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On cubic Hodge integrals and random
matrices

BoORIsS DUBROVIN AND D1 YANG

A conjectural relationship between the GUE partition function
with even couplings and certain special cubic Hodge integrals over
the moduli spaces of stable algebraic curves is under consideration.

1. Introduction
1.1. Cubic Hodge partition function

Let ﬂ%k denote the Deligne-Mumford moduli space of stable curves of
genus ¢ with k distinct marked points. Denote by £; the i tautological line
bundle over ﬂg,k, and E, ;, the rank g Hodge bundle. Let v; := ¢1(L;), i =
L,...,k, and let A; :=¢;(Egx), i =0,...,g. Recall that the Hodge integrals
over My 1, aka the intersection numbers of - and A-classes, are integrals
of the form

/ Kﬂil"‘wzk')\]ll‘--)\gg, il,...,ik,jl,...,jgzo.
Mgk

Note that the dimension-degree matching implies that the above integrals
vanish unless

3g—3+k=(i1+ia+ - +ip)+ (1 +2j2+3j3+ -+ 9gJg)

The particular case of cubic Hodge integrals of the form

1 1 1

1 Ay(p) Ag(q) Ag(r) it - - pix, -+-4+-=0
I B L B S ST

was intensively studied after the formulation of the celebrated Gopakumar—
Marino—Vafa conjecture [21, 28] regarding the Chern—Simons/string duality.
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312 B. Dubrovin and D. Yang

Here we denote
g
Ag(2) = Z \; 2
i=0
the Chern polynomial of E, . A remarkable expression for the cubic Hodge
integrals of the form

Ag(p)Ag(g)Ay(r)
/MM (1 —z191) (L — 2 0p) k>0

conjectured in [28] was proven in [25, 30]; for more about cubic Hodge inte-
grals see in the subsequent papers [9, 26, 27, 34].

In the present paper we will deal with the specific case of Hodge in-
tegrals (1) with a pair of equal parameters among p, ¢, r; without loss of
generality! one can assume that p = ¢ = —1, r = 1/2. So, the special cubic
Hodge integrals of the form

1 i in

2) [ nengna (5) vk
Mgk

will be considered. Denote

B HGI=Y Y Y bt

920 k>0 1,020

x/M A A (DA (;) —

9,

the generating function of these integrals. Here and below t = (to,1,...)
are independent variables, € is a parameter. The exponential e’ =: Zg is
called the cubic Hodge partition function while H(t;€) is the cubic Hodge

Indeed, the general situation under consideration is p=¢ = —2s, 7 = s, s # 0.
Similarly as (3)—(4), one can define Hy(t;s), g > 0; see also [9]. Then Ho(t;s)
does not depend on s, and for g > 1, the dependence on s for H,(t;s) can be
obtained through a rescaling of v := 5‘?07-[0 (t). Hence, the “one-parameter family”
is essentially a single “point”. Our choice s = 1/2, however, is the simplest/best
choice, which avoids a rescaling of v in the comparison between the Hodge integrals
and matrix integrals.
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free energy. It can be written in the form of genus expansion

(4) Hitse) = Y 20 Hy(t)

920

where H,4(t) is called the genus g part of the cubic Hodge free energy, g > 0.
Clearly Ho(t) coincides with the Witten—Kontsevich generating function of
genus zero intersection numbers of v-classes

(5) Ho)) =30 > til---t@-k/M R

E>0  d,e,in>0

1
:ék(k—l)(k—Z) 2. !

1
iyt =k—3

~~
N
S
~~
S

We note that an efficient algorithm for computing H4(t), g > 1 was recently
proposed in [9].

1.2. GUE partition function with even couplings

Let H(N) denote the space of N x N Hermitean matrices. Denote

N
dM = [ ] dM;; [ [ dReM;; dimM;;
i=1 i<j
the standard unitary invariant volume element on H(/N). The most studied

Hermitean random matrix model is governed by the following GUE partition
function with even couplings

(QW)_N/ Lt V(M;s)
6 Zn(s;e) = e " SIdM.
0 VDN )

Here, V(M; s) is an even polynomial of M
1 ,
(7) V(M;s) = 5M2 =) s M,
j>1

or, more generally, a power series, by s = (s1, $2, 83, ...) we denote the col-
lection of coefficients? of V(M), and by Vol(N) the volume of the quotient

2The notation here is slightly different from that of [8, 11] where the coefficient
of M?% was denoted by 592;.
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of the unitary group over the maximal torus [U/(1)]"

N(v-1) N-1
(8) me)ZWﬂQMNVKMUW>:é%gIB,<%N+1%:I1m.
n=1

The integral will be considered as a formal saddle point expansion with
respect to the small parameter e. Introduce the ’t Hooft coupling parameter
x by

z:= Ne.

Reexpanding the free energy Fn(s;€) := log Zn(s;€) in powers of € and re-
placing the Barnes G-function by its asymptotic expansion [1, 20, 32]

N2 1 3 N
log G(N +1) ~ (2 - 12> log N — sz—i—C( 1)+ 510g(27r)

By,
N — o0o.

yields?

(9) 'F(w7s;€): -FN(S 6)‘N71—710g6_z 29— 2; xS
g>0
Here, By, k > 0 denote the Bernoulli numbers defined through

B
Db

k>0

The GUE free energy F(z,s;€) can be represented [2, 23, 24] in the form

2¢2 2

2g—2 B2g
§: 29—2
= 49(g — 1)x?9~

+Z - QZ Z Zl7--~, )3i1-~3ik 1'2729*(16*“”7

g>0 k>041,...,0,>1

(11) agul,-~71k)=:§;:#¢gbqn1“

22
(10) F(x,s;e) = (log — 3) — ilogac+ ¢'(—1)

31t is often called 1/N-expansion as € = O(1/N).
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where the last summation is taken over all connected oriented ribbon graphs

I' of genus g with k& unlabelled vertices of valencies 2i1, ..., 2i; and with

labelled half-edges at every vertex, # Sym I is the order of the symmetry

group of ', and |i| := i1 + - - - + i (see details in [2, 17, 18, 22-24, 29])%.
Our goal is to compare the expansions (3) and (10).

1.3. From cubic Hodge integrals to random matrices. Main
Conjecture.

It was already observed by E. Witten [33] that the GUE partition function
with an even polynomial V(M) is tau-function of a particular solution to
the Volterra (also called the discrete KdV) hierarchy. Recall that the first
equation of the hierarchy (the Volterra lattice equation) reads

Wy = Wy (wn+1 - wn—l)

where
ZnJrlanl

zz2 7
the time derivative is with respect to the variable ¢ = N s;1. Other couplings
si are identified with the time variables of higher flows of the hierarchy. On
another side, the study [9] of integrable systems associated with the Hodge
integrals® suggested the following conjectural statement: the Hodge partition
function Zg = e of the form (3) as function of independent parameters ;
is also a tau-function of the Volterra hierarchy. This observation provides a
motivation for the main conjecture of the present paper.

It will be convenient to change normalisation of the GUE couplings. Put

_ 2k
Sk :—( k >8k.

Wnp =

4The rational numbers a (i1, . . . ,ix) have also the following alternative expression
i 1
12 i) = [[ 2030
1) olits %) i=1 Y o #SymG

where the summation is taken over connected oriented ribbon graphs G of genus g
with unlabelled half-edges and unlabelled vertices of valencies 2iy, ..., 2ig.

5The first example of an integrable system associated with linear Hodge integrals
was investigated by A.Buryak. In this case the integrable system was proved to be
Miura equivalent to the Intermediate Long Wave equation [4].
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Conjecture 1 (Main Conjecture). The following formula holds true

= 1 k1 k
(13) Z 62g—2fg($, S) + e ? ( — 5 Z L2 Sk, Sk,
g=0

ki ML
E o 1
+Zl+k8k—wz sk—4+x>
k>1 k>1
6895 - 29—2 og !
= cosh | — > 92 H, (t(w,8)) | + (—1).
g=0
where
(14) ti(z,s) =Y ks — 1461 +x-60, i>0

k>1

Remark 2. Both sides of the conjectural identity (13) can be considered
as living in the formal power series ring

e 2C [ [[x — 1, 1,80,...]].

Expanding both sides of (13) near s =0, z = 1 one obtains a series of in-
teresting identities relating counting numbers of ribbon graphs and Hodge
integrals, as simple consequences of the Main Conjecture. The simplest of
them valid for any g > 2 reads

1) ()
15) p 3 OO [ i () ITer

ney Mg,f(u) i=1

1 J 29\ Eag—_20 Bay
- >t - 155 ) P
29(29 —1)(29 - 2) 1= 29') 2

Here, Y denotes the set of partitions; for u € Y, ¢(u) denotes the length of
p, m;(p) denotes the multiplicity of ¢ in g, m(p)! :=[52; mi(p)!. And Ej
are the Euler numbers, defined via

1 — Bk 4

= 2",
cosh z k!
k=0

To the best of our knowledge such identities even the simplest one (15) never
appeared in the literature. We would like to mention that another interesting
consequence of the Main Conjecture is recently obtained in [13].
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1.4. Computational aspects of the Main Conjecture:
how do we verify it?

We will check validity of the Main Conjecture for small genera. Begin with
g = 0. Let us start with Ho(t). Instead of the explicit expansion (5) we use
the following well known representation

3 i+2 i+j+1
v v 1 vt
(16) /HOZ*_ZE%‘F* Ztitjf
| 141
6 = il(i +2) 2i’j20 (i4+j5+1)dlj!
where v = v(t) =ty + - - - is the unique series solution to the equation
Vi
= ¢

Here we recall that
DP*Ho(t) =1 ti, b
18 =2 N i 2
(18) e T D D DI R
k=1 i1+ Fip=k—1
is a particular solution to the Riemann-Hopf hierarchy

ov vk O
—_— = —— k=0,12,....
Oty k! Oty T

For the genus zero GUE free energy Fy = Fy(x,s) one has a similar
representation. Like above, introduce

2
(19) u(z,s) = 9" Fo(x,s) @:z(:;v’S)
and put
(20) w(z,s) = e!®s),

Proposition 3. The function w = w(x,s) is the unique series solution to
the equation

_ _ 2k
(21) w:x+2k8kwk, sk::< A >sk, w(z,s)=xz+---.

k>1



318 B. Dubrovin and D. Yang

The genus zero GUE free energy Fo with even couplings has the following
expression

2 k
(22) Fo = % —zw+ Sk (a: wh — Mw’““)
k>1
kik 2
T :_2]{:2 §k1§k2wkl+k2 + T log w.

ki,k2>1

The proof of this proposition will be given in Sect. 2.
Clearly w also satisfies the Riemann—Hopf hierarchy in a different nor-
malization
0w g9 s
88k ax
The solution can be written explicitly in the form essentially equivalent to

(18)

1
w=> = > wh(i) - wt(in) 5, -5,

n . -
n=1 i1+, =n—1

where we put 59 = x and denote

wi(i) = {1 1=0

i, otherwise.

It is now straightforward to verify that the substitution (14) yields

(23) @) — (z,s), ie. v(t(z,s)) = u(z,s)
and
kiky
(24) Ho (t(z,s)) = ]:OSES—* > U
kl,k2>1
+Zl+k8k—x25k—7+x

k>1

See in Sect. 3 for the details of this computation.

In order to proceed to higher genera we will use the method that goes
back to the paper [6] by R. Dijkgraaf and E. Witten. The idea of this method
is to express the positive genus free energy terms via the genus zero. Let us
first explain this method for the Hodge free energy.
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Theorem 4 ([9]). There exist functions Hg(v,vi,v2,...,v39-2), g > 1 of

independent variables v, vi, va, ... such that
Ju(t) 0397 2y(t)
(25) Hq(t) = Hy <U(t), Oty 8758972 , g>1.

Here v(t) is given by eq. (18). Moreover, for any g > 2 the function Hg is
a polynomial in the variables va, ..., v3g_2 with coefficients in Q [vl,vl_l]
(independent of v).

Explicitly,
(26) Hy(v,00) = —v
1w, v1) = =7pv+ o logul
Tvg 'U% V4 U3
27 Hy(v1,v2,v3,v4) = - B
(27) 2(v1, v2,v3, v4) 2560 11520 * 115202 3200,
3 1103 Tuzvg

T 36007 T 384007 192007

etc. The algorithm for computing the functions Hy can be found in [9]. They
were used in the construction of the associated integrable hierarchy via the
quasi-triviality transformation approach [14].

Let us now proceed to the higher genus terms for the random matrix
free energy (recall that only even couplings are allowed).

Theorem 5. There exist functions Fy(v,v1,...,v39-2), g > 1 of indepen-
dent variables v, vy, vy, ...such that
08 s _F ou(z,s) 0397 2u(x, s) -1
(28) g(x,s) = Fy | u(x,s), R e P , g>1.
Here
0> Fo(z,
u(z,s) = GO:SS) = logw(z,s).

Recall that the function w(z,s) is determined from eq. (21).
Explicitly

1
(29) Fi(v,n) = 3 log vy + const
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with const=¢’(—1),

2
V9 vy V4 U3
30 Fy(vr, 02,03, 04) = = o5 = -
( ) 2(1)1 V2, U3 U4) 480 2880 + 288 fu% 480 vy
Ug’ ’U% Tvgvg

- - —
90vf  960v? 480w}
etc. For any g > 2 the function F} is a polynomial in the variables vo, ...,
v3g—2 with coefficients in Q [vl, vl_l].
Using the fact that 0y, = 0, (see Section 3.2 below) along with the stan-
dard expansion

€0,
h
cos < 5

we recast the Main Conjecture for g > 1 into a sequence of the following
relationships between the functions Fj; and H,

(31) P = 2H; + g + const

and, for g > 2

29—2 .
U292 Dy? " Hy(v;v1)
(32) Fg(’l)l, . 7U3g—2) - 229 (29)' 929—3 (2,9 . 2)]
9 93m—2g

+ E WDg(g_m)Hm(Ul, e ,Ugmfg)
m=2 ’

where the operator Dy is defined by

0 0
Dy = v1— —_—
0= V1 90 + % Vk+1 don

For example,

1 1
(33) FQ(Ul, Vg, U3, U4) = 4H2(U1, Vg, U3, U4) + ZDng + @’Ug.
Equations (31), (33) can be easily verified (see below). In order to verify
validity of egs. (32) for any g > 2 we write a conjectural explicit expression
for the functions Fy(v1, ..., v34—2) responsible for the genus g random matrix
free energies. This will be done in the next subsection.
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1.5. An explicit expression for Fy

We first recall some notations. Y will denote the set of all partitions. For
any partition A\ € Y denote by £(X) the length of A, by A1, A2, ..., Ay the
non-zero components, |[A| = A; + -+ + Ayy) the weight, and by m;(A) the
multiplicity of i in X\. Put m(X\)! := [[,~; mi(A\)!. The set of all partitions
of weight k will be denoted by Y}. For an arbitrary sequence of variables
V1,02, ..., denote vy =wvy, - - - Uhgay -

Conjecture 6. For any g > 2, the genus g GUE free energy F, has the
following expression

(34) Fg(vla s 7’03972)
V2g—2 1 29—2 1 1
2% (2¢)] T 2203 (29— 2)1 0 < 16" 248"
g 3m—2 3m—3 Kotk
2 9 (_1) 2+ks3
S S I
m=2 k=0 ki1tkotks=k

0<ky,kg,k3<m

<)‘k1 Ak2 >‘k37-,0+1>g Pl TH29—2m Vp+1
. Z m(p)! @™ Dy o(p)+m—1—k
PEY 33—k U1

where for a partition p= (p1,...,ue), p+ 1 denotes the partition (u1 +
L,..., e+ 1), QP is the so-called Q-matriz defined by

£(p) ,
QP = (_1)e(p) Z P (pq + £(u9))! (—1)4m)
HHEY o P EY S, =1 m(p)! Hj:1(] + 1)1ms (1)
ULl =p

In this formula we have used the notation

<)\k1)\k2)\k37'1/>g = / )\kl)\k2)\k3¢lfl . %ﬁZe, Vv = (1/1, . ,I/z) €Y.
M.
Details about @-matrix can be found in [12]. Conj. 6 indicates that the
the special cubic Hodge integrals (2) naturally appear in the expressions for
the higher genus terms of GUE free energy.

Organization of the paper. In Sect.2 we review the approach of [8,
14] to the GUE free energy, and prove Prop.3 and Thm.5. In Sect.3 we
verify Conj. 1 and Conj. 6 up to the genus 2 approximation, and give explicit
formulae of F, for g = 3,4,5.
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2. GUE free energy with even valencies

2.1. Calculating the GUE free energy from Frobenius manifold
of P! topological o-model

It is known that the GUE partition function Zy (with even and odd cou-
plings) is the tau-function of a particular solution to the Toda lattice hier-
archy (see e.g. Proposition A.2.3 in [11], where one can also find a detailed
proof). Using this fact, one of the authors in [8] developed an efficient al-
gorithm of calculating of GUE free energy, which is an application of the
general approach of [7, 14] for the particular example of the two-dimensional
Frobenius manifold with potential

1
F = §uv2 + e,

(Warning: only in this section, the notation v is different from that of the
Introduction.)

More precisely, let F¥' denote the following generating series of Gromov—
Witten invariants of P!

1 _ 1
[
920

, 1 &
Fo =D 0 2. D oty

k>0 Ay 0 =1p1,...,pp >0

” Z /[ (Pl,ﬁ)]V‘rteVT(éf)al)"'eVZ(%k)'1/’{1"'1#?-

peH, (P;z) ¥ Mo

Here, ¢1 :=1 € HY(PL;C), ¢ € H?(P!;C) is the Poincaré dual of a point
normalized by

¢2 = 17
]P)l

M, (P, 8) denotes the moduli space of stable maps of curves of genus
g, degree B with k marked points to the target P!, ev; denote the i-th
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evaluation map and ¢; the first Chern class of the i-th tautological line
bundle on M (P!, ). It has been observed in [8] that

F=r"

tcl):mvt%zlft;};zzzov t%p—1:(2p)!'9p P11t —0

where F is the GUE free energy with even valencies (see (10)). Hence one

can apply the general approach in [14] for computing F, for which we will

now give a brief reminder referring the reader to [8, 14, 15] for more details.
Introduce two analytic functions 61 (u,v; z), 02(u, v; z) as follows

zv — 1 mu22m
(35)  O1(u,v;2) = —2e Z <—2u + Cm) g = 291,;)(% v) 2P

m=0 p=>0
2
(36)  Oy(u,v;z) =2t Z m“+z” = 292@ u,v)
m>0 p>0

Here ¢, = Y 14 % denotes the m-th harmonic number.

Note that, as in the Introduction, we will only consider the GUE par-
tition function with even couplings. The corresponding (genus zero) Euler—
Lagrange equation [7, 14, 15] (see the Proposition 6.1 in [7] or see the
eq. (3.6.78) in [14]) reads

k 2k—2m
v
k>1
-1 p2k—1-2m
_ 2%)! m -
(38) ”+;( ) s Zow @h—1—2m)ime "

where w = e" (as in the Introduction). Note that we are only interested in
the unique series solution (v(z,s), w(x,s)) of (37), (38) such that v(z,0) = 0,
w(z,0) = x. It is then easy to see from eq. (38) that

v=uv(z,s) =0.
And eq. (37) becomes

(2m)!
ml?

=0.

(39) :c—w—l—Zsmmwm

m>1
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Define a family of analytic functions Qg ,.5,4(u,v) by the following gen-
erating formula

1 [00a(2) 05(y)  90a(2) 905(y)
P,4 — _
> Qapip gy’ =~ = [ G T s~ fayps

p,g20
o, =1,2.

The genus zero GUE free energy Fy(x,s) then has the following expression

1
(41)  Fo= 3 Z (2p)1(29)! spsq Q22p-1:2.29-1
P,q=2

1
+2 (20)! 5002201 — T Qo2 + 51— 251)% Q2,12.1
q>1

1 2
+ §>2(251 —1)(29)! 8¢ Q21,2291 + 5% 0.
q=

The higher genus terms in the 1/N expansion of the GUE free energy can
be determined recursively from the loop equation [8, 14] for a sequence of
functions

Fg = Fg(U,U,Uh’Ul,... 7/U3g727u3g72)7 g > 1.

This equation has the following form

(42)

>[5 (550) 2% (5) ]

r>0

- ;; < > < > k-1 [8(9Afff (%)rwrl_ zaaA“;F <\/1E>Tk+j

=D73e" (4e" + (v —N)?)

— ¢ ; [‘11 SIAF, v w) <U_\/E)\>k+1 <U_\/T;\>”1
— S(AF, v, w) (1}_\/5)\>k+1 (\/15>l+1
1 1
+S(AF, ug, ) <\/E>k+1 <\/E>l+1]
)

€ OAF 4e*(v—Nug —Tvy  OAF4(v—XNvy —Tu |, ,
2; [ vy, D3 * (1

Ouy, D3
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w?ere AF=3",51 €29F,, D=(v—\)?—4e*, T=(v—\)2+4e", S(f,a,b):=
Baaafb + %g—{, and f, stands for J(f). Solution AF of (42) exists and is
unique up to an additive constant. Fy is a polynomial in usg,ve, ..., usg—2,
v3g—2. For g > 2, Fy is a rational function of w;,v;. Then [14] the genus
g term in the expansion (9), in the particular case of even couplings only,
reads

ou(z,s) 0397 2y(x, s)
fg(:):,s)—Fg<u(x s),v =0, o ,v1:0,...,w,vgg_2:0 ,

g>1.

It should be noted that the reason that one can take v; = 0 is due to a careful
analysis of the rational dependence of vi,u; in Fj, where the Corollary
3.10.22 from [14] would be helpful.

This procedure will be used in the next subsection.

2.2. Proof of Prop. 3, Thm. 5

Proof of Prop. 3. Noting that

2m

02(u,0,2) = (me'

m>0

1),

Owb2(u,0,2) = Zw 5 8u02(u,0,z):memz

m=>0 m=>0

and using (40) we have

2m y2m—1
(43) > Qopo gyt = 2omz0 W™ GryE Lm0 MW" Gan
P59 o
P,4=>0 Zty
2m—1 2m
> omzo mw™ L(m!)T 2mzow™ (Z;n!)z
zZ+y '

It follows that if p + ¢ is odd then 5 ;.0 , vanishes; otherwise, we have

Prig]
w2
(44)  Qopog = 5 5 p,q are both even;
(1+257) [(5)1° [(5)1]
(45)  Qopog = p, q are both odd.
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Indeed, in the case that p,q are both even, by comparing the coefficients of
2Py? of both sides of (43) we obtain that

Qg = 'z ! et B A
P32, 4 2 2
= G- [ +i+1)]
W G (G412 — (B —i)?
_Q+P+1Z B_.'Z q . '2
i=0 [(2 i) [(2+Z+1)]
w3t : 1
IR = Dk
- 1
(B —i—1)1?[(4+i+ D)
wEt

Here 1/(—1)! := 0. In a similar way, for the case that p, ¢ are both odd, one
derives (45).

Substituting the expressions (44)-(45) in (41) we obtain

1 1

Fo = 5;32“ + 5 Z (2](31 + 2)!(2]{72 + 2)!Sk1+18k2+1
k1,k22>0

(k?l + 1)(k?2 + 1) whitha+2

(k1 + ko +2) [(k1 + 1) [(k2 + 1))

whH w?

! - _ atl

+ xZ(?k + 2)ls41 D rzw+ (1 —4s1) 1

k>0
— > (2k +2)!sp4 (kt+ Dw .
k>1 (k+2)[(k+ 1)

Equation (21) is already proved in (39). The proposition is proved. O
Proof of Theorem 5. For g = 1,2, taking v =v; = vy = --- =0 in the gen-
eral expressions of Fy(u,v,u1,v1,...,usg—2,v39—2) [14, 15] one obtains (29)

and (30). For any g > 1, the existence of Fj(u,u,...,ugs—2) such that

Fy(z,8) = Fy (“(x’ s), Jutz:s) A S)>

dxz 7 Ox392
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is a direct result of [14, 15] when taking v = vy = vy = --- = 0 in Fy(u, v, u1,
V1, . ., U3g—2, U3g—2)- U

3. Verification of the Main Conjecture for low genera

3.1. Genus 0

Recall that the genus zero cubic Hodge free energy can be expressed as

where t; = t; — 8;1, t = (to, t1,t2,...), €2;,; are polynomials in v given by

pititl

Q) =
i) = G g

and v(t) is the unique series solution to the following Euler-Lagrange equa-
tion of the one-dimensional Frobenius manifold

Ui
7!

>0

(Warning: the above v is the flat coordinate of the one-dimensional Frobenius
manifold; avoid confusing with v in Section 2 where (u, v) are flat coordinates
of the two-dimensional Frobenius manifold of P! topological o-model.)

Let us consider the following substitution of time variables

t; = Z ks, — 1+ di1 +x - dip, 1> 0.
k>1

Note that with this substitution the cubic Hodge free energies will be con-
sidered to be expanded at x = 1. We have t; = 21@1 Etls, —1+a- di.0,
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and so

4,520
1 .
= 5 Z ki+1§k1 —14+x-dp Z kj+1§k2 L+x-950
4,520 \ ki >1 ka>1
i+t
X oo
(t+j+1)dlj!
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- k7T ks Sk Sk
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Z Z ny pititl
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We simplify it term by term:
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i+j+1

DP ST Ll
S k1 Z+]+1)Z!j!
k
— L k’ ( (1+k)7) o 1) ’
; Skz + ) Z T Sk (e
1 >0 E>1
_ Z Z kz-‘rl ]{J]+ 5k, Sk H_—]H
§5>0 kn ko >1 F g+l
3 >
k1 k2 8k, 5, (k‘1 + ko)*
kl,k2>1 >0 (c+1)
ki1 k
kijp>1 L2

Let w = €. We have

Z kiﬁﬁg s, (Wi = 1) =37 5 i g (0= 1)

kl,k2>1 k>1

2
-l—:chkw -1) 4(w —1)—x(w—1)+%logw
k>1

On the other hand, recall from Prop.3 that the genus zero GUE free
energy with even couplings has the form

w? k ko k4t
Fo:——xw+25k rw — ——wht

4 k>1 k+1
kiky o kit
. 1 2 1
—|—2 k1+k Sp,W —l— ogw.

k1 ka>1

Here w is the power series solution to

w:erZ k 55, w”.
k>1

Recall that w = e*; so

—x—|—z k 5, et
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Namely,

1+Z —x—i—Z k 5 1+Zk]“]

=17 k>1 j>1
It follows that
(46) u(z,s) = v(t(z,s)).
We conclude that
(4T)  Ho(t(e,5) ~ Folr,s) = —5 3 kff?@ Se. 5,
khk2>1
+Z k_ngk_%+x'

k>1 k>1

This finishes the proof of the genus zero part of the Main Conjecture.

3.2. Genus 1,2

Note that the substitution (14)

(to,tl,tg,...) — (ac,.§1,.§2,...)

satisfies that

0 0
9 it1 0
R . > 1.
w R S
In particular, we have
ov ov(t(x,s))  Ou(x,s)
(9750( (@.5)) ox Oz

The last equality is due to (46).
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Recall, from the algorithm of [9], that the genus 1 special cubic Hodge
free energy is given by

1 v
Hi(v;vy) = ﬂlogvl ~ 16

So
v / 1 /
2H (v;01) + g + (1) = 5 log o + (1),

This proves the genus 1 part of the Main Conjecture.
The genus 2 term of the special cubic Hodge free energy is given by

7 vy v% Vy V3

H = - B
2(v1,v2,v3,v4) 2560 11520+1152v% 320 v1

U% n 111}% - T v3V9
360v] 384007 192003

_l’_

So

1

4H2—|—4

D(Q) H1 =+ @’02

5 1 o 0\ 2
= M e v ) = g g [f - (f) ]

) v3 (] U3 v3 v3 Tugvg

= —— — — —+ —
180 2880 ' 288 v 480wy 90w}  960v? 48003
= Fy(v1,v2,v3,04).

This proves the genus 2 part of the Main Conjecture.

3.3. Genus 3,4

Using the Main Conjecture along with the algorithm of [9], we obtain the
following two statements.

Conjecture 7. The genus 3 GUE free energy is given by
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Conjecture 8. The genus 4 GUEFE free enerqgy is given by
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We also computed the genus 5 free energy; it can be found in the Ap-
pendix to the preprint version arXiv: 1606.03720 of the present paper.

For the particular examples of enumerating squares, hexagons, octagons
on a genus g Riemann surface (g = 3,4, 5), one can use (50), (51), as well as
the equation (A.0.1) of the arXiv preprint version to obtain the combinato-
rial numbers. We checked that these numbers agree with those in [11]. This
gives some evidences of validity of the Main Conjecture for g = 3,4, 5.

Remark 9. The genus 1,2,3 terms of the GUE free energy with even
couplings were also derived in [16, 17, 31] for the particular case of only one
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nonzero coupling (i.e., in the framework of enumeration of 2m-gons). To the
best of our knowledge, explicit formulae for higher genus (g > 4) terms, even
in the case of the particular examples, were not available in the literature.

Note added. A proof of the Main Conjecture was recently obtained in [10].

References

[1] E. W. Barnes, The theory of the G-function, Quarterly Journal of Pure
and Applied Mathematics 31 (1900), 264-314.

[2] D. Bessis, C. Itzykson, and J. B. Zuber, Quantum field theory techniques
in graphical enumeration, Advances in Applied Mathematics 1 (1980),
no. 2, 109-157.

[3] E. Brézin, C. Itzykson, P. Parisi, and J.-B. Zuber, Planar diagrams,
Comm. Math. Phys. 59 (1978), 35-51.

[4] A. Buryak, Dubrovin—-Zhang hierarchy for the Hodge integrals, Commu-
nications in Number Theory and Physics 9 (2015), 239-271. arXiv:
1308.5716.

[5] G. Carlet, B. Dubrovin, and Y. Zhang, The extended Toda hierarchy,
Mosc. Math. J. 4 (2004), no. 2, 313-332.

[6] R. Dijkgraaf and E. Witten, Mean field theory, topological field theory,
and multi-matriz models, Nucl. Phys. B 342 (1990), 486-522.

[7] B. Dubrovin, Geometry of 2D topological field theories, in: Integrable
Systems and Quantum Groups, M. Francaviglia and S. Greco (Eds.),
Springer Lecture Notes in Math. 1620, 120-348.

[8] B. Dubrovin, Hamiltonian perturbations of hyperbolic PDEs: from clas-
sification results to the properties of solutions, in: New trends in Math-
ematical Physics: Selected contributions of the XVth International
Congress on Mathematical Physics, V. Sidoravicius (Ed.), Springer
Netherlands, 231-276, 2009.

[9] B. Dubrovin, S.-Q. Liu, D. Yang, and Y. Zhang, Hodge integrals and tau-
symmetric integrable hierarchies of Hamiltonian evolutionary PDFEs,
Advances in Mathematics 293 (2016), 382-435.

[10] B. Dubrovin, S.-Q. Liu, D. Yang, Y. Zhang, Hodge-GUE correspondence
and the discrete KdV equation, preprint (2016), arXiv:1612.02333.



[11]

[15]
[16]

[17]

[18]

[19]

[20]

[21]
[22]
[23]

[24]

On cubic Hodge integrals and random matrices 335

B. Dubrovin and D. Yang, Generating series for GUE correlators,
Lett. Math. Phys. (2017), doi:10.1007/s11005-017-0975-6. arXiv:
1604.07628.

B. Dubrovin and D. Yang, Remarks on intersection numbers and inte-
grable hierarchies. I: Quasi-triviality, to appear.

B. Dubrovin, D. Yang, and D. Zagier, Classical Hurwitz numbers and
related combinatorics, to appear in Mosc. Math. J. (2017).

B. Dubrovin and Y. Zhang, Normal forms of hierarchies of integrable
PDEs, Frobenius manifolds and Gromov-Witten invariants, preprint
(2001),arXiV:math/0108160.

B. Dubrovin and Y. Zhang, Virasoro symmetries of the extended Toda
hierarchy, Comm. Math. Phys. 250 (2004), no. 1, 161-193.

N. M. Ercolani, Caustics, counting maps and semi-classical asymptotics,
Nonlinearity 24 (2011), no. 2, 481-526.

N. M. Ercolani, K. D. T.-R. McLaughlin, and V. U. Pierce, Random
matrices, graphical enumeration and the continuum limit of the Toda
lattices, Comm. Math. Phys. 278 (2008), no. 1, 31-81.

N. M. Ercolani and V. U. Pierce, The continuum limit of Toda lattices
for random matrices with odd weights, Comm. Math. Sci. 10 (2012),
267-305.

C. Faber and R. Pandharipande, Hodge integrals and Gromov- Witten
theory, Inventiones mathematicae 139 (2000), no. 1, 173-199.

C. Ferreira and J. L. Lopez, An asymptotic expansion of the double
gamma function, Journal of Approximation Theory 111 (2001), no. 2,
298-314.

R. Gopakumar and C. Vafa, On the gauge theory/geometry correspon-
dence, Adv. Theor. Math. Phys. 5 (1999), 1415-1443.

J. Harer and D. Zagier, The Euler characteristic of the moduli space of
curves, Inventiones mathematicae 85 (1986), no. 3, 457-485.

G.’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys.
B 72 (1974), 461-473.

G. 't Hooft, A two-dimensional model for mesons, Nucl. Phys. B 75
(1974), 461-470.



336 B. Dubrovin and D. Yang

[25] C.-C. M. Liu, K. Liu, and J. Zhou, A proof of a conjecture of Maririo—
Vafa on Hodge integrals, Journal of Differential Geometry 65 (2003),
no. 2, 289-340.

[26] C.-C. M. Liu, K. Liu, J. Zhou, On a proof of a conjecture of Maririo—
Vafa on Hodge Integrals, Mathematical Research Letters 11 (2004),
no. 2, 259-272.

[27] C.-C. M. Liu, K. Liu, and J. Zhou, Marino—Vafa formula and Hodge
integral identities, Journal of Algebraic Geometry 15 (2006), no. 2, 379
398.

[28] M. Marino and C. Vafa, Framed knots at large N, Contemporary Math-
ematics 310 (2002), 185-204.

[29] M. L. Mehta, Random matrices, 2nd edition, Academic Press, New
York, 1991.

[30] A. Okounkov and R. Pandharipande, Hodge integrals and invariants of
the unknot, Geometry & Topology 8 (2004), no. 2, 675-699.

[31] V. U. Pierce, Continuum limits of Toda lattices for map enumeration,
in: Algebraic and Geometric Aspects of Integrable Systems and Random
Matrices, edited by Anton Dzhamay, Kenichi Maruno, Virgil U. Pierce,
Contemporary Mathematics 593 (2013), 1-29.

[32] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, 4th
ed., Cambridge University Press, Cambridge, UK, 1963.

[33] E. Witten, Two-dimensional gravity and intersection theory on mod-
uli space, Surveys in Differential Geometry (Cambridge, MA, 1990),
(pp. 243-310), Lehigh Univ., Bethlehem, PA, 1991.

[34] J. Zhou, Hodge integrals and integrable hierarchies, Lett. Math. Phys.
93 (2010), no. 1, 55-71.

SISSA, viA BONOMEA 265, TRIESTE 34136, ITALY
E-mail address: dubrovin@sissa.it
E-mail address: dyang@sissa.it, diyang@mpim-bonn.mpg.de

RECEIVED AuGusT 19, 2016
ACCEPTED FEBRUARY 7, 2017




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


