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Wick rotations, Eichler integrals, and
multi-loop Feynman diagrams

YAJUN ZHOU

Using contour deformations and integrations over modular forms,
we compute certain Bessel moments arising from diagrammatic
expansions in two-dimensional quantum field theory. We evaluate
these Feynman integrals as either explicit constants or critical val-
ues of modular L-series, and verify several recent conjectures of

Broadhurst.
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1. Introduction
1.1. Background and motivations
In quantum field theory (QFT), we encounter integrals over Bessel func-

tions while performing diagrammatic expansions in the configuration space.
For two-dimensional QFT, we need Bessel functions Jy and Yj, as well as
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modified Bessel functions Iy and Ky, to define propagators and compute
Feynman integrals [I} 10] 12} 19, 21].
We are interested in Bessel moments

TYM(a, B 1) = / @I Yo d

and

TKM(a, b; n) :— /0 Tl Ko dt,

where the non-negative integers «, 8, v, a,b,n are chosen to ensure conver-
gence of the corresponding integrals. The Bessel moments JYM’s are use-
ful auxiliary tools for computing IKM’s in two-dimensional QFT. Further-
more, the IKM’s also show up in the finite part for renormalized pertur-
bative expansions of four-dimensional QFT: for example, IKM(1, 5;1) and
IKM(1,5; 3) are part of the 4-loop contributions (from 891 Feynman dia-
grams) to electron’s magnetic moment |26} (19) and Fig. 3(a)(a’)], according
to the standard formulation of quantum electrodynamics (four-dimensional
QFT).

The mathematical understanding of JYM(«, ;v) for a+ 5 > 5 and
IKM(a,b;n) for a + b > 5 is relatively scant. While numerical experiments
have suggested a rich collection of identities relating various cases of
IKM(a,b;1) (each of which corresponding to a Feynman diagram con-
taining b — 1 loops) to special values of certain Hasse—Weil L-series for
a+0be{56,7,8} [10, 12, 19], most of these conjectural evaluations are
heretofore unproven.

In our recent work [43], we have shown that

(1.1.1> /OOO [WIO(t) + iKO(t)]m "i— [WIO(t) B iKO(t)]m [K()(t)]mtn dt=0

for m € Zs1,n € Z>o, 5" € Z>o, and

(1‘1.2) /OOO [WIO(t) + iKO(t>]m ; [7T10<t) - iKO(t)]m [Ko(t)]mtn dt=0

for m € Z~o,n € Z>, m‘;‘_l € Z~o (Bailey-Borwein-Broadhurst—Glasser

sum rule [I, “final conjecture”, (220)], with generalizations). In addition,
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we have also confirmed that

(1.1.3)

am+1 7

x [Ko(t)]™(2t)*" ™3 dt

21+2(n=Dli=(-1") [ [ lo(t) + iKo(B)]™ — [rho(t) — iKo(t)]"
0

evaluates to a positive integer for all m,n € Z-o (Broadhurst—Mellit inte-
ger sequence [12, (149) in Conjecture 5] and Broadhurst-Roberts rational
sequence [13, Conjecture 2]). While the aforementioned results resolve some
longstanding conjectures, they barely scratch the surface of the algebraic
and arithmetic nature of Bessel moments. For example, the determinant
TKM(1,4; 1) IKM(2, 3; 3) —IKM(2, 3; 1) IKM(1, 4; 3) = 27%/V/3355 [conjec-
tured in 12, (100)] and the sum rule 972 TKM(4,4;1) — 14TKM(2,6;1) = 0
[conjectured in (12, (147)] had not been covered by the real-analytic methods
we employed in [43].

1.2. Statement of results and plan of proof

In this article, we supplement our previous work with complex analysis and
modular forms, which are two powerful devices that not only produce new
algebraic relations among different IKIM moments, but also connect Feyn-
man diagrams to special L-values and Kluyver’s “random walk integrals”
JYM(n,0,1),n € Z>5 [7, 8, 24].

The layout of this paper is described in the next four paragraphs.

Beginning with a brief survey of the analytic properties for (modified)
Bessel functions in §2.1, we introduce Wick rotations, which are contour
deformations that allow us to convert IKM problems into JYM problems,
in We demonstrate the usefulness of Wick rotations by a very short
(yet self-contained) proof of the closed-form evaluation of a Bessel moment

(1.2.1) /000 IO(t)[Ko(t)]4tdt _ r (%) r (122521)0%145) I (%)

in terms of Euler’s gamma function I'(z) := [;~ u* e du for z > 0. It is
worth noting that nearly a decade had elapsed between the original proposal
[1, 25] of and its first rigorous (and highly technical) verification
[4, 31]. Our simplified proof of draws on its connection to a “random

walk integral” JYM(5,0;1).
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In §3| we push the evaluation of (|1.2.1]) one step further, to give explicit
verifications of all the entries in the following 2 x 2 matrix:

IKM(1,4;1) TKM(1,4;3)
(1.2.2) <IKM(2,3;1) TKM(2 3-3))

_ ( 20 (&) (130 - o) )

GO VPR ()" (13C + 1g0)

where C = 240\[7T2F ( L ) T (1%) r (%) r (18—5) is the “Bologna constant” at-
tributed to Broadhurst [I, O] and Laporta [25]. (Here, the rigorous eval-
uation of the top-right entry IKM(1,4;3) was previously unattested in
the literature.) We accomplish this by using a modular function of level
6 ( that parametrizes a Picard-Fuchs differential equation of third or-
der (§3.2) attached to a family of K3 surfaces formerly studied by Bloch—
Kerr—Vanhove [4] and Samart [31]. In addition to proving in §3.3] we
work out the Eichler integral representations of IKM(1, 4; 1), IKM(1, 4; 3)
and TKM(1, 4;5), which involve contour integrals over certain holomorphic
modular forms.

We devote §4| to the verification of the following integral formulae [con-
jectured in (12, (109)—(111)]:

3

(1.2.3) 5 TKM(1,5;1) = TKM(3,3;1)

= —67° - fare(2)zdz = §L(f476,2),

0 2

and

71'3 100 7T2
(1.2.4) KM(2,451) = - | fis()dz = 5 L(Jas 1)

= 6714 . f476(z)22dz = gL(f4,6,3),
0

where
(1.2.5) f16(2) = [n(2)n(22)n(32)n(62)]?

is a weight-4 modular form defined through the Dedekind eta function

(1.2.6)  n(z) := e™2/12 H 22 2 e = {w e C|Imw > 0}.
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To prove these formulae relating Bessel moments to critical L-values (a
special L-value L(f,s) is said to be critical if s is a positive integer less
than the weight of the modular form f), we use modular parametrizations
of Hankel transforms and the Parseval-Plancherel identity.

In we fully exploit the techniques developed in the previous two
sections, to confirm the following identities [cf. 12), (143)—(146)]:

(1.2.7) TKM(4,4; 1)
= 473 fos(2)z*dz = L(fe,3),
0
1
(1.2.8) 5 IKM(1,7;1) = IKM(3,5: 1)
= 67T4 f6,6(z)23 dz= zL(f6,674)7
0
(1.2.9) IKM(2 6;1)
971'

0 ™ foo(2)d = = 2T L(Jos.5),

t Jo

which involve a weight-6 modular form

32)]° | In(z)n(62))°

n(22)n
T 2emBE)F

(
(n(2)n(62)]?

In addition, we also use explicit computations to verify the Eichler—Shimura—
Manin relation L(fs6,5)/L(fe6,3) = 2m%/21 [cf. 12, (142)] and the sum rule
92 IKM (4,4;1) — 14IKM(2,6;1) = 0 [cf. 12, (147)].

Broadhurst has recently proposed a vast set of conjectures [12H19] con-
necting Feynman diagrams to special values of Hasse-Weil L-functions,
whose local factors arise from Kloosterman sums [12, §§2-6]. Our current
work only touches upon IKM(a,b;1) for a + b € {5,6,8}, where the cor-
responding L-series are modular. It is our hope that, by verifying a small
subset of Broadhurst’s thought-inspiring conjectures about Bessel moments,
we could make first steps towards an arithmetic understanding of these im-
portant mathematical constants deeply embedded in fundamental laws of
nature, viz. quantum electrodynamics. On one hand, we have Feynman dia-
grams realized as motivic integrals, whose cohomology belongs to the realm
of algebraic geometry; on the other hand, these Feynman integrals also eval-
uate to arithmetic objects, such as Fichler integrals and special L-values,
whose symmetries embellish modern number theory.

(1.2.10) fos(z) =
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2. Bessel functions and their Wick rotations
2.1. Some analytic properties of Bessel functions

For v € C, —7m < arg z < 7, the Bessel functions J, and Y, are defined by

- ad (—1)* 2\ 2k+v
To(2) = — kID(k +v+1) (5) ’

o Ju(z) cos(um) — J_(2)
1o = oy HEES

(2.1.1)

)

which may be compared to the modified Bessel functions I, and K,:

[e.e]

Z kT k+u+ 1) (2)2’””,

RCLIAC)

(2.1.2) =
ks lim
2 p— sin(pum)

K,(z) =

Hereafter, the fractional powers of complex numbers are defined through
w? = exp(Blogw) for logw = log |w| + i arg w, where |argw| < 7.

We will also need the cylindrical Hankel functions Hél)(z) = Jo(2) +
1Yp(z) and H(g2)(z) = Jo(z) —iYp(z) of zeroth order, which are both well
defined for —7 < argz < 7. In view of (2.1.1)) and (2.1.2)), we can verify

(2.1.3) Joliz) = Ip(z) and %HSI)(ix) — Ko(x)
as well as

(2.1.4) HY (22 +i07) = £Jy(2) + iYo()

for x > 0.

As |z] = 00, —7 < arg z < 7, we have the following asymptotic behavior:

(2.15) 0= 2D [1ro ()]
B HSQ)(z):\/Zei( )[1+0<‘ O]

The asymptotic behavior of Jy(z) = [H(()l)(z) + HéQ)(z)]/Q can be inferred
accordingly.
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2.2. Contour deformations for Bessel moments

In the next lemma, we present a mechanism that generates cancelation for-
mulae for JYM. Special cases of this lemma (involving four Bessel factors)
have already appeared in [42], §2].

Lemma 2.2.1 (Bessel-Hankel-Jordan). For ¢,m,n € Z>q satisfying
either { — (m+n)/2<0;m <n orl—m=~_{—n< —1, we have

10T +o0
(2.2.1) | e e as
o ie+R
= lim lim [Ty (2)MHP ()2 d 2 = 0.

e—=0+t R—oo J;-_ R
Proof. As the integrand goes asymptotically like O(zef("”r")/ 2¢i(n=m)z) for
Imz > 0,]z| — oo, we can close the contour in the upper half-plane with the
help of Jordan’s lemma. O

Remark 2.2.1.1. Noting (2.1.4) and Jo(—z) = Jo(z), we may reformu-
late (2.2.1) as

@21)
/0 (@)™ { o) + Yo(@)]" + (<1 [~ Jo(x) + Yo(@)]" } o’ da =0,

which is a more convenient form to be used later.

In addition to closing the contour upwards (Lemma , sometimes
we also need to turn the contour 90° clockwise, from the positive imaginary
axis to the positive real axis. This trick is known as Wick rotation in QFT.
Instead of stating and justifying the general procedures for Wick rotations,
we illustrate with a concrete example that relates IKM(1,4;1) to a well-
studied integral in probability theory.

Theorem 2.2.2 (“Tiny nome of Bologna”). We have

4 00

T21) /Ooofo(t)[Ko(t)]‘*tdt:gO 0 [o(2)Padz

M) TGN GE)
240v/5
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Proof. Thanks to Jordan’s lemma, we can deform the contour in

4 roo 100
(2.2.2) <2> /0 Io(t)[Ko(t)]*t dt = — Re /0 Jo()H (2)]*2d 2,

™

and identify it with its “Wick-rotated” counterpart:
(2.2.3) —Re / Jo(@)[HY () rdz = — / J(J* = 6J2YV2 + YY)z dw,
0 0

where J (resp. Y') stands for Jy(x) (resp. Yo(x)) in the last expression. Now
that

272 )3 )3
(J+iY)? — (= +4iY)>  8J°

10 15

we can verify the first equality in , while referring back to in
Lemma 2271

The “random walk integral” [;*[Jo(z)]>z d # has been thoroughly stud-
ied by Borwein and coworkers [§]. One can evaluate this integral through a
special value of a modular form (to be elaborated later in §3.1). Here, we
simply point out that the second equality in can be directly deduced
from [8, (5.2)]. O

(2.2.4) J(J* =62V 4 Y?) —

Remark 2.2.2.1. We pause to give a brief account for the history of the
integral identity in . The closed-form evaluation in was initially
proposed by Broadhurst in the form of elliptic theta functions [I, (93)], and
the current (equivalent) form involving products of gamma functions was
suggested by Laporta [25] (7), (16), (17)]. Bloch-Kerr—Vanhove studied the
momentum space reformulation of TKM(1,4;1) as a triple integral of a
rational function over the first octant:

1 [°dX [*dY [°d”Z

2.2.5 IKM(1.4:1) = — hining - bl

(2.2.5) <,,>8/0X/0Y/OZ
1

8 I+X+Y+2) 1+ X114y 142z -1

with a tour de force in motivic cohomology. They effectively verified (|1.2.1])
. . 3 3 4 .

by casting TKM(1,4;1) into sgﬁ% for z = “HZT VIS [ (2.5.9)].

Drawing on a result of Rogers—Wan—Zucker [29, Theorem 5], Samart reana-

lyzed the aforementioned triple integral formulation of IKM(1, 4;1), before
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finally expressing IKM(1,4;1) as explicit gamma factors, and identifying
it with a special L-value ;’T%L(f3,15,2) for the modular form f515(z) =

[1(32)n(52)° + [n(2)n(152)]° [31, (35)].

Remark 2.2.2.2. In [8 §5], the authors remarked on the uncanny resem-
blance of the “random walk integral” [;*[Jo(z)]°zdx to the “tiny nome of
Bologna”, without supplying a mechanistic interpretation later afterwards.
Moreover, these authors recorded [8, Remark 7.3]

4 oo

2.2.6 —
(2:2.6) =

[Ko(t)]F dt = /OOO[JO(:U)P dz

and [8, between Theorems 7.6 and 7.7]

(2.2.7) % /OOO o) Ko (D)) dt = /OOO[Jo(x)]4 dz

after comparing explicit expressions of all the integrals in question, probably
unaware that such equalities would follow easily from a Wick rotation and
an application of Lemma above.

3. Feynman diagrams with 5 Bessel factors
3.1. A modular form associated with Bessel moments

In this paper, we will mainly deal with modular forms of level 6, which
respect the symmetries in the Hecke congruence group

(3.1.1)  I(6) :_{C Z)

Furthermore, following the notation of Chan—Zudilin [20], we write :\Wg =
% (2 :g) and construct a group I(6)+3 = (I'9(6), W3) by adjoining W3 to
I'h(6). To set the stage for later developments in this article, we present some
characteristics of a modular function on I5(6)43.

a,b,c,d € Z,ad —bc =1,¢ =0 (mod 6)}
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Lemma 3.1.1 (A modular function of level 6). The function X¢3(2) :=

[Mr z € § has the followin, ties:
n(z)n(3z) | ’ g properties:

Xos(E57) = Xes(2), if (¢h) € Io(6)1s;
(3.1.2) Im X¢3(2) =0, if 2Re z € Z;

Xo3(3 2\/) X63( 2\/> if y € (0,00).

Moreover, the following mappings

Xg3:{2z|Rez=0,Imz >0} — (0,00
515 { o (2] }— (0.0

Xe3: {z ’ Rez = 1 ,Imz > f} — ( 116,0)
are bijective.

Proof. The function X 3 is a Hauptmodul of 15(6)43 with genus 0 [20), (2.2)],
so it must satisfy the modular invariance relation, as displayed in the first
line of . To prove the second line in (3.1.2)), use the infinite product
expansion for the Dedekind eta function in (|1.2.6)). To prove the last line in

(3.1.2), note that

—~  3z-2 1 i 1 iy
3.1.4 Waz="" =4 forz=—+—2.
(3.14) T 6z-3 2 23y 2v3

The domains of the mappings in are proper subsets of the fun-
damental domain for I(6)3, so these mappings are necessarily injective.
Furthermore, by the second line in , these mappings are continuous
real-valued functions defined on path-connected sets, so these injective map-
pings must also be monotone along the respective paths, and their contin-
uous images are also path-connected. Consequently, the modular function
Xe,3 induces bijective mappings from these two domains to their respective
ranges, and the extent of the latter is inferred from the “boundary values”
of the function X3 at the extreme points of the domains of definition. [J

[\)

As a demonstration for the relevance of modularity in our studies of
Bessel moments, we recall some known results from [8] 30], in slightly reor-
ganized form. In particular, we will use the Chan-Zudilin notation Zg 3(2) =

% [20, (2.5)] for a modular form of weight 2 on I(6)+3.
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Proposition 3.1.2 (Bessel moments as modular forms). Forz/i > 0,
we have

o 2n(22)n(62)
a1y [ J°<[<><32>] )Ioa)[Ko()Ptdt—mzﬁg()

which gives a modular pammetmzatwn of [o° Jo(at)Io(t)[Ko(t)]tdt for x >

0. Forz—§+zy y > 2\/3, we have

10) [ 1o (1 [W] )Io(t)[Ko( Wrdr ="z

and

a1n) [T (F [ a2 Do

which give modular parametrizations of [~ Io(at)Io(t)[Ko(t)]*tdt and
Io" Jo(at)[Jo(®)]*tdt for x € (0,2).

Proof. We recall from [1, (55) and (56)] the following formula

(3.1.8) /0 " oo ar =T ( ”')2§ (ZY(Q(;__ . )) (%f)
)

where (’?) = ],(lej), and D,, is the nth Domb number. Meanwhile, we note
that Rogers has shown in [30, Theorem 3.1] that

27u? D, ,
o) =00 g

n=0

1102
1273
(3.1.9) 3F2< =

holds for |u| sufficiently small, where

[e's) P I'(a;+n)
ala"‘aap J=1 F(a) "

(3.1.10) F o) =14y 2o Hw) T
PR by, b, —T r(bkbgw nl’
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Table 1: Values of Xg3(z), Zgs(z) and their derivatives at z =1
iv5 |:With “rescaled Bologna constant” c¢= /50 = 5 F(l)F(l)

23 24072+ \15
rEHT ()]

1 8v3c
X6,3(2) ~51 Z6,3(2) =
3v15¢ 48¢(3c — 1)
Xfo(z VAANE _
6,3( ) 327 6,3( ) \/57”.
9¢(9¢c + 1 48+/3c(62¢? — 18¢ + 3
Xél,s(z) 16 ) Zé/,z(z) - ( o )
" 27/15¢(18¢% — 18¢ — 1) " 1728ic(57¢® — 62¢% 4 9¢ — 1)
X6,3(Z) R0 Ze,s(z)
7 5\/5#
o 81¢(753¢® 4 54¢? — 27¢ — 1) o 1728+/3¢(266¢* — 228¢3 + 124¢? — 12¢ + 1)
6,3(2) 20 6,3(2) oy

By termwise summation, we see that

(3.1.11) / Jo(t)Io(t)[Ko(t)]*t d t
0
2 1 1 2 4
_ " g vz 108
16 + a2 L1 | (16 +22)

is valid for z sufficiently small. Parametrizing the right-hand side of the
equation above with modular forms (see [20) (2.8)] or [8] (4.13)]), we observe
that holds when Im z is sufficiently large and positive. By analytic
continuation, the validity of extends to the entire positive Im z-axis,

from which x = [%} maps bijectively to x € (0, 00).

Performing further analytic continuation on ([3.1.5)), we arrive at (3.1.6]).
3

Here, according to Lemma [3.1.1, we know that z = 1 2n(22)n(62) maps
n(z)n(3z)

1
Yy E (21%, 00) bijectively to z € (0,2).
The integral identity in (3.1.7) paraphrases [8, (4.16)]. (A special case of
this modular parametrization led to a closed-form evaluation of the “random

walk integral” [*[Jo(z)]°z dx in [§, (5.2)], which we quoted in our proof of

Theorem See also Table [1}) O

Remark 3.1.2.1. For any CM point z € §) (a complex number in the upper
half-plane that solves a quadratic equation with integer coefficients), the
absolute value |n(z)| of the Dedekind eta function 7(z) can be explicitly
written as the product of an algebraic number, a rational power of 7, and
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rational powers of special values for Euler’s gamma function (see [32, §12]
r |34, Theorem 9.3]). At any CM point z, the following expressions are
computable algebraic numbers [39, (1.2.9) and Appendix 1]:

Ey(2) 12 [dlogn(z) i Ey(z)  Eg(z)
A 2)14_7#[77(2)]4[ az 4Imz]’ nEF e

where

3 2minz 5 2minz

n-e n-e
(3.1.13) Eu(z )_1+2402W, Eg (2 )—1—5042:%

are Hisenstein series of weights 4 and 6. Higher order derivatives of the
Dedekind eta function can be deduced from Ramanujan’s differential equa-
tions [28]:

1 dE() _ [B3() - Ea2)
2w dz 12 ’
(3.1.14) ;md?Z(Z) _ E§(2)E4(§) — Fo(z)
1 dBo(z) _ B3(2)Bo(2) — [Ea(2))?
\ 277 dz 2 ’

where Ej(2) = E»(z) + —£-— is a holomorphic “weight-2 Eisenstein series”.
Samart has computed the values of Xg3(2) and Zg3(z) at z = 5 + i‘/g

explicitly [31, Lemma 1]. We may combine his results with (3.1.14)) to eval—
iv/5
2v3

uate derivatives of X¢3(z) and Zg3(2) at z =1 +
Table [

, as summarized in

Remark 3.1.2.2. As the Bessel differential equation leaves us [I}, §1]

2 10\" o

we will have no difficulties in computing

2

TKM(2,3;1) = ‘/1;5”0, TKM(2,3;3) = V15m (1) (13C+ 1>
3

and TKM(2,3;5) = V157 <4> (43C+ 19)

2 15 40C
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from (3.1.6]), with assistance from Table |I] These Bessel moments were pre-
viously evaluated in [I §5.10] with combinatorial techniques.

3.2. Symmetric squares and Eichler integrals

Central to the studies of Bloch-Kerr—Vanhove [4] and Samart [31] was the
following motivic integral:

(3.2.1) I (u) = /OOO To(v/ut)[Ko(t)]*tdt

L[ Ay iz
8y X Jo Y Jo Z
1

1

I+ X +Y+2) 1+ X1+ Y 1+ 27—’

and the geometry for the family of K3 surfaces that compactify the locus
of 1+X+Y+2Z) 1+ X t+Y 1+ 27271 —u=0 and resolve singulari-
ties. Inspired by their analysis, we give a modular parametrization of . (u)
for v < 16. In [4] and [31], the authors parametrized the Feynman integral

2y 16
& (u) with the modular function u(z) = — [%} , and needed sophisti-
cated computations at the CM point z, = _3271‘/5 where u(z,) = 1. In what

follows, we will use a different modular parametrization (Lemma [3.2.1]) to
facilitate the representation of Bessel moments via Eichler integrals (Propo-

sition [3.2.2]).

Lemma 3.2.1 (Jacobian for a modular function). The modular para-
metrization

1210220069
(32.2) T [ n(z)n(3z) }
satisfies
ldz _ ([n(z=)n22))* | n(B32)n(62)]*
(3.2.3) rdz { n(3z)n(62) 9 n(z)n(2z) }

With ¢ = €*™%, we have the following asymptotic behavior

d 1 de 4
(3.2.4) qdi; - %d% = $[1 +9q + 30¢% + 112¢% + 297¢* + O(¢°)]

near the infinite cusp (z — ic0,q — 0).
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Proof. We can verify the following identity

d - n2z) _ mi[n(z)]® + 32[n42)°
(3.2.5) alog N2 12 FEBI , VzeESH

by showing that the ratio between both sides defines a bounded function on
the compact Riemann surface Xo(2) = I5(2)\($H U QU {ioo}), and that this
ratio tends to 1 as z approaches the inﬁnite cusp Employing an identity due

to Chan-Zudilin [20], (4.3)], we rewrite as

A ne) wi (@) e
B23) T ls )y = 12{n<3z>n<6z> R on(22) } D

Meanwhile, a cubic transformation brings us [20, second equation below
(4.5)]

L1og 2009 71 P nB2)n(62))

.2.5("
B:2.5) dz “nBz) 4

The two equations above add up to (3.2.3).

The expansion in (3.2.4]) follows directly from (3.2.3)) and the g-product
n(z) = ¢/ T, (1 = ") O

Proposition 3.2.2 (Eichler integral representation of .#(u)). Let
C(3) =320°  n3 be Apéry’s constant. For z/i > 0, we have

(3.2.6) /OOO Jo <[W] ) [Ko(t)]*tdt
3 7¢(3) 5. [ [n(22)n(62)]°
= Zosls )[ e [0
x {[n(z")n(22")]* + 9n(32")n(62")]*} (= — 2')? dZ’] :

which parametrizes [;° Jo(xt)[Ko(t)]*tdt for  >0. For z= T+iyye
(2\/5, ), we have
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o0 z 213
(3.27) /O I 1[%} t) (Ko (D)t
_ 5 L(B) 35 i W ’
—2673“[ e [N

< {In(= @] + 9n(32m(62')]*} (= — /) dz'] ,

which parametrizes [;° Io(xt)[Ko(t)]*t dt for z € (0,2). Moreover, the equa-
tion above remains valid for z = % +1y,y € (O, 2—\1/3), corresponding to x €

(0,2); and for z =1 + 2\%6”, ¢ € 10,7/3], corresponding to x € [2,4].

Proof. Unlike the expressions
/ Io(xt)Io(t)[Ko(t)]ztdt  and / Jo(xt)[Jo(t)])at dt
0 0

(covered in Proposition [3.1.2)), which are annihilated by the Picard—Fuchs

operator [8, (2.6) and (2.7)]
~ d K d d\? d ’
2. Ay =2t (z—+1) — 43— —_— 4le——1
(3.2.8) Ay:== <$d + > x 5<$d$) +3|+6 <$dx >

z dz
3 d’ 402 d’
=(zr—4)(x —2)x (x+2)(3:—|—4)$+6:v (z —10)@
d
+ z(7xt — 3222 + 64)£ + (2?2 — 8)(x? + 8),

the function . (2?) = [° Io(xt)[Ko(t)]*at d ¢ satisfies an inhomogeneous
differential equation [cf. 4] Theorem 2.2.1]:

(3.2.9) Aylzd (1)) = —242°,

For a solution to the homogeneous equation A4[f(z)] =0, a modular
3

f bl _ 1 | 2n(22)n(62)
parametrization [cf. 8, Remark 4.10] z = = [%

; } leaves us general

solutions in the form of

f(z)

(3.2.10) = Zﬁ,g(z)(CO +c1z + 6222),
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where the constants ¢y, ¢1, ca can be determined by the behavior of f(x) in
specific contexts. We have the simple functional form in because the
operator Ay is a symmetric square [8, Remark 4.6] and the corresponding
family of K3 surfaces (1+X +Y +2)(1+ X '+ Y1+ Z7!) =4 admit
Shioda-Inose structure (see [27, Corollary 7.1], [4, §3.2] and [31, §5]).

To construct a particular solution to the inhomogeneous equation in
(3-2.9)), we follow the Bloch-Kerr—Vanhove recipe [4, (2.3.9)], and derive the
differential equation for the Wronskian determinant W (z) via

d B 62* (2% — 10)
(3.2.11) 15 leW(e) =~ (z — 4)(z — 2)a3(z + 2)(z + 4)
- _gdi log[(16 — 2%)(4 — 2?)].

Here, we determine the normalizing constant x = 1024i /7 for the Wrotiskian

(32.12) W(a) . R
3.2.12) W(x) = =det [ yy(z) vi(x) vh(x
(16 -t -aBF2 ) o) o)

by choosing a basis

(3.2.13) ul@ _ Zsa(2)2), j€{0,1,2},

differentiating in = with the help of (3.2.4) in Lemma for small values
of ¢ = e*™* — 0, and extracting the leading coefficient in the g-expansion

21— 30g + 474¢% + O(¢®)] = 24[1 — 30q + 474¢> + O(¢*)]. Then, we sim-
plify the integral representation of a particular solution [cf. [4, (2.3.8)]

5&” x)A4[a:J( )]
(3:2.14) / W (z )(:c72):1:3(1:+2)(:1:+4)
where
- vo(z)  wi(z)  y2(x)
(3.2.15) W(Z,x)=det | yo(x) wi(z) wya(z) |,
Yo(Z) n(Z) y(Z)
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using the cofactors

d
det y(/)(x) y}(x) _ x2[26’3(2)]2d7z’
yo(x) w1 (x) T
Yo(z) ya(z) 2 pdz
(3.2.16) det = x°[Zs3(2)]*—(22),
vo(z)  ya(x) dz
d
det y}(az) y?(x) _ xz[Zﬁ,g(z)]Qd—ZzQ
vi(@)  ya(z) x
4 2113
With the parametrization z = 1 {2 n(22)n 62)} =1 [%] we see
that the general solution f(.2") to the inhomogeneous equation Ay f(Z) =
—24273 is
(3.2.17) %Zﬁ,g(g)(CO—}—Clg—f—CQQPQ)

+ 127502 Z 3( %) / = V14 4X63(2)V1 4 16X63(2)
z
X [Z673(Z)]2X673(2)(g — 2)2 dz.

Since Zg3(z) — 1 as z — i0c0, we must have

(3.2.18)  cp=IKM(0,4;1) = /OO[KO(t)]4tdt _ B 0 =0

0 8
for our Eichler integral reprebentations of Bessel moments.
When z/i >0 or z = 2 + dy for y > \[, according to Chan—Zudilin [20
(3.3) and (3.5)], we have

(38219)  /1+4X55(2)y/1+16X65(2)

_ [77(2Z) ( )42 Z e27ri(m2+mn+n2)z Z e47ri(m2+mn+n2)z 7
[ ( ) (3Z)] m,neZ m,nez

where the two double sums appear in Ramanujan’s cubic theory for elliptic
functions [3, Chap. 33]. Meanwhile, Borwein-Borwein-Garvan [5, Proposi-
tion 2.2(i)(ii) and Theorem 2.6(i)] identified the product of these two double
sums with

(3.2.20) +
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so we have a weight-4 modular form

(3.2.21) [Z63(2)]* X6 3(2)1/1 + 4 3(2) /1 + 16X 5(2)

= [PEOIN eyt + olataepmiee')
n(z)n(3z) ’
as given in the integrands of (3.2.6) and (3.2.7)).
In addition to a routine analytic continuation, we need to check two
more things for the extension of our modular parametrization to = € [2,4].

6
First, we show that the modular function X¢3(2) = [%} is real-
valued along the geodesic segment z =1 + Q\i/gew,go € [0,7/3]. From an

analytic continuation of the last line in (3.1.2)), it is clear that Xﬁ,g(% +

LTy 1 S : ] )
ﬁew) = X6,3(§ + 2\Z/§€ w)' By modular invariance with respect ‘to z'»—>
z — 1, we see that the same expression is also equal to Xﬁ,g( - % + 23/36*“")

= X6,3(% + ﬁew), its own complex conjugate.

Then, by modifying our arguments in the second half of Lemma|3.1.1} we

can check that X¢3: {3 + Z\i/gew‘go €[0,7/3]} — [ — 3, —3] is bijective.
]

Remark 3.2.2.1. In the proposition above, our modular parametrizations
of the motivic integral #(u) differ from the Bloch—Kerr—Vanhove approach
[4, (2.3.44)], but closely resemble certain Eichler integrals in our previous
work [40l §4] that served as precursors to Epstein zeta functions. In fact,
the only methodological innovation here is that we are now working with
Eichler integrals on I(6)43, rather than on the simpler Hecke congruence
group I(4), as in [40, §4]. We refer our readers to [41], §2] for more arithmetic
applications of inhomogeneous Picard—Fuchs equations.

3.3. Special values of Eichler integrals

If we want to compute the integral
o0
TKM(1,4;2k + 1) :/ To(t)[Ko(t)) 2+ d t
0

for k € {1,2}, we may apply the differential identity in (3.1.15)) to the Eichler

integral representation in (3.2.7)), at z = % + ;‘\/[% As we have closed-form

evaluations of X¢3(2), Zs 3(2) and their derivatives at this specific CM point
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in Table[l} the remaining challenge resides in the computation of the Eichler
integral

(33.1) &(z) = 12n% /ioo [W]3

p (' )n(32)
X { 14 +9[n (3,2')77(62')]4} (z—2)2d2 + == 7<( )
= Z(Si(z)/o Io(8v/—Xe3(2)t) [Ko(1)] "t dt,
along with its derivatives
s [ 126’
(3.3.2) E'(2) =24 /Z [ ( N0(32) ]
x {[n( Yo (32’)77(6z')}4} (2 —2")d 7,
and
17 o 7T3i o0 77(2Z,)7’(62,) ’
(3.3.3) £"(z) = 24 / [n e ]

)
x {In(")m(22")]* + 9n(32")m(62")]*} d 2,

at z = % + ;\\/f‘% Meanwhile, special values of higher-order derivatives, such
as

7 1 i i/Brc
PP w> e
= —108V37wc* (3¢ + 1),

[With c= 24éﬂ2I‘ (%) T (%) r (i r (%)] are readily computable from the
expression [see (3 and (3-3.3)]

(3.3.5)  &"(2) = —247%[Zs 3(2)* X 3(2)V1 + 4 X6 3(2)V1 + 16 X5 3(2),

and entries in Table [0l
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Lemma 3.3.1 (Special values of &(z) and &’(z)). We have the following
identities:

z\f 73
(3.3.6) & ( 2\f> Witk
, zf ~m 3rIKM(0,3;1)

Proof. The evaluation in comes from Theorem and the special

value for Z@;g(% + ;\\?) in Table
iv/5

Before computing &’(z) at z = 5 + 5us e need to consider

d
(3.3.8) i

/Oo Io(zt)[Ko (b))}t dt = /Oo I (t)[Ko(t)]*? d t.
0 0

z=1

Integrating by parts, we obtain

(3.3.9) /0 T LK dt
— _2/00 Io(t)[Ko(t)]4tdt+4/OO Io(t) K1 (t)[Ko(t)]3t2 d t.

Using the Wronskian relation Io(t) K7 (t) + 11 (t)Ko(t) = 1/t, we get

(3.3.10) / h () Ko(t)]*? dt
0

—5 [ maoPeae -2 [T noga)teas

2
= £ [2IKM(0,3;1) ~ TKM(1,4;1)].

At the point z = § + ;\f’g where Xg3(z) = —g;, we differentiate both
sides of
(3311) / I() (8 *Xﬁyg(z)t) [Ko(t)]4tdt == Z6,3(Z)£7(2)
0



148 Yajun Zhou

in z, to deduce, respectively,

(3.3.12) — 32X§ 3(2) /O h I () [Ko ()] dt

= 3v/15ic / T (O [Ko(t)]2 d 1
0

- 6\/?0 [2TKM(0,3; 1) — TKM(1, 4; 1)]
and
(3.3.13) Z44(2)8(2) + Zo(2)E'(2)
_ _2\/§w2i§(3c -1) N 8\7/T§céa, <1 N ;ﬁ)

where ¢ = V5C' = 35T (35) T (35) T (15) T (15) = VOIKM(L,4;1)/7* i
the “rescaled Bologna constant” introduced in Table [[] Comparing the last

two displayed equations, we arrive at the value of &’ <2 + ;\\?) given in

B37).

Lemma 3.3.2 (A special value of &”(z2)). We have the following iden-
tity:

n(2z)n(6z)
(3.3.14) 240 +M{ (zn ]

(32
{I(z)n(22)]" + 9[n(32)n(62)]*} (22 = 1)dz =1,

which entails

(3.3.15)

é"”( Zf) 3\f7TIKM(0,3;1).

23 5

Proof. Upon comparison between (3.2.3) and (3.2.21]), we see that

3
(3.3.16) [’m} {02! + 9n(32)n(62)]"}

_ Ze3(2) d Xe3(2)
271 dz
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Integrating (3.1.7)), namely

3(2z—-1)

Z
473 6.3 (2)

(3.3.17) /OOO Jo(8v/—Xe3(2)t)[Jo(t)] tdt =

over the differential d X 3(z), we identify the left-hand side of ([3.3.14) with

d

(3.3.18) 5/000 L@ dt = — /OOO P dr=1

Meanwhile, the integral representations in (3.3.2)) and (3.3.3)) tell us that
the left-hand side of (3.3.14]) is also equal to

(3.3.19) 27031 |:é‘” (1 + Z\/5> - Z\/563// (1 + Zﬁ)] .
m 2 2v3) 2v3 \2 23
This verifies (3.3.15)). -

Theorem 3.3.3 (IKM(1,4;3) and IKM(1,4;5) via &(z), &’(z) and
&"(z)). We have

TKM(1,4;3) = 7 A 130 — -
T 15 10C )’

(3.3.20) 3
TKM(1,4;5) = 7* AV (430 - 22
o 15 40C )’
where C' = 240\1/5772F (1—15) r (%) r (14—5) r (1%) is the “Bologna constant”.

Proof. As we twice differentiate (3.3.11]) with respect to z, and set X4 3(z) =

—6%1 afterwards, we obtain a formula

(3.3.21) - 32(64X’2+X”)/ I (1) [Ko (1)) % d t+1024 X" TKM(1, 4; 3)
0
=7"'6427'8 + 78",

where the subscripts for X3 and Zg 3 are dropped, and the argument z =
% + ;\\g is suppressed throughout, to save space. Substituting known results
from Table [1] and Lemmata [3.3.1H3.3.2] we may transcribe the last equality

into

6+/5m2c(26¢? — 1)
25 ’
which confirms the evaluation for IKM(1,4; 3).

(3.3.22) 135¢* TKM(1, 4;3) =
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Taking fourth-order derivatives on (3.3.11]), we arrive at

(3.3.23)  —32[X" +64(3X"? 4 24576 X" + 4X"' X' + 768 X2 X")]
X /Oo I (t)[Ko(t)] 42 d
+ 102401(3)(”2 + 24576 X" +4X" X' + 768 X2 X" ) IKM(1, 4; 3)
— 65536 X"%(3X" 4 128X"%) / h () [Ko(t)* dt
+ 1048576 X" TKM(1, 4; 5) ’
=72"E +42"E +62"E" +42'E" + 76",
where

(3.3.24) /Ooo L[ Ko@) dt = %[IKM(O, 3;3) — TKM(1,4; 3)]

can be derived in a similar vein as (3.3.10)), and the relation IKM(0, 3; 3) =
2[2IKM(0, 3;1) — 1]/3 has been proved in [I, §3.2]. Now that the left-hand

side of ([3.3.23]) equals

4 3 -36c2+18c—1) 2 2
 648¢(78¢ 3560 + 18¢ )><5 S TKM(0, 3; 1)_LC

V5
—2916¢2(3¢ + 1)(5¢ — 1) IKM(1, 4; 3)

(3.3.25) A
— 14580(c — 1) x 75 [4TKM(0,3;1) — 3TKM(1, 4;3) — 2]

+ 18225¢* IKM(1, 4; 5)
and its right-hand side amounts to

21672¢(1 4 684¢3 +124¢2 +12¢— 3
67°c(1330¢* — 684¢® + 124¢” + 12¢ )+7776(c—1)c3

(3.3.26) 2592¢(228¢3 12856\/25 18¢ — 1
_ 2592¢(228¢” = 186¢" + 18 = 1) ypen 0, 3:1),
25
we can simplify the relation above into
(3.3.27) —729¢%[4(11¢% 4 6¢ — 1) TKM(1,4; 3) — 25¢2 TKM(1, 4; 5)]

2167%¢(862¢? — 468¢3 + 16¢? + 18¢ — 3)
B 25v/5 '
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This confirms the evaluation for IKM(1, 4;5). (Furthermore, based on the
recursion for the rescaled moments IKM(1,4;2n + 1)/7%,n € Z>¢ [1, (11)],
one can show that all of them are rational combinations of C' and 1/C.) O

Remark 3.3.3.1. We have recently found [44, §2] that the closed-form
evaluation of IKM(1,4;3) can also be deduced from a result of Borwein—
Straub—Vignat [7, Theorem 4.17], using Wick rotations.

Remark 3.3.3.2. It is also possible to use factorizations of Wronskians to
compute the determinant of the matrix in , without evaluating the
four individual Bessel moments. Such an algebraic approach is described in
our recent manuscript [45] §2].

4. Feynman diagrams with 6 Bessel factors
4.1. Modular parametrization for certain Hankel transforms

Instead of working directly on the modularity of Feynman integrals with
6 Bessel factors, we will first analyze a small building block with 4 Bessel
factors. The latter problem can be solved using the classical elliptic inte-
grals [cf. 36], §13.46, (9)], whose modular parametrization will be our major
concern.

Lemma 4.1.1 (Some Wick rotations).

(a) The following identities hold:

(4.1.1) /OOO[IO(t)]2[K0(t)]4tdt = g; OOO[JO(x)]ﬁde
o] 5 00
(4.1.2) /0 IO Ko(Ptdt =~ @@,

(b) For xz €10,1), we have

0 7_{_2 o]
(4.1.3) /0 Io(xt)Io(t)[Ko(t)]ztdt:6/0 Jo(zt)[Jo(t)]Ptd t.
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(¢) Forz €10,3), we have

(4.1.4) /0 " () Kot

— _7;3 /OOO Jo(xt)Yo () {3[Jo(1)]* — [Yo(t))*}tdt,
(4.1.5) 3/000 Ko(zt)Io(t)[Ko(t)]*td t

=% [7 et amor? + o

- / Yot (P dt.

Proof. (a) As in the proof of Theorem we compute

4 oo

(4.1.6) (i) | P eat
T /ozoo [Jo(2)]2[HS" (2)] 2 d =
-l /om[Jo<x>]2[Hél><w>14mdx

= —/ J2(JY = 6J°Y? + YY)z du,
0

where J = Jy(x),Y = Yo(x) in the last step. Applying Lemma to

(4.1.7) — JAHJ =6V YY) + %[(J +iY)5 — (=J +iY)"]
2J° N3 N3
st
157
we arrive at .

The proof of (4.1.2)) is essentially similar.

(b) By Jordan’s lemma, we can justify the following Wick rotation for = €
[0,1):
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(4.1.8) (i)g/ooo To(xt)Io(t) [Ko ()t d t
_ /0 T o) D ()2 d 2
~ Re /0 " do(at) S [HO Pt
= /OOO Jo(xt)J(J? = YHtdt,

where J = Jy(t),Y = Yy(¢) in the last expression. Meanwhile, by a vari-
ation on Lemma we have

(4.1.9) /Ooo Jo(aty LYY _2(_J+iy)3tdt

= / Jo(xt)J(J? —3Y?)tdt =0,
0

so the claimed identity is proved.

(¢) To show (4.1.4), simply take a Wick rotation:

™ 0

3 0o 100
(4.1.10) (2) /0 Io(at)[Ko(t)Ptdt = —Im / JO(:CZ)[HSU(Z)]%dz
= —Im/ Jo(zt)[HV ()3t d t

—/ Jo(xt)Y (3J% —Y?)tdt,
0

where we use the abbreviation J = Jy(t),Y = Yy(¢) as before.
For (4.1.5)), Wick rotation alone brings us

3 roo
(4.1.11) <i> /0 Ko(wt) Io(8)[Ko(®)]2¢ d t

= 2/ Jo(xt)J2Ytdt/ Yo(xt)J(J? — YH)tdt.
0 0
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In the meantime, we extend the technique in Lemma to

(4.1.12)
/°° [Jo(xt) + Yo (xt)](J +iY)3 — [=Jo(zt) + iYo(xt)](—J +iY)3
0

tdt=0
2i ’

which implies
(4.1.13) / Jo(zt)Y (3J% = Y?)tdt +/ Yo(xt)J(J? — 3Y?)tdt = 0.
0 0

The equation above allows us to eliminate the term fooo Yo(xt)JY?tdt

from (4.1.11)) and arrive at the right-hand side of (4.1.5]). n

Let h(z) = [° Jo(at)Io(t)[Ko(t)]*tdt be the Hankel transform of the
function Io(¢)[Ko(t))?, and h(z) = Jo° Jo(at)[Jo(t)]t d t be a “random walk
integral” (h(z) = p3 (x)/x, where p3(z) is the radial probability density of the
distance travelled by a random walker in the plane, taking three consecutive
steps of unit lengths). According to the Parseval-Plancherel theorem for
Hankel transforms [cf. 1, (16)], we have

| Pt = [ da,
(4.1.14) 0 0

- 6 = OONIL’ 2(17 i
/O[Jou)]tdt—/o ()P .

In order to recast the left-hand sides of the equations above into Eichler
integrals, we need to represent the Hankel transforms h(z) and h(x) as
modular forms.

Proposition 4.1.2 (Two Hankel transforms). (a) For z > 0, we have
a hypergeometric evaluation

(4.1.15) /O (et () Ko (£t d
o 1 L2 249+ 22)
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which can be parametrized as

0(3-13)
B
33 [n(w) P n(6w) 2

2
(4.1.16) / Jo ZIM] t | Io(t)[Ko(t))*tdt
0

where 0(z) 1=, e™'% s one of Jacobi’s elliptic theta functions
1

(“Thetanullwerte”), and w = —5 + iy for y > 0.

(b) For z € (0,1), the function ps(x)/z = [;° Jo(xt)[Jo(t)’tdt admits a
modular parametrization

(4.1.17) /OO Jo
0

where w/i > 0; for x € (1,3), the function ps(z)/x can be parametrized
as

6(3-1)
_ 2(1 = 3w) n(3w)[n(2w)]°
V3r [n(w)P[n(6w)]?’

where w = (1 + €'%)/6,¢ € (0,7); for x > 3, we have p3(x)/x = 0.

(4.1.18) /OOJO !9(1_%”)] t| [Jo@®)Ptdt
0 w

Proof. (a) For sufficiently small z, we have

(4.1.19) /0 T o) o (1) [Ko(£)2t d i
T 1 L2 22(9 + 22)?
-G (8 et ).

by the Wick rotation in (4.1.3) and an analytic continuation of the hy-
pergeometric representation for [ Jo(at)[Jo(t)]*td ¢ [8, (3.4)]. Setting
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p=— 2 +3 in the following hypergeometric identity [3, Chap. 33, Theo-
rem 6. 1]
12 2 12 |2
35 | PB+P) 35 | PB+p)
4.1.20 F; 373 | ———L ) = (1 F; 373 | —Y———~
( ) 2 1( 1 2(1—|—p)3) (1+p)2 1( 1 1 ;

we recast (4.1.19)) into (4.1.15]). The validity of (4.1.15) extends to all

x > 0, by analytic continuation.
With a substitution « = z[ ( — = — 1)/0( 2 )]2, one can ver-
ify

a9 +2?) L o]
(4.1.21) Bra2)p {1 T [n(?w)] }

by showing that the ratio between the two sides defines a bounded func-
tion on Xo(3) = I'o(3)\(HUQU {icc}), and that the leading order g-
expansions of both sides agree. One can also check that the geodesic
z = (5+¢€"%) /12, € (0,7) is mapped bijectively to = € (0, c0), using a
method similar to what was employed in the proof of Proposition [3.2.2

Meanwhile, with the aforementioned relation between z € (0, 00)
and z = (5 + €%) /12 for ¢ € (0, 7), we paraphrase an identity [3, Chap-
ter 33, Corollary 3.4] from Ramanujan’s notebook as follows:

z4(9 + %)
(3 +2?)° )

(4.1.22)

V32NV + 22 V9 + 22 12
2F1 373
34+ x2 1

(&)

Multiplying both sides with

12 2z—1
Ligy  Y3VIEE () () N
“123) % - = , where (5I7) € In(3),

Ve N9+ 22 n(3z) . (gz:?)
we obtain
2 1 2 {,’7<2z71)}3

(4.1.24) @25 33 O+27)\ _ 32—1

3+ a2 1 (3 + 22)
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Furthermore, by a theta function identity [2, Chap. 18, (24.31)] in Ra-
manujan’s notebook, we have

4
(4.1.25) Yt a2 = 31_[9(_§ﬂ] :1_9(—%4%)

2 )
0(-%-3) 0(-%-3)
and the last expression can be reduced by an identity
0(%-1) _n(r) [n67)]’°

4.1.26 1——3 =2 , VT en,
— =9 =25 e e

also due to Ramanujan [2, Chap. 16, Entry 24(iii) and Chap. 20, En-

try 1(ii)].

Finally, setting
1 2z—1
r=1-_ and 32_1 =1+2we iR

for z = (5 + €¥) /12, ¢ € (0, 7), while simplifying eta functions with the
modular transformation n(—1/7") = /7' /in(7’) where necessary, we ar-

rive at the expression in (4.1.16)).

(b) The modular parametrization in follows directly from analytic
continuation of and the Wick rotation relation in (4.1.3]).
One notes that the smooth functions p3(z),x € (0,1) and p3(z),x €
(1,3) satisfy the same ordinary differential equation of second order [8),
Theorem 2.4], so p3(x)/x,z € (1,3) must be a linear combination of

n(3w)[n(2w)]°
[n(w)][n(6w)]? [n(w)]*[n(6w)]?

for x = [0 (1 — 3%) /9 (3 — %)]2 Here, the linear combination must be
proportional to (1 —3w), so as to guarantee finiteness of ps(x)/x in
the x — 3 — 0" regime. The precise prefactor can be determined by
asymptotic analysis of ps3(z)/x and g-expansion of the modular form.
This proves .

For 2 > 3, one can prove [ Jo(xt)[Jo(t)]*t dt = 0 by extracting the
real part from the following Wick rotation:

(4.1.27)

(4.1.28) /O h H (xt)[Jo(t)Prdt = % Ooo[Io(t)]?’Ko(:pt)tdt, vz > 3.
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Alternatively, one may invoke the probabilistic interpretation of ps(z) =
Jo° Jo(at)[Jo(t)Pxt d t to conclude that ps(z)/z = 0 for = > 3. 0

Remark 4.1.2.1. The modular parametrizations in the proposition above
are foreshadowed by the following formula (see [36, §13.46, (9)] and [6, (3)])
for z € (0,1) U (1, 3):

(4.1.29) /OO Jo(zt)[Jo(t)Ptdt
0

(38— 2)(1+2)°
16z ) ’

and the fact that [3, Chap. 33, Lemma 5.5 and Theorem 5.6]

L] B+ -
(4.1.30) 2F1< 23| 2 >
— B, fort = gk 2fi > 0.

Formally, we may regard (4.1.16)) as an analytic continuation of the identities
above, along with a modular transformation corresponding to (4.1.20)).

Remark 4.1.2.2. It is also possible to parametrize the aforementioned
Hankel transforms without using Jacobi’s theta functions. For example, after
comparing the Taylor expansion of p3(z),0 < x < 1 due to Borwein—Straub—
Wan—Zudilin [6, (3.2)] to Zagier’s Apéry-like recurrence (Case C) [38], we
arrive at

© 3pw)Pln6w)]! .
EL17T) | J°<[<w>12[< )]t )“0(”“”
2 gBu)hew)®
Vam PGP

for w/i > 0, which is an alternative formulation of . For yet another
approach to this modular parametrization, see Broadhurst’s recent talks in
Vienna ([16, §1.2] and [I7, §1.2]), which referred to his earlier talk at Les
Houches [11], §2.5].

In addition to the usual Hankel transform [;° Jo(xt) f(t)t d ¢ of a function
f(t),t € (0,00), we will also need the Y-transform [;° Yo(«t)f(t)t d ¢ and the
K-transform [ Ko(xt) f(t)tdt for certain Bessel moments.
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Proposition 4.1.3 (Y- and K-transforms). (a) We have
2
o0 9
(4.1.31) / Jo (z [9( w))] t) [Ko(t)]3tdt

( 13w t)fo O[Ko()]Ptdt

22w + 1) n(3w)[n(2w)]
Q\fz [ (w)]P[n(6w)]*’

where w = —7+zy fory >0, and
(4.1.32) /OOI ([9( “’)r>[K()]tdt
1. 0 0

( _% t) Io(t)[Ko ()2t d t

(
_7Tw77 3w)[n(2w)]®
)

V3i n(w)][n(6w

]2

for w/i > 0.
(b) We have
oo} _L 2
(4.1.33) 3/O Jo ([9@((23;0))] t) oY) d
[ee) _L 2
+/o YO( 90((13_??”)] t) [Jo(t)]*tdt
_ 4w nBw)n(2w)]®
3ri [n(w)]3[n(6w)]?

for w/i >0 and w = (14 ¢€*)/6,¢ € (0, 7).

Proof. (a) We observe that the sequences csy = [;°[Ko(t)*t*d¢ and
ssg = [y~ Jo(t)[Ko(t)]*t* d t satisfy the same recursion [I, (8)], namely,
(k4 1)%cs . — 2(5k? + 20k + 21)c3 10 + ez pra = 0 and (k + 1)tsgp —
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2(5k? + 20k + 21)s3 g2 + 953 k+4 = 0 both hold for non-negative inte-
gers k. As a result, the function

(4.1.34) /0 () Io (O [Ko (D)2 d
o1 L2 429+
= v h (5 G

is annihilated by the differential operator
(4135 B (u+1)(u+9) & + (3 20u+9) L 4 (ut 3)
1. = u(u U — U U — 4+ (u
5 du? du ’
and we have an inhomogeneous differential equation
~ o0 3
(4.1.36) By { / Jg(\/ﬁt)[Ko(t)]gtdt} -2

0

Meanwhile, differentiating under the integral sign and integrating by
parts [cf. [35], §9], we can verify that

(4.1.37) Bs {/ YO(\/at)wIO(t)[Ko(t)]Qtdt} =1
0
In view of the analysis above, the left-hand side of (4.1.31)) must be
equal to
2 6
(4.1.38) B 4k 2w+ 1))

[n(w)]3[n(6w)]?

where ko and k; are constants. Since Yp(xt) = Zlog(zt) + O(1) as © —
0%, and [ Io(t)[Ko(t)]*t dt = %= [I} (23)], we can determine k; = 5=

3v3 2v/3i
immediately. Superimposing with (4.1.16[), we obtain
2
S 0(1_L)
4.1.39 Jo || =325t [Ko()]*tdt
(1.1.39) J 2[9(3_5)] [Ko(0)]

2
T [e’e] 9 1 — —
_327 0 b2p% Z[M] t | Io(t)[Ko ()2t d t
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which analytically continues to

2
(4.1.40) /0 Iy [6;((13__3}”))] t | [Ko(t)Ptdt

2
+3/ Ky [w] t | Io(t)[Ko(t)]*tdt
0

for w/i > 0. Taking the w — 0" limit, and recalling the evaluation
JoZ To(t)[Ko(t)]*tdt = 72/16 from [I, (54)], we find ko = 0.
Thus far, we have confirmed both (4.1.31)) and (4.1.32)).

(b) We note that the expression [ Io(xt)[Ko(t)]*tdt + 3 [~ Ko(wt)Io(t)
[Ko(t)]?tdt is continuous with respect to = € (0,3), and the right-hand
side of is smooth in a neighborhood of i0". Therefore, the va-
lidity of extends to the geodesic w = (1 + €¥?)/6, ¢ € (0,7), by
analytic continuation.

Adding up (4.1.4) and (4.1.5)), we derive (4.1.33) from (4.1.32)).

4.2. Eichler integrals via Hankel fusions

We can now use the modular parametrizations in Proposition to fuse
Hankel transforms into Feynman integrals involving 6 Bessel factors, as

planned in (4.1.14)).

Proposition 4.2.1 (Eichler formulation of IKM(2,4;1)). We have

(4.2.1) / P o)t

735 [Tatioo
=3/, [n(w)n(2w)n(3w)n(6w)]* dw.

N

Proof. By the Parseval-Plancherel theorem for Hankel transforms, we have

(4.2:2) /0 " @R (6 e d b

1 [e.e]
:2/0

2

/Oo Jo(Vut)Io(t)[Ko(t)]*td t| du.

0
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Here, for 7 = 2 — &, the modular parameter [cf. (4.1.25) and (4.1.26))]

(4.2.3) UZQCQZ_[Mr:[l_Mr_l

ACE 0(3-%)
)13 -1° w)1? w) 1°
s - T o)

satisfies [cf. (3.2.5])) and (3.2.5])]

du _ o [n(6w) ST nw) 17 n(3w)n(6w))?
N e e Rl e
RN 100 )
[n(2w)]0 7
SO follows immediately. O

Proposition 4.2.2 (Eichler formulation of JYM(6,0;1)). We have

(4.2.5) /0 [Jo(t) tht—/m )n(3w)n(6w)]* dw
+1oo

-2 T mw)nee)nGe)now)? du

™

Proof. Applying the arguments in the last proposition directly to (4.1.17))

and , we obtain
(4.2.6) / Jo(®)]0 dt

0 .
— % O" [n(w)n(2w)n(3w)n(6w)]* dw
19 [0+i0*
+ — o [n(w)ﬁ(Qw)n(Sw)n((;w)]Q(3w B 1)2 duw

where the second integral runs along the semi-circular path w = (1 + ¢%) /6,
€ (0,m).
Before arriving at the expression in , we need to perform modular
transformations on the last integral.
Towards this end, we recall from Chan-Zudilin [20] that the group
I'h(6)12 = (I(6), W2> constructed by adjoining W = f (823) to Ip(6),
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enjoys a Hauptmodul

77(32)7)(62)]4
n(z)n(2z)

(4.2.7) X6,2(Z) = |:

and a weight-2 modular form

[n(2)n(22)]?
n(32)n(62)

With these notations, we see that [1(2)n(22)n(32)n(62))? = [Zs2(2)]* X6 2(2)
is a modular form of weight 4 on I(6)42. In particular, we have

(4.2.8) Z&Q(Z) =

(4.2.9) [n(Wa2)n(2Waz )1 (3Waz)n(6Wa2)]?
= 4(3z — 1)*[n(2)n(22)1(32)n(62)]%.

Consequently, a variable substitution w = 1//1\/2,2 brings us

12 0430t
(4.2.10) — / [n(w)n(2w)n(3w)n(6w)])* (3w — 1) dw
T Jitio+
6 é+ioo )
=—— [ [(=)n2)nB32)n(62)]" d =,
thereby completing the proof. O

David Broadhurst considered the following modular form of weight 4
and level 6

(4.2.11) Fas(2) = n(x)n22)n(32)n(62)2 = Y ase(n)e’™",
n=1

based on a suggestion from Francis Brown at Les Houches in 2010. Drawing
on the work of Hulek et al. [22] that related the aforementioned modular
form to a Kloosterman problem, Broadhurst conjectured that IKM(2,4;1)
is equal to 3L(fs6,3) [I2, (110)], where the special L-value can be written
explicitly as [12, (108)]

> 2,2
(4212)  L(f16.3) =Y “425”) <1 N 2;(? N 27r3n ) 27/,

n=1

We now verify Broadhurst’s conjecture.
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Theorem 4.2.3 (IKM(2,4;1) as a critical L-value). We have
o 3

(4.2.13) TKM(2,4;1) = / o [Ko(t)]tdt = T L(f16,3)-
0

Proof. Judging from termwise integration of uniformly convergent series, we
note that Broadhurst’s conjecture essentially says that

(4.2.14) Amm@ﬁmﬁWM¢:w%;;hmm<w—é>mu

What we will do is to show that this statement is consistent with our results
in Propositions and [£:2.2] Here, one can prove

ico i/V6
(4.2.15) 67 fas(w)w?dw = 7r3i/ fae(z)dz
i/V6 0
by a change of variable w = —1/(6z) and the modular transformation

n(—1/7) = \/7/in(7), so the right-hand side of (4.2.14) is the same as

—7T3i f4,6(w) dw.

0

However, according to Propositions and we have

(4.2.16) — 7% fae(w)dw
0

7T4 0o

2120LMN%M—§AmmwﬁmﬁWMt

Meanwhile, the Wick rotation in (4.1.1]) tells us that this is precisely
IKM(2,4;1), as conjectured by Broadhurst. O

Before applying Proposition to the 4-loop sunrise diagram
IKM(1,5;1), we need a cancelation formula related to Hankel and Y-
transforms.
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Lemma 4.2.4 (Hilbert cancelation). Consider a continuous function
F(t),t > 0, whose Kramers—Kronig transform

F(tDleldt

m, Tefj

(4.2.17) (X F)(7) = /
is well-defined, and has the following asymptotic behavior:

(A F)(r)=0(/7), as|r| =0,

4.2.18 —~ 1

( ) (%F)(T):O<|T|>, as |T| — oc.

Suppose that [~ Jo(zt)F(t)tdt, x € (0,00) and [;°Yo(at)F(t)tdt, z €
(0,00) are both well-defined, then

(4.2.19) /OOO VO Jo(xt)F tdt] [/ Yo(z7)F(r)rdr| zdz =0,

Proof. According to the asymptotic behavior of HF , we have a vanishing
identity for all z > 0:

0t 400 1 _

(4.2.20) / HY (wr) (A F)(r)dT =0.
10+ —o0

Here, the contour can be closed upwards, thanks to Jordan’s lemma. As

Im7 — 07, we have the following Plemelj jump relation for £ € (—oo,0) U
(0, 00):
\t\ tjdt
—_ t)
where & denotes Cauchy principal value. Here, the first term on the right-
hand side of the equation above is the Hilbert transform of an even function

F(Jt])[t],t € (—00,0) U (0,00), so it must be an odd function in £ [23] §4.2].
Meanwhile, we know that

(4.2.21) (HF)(E+i0T) = @/ iF(|€DIEL,

Jo(x€) + iYo(x€), §>0,

4.2.22 HSY 0") =
( ) 0 (.’IJ§+Z ) {_JO($|£|)+Z)/E)(:E|£|)’ £ <0,

so the vanishing identity in (4.2.20)) brings us
°° ([t d ¢
(4.2.23) / Yo(xt)F(t)tdt:_/ To(x€) {9/ || H }df.
0 0
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Now we compute

(4.2.24) /OOO[/OOOJOxt tdt} Yy (a7) ()Td’r:|.%'dx

:_/OOOUO Jo(xt) F(t)td t]

X - (xT) < EQd)le Texdx
__/ {/[ Jo F[(gj/tdtijt) ]d } d
N (T

]

1 ZO++°° F)(7) 2dr

= —Im
4 0+ —o0 T

The last contour integral is indeed vanishing, because the integrand remains
bounded as 7 — i0T, and we can close the contour upwards, according to
the asymptotic behavior of the Kramers—Kronig transform J¢ F'. O

Theorem 4.2.5 (Sunrise at 4 loops). We have

(4.2.25) 3 /O L[ Ko(®)Ptdt

™

B /ooo[fo(t)]g[Ko(t)]gtdt
e [ fag(z)zdz = gL(f4,6,2),
0

as stated in ((1.2.3)).

Proof. The first equality in (4.2.25) has been proved in [43, Lemma 3.1], as
a special case (m =3,n=1) of (L.1.1). The last equality comes from the
definition of L-functions via Mellin transforms of cusp forms. The rest of
this proof will revolve around the second equality.

We combine (4.1.16)) with (4.1.31)), and carry out computations as in
Proposition [£.2.1] to arrive at

(4.2.26) /00010( EKo(t)Ptdt = / S Fre(w)(1 + 2w) dw
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Here, we have used the Parseval-Plancherel identity

(12.27) L wenmomara
« {/OOO Jo(m)[KO(T)PTdT} rda
= [ nmsrear
and the Hilbert cancelation
(1228) L[ meoneimorear}

X {/Ooo YO($7')IO(T)[K0(T)]27'(17‘} rdx
=0.

By an analog of Proposition we fuse (4.1.17)—(4.1.18]) and (4.1.33)

together into the following formula:

(4.2.29) /Oo[Jo(t)]5Y()(t)tdt
0
] 100 040+
=8 [ hswwdws 2 / Fro(w)w(l - 3w) duw.
™ Jo T 140+

3

Again, a variable substitution w = Wgz gives rise to
g [0+i0* 4 [3Tico
(4.2.30) — / fare(w)w(l —3w)dw = — / fa6(2)(1 —22)d =
T Jitiot TJL
Thus, we have
8 100
(4.2.31) — Jae(w)wdw
T Jo

= [Tt S [T noK@Pad
0 ™ Jo

by cancelation of Eichler integrals. We can rewrite the equation above as

100

(4.2.32) S [ figtwywdw = —= / T L[ Ko(t)Pat,
T Jo ™ Jo
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with the aid of (4.1.2)). As we have [cf. [12] (107)]

100
(4.2.33) — 67 / fae(2)zdz
0
100
= —1272 fae(2)zdz
i/V6
9 Z aq, 6 < 471'”) 6727”1/\/6
V6
by termwise integration, this completes the proof. U

Like the determinant of ([1.2.2)), Broadhurst-Mellit also proposed that

12 (113)]
IKM(1,5;1) IKM(1,5; _

(4.2.34) det (IKM( 2,4;1) TKM(2,4;3)) ~ 2632°

We have recently verified this conjecture in [45], §3], without explicitly com-

puting individual matrix elements.

The Eichler integral representations for the first column in the deter-
minant above have already been discussed. In a recent talk at the Erwin
Schrodinger Institute [I8, §7.3], Broadhurst has announced his discoveries
of representations for the second column as integrals over modular forms.
We now prove Broadhurst’s empirical formulae.

Theorem 4.2.6 (Broadhurst 1ntegrals for IKM(1,5;3) and TKM(2, 4;

3)). Setting v =3 [77((3;))} [%} and G(2) = fi6(2) (v =602 +2—60"2+

9v~?), we have

3 %-}—ioo
(4.2.35) TKM(2,4;3) = ”_/ Gy
v J1 96
. 2 tico G(2) 1
(4.2.36) TKM(1,5;3) = —37 ZE (-2 ) de.
L 96 2
Proof. Writing f(u) := [ Jo(v/ut)Io(t)[Ko(t )]Qtdt for u > 0, and using the

Bessel differential equatlon along with B3 f(u) =0 [cf. (4.1.35)], one can
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show that
(4.2.37) jﬁ Jo(Vat) Io (1) [Ko(t)] 24 dt
2
(g 1x) [ VAR EP

_ AR2u(u+5)f"(u) + (u+3) f(u)]
(w+1)(u+9) '

By Hankel fusion and integration by parts, we have

(4.2.38)
[ mPma a
:1/W4NMPMU+@ﬂWf+w+3ﬁ@nd
0

u

2 (u+1)(u+9)

- A [«w+n‘2w+n2+«u+w‘z@+gphﬂWde

As we may recall from Proposition 4. the differential form W trans-
lates into %%[77(2)77(22)77(3,2)17(62)} d for Rez = —1, and

aaa) wr= M [T wro—o 2R [IET

so IKM(2,4;3) has an integral representation:

(4.2.40) ”—3 /_

[

é”m{ LERNLES
3G T 273
1

_[mGAPME)M  n(2)n(62) 3[77(22)]7}(12
3[n(2)]™n(62) In(32)]? '

1
2

Here, the path of integration can be shifted to Rez = %, by periodicity of
the integrand. To identify the integrand inside the braces of (4.2.40) with

G(2)/96 in (4.2.35]), simply compare their g-expansions up to sufficiently
many terms [20, Remark 1]. This proves Broadhurst’s integral representation

for TIKM(2, 4;3) in ({.2.35).
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To verify (4.2.36]), we start by rewriting (4.1.31)) as
(o)
(4.2.41) g(u) = / Jo(v/at) [Ko(t)Ptdt

0
3r [
-5 Yo (Vaut) Io(t)[Ko(t)]*t d t
0
2 1 12 u?(9 + u)
_ T SR (303 [1—
23+4+u 1 (3+u)3

and noting that Egg(u) = 0. We can subsequently deduce Broadhurst’s in-
tegral representation for IKM(1, 5;3) from Hankel fusion and a vanishing
identity for F(t) = Io(t)[Ko(t)]*:

(4.2.42) /OOO [/Ooo Jo(xt)F(t)tdt} |:/O‘OO§/Q(QZT)F(T)T3dT:| rdx
+ /OOO [/Ooo Jo(:nt)F(t)t?’dt] [/OOO}/Q(.’ET)F(T)TdT} rdx =0,

which is provable by a modest variation on Lemma [4.2.4 O
5. Feynman diagrams with 8 Bessel factors
5.1. Hankel transforms and Wick rotations

We open this section by a confirmation of Broadhurst’s conjecture on
IKM(2,6;1).

Theorem 5.1.1 (Eichler integral formulation of IKM(2,6;1)). We
have

(5.1.1) /0 P Ko ()t dt

_© [ (eanE)? | @6
=4y {[77(2)77(62)]3 +[77(22)?7(3z)]3}d |

Proof. By the Parseval-Plancherel theorem for Hankel transforms, we have

2
rdzx.

(5.1.2) /0 I OPEo (Pt = /0 h

/0 - Jo(xt)In(t)[Ko()]?td t

With the modular parametrization in (3.1.5]), and the Jacobian in (3.2.3)), we
transition from an integration over the variable z € (0, 00) to its counterpart
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over the variable z on the Im z-axis. Accordingly, we see that

(513) | P
71.5 100
=3 ), [n(z)n(22)n(32)n(62)]”
S m@EmP | mB2)n62)]°
ey + e )¢
descends from .
Meanwhile, one can establish the following identity
2 [[(z)n(22)]°  [n(32)n(62)]°

Ga) e { LI pEenEal

_ @B n(z)n(62))°
[n(z)n(62)° ~ [n(22)n(32)]

by verifying that both sides are weight-6 modular forms on I(6), and check-
ing the g-expansions of both sides up to sufficiently many terms [20, Re-
mark 1]. O

Remark 5.1.1.1. Encouraged by Yun’s recent contribution to Klooster-
man sums [37], Broadhurst wrote [12], (135)]

eGP | B S
G15) ool =L Dol T n@amEaP = 22405

and conjectured that IKM(2,4;1) = 2L L( fg,5) for [12, (141) and (145)]
(5.1.6) L(fe6,5)

o0
ag.g(n 2rn  2mw2n? 273 At
— 6,6§ ) 1+ ™ + ™ + ™ + 0 6_27”7'/\/6.
Z n V6 3 96 27

This said the same thing as
(5.1.7) IKM(2 4:1)
9 9 1
_on® {[77( D MNP (1, 1Y,
i Jiyvs U In(z)n(62)°  [n(22)n(32)] 36
which is also equivalent to per a Frlcke 1nvolut10n z+— —1/(62) and
a modular transformation 7( 1 / T) = /T/in(T
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Remark 5.1.1.2. In an earlier version of his conjecture, Broadhurst for-
mulated the modular form fg ¢ as [10, (90) and (91)]

(5.1.8) f6,6(z) = [77(2)77(22)?7(32’)77(62)]2 Z 627ri(m2+mn+n2)z

m,nez

(2 2
> § : e47rz(m +mn+n?)z

m,nez

This is of course compatible with the left-hand side of (5.1.4)), in view of
an identity by Borwein-Borwein-Garvan [5, Proposition 2.2(i)(ii) and The-
orem 2.6(1)].

Before handling other Bessel moments IKM(a, b; 1) satisfying a + b = 8,
we need a modest generalization of Lemma and modular parametriza-
tions of some Hankel transforms not covered in

Lemma 5.1.2 (Some identities for Bessel moments).

(a) The following formulae are true:

6 roo
(5.1.9) (2) | mPmarac

s

-3 /OOO[Jm)P{[Jo(x)P — T[Yo ()2 d

4 poo
(5.1.10) <2> /0 o (O] Ko (1) d

s

=5 | @ @ = s adr

(5.1.11) /()W[Jo(x)]4[%(x)]4xdx

1

75 /OOO[JO(Q/’)]G{[JO(@]Z —10[Yo(z)]*}z d a.

(b) For x € [0,2], we have

(5.1.12) /Ooo Jo(zt)[Jo(t)*tdt =3 /Ooo Jo(xt)[Jo () [Yo (1) 2t d t.
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(c¢) Forz €0,2], we have

3 poo
(5.1.13) <2> /O To(xt) Io(t)[Ko(t)Ptd t

™

= —2/ Jo(zt)[Jo (1) Yo(t)t d t.
0
Proof. (a) By Wick rotation, we have

6 00 100
(5.1.14) <2> /0 [Io(t)]Q[Ko(t)]%dt:Re/O [To(2)2H (2)]82d 2

— Re /0 [o(2) 2 H (2))52 d 2

= / J2(J —15JY2 + 15274 — YOz d z,
0

for J = Jo(x),Y = Yo(x). With
(5.1.15) J2(J8 = 15742 + 15J%Y* — V)
- T‘Z[(J YY) = (— V)] = J(T iV — (=] + iV )7]
8
= —_J%J% —7v?),
7
we are able to reduce ((5.1.14)) into (5.1.9)), by virtue of (2.2.1[)) in Lemma

221
One can prove (5.1.10f) in a similar vein.

To prove ([5.1.11f), compute
J3

(5.1.16) (T 44Y)5 = (=T +iY)%] = JYJ - 107772 + 574
2
and invoke ([2.2.1)).

(b) By a variation on (4.1.9)), we have the following vanishing identity when
z € [0,2]:

(5.1.17) /OOO Jo(xt)J(J+iY)3 _2(_J+iy)3tdt

= / Jo(zt)J?(J? = 3Y2)tdt =0,
0

with J = Jo(t),Y = Yp(t).
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(c) By Wick rotation, we can show that

3 poo
(5.1.18) <2) /0 To(et) Io(8) [Ko ()Pt d ¢

s

=- / Jo(xt)(3J3Y — JY3)tdt,
0

where J = Jy(t),Y = Yy(t). Meanwhile, when z € [0, 4], we also have

(5.1.19) /OOO Jo(xt) (J +2v)" ;i(_J+iY)4tdt

= / Jo(xt)(J¥Y — JYHtdt =0,
0

by an extension of Lemma [2.2.1 n

Proposition 5.1.3 (Hankel transforms related to JYM).

(a) Forz=3+ 2\%6"9",@ € (0,7/3), we have

e [2n(22)n(62) 3 4 1—62+ 1222 B
(5.1.20) /0 J() <l |:T](Z)’I7(3Z) :| t) [Jo(t)] tdt = —471_2, 26,3( )

3
where =1 [%] maps ¢ € (0,7/3) bijectively to x € (2,4); for

x > 4, we have

(5.1.21) /OO Jo(zt)[Jo(t)]*tdt = 0.
0

Consequently, we have

(5.1.22) / [Jo(x)]Bzdz
0
2+ico
_ 30 Foo(2)(1—22)2d 2
it
4 é+213
+ — . fo6(2)(1 — 62 +122%)%d 2.
e i

1 i
itis
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(b) For z = % +iy,y € (2—\1/5,00) and z = % + Q\i/gei‘/’,go € [0,7/3), the for-

mula
* [2n(22)n(62) _2z-1 p
123 [ ( Ees ] ) P Yo tdt = 2 Zs5()
parametrizes [;° Jo(xt)[Jo(t)]?[Yo(t)]*t dt for x € (0,4), and brings us
(5.1.24) /0 (@) Yo () d
I (=222
i +2f
4 [2tas
-— fos(2)(1 —22)(1 — 62+ 122%)d 2.
e +4f

In addition, for z = (1 +€™¥)/6,v € [r/3,T), we have
> 21(22)n(62)
(5.1.25) [ ( ety ) o Yo
z(1—3z)

— A 7 5(2),

™

which parametrizes [~ Jo(at)[Jo(t)]?[Yo(¢)]*t dt for z € [4,00) and leads

us to
(5.1.26) /OO[JO(J:)]4[}’()(:C)]4:cdx

0

4 +7,oo

=—  fos(2)(1—22)%d =

Trz 4+4\7/7
63 e f676(z)22(1 — 32)2 dz.
™ Jo

> [2n(22)n(62)1° 3
(5.1.27) /0 Jo (z [n(z)n@z) } t) o] Yo(t)t dt



176 Yajun Zhou

which parametrizes 157 Jo(at) [Jo(t)PYo(t)t dt forx € (0,2); forz =1 +
e € [0,7/3), the identity

2v/3
* o [2n22)n(62)]’ 3
(5.1.28) /0 J0< { 1(2)1(32) ] t> [Jo(t)]°Yo(t)tdt
St L

parametrizes [;° Jo(xt)[Jo(t)*Yo(t)t dt for x€[2,4); for z=(1+€")/6,
Y € [r/3,7), we have

< [20(22)n(62)]° 3
(5.1.29) /0 Jo ({ o33 ] t) o ()P Yo(t)tdt

- Py
ot 673(2),

a formula that parametrizes [;° Jo(xt)[Jo(t)]*Yo(t)tdt for x € [4,00).
As a result, the following identity holds:

(5.1.30) /0 (@) Yo (@) e d 2

4 [aice 4 [tz
=—— foo(z)dz— — fo.6(2)(1 — 62+ 62%)%d 2
Lyt T Jrg i
27 2v3 143
144 [it7A
- — foe(z)2*d 2.
T Jo

Proof. (a) Judging from (3.2.10)), we know that
(5.1.31) / Jo(zt)[Jo()*t dt = Zg3(2)(co + c12 + ca2?), x € (2,4),
0

where the constants cg, ¢; and ¢ can be determined by the continuity
at x = 2 and the asymptotic behavior as x — 4~ [§, Theorem 4.1]. This

proves (5.1.20)).
To show (5.1.21)), read off the real part from the following Wick
rotation:
(5.1.32) / HO @O dt = 2 [ 1) Ko(etytdt, V> 4.
0 T Jo

Applying the Parseval-Plancherel theorem for Hankel transforms to
(3.1.7) and (5.1.20)), we arrive at ([5.1.22]).
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(b) For z = % + iy, y € (2—\1@, oo), the Hankel transform formula in (5.1.23))
follows from (3.1.7]) and (5.1.12)). The remaining arguments run parallel

to those in @
(c) To verify (5.1.27] m, simply combine ) with (5.1.13)). The rest founds

on similar principles as the proof of @ 0

Remark 5.1.3.1. We note that Borwein et al. expressed

/OO Jo(xt)[Jo()]tdt, =z € (2,4)
0

as generalized hypergeometric series [8, Theorem 4.7], but did not give a
modular parametrization.

Proposition 5.1.4 (Y- and K-transforms). Forz= %+iy, yE (ﬁ, oo),

we have
(5.1.33) /OOO Io <z [%] ) [Ko(t)]*tdt
> 21(22)n(62) 3
+4/0 Ko( [ (20 (32) } )Io(t)[Ko(t)] tdt
7T3 z —
= (282'1)2673(2:)'
For z/i > 0, we have
(5.1.34) /0 " ([W] >[K0(t)]4tdt
> 25(22)n(62)]°
— 27r/0 Yo ([77(2)77(32)} t) Io(t)[Ko(t)]3tdt
7T3Z
= TzZG 3(2).

Proof. Let A, be the Picard-Fuchs operator given in (3.2.8]), then one can
verify

(5.1.35) Ay { /O h Ko(z:t)lo(t)[Ko(t)]3:vtdt} = 62°
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by differentiation under the integral sign, and integration by parts [cf. [35]
§9]. Comparing this to , we know that

/OO Io(xt)[Ko(t)]*zt dt + 4 /Oo Ko(xt)Io(t)[Ko(t)2xt d
0 0

is annihilated by Ay Therefore, the left-hand side of (5.1.33)) must assume
the form

(5.1.36) Zs3(2) [ko + k1 (22 — 1) + ka(22 — 1)%]

for certain constants ko, k1, and ko. Since Koy(at) = —log(xt) + O(1) as x —
0%, and [;° Io(t)[Ko(t)’tdt = 72/16 [I, (54)], the left-hand side of
behaves like MZ&:J,(Z) as z — 1 4+ ico. This shows that ky = Z-
and k‘g = 0. To demonstrate that kg = 0, simpl( check the special value at

z2=3 Ly 2§ against Theorem [2.2.2| and Table

As we perform analytic continuation on the left-hand side of ((5.1.33)) to
the positive Im z-axis, and extract the real part, we arrive at (5.1.34). U

Remark 5.1.4.1. From a Hilbert transform formula [cf. [43], (3.2)]

T—t)
—{[ﬂo )] [Ko(|7DI*} [ Ko(|7]))*r, v e R~ {0},

we can deduce [cf. (4.2.23])]

(5.1.38) LfmmwmmemwmmeMt

= o7 /OO Yo(xt) Io(t)[Ko(t)’tdt, Va > 0.
0

Thus, we may recast (5.1.34)) into

> 2n(22)n(62)]° 2 2, 1, _ T2 .
gz [ %qmww@]gwmumwuw—h%a>

for z/i > 0.
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Remark 5.1.4.2. From (4.1.32) and (5.1.33)), we see that when n is 3 or

4, and u € (0,1), the expression

.30 [ h(vaniKaoren [ KA oo

0

is annihilated by a differential operator (in u) of order n — 1. The same
pattern actually applies to all n € Z>9, and the corresponding differential
operator has been constructed by Vanhove in [35, §9]. The steps of inte-
grations by parts leading to these homogeneous differential equations are
described in [45, Lemma 4.2]. Such homogeneous differential equations are
crucial in our recent proofs [45, §4] of two determinant formulae proposed
by Broadhurst—Mellit [12, Conjectures 4 and 7].

5.2. Critical L-values for Bessel moments

A conjectural sum rule 972 IKM(4,4;1) — 14TIKM(2,6;1) = 0 dated back
to 2008 [I, at the end of §6.3, between (228) and (229)], and was restated as
an open problem in 2016 [12, (147)]. It has also been conjectured that [12,
(139) and (143)]

(5.2.1) /0 @) o) dt

ag6(n) 4 2mn?\ VG
—I - ’ gy 2 ET VY 2w/,
(fo.6:3) == ) =3 < + 75 +=5— e

n=1

With the preparations in we can verify these claims.

Theorem 5.2.1 (Relation between IKM(2,6;1) and IKM(4,4;1)).
(a) We have a vanishing identity

1 k3
213

3 Hioo 3
(5.2.2) / fos(2)(1 —22)*d 2z + / fo(2)(1 — 4z +82%)dz = 0.
stavs it

(b) We have a sum rule

(5.2.3)  9r? /OO[Io(t)]4[Ko(t)]4tdt — 14 /Oo[lo(t)]Z[Ko(t)]tht =0.
0 0
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Proof. (a) We spell out both sides of (5.1.11)) using Hankel fusions. The
left-hand side becomes

20 %+i<>o

(5.2.4) /0 @) o) e da = 20 [ B0 227
4 2 2;\12\[
-I-E _ f66( )(1—22)2(12,
b

where we have transformed

itis ) ) 1 [—3Hico
(5.2.5) / fo6(2)z"(1 —32)*dz = / fos(2)(1+22)%d 2
0 1 i

: T3

%—i—ioo
= [ . f6,6<2)(1 — 22’)2d2,

2+2\l/§

by a Fricke involution z — —1/(6z) and a horizontal translation. The
right-hand side becomes

(5.2.6) - ;/000[Jo(sv)]a{[zfo(:v)]2 —10[Yp()*}ed
_n T a1 - 29
T l+2\1[
4 [2tas 11 4 1
~ B e fo.6(2) [9+3 (2—3)

1\? 1?3 1n\*
+12<z—3> —192(2—3> +144<z—3> ]dz,

according to (5.1.9), (5.1.22), and (5.1.24). We bear in mind that
fo.6(2) = [Z6.2(2)]? Xe2(2)[1 + 9X6,2(2)] is a modular form of weight 6

on I(6)+2, which transforms under Wz = 6j % as

(5.2.7) fo.6(Waz) = —8(3z — 1) fo6(2).
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Thus, the identities

1+2 1 4
(5.2.8) 144/ ‘f f6 6( ) (Z — 3> dz
4+4f
4 1+2f
— 9[ . f6’6(2)d2,
it
PRENG 1\?
(5.2.9) 192/ ‘f f6.6(%) (z - 3) dz
4+4f
32 2f 1
— 3 ) 6,6(2) <Z — 3> dz
it
allow us to rewrite (5.2.6)) as
1 o
(5.2.10) - 5/ [Jo(2)]{[Jo(x)]? — 10[Yo(x)]*}zd x
0
84 %-‘rioo
= % . . f&ﬁ(Z)(l — 22)2(12
:taE
4 %+213
T 7 fse(2) (1 — 4z — 12:2)d .
OTe Ly i

Identifying ([5.2.4)) with (5.2.10]), we arrive at (5.2.2)), as claimed.

(b) In the light of (5.1.9) and (5.1.10), we see that the proposed sum rule
is equivalent to the following vanishing identity:

(5.2.11) /OOO[Jg(x)]G{2[J0(x)]2 —5[Yp(z)]* e dz = 0.
We may compute
(5.2.12) /0 @) 2o (2)]? — 5[Ye(2)|2 e d
=2 et - 2eas
itos
* % :j fo.6(2) [298 - % (z - ;)

1\?2 1\? 1\*
i - 1152 ( 2 — =
+96<z 3) 96(2 3) + 115 (z 3) ]dz
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12 1tico
=— fos(z)(1 - 22)*d =
e l_,’_ i
2 zf
12 2f
+ = fos(2)(1 —4z+82%)dz =0,
4 Ve

where the first equality comes from (5.1.22]) and (5.1.24)), while the sec-
ond and third equalities hinge on (5.2.7) and (5.2.2)), respectively.

Theorem 5.2.2 (Relation between L(fs¢,3) and L(fs6,5))-

(a) We have
7 o0
5.2.13 — To(H)]?[Ko ()%t dt
( ) 6751 /. [Lo(t)]"[Ko(1)]
3Hioo itava
:/ f676(z)(1—222)dz+/ f676(z)z2dz
S5 i
4+4
—2/ ffﬁ@( )22 d 2.
0
(b) We have
21 [
2.14 To(H)]*[Ko(t))°tdt
6214 o [ T@PK®)
%+zoo ;+2f
:/ e )(2+17z)dz+23/ " fa(2)22d 2
tas itom

(c) The following integral identity holds:

100

(5.2.15) f676(z)z4dz+§/owof66( )Z dz =0,

0

which implies

(5.2.16) _L(fos5) 4

C(2)L(fe6,3) 7
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where

drn  272n?
2.1 ) g2V,
(5 7) fﬁ 67 < \/6 + 3 > e

Proof. (a) According to (5.1.9), (5.1.22)), (5.1.24]) and (5.2.7)), we have

6 roo
(5.2.18) _;(i> /0 o (ORIKo (Ot d t

48 %+ioo
T Ji, i
2 + 2v/3

fe.6(2)(1 — 22)2 dz
4 [2tms
=— [ . Jes(2)

8 4 1 1\?
4z _ - 12— =
mi S 9+3<Z 3>+ <z 3)
120 ! 3+144 A d
- zZ— = z— = z
3 3
48 3 +3vs

= f6,6(z)22 dz.
i ;

+4f

In the meantime, by complex conjugation, we have

(5.2.19) / +Z‘oo fos( )(1_22)2(12:/_%5 fos(2)(1+22)2d 2,

1
2+2\F 75+2f

whereas f56(2) = fo,6(2 + 1) brings us

%—&-ioo —%—&-ioo
(5.2.20) / fo6(2)(1 —4z)dz+ / fo6(2)(1+4z)dz
%+2j/§ 7%+2\i/§
%—&—ioo
= —2[ - fee(z)dz

§+2\/§
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Therefore, we obtain

2+ioco
(5.2.21) / fo(2)(1—22)%d
it

%+ioo %Jrioo
— —/ _ f676(z)dz+2/ f676(z)z2dz

i

5+2\Z/§ %+2\/§
—1+tico
+ 2/ ‘ f6,6(z)z2dz

1 i
EREYE

1tico iJrﬁ 3 +ico 9
= —/ foe(z)dz+2 / —I—/ fo6(2)z"dz,
R 0 stis

2 ' 2V3

after invoking fe6(—1/(62)) = —21625f56(2) in the last step.
All this allows us to rearrange (5.2.18)) into (5.2.13)).

(b) In view of (5.1.9)), (5.1.22), and (/5.1.30)), we have

6 roo
(5.2.22) _;<2> /0 o (D12 [Ko (1) d

s
4 é—i—ioo

- fo.6(2)[9(1 —22)% + 7] d 2
™ %‘*‘ﬁ

4 [(3tzs 8 32 1 1\2
S a2 (i) +12(2— -
mi iy Jo6(2) [9+ 3 (Z 3> * (Z 3)

1\? 1n\*
—120<z—3> —|—396<z—3> ]dz

1008 [itive
+ / ! f6,6(z)z4dz.
0

)

As before, we may reduce

%-{—ioo
(5.2.23) [+ - Jse(2)9(1 - 22)2 +7)dz
2723

bine brin i
= —2/ f676(z) dz+18 / —I—/ _ f6’6(2)22 dz,
ERENG 0 itova
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1 i

Z+4\/§ %—HOO
(5.2.24) 36/ foo(z)ztdz = - Jee(z)dz,
0 stss
and
itove 8 32 1 1\?
(5225) / fﬁvg(z) -+ — (Z — > + 12 <Z — >
Ly i 9 3 3 3

1\? 1\*
—120(2—3> +396<z—3> ]dz

1 [:t5s )
:3/ 7 fos(2)(—T + 282 +362%) d =

4+4\’L/§

By virtue of the vanishing identity in (5.2.2]), the right-hand side of
(5.2.25)) is also equal to

L tico 9 (3t
(5.2.26) ;/ ‘ fﬁ,ﬁ(z)(l—Qz)deJrg/ ff6,6(z)z2dz

+avs S it
7 [ 14 ([iteE | et
:—SX v f@ﬁ(Z)dZ—i—? (/ +ﬁ v f6,6(2’)z2d2
b 0 s
092 (3T
+ ? o f6,6(2)22 dz.
Z+4\L/§

Gathering the results above, we arrive at ((5.2.14)).
(c) Eliminating
%—H’oo

(5.2.27) f676(z) dz

1 3
§+2\1/§

from (5.2.13)) and ([5.2.14]), we obtain

1 2 7 e 2 6
5.2.28 dz = To(t)]*[Ko(?)]Ptd t
(5.228) [ hos@)52as = s [P ar,
which is equivalent to (5.2.15)). [There is also an alternative way to arrive

at the equation above, namely, by fusing ([5.1.34])) with itself, and refer-
ring to ((5.2.3).] Checking the definition of L(fs¢,3) in (5.2.17) against
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termwise integration on the right-hand side of the following equation:
100 i

o0
(5.2.29) 4m3i fos(2)22dz = 8n%i foe(2)2%d 2,
0 i/V6

we can verify ((5.2.16)). 0

Remark 5.2.2.1. Previously, Broadhurst observed that

L(fe,6,5)
C(2)L(fs,6,3)

must be a rational number, according to Eichler—-Shimura—Manin theory [cf.
33, Theorem 1], and found this rational number to be numerically 4/7 [12,
(142)].

Remark 5.2.2.2. As a by-product of the foregoing computations, one may
eliminate JYM(6,2; 1) from (5.1.9)) and (5.1.10)), to deduce

(5.2.30) /0 [Jo(g;)]%dx:% 0 fG,G(Z)dz:—% ANORLE
9 100
= 780 fG,G(Z)Z4dZ7
e 0

which gives L-series representations for a “random walk integral”
JYM(8,0;1).

Furthermore, we have recently shown [44], Theorem 5.1] that for each
j € Zs1, the function [J* Jo(at)[Jo(t)]* 1 d¢,0 <z < 1is a Q-linear com-
bination of

(5.2.31)
Kao(t 2(j—m)
0()] tdt, where m e ZN[0,(j —1)/2].

/0 N Io(2t)[Io(t))> ™! [

™

This implies that, for all n € Z~4, the “random walk integral” JYM(n, 0;1)
is a Q-linear combination of IKM/(a, b; 1) /7 for certain positive integers a
and b satisfying a + b = n.

Finally, we verify Broadhurst’s conjectures regarding IKM(1,7;1) and
TKM(3,5;1).
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Theorem 5.2.3 (Sunrise at 6 loops). We have

(5.2.32) 2 /OOO[Io(t)]?’[Ko(t)]%dlt=/OOo Io(t)[Ko(t)]"t

= 7O fo6(2)zdz,
0

which is equivalent to (1.2.8]).

Proof. The first equality in (5.2.32)), which says

[Ko(t)]'tdt =0,

(5.2.33) / * [rlo(t) +iKo(1)]* — [rlo(t) — iKo (1)
0 7

is a special case (m =4,n = 1) of (1.1.2)).
Fusing together (3.1.5]) and (5.1.34)), while noting that (see Lemma[4.2.4))

(5.2.34) /OOO {/OOO Jg(xt)lo(t)[Ko(t)]3tdt}

X {/Ooo Yo(m)IO(T)[KO(r)PTdT} rdx
=0,

we arrive at the last equality in , after some computations similar
to those in Theorem Alternatively, we can throw (3.1.5) and (5.1.34]))
into the Parseval-Plancherel theorem for Hankel transforms, and invoke the
first equality in ((5.2.32)).

It is clear that (5.2.32)) is compatible with ([1.2.8)), up to a Fricke involu-
tion z — —1/(6z2) in the integrand. O
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