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1. Introduction

A smooth projective variety Y with trivial canonical bundle and H* (Y, Oy) =
0(1<i<dimY —1)is called a Calabi—Yau manifold. Constructing Calabi-
Yau manifolds is of considerable interest to both algebraic geometers and
theoretical physicists, since many different topology types are possible in
higher dimensions (dimY > 3) and also we observe a mysterious symmetry
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(mirror symmetry) among them. Recently the present authors have obtained
a complete list of Calabi—Yau 3-folds which are given by the zero loci of gen-
eral sections of direct sums of globally generated irreducible homogeneous
vector bundles over Grassmannians [IIM]. In this paper, we focus on such
Calabi—Yau 3-folds of Picard number one, which are listed in Table 1, and
determine differential operators which characterize the I-functions of the
Calabi—Yau 3-folds.

In [Kiic], Kiichle obtained a complete list of Fano 4-folds with Fano in-
dex one which are given by the zeros of general sections of direct sums of
globally generated irreducible homogeneous vector bundles over Grassman-
nians, which we call Kiichle’s Fano 4-folds. Many of our Calabi—Yau 3-folds
in Table 1 are naturally given by the anticanonical section of Kiichle’s Fano
4-folds. It should be noted, however, that some of our Calabi—Yau 3-folds
do not factor through Kiichle’s Fano 4-folds.

In [CCGK], they determine the quantum periods of all three-dimensional
Fano manifolds. In this paper, we follow their method to calculate /-functions
of Calabi—Yau 3-folds. An [-function is a certain function which determines
the J-function of quantum cohomology of a Calabi-Yau 3-fold. When we
restrict our attention to Calabi—Yau 3-folds of Picard number one, the
I-functions satisfy certain differential equations of fourth order (Picard—
Fuchs equations) and play a central role in the proof of the mirror theorem
[Givl], [LLY]. We can use this relation to determine the I-functions. For
the other Calabi-Yau 3-folds in Table 1, not factoring through Kiichle’s
Fano 4-folds, we use the so-called abelian/nonabelian correspondence in
[CFKS] which is applicable to the (twisted) I-functions of homogeneous
vector bundles on Grassmannians. For most of them, straightforward appli-
cations of abelian/nonabelian correspondence are possible to determine the
I-functions.

For all Calabi-Yau 3-folds in Table 1, except for No. 18, either of the
two methods above can be used to determine the I-functions. To handle the
remaining case No. 18, we use the fact that Calabi—Yau 3-folds of type No.
18 are isomorphic to zero loci of sections of suitable vector bundles on a ge-
ometric invariant theory quotient, which is known as the determinantal nets
of conics [EPS]. Although it is not known whether the abelian/nonabelian
correspondence holds for the determinantal nets of conics or not, we com-
pute a conjectural I-function for No. 18 under the assumption of the validity
of the abelian/nonabelian correspondence for determinantal nets of conics.

Main results. We determine I-functions of Calabi—Yau 3-folds in Table 1
except for No. 18. For a Calabi—Yau 3-fold of No. 18, we give a conjectural
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‘ No. ‘ Grassmann ‘ vector bundle ‘ H3 ‘ co. H ‘ c3 ‘ Kiichle ‘ Database ‘

1 [G(2,4) O(4) 8] 56]—176 6

2 G(2,5) O(1) ® 0(2)%? 20 68 | —120 | (b2) 25

3 O0(1)*2 3 0(3) 15| 66| —150 | (b1) 24

4 S*(1) ® O(2) 24| 72| 116 29

5 A2Q(1) 25| 70| —100 101

6 | G(2,6) 0(1)* @ 0(2) 28 | 76| =116 | (b6) 26

7 S*(1) @ O(1)%3 33 78| =102 | (b5), 1 198

10 (1) 0(1) 42| 84| —98 | (b3), I |27

12 | G(2,7) O(1)®7 42| 84| —98 | (b7), I |27

13 Sym?S* @ O(1)%* 56 | 92| —92| (b8),V | 212

15 AMQaO(1) @ 0(2) 36 | 84| —120 | (b10) 185

16 S*(1) ® A*Q 42| 84| —98 27

17 | G(2,8) A°Q @ 0(1)%3 57| 90| —84 | (bll), VI | 186

18 Sym? S* @ A5Q 72 96 | —T72 unknown
19 | G(3,6) O(1)%6 42 84| —96 | (c1), IV |28

20 NS 3012 0(2) | 32| 80| —116 | (c2) 42

21 S*(1) @ A%S* 42| 84| —96 28

22 | G(3,7) Sym?S* ¢ 0(1)%3 128 | 128 | —128 | (c4) 3

23 (A25%)%2 ¢ O(1)%3 61 94 | —86 | (c6), VII | 124

24 (A2Q)*?2 0 0(1) 72| 96| —74 | (3),IX | unknown
25 A2S* o A3QaO(1)®2 | 66| 96| —84 | (c5), VI | unknown
28 | G(3,8) (A257)®4 92 | 104 | —64 unknown

Table 1: The list of direct sums of globally generated irreducible homoge-
neous vector bundles whose zero loci give rise to Calabi-Yau 3-folds with
Picard number one from [IIM, Table 1]. The numbering is the same as in
[IIM]. The last column indicates the corresponding numbers of Picard—Fuchs
operators in the electronic database [vEvS2].

I-function which is correct if the abelian/nonabelian correspondence holds
for determinantal nets of conics. We also determine Picard—Fuchs operators
which annihilate these I-functions.

Except for No. 18, we can obtain .J-functions of Calabi—Yau 3-folds in
Table 1 from these I-functions. If the abelian/nonabelian correspondence
holds for determinantal nets of conics, we can also obtain the J-function of
a Calabi—Yau 3-fold of No. 18.

In Appendix A, we list the resulting differential operators for the I-
functions of our Calabi-Yau 3-folds with Picard number one. In the ref-
erences [AvEvSZ], [vEvS1], hundreds of fourth order differential operators
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which satisfy the same properties as those for the I-functions (called Calabi-
Yau operators) are generated. It is worth while remarking that some of the
differential operators (for No. 18, 24, 25, 28) are not in their list. It is also
interesting to observe that some of the obtained Picard-Fuchs operators
have more than one maximally unipotent monodromy points, which often
indicate non-trivial Fourier-Mukai partners [Red], [HT], [Miu].

The organization of this paper is as follows. In Section 2, we recall
the definitions of J-functions and &-twisted J-functions. We also intro-
duce I-functions for Calabi—Yau 3-folds. In Section 3, we briefly review the
abelian /nonabelian correspondence and apply it to the Calabi—Yau 3-folds in
Table 1. For most of Calabi—Yau 3-folds in Table 1, the £-twisted I-functions
may be derived readily by applying the abelian/nonabelian correspondence.
In Section 4, we deal with vector bundles which contain line bundles as irre-
ducible summands. We determine the quantum differential equations calcu-
lating the twisted Gromov—Witten invariants by localization, and applying
the quantum Lefschetz theorem. In Section 5, we do our calculation for No.
18 under the assumption that the abelian/nonabelian correspondence holds
for determinantal nets of conics.
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2. Preliminaries
2.1. J-functions and I-functions

In this subsection, we introduce the J-function of a smooth projective variety
X over C. For the sake of simplicity, we shall assume that the cohomology
group of X consists of only even degree except when we consider a Calabi—-
Yau 3-fold. Let X, 4 be the moduli space of genus zero, n-pointed stable
maps to X representing a homology class d € Hao(X,Z). Let ev; : Xop g — X
be the evaluation map at the i-th marked point. Let NE(X) C N;(X) be the
semigroup generated by the classes of effective curves in N1 (X). The Novikov
ring of X, which is denoted by Ax, is defined to be the completion of the
semigroup ring C[NE(X)]. We denote by Q¢ € Ax the Novikov variable of an
effective curve class d € NE(X). Let Ty = 1,T1,..., 173, 1141, - -, T = [pY]
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be a homogeneous basis of H*(X,C) so that 71, ...,T; generate H?(X,C),
which determine coordinates 7 =" 7 T; on H*(X,C). Let 7°,...,T™
be the dual basis with respect to the Poincaré pairing.

Definition 2.1. The J-function of X, which is a formal function of 7 and
1/z taking values in H*(X,C) ® Ay, is defined as follows:

(1)
m o0 Qd Ta
Jx(T,z):=z+71+ Z ZZT“‘<T,...,7,> ,
n: 0,n+1,d

Z fe—
deH,(X,Z) a=0 n=0 Ynt1

where

T ev: T,
<T,...,T,a = eviT A AeviT A —ELT2
Z = Pnt1 0,n+1,d [X0,n+1,a]"" Z = Pnt1

is the genus zero descendant Gromov—Witten invariant of X.

Since the genus zero Gromov—Witten theory of X is recovered from the
J-function of X (see [CG]), the J-function is an important object.

We define the small J-function of X as the restriction of the J-function
(1) to the small parameter space, i.e. 7o = Tj41 = -+ = T, = 0. We denote
T = Zé:l T; € H*(X,C).

Example 2.2. Let Y be a Calabi-Yau 3-fold of Picard number one. Let
H be the ample generator of the Picard group of Y, which determines the
coordinates 7H on H?(Y, C). Let deg Y = H? be the degree of Y with respect
to H. The small J-function of Y can be written as follows:

o0 o0 kd phdr
_ TH/z
Tr(r,z) = ze < deg Z Z (H + kdz)? )

where ng is the genus zero Gopakumar—Vafa invariant of Y, which is related
to the genus zero Gromov—Witten invariants of Y by the multiple cover
formula [AM], [GV].

It is difficult to determine the J-function from the definition. To de-
termine the small .J-functions of nef complete intersection varieties in toric
Fano manifolds, Givental introduced small I-functions in his proof of mirror
theorem. Recently, I-functions are found for broader class of varieties [Iri],
[Bro], [CFKS], [CFK]. In general, I-functions are related to J-functions via
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Birkhoff factorization procedure and change of coordinates (so-called the
mirror map).

In this paper, we use a terminology, small I-functions of Calabi—Yau
3-folds of Picard number one. Instead of defining them, we refer to some
required properties here: Let H be the ample generator of the Picard group
of a Calabi—Yau 3-fold Y. A small I-function of Y is a formal function of
tH € H*(Y,C) and 1/z to H®**(Y,C), and it has the form

Iy(t,z) = Ip(t)z + L(H)H + L(H)H? 2~ + I3(H) H? 22

This I-function is related to the small J-function of Y as

 Iy(t,2) L)
(2) Jy (7, 2) = ’;0 0 (7_ I; (t)).

The relation is usually called the mirror theorem.

We can give a case-by-case definition of a small I-function Iy (t,z) of
each Calabi—Yau 3-fold Y in Table 1 by using a twisted I-function of an
ambient variety, either Definition 3.3 or (10), together with an appropriate
projection and identification of cohomology groups.

2.2. E-twisted settings

Let &€ be a globally generated vector bundle on X and Y be a zero locus of a
general section of £. We introduce the E-twisted J-function, which is closely
related to the J-function of Y. We fix a homogeneous basis T; (0 < i < m)
of H*(X,C) as in the previous subsection.

Definition 2.3. Let £ be a globally generated vector bundle on X. The
E-twisted J-function of X, which is a function of 7 € H*(X,C) and 1/z
taking values in H*(X,C) ® Ax, is defined by

m oo d
J(T,2) =2+ T+ Z ZZTa%

deH,(X,Z) a=0n=0
ev: T,
X / 6(567n7d) AeviT A« ANevi T A —nil @
[Xo n+1 d]\"

Z— Yny1

where 50 disa suitable vector bundle on X, 4. The precise definition of
Eon.a 18 found in [CG, Section 9]. We define the E-twisted small J-function
by restrlctlng parameters as 79 = T4 = =7n =0.
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Let Y be a zero locus of general sections of £ on X. Let i : Y < X be
the natural inclusion. This inclusion induces a homomorphism of Novikov
rings Ay — Ax by Q% — Q*? for d € Hy(Y,Z). The following fact gives a
relation of Jy and J )5(:

Fact 2.4 ([KKP]). Under the above settings, we have
(3) iy (i*7,2) = JS (7T, 2) Ue(E)

where T € H*(X,C) and the equality holds after applying the above homo-
morphism Ay — Ax to the left hand side.

Since the left hand side of (3) involves the push-forward by i, we cannot
recover full J-function of Y in general. In this paper, we only consider small
J-functions of Calabi—Yau 3-folds of Picard number one which are zero loci
of homogeneous vector bundles on Grassmannians. These conditions enable
us to determine the small J-function Jy by calculating the £-twisted small
J-function J)g(.

To apply the equation (3), it is convenient to consider a composition of
J§ with a projection H*(X,C) — H*(X,C)/ann(e(£)), where ann(e(£)) =
{z € H*(X,C) | zUe(E) = 0}. We denote the composite function by J§. Tt
is known that J% is a function on H*(X,C)/ann(e(E)).

Similar to /-functions, there exist £-twisted I-functions for large class
of X and & (cf. [CG|, [CFKS], [CFK]). In this paper, we mainly use the
quantum Lefschetz theorem (see Theorem 4.1) and the abelian/nonabelian
correspondence (see Theorem 3.4) to calculate £-twisted I-functions. As a
result, we can calculate £-twisted small J-functions from E-twisted small
I-functions by the same formula as (2).

3. Quantum differential equations via abelian/nonabelian
correspondence

3.1. Short review of abelian/nonabelian correspondence

Let G be a reductive algebraic group. Let V' be an affine space with a linear
action of G. By the geometric invariant theory, we define a quasi-projective
variety V/G from the triple (V, G, x), where x is a character of G. Let T' be a
maximal torus of G and consider the induced action of T" on V. Associated
to T, we obtain another variety VT from (V,T,x|r). In this paper, we
assume the following properties:
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Assumption 3.1. Let V3(G) (resp. V¥(G)) be the stable locus (resp.
semistable locus) of the action of G on V. We use the same notation for
the action of 7" on V. We assume

VAG) = VR(G), VAT) =VH(T)

and G (resp. T') acts on V*(G) (resp. V¥(T)) freely. Moreover we assume
that both V5(G)/G and V5(T')/T are smooth projective varieties and the
codimension of V"(G) =V \ V*¥(G) in V is larger than or equal to two.

These properties guarantee that the varieties V /G and V /T are smooth
projective varieties. The abelian/nonabelian correspondence is a relation of
Gromov—Witten invariants between these two different geometric quotients.

Let ® be a root system corresponding to (G, T'). We fix a decomposition
® = o 11 P_, where ¢ is a set of positive roots and ®_ is a set of negative
roots. We define by L, := V*(T') xp L, the line bundle on VT for each
root a € ®, where L, is the one-dimensional representation corresponding
to a. Let W := N(T)/T be the corresponding Weyl group of GG, which acts
naturally on V//T. We consider subspaces of H*(V /T, C) defined by

H*(V)T,C)W = {2 € H*(V)T,C) | 0*x = z for all 0 € W},
H*(V)T,C)* ={x € H*(V)T,C) | 0"z = (—1)1(0)37 for all o0 € W},

where [(0) is the length of o.

Let w := [ eq, c1(La)- It is known that w is contained in H*(V//T, C)*
and any element of H*(V/T,C)* can be written as a product of w and an
element of H*(V//T,C)".

Next we relate the cohomology of VG (= V*(G)/G) to that of VT
(= V3(T')/T) using the following diagram:

V)T «+— V(G)/T

V)G
In this diagram, the map 7 is an open embedding and 7 is a G/T-fibration.

Note that the action of W on VT stabilizes the open subset V5(G)/T. We
also note the following fact:
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Fact 3.2 ([Mar]). The map 7 induces an isomorphism between H*(V /G, C)
and H*(V*(G)/T,C)W. This induces a homomorphism from H*(V)T,C)W
to H*(V)JG,C) by (7*)~1 o i*. Moreover the following sequence is evact:

4) 0 —s ker(Uw) — H*(V)T,C)W 2 (v )G, C) —s 0,

where ker(Uw) = {x € H*(V)T,C)V | x Uw = 0}.

If 6 € H*(V)T,C)"V and o € H*(V//G,C) satisfy

1o =m0,

we say that ¢ is a lift of 0. Obviously any o € H*(V//G, C) has a lift by (4).
Let Ty = 1,T4,...,T1,Ti41, . . ., T, be a homogeneous basis of H*(V)/G, C),
where T1, ..., T} generate H2(V)/G,C). In the following, we fix a lift of T}
for each 4, and denote it by T;. From this, we define the lift of any class
T=>",tT; by T = it t;T;. This defines an injective C-linear map ¢ :
H*(V)G,C) — H*(V)T,C)V

Since any x € H*(V)/T,C)* can be decomposed to z = 2/ Uw with 2’ €
H*(V)T,C)", the exact sequence (4) implies that there exists a unique
o € H*(V)/G,C) such that

(5) z=1(0) Uw.

We denote the o above by 0 = z/w.

We denote by Q¢ Ay yr (resp. Q¢ e Ay ) the Novikov variable for
d € NE(V)T) (resp. d € NE(V//QG)). Assumption 3.1 implies that there is
a unique lifting homomorphism Pic(V/G) — Pic(V/T)V. We also consider
the composition Pic(V/G)r — Pic(V)/T)¥ < Pic(V)/T)g. Taking the dual
of the ample cones in Pic(V/G)r and Pic(V/T)r and restricting them to
integral classes, we have the homomorphism of semigroups h : NE(V/T) —
NE(V/G). Using this homomorphism, we have the ring homomorphism p :
AV//T — AV//G defined by

p(Q%) = (~1)D"@  (d e NE(V/T)),

where €(d) = [; 3 acd, €1(La).

We deﬁne an £g- tw1sted I-function for a globally generated vector bun-
dle &¢ over V//G which is induced by a representation of G as follows:
Let E be a representation of G and consider the induced vector bundle
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Ec :=V5(G) xg E on VJ/G. Restricting the action of G to T, we decom-
pose E into one-dimensional representations E = @;_, L; and obtain the
corresponding vector bundle &7 on V//T. We note that &r = @;_; L; is a
direct sum of line bundles. Let IS V)T (t,z) be the Ep-twisted I-function of
V)T and Er defined by [CG], where t € H*(V//T,C). We denote by d, the
vector field on H*(V/T, C) corresponding to the class ¢1(Ly) for a € @

Definition 3.3 ([CFKS]). We define an Eg-twisted I-function by

1
(6) I5q(t2) =~ 200 | I p(E, 2)
Ve “ OLL vir! QI=(=1)« D@D E=u(t)

which is a function of t € H*(V /G, C).

When VG is a partial flag manifold of type A, we can obtain the Eg-
twisted J-function from I“g//’}G by the following theorem:

Theorem 3.4 ([CFKS]). Let V)G be a partial flag manifold of type A. As-
sume that Eg is generated by global sections. Let t=(to,t1, ...t tiv1, -y tm)
be the coordinates on H*(V G, C) corresponding to the homogeneous basis
To,Th, ..., T, 11y, ..., Ty of H*(V)G,C). Then there exists unique
C'(t,z) € Ayyglt,z] (i=0,1,...,m) by which the Eg-twisted J-function
Jé;;G(T, z) is expressed as

(7) 56T 2) = L5, 2) + ) C'(t,2)20, 115 (¢, 2).
=0

The coordinate change T = T(t) can be read off from the coefficient of 2°
the z-expansion of the right hand side.

We will apply this theorem to Grassmannians V /G = G(k,n) and glob-
ally generated vector bundles £z which are induced by representations and
define Calabi-Yau 3-folds Y of Picard number one.

In the following calculation, we restrict the parameter ¢ to the small
parameter space t € H2(V//G,C). In the small parameter space, we can
express the Ep-twisted I-function by combinatorial data of the toric variety
V/T and the vector bundle Ep from [Giv2]. It is known (see [CCGK, Section

DJ) that I“if/G(t, z) becomes homogeneous of degree one under the following
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degrees:
degz=1, degT;=a whenT, € H*(V)G,C).
Let H be the class of the Schubert divisor on G(k,n). Then we can expand
I‘é}/;G(t, z) as
L[5t 2) = To(t)z + L) H + O(z"1).

By the property z@tOI‘g/?G(t, z) = I‘g/(/’}c(t, z) and the uniqueness of C%(t, z)

(t=0,...,m), the transformation (7) in small parameter space can be writ-
ten as .
G
J6 (1, 2) = Wjalh2)
viers I(t)

where the coordinate change 7 = (I1(t)/lo(t))H is called the mirror map.
Similar to Jéc > we will denote by I“EGG the composition of I‘g/?;G with
the natural projection H*(V)/G,C) — H*(V)/G,C)/ann(e(Eg)).

3.2. I-functions and quantum differential equations

Let X = G(k,n) be the Grassmannian of k-planes in C". We describe X
by the geometric invariant theory quotient V/G with V' = Matjx,(C), G =
GL(k,C) and a suitable choice of x. It is well-known that any irreducible
representation of GL(k, C) is given by applying the Schur functor to the stan-
dard representation. The tautological subbundle § is a vector bundle over
G(k,n) associated to the standard representation of GL(k,C), and hence the
dual &* corresponds to the dual of the standard representation. A globally
generated vector bundle associated to an irreducible representation of G is
described as ¥*S*, where ¥ is the Schur functor with A = (Ay, g, ..., \x)
(A > A2 > -+ >\ > 0). The abelian/nonabelian correspondence applies
to the twisted I-functions with vector bundles of the form

T
(8) £=srs,
i=1
where A\; = (A1, Nij2, ..., Aig) fori = 1,2,...,r. Now let us collect necessary

data for our calculations of /-functions.

(i) (Associated toric variety) Let 7' = (C*)¥ be the maximal torus of
GL(k,C) consisting of diagonal matrices. Then

V)T =P 1 x...x PV,
k
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(ii) (The fundamental Weyl anti-invariant class) Let W = &, be the Weyl
group of GL(k,C). It acts on V)T = P"~! x ... x P"~! by permuting
k factors. The anti-invariant class w is given by [[,;, ;<. (H; — Hj),
where H; is the pullback of the hyperplane class of the i-th factor.

(iii) (Restriction of the coordinates) Let H be the class of the Schubert divi-
sor of G(k,n). The Weyl invariant lift of H is given by Hy + - -- + Hy.
We have an isomorphism H?(V//G,C) = H?(V)T,C)" which maps
tH € H>(V))G,C) to t(Hy + ---+ Hy) € H*(V)T,C)W.

(iv) (Novikov rings) Let C1,...,C be the dual basis of Hy,..., Hy with
respect to the pairing between Ho(V/T,C) and H*(V/T,C). We de-
note by @Q; = Q%. Then the Novikov ring of V /T is isomorphic to
ClQ1,- .., Q]. Similarly we have Ay = C[Q] for the Novikov ring of
VJG. Note that Ay ¢ is generated by a single generator Q since V/G
has Picard number one. Then the ring homomorphism p: Ay ) —
Avyq is given by p(Q;) = (=1)*'a.

(v) (Decomposition of vector bundles) The irreducible vector bundle £g =
YAS* on X decomposes into direct sums of line bundles & determined
by weights of the irreducible representation of GG. For example if £ =

7
S*, then &r = P, 0(0,...,0,1,0,...,0).

With the above data, we can apply the abelian/nonabelian correspon-
dence to the vector bundle of the form (8) over G(k,n). For vector bundles
of the form

(9) £=Psre

i.e. those constructed by universal quotient bundle Q, we can use the duality
G(k,n) = G(n — k,n) to reduce (9) to the case (8) above.

Using either the representation (8) or (9), we can calculate the twisted
I-functions for most of Calabi—Yau 3-folds in Table 1 except for the following
three cases

No. 16 : S*(1) @ A*Q on G(2,7),
No. 18 : Sym?S* @ A°Q on G(2,8),
No. 25 : A2S* @ A2Q @ O(1)%2 on G(3,7).
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Since a Calabi-Yau 3-fold of No. 16 is a deformation equivalent to a lin-
ear section Calabi-Yau 3-fold in G(2,7) by [IIM, Proposition 5.1], the cal-
culation of the first case reduces to the calculation of No. 12. We can
calculate the twisted I-function of a Calabi—Yau 3-fold of No. 12 by the
abelian /nonabelian correspondence. We will consider the last two cases in
the subsequent sections.

For the rest of Calabi—Yau 3-folds in Table 1, it is straightforward to
determine the I-functions. Since there is no difference in the calculations,
we only present the details for a selected example.

Example 3.5. Consider a Calabi-Yau 3-fold Y of type No. 7 in Table 1.
It is given by the zero locus of a general section of £ = S*(1) @ O(1)®3
on V)G = G(2,6). Let T = (C*)? be a maximal torus of GL(2,C). Then
the abelian quotient is VT = P> x P°. The decomposition of Er is
given by &r = O(2,1) ® O(1,2) ® O(1,1)®3. For each Schubert class o €
H*(G(2,6),C), we fix a lift of it by the corresponding Schur polynomial of
Hy, Hy, where H; is the hyperplane class of the i-th component.

Step 1. We introduce affine coordinates ¢;,ts which correspond to the
basis Hy, Hy € H?*(P® x P°,C). The Ep-twisted small I-function is given by
the following formula (see [Giv2]):

I];’?C’TXIP% (1?1,7?2,2) — Ze(t1H1+t2H2)/Z E IgT 6d1t16d2t2Qil1 327

(d1,d2)
dy,d2>0
where
‘r = :
() T4 (Hy + mz2)S T[%_ (Ha + ma2)®

2d, +ds ch42d

X H (2H1+H2+mz) H (H1+2H2+m2)
m—1 m=1
d1+d2

X H (Hl + Hy + mz)s'
m=1

We also introduce an affine coordinate t in H?(G(2,6), C) which corresponds
to the class of the Schubert divisor H. By Definition 3.3, we have



286 D. Inoue, A. Ito, and M. Miura

1
S . t H1+H2
IG?2,6)<t’ Z) = mze ( )/Z
oo
Er
<Y (=0fle N (Hi— Hot2(d — ) I ).
d=0 di+dz=d
dl,dQZO

where ¢ = €'.

Step 2. We expand INé‘(;Q 6) (t,z) with respect to z. Then we obtain the
expansion of the form

e

G (t:2) = To(t)z + (1) H + L(t)H?27 ! + I(t)H3272,

where H is the class of the Schubert divisor of G(2,6) in H*(G(2,6),C)/
ann(e(Eq)). We set Q = 1. The functions Iy(t), I1(t) are given by

Io(t) =1+ 7q +199¢° + 8359¢° + - - -,
1431 N 64373 4

I(t) = To(t)t +21g + =" + =" +

The function Iy is expected to coincide with a period integral of a mirror
family {Yq\/}qepl for a monodromy invariant cycle v around the so-called
maximally unipotent monodromy point. We look for a differential operator
of fourth order which annihilates I5¢ ) assuming the following general form

G(2,6
of the operator with polynomial coefficients of degree at most d,
4 d
P=>3 a0, ailg) =) ai;d,
i=0 j=0

where a; ; are unknown constants and 0 = qd%. Applying P to Iy, we obtain
sufficient numbers of linear equations {L,,(ai;)} for a;;. Since we can cal-
culate Iy for arbitrary degree, we can find the differential operator P which
annihilates Iy (see Appendix A).

4. Quantum differential equations via quantum Lefschetz
theorem

As explained in Subsection 3.2, we cannot apply the abelian/nonabelian
correspondence to the Calabi-Yau 3-folds of type No. 18 and No. 25 in Ta-
ble 1. To determine an E-twisted [-function for No. 25, we will take another
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approach which is similar to Tjotta’s work [Tjg2]. This approach can be
applied to the homogeneous vector bundles £ in Table 1 which splits into
E =& @ H, where £ does not contain line bundles in its direct summand

and H=P,_, O(d;) (r > 1).
4.1. Quantum Lefschetz theorem

Let us recall the following theorem:

Theorem 4.1 (Quantum Lefschetz theorem [Kim], [Lee|, [CG]). Let
X be a smooth projective variety and £ be a holomorphic vector bundle on
X. Let H=@D;_, Li be a direct sum of line bundles. We assume that both
E" and H are globally generated. Let J§ (t,2) = > deng(x) Ja(t, 2)Q% be the
& -twisted J-function. We define

r dCl(,C,

(10) itz = > ] T (@) +m2)dat,2)Q?

deENE(X)i=1 m=1

as a modification of J . Then JE (7, —2) and I}(t,—2) generate the
same Lagrangian cone in the semi-infinite symplectic space (H((z71)), Q)
for H= H*(X,C) and a suitable symplectic form Q. In particular, the same
relation as (7) holds between J’S M and I}

We will apply this theorem to many examples in Table 1, whose vec-
tor bundles on X = G(k,n) are of the form & @ H with non-zero H =
@._, O(d;). We define I}* as the composite function of I* and the natural
projection H*(X,C) — H*(X C)/ann(e(&" @ H)). We consider the restric-
tion of t € H*(X,C) to the second cohomology t € H?(X,C). We set z = 1
and Q¢ = 1 for d € NE(X). Our purpose is to find a fourth order differential
operator which annihilates fg(t). Suppose we have a differential operator
Q(q,0) which annihilates J% (¢). Since dim H?(X,C) =1 for X = G(k,n),
we can use the following result ([BvS]) to determine the differential operator
which annihilates I?{f from Q(q,0):

Lemma 4.2 ([BvS]). Let us write Q(q,0) = Z?:o @Q;i(0) for Q;(0) €
Q[0]. Then the differential operator

d roJ
0):=> QO] 1] (@6 +m)
Jj=0

i=1m=1

annihilates T} (t).
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Considering the relation between twisted J-functions and quantum dif-
ferential systems, we can obtain Q(q, ) explicitly. The details are described
in the following subsections.

Here we remark that the rank of P is larger than four in general. However
we can extract a Picard-Fuchs operator from P after suitable factorization
of the operator.

4.2. J-function and quantum differential system

We characterize the J-function as a collection of flat sections of the local sys-
tem associated to the quantum cohomology. The same formula holds for j)g(l
if we replace Gromov-Witten invariants, quantum product and H*(X,C)
with £’-twisted Gromov—Witten invariants, £'-twisted quantum product and
H*(X,C)/ann(e(E")) respectively.

Let us consider M = H*(X,C) as an affine space C™*! with coordinates
to,t1, ..., t1, ti+1, ..., tm by using the basis Ty, 11, ..., 71, Ti41,...,Tm as in
previous sections. Then the tangent bundle Ty is a trivial bundle with fiber
H*(X,C). Using the quantum product, we can introduce the connection V*
on Tp by

Vi Tj=2"T+T; (i=0,1,...,m).

at;

Due to the associativity of the quantum product, it turns out that the con-
nection V7 is flat and defines the corresponding flat sections s;(t) on M.
The following proposition is a classical results (see [CK]):

Proposition 4.3. The flat sections s;(t) (0 <1i < m) are given by

=Ti+y. > Z < : TJL,_E> 7.

n20 deNE(X n ! omt2d

These sections determine the J-function by

m

J(t,z)=2Y (s, )T,

=0

where (,) is the Poincaré pairing on H*(X,C).

For our purpose, it is sufficient to calculate the small J-function. There-
fore we restrict the coordinate ¢ to H?(X,C) by setting tqg = tj4 = --- =
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tym = 0. Then the quantum connection V# is determined by the small quan-
tum product for divisor classes T; as follows:

V%, CTJ = ZﬁlT’i *small 71] (’L =1,... ,l)

ot;

In the following, we denote the small quantum product by * for simplicity.
Since we do not use Novikov variables in the following argument, we set
Q% =1 for simplicity.

4.3. Calculation of the quantum differential equation of J )8('

Let X = G(k,n) and &£ be as above. We fix a homogeneous basis Ty, 1, . . .,
Ty, of H*(X,C)/ann(e(&’)) such that Ty = 1, T} is the class of the Schubert
divisor of X, and T}, has top degree 2(dim X — rank &’). Let 70,7, ... 7™
be the dual basis with respect to the &'-twisted Poincaré pairing, i.e.

(T3, T)egery = / TUT Ue(€') =4].
X

By the definition of the &£’-twisted small quantum product, we have

m
T;*e Ty = Z Z(Tz‘, Ty, Ti)g 3,0 T .
k=0 d>0

Note that the correlators (&'-twisted Gromov-Witten invariants)
(1;, T3, Tk>g'3 4 can be nonvanishing only if the degree equality

(11)  degT; + deg T} + deg Ty, = dim X — rank &' + (c1(X) — c1(&'))d

holds. Since ¢1(X) — ¢1(€’) > 0 in our settings of this section, the degrees
d which satisfy (11) are finite. This means that the £'-twisted small quan-
tum product is determined by a finite number of £’-twisted Gromov—Witten
invariants.

In order to calculate the &'-twisted Gromov—Witten invariants, we will
use the action of a maximal torus 7' = (C*)" on G(k,n). This torus action
is large enough to calculate &£'-twisted Gromov-Witten invariants by the
localization formula [Kon| due to Kontsevich.
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Let M = (M;;) be the connection matrix of V* with respect to the fixed
basis, i.e.

(12) v% Tl *5’ =z ZMz]T

We set z = 1. The condition that a section s = " s;(¢)7; is flat is equiv-
alent to

" dsi(t) -
Z; T =T xe z;sz-(tm,
1= 1=

which entails the system of linear differential equations

d
(13) SZ ZM”S] (1=0,1,...,m).

In order to find a differential operator which annihilates J )%, it is enough
to find a differential operator which annihilates s,,(t) for any flat section
s=y_i",si(t)T;. Using (13) repeatedly, we express the higher derivatives
A sm(t)/dt? (7 =0,1,...,m+ 1) of 5,,,(t) by suitable linear combinations of
S0(t), ..., sm(t) as

(19) Fonll) _ 3yt

where C' = (Cj5) is a matrix of size (m + 1) x (m + 2) with entries in Clg].
This matrix has the kernel

t(_ det Ola det 027 ceey (_1)m+2 det Cm+2) = t(fO(Q)v fl (Q), SRR fm+1(Q))7

where C; is the matrix obtained from C' by deleting the i-th column. Eval-
uating the both sides of (14) with this kernel, we obtain

m—+1

This is the operator Q(q, ) which annihilates J )5(/.
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4.4. The case of £ = A28* ® N3Q § O(1)9?

Here we apply the method described above for Calabi—Yau 3-folds in Table 1
of the vector bundle £ = & @ H. Although we only present the detail of the
calculations for No. 25 in Table 1, the same method can be applied to other
cases, too.

A Calabi—Yau 3-fold of No. 25 is given by the zero locus of a general
section of £ = A28* @ A3Q @ O(1)%? on X = (G(3,7). Let us denote & =
A2S* & A3Q. We will determine all two point &’-twisted Gromov—Witten
invariants. Let T = (C*)” be the maximal torus which naturally acts on
G(3,7). We use this T-action to compute £'-twisted Gromov-Witten invari-
ants.

Let s; = ¢;(Q) be the i-th Chern class of Q for 1 <i < 4. After some
algebra, it is easy to see that we can take a basis of the H*(X, C)/ann(e(£’))
by

2 3 4 5
(16) To,Th,...,T7 = 1,581,587, 52, 57,5152, 5], 51

We can calculate the twisted Poincaré pairing («, 8)ee) = fG(3 7 £suU
e(&") as follows:

/ s7e(E') = 66, / s3sqe(E') = 36, / si1s3e(E') = 20.
G@3.7) G3,7) G3,7)

Let 79 ..., T7 be the dual basis of Ty, ..., T; with respect to (, Je(ery- The
E'-twisted small quantum product *¢/ is defined by

7
Tixe Ty = D (10 T3, 1) s 0" T".
k=0 d>0

To determine the quantum connection, we need to calculate the &'-twisted
small quantum product with divisor class T7. Using the properties of twisted
Gromov-Witten invariants (see [CK]), it turns out that it is enough to
calculate the following two point &’-twisted Gromov-Witten invariants
(TivTj>g:2,d:
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Lemma 4.4. For &' -twisted Gromov—Witten invariants, we have

(s7)5.1,1 = 264, (s7,51)521 = 594, (s2,51)52,1 = 330,
<3:1))73?>g:2,1 = 744, <3§73132>g:2,1 = 408, <313273152>g,/2,1 = 224,
(s2.82,5152) 31 = 176, (s7,57)§20 = 2376, (51, 51)§ 5, = 4356,
(s7, 8182>g:2,2 = 1320.

Proof. Since £’ is an equivariant vector bundle with respect to the T-action
on G(3,7), we can calculate these numbers by using the localization formula
given by [Kon]. We refer [Ino] for the details of this calculation. O

Lemma 4.5. Any three point £ -twisted Gromov—Witten invariants are de-
termined uniquely from the numbers in Lemma 4.4 by WDV'V relations.

Proof. Recall that £'-twisted Gromov—Witten invariants satisfy WDVV re-
lations, which are quadratic relations among them. More precisely for any
0<i,5,k, 1 <7andd>0, we have

]~

<E) ij) Ta>g,l3,m <T(l’ Tk? I}>g:3,d—m

a=0

[~ 11-
M-

(T3, T3, Ta)5 s i (T T, TS 5 -

3
]
o
)
I
o

We can verify directly that WDVYV relations determine any other three
point &'-twisted Gromov—Witten invariants if we are given the numbers in
Lemma 4.4. U

Proposition 4.6. The connection matriz of V% with respect to the ba-
dt

sis (16) is given by

04g 0 0 72¢> 404> 0 396¢°
10995 0 0 1322 0
0100 8 4 0 0O
V3 = i o 1 00 0 0 6g 4q 0 132¢?
i - dt o 00 1 0 O 0 39 0
00 01 O 0 54 0
00 0 0 1 % 0 4q
00 0 0 O 0 1 0

This determines a quantum differential operator Q(q,0) = E?:o 7'Q;(0)
which annihilates J)S(/ (see Appendiz B.1 for the explicit description of Q;(6)).
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Proof. From the definition of the quantum connection, we have

VaTi=2" "y ke Ty = 2 122 Ty, T, T))g 5,04 T
7=0d>0

Using the three point £’-twisted Gromov-Witten invariants (77,75, Tj>g/3 d
in Lemma 4.5, it is straightforward to obtain the matrix M representing
Tixg (see (12)). If we have a connection matrix of V7 , the claimed differ-

ential operator Q(q,#) follows from (15). In Appendi)d(t B.1, we present the
explicit form of Q(g,#) by removing the common factor of f;(¢) in (15). O

Proposition 4.7. The I-function © , ) of a Calabi—Yau 3-fold Y of type
No. 25 satisfies the following differential equation:

{1210* — 11¢(4346* + 8200° + 6850% + 2750 + 44
+ ¢*(78410" 4 109166° + 313362 — 24860 — 1320
— 4¢°(148860* 4 409263 + 67610% + 55116 + 1694
— 32¢%(1366* 4 14600° + 455602 + 52450 + 2017
+ 256¢°(0 + 1)%(406% + 2120 + 237)

— 4096¢%(0 + 1)2(0 + 2)21 19D — 0.

)
)
)
)
Proof. We define the differential operator

It follows from Lemma 4.2 that P(q, #) annihilates fg(l)eﬂ). Although P(q,0)
is of order 12, we find the following factorization in Q[q][d%]:

(17) P(g,0) = 6%(0 1)27jq)R4<q, 0)S4(4.0),

where S4(q,0) is the claimed Picard—Fuchs operator. We refer the explicit

form of r(q) and R4(g,0) to Appendix B.2. Since Jg O corresponds to

the flat section of a local system of rank 4, I ,(1) satisfies the fourth order
differential equation which is given by Sy(q, 6). O
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5. No. 18 via the determinantal nets of conics

In this section, we consider the small /-function of a Calabi—Yau 3-fold of
No. 18 which is a zero locus of a general section of £ = Sym?S* & A°Q on
(G(2,8). Neither method in Section 3 nor Section 4 cannot be applied to this
vector bundle £. To circumvent the situation, we note that the zero locus
of a general section of A°Q on G(2,8) coincides with determinantal nets of
conics N which can be described by a geometric invariant theory quotient.
Moreover the restriction of Sym? S* to N is a vector bundle on N which is
induced by a representation of the reductive algebraic group of the geometric
invariant theory quotient. If the abelian/nonabelian correspondence is true
for N, then we can apply it for Sym? S*|y and obtain the Sym? §*| y-twisted
J-function on N from the Sym? S*|y-twisted I-function.

In this section, assuming the abelian/nonabelian correspondence for NV,
we determine the Picard—Fuchs operator corresponding to No. 18.

5.1. Construction of the determinantal nets of conics

First we summarize the construction of the determinantal nets of conics in
terms of a geometric invariant theory quotient following [EPS], [Tjol].

Let F' be a two-dimensional C-vector space and E be a three-dimensional
C-vector space. Let V = H°(P?,O(1)) be the C-vector space of linear poly-
nomials on P2. Choosing a basis of F' and E, we identify Hom(F, E ® V) with
an affine space of 3 x 2 matrices having entries in V. The group GL(3,C) x
GL(2,C) acts on Hom(F, E ® V) by

(g,h) - M = gMh™*

for (g,h) € GL(3,C) x GL(2,C) and M € Hom(F,E® V). Let C*
{(AI3,AI3) | A € C*} be a subgroup of the center of GL(3,C) x GL(2,C).
Since C* acts on Hom(F, E ® V') trivially, the above action induces an action
of G:=GL(3,C) x GL(2,C)/C* on Hom(F, E ® V). We define a character
X : G — C* by

[(g, )] = (det g)*(deg h) 7,

where [(g, h)] is the equivalence class of (g, h). The geometric invariant the-
ory quotient
N :=Hom(F,E®V)/G

is known to be a six-dimensional variety. Furthermore the following proper-
ties are known:



I-functions of Calabi—Yau 3-folds in Grassmannians 295

Proposition 5.1 ([EPS]). Under the above notation, it holds that
(1) Hom(F, E® V)**(G) = Hom(F, E @ V)*(G),
(13) The action of G on Hom(F, E ® V)*(QG) is fixed-point free.
Moreover, N 1is a smooth projective variety and the codimension of
Hom(F, EF ® V) \ Hom(F, E® V)*(G)
in Hom(F, E ® V) is larger than or equal to two (cf. Assumption 3.1).

Consider the standard representation E of GL(3,C), the standard rep-
resentation F' of GL(2,C), and the following induced representation of G:

(18) E® (det E) ™! ® det F,
(19) F @ (det E)™' @ det F.

These representations define corresponding homogeneous vector bundles £y
and Fy on N respectively. Note that det £3, = det F}; holds and the Picard
group of N is generated by this class.

The variety N parametrizes two-dimensional linear subsystems of conics
of determinantal type. Hence there is a natural embedding

j: N < G(3,6).

As in [Tjol], we know Ex = j*Sg(3,6), Where Sg(s6) is the tautological sub-
bundle on G(3,6). For Fy, we have obtained the following proposition:

Proposition 5.2 ([IIM, Proposition 6.1]). There is an embedding i :
N — G(2,8) such that

(20) i*Sa(2,8) = FN,

where S 2,8) 15 the tautological subbundle on G(2,8) and the image i(N) is
given by the zero locus of a general section of A°Q on G(2,8).

Using Proposition 5.2, we have
Sym? Fr Sym?S* @& A°Q

! |

N —— G238
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and use this diagram for computation of the small J-function of No. 18.
We can define a Sym? F-twisted I-function by Definition 3.3. Although
Theorem 3.4 are proved for partial flag manifolds of type A, we assume that
the same statement holds for determinantal nets of conics and calculate the
Sym? F-twisted small J-function.

Remark 5.3. In [Tj¢l], Tjgtta studies Calabi-Yau 3-folds associated with
the following vector bundles on N:

(a) O(1)%, (b) Fiy © O(2), (c) Sym* Fy.

The corresponding [-function for the case (a) has been determined using
quantum Lefschetz theorem. Due to the relation (20) and similar relations,
our Calabi-Yau 3-folds No. 17, 15 and 18 correspond to the cases (a), (b)
and (c) respectively. It should be noted that quantum Lefschetz theorem
does not apply to the case (c¢) (in this given form), since the construction of
Calabi—Yau 3-fold does not factor through a Fano manifold.

5.2. Conjectural abelian/nonabelian correspondence for
determinantal nets of conics

5.2.1. Description of the abelian quotient. LetT = (C*)? x (C*)?/C*
be a maximal torus of G and W = N(T')/T = &3 x G4 be the Weyl group.
Then W acts on Hom(F, E ® V') by permutations of rows and columns. The
following lemma follows from the proof of Proposition 5.1:

Lemma 5.4. It holds that Hom(F, E @ V)*(T) = Hom(F, E® V)*(T) for
the actions of T'. Moreover

Hom(F,E ® V)" := Hom(F, E® V) \ Hom(F, E® V)*(T)

s given by
Hom(F,E@ V)" = | ] |o-CZo U -Ch.\ |,
v\ () ()

where

ez (08 | e .. ey linear polynomials on P?
( >— L 1yovoy by polynomials on

0
*
*

* ¥ O
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is the affine subspace in Hom(F, E ® V'), and similarly for C<8 I)

We put Pp := Hom(F, E® V)/,,, T for the abelian quotient by 7. We
can check that the action of 7" on Hom(F, E ® V)*(T) is fixed-point free and
the toric variety Pa is smooth and projective. Hence the triple (Hom(F, £ ®
V), G, x) satisfies Assumption 3.1.

5.2.2. Presentation of the cohomology ring of N and Pa. The
structure of the cohomology ring of N is described in [ES], [Tjol]. It is gen-
erated by p; = ¢;(Ex) (1 =1,2,3), ¢; = ¢;(F§) (j = 1,2) and the relations
of these generators are completely known. In particular, we can take a basis
of H*(N,Q) as

(21) L, q1,4%, 92, P2, @3, 0102, Q1P2, 15 G5+ ©2D2, 0145+ G

from [ES, Theorem 6.9].
Since PA is a smooth toric variety, we can describe the cohomology ring
of PA combinatorially (cf. [Ful]). We denote the Cox coordinates of P by 27}
b1 Lo
with ¢;; = Zi:o Z?j$a and | f21  f22 |. Let H;; be the cohomology class of

l31 L32
the toric divisor of Pa defined by z; = 0 for some a. We have the following

lemma from [Ful, Section 5.2]:

Lemma 5.5. The cohomology ring H*(Pa,Z) is generated by H;; (1 <i <
3,1 < j <2) and presented by

H*(Pa,Z) =7Z[H;; |1 <i<3,1 <3 <2]/(ILin+ Isr),
where

Inin = (—Hu1 + Hig + H31 — Hsp, —Ho1 + Hop + H31 — H3g),
Isp = (Hin’zaH§1H§27H§1H§27H%thH?ngh
HngglvH132H§27H?2H§27H32H§2)

are ideals in Z[H;; |1 <1 <3,1<j<2].

Note that the Weyl group W = &3 x S5 acts on H*(Pa,C) by permu-
tations of {Hij}1§i§3,1§j§2'
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5.2.3. Decomposition of vector bundles. We consider the representa-
tions of T restricting the representations of G given (18) and (19). Let En 7,
Fn,r be the corresponding vector bundles on Pao. We can write

Enr = O(H11 + Ha) © O(Hay + Hzz) © O(Hz1 + Hia),
Fnor = O(Hi1 + Hag + Hz1) @ O(Hiz + Hoy + Hsa).

5.2.4. Fundamental Weyl anti-invariant class. Let ® be a root sys-
tem corresponding to (G,T). We fix a decomposition ® = &, II d_ into
positive roots and negative roots. Then the fundamental Weyl anti-invariant
class w is written as

w= [] et

acdy
= (Hy — Ho1)(Hi1 — Hs1)(Ho1 — H31)(Hi2 — Hip).

5.2.5. Weyl invariant lift of cohomology classes of N. We define a
Weyl invariant lift of the basis in (21) by

pgqs = ﬁiaQij € H*(]P)Av(c)wa

where p; = ¢;(Ex ) (i =1,2,3) and ¢; = ¢;(F ) (j = 1,2). Then, for ex-
ample, the lift of g1 = ¢1(Fy) is given by

ci(Fyr) = Hir + Hiz + Hay + Hog + Hzy + Haa,
and this gives an isomorphism Pic N 2 (PicPa)".

5.2.6. Novikov rings. We describe NE(Pa). Since Pa is a toric variety,
it is known that NE(Pa) is generated by the class of the torus invariant
curves (cf. [CLS]). We identify the numerical class of a curve with the inter-
section numbers with divisors H,j, i.e. C = (C.H;;) € Z°. Then we have the
following description of NE(Pa):

NE(Pa) & {d = (dy) € Z° |
—dy1 + dy2 + d2y — do2 = 0,—dy1 + di2 +d31 — d32 =0,
di1 +da2 > 0,d21 +d32 > 0,d31 + d12 > 0,
diy + dog + d3y > 0,dy2 + do1 + d3z > 0},

The Novikov ring of Pa is a completion of the semigroup ring C[NE(Pa)]
by the valuation v(Q%) = > dij-
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Since N has Picard number one, the Novikov ring of N is isomorphic to
the formal power series ring C[Q] generated by one variable Q. It is easy to
see that the homomorphism of Novikov rings p : Ap, — Ay is given by

P(QY) = (—1)X0s D2 dis
for Q¢ € Ap,.

5.2.7. Sym? Fn r-twisted small I-function. Note that Sym? Fnorls
@?:1 O(D;), where

Dy =2H; + 2H2 + 2H3;,
Dy = Hy1 + Hi2 + Hoy + Hop + H3y + Hso,
D3 =2H3 + 2H9; + 2Hz3s.

For t € H?(Pa,C), a Sym? fJE’T—twisted small I-function is given by

=0
BTG ) = Y icicsicjcn [Tn="oo (Hiyj +m2)°
P ) - =d,;
: dENE(PA) [Ticiczi<j<o [Tm="0 (Hyj 4+ mz)3
Dy.d Ds.d Ds.d ]
X H (D1 +mz2) H (D2 + m2) H (D3 4 mz)Q%"?
m=1 m=1 m=1

which is a function on H?(Pa,C) and 1/z taking its values in H*(Pa, C).
We write Iszm Fhr _ gelle > dENE(P,) I,Q% for simplicity.

5.2.8. Sym? Fn-twisted small I-function. Using the above data, we
calculate the conjectural formula of Sym? Fr-twisted small I-function by (6).
Then we have

(220 ")
]_ 2 T
— " << H z@a> IESDZm }—N‘T)
acd, {:Zi,j tHij’Qd:(_l)Zi,j dij QZM d;j
1
= azez"’”’ il Z (—1)%% (Hyy — Hoy + 2(dn1 — doy))
deNE(PA)

X (Hn — H31 + Z(dll — d31))
X (Hoy — H31 + 2z(d21 — d31))
X (Hyp — Hiy + 2(d1g — dyy))14Q% % |
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where t is the coordinates on H?(N, C) corresponding to the generator H :=
c1(Fy) of PicN.

5.2.9. Quantum differential equation. By the identification of Weyl
anti-invariant classes with Weyl invariant lifts given by (5), we consider the
Sym? Fj-twisted small I-function (22) which takes values in H*(N,C). We

2 *
expand Ils\,ym TN with respect to z. Then we have

L%t 2) = To(t) + Lt H + L(H)H ™ + I() H?= 2,

where we regard H as the class in H*(N,C)/ann(e(Sym? F};)). We evaluate
Q =1 and g = e’. The functions Iy(t) and I1(t) are given by

In(t) = 14 6q + 66> + 1092¢° + - - -,

26746
L(t) = Io(t)t +10g +167¢° + ——q" + -

We have the following result by searching a differential operator which an-
nihilates Iy similar to Example 3.5:

Proposition 5.6. The function INJS\,me]:I*v (t) satisfies the differential equa-
tion

{6* —2¢ (20° + 20+ 1) (116> + 110 + 3)
+4¢°(0 + 1)* (766 + 1526 + 111)
— 14463(0 + 1)(0 + 2)(20 + 3)2} 1™V =0,

If Theorem 3.4 holds for determinantal nets of CO?iCS, we can obtain the
J-function of Calabi—Yau 3-fold of No. 18 from I]S\,ym Fx

Appendix A. List of Picard—Fuchs operators

We list differential operators which annihilate the I-functions of Calabi-
Yau 3-folds corresponding to the pairs (X, €) in Table 1. In [BCFKvS], we
can find a conjectural mirror family for complete intersection Calabi—Yau
3-folds in Grassmannian by using the conifold transition as well as their
Picard—Fuchs operators. To avoid overlap with their list, we omit the Picard—
Fuchs operators for complete intersection Calabi—Yau 3-folds in Grassman-
nian which correspond to No. 1, 2, 3, 6, 12, 19. Except for this omission, for
completeness, we include previously known examples in other literatures.
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In the list below, we set 0 = qd% and Y to be the zero locus of a general
section of £ on X.

No. 4: X =G(2,5),£ =S8*(1) ® O(2).
0 —2q(20 + 1) (176° + 170 + 5) + 4¢*(0 + 1)*(20 + 1)(26 + 3)

It is known that the zero locus Y is a complete intersection of OG(5,10)
(see the description of V2 in [CCGK, Section 13]).

No. 5: X = G(2,5),E = N2Q(1).

0" — q (1246 + 2426° + 1876% + 660 + 9)

+ ¢* (1230* — 2460° — 7876 — 5540 — 124)

+¢° (1230 + 7386° + 68967 + 2100 + 12)

— ¢* (1240* + 2540% + 2050% + 780 + 12) + ¢° (0 + 1)*

It is proved in [IIM, Proposition 4.7] that the zero locus Y is deformation
equivalent to the complete intersection of two G(2,5) in P which is stud-
ied in [GP], [Kan]|. The Picard-Fuchs equation of the Calabi-Yau 3-fold is
derived in [Kap2] via conifold transition.

No. 7: X = G(2,6), = S*(1) @ O(1)%3.

1210* — 77q (1300 + 2666° + 2100% + 770 + 11)

— ¢* (3212660" + 899900° + 10372560* + 552530 + 11198)

— ¢® (287230* + 741840° + 6347407 + 206250 + 1716)

— 7q" (11350" + 23360° + 18816 + 7136 + 110) — 49¢° (0 + 1)*

The zero locus Y is isomorphic to a linear section of a minuscule Schubert
variety in QP? (see [IIM, Section 4.1]), which is studied in [Miu], [Gal],
[GKM].

No. 10 : X = G(2,6),€ = Q(1) & O(1).

In [Man], Manivel shows that Y is isomorphic to a general linear sec-
tion of G(2,7) of codimension 7. Since the I-function which is given by the
abelian /nonabelian correspondence is same as No. 12, we omit the Picard—-
Fuchs operator of it.
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No. 13: X = G(2,7),& = Sym? S* @ O(1)%4.

496" — 14q (1346" + 2860° + 2346* + 916 + 14)

— 4¢” (31836" + 102666° + 135016% + 82256 + 1918)

— 8¢° (25886" + 84006° + 102566> + 56496 + 1190)

— 48q" (2560" + 84807 + 114167 + 7170 + 174) — 2304¢°(0 + 1)*

The zero locus Y is a complete intersection of the orthogonal Grassmannian

0G(2,7).

No. 15: X =G(2,7),E =AN1QaO(1) ® O(2).
0" — 6q(20 + 1) (30° + 30 + 1) — 108¢*(0 + 1)(20 + 1)(20 + 3)

The zero locus of a general section of A*Q is isomorphic to the homogeneous
space Ga/Plong (see the description of Vig in [CCGK, Section 16]). Hence
Y is a complete intersection of the homogeneous space. The Picard—Fuchs
operator is already known by [Kap2] via conifold transition.

No. 16: X = G(2,7),€ = S*(1) ® A*Q. Tt is proved in [IIM, Proposition 5.1]
that Y is deformation equivalent to a linear section of G(2, 7). Since Gromov—
Witten invariants are deformation invariant, the J-function is the same as
that of No. 12.

No. 17 : X = G(2,8),& = A°Q @ O(1)®3,

3610* — 19¢ (7000* + 12386° + 9996* + 3806 + 57)

+ ¢° (—647450" — 3680060” — 6091330% — 41275660 — 102258)

+27¢% (63976 + 121986° — 119236* — 273600 — 11286)

+729¢" (640" + 11540 + 24250° + 18486 + 486) — 177147¢° (0 + 1)*

The zero locus Y is isomorphic to a linear section of the determinantal nets
of conics which is studied by Tjgtta. Tjgtta has calculated the Picard—Fuchs
operator in [Tjgl] by using the direct calculation of the quantum connection
of N and using the quantum Lefschetz theorem.
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No. 18 : X = (G(2,8),£ = Sym? S* © A°Q.

0" — 2 (26> + 20 + 1) (116* + 116 + 3)
+4¢%(0 + 1) (7602 + 15260 + 111) — 144¢>(0 + 1)(0 + 2)(20 + 3)?

The zero locus Y has appeared first in [Tjg1], and the virtual number of lines
and conics on Y are computed in [Tjgl]. Our computations in Section 5 are
consistent to these numbers.

No. 20 : X = G(3,6),€ = A2S* 2 0(1)®2 @ 0(2).
0 —8q(20 + 1) (367 + 30 + 1) + 64¢*(0 + 1)%(20 + 1)(20 + 3)

The zero locus of a general section of A2S* is the Lagrangian Grassmannian
LG(3,6). Hence Y is a complete intersection on the homogeneous space
LG(3,6). The above differential operator coincides with the predicted one
by [VEvS1].

No. 21 : X = (G(3,6),& = S*(1) ® A2S*. Similarly to No. 16, Y is deforma-
tion equivalent to linear sections of G(3,6) by [IIM, Proposition 5.1]. The
Picard-Fuchs operator can be found in [BCFKvS].

No. 22 : X = G(3,7),€ = Sym? S* @ O(1)®3. The zero locus Z of a gen-
eral section of Sym? S* is isomorphic to orthogonal Grassmannian OG(3,7).
Using the natural isomorphisms OG(3,7) = OG(4,8) = OG(1,8), Z is iso-
morphic to a smooth quadric hypersurface Q of P7. Under this isomorphism,
the restriction of Og(37)(1) on Z coincides with Og(2). Hence Y is isomor-
phic to a complete intersection of four quadric hypersurfaces of P7.

No. 23 : X =G(3,7),& = (A28")P2 0 O(1)%3.

37210* — 61q (30290* + 55720° + 46776 + 18916 + 305)

+ ¢* (12152150 + 34281326° + 42672280% + 25726750 + 611586)

— 81¢° (393700" + 140178¢° + 2068076 + 1421916 + 37332)

+6561¢" (5660 + 22300° + 33560% + 22410 + 558) — 1594323¢°(0 + 1)*
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No. 24 : X = G(3,7),€ = (N3Q)®2 @ O(1).

8160 — 9¢ (3176 + 5200% + 4316 + 1716 + 27)

+ ¢* (65890* — 76160 — 316880% — 282510 — 8370)

— ¢° (55210" + 213846° + 1072230% + 1384026 + 55782)
+q" (219876" + 1307520° + 1521686° + 91940 — 39016)
—19¢°(0 + 1) (293¢° — 70056 — 187800 — 12535)

—361¢°(0 + 1)(0 + 2) (1376 + 3570 + 223) — 6859¢" (0 + 1)(0 + 2)*(0 + 3)

No. 25 : X = G(3,7), = A2S* & A3Q @ O(1)92,

1210% — 11q(4346" + 82003 + 6850 + 2750 + 44)

+ ¢%(784160% + 109166° + 313362 — 24866 — 1320)

— 4¢%(14880* + 40920° + 67616 + 55116 + 1694)

— 32¢*(1360* + 14600° + 45560% + 52456 + 2017)

+ 256¢°(0 + 1)%(406° 4 2120 + 237) — 409645 (0 + 1)%(0 + 2)*

No. 28 : X = G(3,8),& = (A28*)%4.

5290* — 23¢ (8500 + 16346° + 14616% + 6446 + 115)
+ ¢% (1401916* + 5042866° + 7651936 + 5544846 + 160080)
— 2¢° (22559860" + 11456826° + 23385290 + 22035846 + 805023)
+¢* (7390230 + 45335640° + 1100853807 + 122651360 + 5219792)
— ¢” (6834380" + 45037346° + 115762076* + 136581000 + 6109137)
+¢° (3923370 + 25589820° + 62758696 + 69253080 + 2877864)
— 44" (367740" + 2350866° + 5584996° + 5797480 + 221197)
+164¢° (208160" + 125486° + 288146% + 293646 + 11133) — 2564° (20 + 3)*
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Appendix B. Some explicit formulas discussed in Section 4
B.1. Quantum differential equation of J}gc'

We give an explicit form of the quantum differential equation of j}g(/ in
Proposition 4.6 as follows:

Qo = 242(0 — 1)%6°,

Q1 = —116%(16156° — 48450° + 45980 + 16400° + 13706 + 5500 + 88),

Q2 = 1039680% — 41587207 4 11082700° + 6621500° + 22736*
—2303180% — 2429902 + 6146860 + 19360,

Q3 = —39507846% + 43453950* + 13093850° — 24847026>
— 19882720 — 440880,

Q4 = 4(2339280* + 4678560° + 6645440% 4 5873666 + 156697),

Qs = —1216(13686° + 27360 — 479),

Qs = —6653952.

B.2. Factorization of differential operator

The factors r(q) and Ra4(q, ) of the differential operator (17) in the proof
of Proposition 4.7 are as follows:

r(q) = 32768¢° — 225280¢* + 6195204 — 851840¢° + 585640¢ — 161051,
Ry(q,0) = 103968¢*(8q — 11)30* — 415872¢%*(8¢ — 11)(20q — 11)6?
+19¢(8¢ — 11) (12957696¢° — 11215424¢* + 2923360q — 113135) 6
— 57¢(56033280¢" — 48468992¢” + 5056832¢° — 3620320¢
+ 1244485)6
+2(958169088¢° + 892286208¢" — 67694176¢° — 91902888¢>
+ 27891105¢ — 161051).
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