [17, 28]. Therefore, we can also compute the LMOV
invariants for framed unknot U, through the open topological string theory.

We denote by n,, ;(7) the LMOV invariants M) 0,1 (U) of the framed
unknot U, where ¢ = 0 and m > 1, [ > 0. According to the computations
shown in [25] (or cf. pages 15-16 in [22]), the explicit closed formula for
Nm,1(T) is given by formula (1). The integrality of n,, ;(7) is given by Theo-
rem 1.1.

Then, denoted by 7, m,)(7) the LMOV invariants M imy ma) 0, 71t (U;)

of the framed unknot U, with u = (my,msg), g =0 and Q = %, where
mq > me > 1. By using the computations in open topological string theory
(cf. pages 18-19 in [22]), we obtain the explicit closed formula for 7, m,)(7)
which is given by formula (4). The integrality of 7y, m,)(7) is given by
Theorem 1.3.

Let ny,9,0(7) be the LMOV invariants n,,) 4 o(Ur) of the framed unknot
U-. We consider the following generating function

gm(0,0) =D Y nmgq(r)z?%a?

9>0 QeZ/2
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which can be computed by using formula (6). Considering the following

function
¢u v z X/\ ™

By Lemma 5.1 in [3], for d € Z, we have
{dv}q
{d}a2 .

By the expression of colored HOMFLYPT invariant for unknot (cf. formula

(4.6) in [21])

(7) P(ay(r) =

Waig.a) = 3 2 e

v

we obtain

ZN(UT; q,a) = ZX/\(N)HX(UT?% a)
X
= —1)‘““2)0(#) 3—:)%
1)l 5 e
plr Z ¢u, {u}

In particular, for g = (m) with m > 1, formula (7) implies that

1 {mvr} {v},

l\J

Zm(Uriqia) = (-1)™ >

2 5 ) )
For brevity, if we let
e 1 {mvr} {v}a
Zulin) = Gy Urian) = (20" 3 SRR T
then formula (6) gives
(8) Zu Zsa(g®, at).

Theorem 1.4 shows that gm (g, a) € 2 2Z[22, a*2] for any m > 1.



Integrality of the LMOYV invariants for framed unknot 89

3. Proof of the Theorem 1.1

For nonnegative integer n and prime number p, we introduce the following
function

n

n!
© = 11 1=y

i=1,pti

Given a positive integer k, throughout this paper, we use the notation p* || n
to denote that p* divides n, but p*+! does not.

Before giving the proof of Theorem 1.1, we first establish several useful
lemmas.

Lemma 3.1. For odd prime numbers p and o > 1 or forp =2, a > 2, we
have p** | f,(p°n) — fo(p®)™. Forp=2,a =1, fo(2n) = (—1)"/? (mod 4).
Proof. With o > 2 or p > 2, p®1(p — 1) is even,

fo®n) = fp(0*(n = 1)) f(P%)

(e

= 50" -1) [ TT =1 +4) = £,07)
i=1,pti
= 5= DA - D)) | Y 1] (mod )
i=1,pti
[p/2] 1 1
P = D0 =150 | D G+ =) | (mod p™)
i=1,pti
[P /2] o
P = DL =LY | 3 i | =0 (mod 5
izl,p’[in i)

Thus the first part of the Lemma 3.1 is proved by induction. For p =
2, = 1, the formula is straightforward. OJ

Lemma 3.2. For odd prime number p and m = p®a,l = p°b, p fa,pth,
a>1,8>0, we have

p2°‘| m\ (mrT+1—1 B % —m?'l—l
{ m—1 L %—1

p

where for § =0, the second term is defined to be zero.
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Proof.
(M) -0
l m —1 L m_q
P P
1) - <?) (mgrl _ 1) ( fp(m) ‘ fp(mr +1) B 1)
L)\ 21 )0 5m D R fmG - D+ D
Write (%) = %(%:11) and (Zi;l) = #H(f), both are divisible by

prax(e=A0) Each element of {m,l,m —l,m7 + I, m(r — 1) + 1} is divisible
by p™in(@8) 5o by Lemma 3.1,

fp(m) . fp(mT +1)
fo) fp(m =1) - fp(m) fp(m(r = 1) +1)

is divisible by p?™i*(@f) (including the case 8 = 0) in p-adic number field.
Thus (10) is divisible by p? max(a=8,0)+2min(a.f) — 42 O

Lemma 3.3. For m = 2%,1=2°b,a> 1,8 >0,

o mr+m m mT+l_1 mT+m+1l L M—l
e () e ()05
m 5 2

where the second term is set to zero for = 0.

Proof. For the case a > 2,8 > 2, both m7 +m + [ and (m7 +m +1)/2
are even, the Lemma is proved as in Lemma 3.2. For the case § = 0, both
(T) and (m;:r_ll_ 1) are divisible by 2%, and the Lemma is also proved. For
remaining cases a > =1 or f > a = 1, we compute similarly as (10),

m mT+1
0
AR

f2<m) ) f2(m7'+l) (et
(12) X(h@ﬁ@%J)jxmﬁ—U+Dhmw =1 )

mr4l

Both (g) and ( 2 1) are divisible by 227!, it suffices to prove that the
2

third factor is divisible by 4, which is, by Lemma 3.1,

-1

(11)

(=)W IR O gyt g g
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It is divisible by 4 if

(13) [é]+[m4—l]+[m74+l]+[m(7'—41)+l]+m7'+2m+l

is even. Parity of (13) depends only on 7 (mod 2). For 7 = 1, (13) reduces
to [1/4] + [(m —1)/4] + [(m + 1)/4] + [I/4] + 1/2. For 7 = 0, it reduces to
(/4] + [(m = 1)/4] + [I/4] + [(I — m)/4] + (m + 1)/2. Both are obviously

. O

Now, we can finish the proof of Theorem 1.1.

Proof. For a prime number p | m, write m = p®a,p1{ a.

nm,l(T): Z %C%,

d|m,d|l

1 mT+m+l n m7-+ - 1
= e X = () ()

d|m.,d|l

(1)

L
d

d|m,d|l,ptd

m m7+l
mT4+m+l d —g 1
W e BE)
dp dp

where for pd t [, the second term of (14) is understood to be zero. For odd
prime number p, "”tlm” and mT‘C*l';”H have the same parity. Since p® || ¢,
p?@ divides the summand in (14) by Lemma 3.2. For p = 2, it is divisible by
22% by Lemma 3.3.

p** divides the sum in (14) for every p® || m, thus n,,; is an integer. [J

4. Proof of the Theorem 1.3

We introduce the following lemma first.

Lemma 4.1. If p? || (a,b),p* | a + b, then p*=# divides

()
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Proof. Power of prime p in n!is > 27 1[ +]. Apply this to the binomial coef-

aT—i—aa 1) (lej—b) is

> (e () - (I + 1) - (181+12)

ficients to find that the power of p in (

=1 pl
— ((a+b)(r+1) (a+b)T o a+b
23 (2R - (P ) -5
L a+b
- (—— -1
:OZ_B

where we use the fact that for K | m +n + 1,k > 1, [m/k] + [n/k] =
(m+4+n+1)/k—1and for k | m+n,k{tm, [m/k]+[n/k] = (m+n)/k—1. O

Recall the definition of the function f,(n) given by formula (9). It is
obvious that

(15) £r(0°k) = fo(p™)" = (-1)*  (mod p*)
Now, we can finish the proof of Theorem 1.3:

Proof. By definition,

mims) (T) = m 3 pld)(—1)mtm) T/
d|lmq,d|mo
(miT +m1)/d— 1\ ((maT +m2)/d
(16) : < my /d > ( ma/d )

Let p be any prime divisor of mj + ma, p® || m1 + me. We will prove p®
divides the summation in (16), thus m; + mq also divides and nyy,, m, are
integers.

If p t m1, each summand in (16) corresponds to p 1 d, so p® | (m1+mz2)/d
and p f m1/d. By Lemma 4.1 applied to a = my/d,b = ma/d, p® divides
each summand and thus the summation.

If p? || m1,8 > 1, consider two summands in (16) corresponding to d
and pd such that pd | (m1, ma), u(pd) # 0. When p is an odd prime or a > 2,
the sign (—1)(mitm2)(7+D/d and (—1)matm2)(T+1)/(Pd) are equal. When p =
2,a = 1, modulo 2 the sign is irrelevant. Write a = my/d,b = mgy/d, then
P la+b,p%] a
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o 1)(
- <(
_ (<

« fplat + a) fp(bT +b) — fp(aT) fp(a) fp(bT) fp(b)

ar +a)/p — 1> ((bv‘ + b)/p> ( fplaT + a) fp(bT + b)
fo(a) fp(a) fp(bT) f (b

a/p

b

bT+b> B <(a7+a)/p— 1) ((bT—i—b)/p

a/p b/p

)

b/p

ar +a)/p — 1> ((bT + b)/p>

a/p

b/p

The term ((

numerator of the fraction term in (17) is divisible by p® by (15), and the
denominator is not divisible by p. We proved that p® divides (17), take
summation over d, we get that p* divides the summation in (16). This is

a/p

folaT) fp(@) fo(b7) f(b)

b/p

1)

93

‘”Jr“)/p*l) ((bTH’)/p) is divisible by p®~# by Lemma 4.1. The

true for any p | m1 + ma, thus n(y,, m,)(7) is an integer. O
5. Proof of the Theorem 1.4
We establish several lemmas first.
Lemma 5.1. Suppose k is a positive integer, then the number
1
cnlkyy) = Y —kV{A}
[A|l=m
is equal to the coefficient of t™ in (117_—2/5)’“
Proof. Suppose the number of i’s in the partition A is a;,4 = 1,---. Then
_ 1 a; 7 —1 a;
em(kyy) = Z H T U A
dia;=m @
[ o0 oo 1
_ i L i iy
- (S o0 -
[i=1 \j=0 i
[ s . . .
= [[[exp(t'k(y’ - y’)/i)]
_7/:1 tm
= [exp(k‘ln(l —ty) L+ kIn(1 - t/y))]tm
(11—t
=15 t/ y)k] -
1ty |,
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Lemma 5.2. Let R = Q[¢*/2,a*'/?]. Then

mT/d

{mut}
Zw i {duta

a8)  mimrlamga =3 3“4
djm |u|=m/d
is divisible by {m7}{m}/{1}? in R.

Proof. By the definition (8) of ¢, (g, a), we have the formula (18). It is clear
that

{mH{m7}gm (g, a) € R.

Denote ®,,(q) = Hd‘n(qd — 1)#"/d) to be the n-th cyclotomic polynomial,
which is irreducible over R. Then ¢" — 1 =1]] din ®4(q), and

m(@) [ ®m.(a)

mi|m my|mTt

m(@? I @)

mi|m mi|mT,mitm

(19) {mf{mr} = ¢ "5

(i) For my | m7,my t m, and any |u| = m/d, at least one of du;’s are
not divisible by mq, thus {mu;7}/{du;} is divisible by ®,,,(q). So ®,,,(q)
divides {m}{m7}gm(q,a).

(ii) For my | m and any |u| = m/d, if not all du; are divisible by
my, then at least two of them are not divisible. Then two of corresponding
{mup;T}/{dp;} are divisible by ®,, (q).

We consider modulo {m;}? in the ring R. It is easy to see, for a,b > 1,

{abmi} _ <qm1/2 +q ™

(a—1) ,
ot =a 5 ) (mod {m}°)

We write z = (¢™/% 4 ¢~"™/2)/2, then 22 = 1 (mod {m,}?).
Then modulo @, (¢)?, we have

{mHm7}gm(q; a)

_ u(d)(=1)™/? {mut}
=2 2 ey e

dlm |ja|=m /d;m |dp

= Z Z M (%)l(u) x(m|,u|7'fd|,u|)/m1{du}a

dlm. |ul=m/dima|du 3
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=3 Y @yt
dlm |A|=m/lem(d,m1)
1 1)
(T ) Y et
3x \Uem(d, my)

=3 ula)(— 1y Y

dlm

1— tlcm(d,ml)a—lcm(d,ml)/2 mT [lem(d,m )
(20) X [< >

1 — tlem(d,mq) glem(d,m1)/2
¢m

e For the cases m; with an odd prime factor p, or p = 2 divides m;
and 4 | m, or p = 2 divides m; and 2 | 7: Consider those d with
wu(d) # 0 and p 1 d, we have lem(d, m1) = lem(pd, m1) and parity of
m7/d equals parity of m7/(pd), but p(d) = —pu(pd). Thus two terms
in (20) corresponding to d and pd canceled.

e For the remaining case 2 || m,m; = 2,2 71 ®,,,(¢)® = (¢"/? +
q'/?)? = 22 4 2. Coefficients of z in (20) equals sum of terms corre-
sponds to odd d | m, u(d) # 0, while constant term coefficient equals
to sum of terms corresponds to 2d | m, u(2d) # 0. The coefficients of
term for d and 2d match, so (20) is divisible by = + 1.

In summary, we have proved that for m; | m7,my ¥ m, ®,,, (¢) divides
{mH{m7}gm (g, a); for my | m,my # 1, @, (q)? divides {m}{m7}gm(q, ).
By (19), the lemma is proved. O

Lemma 5.3. For any integer m > 1, we have
gm(q,a) € z72Q[2%, a*32].

Proof. By Lemma 5.2, we have

2 _1\m7/d mur
flg.a) = Pgnlga) = 5y MOCUTEAT

dim \l=msd O {dy}

[ME

€ Qlg*z,a™].

As a function of g, it is clear f(q, a) admits f(g,a) = f(¢~!, a). Furthermore,
for any d|m and |u| = m/d, we have

m|plT —dlp| —mT —m =m?r/d —mr =m7(m/d—1)=0 (mod 2),
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which implies f(q,a) = f(—q,a). Therefore, f(q,a) = 2%2gm(q,a) € Q[z?

a*2]. The lemma is proved. O

Lemma 5.4. For any 7 € Z, we have
(21) {(mY{m7}Z(q,a) € Z[g*2,a*3).

Proof. Since

()™} () Zm(g.a) = 3 PP,

lu|=m suln}
- HJZl({mTj}{j}a)k:j
) Ej>1zj];j=m Hj21jkjk;j! )

we construct a generating function

; m7i¥{j}, )%
(22) flz) = an Z [L>1({m7iHi}a)

n>0 Y. jk;=n HJZlJ 3

_ Z Z Hj21({m7j}{j}awj)k'j

Rk
n>05 ., jky=n [Tj>1 7% k!

e {m7j}{j}ar’
P ; {5}

Then (~1)™ {m}{mr} Z,u(¢. a) = [/ ()]

For 7 = 0, it is the trivial case.

. > _ (mt— 2k 1)
For 7 > 1, we use the expansion {"{?}‘7 - i ! qj , then

mT—1 mr—1-2k 1 . mr—1-2k _ 1 .
fl@)=exp | > Z( L) A CREL. 2x)j>

k>0 j>1 J J
1 mr—1-2k _ 1
"< 1+¢" = azz
= exp E log mr—1-—2k 1
k>0 1+ q 2 azx
mr—1 mr—1-2k

_ H 14q a;x'

5—0 1+q 2 arw




Integrality of the LMOYV invariants for framed unknot 97

We introduce the ¢g-binomial coefficients defined by

<m> _(A=gmA—g™ ) (=g
r/, (1-q¢)(1=¢?)---(1—q")

for r < m, and in particular (Tg)q = 1. The g-binomial coefficients (T)q €
Z[q| (see Chapter 2 of [15] for g-binomial coefficients). There are analogs of
the binomial formula, and of Newton’s generalized version of it for negative
integer exponents,

n—1 n
ko l«(kz—l) n k
[[a+d'=> ¢ <k>t
k=0 k=0 q
n—1
1 n+k— 1) K
o =2 t
im0 (10 k q
Therefore, the coefficient [f(x)],. of 2™ in f(x) is given by
JiG=D—(mr—1)m k—j —1
Z (71)kq< =(mr=im ke (mr) <m7‘ +kk: ) 7
jth=m 7 /4 a

which lies in the ring Z[qi% , ai%] by the integrality of Gaussian binomial.
For the case 7 < —1, we write {m7j} = —{—m7j} in the formula (22),
then the similar computations give the formula (21). O

Now, we can finish the proof of Theorem 1.4 as follow:

Proof. Lemma 5.3 implies that there exist rational numbers n, 4 o(7), such
that

2 gm(q, a) = Zanﬂ,Q(T)ngaQ € Q[z%, a™2].

g>0 Q

So we only need to show np,4q(7) are integers. By lemma 5.4 and the
formula (8) for g, (q,a), we have

{m¥{m7}22gm(q,a) € Z[qii,aiEL
which is equivalent to

(0% —a" D)% —a7F) 3D nmoe(n)(@” — a7 ¥a?
920 Q
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0 |-

€ Zlg*s, a*3).

So it is easy to get the contradiction if we assume there exists 7, 4.0(7)
which is not an integer. O
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