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3

4

genus string amplitudes
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Closed string amplitudes at genus h < 3 are given by integrals of
Siegel modular functions on a fundamental domain of the Siegel up-
per half-plane. When the integrand is of rapid decay near the cusps,
the integral can be computed by the Rankin-Selberg method, which
consists of inserting an Eisenstein series &, (s) in the integrand,
computing the integral by the orbit method, and finally extracting
the residue at a suitable value of s. String amplitudes, however,
typically involve integrands with polynomial or even exponential
growth at the cusps, and a renormalization scheme is required
to treat infrared divergences. Generalizing Zagier’s extension of
the Rankin-Selberg method at genus one, we develop the Rankin-
Selberg method for Siegel modular functions of degree 2 and 3
with polynomial growth near the cusps. In particular, we show
that the renormalized modular integral of the Siegel-Narain parti-
tion function of an even self-dual lattice of signature (d, d) is pro-
portional to a residue of the Langlands-Eisenstein series attached
to the h-th antisymmetric tensor representation of the T-duality
group O(d,d,Z).
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1. Introduction

According to the current rules of perturbative superstring theory, scattering
amplitudes at h-loops are expressed as integrals of a suitable superconformal
correlation function on the moduli space My, of super-Riemann surfaces of
genus h [1, 2|. Although there is in general no global holomorphic projec-
tion onto the moduli space My, of ordinary Riemann surfaces [3], for most
practical purposes the integral over 90; can be reduced to an integral over
My, possibly supplemented with boundary contributions from nodal curves,
which incorporate the infrared singularities due to massless degrees of free-
dom. Even after this reduction has been performed, there are very few cases
where the integral over M}, can be evaluated explicity, due to the complexity
of the integrand and of the integration domain, a quotient of the Teichmdiiller
space Tp, by the mapping class group I'y,. For h < 3, 7T}, is isomorphic (via the
period map ¥ — ) to the Siegel upper half plane H}, of degree h (away from
the separating degeneration locus), while I'y, is isomorphic to the Siegel mod-
ular group PSp(2h,Z) = Sp(2h,Z)/{%1} (or a congruence subgroup thereof,
if one keeps track of spin structures).

At genus one, several efficient methods for integrating modular functions
on the fundamental domain /7 of the Poincaré upper-half plane have been
developped, starting with the integration-by-parts method [4] and the or-
bit method of [5-8| in the physics literature, and the Rankin-Selberg-Zagier
method for automorphic functions of polynomial growth in the math litera-
ture [9]. With the recent advances of [10-13]!, it is now possible to evaluate
analytically the integral over F; of any (modular invariant) product of an
almost weakly holomorphic modular form times a lattice partition function.
This covers most of the cases relevant for BPS-saturated amplitudes at one-
loop.

At genus two or three, the only examples computed so far are those where
the integrand is constant [20, 21|, or proportional to the so-called Kawazumi-
Zhang invariant pgyz(Q) [22, 23|, or proportional to the Narain partition
function I'g 45, of the even self-dual lattice of signature (d, d) [24, 25|. In the
first case, the volume of the fundamental domain Fj, of the Siegel modular

!Other attempts to use the Rankin-Selberg method to compute string amplitudes
or probe the asymptotic density of string states include [14-19].
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group of degree h is well-known since [26], while in the second case the in-
tegral of pkz could be computed by integration by parts [23]. In the last
case, the integral f]:h dppl'qqp is divergent for d > h 41 and must be reg-
ularized. It was conjectured in [24] that the renormalized integral should be
proportional to the sum of the Langlands-Eisenstein series £ go(d d)( =h)
attached to the spinorial representations of the T-duality group SO(d, d,Z).

In [27], some preliminary steps were taken towards evaluating the inte-
gral [ 7, dppl'q.qn by the Rankin-Selberg method. Recall that for a modular
function F' of rapid decay, the integral [ 7, A F(Q) can be deduced from
the ‘Rankin-Selberg transform’

(1.1) RAF.s) = [ dun (5.9 @)

where & (s,Q) is the (completed) non-holomorphic Siegel-Eisenstein series,
by using the known fact [28] that £*(s, 2) is a meromorphic function of s € C

with a pole at s = h+1 , and with constant residue rj, = 3 | |Lh/2J C*(25+1)
1 *
(1.2) dpp F(Q) = —Res 11 R (F,s).
Fa Tho sy

The Rankin-Selberg transform (1.1) can in turn be computed by representing
the Eisenstein series & (s, Q) for Re(s) > 2L as a sum over images under
Pha

Lh/2]
En(s, ) =¢"(2s) [ s —25) > |9,
(1.3) j=1 oS VR

A B
Fh,m—rhﬂ{<0 D>}’

where Q = Q; +1Q9, |Q2] = det Q2, and unfolding the integration domain
against the sum over images, leading to

Lh/2]
1) RiEs) =) [[Cls-2) [ dmloal F@),
j=1

Lo, n\Hn

The integral over €}y projects F() onto the zero-th Fourier coefficient
F(O)(Qg) with respect to I'j oo, while the remaining integral over () runs
over a fundamental domain of the action of PGL(h,Z) on the space P}, of
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positive definite symmetric matrices. The latter can be viewed as a general-
ized Mellin transform of F'(©)(€,). Notably it inherits the analyticity property
and invariance under s — % — s of the Eisenstein series £ (s,). In the
case where F(2) = |Qo|¥|¥(Q)|?, where ¥() is a holomorphic cusp form of
weight w, the integral over Py, /PGL(h,Z) can be computed using again the
unfolding method and identity (B.2) of appendix §B. This expresses Rj (F, s)
as an L-series generalizing the symmetric square L-series for h = 1 [29-32],
establishing its analytic properties and functional equation.

If however F(€2) does not decay sufficiently rapidly at the cusps, as is
typically the case in string amplitudes, the integrals (1.1) and (1.4) must be
regularized. For h =1, it was shown in [9] that for modular functions with
polynomial growth at the cusp, a suitably renormalized version of the integral
(1.1) is given by the Mellin transform of F(*) — ¢ (still denoted by R} (F, s)),
where p(Q2) is the non-decaying part of F'(€); the latter has a meromorphic
continuation in s with additional poles over and above those of the Eisenstein
series &5 (s,2). Moreover, the renormalized integral of F' differs from (one
over 7, times) the residue of R} (F,s) at s = % by a computable term
whenever the order of the pole is greater than one. In the context of string
theory, the regularization of a physical amplitude [ 7, dpp F(2) by inserting
an Eisenstein series in the integrand and then extracting the residue at s =
%, can be viewed as an analogue of dimensional regularization in quantum
field theory, where the number of non-compact space-time dimensions is
analytically continued from D to D — (2s — h — 1).

Assuming that a similar procedure could be carried out for h > 1, it
was found in [27] that for the particular case F' =144, the renormal-
ized Rankin-Selberg transform (1.4) (after subtracting by hand all non-
decaying terms from F') is proportional to the Langlands-Eisenstein series
EX’,?VO (d’d)(s + &=1=h) attached to the h-th antisymmetric power of the fun-
damental representation; and that the renormalized integral of F'is equal to
the residue of the same? at s = %, up to an undetermined correction term
0 when the order of the pole is greater than one. The arguments in [27] were
heuristic, however, and one motivation for the present work is to put the
claim of [27] on solid footing.

More generally, the goal of this work is to extend the Rankin-Selberg-
Zagier method [9] to Siegel modular functions of degree h > 2 which are
regular inside Hj and have at most polynomial growth at the cusps. The

2This is compatible with the fact that the same integral is proportional to the
residue of 5;20((1@)(8) at s = h, thanks to identities between Langlands-Eisenstein

series.
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main challenge is to find a convenient cut-off which removes all divergences,
while allowing to unfold the integration domain against the sum in the Siegel-
Eisenstein series. In general, divergences originate from regions of Fj, where
a diagonal block of size ho X hs in the lower-right corner of 25 is scaled to
infinity, while keeping the remaining entries in (2 finite. The stabilizer of this
cusp inside PSp(2h,Z) is a parabolic subgroup of the Siegel modular group
with Levi component equal to [Sp(2h1,Z) X GL(ha,Z)|/Zs2, where hy + hy =
h. In the language of string theory (so for h = 2,3 only), this divergence
is interpreted as a ho-loop infrared subdivergence for 1 < hgy < h, or as a
primitive infrared divergence for ho = h. To subtract these divergences, we
shall apply the following strategy (already suggested in [10]):

i) construct an increasing family of compact domains ]:}/L\ C Fp, A e RT
such that limp_, .7-"}? = Fp; the regularized integral RZ’A(F, s) =
ff;’? dup & (s) F on the ‘truncated fundamental domain’ F2 is then
manifestly finite and has the same analytic structure as £;(s) as a
function of s € C;

ii) find an invariant differential operator ¢ which annihilates the non-
decaying part of the integrand F’;

iii) relate the regularized integrals RZA(F ,s) and RZ’A(OF ,s) using inte-
gration by parts;

iv) apply the standard Rankin-Selberg method to the decaying function
OF, i.e. compute limp_,oo RZ’A(OF, s) in terms of the (generalized)
Mellin transform of the constant term OF(©);

v) relate the Mellin transform of ¢ F(©) to the regularized Mellin transform
of F(0),

In the body of this paper, we develop this strategy in detail in degree one
(revisiting |9, 10]), degree two, and degree three. In appendix §A, we collect
relevant facts about Siegel-Fisenstein series and invariant differential opera-
tors valid in any degree, which could be used to extend our procedure beyond
degree three. In appendix §B, we compute the renormalized Rankin-Selberg
transform for the Siegel-Narain lattice partition function in arbitrary de-
gree. Aside from this example, it would be interesting to use our techniques
to study the analytic properties of L-series associated to non-cuspidal Siegel
modular forms.

Since we only consider integrals of Siegel modular functions which are
regular inside Hj,, our procedure only applies to string amplitudes of genus
h < 3, whose integrand is regular in all separating degeneration limits, as
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well as in non-separating degenerations which do not correspond to cusps of
the Siegel upper half-plane (see Figure 1). Still, it is applicable to a number
of amplitudes of physical interest, such as the two-loop D*R* [20] and three-
loop D%R* [21] couplings in type II string theory compactified on T, which
are proportional to the renormalized modular integral of the lattice parti-
tion function I'g 4, for h =2 and h = 3, respectively. Using the techniques
developed in the present paper, we establish that the two-loop D*R?* and
the three-loop D®R* amplitudes are given by residues of the Langlands-
Eisenstein series EX;“?/O(d’d)(s’ ) and 5X;€/O(d’d)(s' ) at s = d/2, respectively.
Moreover, in appendix §C, using similar techniques as in [33], we show that
the three-loop DSR?* amplitude satisfies a Laplace-type differential equation
as a function of the moduli of the torus 7%, with anomalous source terms
originating from boundaries of the moduli space; the coefficients of these
anomalous terms agree perfectly with those predicted from S-duality [34].

An important challenge is to extend our techniques to Siegel modular
forms with singularities inside the Siegel upper half-plane. The special case
of the modular integral of the genus-two Kawazumi-Zhang invariant ¢gyz(€2),
relevant for two-loop DSR?* amplitudes in type II string theory on tori, was
considered in [33], leading to a novel construction of ¢kyz(92) [35]. It would
be interesting to consider other examples with more severe singularities on
the separating degeneration locus, such as D> H* amplitudes in type II string
theory compactified on K3 [36].

Acknowledgements. B.P. is grateful to Rodolfo Russo for collaboration
on the related work [33| which paved the way for this project. I.F. would like
to thank the ICTP Trieste for its kind hospitality during the final stages of
this work.

2. Degree one

As a warm-up for the higher degree cases discussed in this work, let us
recover the main results of [9] using the method outlined above. Let F(7) be
an automorphic function of SL(2,Z) with polynomial growth?® at the cusp

3A more general growth condition ¢(7) = Zle ¢; 75 (log 72)™ /n;! was consid-
ered in [9]. For simplicity we shall assume n; = 0. The case n; > 0 can be dealt
with by raising the i-th factor in (2.4) to the power n;. We could also allow the
coefficients ¢; to be arbitrary periodic functions of 7. The subsequent analysis is

1
unchanged provided ¢; is understood to represent [?, ¢;(71)dr.
2
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Codim. h=2 h=3

Figure 1: Non-separating degenerations of Riemann surfaces of genus two
and three (see e.g. Figures 1 and 4 in [37] for the full set including separating
degenerations). The boxed ones correspond to those where the period matrix
reaches a boundary of the fundamental domain F}, in the Siegel upper half-
plane.
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where ¢; € C,0; € C. We define the regularized Rankin-Selberg transform of
F by

(2.2) R, ) = / djur € (s, 7) F(7),
b
where
(2.3) Ei(s,m) = ¢ (25) S — B
. 12 — 9 = ‘CT+d|2S’
(c,d)=1

is the completed non-holomorphic Eisenstein series of weight 0, F) = {r €
Hi,|T| > 1, —% <1< %,7‘2 < A} is the ‘truncated fundamental domain’,
and dp; = drdm /7‘22 (normalized such that the volume of the fundamen-
tal domain is Vi = limp 0o fflA dpr =2¢*(2) = §).

The non-decaying part ¢ is annihilated by the operator

¢
(2.4) O=]]A-0ilei—1)).

i=1

Using the Chowla-Selberg formula
(2.5) Ex(s,7) =C*(28) 15 + (25 — 1) 79 S 4+,

where the dots denote exponentially suppressed terms as 7 — 0o, and in-
tegrating by parts ¢ times, one finds that the regularized Rankin-Selberg
transform of QF is given by

(2.6)
4
RYM(OF5) = [[ls(s = 1) = os(os = D] Ry (F5)
i=1

l
+> e (@) I] s=on) T] (s =140 amte
j=1

=14 i=1..-£
i#]

—¢*@2s—1) [] (s—ov) (s—14+0;) A% +--.

i=1.0 i=1.--4
i)

where the dots denote exponentially suppressed terms as A — oo. Thus,
reorganizing terms and assuming that s does not coincide with any of the o;
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or 1 — oy,
*, A
*, A o 1’ (<>F7 S)
(27) Rl (Fv S) - D (8)
‘ (g* (25) AT Hs=1 (x(25 — 1)A”-7“S>
Z + 4.
= oj+s—1 oj—s

where

~

(2.8) Di(s) =[] Is(s = 1) = oslov — 1)].

i=1

On the other hand, since QF' is decaying faster than any power of 79, the
standard Rankin-Selberg method shows that RT’A’S(OF ) has a finite limit at
A — oo, given by

00 1/2
(2.9) RI(OF,s) = ¢*(2s) / dry 752 / dr OF,
0

—-1/2

and that R’{’A(QF ) has a meromorphic continuation in the s plane, invariant
under s — 1 — s, with only simple poles at s = 0 and s = 1, due to the poles
of £ (s). Using the fact that O¢ = 0 and integrating by parts, we have

(210)  Ri(OF.s) = (*(25) Da(s) /Ooodw 32 (FO) _ ),

where FO) (1) = [~ Y 3 d7 F. Thus, if we define the renormalized integral of
EF(s) times F' by subtracting the divergent terms in (2.7),

(2.11) Ri(F,s) = R.N./ dp Ef(s) F

* oj+s—1 * _ oj—s
= lim RTA Zc] <C (25)A —l—C 2s—-1)A ) ,

A—o0 oj+s—1 oj—5

7j=1

then it follows from (2.7) and (2.9) that

Ri(OF,s) .

(2.12) Ri(F,s) = C*(2s) /0 OOdTQ ST (FO) — ) = D1(s)

Thus the renormalized integral Ry (F, s) is equal to the Mellin transform of
the subtracted constant term F(©) — &, and has a meromorphic continuation
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to the s plane, invariant under s — 1 — s, with only simple poles at s €
{0,1,04,1 —0y,i=1---¢} (assuming for now that no o; is equal to 1). For
o ¢ {0,1}, the residue at s = o originates from the subtraction in (2.11),

(2.13)  Ress—y R}(F,s) = Zg 20 — 1) ¢ Z *(20, — 1) ¢

alo

Since the residue of £ (s) at s = 1 is a constant 71 = Resg=1(*(2s — 1) =
it is natural to define the renormalized integral of F' as twice the residue of
Rj(F,s) at that point,

1
(2.14) R.N./ dpy F = —Ress=1RI(F, s)
Fi 1

If, however, one of the o;’s coincides with 1, then Ri(F,s) has a double
pole at s = 0 and s = 1, with coefficient % Zajzl c¢j. We may then define the
renormalized integral as

_ ¢ A%
(2.15) R.N. /]:1 duy F _Ah—>H;o / duy F — 721:[ — 721:/ cjlogAl,

in which case it differs from twice the residue of R}(F,s) at s =1 by an
additive constant,

]:1 j

(2.16) R.N./ dps F = 2Ress—1RI(F, s) + Z ¢cj log(4me™) + % Z cj.
o;=1 o ]*O
As a prime example of a one-loop modular integral relevant for string
theory, let us consider the case F' =1'g 41, where I'g 45, is the Siegel-Narain
partition function for the even self-dual lattice of signature (d, d), which we
define here for arbitrary genus h (Q = 7 for h = 1):

(217)  Taan(g, B:Q) = |Q¥? 37 7 Srarzmmint i,
(m! ni1)ez2dn
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where
(2.18) £ = (m! + Byn!*)gi (m}j + Bty + ntl g;ind.

At genus one, L' = M? is the squared mass of a closed string with momen-
tum m} and winding number n®! along a d-dimensional torus with metric
gij and Kalb-Ramond field B;;. The positive definite matrix g;; and an-
tisymmetric matrix B;; can be viewed as coordinates on the Grassman-
nian Ggq4 = O(d,d)/[O(d) x O(d)], which parametrizes even self-dual lat-
tices of signature (d,d). In this case, p(72) = 75/2, and the renormalized
integral (2.12) is given by

“(25)D(s+ 4 -1
(219) R’{(Fdd’l,s) = C ( S) (Sd+ 2 ) Z M—Qs—d+2.
s+5—1
o2

(mg,nt)ez2d
mg ni:U,(Wli nt )#0

This is recognized as the Langlands-Eisenstein series of SO(d, d,Z) attached
to the vector representation,

(2.20) Ri(F,s) =2&7°0 " (544 1),
In particular, it follows from the above that Saso(d’d)(s) has a meromorphic

continuation to the s plane, invariant under s — d — 1 — s, with simple poles
(for d #2) at s =0,% —1,%,d — 1 and residues

O
. 1
(2.21) Ress:d,lé'v’so(d’d)(s) = 5{*(d - 1),
1
(2.22) Res 4&°0WD (5) = RN / dpr Taqn,
5=3 Fi

where we define the renormalized integral R.N. f 7 dp1 L'g a1, for all values
of d, as

(2.23) R.N. / duiLaan
Fi

A—o0

Azt
= lim / dpy Fd,d,l —| 3 1@(d - 2) + 5d,2 log A
FA 53—

Here, ©(z) = 1 if x > 0 and 0 otherwise. This analytic structure is consistent
with the one derived from the Langlands constant term formula (see e.g.
Appendix A in [34]).
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For d = 2, 5;’50(2’2)(5) has a double pole at s =1,

%S0(2,2), \ _ 1

(224) &) (s) = o172

1 2 4

T4 o) 27~ les (6T TUan(T)n(U) )]
where we used 5‘*/’50(2’2)(3) =&7(s,T) & (s,U), [10] and the Kronecker limit
formula
(225)  Ef(sm) = 1 — Llog [drnln(r)e ] + O(s — 1),
T o5 —1) 2

The residue at the pole differs by an additive constant from (1/4 times) the
renormalized integral defined by (2.23),

(2.26) R.N. / dp Ta0,1 = —log (dme " ToUs|n(T)n(U)|*) .
Fi

The latter also differs by an additive constant from the integral computed
in |7] using a different renormalization prescription.

For d =1, using M? = ’g—j +n’R?, where R is the radius of the circle
T, one finds

(2.27) g5 () = ¢*(25) C*(25 + 1) (R* + R™%).

For d = 0, the Rankin-Selberg transform (2.19) vanishes, but the renor-
malized integral R.N. f]__l dp is still non-zero, and equal to V| = 2¢*(2).

3. Degree two

In this section we develop the Rankin-Selberg method for Siegel modular
functions of degree two with at most polynomial growth at the cusp, fol-
lowing the strategy outlined in the introduction. Our aim is to define the
renormalized integral

(3.1) R5(F,s) = R.N. /}_ duse E5(s,Q) F(Q),

and relate it to the generalized Mellin transform of the zero-th Fourier coef-
ficient F(9)(€);), defined with a suitable subtraction.
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3.1. Regularizing the divergences

Our first task is to understand the possible sources of divergence in the
integral (3.1). For this we choose the standard fundamental domain F from
[38],

(1) - % < Re(11), Re(£212), Re(222) < %
(3.2) (2) 0 < 2Im(Q2) < Im(Qq1) < Im(99)

3) O+ D|>1forall (é g) € Sp(4,2)

Note that (3) states that |{2a| attains the maximal possible value in the
orbit of Sp(4,Z), while (2) amounts to the requirement that €9 lies in
the Minkowski fundamental domain for the action of GL(2,7Z) on positive
quadratic forms. This domain is conveniently parametrized by three ordered
positive real numbers 0 < Lo < Ly < Ls,

L+ Ly —Lg
3.3 Qy = .
(33) ? ( ~Ls L2+L3>

The variables L1, Lo, L can be interpreted as Schwinger time parameters for
the three edges of the two-loop ‘sunset’ Feynman diagram which describes
the maximal non-separating degeneration of a genus two Riemann surface
(see Figure 2). The integration measure is normalized as in [27],

H dRe(Q[J)dIm(Q]J)
(3.4) dpn(Q2) = == 3
22|
dL1dLodLsg

= d Q
(L1Lg + LoLs + L3Ly)3 Kl_[J Re((s),

3

so that the volume of the fundamental domain F is Vo = 2¢*(2)¢*(4) = 5-5-
The first source of divergences is the region I where Im(Q92) is scaled to
infinity, keeping the other entries in €2 fixed. In this region, it is convenient

to parametrize

P puz2 — U1
3.5 0= ) ,
(3.5) <qu —uy tpFi(t+ ng%))
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Ly Ly Ls

Figure 2: Two-loop sunset diagram, and its one-loop and two-loop countert-
erms, corresponding to regions II, I, 0 defined in (3.11).

where t € R, p € Hy, (u1,us,t1) € R3, so that the integration measure be-
comes

dt
(36) dﬂg(ﬂ) == ﬁdul(p) du1 d’LL2 dtl,

where dyu(p) = dp1dpa/p3. The region of interest is ¢ — oo, keeping p, u1,
ug, 1 finite. Since the stabilizer of the cusp t = oo is Sp(2,Z) x Z? x 7Z, the
fundamental domain F simplifies in this limit to R x Fy x [—3, 3]/Zs x
[—%7 %], where the center Zs of Sp(2,7Z) = SL(2,7Z) acts by flipping the sign
of (uy,us). In string theory, this region is responsible for one-loop infrared
subdivergences, described by a one-loop diagram in supergravity, with an
insertion of a one-loop counterterm. The parameter ¢ is interpreted as the
Schwinger time parameter for the propagation of massless supergravity states
around the loop, while p is the complexified Schwinger parameter for the
counterterm.

The second source of divergences is the region II where the whole matrix
Q) scales to infinity. In the language of string theory, this region is responsible
for primitive two-loop infrared divergences. In this region, it is convenient to
choose a different parametrization for the imaginary part of €Q,

1 1 T1
3.7 Qo = —
8.7) T Vn <7'1 ’7'|2> ’
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where V € R* and 7 € H1, so that the integration measure in coordinates
V., 7,1 becomes

drd
(3.8) dpa(Q) = 2V2dV T;TQ [T dRe(€21).
2 1<

The region of interest is then V' — 0 keeping 7 and 2 fixed. Since the stabi-
lizer of the cusp V =0 is 'y oo = PGL(2,7Z) x Z3, the fundamental domain
F, simplifies in this limit to R x (F1/Z2) x [—3, 2]3, where the involution
Zs (corresponding to the element diag(1, —1) in PGL(2,7)) acts by 7 — —7.
In string theory, this region is responsible for primitive two-loop divergences.
Indeed, as indicated in (3.3), the fundamental domain R* x Fj/Zs is iso-
morphic to the space (RT)3 /o3 parametrized by the ordered Schwinger pa-
rameters 0 < Lo < Ly < L3, so the divergence can be cast into the form of
a two-loop amplitude in supergravity. The fact that two-loop supergravity
amplitudes have a hidden modular invariance was first noticed in [39], and it
becomes manifest when these amplitudes are obtained as field theory limits
of string amplitudes.

It is worth noting that the locus 7y = 0 inside Fj/Zs, fixed under the
involution 7 — —7, corresponds to the intersection of the non-separating
and separating degeneration loci ¢t = oo and pus — u; = 00. Since we assume
that the integrand is regular in the separating degeneration limit, there is
no divergence originating from this region.

In order to regularize the integral (3.1), we shall define, for A sufficiently
large,

(3.9) Ri(Fs) = [ dnails ) F(Q),
7

where

(3.10) FY=Fn{t <A},

is the ‘truncated fundamental domain’. The conditions (3.2) require that
0<wuy < 3andpy <t/(1—uj) < 3tin Fo, so the cut-off t < A ensures that
the domain ]:é\ is compact. Thus, for any Siegel modular function F(£2),
smooth in Ha, R5(F,s) inherits the analytic structure of £5(s,2) as a func-
tion of s. Our goal is to determine its dependence on the cut-off A as A — oo,
up to exponentially suppressed terms in A, and define the renormalized in-
tegral (3.1) by subtracting these contributions and taking the limit A — oo.
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A significant complication in extracting the large A behavior of (3.9) is
that the regions I and IT overlap, corresponding to overlapping divergences
in supergravity. In order to disentangle their contributions, it is useful to
introduce an auxiliary cut-off A; such that 1 < A; < A, and split .7:5\ into
three domains [33]:

.7:8 :fgﬂ{p2<t+u%p2<A1, t <A},
(3.11) .7:2[ ngﬂ{pz <A <t+u§p2, t<A},
FI =Fon{A < pa<t+udpy, t<A}.

The integral over F gives a finite result, independent of A. The integrals
over F1 and F4! will have power-like dependence on A and A, but mixed
terms depending on both A and A; will cancel in the sum, since the union
of the three regions is independent of Aj.

3.2. Renormalizing the integral

Our second task is to understand the behavior of the Eisenstein series 5 (s, €2)
in regions I and II. Recall that £5(s, ) is defined for s > % by the sum over
images in (1.3), and has a meromorphic continuation to the s-plane, invari-

ant under s — % — s, with simple poles at s = 0, %, 1, % The residue at s = 3

2
(or minus the residue at s = 0) is a constant ro = $¢*(3), while the residue

at s = 1 is a non-trivial real-analytic Siegel modular form. The behavior of
E3(s,9) in the regions I and II is given by the Langlands constant term
formula,

(3.12)  &5(s,Q) = t°(*(4s — 2) & (s, p)
3
+1270 M As = 3) Ef (s — 3,p) + O(™Y), VN >0,

in the limit ¢ — oo, and

(3.13)  &E3(5,Q) = C*(25) (*(4s — 2) V72 + (*(25 — 2)(*(4s — 3) V>3
+2s—1) Vg @2s—1,7)+0(VY), VYN >0,

in the limit V' — 0. Using (2.5) it is easily checked that the two expansions
agree in their common domain of validity.
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In order to control the divergences of the integrand, we shall require that
the function F' behaves in the limit t — oo as

L
(1) F@=e+0™)  YN>0, o= t"up),
=1

where {o;} is a set of distinct complex exponents and ;(p) are real-analytic
modular forms of weight zero. More generally, we could allow ¢; to be a real
analytic Jacobi form in p, uy, ue, t1, of zero weight and index. In the analysis
below, ¢;(p) should then be understood as the average

/ SOi(P7 uy, u2, t1) duqdusdty.
(—1/2,1/2]?

Similarly, in the limit V' — 0, we require that F'(£2) grows as
l
(3.15) F(Q)=¢+0(WVYN) VYN>0, ¢=)Y V¥pi(r),
j=1

where «; is a set of distinct complex exponents, and ¢;(7) are Maass forms
of weight 0 under GL(2,Z). We assume that ¢;(7) is smooth at 7 =0,
corresponding to the intersection of the non-separating and separating de-
generation loci. More generally, we could allow ¢; to be functions of 7, )y,
invariant under I's . In this case, in the analysis below, one should again
interpret ¢;(7) as the average f[71/271/2]3 @;(1,1)dQ.

Using V = 1/y/tpa, 72 = +/t/p2, the compatibility of (3.14) and (3.15)

requires that

Pa—+00 i, ~ T2 ~ 3.i
(3.16) 0ilp) PR i, () PR &y,
7 7

with ¢;; = ;7 whenever o; = $(8jir — ), mij = —5(Bjrr + o).

Under these assumptions, in region I we can approximate F by (3.14) and
&3 (s,8) by (3.12), so that, after integrating over ¢ from its (irrelevant) lower
b0111n(11 t(p,u1,ue,t1) to t = A, and then over (uj,us,t1) € [_%,%]2/22 X
(=2, 2);
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(3.17) /}-1 dpe E5(s,Q) F(Q)

* As+a —2
EC S+JZ / dp @ilp) €1 (5, p)

1 *(4s — 3 A”"’_i_s N
+§ZC ( o )1 /Al dMlSOi(P)gl(S—%;P)
i=1 v 1

—5—8

where the dots denote exponentially suppressed terms in A. On the other
hand, using (2.14), one can express the integral over ]-"{\1 in terms of the
renormalized integral over JFi,

(3.18) Adm@w9>an

As+cr —

“ 3 TN [ e it

1 “(4s —3) A2
+§Z ¢*(4s )1 ’ R.N./fldul(p)cpi(p)gf(s—éap)

g —5—8

*( 4s — 2 As+oi—2A77i,j+S*1
5 ch (C lds - 2)

(s+0i—2)(nij +s—1)

+C (25 — 1) C*(4s — )AS+U ‘2A7’ s
(s+0i —2)(mij —

3

2

* - * - o‘—*—s Mi,j+8—
L1 Z g (*(2s —1)C*(4s — 3) A” Ay

= (0i — 5~ )y +5—3)

* * O'i*lfs 771;_7’—8-1-%
+( (25 —2)(*(4s —3)A7""27° A
(0i — 5 —8)(mij — 5+ 3)

In region II, we can instead approximate F' by (3.15) and &5 (s,2) by (3.13).
In terms of the variables V, 1o, the integration domain .7-"2[ I corresponds to

AN T2
1 7 — .
(3.19) TEF /2, A<V<72A1
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After integrating over V', one finds

(3.20) /}_” dpe E5(s,Q) F(Q)
- Z /F Ve dmm{ c*<jj> f;(fi; 2)
X [(TQAl)Qsajg - (f)aﬁ?)_%] @;(7)
)

C*(QS - 2) C*(45 -3 —25-a, To\ Qit2s .
+ 25 + oy [(7'2/\1) ? - <K) } ©;(7)

W [(sz—?—% - (f)ﬂ £5(2s —1,7) @(7)}-

Again, we can replace in this expression?

(3.21) /}_m dpi (1) ) ¢,(7) — R.N. /f dur 79 ¢ (7)

)

Ls e
+zcﬂz<A)2(ﬂ o

Bjit+v—1

and similarly for the integral [ mdﬂl( )79 EF(2s — 1,7) ¢j(7). By con-

struction, the mixed terms dependlng on both A and A; cancel between
(3.18) and (3.20), thanks to the relation between ¢; ; and ¢;; mentioned be-
low (3.16). Thus, the relevant contributions from region II are obtained by
keeping only the power of 75/A in the square brackets, and replacing the

V/AJA,
1

integral over F by the renormalized integral.
It follows that, up to exponentially suppressed terms in A, the regularized
integral (3.9) depends on A as

“We denote by 7 the modular invariant (but not smooth) function equal to 75
inside the standard fundamental domain F.
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(3.22) /f dps E2(5,Q) F(9)

(45 — 2) ASHoi2 / o
Z Tor—a BN dmo)eip) Ef(s.p)

1
1 *(4s —3) AT T2 °
+*Z ¢*(4s >1 ’ R.N./f dpa(p) wilp) €1 (s = 5.)

0'1—5—8

Z C* 28 C* 4s — )A2s—aj—3

N. [ d AR
RN [ am)

Z C*(2s —2) (*(4s — 3) A~
25+«

R.N. /f dn (1) 7592 5 (7)

*(2s — 1) A=27 42 ok .
Z — R.N. . dpn (1) 7592 EF (25 — 1,7) @4(7).

We therefore define the renormalized integral (3.1) by subtracting these cut-
off dependent terms before taking the limit A — oo,

(3.23)  R5(F,s) =R.N. /f dug &5 (s, Q) F(2)

= lim { /f . dps E2(5,Q) F(Q)

A—oo
1 (45 —2) At

— = N. [ d «(p) EF
2; P — R /; w1(p) i(p) & (s, p)

* _ AU— —S
ZC e )1 RN/fdm(p)w(p)Sf(s—é,p)

UZ—§—S
C* (25) C*(4s — 2) AZs—i— o;+3—2s -~
Z o — 2543 R'N- dpy (1) 77 Gy (7)

Z C*(2s — 2) (*(4s — )A‘QS_O‘J'
25 +

* o A 2—aq; .
+ZC (25 R.N./}_ dpa (1) T J+251(23 L7)g,(r )}

Qi+

R.N. /f dpur (7) 75 35(7)
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We note that the last 5 lines have poles, respectively, at

56{2*01"772‘33 772]70’2’47 }
s €{oi — %vnij + %v g Mg s %v L ‘3
(3.24) e{aj+3> = Nij; 7571}
sE-F mi+ %ai”l’i
s €{nij, 3 — mij, 3,1}
However, for generic values of 0, o, n;;, only the poles at s € {2 — 04,0 —

5, O”; i _a -} have A- 1ndependent residues. As we shall see, the other poles
exce ose at s € {0, 3, must cancel against those in
pt those at 0,3,3,2 t | against th

dpz €5 (s,92) F(Q)
2

on the first line.

3.3. Constructing O,

Having defined the renormalized integral (3.1) for the class of functions F'
satisfying the growth conditions (3.14), (3.15), we now turn to the problem
of relating it to a suitably regularized Mellin transform of the constant term
F©)_ For this purpose, following the strategy laid out in the introduction,
we consider the invariant differential operators

(3.25) 02(0) = ALy — (0= 3)(0 = DAgpay +0(0 = H)(o = 3)(0 - 2).

and

(3.26) Oa(a) = AL = HAsp)? + (3 + Jala +3)) Ay
—tala+1)(a+2)(a+3).

Here, Agy4) is the usual Laplace-Beltrami operator, proportional to the
quadratic Casimir of the action of I'y on L?(Hz), while A(4)(4) is the invariant
quartic differential operator proportional to the product of Maass’ raising
and lowering operators (see Appendix A for further details). These operators
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are normalized such that
ASp(4) 55(37 Q) - 28(3 - %) 55(57 Q)?
)

4 *
Ag’;(4) E3(s, Q) =s(s—

(3.27)

The operator Q2(0) is designed to annihilate t7¢(p) for any function ¢(p).
To see this, it suffices to write the operators Agyy), Agg( 2 in the coordinates
appropriate to region I,

Agp(4) AV Ap

(3.28) (@) 3
ASp(ZL) — (At + 1) Ap,
where
(329) At == t28t2 — t@t, Ap = ,0%(621 + 022)

The formulae (3.28) hold up to terms which annihilate functions of ¢, p,
independent of w1, us,t1. Using these relations, it is straightforward to check
that O2(0) annihilates t7¢(p) for any function ¢(p).

Similarly, the operator () is designed to annihilate V@(7) for any
function ¢(7). This is easily seen by writing Ag, ), A(;)

o(4) in the coordinates
appropriate to region II,

1
ASp(4) — i(AV + AT),
(3.30) 171 1
@) 2 3
Asp(4) - Z Z(AV - AT) + §AV - EAT )
where
(3.31) Ay =V20y: +4Voy, A, =73(02 +02),

and the formulae (3.30) similarly hold up to terms annihilating functions of
V, 7, independent of €2;.

Thus, in order to construct an operator which annihilates the non-decaying
part of I in all regions, we may consider the product

However, in some circumstances, this may not be the most economical choice.
Indeed, since ¢2(0) = ¢2(2 — o) and Q2(a) = O2(—3 — ), we may keep only
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one element in each pair (04,2 — 0;) or (o, —3 — ), in cases where the two
elements of the pair occur in the expansion. It may also be the case that
an operator (2(c;) annihilates a term V®@;(7) in the expansion (3.15), or
conversely, that Qo(c;) annihilates a term t7¢;(p) in (3.14). To see when this
can happen, we compute

Oa(o) - V(1) = %VQ[AT —(a+20)(a+ 20 —1)]
(3.32) X [Ar — (@ =20+ 3)(a— 20 +4)] - (1),

Ba(a) - 7 (p) = _i A, — (a+o)(atot 1)

<Ay~ (2+a—0)3+a—0) lp).

Thus, this phenomenon may take place whenever ¢;(p) and ¢;(7) are eigen-
modes of the respective Laplace operators with a suitable eigenvalue. This
happens, for example, when F' = £J(s, ), although this is a very special

case since it is an eigenmode of Q2(0) and Q2(a) for any ¢ and a:

g CAOESD) = (=) =0+ a0 =Dl t o -2 (D),
' O2(a) E5(5,Q) = (a+ 1) (a+2)(s + 2a) (s — 2(a +3)) (s, Q).

As we shall see in §3.4, another example is the Narain lattice partition func-
tion I'g 4 2, whose non-decaying part is annihilated by 02(%) in both regions
I and II.

To take advantage of these possible simplifications, we shall take

(3.34) O =[] 02000 I ] O2lry)

il jeJ

where I and J are suitable subsets of 1---£and 1- - - £ such that ¢ annihilates
both non-decaying parts (3.14) and (3.15) in regions I and II.

We now consider the regularized integral R;’A(OF ). On the one hand,
QF is of fast decay in regions I and II, so the integral is finite as A — oo, and
the standard Rankin-Selberg method reviewed in the introduction produces

(3:35) R3(OF) = lim Ry*(OF)

= (*(25) C*(4s — 2) / dpsz [ OF ()

o2\ H2
dTldTQ

— (H(25) C* (45— 2) / T yragy / T2 o(r® ),

0 Fi1 T
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where, in going from the second to the third line, we integrated over €2; and
used the fact that 0@ = 0. Integrating by parts and using (3.33), we find

(3.36) R5(OF) = C*(2i<)> (*(4s —2) Dy(s)
[ [ o,
where
(3.37) Dy(s) = 11(3 —o))(s—0i—Y)(s+0o;—3)(s+0;—2)
;Eg](aj + 1) (e 4 2)(s + 5a) (s — 3(a; + 3)).

Since QF is of rapid decay, R5(OF) has a meromorphic continuation in s,
invariant under s .—> 3 _ 5, with simple poles only at s = 0, 1 55 1 %

On the other hand by integrating by parts in the regularized integral
R;A(OF ) and using (3.33), we find after a tedious computation that, for

finite A,
(3.38)

[ ana&5(5.2) 0P(R) = Das) [ s €505, F(O)
fA ]_‘A

D ds — 2) As+oi—2
Ly Dale)Clas =

R.N. [ dui(p) ¢i(p) EX (s, p)

- s+o;—2 F
—;Z Da(s) ifjg . ;‘”l_é_sR.N. /f A (p) 2ilp) (s~ 4,
+ZD2 ) (*(2s) Ci(z;——g) AQS_O‘J'_SR'N./ dp (7) 7 o;+3—2s ;(7)
+ZD2 DN INTE 0N, [ a2 i)
+ZD2 W e[ () 7587 (25— 1.7) ).

Dividing out by Ds(s) and using the definition (3.23), we arrive at the de-
sired relation between the renormalized integral and the renormalized Mellin
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transform,

dn d'rg

RE(F,s) = (*(25) C*(4s — 2) / T gy > (FO) — &)
(3.39) RE(OF) 0 Fio T2
= Dal)

Since R5(OF') has a meromorphic continuation in s with simple poles only
at s € {0, %, 1, %}, it follows that similarly, R3(F, s) has a meromorphic con-
tinuation in s, invariant under S — § s, with poles located at most at
s e {0,3 3 ,Q,Jijai — 1 ,2 — o, 2 UZ,—ﬁ O‘J—H’} withie I,j€ J.

For now, we assume that none of these values collected in curly brackets
collide, so that the poles are simple. The simple pole at s = o ¢ {0, %, 1, g’
originates from the subtractions in (3.23)

(3.40) Ress:gRg(F,s):% Z Z C*(40; — 5)

=o;—1 0201

< RN. /f dus(p) ¢i(p) €1 (01 — 1, p)

+% Z E ¢*(aj +3) ¢*(2a; + 4)

a+3
2

X RN, / dpus () 5(7).

71
P o=

while the simple poles at s =0 € {0, %, 1, 5} originate from the poles in

&3 (s). We define the renormalized integral of F' by subtracting the power-like
terms in A,
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(3.41) R.N. /F dup F(Q) = lim {/]—'A dus F(Q)

—00

3% N [ dn )
2i O'i_z..]-'l Hilp) pilp

o #2

1
~ 5 logA Z R.N. /; 1 dpa(p) pi(p)

A—a_,»—3 a;+3
R.N. d 5
oj#-3

—logA > R.N./

Fi

dpus () 5(7) }

aj=—3

With this definition, assuming that 2 ¢ {o; — £,2 — 0y, —%, %21 the

7

renormalized integral of F' equals 1/r9 tlmes the re51due of R5(F,s) at the

simple pole s = %,

2
¢*(3)

(3.42) R.N. / dug F(Q) = Res 3R5(F,s).
Fa 572

When the pole is of order greater than one, the two differ by a finite contri-
bution,

(3.43)  R.N. /f dus F(Q)

2 *(4
- C*(3) RGSSZ%RE(F, S) + E*E?’; 231 R.N. /}_1 dMl (p) (Pz(p) gf(%vp)
oi=5

+3 ZRN [, dmo)ate) [loaoiseplnot) ~a S

(3)
ZRN / dur (7) 5(7)

- Y RN / dpa (1) ¢5(7) [10% ((;2;;//2272> +2Cg,((33))} '

a;j=—3
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For the example discussed in the next subsection, this difference was denoted
by d in |27, (4.30)], but was left implicit in that early attempt.

3.4. Lattice partition function

We now apply the previous result to the special case when F' is the lattice
partition function defined in (2.17). In this case, the asymptotic behavior in
regions I and II is given by

d
v =t2Laa1(p),
/
_rle=arl® pq2(p, pi
(3.44) G=vViivd 3 R
(p,9)=1 (mi,nt?ezu
m;n®=0

so that the conditions of the previous subsection are obeyed with
(3.45) o; = g, vi =Tlqa1, aj=—d, 95]'(7) =1, ¢= 02(%)

Note that the second term in ¢ (corresponding to the ©;-independent terms
in (2.17) where the matrix £/ has rank one) is not of the form V@(7), but it
is obtained from fol dp1p by a modular transformation SL(2,Z) C Sp(4,7Z),
so it is also annihilated by 02(%).

The renormalized integral R.N. f]_.2 dpa E5(s,2) 'y 4.2 is obtained by ap-
plying the general prescription (3.23). The integrals

RN. [ dpn(p)loa (' 0)
Fi

appearing on the second and third line of this expression were evaluated
in (2.19). The integrals appearing on the fourth and sixth line can be evalu-
ated explicitly [10, (2.34)],

(346) 02(7) = R.N. / dul(T) 7'; = ry/o d7—1 (1 _ TIQ)T
2¢(157)
o4

9



364 I. Florakis and B. Pioline

1
where c(a) = f(?(l — %) =15F(a, 3;3; 7). The pole at v = 1 arises from
the logarithmic divergence of the integral over 5. We note the special val-
ues ¢(0) = 1 and ¢(3) = Z, consistent with the volume of the fundamental
domain V; = 3.

Finally, the integral ca(7, s’) = R.N. f}_l duy 79 E5(s', 7) appearing on the
last line of (3.23) does not seem to be computable in closed form, although
by using the fact that both factors in the integrand are eigenmodes of the
Laplacian A, it can be reduced to an integral fi{% dry 7 _151‘(3, 7), where
the integrand is evaluated at |7| = 1. Its analytic structure as a function of
s and v is determined by the constant terms in £5 (s, 7), since the non-zero
Fourier modes are exponentially suppressed as 79 — oo. In particular, it has
simple poles at v+ s = 1 and v = s. Furthermore it vanishes at v = 0, since
the renormalized integral of £ (s, ) vanishes.

The renormalized integral is then defined as the limit

(3.47) R.N./ dp2 &5 (s, Taa2 = R5(Taaz2,s)
Fo

d
; 1¢*(4s — 2)A°T2 72
=1 dps E (s, ) T — = x (T
A [/]E2A w2 E3(5, Q) g a2 CR—— Ri(Caa1,s)
1 CF(ds — AT
) o1, Ri(Cagr,s— 3)

2
C*(25)¢*(4s — 2) c(s + 4 — 1)A2s+d=3
(2s+d—2)(2s+d—3)
C*(2s — 2)¢*(4s — 3) c(HL — 5)Ad=2
(2s —d)(2s —d—1)
C*(25 — 1) c2(2 — d; 25 — 1)A92
a d—2

On the other hand, using (B.2) the renormalized Mellin transform (3.39)
evaluates to
(*(25) C*(4s —2) (s + 52) (s + 952)

(3.48) R5(Tadz2,s) = 7
7T2$+d7§

3—d
X > e
(m!nt1)ez*/GL(2,Z)
min'/+mnt=0
rank(m! nt1)=2
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where £ is the 2 x 2 matrix defined in (2.18). This is recognized as the com-
pleted Langlands-Eisenstein series attached to the two-index antisymmetric
representation of SO(d, d,Z),>

(3.49) R5(Tadz,s) = 2Enm ™ (s + 452).

Indeed, it is known from the Langlands constant term formula that

ngov(d’d)’*(s/ ) has, for generic dimension d, simple poles at

(330) Y0 A 2l da -2

which translate into poles at s = 3%‘1, %, 0, %, 1, %, %,% as predicted by

the Rankin-Selberg method (in particular, the apparent pole at s = %
in (3.48) cancels). Moreover, from the fact that the regularized integral
ffé‘ dp2 E5(s) g 42 has only simple poles at s =0, %, 1, %, we deduce from
(3.47) the value of the residues of R5(I'g.q2, s) at the poles,

S

Res :gRg(Fd,d,% s) = ¢*(2)¢*(d—2) (*(2d — 3),

Res g 1R3(Daaz,s) =" (2d —5) &7 (d - 2),

S=

(3.51)

1
Res _3R5(Laaz2,s) = 5@(3) R-N-/ dpz a2,
-3 .

1
Ress=1R5(L'q,4,2,5) = 54*(3) R-N-/ dpz [Ress=1E5(s)] Taa,2,
7

where the renormalized integrals are defined for generic d by

, 2A473¢(d — 1)
(3.52) R.N./ dusTggo = lim / dpaTggo — —2——=
3 9oy A—>OO _FZA sy d

d
A272
d—4

)

R-N-/ dpiTaan

| IS

5This relation is discussed in more detail in Appendix B.
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R.N. / d,ug [Resszlgg(s)] Fd,d,Q
7}

= lim [/ dpo [Ress=1E5(s) Ta a2
.7_‘/\

A—o0
d
C(())(Q)RN./ dp Tagn
2AI—2 (?1) log A A% . .
(d—l)( — )C*() 2(d — )C*(3)R1(Fd,d,1,2) .

For the values of d where the subtracted terms in these equations are singu-
lar (d = 2,3,4 for the first line and d = 1,2, 3 in the second line), we define
the renormalized integrals by subtracting the corresponding logarithmic di-
vergences, as in (2.23). In these cases, the Rankin-Selberg transform (3.48)
has a pole of higher degree, and the residue at the pole differs from the

renormalized integral by a computable term. Focussing on the residue at

3

Szg,

4
/]-'5‘ dpol's 32 = @Ress:?)/ﬂzg(r&&?vs)

s
+ —(log A + cte) — —R N. / dpal'z 31,
3 VA F

4 N
(3:53) / dpel'sa2 = - Res,—3/9R5(l'a4,2, 8)
F ¢(3)
1
+ 2RN/ d,u,1I‘474’1 (10gA + Cte)
7
— 28700 (2) 4 c(1) A,

250(4,4) % SO(4,4) % ()

where £ (2) = lim,_ys [5 — RN [ dmTaa .

For d =2, it was shown in [27| that the Langlands-Eisenstein series

55?&2’2)’* can be written as a sum of SL(2) Eisenstein series

(8.54)  Exa = (*(2s 4+ 1) ¢*(25) ¢ (25 — 1) [E1(25,T) + &1 (25, U)].

The residue at the simple pole s = % yields

(3.55) R.N. /f dpisTs 25 = 20*(2) [E5(3,T) + EX(3, 1))
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For d < 2, the Rankin-Selberg transform (3.48) vanishes, but the renormal-
ized integral is still non-trivial,

/F =202 (<*<4) - 412) ,

356) [ dmlie =20 @0 WE +1/7)
7
s V3 T
© 9A3/2 (B+1/R)+ gxz + a0

reproducing the result of [27, (4.46)] in the limit A — oo.

3.5. Product of two Eisenstein series

We now apply our general result to the case F'= &5(s';Q). The asymp-
totic behavior in region I and II can be read off from (3.12) and (3.13),
with s+ §'. In this case, rather than using the operator (3.34), it is easi-
est to exploit the fact that F' is an eigenmode of the Laplacian, see (3.27).
Taking ¢ = Ag,) — 25'(s' — 3), we trivially get R5(OF) = 0, and therefore
R5(F) = 0. This reflects the general fact that the renormalized integral (or
more generally, the renormalized Rankin-Selberg transform) of an eigenmode
of the Laplacian vanishes. The regularized integral is therefore purely given
by the boundary terms in (3.22). Since the ¢;(p) are SL(2,Z) Eisenstein
series, and since the renormalized integral of the product of two Eisenstein
series vanishes [9], the contributions from region I vanish, leaving only the
last three lines in (3.22):

(357)  RyM(Ea(s):s)
B C*(QS)C*(ZLS — 2)<*(2S/)<*(4S/ o 2) C(S + s — 1)A25+28/_3
- (s+s —1)(25+2¢' = 3)
. C*(25)C* (45 — 2)¢* (28" — 2)(*(4s' —3) e (s — 8" + ) AZ72
(2s — 28" +1)(s — &)
+ C*(25 - Q)C*(4S - 3)C*(25,)C*(45, — 2) c (—5 + s + %) A25'—2s
(25 —2s' —1)(s — &)
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C*(2s — 2)C*(4s — 3)¢* (28 — 2)¢* (48" —3) c(—s — 8" + 2)A727>H3
* (s+ s —2)(2s 425" — 3)
CCF(25 — 1) C*(28)) CF(48" — 2) (2 — 26,25 — 1) A2

2—2¢
CCF(25 — 1) C*(28" —2) C* (48" —3) ca(28' — 1,25 — 1) A2
25" — 1
CM(25) M(4s —2) C*(28' — 1) ea(2 — 25,28 — 1) AP 2
2 —2s
CM(25 —2)C*(45 —3)C*(28' — 1) ea(25 — 1,25' — 1) A1
25 —1

— (25 —1)C* (28 — 1) At ep(1,25 — 1,25 — 1)
where

(3.58) c2(v,8,8) = R.N./ dp 3 EF (s, 7) EF (8, 7).
Fi

Although the functions co(7y, s) and ca(7, s, ") do not seem to be computable
in closed form, one may check that the apparent poles at s’ = s, ' =1 —
s and images under the symmetries s +— % — s and s <> s’ cancel, leaving
only the poles at s = 0, %, 1, % and s’ = 0, %, 1, % The above gives an explicit
example of Maass-Selberg relations at genus 2.

4. Degree three

We now turn to the case of Siegel modular forms of degree three, with at
most polynomial growth at the cusp. As before, our aim is to define the
renormalized integral

(4.1) RE(F, s) = R.N. / dus EX(s, Q) F(Q),

I3

and relate it to the generalized Mellin transform of the zero-th Fourier coef-
ficient F(9)(€2;), defined with a suitable subtraction.
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4.1. Regularizing the divergences

Our first task is to understand the possible sources of divergence in the
integral (3.1). For this we choose a fundamental domain F3 defined by

1y - % < Re(Q)) < %
(4.2) (2)  Im(Q) € Frerea)

3)  |CQ+D| > 1 forall <é{ g) € Sp(6,7)

where Fpgp3,z) is a fundamental domain for the action of PGL(3,Z) on the
space of positive definite symmetric matrices of rank 3. Various distinct fun-
damental domains are discussed in the literature [40-42|, however we shall
find it convenient to use the one which appears in the maximal degeneration
described by the tetrahedron three-loop diagram (see Figure 3). Indeed, it
follows from the Torelli and Schottky theorems for metric graphs in [43, 44|
that any generic positive definite rank 3 matrix can be uniquely conjugated
by an element of GL(3,Z) into the period matrix of the tetrahedron dia-

gram,®
L1+ Lo+ R —Lo —I4
(43) Oy = —Lo Lo+ L3+ Ry —Lg s
—I4 —Ls Li+ L3+ R

up to an automorphism of this diagram. Since the symmetry group of the
tetrahedron is o4, which acts by permuting the 4 faces, we can fix this sym-
metry by requiring that the sum of length of the edges of each face be
ordered,

(4.4) L1+ Lo+ R3< Lo+ L3+ R <ILqi+ L3+ Ry < Ry + Ry + Rs.

Thus, we choose for Fpgr3z) the space of all matrices (4.3) where L;, R;
are positive real variables such that (4.4) is obeyed. The integration measure

5The tetrahedron diagram is one of the five diagrams which appear in the max-
imal degenerations of a genus 3 Riemann surface (see e.g. Figure 1 in [37]). The
period matrix of the other four lie in lower dimensional cells of the moduli space of
tropical Abelian varieties of dimension 3. See [45] for a discussion of the relevance
of tropical geometry for string amplitudes.
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w

Figure 3: Tetrahedron three-loop diagram, and its one-loop, two-loop and
three-loop counterterms, corresponding to the regions III, II, I, 0 defined
in (4.19).

is normalized as in [27],

(4.5) dps () = L Re(é?z;ﬁ) AlmSr) :

so that the volume of the fundamental domain F3 is V3 = 2¢*(2)¢*(4)¢*(6) =

6

127575
The first source of divergences is the region I where Im(Q233) is scaled to

infinity, keeping the other entries in 2 fixed (or equivalently, Re — 0o keeping
R1, Rs, L1, Lo, L3 fixed). In this region, it is convenient to parametrize

Q Qiiy + 1
4.6 Q=1 _,~ o),
(46) (qu +a) t it + agﬂzu2)>

where t € RT, Q € Hy, (i1, lio, t;) € R5, so that the region of interest is t —
00, keeping €0, @1, g, t1 finite. In the language of string theory, the region ¢ —
oo is responsible for one-loop infrared subdivergences, with the parameter ¢
being interpreted as the Schwinger time parameter around the loop. Since the
stabilizer of the cusp ¢ = oo is Sp(4,Z) x Z* x Z, the fundamental domain F3
simplifies in this limit to R x Fp x [—3, 3]*/Zy x [, 1], where the center
Zs of Sp(4,7) acts by flipping the sign of (@1, @2). In the coordinates (3.5),
the integration measure becomes

dt S 9. o
(4.7) dps = 7 dpo (Q) A%y d2ay dty,
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where duo(Q) is the measure defined in (3.4).

The second source of divergences is the region II where the 2 x 2 sub-
Qa2 Qo3
Qo3 (3
keeping Lj, Ly, R3 fixed). In the language of string theory, this region is re-
sponsible for two-loop infrared subdivergences. In this region, it is useful to
parametrize

P puUs — U 1 1 1
4.8 Q= . P ty = )
(4.8) <ugp —aul t) +i(ty + ugpqu)> T Vn (Tl \T|2>

with p € H1, 7 € H1, V € RY, (u1,u2) € R* and ¢; is a two-by-two symmet-
ric matrix. The stabilizer of the cusp V — 0 is [Sp(2,Z) x GL(2,Z)]/Z2 %
Z* x 73, where the first two factors act by fractional linear transformations
on p and 7, respectively, and the last two factors by integer translations of
(uy,ug,t1). Therefore, in the region V' — 0 the fundamental domain F3 re-
duces to RY x Fy x (F1/Zs) x [—%,3]*/Z> x [—5, 3]>. In this domain, the
matrix to can be understood as the period matrix of a two-loop sunset dia-
gram (see Figure 3),

matrix Im scales to infinity (or equivalently, Ry, Ro, Ls — 00,

L) + Lt —L!
4.9 to= (1", 72 2], 0<Lh<L)<Lh.
( ) 2 ( _L/2 /3+L/2 2 1 3

The locus 71 = 0 corresponds to the separating degeneration limit for the
two-loop sunset subdiagram. In the coordinates (4.8), the integration mea-
sure becomes
(4.10) dpz () = 2VAAV dps (1) dp (p) A3ty duydus.

Finally, the third source of divergences is the region III where all entries
in Q29 scale to infinity, keeping 2; fixed, corresponding to primitive three-loop
divergences. In this region it is useful to parametrize

(4.11) Q=0 +iV 10y,

where Qy is an element of SL(3)/SO(3) in Iwasawa parametrization,

(4.12) Qy =Vt

in/len e [

|~

+

<
h
o

+
>
t
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The stabilizer of the cusp is the parabolic subgroup PGL(3,7) x Z5, where
the second factor acts by integer translation of the entries in €2;. Therefore, in
the region V — 0, the fundamental domain F3 reduces to R x ﬁPGL(&Z) X
[—3.3]5, where ﬁPGL(g’Z) = Frara,z)y N {22 = 1} is a fundamental domain
of the action of PGL(3,Z) on the space of unimodular positive definite ma-
trices. The integration measure in these variables is

(4.13) duz(Q) = 6 V>dVdjs d®Qy,
where

. dL drdm
(414) d/Lg = F T22 dAldAQ,

11s Ehe 1rivar1ant measure on Fpgr(3z), normalized so that [ Frones 103 =
L¢H(2)¢*(3) 4]

The region III itself admits two higher-codimension cusps, corresponding
toi) Y11 < Yoo ~ Y33, and ii) Y31 ~ Y29 < Y33. The first cusp corresponds to
L — oo keeping 7 fixed. In this limit, PGL(3,Z) is broken to GL(2,Z) x Z2,
SO prL(gz) reduces to R* x (Fi/Z2) x [0,1]?/Zs, where the three factors
correspond to the variables L, 7, (A1, A2). In order to study the cusp ii), it
is useful to change variables to

L3
(4.15) L'=+/Lm, TlZ_Al"‘i\/g’ Ay =-mn, Ay=Aim - A,

The measure (4.14) takes the same form in primed coordinates, reflecting
the fact that (4.15) acts as an outer automorphism Qg+ Q5 0”7, with

0 0 1
o being the permutation matrix [0 1 0. The second cusp then cor-
1 0 0

responds to L' — oo keeping 7’ fixed, so that ]}pGL(g,’Z) reduces again to
Rt x (Fi/Z3) x [0,1]?/Zs, where the three factors correspond to the vari-
ables L', 7/, (A], A)). These two cusps intersect when Y11 < Y29 < Y33, cor-

responding to L > 721/3 > 1, or equivalently L' > 751/3 > 1.
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In addition, region III contains loci where one the Schwinger parameters
L;, R; is scaled to zero:

L1—>0:A2—>0, Ry —0: A1(1+A1—|—A2)
+E(1+m)=0
(416) Ly —0: A — 0, Ry — 0: Ag(l—l—Al —I—AQ)

FE (24 71) = 0
L3 —0: AlAQ—}—%—)O, Ry —0: A1 +Ay=1

These loci all correspond to the descendent of the tetrahedron diagram in
Figure 1. They are also obtained by degenerating the three-loop ladder dia-
gram on the top row. The latter being two-particle reducible, it corresponds
to a double separating degeneration of the Riemann surface. According to our
assumptions about the integrand, the loci (4.16) do not generate further in-
frared divergences. Intersections of these loci generate further degenerations
of the tetrahedron diagram, which do not contribute to infrared divergences.

In order to regulate all divergences, it is therefore be sufficient to enforce
a cut-off on the largest element in (4.4). More conveniently, we shall define
the truncated fundamental domain as

(4.17) FY=Fn{t <A},

where ¢ is the variable defined in (4.6), and define the regularized integral
by

(4.18) Ry (s) = / dus £5(s,Q) F(Q).
Fi

In order to disentangle overlapping divergences and extract the polynomial
dependence on A, we shall further split the integration domain into 4 regions,
schematically

F§=F3n{Y11 < Yoo < V33 < Ay},

Fa=F3N{Y11 < Yo < Ay < Y33 <A},
FH = F3n{V11 < Ay < Yoy < Va3 < A},
Fall = F3n {A1 < Y11 < Yap < Va3 < A}

(4.19)

In region I, ¢ is therefore bounded by A, while 2 lies in ]_—21\1. In region I,

/A/AL 1
(4.20) peFM reF A/A, Zove<
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Finally, in region III, for a purely imaginary diagonal period matrix, the
range of the variables V, L, o is given by

A A Lty 1
4.21 1< </ — L3 ——— S—
( ) <1 < A Ty < <72A1’ 1 <V<A1L2

Clearly, the dependence on Aj cancels when summing over all regions 0, I,
I1, III. We shall, henceforth, explicitly display only A dependent terms.

2. Renormalizing the integral

Having defined the regularized integral (4.18), we shall now define the renor-
malized integral (4.1) by subtracting the terms which diverge as the cut-off
is removed. For this we need to make assumptions on the behavior of the
integrand near the cusps. First, we recall the behavior of the Eisenstein series
&5 (s,2) in region I,

(4.22) E5(5, ) — 17 E3(5,Q) + 775 (s — 1, ),
in region II,

(1.23) 1(5,Q) — V72 C*(ds — 2) Ef(s,p) + VEI¢*(4s = 5) €1 (s — 1,)
+V 3/25*(28_577_)81( 27p)7

and finally in region III,

(4.24)  E3(s,Q) = C*(25)C (45 — 2) V735 + (% (25 — 3)¢*(4s — 5) V356
+(*(2s — 1) Vet GE) (25 —1, QQ>
+ (25 = VO (25 - ,0),

where &} SLG.D) (s’,fb) and 5/*\2%(3’2) (s’,Qg) are Eisenstein series for

SL(3,7Z), attached to the fundamental and anti-fundamental representations,
respectively They are meromorphic functions of s with a simple pole at
s'=0and s 2, and are exchanged under s’ »—> — 5.

We shall assume that similarly to the Elsensteln series £3, the function
F(Q) is regular in the bulk of the Siegel upper-half plane, but has at most

polynomial growth near the cusps. Namely, we assume that F' behaves in
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region I as

y4
(4.25) P =¢+0@t™) VYN>0, o= t7pi(Q),
i=1

where ¢;(€2) is a Siegel modular function of degree 2, satisfying the same
assumptions as F'(€2) in (3.14) and (3.15); in region II, as

Sy

(426)  F(Q)=¢+0WVY) VN>0, ¢=>) V9g(1)F(p),
j=1

where ¢;(7), @;(p) are modular functions under PGL(2,Z) and SL(2,Z)
with polynomial growth at the cusps 7 — ico and p — ioco, with ¢;(7) smooth
on the separating degeneration locus 71 =0 and on its images under
PGL(2,Z); and finally in region III as

k()

>

0
(4.27) FQ)=¢+00WN) VYN>0, ¢=> Vv
k=1

where g?:k(fb) is a modular function on Fpgr3z), with polynomial growth
at the cusps L — oo and L' — oo, and regular at the loci (4.16) and their
images under PGL(3,7Z). Of course, the expansions of ¢;, ¢; and ¢, at the
respective cusps must agree whenever the regimes of validity overlap.

Under these assumptions on the asymptotic behavior of F', it is now
straightforward to extract the leading dependence of the regularized inte-
gral (4.18) on A as A — oo. From region I, we find

@) [ dmeF@

: 31 A at . 0
~ Yo [ L e [ .+ 2 5 - L) )
o2

! Zé A ) s(2
N2 (RN [ dwé& :
2i15+0i_3< L2 /1’282(87 )()0( )+ >

14
1 Aaiflfs ~ ~
LD e w (R.N./f dun €3 (s — ;msoi(ﬁw--.) ,

o,—1—s
-1 !
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where the dots stand for Aj-dependent terms, which will cancel against con-
tributions from region II and III. From region II, we find

a20) [ e Fe)

1 g 1/(T2A1) Ao, ~ s
<32 [ ame) [ ) [ v v g &)
j=1 1 1 T2

% [V72s C*(4S _ 2) g{(sjp) —+ V2874 C*(4S — 5) 8{(8 - 1,P)

3
FVTIE @8- L) ENs - b))

* A23 5—a o s
i ) (R.N. /F dpg 75T @-(ﬂ)

st 23 -9 —qj
; ( [ ameio#0)
(*(4s —5) A_C“J_1 2 / 1oy +2s »
_ .N. ! j
PR R fldu 17y ?;(7)
X (R.N. /f dpy EF (s — )soj(p)>
A’a"% 1 7
J Cl]“‘r* * ~
- . (R.N./ dunmy’ 2E5 (28 — 3)%(7))

x (R.N. /F A £ - %)%(p))

Finally, in region III,

(4.30) /f o U €5 F()

NGZ/

Fpcr(s,z)
X |¢H(25)C" (s = 2) VT 4+ (7 (25 = B)¢(4s — 5) VIO
+Cr(2s — 1) Vs le B (95 1)
+ (25 — 2) VIBERSEBE) (95 3) }

iy / VIRV Gy ()
LTZ/A
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(*(25) (*(4s — 2) A3 =6

R.N. / dfiz (L7) 7735 31 (Qg)
FprarL(3,z)

o[

35—y —6
9¢ — *(4s — A*3S*'Yk
(s =3) (45 —5) RN [ da (L) )
38 + Vg Fprcr(s,z)
C*<25 _ 1) AS*5*’}%
5—=9 =Yk

x R.N. / dfis (Lr2)3 17 £ (25 — 1) ¢ ()
FprarL(s,z)

C*(2s —2) A=573
5+ 3+ Y%

% R.N. /; dfi (L7o)* 30w E5FGE) (25 — 3) 3 ()
PGL(3,Z)

We therefore define the renormalized integral by subtracting the divergent
terms,

(4.31) R3(F,s) = hm {/;A dus E5(s) F(Q)

_,Z ASJFU_RN/ dpa E3(s) i ()
s+o;—3 F H2eals) i
+LHRN dpn £ ( l) (Q)

R H2Eo(5 = 5) @i

‘

1 )A23757aj 5+a —2s ~

= R.N. d g ;

2; 23—5—% ( /F p ;(7)

< (r [ dmeiz0)

(*(4s —5) A_af_1_2s < / 14+a;+2s ~ >
— R.N. d ! j
25 +a; + 1 - H1 Ty ¢;(7)

< (r [ ameite - g0

Aiaji Ctj“rz ~
— (R.N. / dunmy’ 2E5(2s — %) @j(ﬂ)
i+ 7

(R /F A £ - ;)¢;<p>)]

NI~J

O~
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1
(*(25) C*(4s — 2) AP0 / - 6+7k—35 5 (O
-6 R.N. dfis (L 708 Or (2
; [ T R— ooen fiz (L72) Pr(§2)
* o * o —35—k ~
o C (28 3)C (43 5) A R.N./ dﬂg (LTQ)%-H’)S Sbkz(Q2)
3s + Vi ]:-PGL(B,Z)
C*(25 — 1) AS=570
5—=95 =k
x R.N. / dfig (Lry)P 75 €55 GD) (95 1) 31(Qy)
FprcL(s,z)
CC(@2s—2) A
s+ 34k
x R.N. / djig (L) 30 g3 OD (25 - 3) sbk(fb)] }
FpraL(3z)

4.3. Constructing 3

In this subsection, we construct an invariant differential operator annihilating
the non-decaying part of F', in such a way that the right-hand side of (4.30),
at finite value of A, is recognized as f]__A dps £5(s) OF, up to a polynomial
. 3

in s.

Region I. In analogy with (3.25) we introduce the invariant differential
operator

(4.32) O3(0) = A(sﬁp)(e) —(0-1)(o - 2)A(éflzo)(fi)

+(0 = 3)(0 =10 = 2)(0 — 3)Asy(e
—o(oc—3)(c—1)(c—2)(c — 5)(0c —3).

where ASP(G)’A?ZB(@’A(Sﬁp)(ﬁ) are the quadratic, quartic and sextic Casimir

operators of Sp(6) (see Appendix A), normalized such that
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In terms of the coordinates ¢, ), @1, @2, t; appropriate to region I,

Agpe) = At + Agpay,
(4) (4)
(4.34) Agpe) — Digpay + (At + 3) Agp(a),

(6) (4)
ASp(6) — (At + 2) ASp(4)'

where Ay = t20? — 2t0,. Using this, one may check that the operator (3(o)

annihilates t7 () for any function ¢(€2), independent of uy,dg,t1. The
Eisenstein series £5(s) is an eigenmode of {3(o) for any o,

(4.35) 03(0)E5(s)=(s—0o)(s—o+3)(s—o+1)
X(s+0—2)(s+0—3)(s+0—3)E(s).

Region II. In the coordinates appropriate to region II, we have instead

1 1
ASp(ﬁ) - iAV + Ap + iATv

AD % [8A,(Ar + Ay) + 320, + A2

Sp(6)
(4.36) —2A; Ay — 20, + A} + 4Ay ],
6 1
Agp)(ﬁ) — E [ - 2ApA7AV + (qu— + A%/)AP

+ (10Ay — TA- +24)A, ],

with Ay = V28‘2/ + 6V 0y. Using these formulae, one can check that the
following degree 12 invariant operator

- 6 4
4.37)  Os(a) = ( — 4036 A% 6 + Ao A6

@ A @ 13 © 12
+ 18855(6) Agp(e) Asp(e) ~ HAsp(e)]” ~ 27 Rs(6)] )
3 (4)
v ( ~ 2a(a+5) + 1AL, AD
6
+3(6a(a +5) + 31)A%, 5 AL

+2(3a(a + 5) + 17) Agye) [A G )2

4 6
—18(3ar(ar +5) + 16)A§§(6>A(513(6>)
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+ 1(4@ +D(a+2)(a+3)(a+ 4)A§p(6)

4
+ (20 (a + 5)(4o(a + 5) + 47) + 203) A%, o AL
— 6(a(a +5)(160(a + 5) + 161) + 399) A ge) AL o)
~ 4(aa +5)(Tala +5) +80) + 237) AL 1)
+ % —(a+1)(a+2)(a+3)(a+4)(8ala+5)+ 37)A5p(6)

+ (a(a +5)(da(a +5)(ala +5) + 14) + 265) + 447) Agy5) AL
+

(o + 2)(a + 3)(ala + 5)(52a(a + 5) + 495) + 1134)Ag]3(6))
+ %(a +2)(a+3)

X ((a +1)(a +4)B8a(a +5)(12a(a + 5) + 101) + 1549)A% o
—8(ala +5)(ala +5)(dala + 5) + 49) + 216) + 378)Af;2(6))

- %((m (e + 2)(a+3)(a+ 4)(aa +5)

x (4a(a +5)(8a(a 4 5) + 91) + 1197) + 945) A g4
+ 2cala+ 1)(a+ 2 (e +3)(a + 4o +5)

X 2a+1)(2a+3)(2a+ 7)(2a + 9),

annihilates V@(7) @' (p) for arbitrary ¢(7), ¢'(p). The Eisenstein series £3(s)
is an eigenmode of ¢3(a) for all a,

116 (a+2)%(a+3)%(2a + 3) (20 4+ 7) (20 — 45 + 9)

X (2a+4s+1)(a—2s+5)(a—2s+4)
X (a4 2s)(a+2s+1)E(s).

(4.38)  O3()E3(s) =

Region III. Finally, in the coordinates appropriate to region III,

1 1
Agp(6) — gﬁv + §ASL(3),
(4) 1 1
(4.39) AD o = AV + Ay + (A SL(3))

3
+,0+ Vav)A(g - §ASL(3)a
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(6) 3)
AD g M (2728 5 + 96 + 2Vn) Asigs)
— AVO(3 + V) (3 + 2vav))

x (2788) 5) +9(9 + 20) Asigs)
— 4(3+ V)6 + VOy)(9 + 2vav)>,

where Ay = V23% + 7Vdy, and ASL(g),A§£(3) denote the quadratic and
cubic Casimirs on SL(3)/S0(3), normalized such that the two-parameter
Langlands-Eisenstein series satisfies [46]

ASL(:’,)S*;SL(?”Z) (s1,52)

4 .
= g(s% + 52+ 5189) — 2(s1 4 s2) | EFGL) (51, 59)

(4.40)
AEQL)(3)5* SLBL) (5, 59)
2 .
= —?7(51 — 82)(281 + 459 — 3)(282 + 451 — 3) g*’SL(g’Z)(Sl, 82).

Using these formulae, one can check that the following degree 8 invariant
operator

- W 12
(4.41)  Os(v) = {ASp(ts) 4ASP(6>]
1
+ < - 1(7 +2)(v + 4)A?§p(6)

#1420+ Vg0 A4 — 40+ 3780 )

N é((m +6)(37(7 +6) +43) + 146)A2 )

—4(y+3)*(y(y +6) + 4)A(S4;3<6)>

— 103200+ 67y +6) + 10) + 20) Mgy

+ 1620+ D0+ 2+ 3P0+ )3+ 5)(r +6),
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annihilates VI$(Qy) for any $(y). The Eisenstein series £3(s) is an eigen-
mode of ¢3() for all «,

S =35+ )y — 5+ 8)(7 — s+ 4)(7 — 5 +5)

X(y+s+1)(v+s+2)(v+s+3)(y+3s)E(s).

(4.42)  Os(7)E5(s) =

All regions. Combining these results, we see that

¢ 7 0
0 =T 0s(en) [T 0s(e H?> (m)
i=1 j=1 k=1

annihilates the decaying part of F' in all regions. However, this may not be the
most economical choiceA. Indeed,Athe symmetry properties O3(0) = 03(3 — o),
Os(a) = O3(—5 — @), O3(y) = O3(—6 — ) allow to keep only one element in
each pair, in case the two elements are present. Second, the operator ¢s(o)
in region II factorizes into

(4.43) 03(0) =3[A, — (0 — 1)(0 — 2)][A; — a(a — 1) + 20(1 — 20 — 2a)]
X [Ar —ala—1)+2(c — 3)(5 + 20 — 2a)],

so it annihilates V@ (7) ¢'(p) whenever one of these factors vanishes. Simi-
larly, in region III it factorizes into

(4.44)  Os(0) = 4(2y — 60 4+ 15)(y —30 4+ 6)(y — 30 +9)

46656 [ B
+ 90513 (27— 67 +15) + 27A5) |
x [_ Ay + 30 — 3)(y + 30) (27 + 60 — 3)

+ 90513 (27 + 60 = 3) + 2748 o |,

so it annihilates Vﬁﬁ(@g) whenever either of these factors vanishes.
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As for the operator 63(04), it factorizes in region I as

(4.45)  Os(a) = 116 ((a +1)(a+2)(a+3)(a+4) + A

4
— (2a(a +5) + 11)Agp) — 4A(sg<4>>

X [(204—20+7)(2a—2a+9)(a—a+3)(a—a+5)

— Agpn (20 — 20 +7) (20 — 20 + 9) + 4Agl)(4)}

X [(a+ 7)o+ 0+ 2)(2a + 20 + 1)(2a + 20 + 3)

— Agpn) (20 + 20 + 1) (20 + 20 + 3) + 4Af;2(4)} :

and in region III as

m( —16(a + 2)%(a + 3)%(2a + 3) (22 + 7)

+4A% 5 — 3(12a( + 5) + T AT )
+24(a+2)(a+3)(4a(a+5)+23)ASL(3)—27[A§”L>(3)]2)
x (= 4(6c — 47 + 3)(3a — 27)(3ar — 2 + 3)
+ 903 (6 — 4y +3) + 27A(3>( )
x (= 4(3a + 27 +12)(Ba + 27y + 15) (6 + 47 + 27)
+ 951 (60 + 4y +27) — 27AF) ).

(4.46)  Os(a) = —

Finally, the operator 53(7) factorizes in region I as

(447) 03(7) = = ((v—0+3)(y—0+4) (y—0+5)(y—+6) +[Agy(

1
e p
—Aspia) (272 471(18—40) +2(0—9)0+39) —4A%) )
X ((7+0)(W+U+1)(7+0+2)(7+g+3)_|_[Asp(4)]2

—Agpay (292 +7(40+6)+20 (0 +3)+3) _4A<;g(4)),
and in region II as

1A~ (@ =5 = Da=)] &~ (a+7+5)(a+7+6)

x [A2 =240, ((v+3)* +A;)
+(Ar = (v +2)(v +3)(Ar = (v +3) (v +4))].

(4.48) <>3( )=
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To take advantage of these possible simplifications, we shall choose

(4.49) 0= HOs(Ui) H Os(az) H Os()

iel jeJ keK

where I, J, K are suitable subsets of 1-- -/,
hilates the non-decaying parts (4.25),(4.25),
I11.

Having constructed an operator ¢ which annihilates the non-decaying
part of F' for all degenerations, we can now compute the integral RQ(OF)
using the standard Rankin-Selberg method,

1--~£7, 1---/ such that ¢ anni-
(4.27) of F in all regions I, II,

(4.50) R5(OF) = lim REH(OF)

= (*(25) C*(4s — 2) / dpis |90 OF(9)

Foc,S\HS

= 6¢*(2s) (*(4s — 2) /OO V53sdv/ djis O(F(O) — )

0 -7:—PGL(3,Z)
where, in going from the second to the last line, we integrated over £2; and
used the fact that (@ = 0. Integrating by parts and using (4.35), (4.38),
(4.42), we find

(4.51) R5(OF) = 6¢*(2s) (*(4s — 2) Ds(s)
X / VPTEsqy / A djis (F© — @)
0 Frars,z
where

(4.52) Da(s)=][(s—0i) (s —oi+3) (s —oi + 1)

icl
x(s+0;—2)(s+0i—35)(s+0;,—3)

x TT 15 (05 +2(a5 + 8205 +3)
jeJ
X (205 + 7) (205 — 45+ 9) (205 + 45 + 1)
X (aj —2s+5)(oj — 25+ 4) (0 +25)(aj + 25+ 1)

x T 23+ k=85 4+ ) — 5+ 8) (3 — 5+ 4) 35 — 5 +5)
keK
X (ke + s+ 1) (v + s+ 2) (7 + 5+ 3) (% + 3s).
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Since QF is of rapid decay, R*((}F ) has a meromorphic continuation in s
with simple poles at s € {0, 3 2 ,2}, invariant under s — 2 — s. On the other
hand, by integrating by parts in the regularized integral Ry’ (<>F ) and using
(4.35),(4.38),(4.42), a very tedious computation shows that for finite A,

(4.53) /f A €5(5,0) OF(9)

— Dy(s) /f dpus £3(5,2) F(Q)

A5+O'l . . )
_,Z S+Jl_3 B2 RN, deu2(9)¢i(ﬁ)52(379)_,,,

where the dots stand for the divergent remaining terms in (4.31), multiplied
by Ds(s). It follows that the renormalized integral (4.31) is equal to the
renormalized Mellin transform,

Ri(F,5) = 6C(25) ¢ (45 — 2)
= -ssg dis(FO — 3
s x /0 vy [ s - g)
_ R3(0F)
Ds(s)

Thus, R3(F,s) has a meromorphic continuation in s, invariant under s +—
2 — s, with poles located at most at s € {0, 2 5 2, 2} and at the zeros of D3(s) .
Assuming that D3(s) does not vanish at s = 2, so that R5(F, s) has a simple
pole at s = 2, its residue then produces the renormalized integral of F,

(4.55) R.N. / dug F(Q) = ResszgRg(F, S).
Fs

2
¢*(3)
If the order of the pole at s =2 is greater than one, then the renormal-
ized integral of F' (defined by minimally subtracting the divergent terms in

f]-‘é‘ dus F) will differ from the residue of R5(F,s) at s = 2 by a finite term
0, which is easily computed from (4.31).

4.4. Lattice partition function

We now apply the previous result to the special case F'is the lattice partition
function defined in (2.17). In this case, the asymptotic behavior in regions I,
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II, IIT is given by

d
(4.56) 0 =t2T442(Q), ¢=VTaai(p), ¢= Y342,

so that we can use the operator ¢ = 03(%). The renormalized integral
R.N. f}_s dps E5(s) g a3 is obtained by applying the general prescription
(4.31). The integrals appearing on the second to fifth line of this expres-
sion were evaluated in (2.19), (3.46). (3.48). The last four lines of (4.31)
involve integrals over the fundamental domain of PGL(3,Z) of the form

) djis L 75,

FprcL(s,z)

cs(a, B) = R.N. /

(4.57) cs(a, B; ') = R.N. / dfis L 78 55H 38 (),

FprcL(3,z)

dfis L 70 ESFED) (51,

é3(a, B;8') = R.N. /

FprcrL(s,z)

Although these integrals do not seem to be computable in closed form, it is
easy to determine their analytic properties. As mentioned below (4.14), the
fundamental domain F PG L(3,z) admits two different cusps, corresponding to
i) L — oo keeping 7 fixed, ii) L' — oo keeping 7’ fixed. In the first case,
ﬁPGL(37z) reduces to Ry, x ﬁPGL(Q,Z),T x [0, 1]12417142/22. The integral over L
in the first integral c3(ca, 3) is then convergent if Re(a) < 3, and has a pole
at a = 3 with residue

(458)  Resacscs(a, B) = iR.N. / dun (1) 78 = 21

For what concerns the other two integrals in (4.57), using the asymptotic
behavior of the Eisenstein series as L — oo,

. A ’ § ’
epHOD (Qp,8') = C*(25) L* + L2 €1(5 = 4,7,

(4.59) SL(3,Z) (A 3-2s' '
EXSEOD (05.8) = (28— 2 L 4 L7 E(5'7),
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[\GI[eV]

we similarly find that c3(a, 8; s') has poles at a +2¢’ =3 and at « — &' =
with residues

)

R
(4.60) FBams-aw o3l fi5) = 2(1-8)

1
Res 3 3o, fB;8') = 1e2(5; s —1).
2

a=s'+

Similarly, ¢s(a, 8; ") has poles at a = 25’ and at a« = 3 — ', with residues

) , ¢*(2s' —2)¢ (%)
(461) Resq=24 Cg(Oé, B; S ) = 2(1 _ /8) 5

1
Resq—3—¢ 63(a7 B; 5,) = 102(65 Sl)'

a a=p
In the vicinity of the cusp ii), rewriting L“ 7'25 = [/ 7'; 2 and using

(4.63), one finds that c3(«, 3) is convergent if Re(a+ 38) < 6, and has a
pole at a 4+ 35 = 6 with residue

-1
(462) Resa+3ﬁ:6 Cg(Oé, /6) = 71
Similarly, using

g";?SL(Zi,Z) <9275/) N C*(QS, - 2) L/3—25’ + L/s’ gf(S,,T),
(4.63)

. N ; 3_
EEOD () = ) I 4 L3 E1 (5~ 4, 7),

as L' — oo, we see that c3(a, f,s") has poles at a+ 35 —4s' =0 and o +
38 + 25’ = 6, with residues

(25 — 2) ¢ (W)
24+a—-p8 '

(464) Resa+36:45' Cg(Oé, ﬁ7 S/> =

1 _
Resqat35+2s—6 c3(a, 8,8') = 12 (azﬁ;sl) ;

while é3(, 3, ) has poles at « + 33 + 4s’ = 6 and at a + 38 — 2’ = 3, with
residues
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2+a—f
C*(2s’)c< 5 >
24+a—-p
- 1
Resat35-25=3C3(at, B3 8') = Jea(B; 8" = 5)-

(4.65) Resa3p+4s—6 C3(av, B;8') =

These equations are of course consistent with the functional equation
*:SL(3,Z) 4 A N _ exSL(3,Z) .

&y (Q2,58") = E\by, (Q, 3 5 — §). For brevity, we shall denote c3(a) =

cs(a, @), cs(a; s) = es(a, o s) and similarly for ¢;3. Moreover, it is useful to

note the special values

(166)  es(0) = 53C(3) = 5@ CEB), eal0ss) = Ex(055) =0,

where the first relation is the volume of the fundamental domain of PGL(3,Z)
[40], and the second relation follows from the fact that the renormalized in-
tegral of Fisentein series vanishes.

Returning to (4.31), the renormalized integral is therefore given by

(4.67)
R.N. . duz E3(5) Taa3() = R5(Tga3,5) = hm {/ dps £5(s) Ta.a3(92)
1 As-l—%—?) A%_ )
- = R.N. dus E5(s)T + RN/d E(s—3)T
2 S+%l*3 /}_2 2 2() d,d,2 dT—s - 2 2(8 2) d,d,2
1| ¢*(4s —2) ca(5b — d — 2s) A2s—5+d
2[ ( )22—5+d ) R.N / dﬂlgl()rd,d,l
*(4s — 5) ca(1 — d + 2s) Ad—1728
o . ( ) ;i—d—i— 1 ( dﬂl 51*(5 —1) Fd,d,l)
7 3 d—*
co (5 —d;2s —2) A" 2
_ (3 a 5) <R,N./ dpr E7 (s — %)Fd@l)]
3—d 7

3d 2at 32 3d 3d
C*(28) C*(45—2) cs (67772,5) AT x(25—3) ¢*(45—5) cs (77+3s> A2
_ 6 _
3d 3d
3s+5 D) 35—7

3d _3d
¢*(2s—1)cs (573—251752571) AT o (25-2) 6 <s+3 3d 257%> A2 ] }

_'_ —
s—5+ 32d s+3— 37d
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On the other hand, using (B.2) the renormalized Mellin transform (4.54)
evaluates to (see Appendix B for more details)

¢*(25) C*(45 — 2)T(s + 54 I(s + 45°) I(s + 45°)
71_33—4—%(

4—d
x > et
(min®1)ezs!/GL(3,Z)

min'/+m/ni’=0
rank(m! n"7)=3

(4.68) R3(Tga3,s) =

d—>5)

where L is the 3 x 3 matrix defined in (2.18). This is recognized as the com-
pleted Langlands-Eisenstein series attached to the three-index antisymmetric
representation of SO(d,d,Z)

(4.69) R5(Caa8) = 2Ena ™ (s + 454).

Indeed, it is known from the Langlands constant term formula that

Sf?,ov(vd ) (s") has, for generic dimension d, simple poles at
(4.70) §'=0,5,1,% 52 G g,d-3,d-5,d -2,

which translate into poles at s = %, 5;2d, %d, 0, %, %, 2, %, %,% as pre-

dicted by the Rankin-Selberg method. Moreover, from the fact that the reg-
ularized integral [ 7a dps E5(s) g3 has only simple poles at s = 0, %, g, 2,
we deduce from (4.67) the value of the residues of R3(I'g 43, 5) at the poles

for generic value of d,

*
Res,_aR3(Laa3: s

*(2) ¢*(3) ¢*(d — 3) ¢*(2d — 5),
Res :dz;lR§(Fd,d,3, ¢

*(2)¢*(2d - 7) €55 (@ - B,

s

Res,_a2R3(Laas, s

s

(4.71)

5;235 (@d) g 3),

s) =
s)
s)
s) = -C*(3) R.N. /fg duzlaq3,

*
Ress—oR3(I'g a3,
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where the renormalized integral R.N. f 7 dpz g a3 is defined, for all values
of d, as (

(472) R.N. d/,LgF(Ld’g: lim |: du3Fd7d73

Fs — 00

@(d - 6) + log A 6d,6 R.N. / dus Fd,d,2
F2

3
c(4=4yA\d-5
B ((g)g(d —5) + %logA5d,5 R.N./ dpa Tg g
Fi1

@(d - 4) + i<(3) 10gA5d74>] .

For d = 4,5,6, R5(I'g,a.3, s) has a pole of higher order at s = 2, in which
case its residue at s = 2 will differ from 1¢*(3) times the renormalized in-
tegral (4.72) by a term which can be easily computed. For d = 0,1, 2, the
Rankin-Selberg transform R3(I'j43,s) vanishes but the renormalized inte-
gral R.N. ffs dpsz I'g 4.3 is still non-zero. For example, for d = 0, the vanishing
of (4.67) at s = 2 gives

(4.73) /]:A dpz = 2<*(2)<*(4)C*(6) 4 C*(g/)xg(l) o C*(iéi(5—2) _ ijx(g) +

up to exponentially suppressed terms, reproducing the known value of Vs.
Similarly, at d = 1 one obtains

am) [ dmTia =20 C@ o) 7+ 1/R)

— 4C*5(i)5§;((4) (R2 + I/RQ)
c2(4) ¢*(2) 4c3(9/2)
—QZLT(RJrl/R)—W—F

and at d = 2,

475) [ daTazs =20 ()C @) E(G.T) + &G,V

02(3)

i 6A3

(108 [ToUal(T)n(U)1"] + 5log A +cte) + -+
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reproducing the results of [27, (4.46)]. For d = 3, one may show using the
Langlands constant term formula that

(476)  ESBIH(5) = *(25) CH(25 — 1) M (25 — 2) (25 — 3)

" 550(3’3)’*(23 — 1)+ 550(3’3)’*(23 - 1)] ;

where 552(3’3)’* are Kisenstein series attached to the two spinor representa-

tions of S 0(3,3,Z) (or equivalently, the fundamental and anti-fundamental
representations of SL(4,Z)). The residue at s = 2 yields

(4.77)  R.N. /f dpsTsgs = 2C*(2)¢7(4) [£59P3*(3) 4 £5°G3* (3] |

as announced in [27, (4.59)].

In Appendix §C, we use (4.72) as the starting point to show that the
renormalized integral R.N. [ 7 dpz g a3 is an eigenmode of the Laplace op-
erator on the Grassmannian G4 4 parametrizing even selfdual lattices of sig-
nature (d, d), up to anomalous source terms which originate from logarithmic
divergences.

Appendix A. Siegel-Eisenstein series and invariant
differential operators

In this appendix, we collect various properties of Siegel-Eisenstein series
which are known to hold for any degree. The completed Eisenstein series

Er(s,9) is defined by

(A1) Ei(s, ) =Nu(s) D |9y

YETH oo \I'n

for Re(s) > 2+, and by analytic continuation in s elsewhere. The normal-

ization factor

Lh/2]
(A.2) Ni(s) = ¢*(2s) ] ¢*(4s —25)
j=1

is chosen such that &£} (s,€) is invariant under s+ % —s. & (s,02) has

simple poles at most at s = § where j is an integer in the range 0 < j <

2h + 2 [28]. In particular, it has a simple pole at s = %, with constant

residue r, = % HJL};/fJ ¢*(25 +1).
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The Eisenstein series £ (s, 2) is an eigenmode of all invariant differential
operators, in particular of the Laplacian on the Siegel upper half plane,

(A.3) Agpian) E(s,Q) = hs(s — 1) £x(s5,9Q).

It will be convenient to choose a set of generators Agr()zh), 1 <r < h of the
ring of invariant differential operators, such that the eigenvalue of & (s, )

is given by

(A.4) Ag;“g%) Er(s,Q) = (ﬁ) [ —5)(s = =57E) &7 (s, ).
k=0

Up to normalization, these operators are defined by

r—1
(A.5) A(;;"()Qh) < Y2 Y, - Yir, Yiu, - Y0, 0q,

141

r—1
o aﬁlrjragklll T anrlr |Y| 2,

where Y = () and the sum is completely antisymmetrized over ii...., j1...r,

k‘l.-.ra l1---7“' For r = ]‘7 the OpeI‘atOI' Agg@h)

éSp(Qh)' For r = h, the operator A(;p}gh) is proportional to the product
Uw+2 Oy, of Maass’ raising and lowering operators

coincides with the Laplacian

h—1

ufu) w—
(A6) Ow = |Q] 2 ~det (H2120q,,) Q2" 2,

_ h—1 _h=1
Ow = QT2 det (M0 ) ] 2,

which raise and lower the modular weight w by two units, respectively [30].
The eigenvalue of £ (s,2) under Agz;)% can be computed using lemma 9.1
in [47]. The Fourier expansion of £;(s,2) can be found in [48].

We shall also consider the multi-parameter Eisenstein series

(A7) En(st, s Q) = Ni(st,.oosn) > 75245
')/GBh\Fh

v

where By, is the Borel subgroup of Sp(2h,Z). The series converges absolutely
when Re(z;) > 1 and Re(z; — ;) > § whenever i < j. Upon choosing for the
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normalization factor

(A8)  Nu(st,..oosn) = [ ¢+ 215 —21)

1<i<j<h
I ¢@+2x+22) [ ¢ +2m),
1<i<j<h 1<i<h
where z; = s; — % with ¢ = 1---h, the Eisenstein series £*(s1,..., ) is in-

variant under the Weyl group, which permutes the x;’s and takes one z;
to minus itself. The Eisenstein series & (s,2) is proportional to the multi-
residue of £*(s1,...,s,) at s = s9 = -+- = 5. £*(s1,...,8p) is an eigenmode
of the ring of invariant differential operators, with eigenvalues

2
Ag;@h > a? — Lh(h+1)(2h+ 1),
1<i<h
4
Ao = > atal—Lh(h+1)2h-1) Y o?
1<i<j<h 1<i<h

+ 570 (h + 1) (h — 1)(2h + 1)(2h _1_(5h 6),
(A9) AD = > alale} - H(h—2(h-1)2h-3) Y ala?

1<i<j<k<h 1<i<j<h
+ 5255 (h = 2)(h — Dh(2h — 3)(2h — 1)(5h — 11) Y a7
1<i<h

— oo (h — 2)(h — 1)h(h +1)(2h — 3)(2h — 1)
x (2h + 1)(Th(5h — 23) + 186),

under the operators A( ()2h) with 1 < r < 3. More generally, Agp()%) involves

a sum of elementary symmetric functions of the x , whose coefficients of the
are fixed by requiring that Ag) oy Vanishes at s; = s =0, ;, ey %

The boundaries of the Siegel fundamental domain correspond to regions
where the imaginary part of period matrix acquires very large values in a

diagonal block of size hs,

Q/ Q/UQ — Ul
(A-10) 2= <u§Q’ —aub iVTlo+ un) ’

where ' is a period matrix of degree hy = h — hsy, @ is a positive definite
matrix of size ho with unit determinant, uq, ug are two hy X hg real matrices,
w1 is a real ho X he symmetric matrix, and V is scaled towards 0. In this
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limit, the Siegel domain of degree h decomposes according to

SL(h2)

1
N & thth R§h2(h2+1)
SO(hy) x ’

(A.11) Hp, — Hp, x RT x

while the integration measure factorizes into

av 1
(A.12) dun(€) o - yhihatghathetl) q () A du,

up to a constant normalization factor. In the limit V' — 0, the fundamental
domain F simplifies to

- 1
(A13)  Fi = Fi, x RY X Fparnz x 0,172 /Z; x [0,1]2"0=F1),

where Fpg L(hs,z) denotes a fundamental domain of the action of PGL(h2,Z)
on positive definite matrices of unit determinant and Zsy acts by flipping the
sign of (u1,ug).

For (hy,hg) = (h —1,1), setting t = 1/V, the Eisenstein series & (s, 2)
decomposes into

h+1
Ef(5,Q) = & (s, Q) 47 & (s— 1,2 (hodd),
(A14)  E1(s,Q) — t5C (45 — h) EF_y (5, )

M75 * * 1 /
+t2 (" (4s—h—1)& (s —5,9) (heven).

More generally, the Eisenstein series £ (s1,. . ., 53, 2) decomposes into a sum
of terms, one of which proportional to t** &} (s1,...,54-1,€). Consistency
of these decompositions with with (A.4) and (A.9) implies that the opera-
tors A7) acting on functions independent of uq,us,w; reduce to linear

Sp(2h)
combinations of Agg(2h—2) and Agp?;)l_2),

(A.15)  AD

(r) r— r— (r-1)
sozh) = Dan-a+ [£207 — (h—1)to+ S (h—"F)] A

Sp(2h—2)"

It follows from (A.15) that the invariant operator

o o= Yo T (o-25%) (- 154) a8,
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annihilates any function of the form t7¢(£2’). The Eisenstein series & (s, (2)
is an eigenmode of { (o) with eigenvalue

h—1
(A17)  On(@)E(s, ) = [[[ (s — o+ %) (s + 0 = EHE) | £(5,9).
k=0

These relations generalize (3.25), (3.33), (4.32), (4.35) to arbitrary degree.
More generally, for hy > 1, the Eisenstein series £ (s, ©2) decomposes into

r(hy+r+1)
2

ha

(A.18) 5;;(57 Q) N Z V—S(hg—?'r)_
r=0

x & (s — 5, 0) Exir ) (2s — btrtl ),

Ch,hy i (8)

where ¢ p, () is a product of zeta factors. This is consistent with (A.3),
since it follows from (A.12) that the Laplace operator decomposes into

1
(A.19) Asp(an) = Asp(an,) + 5ASL(hy)
1
ha

The decomposition of Ag;()z n) with > 1 can be worked out on a case by case
basis, by requiring that the multi-parameter Eisenstein series are eigenmodes

with the eigenvalues displayed in (A.9).

+—— (V20 + [1 4 haha + Sha(he +1)] Vy) .

Appendix B. Lattice partition function and
Langlands-Eisenstein series

Here we consider the renormalized Rankin-Selberg transform of the Siegel-
Narain partition function (2.17) in arbitrary degree:

d

(B1)  Ri(Caans) = Nals) / djun |9+
Too,n\Hn

X e—WEIJQQJJ—i-?ﬂimfni’JQL”

(mI ni,I)GZZdh

i

Rk(m!nt1)=h

where the renormalization prescription amounts to keeping only the terms
where the matrix M = (m!,n®") (of size 2d x h) has rank h. The integral

79
over ) enforces the condition min®/ + m7n®! = 0, while the integral over
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Qg € Py /PGL(h,Z) can be unfolded onto an integral over Py, at the expense
of restricting the sum to one representative in each orbit of the action of
PGL(h,Z) on M.

The integral over € is straightforward and simply imposes the BPS
condition min?’ + m7n# = 0. The integral over {23 may be performed using
the identity [30, 49]

h—1
ket mQQ,) | he=D
B2) 1= [ Aot e O - Mg TG - ),
Pu k=0

where ) being a real symmetric positive definite matrix. To prove this
identity, notice that @@ can be uniquely decomposed into the product of a
lower triangular matrix L and its transpose, @ = LT L. Changing variables
to 2, = L9 and noting that dQf, = ’Q‘%dQQ, one arrives at

h+1

(B3) T=1QI [ am gt e,

h

The Cholesky decomposition may again be used to uniquely decompose €Y, =
XXT | for some lower triangular matrix X with positive elements along the
diagonal, x;; > 0 for all j =1,...,h. Since the Jacobian for this change of

variables is |.J| = 2" H;‘l:1 x j;r 7, one obtains

h [ee]
(B4) I=2"Q[° (H/o dage 2y " e_%'“)
k=1

from which one immediately recovers (B.2).
Applying (B.2) result to the integral (B.1) over Qo € Py, we arrive at

h 0o ,
—x?
||/ dazg; e " |,
o)

i>j=1""

Nh(s) H’}: I(s— M)
(B.5) Ri(Taan: s) = = 2
o4 (1-2d+3h—45)

h+1—d

x Z ’[”—s-‘r 3

(m!fn®1)ez?"d/PGL(h,Z)
min*/4+mnif=0
Rk(m!,n"1)=h

This is recognized as twice the completed Langlands-Eisenstein series at-
tached to the h-index antisymmetric representation of SO(d,d,Z),

(B.6) Ry (Ladn,s) = 25/5\*%(1,(1),*(8 + 4=,
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To justify this identification, recall that the completed Langlands-Eisenstein
series is defined by

(B.7) E30Dx () = Ly () 3 225 H(3e))
~EPL(Z)\SO(d,d,Z)

where ), is the fundamental weight associated to the representation A*V, P,
is the parabolic subgroup of SO(d, d, Z) obtained by deleting the simple root
dual to Ay , H(e) is the Abelian component in the Iwasawa decomposition
of a coset representative e in G4 4, and the normalization factor

(B.8) Ly(s) =¢*(28' + h+1—4d)
h—1 Lh/2]
x [J¢r@s' —k) [T ¢*(4s' +2h +2 —2d — 2j),
k=0 j=1
is chosen such that thovdd *(s') is invariant under s’ — d — 2 — & (see
e.g. [34, A.3]). The equality (B.6) is thus equivalent to
h
(B.9) Z L] = H 28’ —j+1)
(m!nt1)ez?"*/PGL(h,Z) Jj=1
mint/4+m/nif=0
Rk(m!n"1)=h
% Z 25 (A H (7€)

~EP, (Z)\SO(d,d,Z)

which, in turn, follows from the identity [26]

h
(B.10) > M =TT —i+.
MeZhXh /GL(h,Z) 7j=1
Rk(M)=h

Finally, it may be shown from Langlands’ constant term formula that the
Langlands-FEisenstein series 51?;%6[ “D* hehaves in the limit where the radius

R of one circle in the torus T% becomes very large as

*,50(d,d *,50(d—1,d—1
+¢*(254+1—h)(*(4s + h +2 — 2d) R* 5/*\,};97?‘(/0171@71)(5)

+(*(2s 4+ 2h+1—2d) C*(4s + h + 1 — 2d)

2d—h—1-2s ¢*,50(d—1,d—1) 1
X R gAh (8 5)
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for h even, and

(B12) S0 () o Rh I (o 1)

(25 + 1 — h) B2 €550 141 ()
QN8 20 1 - 2d) RHI12 g SO

for h odd. Using these formulae, one can establish recursively the analytic
structure stated in (3.50) and (4.70), and the formulae (2.21), (3.51), (4.71)
for the residues at the poles for generic value of d.

Appendix C. Laplace equation at genus 3

In this section, we establish that the renormalized integral R.N. [ 7 dusl'a a3
studied in §4.4 satisfies the following differential equation:

(C.1) [Aso(a,a) + 3d(d - 4)] RN. /F dps T a3

=((3) dqu + ZR.N. / dpiTs 51045
Fi

+ 3R.N. / dp2 L' 6,2 04,6,
Fa

where Agp(q,q) denotes the Laplace-Beltrami operator on the Grassmannian
G4 parametrizing even selfdual lattices of signature (d,d). As explained
in [34], the renormalized integral R.N. [ 7 dusl’q 43 arises in the low-energy
expansion of the four-graviton scattering amplitude in type II strings com-
pactified on a torus 7% at order DSR*, and Eq. (C.1) can be understood
as a consequence of supersymmetry. Here, we would like to establish (C.1)
based on properties of the integrand near the boundaries of the fundamental
domain F3. Our analysis will extend the study in [33] of similar one-loop
and two-loop modular integrals which appear at order R* and D*R* in the
low-energy expansion of the four-graviton scattering amplitude, and satisfy

1337

"In comparing (C.1) and (C.2) with Eq. (2.23-25) in [34] and Eq. (1.5), (3.2) in
[33], one should take into account the difference of normalization of the integration

measure, dphere = 27 (h+1)/2q there,
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[Aso(d,a) + 3d(d —2)] R-N-/ dpiTgan = 2042,
Fi1

(C.2) [ASO(d,d) +d(d — 3)] R.N./ dpa L' a0
T2

=T 6d,3 + 2R.N. / dp F4’471 6d,1-
F1

In fact, (C.2) will be needed for the proof of (C.1). We note that the physical
origin of the source terms in Eq. (C.1) was independently discussed in [50].

We start from the definition (4.72) of the renormalized integral. Then,
using [24]

(C.3) [Aso(aay — 28spe) + 3d(d —4)] Tgq3 =0,

along with the identities (C.2) for h =1 and h = 2, we find

(C.4) [Asoq,a) + 3d(d —4)] R-N-/ duszla a3
F3

_ 1[A5?
= lim 2/ d,u,g Asp(ﬁ)rddg) - = dfg@(d — 6) + log A 6d,6
Ty 2

A—o0 2
1
X |:2d(d — G)R.N. / dpug Fd,d,2 + 7T(5d73 + 2/ dp F474,1 5d,4:|
Fo F1

C(H)Ad_B T
_ <(d—24)(d—5)@(d —5)+ o logA5d75>

X |:d(d — 5)R.N. d/‘l Fd,d,l + 2 5d,2]

F1

3 6¢(6 — E)A%(d—‘” 1
— 5dd—4) ( %(;_ y O(d —4) + 1 ¢(3) log Adaa | |-

The terms proportional to log A all drop as they have vanishing coefficient.
The remaining anomalous terms also disappear in the limit A — oo. Thus,
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the above simplifies to

(C.5) [ASO(d,d) + %d(d — 4)] R.N./ duzl'gas

Fs
= lim |2 dﬂ A I
A*)I 00 [ /.7:3{‘ 3 28p(6)* d.d,3

d, d_g
_,AQ @(d—G)R.N./ dpz Ta,a
T
d (454 A4S

——@d—S R.N. dp I
i1 OB [ dnTi,

3
—6dcz(6 - 3)A2 D O(d — 4)] .

The first term can be integrated by parts and gives boundary terms from
regions I, IT and III, which are easily computed using the asymptotic forms

(4.7), (4.10), (4.13), (4.34),(4.36),(4.39) of the measure dugz and of the Lapla-
cian Agyg):

(C.6) 2/]” dps Aspe)d.d,3

:/ dp2(Q) Tg.a2() [ 25, td/ﬂ
Fo

_% / 1d,u1(7) /F 1 dpr(p) Ta,an(p) {V63V V_d}

4 di 7 —3d/2
/]:—PGL(S,Z) 13 [V 8VV }V:LT2/A

d d_ de(d=4)Ad—>
= §A2 3 R.N. / d,LLQ Fd7d72 + (d2)4 RN/ d/J,1 Pd,d,l
Fa - Fi1

3
+6des(6— 2z,

V:T2 /A

These boundary terms precisely cancel the divergent terms in (
finite reminder in d = 4, d = 5 and d = 6 as A — oco. Using (3

C. 5) leaving a
) =
5 4C (3) we find precise agreement with (C.1).

c3(0) =
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