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E,, Jacobi forms and Seiberg—Witten
curves

KAZUHIRO SAKAI

We discuss Jacobi forms that are invariant under the action of the
Weyl group of type E, (n = 6,7,8). For n = 6,7 we explicitly
construct a full set of generators of the algebra of E,, weak Jacobi
forms. We first construct n + 1 independent F,, Jacobi forms in
terms of Jacobi theta functions and modular forms. By using them,
we obtain Seiberg—Witten curves of type Eg and F; for the E-
string theory. The coefficients of each curve are F,, weak Jacobi
forms of particular weights and indices specified by the root system,
realizing the generators whose existence was shown some time ago
by Wirthmiiller.

1. Introduction and summary

The theory of Jacobi forms was first systematically studied by Eichler and
Zagier [1]. A Jacobi form is a holomorphic function of complex variables T
and p which has modular properties in 7 and quasi-periodicity in . Jacobi
forms invariant under the action of the Weyl group W (R) of a root system R
was investigated by Wirthmiiller [2]. Such Jacobi forms, which we call W (R)-
invariant Jacobi forms or just R Jacobi forms, appear in various contexts in
mathematics and physics.

In [2] an inductive construction of the W (R)-invariant Jacobi forms (ex-
cept for R = Eg) was also presented. The construction is, however, rather
abstract for R = Fg, E7. On the other hand, W (Ejg)-invariant Jacobi forms
were explicitly constructed in the study of the E-string theory [3, 4, 5]. In
[4] nine independent Eg Jacobi forms were first constructed in the course of
deriving the Seiberg—Witten curve for the E-string theory. The construction
was further refined in [5] in terms of concisely expressed Eg holomorphic
Jacobi forms.

In this paper, we explicitly construct a full set of generators of the algebra
of W(E,)-invariant weak Jacobi forms (n = 7,6). We first construct n +
1 independent FE,, holomorphic Jacobi forms. Most of them are actually
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obtained by mere reduction of E,; Jacobi forms and thus we have only to
construct two new Jacobi forms in each E,, case. All these E,, Jacobi forms
are explicitly expressed in terms of Jacobi theta functions and modular
forms.

Using these Jacobi forms, we next construct Seiberg—Witten curves of
type E7 and Eg for the E-string theory. The original Seiberg-Witten curve
for the E-string theory is expressed in terms of Eg Jacobi forms [4, 5]. If we
restrict the value of p within the E, root space, the curve can be expressed
in terms of the above n+1 E,, Jacobi forms. We transform this curve into the
form of the general deformation of a singularity of type E,,. The coefficients
of this new Seiberg—Witten curve are weak Jacobi forms of particular weights
and indices specified by the root system F,,. They are identified as generators
of the algebra of E,, weak Jacobi forms over the algebra of modular forms.
The existence of such generators was shown by Wirthmiiller [2].

The main theorem of [2] does not cover the case of R = Eg. Very little
has been known about generators of the algebra of Eg Jacobi forms over the
algebra of modular forms. We briefly discuss this case and make a conjecture
on the overall picture of the algebra of Eg weak Jacobi forms.

The paper is organized as follows. In section 2, we present the definition
of W(R)-invariant Jacobi forms and construct n + 1 independent E,, holo-
morphic Jacobi forms. In section 3, we construct Seiberg—Witten curves of
type E7 and Ej for the E-string theory and present a full set of generators of
the algebra of E,, weak Jacobi forms for n = 7,6. We also discuss the case of
Ejg. There are three appendices, where Seiberg-Witten curves of type E,, at
T = 100, our choice of simple roots and fundamental weights, and definitions
of special functions are respectively presented.

2. Construction of holomorphic Jacobi forms
2.1. Definitions and generalities

Let Lr be the root lattice of a root system R, and L} the dual lattice
of Lr. Let @pm (7, ) denote a W(R)-invariant Jacobi form of weight k
and index m (k € Z, m € Zp). It is a holomorphic function of 7 and p
(Im7 > 0, pu € C") satisfying the following properties [1, 2]:

i) Weyl invariance:

(2.1) Okm (T, w(p)) = Prm (T, 1), w € W(R).
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ii) Quasi-periodicity:

2.2

( <pk),m(7, p+Ta+B) = e_mm'(m‘zﬁ“'o‘)apk’m(ﬂ w, a,3 € Lg.
iii) Modular properties:

(2.3)

oo (G ) = o o (i g

(¢ ") esLem).

iv) @pm(T, #) admits a Fourier expansion as

0 e =3 S el w)enien),

n=0weLj}

To be precise, @i m (7, ) defined as above is called a weak Jacobi form. If
©k,m(7, p) further satisfies the condition that the coefficients c(n,w) of the
Fourier expansion (2.4) vanish unless w? < 2mn, it is called a holomorphic
Jacobi form. If ¢y, (7, u) further satisfies the stronger condition that the
coefficients c¢(n, w) vanish unless w? < 2mn, it is called a Jacobi cusp form.
In this paper, a Jacobi form means a weak Jacobi form unless otherwise
specified.

The condition (2.1) and the form of the Fourier expansion (2.4) imply
that W (R)-invariant Jacobi forms are closely related to characters of Weyl
orbits of the affine R Lie algebra. In our convention, the index coincides
with the level of the affine Lie algebra. In fact, we observe that any W (R)-
invariant Jacobi form of index m can be written as a linear combination
of characters of affine Weyl orbits of level-m weights, and vice versa. From
this, one can expect that the number of generators of Jacobi forms of index
m coincides with the number of fundamental representations at level m.!
Figure 1 shows the levels of fundamental representations of the affine F,
algebra. From this, we see that generators of R Jacobi forms are of the

'Here, “generators” do not mean those for the algebra of W (R)-invariant Jacobi
forms over the ring of modular forms C[Ejy, Eg|. Instead, we consider here a bigger
space where we allow meromorphic modular forms as coefficients.
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Figure 1: Dynkin diagram for affine F,,: numbers attached to nodes denote
the levels of fundamental weights and the numbers in parentheses show their
labels.

indices
1,2,2,3,3,4,4,5,6 for Eg,
1,1,2,2,2,3,3,4 for FEr,
(2.5) 1,1,1,2,2,2,3 for Eg.

Multiple occurrence of the same index means that there are several inde-
pendent generators of the index. In what follows we will explicitly construct
E,, Jacobi forms of these indices.

2.2. Eg case

Nine independent W (Ejg)-invariant holomorphic Jacobi forms were con-
structed in [5]. The summary of the results is shown below.
Let us first introduce the following functions

e1(r) = 35 (Us(r)* +9a(7)?),
ea(7) = 15 (V2(7)* = Va(r)?),

=

=
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20 ea(r) = g (<Va(r)' = 05(r)?).
and
(2.7) ho(T) := 93(27)93(67) + 92(27)92(67).

The simplest Eg Jacobi form is the theta function of the root lattice Lg,:

(2.8) O (T, 1) = Z exp (77717‘102 + 27ip - w)
weLp,
1 A8
(2.9) = S ot )
k=1 j=1

Nine W (E3)-invariant holomorphic Jacobi forms can be constructed as fol-
lows:

Ay, p) = @ES(T p),  Au(rp) = Ai(r,2p),

An(rop) = 2 (Anrmp) + 50 A(EE ), m=2.35,
By(r,p) = % (ex()A1(27,21) + gres(T) AL(F, p) + grea(T) AL (T, )
By(r.p) = 55 (ho(r)*A1(37,31) — 0 oho(T5E)2 A1 (F5E, )
By(r,p) = 18 (94(27) A1 (47, 4p) — £94(27) AL (T + 5, 21)

gt igva(T5E >4A1<T+k,u>)
Bo(r,p) = 5 (ho(r)?A1(67,61) + 3 4 _oho(7 + k)* A1 (75, 3p)
e T oho (T A (2, 20)
(2.10) — 357 Dnoho(THE)2 Ay (HE w))

A, By, are of weight 4,6 and index m respectively. If we set p = 0, these
Jacobi forms reduce to ordinary modular forms. The normalization of these
Jacobi forms is chosen so that they reduce to the Eisenstein series

(2.11) Am(1,0) = E4(1),  Bu(7,0) = Eg(1).

For the sake of clarity, the above A,,, B,, are sometimes expressed as AZs,
BEs,
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2.3. E7 case

W (E7)-invariant Jacobi forms can be obtained by reduction of W(Ejy)-
invariant ones. This is done by merely restricting g within the E7 root
space orthogonal to the fundamental weight Ags. More specifically, such p
is parametrized as

(2.12) p=p\" = (a1, o, s, fua, 15, 6, 1y — 1)

See Appendix B for our convention. In what follows in this subsection w is
always constrained as above.
By reducing the Eg Jacobi forms given in (2.10) one immediately obtains

A£7(T, p) = Ais (7’, um) (m=1,2,3,4,5),

(2.13) BE(r,p) = BEs <r, u(7)) (m =2,3,4,6).

These Jacobi forms cover most of the desired E7 Jacobi forms whose indices
are listed in (2.5), but not all of them. We need to construct in addition at
least two new Jacobi forms which are of index one and index two respectively.

Let us start our study with F; Jacobi forms of index one. There are
two independent 7 Jacobi forms. They can be expressed as some modular-
invariant linear combinations of two level-one affine Weyl orbit characters.
At level one, affine Weyl orbit characters are simply given by the theta
functions

O, (T,pn) = Z exp (miTw® + 2mip - w),
weLg,

(2.14) @E(T, ) = Z exp (miTw® + 2mip - w).
weLp, +Ar

Here, A7 = A$7 is a fundamental weight of E7. (See Appendix B.) In terms
of Jacobi theta functions they are expressed as

9 6 4 6
1 1
O, = 502(2.27) 3 [ 9alps ) + 50a(2m.27) 3 [T (s ).
=1j=1 k=3j=1
1 2 °
7
o = 503u,21) > (-1 ] u(us, )
k=1 Jj=1
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4 6
(2.15) - —192 (24, 27) Z 1)k Hﬁk(uj,T)
k=3 j=1

Note that Fourier expansions of these theta functions are

Op, =1+ w[108000]q + w[008010]q2 + ( [018000] + w[oooooz]) ¢° + O(q"),

7
65’517 = w[008001]q3/4 + wlpodooold”* + wliod001]a" Va4 wloo0100la"**
(2.16)  + O(¢*Y),

where ¢ := 2™, The coefficients are expressed in terms of characters of
Weyl orbits of finite Fr. They are defined by

2 R 2miv-
(217) w[n1n324n5n6n7]<u’> T Z € e “'

veO(XT_, n;A;)

Here, O(A) denotes the Weyl orbit of weight A. A; (j = 1,...,7) are the
fundamental weights of Fx.

The above theta functions transform nontrivially under modular trans-
formations. The modular properties of the theta functions are as follows:

@E7 (T + 17/‘1‘) = @E7 (T) IJ’) )

(2.18) O (r+1,p) = —iOL] (r, 1),
Ok (_% %) _Imi T omige 1 1 1
7 (1 —e rmer el 41
@E7 ( T %) \/5
®E7 (7-7’1')
(2.19) x . .
®E7 (Tvu’)

7]

To construct modular-invariant linear combinations of O, and (9[E7, let us

first look into the case of Ale 7. One can easily derive that Af 7 is expressed
as

(2.20) AP (7, 1) = 03(27)O, (7, ) + 02(27)0 (7, ).

The coefficient functions can be interpreted as J3(27) = © 4, (7,0), ¥2(27) =
@Lﬂ (7,0) and transform as

U3(2(7 4+ 1)) = v3(27), U2(2(7 4+ 1)) = i2(27),
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D3(=2)\ a1 (1 1 U3 (27)
(2.21) (m(—%))‘e ﬁ(l 1><ﬁ2<27>>'

One can easily check that (2.20) is indeed a modular-invariant combination,
i.e. it transforms as in (2.3).

It is natural to expect that the other modular-invariant linear combi-
nation can also be constructed by using polynomials of J3(27),92(27) as
coefficient functions. One of the simplest candidates for this Jacobi form
would be the one which reduces to Eg(7) when we set g = 0. In order for
the Jacobi form to be of weight 6, the coefficient functions have to be homo-
geneous quintics in ¥3(27),92(27). And furthermore, in order to be invariant
under the transformation 7 — 7 4+ 1, the Jacobi form has to take the form

(2.22)
(01193(27')4 + 02192<27’)4) 793(27')@]57 + (03ﬂ3<27—)4 + 04792(27_)4) 792(27—)9[;}7

The requirement that it reduces to Fg when g = 0 immediately determines
the unknown coefficients ¢;. In this way, we find the combination

Cl(r,p) = (95(27)" — 5092(27)*) ¥3(27)Op, (7, 1)
(2.23) + (92(2r)* — 595(2r)") Wa(2r)O L (, ).

One can check that 057 is indeed an F; holomorphic Jacobi form of index
one. It is clear that A]" and ClE7 are independent. By construction,

(2.24) CE (1,0) = Eg(7).
Let us now move on to the construction of a new Jacobi form of index

two. This is actually easy. Applying the Hecke transformation of order two
to C’{E7, one obtains

32 k
(2.25) CFr(r,p) == 33 (C’E7 (27,2u) +—ZCE7 <T+ ))

The normalization is chosen so that

(2.26) CF (,0) = E4(7).

One can check that CE2E7 is an independent Jacobi form, i.e. it is not expressed
as polynomials in A7, Cfﬂ A§7, BQE7.
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One can also check that A57,Bf7 are independent in the same sense.
On the other hand, it turns out that Af7 is not independent. It is expressed
in terms of AZ7 BEr CL7 (m < 3) as

1
13824 E2A
+ 1280E3C) Bs + 216 E{ A3 — 1440F3 A3 Ay + T20E3 Eg A2 By

+ 288F2C2 Ay + (1275E3 — 675E2) B3 + (—990E3 + 990E2) ByCy
+ 360E4Fs A2 By — 2640E3 A1 C1 By + 360E5C3: By

+ (363F3 — 363E2)C3 — 264E,FsA2Cy + 528 B3 A1C1Co

(2.27)  —264E¢CTCs + 1680E7 AT — 96E4ATCT — 48CY).

Ag= (— 448E}{ A1 A3 + 4483 EgCy Az — 1280E3Eg A, B

Here, we have omitted superscript Er from the Jacobi forms and introduced

1 3

24
(2.28) A=n*t = o8 (E}

).
To summarize, we now have eight Jacobi forms
(2.29) AEr (m=1,2,3), BE (m=2,3,4), CIF (m=1,2),

which are of weight 4, 6,6 and index m respectively. We checked that they
are independent, holomorphic Jacobi forms. Note that

(2.30) AL (7,0) = Ey(7), BEt(1,0) = CE7(1,0) = Eg(7).

As expected, A7, 357 are no longer independent and are expressed as
polynomials in the eight Jacobi forms (2.29). While these relations are es-
sential to obtain the results in the next section, their concrete expressions
are rather lengthy and thus we do not present them here. (In any case, these
relations are immediately restored from the results in the next section.)

2.4. Eg case

As in the E7 case, W (Eg)-invariant Jacobi forms can be obtained by reduc-
tion of those for FEy or Eg. This is done by restricting g within the Eg root
space orthogonal to both Afg and ASEs. More specifically, such a vector u
is parametrized as

(2.31) po=p'% = (1, pa, 3, pra, s, s, —p0).
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In what follows in this subsection p is always constrained as above.
By reducing the E; (or Eg) Jacobi forms one immediately obtains

ABs(7 ) .= AE7 (7‘, ;1,(6)> — AL <T, ;1,(6)> (m=1,2,3),

BE(r, ) i= BE (r,n®) = BE (. p®)  (m =2,3,4),

(232)  CE(rp)=Cl (r.u) (m=1,2).

These Jacobi forms cover most of the desired Eg Jacobi forms whose indices
are listed in (2.5), but as in the E; case, we need to construct at least two
new Jacobi forms which are of index one and index two respectively.

There are three affine Eg Weyl orbit characters at level one: O, @%l

and @Egl. They are defined by means of the root lattice Fg and fundamental

weights Afﬁ, Agﬁ in the same way as in the F7 case. (See Appendix B for
our convention.) They are expressed in terms of Jacobi theta functions as

/’L]a

H’:]cn

4
1
@E(, (7—7 H) = 5 Z 3”) 3T

4 5
1
@[Ell(r, p) = 3 Za(k) L/6e2ming, (3 + 7, 37) H (g, T
k=1 j=1
= 5
(233)  Op(r.p) =5 > o(k)g/ S0y (3u — 7.37) I
k=1 j=1
where o(1) = 0(4) = —1, 0(2) = 0(3) = 1. These theta functions are

expanded as

(2.34)

Or, = 1+ wloot00)a + wliooo1)?” + wloooold® + Og?),

@%l = w10000]a** + woo0r0la®® + (wli0000] + wloodo2]) 4 83+ 0(q"7?),
@Egl = wlo0001]a** + wo1000la®® + (wloooo1] + wla0000]) 4 83 1+ 0(¢"3).

The modular properties of these theta functions are as follows:

®E6 (T + 17“) = @EG (7_7 H) )
O, (r+ 1,1) = ™00 (7. 1),



E, Jacobi forms and Seiberg-Witten curves 63

(2.35) O (r+ 1, p) = 'O (1, ),
"
Ok, ( T 1-) | . 1 1 1
@%l (—1.%) | = irleT W — | 1 /3 2mi/3

\/g 27 /3 47i/3
6 1 e e
Ok, (-3.%)

@EB(T’IJ')
(2.36) x| O (rw

6
Op, (. 1)
A{EG and ClE6 are expressed in terms of these theta functions as

(2.37)
AP (7. 1) = ho®, (1. ) + hu (O] (r.p) + O (1))

(2.38)
CF*(rom) = (W — 4h7) O, (r, ) = 33y (O] (r. ) + O (. 1))

where hj = h;(T). ho(7) was introduced in (2.7) and

(2.39) ha(r) = 3BT %(ho(r/3) ~ ho(7)).

They can be interpreted as ho(7) = ©Oa4,(7,0), hi(r) = @gl(T, 0) =
ol (r,0).

By taking account of the above modular properties, the other Jacobi
form of index one is found as

(2.40) Dfe(r,p) = () (O (r, ) — O ().
This is a Jacobi form of weight 7. If we set u = 0, it vanishes:
(2.41) DFe(r,0) = 0.

The remaining Jacobi form of weight two can be constructed from D{EG
by the Hecke transformation of order two. One obtains

1
(242)  DPo(r,p) == DFo(2r,2p) + Z (T+ b ) .
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Table 1: Our choice of independent F,, Jacobi forms. The subscripts of the
Jacobi forms represent their index.

Fe - welght 4 Al AQ A3 A4 A5
8 ["weight 6 By | B; | By By
weight 4 || Ay | A | As
E7: | weight 6 By | B3 | By
Cy | Cs

weight 4 || Ay | Ay | A3
FEg: | weight 6 || Cy | Bo
weight 7 || D1 | Do

To summarize, we now have seven Jacobi forms
(243) AL (m=1,2,3), BFe, P, DE (m=1,2),

which are of weight 4, 6, 6, 7 respectively and index given by their subscripts.
We checked that they are independent. We also checked that Aﬁﬁ, BZEG, C’lE6
are holomorphic Jacobi forms, while DZ¢ are Jacobi cusp forms. Note that

(2.44)
A (7,0) = Ey(1), Bs(1,0) = C1(7,0) = Eg(7), Dy, (1,0) = 0.

As expected, C’QE"',B’?:EG,Bf6 are expressed as polynomials in these Jacobi
forms. We will use these relations to obtain the results in the next section.
Again, we do not present concrete expressions here, as these relations can
easily be restored from the results we will obtain there.

We summarize our choice of independent E,, Jacobi forms in Table 1.

3. Seiberg—Witten curves and generators of weak Jacobi
forms

3.1. Generalities

In [2] Wirthmiiller proved that for any irreducible root system R exclud-
ing Eg, the algebra of W(R)-invariant Jacobi forms over the algebra of
modular forms C[E4, Es] is generated as the polynomial algebra in some
W (R)-invariant Jacobi forms

(31) {ak(j)m(j)(T,u)} (] = 0,1,...,”).
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Here, {k(j)} and {m(j)} are given respectively by the list of degrees of
independent Casimir invariants of R and the list of levels of the fundamental
representations of the affine R Lie algebra. In what follows, we explicitly
construct {ay(j).m(j)} for R = Eg, E7 exploiting the Seiberg-Witten curve for
the E-string theory. We also present a similar set of meromorphic functions
(i.e. not exactly Jacobi forms) for R = Eg.

3.2. Eg case

In [5] the Seiberg—Witten curve for the E-string theory [4] was expressed
in terms of the nine Jacobi forms A,,, By, given in (2.10). The result is as
follows:

1 1
y? = 42® — —Eguutc — —Egu®

12 216

(3.2) - Z —gmmu’"T — Z a6—6mmu’"",

where

apg1 = — —Al,

a_g2 = 6];)2A (E4Bz EGA%)7 @82 = px (—E4A2 + A%),

a 123 = W{%A? (—7E;§A3 — 20E3EsB;
— OF4 A1 As + 30E2 Eg A1 By + (16E3 — 10E§)A§’),

a 143 = WZ? (—7E2E6A3 — 20E3B; — 9E4EgA; Ay + 30E2A, By
+ 6E6A§>,

a 154 = @ ((—5EZ + 5EYE2)By + (S0ES — S0E3E?) A, By
+9EEgA3 + 30ES Ay By + 25F] Fg B3 — 48E{ Eg A2 Ay
+ (—140E° + 60E2E2)A2By + (TAE3 Eg — 10E§)A§*>,

a_s04 = @ ((EE ~ E3E2) Ay + (56ED — 56E2E2) Ay A — 2TES A2

— 90E3EgAsBy — T5E;{ B2 + (180E] — 36 E,E2) A3 Ay
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+ 240E2E5 A2By + (—210E3 + 18E§)A§*>,
a_ans = 72%%3 ((—21EZ +21E4E2) Ay — 204ES Ay Ay — TT0E Eg By As
— 840F} Eg Ay By — 2200E; Bo B3 + 168F; A? A3 + 480E3 Eg A2 By
— 621E; A1 A% + 3525 B A1 B3 + 1224} A3 Ay — 240E3 Eg A3 By
+ (—456E3 + 24E§)A§>),

1
13436928 ES AP
+ (—189E1°Fs + 378E]ES — 189F] EZ) A1 As
+ (—9E1°Es + 9E]E3) Ay Ay + (—15E} + 15E$E2) By Ay
(—180E} + 180EFE3) A3 By + (—300E Eg + 300ES E3) Ba By
(22E{Es — 22ESE3) A2 A4
(150E1° + 120E] EZ — 270E{E3) A2 By
(196 E;°Es — 196 E] E3) A2 + (1120E}' — 1120E3F2) A3 B3
(1600E3 E — 1600ES E3) B2
(—2982E) Fg + 2982 ES E3) A1 Ay A3
(—2520F;° — 4410E]E2 + 6930E{ E¢) A1 Bo A3
(3360E,° — 10920} E2 + 7560 E{ Eg) A1 A2 B3
(—19800E3 Eg + 19800E; E3) A1 Bo B3
(
(—
(
(
(
(—
(
(
(
(—

a 306 = ((—20Ei2 + 40BYE2 — 20ESEY) Bg

2016 E$ Eg — 2016 B E3) A3 A3
5920E3 + T360ESE2 — 1440E3 E¢) A3 B3

405E4E6 + 162ESE3) A3

1215E,° 4 1620E] E2) A3 By + 4725 Eg A2 B2

1125E] + 1500ES E2) BS + (—9477TES Eg + 5103E; B3 ) A3 A3
9180E] — 5400ESE2) A3 Ay By

20925E] Eg — 33075F; E3) A2 B3

20304E] Eg — 9072E{ E3) A Ay

12780E% + 5400E3 E2 4 540E3F§) A] By

N
n
N
+
N
N
N
N
n
N
N
N
N
N
N
n
N
N
+ (~11076 ES Eg + 1512E3E3 — 36E6)A?).

(3.3)

Since E4(627”/ 3) =0, it is very likely that the above a,m have a pole at
T = e2™/3 Apart from this flaw, ap,,m satisfy all the conditions required for
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W (Eg)-invariant weak Jacobi forms (of weight & and index m): By construc-
tion they satisfy conditions (2.1)—(2.3). It is also obvious that no fractional
powers of ¢ appear in their Fourier expansions. It is known [4] that they
are finite at ¢ = 0 (see Appendix A for the concrete expressions). Thus, the
condition (2.4) is also satisfied.

If we set = 0, all a, p, of negative weight vanish:

ap1(7,0) = —4,
(3.4) apm(7,0) =0 (k<0).

Although Wirthmiiller’s theorem [2] does not cover the case of R = FEg
and the above ay ,,, are not exactly Jacobi forms, it would still be interesting
to examine to what extent the statements of the theorem hold for R = Fg.?
Interestingly, there is a small mismatch between the above a4 ,, and the
generators that would be expected supposing Wirthmiiller’s theorem held:
The theorem would require a generator of weight —2 and index 2 instead of
a_g2. In fact such a Jacobi form can easily be constructed as

(35) 5(,272 = E4Oé,672.

However, if one replaces a_g 2 with &_g o in the generator set, certain W (Eg)-
invariant Jacobi forms cannot be generated over the ring of modular forms
C|Ey, Eg).3

Though the above oy ;,, themselves are not exactly Jacobi forms, one can
still consider the polynomial algebra generated by ay, ., over C[Ey4, Eg]. To
the best of our knowledge, this algebra seems general enough to contain all
FEs weak Jacobi forms whose concrete expressions are known. Therefore we
conjecture that the algebra of W (FEjg)-invariant weak Jacobi forms would be
a proper subset of the polynomial algebra generated by ay, ,, over C[Ey, Es).
It would be very interesting to investigate this problem in a more mathe-
matically rigorous manner.

3.3. Er case

One can reduce the Seiberg—Witten curve presented in the last subsection
to the curve that has only W(FE;) symmetry by setting g = u(7). The

2 There is an algebro-geometric explanation why Eg should be exceptional [6].

3 The author is grateful to Haowu Wang for explaining this point and also indi-
cating some misunderstandings about W (Eg)-invariant Jacobi forms in the previous
manuscript.
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curve can be expressed in terms of the eight E Jacobi forms constructed in
section 2.3. It is expected that the elliptic fibration described by this curve
develops a degenerate fiber. (It was systematically studied in [7] how special
values of p correspond to degenerations of the elliptic fibration described by
the Seiberg—Witten curve for the E-string theory.) One immediate outcome
of expressing the curve in terms of the eight F; Jacobi forms is that one can
directly see this fiber degeneration as the factorization of the discriminant.
For the elliptic curve in the Weierstrass form

(3.6) y? =42 — fo — g,
the discriminant is given by
(3.7) D = f3—274%

For the above Seiberg—Witten curve expressed in terms of the eight Fx
Jacobi forms, the discriminant indeed factorizes as

(3.8) D= (u — ’U,())zplo(u),
where

B 01 — EgAy
(39) YT TR EA

and Pjo(u) is some tenth degree polynomial in w. (In this subsection we omit
superscript E7 from Jacobi forms.) This is not the only peculiar feature of
the above reduced curve. We can in fact transform the curve into the form
of the general deformation of a singularity of type E7, as we will see below.
The general deformation of a singularity of type E7 takes the form [6]

1
y2 = duz® — EE4U3CC — —E6u4

216
3 2 2 2
oo 1u” + @2 1UT + Qg 2U" + Q8 2UT + X_10,2T
(3.10) fa_193u + a_143C + @_184.

For the moment ay, ,, are just deformation parameters. We formally assign
weights —6, —4, -9,k and indices 1,1,2,m to u,z,y, oy, respectively, so
that all terms in the equation are of weight —18 and index 4. The elliptic
curve (3.10) can be transformed into the Weierstrass form (3.6) with

4 6
1 4 4—k 1 6 6—k
(3.11) f= 1 4U +kz_1fku ) g= 216 6U +;9ku



E, Jacobi forms and Seiberg-Witten curves 69

in the following manner: First, perform a translation of x to remove the
quadratic term in z. Next, rescale the variables as * — v 'z, y — u ™ ly.
We then obtain the Weierstrass from with f, g being of the form (3.11). One
finds that the discriminant of this curve factorizes as

(3.12) D = u?Pjg(u),

where plo(u) is some tenth degree polynomial in u. Another peculiar feature
of the curve is that the coefficients f4, gg also factorize
(@-102) (a-102)®

1 = —

The locations of the double roots of the discriminants (3.8) and (3.12) imply
that the original Seiberg-Witten curve with g = p(7 is identified with
the above obtained curve in the Weierstrass form by the translation u —
u + ug. Indeed, after the translation is applied to the former curve, one
can see the factorizations of coefficients as in (3.13) and determine a_jq 2.
Furthermore, by comparing two curves term by term, one can fully determine
the coefficients oy, y, in (3.10). The results are as follows:

o E2A) — EsCy o EgA; — E4C
01 4320 w2 36A
1 3 2 3 2
62 = goorg ((—25E3 4+ 25E5) By + (—11E3 4+ 11E§)Cy
—36E4EgA] + T2E; A1C1 — 36 E6CY)
1
Qa_go = M ((Ei — Eg)AQ — EEA% + 2FE6A1C1 — E4C%) ,
1
0-102 = Fremrs ((—15E% + 15E§) By + (11E3 — 11E3)Cs
—4F,Fe A} + 8EA1Cy — 4EC?) |
193 = ((28E% — 28E3F%) A3 + (S80E{Es — S0E,E2)B
V123 = TG AD ((28E% 1E6)As + (80E, Eg 1E;) B3
+ (36 ] — 36 E3E2)A1 Ay + (—45F3 Fg + 45E3) A By
+ (=75E} + T5E,E2)C1 By + (33E3Eg — 33E3) A1 C
+ (—=33E] + 33E,E2)C1Cy + (—64F] + 92E,E2) A3
—84E;EgATCh + (96E; — 12E5) A1CF — 28E4E6CY)
1
Q143 = gz ((TE3Es — TEJ)As + (20E] — 20E4E§) B3
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+ (9E; — 9EZ)C1 As + (—30E; + 30E5) A1 By
+3E4Eg A — 9E1AIC) + 9EGA C] — 3E4CY),
1
5971968 F; A%
+ (=56 Fg + 56 E3Eg) A1 Az + (56 ES — 56 B3 E2)C1 A3
+ (—160ES + 160E3E2) A, Bs + (160E{Eg — 160E,E3)C B3
(—~18E;Fg + 18E1EJ) A3
(—105ES + 150 E3E2 — 45E3) Ay By
(33ES — 66 E3E2 4 33E3) AsCy + (—50E} Eg 4+ 50E,E3) B3
(12E{Es — 12E,E3) A3 Ay + (96 E; — 96E2E2)A1C1 Ay
(—
(—
(—
(—

184 = ((10E] — 20E}{ E§ + 10E4E¢) By

12E3Fg + 12E3)C? Ay + (325E; — 325E3FE2)A1B,
90E;Es + 90E3)A1C1 By + (—T5Ef + T5E,E2)C: By
33E5 + 33E1E2)A3Cy + (66 E3 Eg — 66 E3) A1C1Cy
33E] 4 33E4FE2)C3Cy — 8E3FsAf

+ (—152F; + 184E,E2) A3 Cy
(3.14) —48EFEGAICY + (56E3 — 24E5)A1C? — 8E4E¢CY) .

+ 4+ + + + + + o+

Here, A,,, By, Cy, are the holomorphic Jacobi forms constructed in sec-
tion 2.3 and we have omitted superscript Fr.

In contrast to the Eg case, the above ay ,, are genuine W (E7)-invariant
weak Jacobi forms (of weight k and index m). This can be shown as follows:
By construction they satisfy conditions (2.1)—(2.3) and no fractional powers
of ¢ appear in their Fourier expansions. We checked explicitly that they are
finite at ¢ = 0. We present the concrete expressions of oy, at ¢ = 0 in
Appendix A. On the other hand, it is less trivial to show that ay,, are
holomorphic in 7. As the expressions of a_192,®—_123 and a_ig4 contain
E, in the denominator, these generators may have a pole at 7 = ¢2™/3. By
carefully examining the structure of these expressions, one finds that these
generators can be written as

EgX +---
o102 = THIEAT
3EZAIX + -
O128 = TUG496A7
(3.15) o rsa = E2(—EgAg +2A,C1) X + - 3

1990656 A%
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Koo,

where are some polynomials in A,,, By, Cm, By and

_ 15EBy — 11EsCy — 4CE
= 7, :

(3.16) X :

Clearly, potential divergence can arise only through X. Therefore the proof
boils down to showing that X is regular at 7 = €2™/3. This can be done as
follows: The relation (2.27) can be rewritten as

3X? —24A3X = —13824AA, — 448F3 A A3 + 448FCy Az — 1280EA; By
+1280F,C) B3 + 216 E1 A3 — 1440 E4 A3 Ay + 720 Eg A By
+288C% Ay + 1275E, B3 — 990E, BoCy — 2640A,C) By
(3.17) +363F,0% + 5284,C,C5 + 1680A7.

Since the right-hand side is holomorphic in 7, X has to be regular at 7 =
e2m/3 Hence, we have shown that all ag,m are indeed W (Ey)-invariant weak
Jacobi forms.

The above oy, ,, satisfy all the conditions required for the generators in
the Wirthmiiller’s theorem explained in section 3.1. Thus we conclude that
they give a full set of generators of the algebra of W (Ey)-invariant weak
Jacobi forms over the algebra of modular forms C[Ey, Eg).

If we set pu = 0, the generators become

ap1(7,0) = 4,
(3.18) apm(7,0) =0 (k<0).
3.4. Eg case

In the same way as in the E7 case, one can reduce the Seiberg—Witten curve
for the E-string theory to the curve that has only W(Eg) symmetry and
transform it into the form of the deformed singularity of type Eg.

The general deformation of a singularity of type Fg takes the form [6]

(3.19)

1
2 3 2 3
=42’ — —FE - —F
uy X 12 44U T 216 6U

2
+ap1u” + 21U + _51TY + 62U + g 2T + A_92Y + A_123.

One can formally assign weights —6, —4, —3, k and indices 1,1,1,m to u,x,
Y, a,m respectively, so that all terms in the equation are of weight —12
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and index 3. The curve (3.19) can be transformed into the Weierstrass form
(3.6) with (3.11) as follows: First, perform a translation of y to eliminate the
linear terms in y. Next, perform a translation of x to eliminate the quadratic
terms in z. Finally, rescale the variables as © — u™'a, y — u2y.

Next, we reduce the original Seiberg—Witten curve in section 3.2: We
first set pu = p(®, then rewrite it in terms of the seven Fg Jacobi forms
constructed in section 2.4, and finally replace u by u 4 ug. Here, ug is given
n (3.9). By comparing this curve with the above curve in the Weierstrass
form, we are able to determine all the coefficients oy, in (3.19). The results
are as follows:

. EZAI — Eﬁcl o E6A1 — E4Cl . 21D1
Qp,1 = 439A ) a_21 = 36A 3 a_51 = A 3
1
Q=62 = 703632 ((—5E3 + 5E§)Bs
—5E4EA} + 10E1A,Cy — 5E6CY + T2E4D}) |
1
Q82 = 5ocrg (B} — E§)Ay — EJAT + 2E5A1C1 — E4CY)
i
Qa_g2 = m ((*8E2 + 8Eg)D2 — 3E2A1D1 + 3E601D1) ,
1
o123 ((TE] — 14E{E§ + TE Eg) As

47 1866242 A3
+ (9ES — 9E3E2) A1 Ay

+ (=9E1{Es + 9E,E3)C1 Az + (30E{ Eg — 30E,E3) A1 By
+ (—30E} + 30E{E2)C1 By + (1152F; Eg — 1152E3) D1 Dy
+ (—16E3 + 23E1E2) A3 — 21 EgE3 AXCy
+ (30F] — 9E,F2)A1C} — TE3EC?
(3.20) +(432E% — 432E3)C, D7) .

Here, A,,, B2, C1, D,, are the Jacobi forms constructed in section 2.4 and
we have omitted superscript Fg.

When pu = u(G), B -, are expressed as polynomials in ozk. . The relations
are extremely simple

jol Es oFr Es o Es
Qp1 = %15 Q91 =0CQ_ 31 A_f o = Qg o,
2
E; _ _Es Ex _ 1 Es E7 Es
QA_go = Q_go, d_j02 = 1 ( —5,1) ; (93 = g3,

1 1 2
E Es B E
(321) « a3 = 50‘—% 10299, Ofgy = 1 (0479,2) .
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This is in agreement with the description of the generators of Er; Jacobi
forms in [2].

In the same way as in the E7 case, one can show that ay, ,,, given in (3.20)
are genuine W (Eg)-invariant weak Jacobi forms (of weight k£ and index m).
We present the concrete expressions of them at ¢ = 0 in Appendix A. The
expressions of a]_EgQ and a€§273 contain F4 in the denominator and thus they

2mi /3

may have a pole at 7 = e . However, since all ozkE7m are genuine Jacobi
9

forms, it is clear from (3.21) that a?‘ég and O‘%ZS are in fact regular at
= 62m'/3‘

The above oy, ., satisfy all the conditions required for the generators in
the Wirthmiiller’s theorem explained in section 3.1. Thus we conclude that
they give a full set of generators of the algebra of W (Es)-invariant weak
Jacobi forms over the algebra of modular forms C[Ey, Eg).

If we set pu = 0, the generators become

Oé()J(T, 0) = 4,
(3.22) m(7,0) = 0

(k<0).

In [8] Es Jacobi forms were used in the study of the flat structure for
the elliptic singularity of type Eg. The generators specified in [8] (up to the
overall factor e(—mt)) are expressed in terms of our generators as

3 )
wo = 18ayg 1, Y1 = 50172,1, Y2 = —50—5,1,
5 2 .
03 =—9a_¢62 — aE4 (a@—51)", w1 =—3a_g2, @5=—3ia_gp2,
159
(3.23) we =2Ta—_123 — Ea_Q’l (04—5,1)2'

Appendix A. Seiberg—Witten curves at ¢ = 0

In this appendix we present the Seiberg-Witten curves of type E, at ¢ = 0
(1 = i00). These Seiberg—Witten curves describe the low-energy theory of
5d SU(2) N; = 7 gauge theory on R* x S'. The Fg curve below is the 5d
Eg curve in [4]. The E,, (n = 7,6) curves below are not equivalent to the 5d
E,, curves in [4]: The former curves give a degenerate fiber at u = 0 while
the latter curves give a degenerate fiber at u = oco. Physically, the former
curves describe special cases of 5d SU(2) Ny = 7 theory while the latter ones
describe 5d SU(2) Ny = n — 1 theories.
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For each FE, let us define

(A1) o) (1) = (7 = oo, )

)

and the Weyl orbit character associated with the fundamental weight A;

(A2) w](”) — Z €2Triv-p..
veO(A;)
e Ey curve:
1 1
3/2 = 423 — —uty — —ub
12 216
4 6
0 _ 0 _
(A.3) - Z (341(1_)6,7wnu4 My — Z aé_)ﬁmmuﬁ m
m=2 m=1
where
1
a(()(,? = —4, O‘(_Of);,z = _Ewl — 3wg + 840,
2
oy = — Jwn + 12us — 1440,
(0) 1
alp3= — pW2— 4wy — 8wy + 528ws — 79680,
a(f]%4,3 = — 2ws + 96w, — 1152wg + 103680,
2 1 16
0‘(—028,4 = §w% - §w3 - ?wﬁ — 24w wg — 120w§

424
+ ng + 1272wy + 4608w — 25920wg + 3939840,

4
ago,z; = gw% — 4wz — 16wg — 48w wg — 144w?

+ 400wq + 1440w7 + 1728w + 41472wg — 2073600,

2
a(_O%475 = —wiwy — dws — 16wiwy + 64wows + 288wrwg — 96w% — 60ws

3
— 160wg + 3456w§ + 800ws — 24480w7 — 108480wq + 933120wsg
— 97873920,
8 4 32
O‘(—O?))Oﬁ = - 2_7“}? + w% + §w1w3 — 4wy — ?IUI'U)G — 48w%ws + 48w w7

+ 288w? — 40wswg — 480wgws — 2592w w3 — 9792w
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1124

+ Twlwg 4+ 548ws 4+ 6688wy wy + 1884wowg + 25632wrws

+ 24576w? + 12920w3 + 88320wg + 578688wyws + 1714176w?
— 1694400ws — 8460000w7 — 30102720w; — 104198400ws
(A.4) + 721612800.

e [ curve:
1 1
y? = durd — —udzr — —ut
12 216
+ozg?%u3 + a(,O%JuQx + a&O&QuQ + a(fggua: + 04(7020,2372
0 0 0
(A.5) +0‘£%2,3“ + a£%4,3$ + 04(728,47
where
0 1 22 0 1 56
aé,i = %uw + 9 ag%J = §w7 Y
0 1 26 5) 1
06(72372 = — 1—611)% + gwl + %wg + %wa — 6wy + 67,
1 32 4 2
04(—0%,2 = - §w2 - §w1 + §w2 + §w6 + 32w7 — 152,
a5 = — w2 + 32wy — 4wy + dwg — 32wy + 176,
a(o) —Lw?’—gww —lw w —lww —i—@wQ
—12,3_108 7 9 17 18 2W7 9 6w7 9 7
1244 n 736 it n 10 n 1 n 104 n 13216
——wr+ —w; — —wo + —ws + w5 + —wg + ——
g TTTg M7 g T g gl T g e T oy
1 64 2 4
0‘@4,3 = §w§ + §w1w7 - §w2w7 - §w6w7 - 8w$
896 116 160 3968
- ?wl - ?wg — 8ws + 4ws — ?wﬁ — 80wy — 5
0 1 4 16
a(—%8,4 = - %w‘% - §w1w$ + §w2w$ + §w6w$ - gwg + 64w% + 16wy wg
—wQ—@ww —%ww —§ww —gww —%ww
27 g WiWr T mgr Wy = SW3WT — SWsWT — ~ W7
_ @wz 29888w n 1184w —1—@11} + dwy — gw
3 WrT T Wi w2 3 W3 4= 3Ws

5632 2816 111488
(A.6) + 5 We + —5 Wt + 9
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e Fg curve:

(A7) + a((foQ + 04(0%,1“95 + a@;lxy + O‘(fg,zu + O‘@s);,ﬂ + O‘(Psg,2y + 04(22,3’

where
0 1 1 5 0 1 1
aé,% = %U}l + %wﬁ + 57 a*%,l = gw]_ + gw() ].8,
a_Og),J =1 2wy — 2ws) ,
NO) L o 1 o 7 FPRE 10 10
= — —w] — —xW5 — SZWLW Wy + w3 + W5 — — W] — —W
—6.2 6 ' 16 ¢ 72 ' 2T "6 0 3t 3"
+ 54,
o _ 1.5 1,5 1
Q_go= — 5101 - §w6 - §w1w6 — 12w9 + 2w3 + 2wy + 20w, + 20ws
— 108,
 _ . 1 o 19
Qg = 1| ~gWit W+ 2ws — 2wy — 14wy + 14wg | ,
0 7 7 1
aﬂ{m = @wi’ + mwg’ + EW%WG + Ewwg — 2wjwa — 2wews
1 1 1 1 11, 11
_ §w1w3 — §w6w5 — 5w1w5 — 6’11)3'(06 + le + Ew(;

(A8) + 15w1w6 + 4w4 — 12w2 — 6w3 — 611)5 — 60w1 — 6011)6 — 72.
Appendix B. Simple roots and fundamental weights of FE,,

Let {e;} (j =1,2,...,8) be the orthonormal basis of C5.
e The simple roots of Ej:

E 1
ot = §(e1—eg—e3—e4—e5—e6—e7+e8),
O'.QEs = e + ey,
FE. .
(Bl) aj8 = —€j_2+e€_1 (j = 3,4,...,8).

e The fundamental weights of Ej:

Afs = 288,

E 1 1 1 1 1 1 1 5
AQS = 3€1 + 5€2 + 5€3 + 5€4 + 5€5 + 5€6 + 5€7 + 5€s,
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AF® = —Je1+ Jes + fes + jes + 65 + Jes + jer + Ses,
Afg =e3+e4+ e5+ eg + ey + Heg,

A;ES =ey4 + e5 + eg + e7 + 4eg,

Afg = e;5 + eg + ey + 3eg,

A?S = eg + e7 + 2eg,

(B.2) Afs = e7 + es.

e The simple roots of Fx:

(B.3) ol i=al (j=1,2,...,7).
e The fundamental weights of E7:

AT = —er +es,

AJ = tei + Ses + Ses + fes + Les + Leg —er + e,

AJT = —Je1 + Ses + 2es + Sey + Ses + Seg — Ser + Jeg,
Af7 =e3+ e4 +e5+ eg — 2e7 + 2eg,

A5E7 =€y +e5+ e — 387 + %eg,

A6E7 =e5 + eg — e7 + ey,

(B.4) A;E7 =e5 — %67 + %eg.
e The simple roots of Fg:
(B.5) af*:=al* (j=1.2,..,6).

e The fundamental weights of Fg:

E 2 2 2
A° = — 5es — 5e7 + 3es,

AJ® = je1 + Jey + je3 + tes + 3e5 — Seg — 3er + Ses,
Aj* = —lei+ jes + Se3 + jes + se5 — feg — Ser + ges,
A" =e3+es+e;—e;— ey +es,

AP =eq+e5— 2e6 — 2e7 + Zes,

(B.ﬁ) AGEG = €5 — %66 — %67 + %88.
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Appendix C. Special functions

The Jacobi theta functions are defined as

191(277_) — zz n n 1/2 n— 1/2)2/2’

neZ
Ja(z,7) = Dy 20T,
nez
_ Zynqnz/Q

nez
(C.1) Va(z,7) = Z(—l)"ynq” 2,

nez
where
(CQ) y = eQﬂ'iz7 qg= €2ﬂ-i7—.

We often use the following abbreviated notation
(C.3) Ui (1) := 9%(0, 7).

The Dedekind eta function is defined as
(C4) n(r) =g ]

The Eisenstein series are given by

4dn o an_lqk

(C.5) Bon(r) = 1= =3 =%

k=1

for n € Z~g. The Bernoulli numbers By are defined by

(C.6) t_y B

We often abbreviate 1(7), Ea,(T) as n, Ea, respectively.
Modular properties of the above functions are as follows:

3mi i,2

791(277_ + 1) = 6%191(277—)’ ﬁl(g _l) =e 4 7—%6%2 01(2,7'),
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Doz, 7 +1) = €5 a(2,7), P2(2,-1) = e Fr2eT7y(z,7),
O3(z, 7+ 1) = 94z, 7), 03(2,—1) = e~ Fr3eTF0(2, 1),
Oa(z, 7+ 1) = 93(2,7), D4(2, 1) = e T r2eT (2, 1),
n(r+1) = en(r), n(=1) = e Frin(r),
(C.7)  Ean(1 +1) = Eap(1), Eon(—1) = 1"Ean (1) (n>2)
Acknowledgments

The author would like to thank Jie Gu for stimulating questions, which
inspired him to start this work. The author would also like to thank Haowu
Wang for valuable comments and discussions. This work was supported in
part by JSPS KAKENHI Grant Number 26400257 and JSPS Japan—Russia
Research Cooperative Program.

1]

References

M. Eichler and D. Zagier, “The Theory of Jacobi forms,” Prog. in Math.
55, Birkhauser-Verlag, 1985. MRO781735

K. Wirthmiller, “Root systems and Jacobi forms,” Comp. Math. 82
(1992) 293-354. MR1163219

J. A. Minahan, D. Nemeschansky, C. Vafa and N. P. Warner, “E-Strings
and N = 4 Topological Yang-Mills Theories,” Nucl. Phys. B 527 (1998)
581 [hep-th/9802168]. MR1640096

T. Eguchi and K. Sakai, “Seiberg—Witten Curve for the F-String The-
ory,” JHEP 0205 (2002) 058 [hep-th/0203025]. MR1915340

K. Sakai, “Topological string amplitudes for the local %KZ’) surface,”
PTEP 2017 (2017) no.3, 033B09 [arXiv:1111.3967 [hep-th]]. MR3632913

R. Friedman, J. Morgan and E. Witten, “Vector bundles and F theory,”
Commun. Math. Phys. 187 (1997) 679 [hep-th/9701162]. MR1468319

T. Eguchi and K. Sakai, “Seiberg—Witten Curve for E-String Theory Re-
visited,” Adv. Theor. Math. Phys. 7 (2003) no.3, 419 [hep-th/0211213].
MR2030056

I. Satake, “Flat structure for the simple elliptic singularity of type ]:]\g
and Jacobi form,” hep-th/9307009.


http://www.ams.org/mathscinet-getitem?mr=0781735
http://www.ams.org/mathscinet-getitem?mr=1163219
http://www.ams.org/mathscinet-getitem?mr=1640096
http://www.ams.org/mathscinet-getitem?mr=1915340
http://www.ams.org/mathscinet-getitem?mr=3632913
http://www.ams.org/mathscinet-getitem?mr=1468319
http://www.ams.org/mathscinet-getitem?mr=2030056

80 Kazuhiro Sakai

KAZUHIRO SAKAI

INSTITUTE OF PHYSICS

ME1LJI GAKUIN UNIVERSITY
YOKOHAMA 244-8539

JAPAN

E-mail address: kzhrsakai@gmail.com

RECEIVED 28 JUNE 2017
AcCCEPTED 15 AugusT 2018


mailto:kzhrsakai@gmail.com

	Introduction and summary
	Construction of holomorphic Jacobi forms
	Definitions and generalities
	E8 case
	E7 case
	E6 case

	Seiberg–Witten curves and generators of weak Jacobi forms
	Generalities
	E8 case
	E7 case
	E6 case

	Seiberg–Witten curves at q=0
	Simple roots and fundamental weights of En
	Special functions
	Acknowledgments
	References

