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Topological recursion for open
intersection numbers

BRAD SAFNUK

We present a topological recursion formula for calculating the in-

tersection numbers defined on the moduli space of open Riemann

surfaces. The spectral curve is x = %yz, the same as the spec-

tral curve used to calculate intersection numbers for closed Rie-
mann surfaces, but the formula itself is a variation of the usual
Eynard-Orantin recursion. It looks like the recursion formula used
for spectral curves of degree 3, and also includes features present in
[-deformed models. The recursion formula suggests a conjectural
refinement to the generating function that allows for distinguishing
intersection numbers on moduli spaces with different numbers of
boundary components.

1. Introduction

In [32], Pandharipande, Solomon and Tessler constructed a rigorous theory
of intersection theory on the moduli space of the disk, and proved that the
generating function for these numbers obey a number of constraint con-
ditions that are direct analogues of the KdV equation and Virasoro con-
straints for intersection theory on moduli spaces of closed Riemann surfaces
(cf. [16, 30, 36]). These constraints uniquely specify the intersection theory
for higher genera intersection numbers, and led to conjectural equations for
the resulting generating functions. In particular, they conjectured a Vira-
soro constraint condition, and a solution of an integrable system that they
termed the open KAV equation. Later, it was shown by Buryak [12] that
these two systems of differential equations are, in fact, compatible. In so do-
ing, he demonstrated that the open KdV equations form a part of a larger
hierarchy, called the Burgers-KdV equations, which he conjectured to be
the correct framework for introducing descendent integrals for the marked
points appearing on the boundary of the surfaces. These conjectures have
been proven in [13, 35], with the caveat that the rigorous construction of
the necessary moduli spaces has been announced by Solomon and Tessler,
but as of the writing of this paper, has not yet appeared.
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Alexandrov [2] constructed a solution to the Burgers-KdV hierarchy
based on the Kontsevich-Penner matrix model. The partition function for
this matrix model was shown to satisfy the so-called MKP hierarchy. In ad-
dition, Alexandrov [1] constructed a W-algebra constraint on this function.

In the present work, we take Alexandrov’s W-constraint as the starting
point, and show that it is equivalent to a topological recursion equation
for the generating function of open intersection numbers. We formulate this
recursion in two ways: first as a master equation, in the sense of Kazarian
and Zograf [29] (also present in [22]), and then as a residue calculation.

The spectral curve turns out to be the same as the spectral curve for
the Witten-Kontsevich generating function (cf. [4, 5]), namely

however, the topological recursion formula itself is rather unusual, in that
it combines aspects of the topological recursion formula for curves with
higher order branch points (cf. [9, 10, 26]), as well as 8-deformed topological
recursion, as constructed in [6, 14].

We also explore a potential refinement of the open intersection numbers
by incorporating a grading parameter @), which separates the components
of a given moduli space by the number of boundary components in the
underlying surface. We conjecture that the resulting generating function is
given by a parametrized version of the Kontsevich-Penner matrix model. If
true, it would immediately imply a quantum curve equation for the principal
specialization of the generating function:

3d3 d 4

Note that the quantum curve for open intersection numbers (without the @
grading) is given by substituting @ = 1.

The paper is organized as follow. In Section 2, we review the recent re-
sults on open intersection numbers and, in particular, Alexandrov’s construc-
tion of W-constraints on the generating function of open intersection num-
bers. Then, in Section 3 we introduce the tools and notation used in topo-
logical recursion calculations. In Section 4 we formulate the W-constraint
condition as an equivalent system of master equations. In Section 5 we write
the master equation as a residue integral. In Section 6 we conjecture a re-
finement of the generating function which tracks the intersection numbers
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for moduli spaces of surfaces with different numbers of boundary compo-
nents. Finally, in Section 7, we derive the quantum curve for the Q-graded
correlators.

Acknowledgement. The author thanks Bertrand Eynard for useful dis-
cussions. During the preparation of this paper, the author received support
from the Max Planck Institute for Mathematics in Bonn, the Institute des
Hautes Etudes Scientifique, and the National Science Foundation through
grants 1002477 and DMS-1308604.

2. Open intersection numbers and Alexandrov’s
W-constraints

There are many effective methods for computing so-called descendent inte-
grals on moduli spaces of closed Riemann surfaces:

<Ta1 .. 'Taz>g = /M w(fl ...¢§117
g,l

where 1); is the first chern class of the natural line bundle on ﬂg,l given
by taking the cotangent space of the curve at the i-th marked point. The
approach pioneered by Witten is to collect them into generating functions

[e.9]
1
WK
FVS(To, Ty, ) = — "y,
n=0
o0
FWK _ Z UQQ—QF;NK7
g=0
TWK = eFWK,

for v = > Ty7i. He conjectured [36], (proven by Kontsevich [30]) that rwxk
is a 7-function for the KdV hierarchy, with KP times {t;} given by T} =
(2k + 1)!1t95 1. Equivalently, there is a family of differential operators LWVX
(a > —1) that annihilate the generating function:

WK

and satisfy the commutation relations of (half of) the Virasoro algebra
(LY, LY = (n— m) LYK

n+m:
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In [32], Pandharipande, Solomon, and Tessler began extending descen-
dent integration to moduli spaces of open Riemann surfaces, or more pre-
cisely, Riemann surfaces with boundary. In particular, a Riemann surface
with boundary (X,0X) is a 1-dimensional complex manifold with finitely
many circular boundaries, each with a holomorphic collar structure. The
double of (X,0X), denoted D(X,0X), is the closed Riemann surface ob-
tained by Schwarz reflection across the boundary of X. If X has genus g
and b boundary components, then we define the augmented genus of X,
h(X) = g+ b/2. The genus of the double of X is given by 2h(X) — 1. We
define My, 1, ; to be the moduli space of (possibly open) Riemann surfaces X
with h(X) = h, kK marked points on the boundary of X, and [ interior marked
points. We note the slightly different conventions than those used by [32],
where in particular we use parameter h(X) instead of the genus of the dou-
bled surface, and we consider the moduli space of closed Riemann surfaces
My, to be a connected component of My, ;. It is also worth pointing out
that A can be any non-negative integer or half-integer.

My, 1. is a real orbifold of dimension 62 — 6 4 k + 2. At interior marked
points we have cotangent line bundles

Liﬁﬂh,k,l 1=1,...,1,

and we wish to consider v; = ¢(I;) € H> (Mp, k1). Furthermore, one can con-
struct cotangent line bundles

Ljﬁﬂh,k,l j=1,...,k
for the marked points on the boundary and consider ¢; :C(IL]') € H?*(Mp, 1)
If such constructions can be made rigorous, then one could calculate
descendent integrals

b b
ill...q/;lal 11'”¢ka

(2.1) <Ta,1 .. -Talabl o 'o-bk>2 = /

Mk

and the resulting generating functions

(o]
1
F(To, T, . . 550,51, ..) = Z m(’Yk)\l>Z
k=0 "
F= Y u?F,
2heZso
F
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where v = " T;7; and A = ) S;o;. Although it is not yet possible to define
open intersection numbers in full generality, [32] contains a rigorous treat-
ment for h = O,% and S; = 0 Vi > 1, while the construction for arbitrary h
and S; has been announced by Solomon and Tessler.

Based on their analysis of descendent integrals on the disk, Pandhari-
pande, Solomon and Tessler [32] conjectured a Virasoro constraint and open
KdV equation for the generating function of open intersection numbers.
In particular, for Z = 7,(Ty, T4, ...,S0 = 5,51 = 0,5 = 0,...) they conjec-
tured that

L,Z =0 forn=-1,0,...,

where
o (2n+3)!! 9 i@(a—l—n)—i—l)!! o)
" 20t 0T = 20 (20 — D! “OTyin
2 2 2
U 0 T 1
— 2a + 1)11(2b + 1)!! Op—1u 2L 46, 0—
T 2, (a+Di@+1 ar, o1, Tkt Ty T on0gg
a+b=n—1
N nsanﬂ 3n+3 , 0"
u

agni T T4 Y ggn

satisfy commutation relations [L,, L] = (n — m)Lygm.
In addition, they conjectured that the generating function satisfies the
following open KdV equations

2+ D)({ra)” = wl(mam1)) (70))° + 2{(70-1)) ((00))°
+ 2(ra100)° = 5 {(Ta17d)),

where

0 0

_ Y WK/
<<Ta1 "'Tal>> - aTal aTalF (T)

0 o oF o
kyyo _ . e o . =
(Tay - Tay0g))" = oT,. ol aSk‘F (T; 8 =(5,0,0,...)).

Many details of the proofs of these conjectures are in [13, 35], with the
remaining part (chiefly the construction of the compact moduli spaces and
extensions of the line bundles to the boundary) announced by Solomon and
Tessler.

Independent of the conjectures themselves, Buryak proved [12] that the
Virasoro constraint and open KdV equations are consistent and compatible
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with each other. In so doing, he introduced an extended 7-function with
additional parameters Sy, .99, ..., that satisfied the Burgers-KdV hierarchy.
He conjectured that these parameters introduce descendent integration with
respect to the cotangent bundles from the boundary marked points.

Using the solution of the Burgers-KdV hierarchy as the starting point,
Alexandrov [1, 2] related the generating function of open intersection num-
bers to the Kontsevich-Penner matrix model

(22) T1o= det(A)QC_l/ [d®] exp (— Tr((i;3 - A;(I) + Qlog <I>>> ,

where @ € Z, A = diag(A1, ..., An), the integral is over the space of hermi-
tian N x N matrices, and

s AD?
C=elA /3/d<I)exp<—Tr 5 >

In particular, he conjectured that 7g—1 = 7,. Note that 7g—¢ = Twk. In Sec-
tion 6, we formulate a conjectural relationship between 79 and a Q-graded
refinement of the open intersection generating function.

Using standard matrix model techniques, Alexandrov constructed fam-
ilies of operators that annihilate 7, and satisfy the commutation relations
of the W®) algebra. He also showed that 71 is a 7-function for the KP-
hierarchy, while the parameter @) plays the role of a discrete time, making
7¢ a solution of the modified KP (MKP) hierarchy (cf. [3, 27]). Note that
the natural KP times {t;} are related to the parameters {T;}, {S;} for the
generating function by

Ti = (2i + 1)Mgi 11
Si = 277 (i 4 1) tgi 40

For the W-constraints of 71, we define

(2.3) LY = Log + (k + 2)Jog + 0o (; + 2) — Jok3,

and

(2.4) M = Moy, + 2(k + 3) Loy, — 2Loj 43 — 2(k + 3) Japs3
+ (?; + 6k + ;lk?) Jor + %5“ + Jok+6,
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where

ut=e/3 8 if k>0
if k=0
(—k)u®3=1t, if k<0,

(2.5) Ji =

o

and Lp and M are the standard generators of the Virasoro and W)
algebras respectively. Namely

1
(2.6) Ly =3 > iy
a+b=k
1
(2.7) My =5 > dadyle,
a+b+c=k

and :A: is the normal ordering of operator A. In particular, :AB: = :BA:,
while

W ifa<b
WSy = Jody il a o
JpJ, otherwise.

Then Alexandrov proved [1] that for all £ >0
(2.8) Lor = 0= Mm.

In addition, these operators satisfy the commutation relations of generators
of the W®)-algebra:

(LE, Ly = 2(k = m) L},
(Mg, L5, = 20k — 2m) Mg, + 4m(m + 1) L] .
As is the case with the W®)-algebra in general, the commutator

[Mk,M °] cannot be represented as a linear combination of generators L°
and M/, but is quadratic in L0
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It turns out for our purposes to be more convenient to work with the
following shifted operators:

~ ~ 1 3
(2.9) L, = LZ = Loy + (k + 2)J2k + 5]@70 <8 + 2> — Jopys

—

(2.10) My = =M +2(k + 2) Ly
— Moy, + 2(Logy3 — Log) + 2Jop43

2 1 3
Sk 42k + — S6r0 —
+ <3 + 2k + 12) Jor, + R Jok 16

3. Topological recursion

Topological recursion, as developed by Chekhov, Eynard and Orantin [15,
22], originated as a method for calculating correlation functions for matrix
models. However, it was realized to be a more general construction, valid
for any spectral curve (defined below), even those not arising from matrix
models. It was subsequently found to determine a large number of interesting
enumerative and geometric invariants (cf. [4, 7, 8, 17-21, 23, 24, 31]).

The initial data needed to apply topological recursion consists of a spec-
tral curve (C,x,y), where C' is a Torelli marked compact Riemann surface,
and x and y are meromorphic functions on C. We require that x and y gen-
erate the function field of C' (i.e. K(C) = C(z,y)), and that z and y separate
tangents, so that we do not have dx(p) = 0 = dy(p) at any point p € C. We
suppose that x has degree r, and we call the zeros of dx the branch points

of the spectral curve, denoted {a1,...,aq}.
Given the data of a spectral curve, topological recursion allows for the
construction of an infinite family of correlation functions Wy ,,41(20, - .., 2n),

defined for any g, n > 0. With the exception of Wy 1 and W) 2, any correlation
function W, is a symmetric meromorphic n-differential, with poles only at
the branch points.

Although topological recursion is defined for spectral curves of arbitrary
degree r, we restrict to the case of r < 3 for simplicity, and because that
is sufficient for the example at hand. We will also make the unnecessary,
though simplifying, assumption that the spectral curve has genus 0.

Given a spectral curve, the base cases for the correlation function are
given by

Wo1(z) = y(2) dz(z)

dzodz
Wo2(z0,21) = B(20,21) = B

(20 — 21)%
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We use topological recursion to calculate the remainder of the correlation
functions, which utilizes the following constructions.

Given a family of symmetric n-differentials {Wy,,}, and 2= (21, ..., zp),
we define

ECIW,g 1 (0,03 2) = Wyt npa(v, w0, 2)

+ Z 9,120 +1 (Vs Z0) W, 1 7,141 (w, Z2),

g1+92=
ZluZQIE

EOW, i1 (w1, wo, w3; 2) = Wy_ony3(w1, we, ws, 7)

+ E W, 12,4201, wa, Z1)W, 17,141 (w3, Z2)

g1+g2=
Z I_IZ2 zZ

3
+ > Wz, 20,

g1t+g2+g3=g i=1
Z1 IJZg \_|Z'3:5

and
k > -
Pg(,7"3+1<27z): Z 8(72+1(w17-'-7wk;z)~
{wr,...,wx }Cax 1 (z(2))

We also define the recursion kernel

1 z
K(Z(), ) 7’%1()/4203('20’0'

Then we have the following topological recursion equation, called the
global recursion in [9].

Theorem 3.1. The correlation functions for a spectral curve of degree r
satisfy

1

0= 55 §. Ko, Z Wo(2)" " Py (2. 2),
where I is a contour that encloses all the branch points {ai,...,aq}.

4. Master equation for open intersection numbers

In this section, we reframe Alexandrov’s W-constraint condition (2.8) as a
master equation, in the sense of Kazarian and Zograf [28, 29]. We should
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point out that although this approach to topological recursion was formal-
ized by Kazarian and Zograf, the idea was already present to some degree
n [22].

The operators used to express the master equation are as follows.

o0

dz 0
(2 — e Y
0 Z ~2k+2 8t2k+1
k=0
= dz 0
(3) — i
0 ; 22K+1 Jtyy,
§=062 466
2 = Z(Qk‘ + Ditopy122Fdz
k=0
t(3) = Z thgkz%*ldz
k=1

t =t® + e

Note that given any polynomial in ¢, the operator é produces a Laurent
differential in z, which is a formal expression

[e.9]

Z ak(t)zk dz,

k=—m

for some finite m. As well, we define projection operators on the space of

Laurent differentials. In particular, P is the projection to the linear span

of Zz‘i% o0 s While PB) is the projection to the linear span of {%}20:0
We then form the sum

dz -~
_ 2k /3
L= Z ! Z21<;+4Lk

dz 13
= Z u?k/3 g <—J2k+3 + (k4 2)Jop 4 Loy + 85,@0) .

Term-by-term, we find that

[e.e]

dz dz 0
B 2% /3 (2k—2)/3 1-(2k41)/3 )
g:lu 2kt Jakt3 = Zu S22 v Dtorrs 0
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o0

dz dz dz 0
2%k/3 2%k/3 1-2k/3
Z / 2k+4(k+2)']2k_2“ 5 ) +Z (k + 2)u/ S2hrat / Dor
k=—1 k=1
dz:
o -1 3
=2ty 22 < 272 dz 223> 5
> dz 12 dz dz? 0
2%k/3 — 2 1 9
> u kv Lok = Z > porr e L oty
k=—1 1 = o

N Z 2 T LQLQ
p 222 dz 2a+0+2 Ot Oty
= a

We observe that the second term of the last equality is even in z, with order
at most z~2. Hence we find that

13 dz dz 1 d 3
=@y 228 19 2 ) 6B
L d +824+ to 2+U< z2dz+2z3>6

((5@)) (5(3>)2> i u—ﬂ; Zdj L p@) { 1 - (£330 1 ¢@52)

+

szz

In addition, we define

- dz
_ 2k/3+1 T
M= u i M
k=-2

which, by a similar calculation as was done for £, reduces to

dz
M= —5® +— S(2u Mty — dum M — 6uT ety — Bty — 2uT )

dz 5 1,0 Judz  2u u? (d®>  3d 9
Bl (N t ortr L s@ . 2 (2 2% 7 ) s50)
T < g2 1) T T A\ T e 2
2
u

22dz

o ((69)* + (69)2) = P [ 2u_(24(2) +t<3>5<3))]

2
2)50) 1 5352 L pB) | _Z_(1(26) L ¢B3)5(2)
+ (5 0+ 406 )+ z2dz(t 6 +to )]

25dz 25dz

_ P {4;2 (26266)5C) 4 ¢ 56 4 t<3>t<3>5<3>)]
z z
2

_p®) {4“6” (625256 1 ¢256)5(2) 4 ¢52)52) 4 t(3>5(3>5<3>)]
z z

7 (0066 4 6@6D5 1 6355 1 555 ).
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If we define U = 6 F, for i = 1,2, then the fact that Lef = 0 = Mel
implies

13 dz dz dz 1 d 3
@2 _ 0% 5 -1y 02 —242 0% a5 s
u 824+ b 222+u 12z2+u 2z2dz+2z3 u

5 (4w o)

L PO [%—“dz(t(z)u@) N t<3>u<3>)] ,

3 dz dz 5 dz dz dz
3) _ -1 2 2
U = Lo A <5t4z3 + 2t2z5> +u ((2t1 — A4t3 — 6tats) 5 — tlz5>
dz 2u u? [ d? 3d 9
CouT 22, S (2) o 2 3)
2u it a7t z3u T <d,22 zdz 222> u
Lt
22dz
3
_ ;ﬁ ((u<2>)2 + (UD)? 45Oy + 5<3>u<3>>
4
u [(5@)2 18U 4 (52500 4 50152 ® 1 (@)

b U 4 OB 1 5Ey)

324422
+3(UD)UB 4 35@ (UPu®) + g(;(:a) (u<2>2 n u<3>2)]
2 - 2u

22dz 25 dz

(2O 1 (O 1 (10) )

2
u 2 2)7 /(3 2)7 /(3 3)7 /(2
o <t< ) UPUD) 4 5OUB 4 5302))

(@U@ 1 (Gy®)

L P [ (62U 4 4Gy )

B z
F O (UP)? 4+ (U®)? +6Pu@ 4 5(3)1/1(3)))} '

These equations simplify substantially if we introduce

- d
U=U—-u222dz+u 2+ u_l—z,
z
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with U = U@ +U®) . In fact, we have

2
@ | (2t utde— L N
P [QZde((u UP +udz(——+ ) U U)
u %t 2u~ 3dz
= 52 dz + 2 dz+27z4
and
4 2 2
@Y G up a2 34 3 g
[ 324dz2((u Uy —u 2 (dz2 zdz+2z2)(u )

3 dz dz 5, dz 1 wdz  5dz

dz
—242
— 2u t1t2z3}

This allows us to write

2
@ | (g 7 M LA VY I
P | g (o aias (<4 i) | =

and

p3)

=0.

ut ~3 ~ dz? (d* 3d 3\ ~
- SUSU + 62U — w2 (L2 2
324 dz? (Z/l - SUoU 07U 2 <d22 cd: 222) L[)

An alternative formulation of the above master equations is obtained
through “renormalization.” In effect, one redefines the indeterminate form

dz? &
ot=—"5 k.
k=1

and instead sets it equal to %. Then we have

1 - - -
P [277(1/12 + 06U + u—lplu)] =0,
and

1 - - - -
P [3772 (3 + 30U + 5*u — u2D2u)} =0,
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where

n=—z>dz

d 1
Dl = dZ <— + >
dz =z
dz> (d*> 3d 3
Dy=—|-———""F+—5]).
7 <d22 zdz = 22
The above renormalization should not be confused With the renormaliza-
tion used in string theory that replaces Y k with —=;. On the surface, it is
nothing more than a convenient notational trick used to write the master

equations in a simpler form. However, one way to understand the renormal-
ization procedure is to consider

k=l S Rk k920
w—>zk 1 Z w
. dz dw
= lim

w—z (2 — w)Q'

We remove the double pole along the diagonal by using the underlying spec-
tral curve z(z) = 327, and noting that

lim dzdw  dx(z)dz(w) _dfz2
G0l G —a()?) 27

These calculations, including the origin of the spectral curve, become clearer
after one transforms these master equations into an equivalent residue equa-
tion, as is done in Section 5.

We can make a further reduction by defining U = { + 6. Then we have
proven

Theorem 4.1.
(4.1) P [277(U2 +u D) - } =0
(4.2) P [377(U3 —u?DyU) - 1} = 0.

Remark 4.2. Kazarian [28] has shown that the master equation for the
Witten-Kontsevich 7 function can be written in the form

PR [1U2 : 1] =0,
2n
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with identical initial conditions as the open intersection case, except for the

lack of the term ufl%, and with the same renormalization condition on Jt.

5. Residue formulation

In order to reformulate the master equations (4.1), (4.2) as an example of
Eynard-Orantin topological recursion [22], we must decompose the equation
by genus and marked points, convert the projection operators into residue
integrals and finally, write the equations using symmetric correlation differ-
entials.

Lemma 5.1. Given a Laurent differential (z) dz, we have

PP [y(2) dz] = Res [1< Lo )v(w)dw}

w=0 |2 \z—w z4+w

P®) [y(2) dz] = Res [1 < 11 + r 1) v(w) dw]

2\z—w 2z z4w =z

Proof. This is an easy consequence of the definition of a Laurent differential,
and from a direct calculation of the residues against the Laurent differential
2* dz, for any integer k. O

Remark 5.2. The integral operators used to replace the projection oper-
ators can be expressed as

1 w 1 —w
W) =5 [ Beo-5 [ Beo,
¢=0 ¢=0

and

) nw) =+ [ L
p (va) - /COB(Z’ C) + 2 =0 B(ZaC)a

respectively, where B(z1, z2) is the normalized canonical bilinear differential
of the second kind defined on P! (cf. [25]), and w +— —w is the unique in-
volutive mapping preserving the spectral curve x = %wQ around the branch
point at w = 0. In other words, our construction is quite general, and not

necessarily restricted to the example at hand.
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To decompose the partition function by genus and marked points, we
set

T = 6F7
and
oo
Z "2 Fyy ot
o0
)= Fyalt)
n=1
where Fy ,,(t) is homogeneous of degree n in the variables ¢y, s, .... Then we
set
Uy = —2%dz
Upo =t
dz
U= —
3l z

Uyt = 0Fyni1 if29—2+n+1>0andn,2g € Z>o.

After decomposing master equations (4.1), (4.2) by degree in both w and
t, and replacing the projection operators P with the appropriate residue
integral, we arrive at the following recursion relation, valid for all g,n > 0
with 2g —1+n > 0 and 2¢g,n € Z:

(5.1)  Ugns1(z) = RGS{K(z)(va) [5Ug—1,n+2(’w7’w)

w—0

no (g,n + 1) term

+ Z uglynl (w)ugz,nz (’U)) + Dlug—é,n—&-l (w)

g1+g92=g
nit+ns=n-+2

+ KO (z,w) [52L{g_2,n+3(w, w, w)

3
+ 50 Z ugl,nl (w)MQQ,n2 (UJ)

2
g1+g92=g—1
ni+ns=n-+3

o (g,m+1) terms 3

+ Z Hufn, — Doldg—1 p41(w )}}

g1+9g2+g3=
ni+nz+ns —n+3
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where
%) i [ " 1
KOG = (0 [ B6.0- [ B6.0) g
and o
zZ1az9
B(Zl,ZQ):m.

Note that this formula is only valid under the convention that 6l =
d 2
ik

We now construct the correlation functions appearing in topological re-

cursion by setting
[ee]

0; = Z I+ ot

j=1%i

and defining
Won(21,...,2n) =01+ 00 Fyn(t), if29g—2+n>0.
The unstable correlation functions are defined as

Woi(z) = —2%dz,
dz
W%J(Z) = "

z

and

Wo2(z1, 22) = dalhp 2(#1)
00 k-1

z

_ 1
= Zk2k+1dzldz2

k=1 2

dz1dzs
(21 — 22)?

We also need the following renormalized correlation functions:

—~ dr(z1)dx(z
Wg,n(zl, . ,Zn) = ng(zl, ey Zn) — 59705,172 (x(zg)lz .:U((ZQ2)>)2,

where z = 22/2, and 4, is the Dirac delta function, not the operator §;
appearing elsewhere in the paper. We note in particular, that

dz?

WO,Z(sz) = Ea
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which is exactly the renormalized behavior we need for the topological re-
cursion formula.
To make the formulas a little more digestible, we use the notation 2’ =
(215 2n),
ROWg 1 (w5 2) = Wyt npa(w, w, 2)
no (g,n + 1) terms

+ Z W 12:0+1(w, Z0) W, | 7,141 (w, Z2),

g1+92=g
Z1 |_|Z2 :5

and

R®G) Wyns1(w; 2) = Wy_g pys(w, w,w, 2)

+3 Z Wy 12041 (w0, Z1)W, 1 7,1 42(w, w, Z2)

g1+g2=g—1
Z1UZ2:2

no (g,n+1) terms 3

+ Z H o z+1(w, Zi)

g1t+g2+g3=g i=1
Z1UZQL|Z3:5

If we apply the operator d; - - -, to (5.1), then we find the following

Theorem 5.3. The correlation functions Wy, for open intersection num-
bers obey the topological recursion formula

(5'2) Wg,n—H (Z0> ceey Zn)

w—0

= Res{ K@ (2, w) [R(Z)Wg,n-&-l(wQ Z)+ D1W9—1/27n+1(w75)}
KD (2, w) [R<3>Wg,n+1<w; 2) — DyWy i (w, z)] }

with wnitial conditions

Woi(z) = —2%dz
dz
W;J(Z) -

Wo,2(21,22) = B(21, 22),
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d 1
Dlzdz<—+>
dz =z
dz? [ d? 3d 3
D2_2<dz2_zdz+22>'

6. A conjectural refinement

where

One issue that arises in the above formulation of topological recursion for
open intersection numbers is that the correlators combine intersection num-
bers from a union of disjoint moduli spaces. In particular, a given function
Fp, 41, for 2h,n € Z>(, has contributions from moduli spaces of genus g
curves with b boundary components for all g,b with g + b/2 = h. If the con-
tribution to £}, ,, from genus g surfaces with b boundary components is F j ,,
it is natural to try to introduce a parameter (), and write

tht Q Z Q2(h g)Fg2(h g),n ()

gEZL
0<g<h

as well as the associated correlators
Wykn =01 0nFykn.

If such a decomposition is possible, we can resum to obtain correlators with
only integral genus parameter

Qg,n = Z Qng,k,n-

k=0

This form of the correlators is required if one were to attempt to find a
spectral curve whose correlators under the standard theory of topological
recursion calculate open intersection numbers.

It is tempting to try to insert the ) grading into the topological recur-
sion formula (5.2) by replacing W%,l > QW%J and D; — Q'D;, as this would
produce correlation functions with terms of correct degree in (). Unfortu-
nately, this proves unsuccessful as these Q-graded correlators W, ,(Q;Z)
with 2g — 2 +n > 3 are not symmetric. However, correlators with 2¢g — 2 +
n < 3 match exactly to the correlators coming from 7¢, the Kontsevich-
Penner matrix model. This motivates the following
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Conjecture 6.1. Let 7o = efe  with TQ given by the Kontsevich-Penner
matriz model (2.2). Then the correlators Wy, (Q;2) = 61---0,Fy n(Q;1)
given from the expansion

Zqu 2F )

are the Q-graded correlators for open intersection numbers.

The conjecture is true for g = 0, 3 5, 1. In addition, the correlators of all
augmented genera for Fpy exhibit the proper degree behaviour in (). One
difficulty that arises is that moduli spaces with different numbers of bound-
ary components can have common boundary using the compactification of
Solomon and Tessler. Moreover, the boundary contributes non-trivially to
the intersection numbers, realized in the form of nodal ribbon graphs con-
tributing to the total in Tessler’s combinatorial model [35]. Nevertheless, it
is possible to separate out the contributions to open intersection numbers
from surfaces with differing numbers of boundary components, and the con-
jecture has been verified for a number of low degree terms that have been
calculated by hand [34].

Furthermore, one can calculate the Feynman graph expansion of the
Kontsevich-Penner model, and interpret the corresponding graph sum as a
sum over ribbon graphs with boundary (i.e. ribbon graphs embedded in Rie-
mann surfaces with boundary). Ribbon graphs with b boundary components
contribute to the coefficient of Q® in the expansion. These ribbon graphs with
boundary also appear in an alternative combinatorial description of a simpli-
fied variant of the moduli space of open intersection numbers. In particular,
they model Riemann surfaces with boundary, but with no marked points
on the boundary (only interior marked points). The combinatorial model
permits the construction of a straightforward compactification and corre-
sponding intersection theory whose generating function is Fy. Although the
precise relationship with the compactified open moduli space considered by
Solomon and Tessler is not yet clear, the construction does provide strong
support for the conjecture. Details of these results are presented in a separate
paper [33].

7. Quantum curve equation
In this section we derive a quantum curve for open intersection numbers. In

topological recursion, the quantum curve is obtained from the spectral curve
via quantization, whereby we replace y with h%. Then, in many cases, and
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with the proper choice of ordering of the now non-commuting variables, one
obtains the quantum curve equation

P(z,9)e” =0,

where W is the principal specialization of the partition function. In our case,
it can be realized by substituting

Vg = Fg e
kzk

- 2 2Q0+1
Vo=Ug+h 1% —
Q QT 3 5

ti—

log z,

and we find the following quantum curve equation
Theorem 7.1. If Vg is the principal specialization of Fg and x = %zQ,
then

3d3 d v
hd—fﬂiazd +2h(Q—1))e 2 =0.

The semi-classical limit is, for all values of Q,
v — 22y = 0.

Proof. As derived in [11], the invariance under trivial changes of variable for
the Kontsevich-Penner model

3 A2
ZN(A;Q):/ d@agb [exp <—Tr<q;—;)+czlogq>)>] —0

translate to the following equivalent system of PDEs, known as the equations
of motion for the matrix model.

(7.1) <_; (;E)zb + (ET;E)ab + (V- Q)5“b> Zn =0,

where = = A?/2. Recall that the relationship between the matrix model
parameter A, and the partition function parameters {¢1,ts,...} is given by
the Miwa transformation

N

where A = diag(\1, ..., Ax). Hence the prln(:lpal specialization substitution
tr = khF/327¥ is obtained by taking N = 1, and rescaling \; = A~1/3z. When

k\r—‘
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N =1, the equations of motion (7.1) reduce to the ordinary differential
equation

2
(-5 (%) +op+0-@) znPa =0

where = = %,2’2. Finally, we observe that the ratio between Z; and e is

. .. -1z _20+1
precisely the normalization factor ¢ 5~z 1982, O

We note in particular that the spectral curve is reducible and has degree
3. Since there is currently no known way of calculating topological recursion
for a general reducible spectral curve, it is not surprising that the formulas
we obtain are not in exact correspondence with the standard topological re-
cursion. Whether or not this example can be generalized to other reducible
curves is a topic for future work. However, the fact that the curve is de-
gree 3 does help explain why the formula we obtain most closely matches
topological recursion in the rank 3 case.

References

[1] Alexander Alexandrov, Open intersection numbers, Kontsevich-Penner
model and cut-and-join operators, preprint, arXiv:1412.3772, 2014.

[2] Alexander Alexandrov, Open intersection numbers, matrixz models and
MKP hierarchy, Journal of High Energy Physics (3):43, 2015.

[3] Alexander Alexandrov and Anton Zabrodin, Free fermions and tau-
functions, J. Geom. Phys. 67 (2013), 37-80.

[4] Julia Bennett, David Cochran, Brad Safnuk, and Kaitlin Woskoff, Topo-
logical recursion for symplectic volumes of moduli spaces of curves,
Michigan Math. J. 61 (2012), no. 2, 331-358.

[5] Michel Bergere and Bertrand Eynard, Determinantal formulae and loop
equations, preprint, arXiv:0901.3273, 2009.

[6] Michel Bergere, Bertrand Eynard, Olivier Marchal, and Aleix Prats-
Ferrer, Loop equations and topological recursion for the arbitrary-
two-matriz model, Journal of High Energy Physics 2012 (2012), no. 3,
1-79.

[7] Gaétan Borot and Bertrand Eynard, All order asymptotics of hyper-
bolic knot invariants from mnon-perturbative topological recursion of A-
polynomials, Quantum Topol. 6 (2015), no. 1, 39-138.



Topological recursion for open intersection numbers 855

[8] Gaétan Borot, Bertrand Eynard, Motohico Mulase, and Brad Safnuk,

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

A matriz model for simple Hurwitz numbers, and topological recursion,
J. Geom. Phys. 61 (2011), no. 2, 522-540.

Vincent Bouchard and Bertrand Eynard, Think globally, compute lo-
cally, Journal of High Energy Physics 2013 (2013), no. 2, 1-35.

Vincent Bouchard, Joel Hutchinson, Prachi Loliencar, Michael Meiers,
and Matthew Rupert, A generalized topological recursion for arbitrary
ramification, Ann. Henri Poincaré 15 (2014), no. 1, 143-1609.

E. Brézin and S. Hikami, On an Airy matriz model with a logarithmic
potential, J. Phys. A 45 (2012), 045203, 26.

Alexandr Buryak, Fquivalence of the open KdV and the open Vira-
soro equations for the moduli space of Riemann surfaces with boundary,
preprint, arXiv:1409.3888, 2014.

Alexandr Buryak and Ran J Tessler, Matrixz models and a proof of the
open analog of Witten’s conjecture, preprint, arXiv:1501.07888, 2015.

L. O. Chekhov, B. Eynard, and O. Marchal, Topological expansion of
the B-ensemble model and quantum algebraic geometry in the sector-
wise approach, Theoret. and Math. Phys. 166 (2011), no. 2, 141-185.
Russian version appears in Teoret. Mat. Fiz. 166 (2011), no. 2, 163-215.

Leonid Chekhov and Bertrand Eynard, Hermitian matriz model free
energy: Feynman graph technique for all genera, J. High Energy Phys.
(3):014, 18pp. (electronic), 2006.

Robbert Dijkgraaf, Herman Verlinde, and Erik Verlinde, Loop equations
and Virasoro constraints in nonperturbative two-dimensional quantum
gravity, Nuclear Phys. B 348 (1991), no. 3, 435-456.

Norman Do, Oliver Leigh, and Paul Norbury, Orbifold Hurwitz numbers
and Eynard-Orantin invariants, preprint, arXiv:1212.6850, 2012.

Olivia Dumitrescu, Motohico Mulase, Brad Safnuk, and Adam Sorkin,
The spectral curve of the Eynard-Orantin recursion via the Laplace
transform, in: Algebraic and geometric aspects of integrable systems
and random matrices, volume 593 of Contemp. Math., pages 263-315.
Amer. Math. Soc., Providence, RI, 2013.

P. Dunin-Barkowski, N. Orantin, S. Shadrin, and L. Spitz. Identifica-
tion of the givental formula with the spectral curve topological recursion
procedure, Communications in Mathematical Physics 328 (2014), no. 2,
669-700.



856
[20]

[21]

Brad Safnuk

Bertrand Eynard, Recursion between Mumford wvolumes of moduli
spaces, Ann. Henri Poincaré 12 (2011), no. 8, 1431-1447.

Bertrand Eynard, Motohico Mulase, and Bradley Safnuk, The Laplace
transform of the cut-and-join equation and the Bouchard-Marinio con-
jecture on Hurwitz numbers, Publ. Res. Inst. Math. Sci. 47 (2011),
no. 2, 629-670.

Bertrand Eynard and Nicholas Orantin, Invariants of algebraic curves
and topological expansion, Commun. Number Theory Phys. 1 (2007),
no. 2, 347-452.

Bertrand Eynard and Nicholas Orantin, Computation of open Gromov-
Witten invariants for toric Calabi-Yau 3-folds by topological recursion,
a proof of the BKMP conjecture, Comm. Math. Phys. 337 (2015), no. 2,
483-567.

Bertrand Eynard and Nicolas Orantin, Weil-Petersson volume of mod-
uli spaces, Mirzakhani’s recursion and matriz models. preprint, arXiv:
0705.3600, 2007.

John D. Fay, Theta functions on Riemann surfaces, Lecture Notes in
Mathematics, Vol. 352. Springer-Verlag, Berlin-New York, 1973.

A Prats Ferrer, New recursive residue formulas for the topological ex-
pansion of the Cauchy matriz model, Journal of High Energy Physics
2010 (2010), no. 10, 1-52.

Michio Jimbo and Tetsuji Miwa, Solitons and infinite-dimensional Lie
algebras, Publ. Res. Inst. Math. Sci. 19 (1983), no. 3, 943-1001.

Maxim Kazarian, Unpublished notes.

Maxim Kazarian and Peter Zograf, Virasoro constraints and topo-
logical recursion for Grothendieck’s dessin counting, preprint, arXiv:
1406.5976, 2014.

Maxim Kontsevich, Intersection theory on the moduli space of curves
and the matrix Airy function, Communications in Mathematical
Physics 147 (1992), no. 1, 1-23.

Paul Norbury and Nick Scott, Gromov-Witten invariants of P! and
Eynard-Orantin invariants, Geom. Topol. 18 (2014), no. 4, 1865-1910.

Rahul Pandharipande, Jake P Solomon, and Ran J Tessler, Inter-
section theory on moduli of disks, open KdV and Virasoro. preprint,
arXiv:1409.2191, 2014.



Topological recursion for open intersection numbers 857

[33] Brad Safnuk, Combinatorial models for moduli spaces of open Riemann
surfaces, preprint, arXiv:1609.07226, 2016.

[34] Ran J Tessler, Personal communication.

[35] Ran J Tessler, The combinatorial formula for open gravitational de-
scendents, preprint, arXiv:1507.04951, 2015.

[36] Edward Witten, Two-dimensional gravity and intersection theory on
moduli space, in: Surveys in differential geometry (Cambridge, MA,
1990), pages 243-310. Lehigh Univ., Bethlehem, PA, 1991.

DEPARTMENT OF MATHEMATICS, CENTRAL MICHIGAN UNIVERSITY
MoOUNT PLEASANT, MI 48859, USA
E-mail address: brad.safnuk@cmich.edu

RECEIVED FEBRUARY 4, 2016







<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


