COMMUNICATIONS IN
NUMBER THEORY AND PHYSICS
Volume 10, Number 4, 805-832, 2016

On g-analogs of some families of multiple
harmonic sums and multiple zeta
star value identities
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In recent years, there has been intensive research on the Q-linear re-
lations between multiple zeta (star) values. In this paper, we prove
many families of identities involving the g-analog of these values,
from which we can always recover the corresponding classical iden-
tities by taking ¢ — 1. The main results of the paper (Theorems 1.4
and 5.4) are the duality relations between multiple zeta star values
and Euler sums and their g-analogs, which are generalizations of
the Two-one formula and some multiple harmonic sum identities
and their g-analogs proved by the authors recently. Such duality
relations lead to a proof of the conjecture by Ihara et al. that the
Hoffman *-elements (*(s1,...,s,) with s; € {2, 3} span the vector
space generated by multiple zeta values over Q.

1. Introduction

Multiple harmonic sums (MHS) are nested generalizations of harmonic sums
and multiple zeta values (MZV) are the limits of MHS when the number of
terms in the sum goes to infinity. In recent years, MHS, MZV and their gen-
eralizations have been found to be intimately related to Feynman integrals
in perturbative quantum field theory [2, 5, 19] in physics as well as to Hopf
and Lie algebras, combinatorics (double shuffle relations) [12-14], algebraic
geometry [4, 8, 9], and even modular forms [6] in mathematics.

We now recall their basic setup. In order to unify MHS, MZV and their
alternating versions we first define a sort of double cover of the set Ny =
NU {0} where N is the set of positive integers.
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Definition 1.1. Let Dy := NyUDNj and D := NUN be the sets of signed
nonnegative and signed positive numbers, respectively, where

={k:keNo} and N={k:keN}L

In some sense, k is k dressed by a negative sign, but k is not a negative
number. Define for all k£ € Ny the absolute value function |-| on Dy by
|k| = |k| = k and the sign function by sgn(k) = 1 and sgn(k) = —1. We make
Dy a semi-group by defining a commutative and associative binary operation
@ (called O-plus) as follows: for all a,b € Dy

la] +|b], if only one of a or b is in Np;
(1) a®b=<Sa+b,  ifa,be Ny
‘a|+|b‘> ifa7b€N0-

Fors = (s1,...,8m) € D™, we define the (alternating) multiple harmonic
sums by

Ho(s) = Z H sgn( sj

k|51‘
n>ky>-- >k’m>1j 1

and H)(s):= Z H sen( SJ

|S] ‘
n>k;>-->k,,>1j5=1 k
Correspondingly, we can define the (alternating) Euler sums by

= Y I |.fj

ky>->k, >1] 1

and (*(s) := E H Sgnéj‘

k1> >kn,>17=1

(2)

where s1 # 1 in order for the series to converge. If s € N then ((s) is called
a multiple zeta value (MZV) and (*(s) a multiple zeta star value (MZSV).
We call £(s) = m the length (or depth) and [s| = |s1| + -+ + || the weight
of the string s. One of the central themes in the study of Euler sums, MZV
and MZSV is to find as many Q-linear relations between these values as
possible. Conjecturally, nontrivial relations can exist only among MZV and
MZSV of the same weight. Following Glanois [7], we define the Euler f sums
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by
Cs):i= > 2'P)((p),
P=510820--+084

where p runs through all indices of the form (s; 0 sg 0---0s4) with “o” be-
ing either the symbol “” or the O-plus “@®”. Similar notation for MZV has
already appeared in the literature before, see, for example, [20]. In [17, 23]
Linebarger and the third author obtained many families of identities involv-
ing both MHS and MZSV after getting inspiration from [11]. In particular,

the third author proved the following so-called Two-one formula conjectured
by Ohno and Zudilin in [18]:

Theorem 1.2. ([23, Theorem 1.3]) Let r€N and s=({2}*,1,...,{2}%,1)
where a1 € N and a; € Ngy for all j > 2. Then we have

*(s) = C*(2a1 +1,...,2a, + 1).

One particularly well-behaved g-analog of the multiple zeta functions is
defined in [21] by the third author, generalizing the Riemann ¢-zeta func-
tion studied by Kaneko et al. [16]. There, again, it is very important to
understand the relations between their special values, see [3] for some rele-
vant results. Recently, the first two authors proved a g-analog of the T'wo-one
formula in [10]. Our original goal of this paper was to provide further analogs
of the identities contained in [17, 23]. However, we have achieved much more
because we can now actually treat arbitrary ¢-MZSV and express it in terms
of g-analog Euler sums (of the non-star version). By taking ¢ — 1 we obtain
the following result.

Theorem 1.3. Let s = (s1,...,5q) € N with s1 > 1. Set 15 =1 if s4=1
and s = —1 if sq > 1. Suppose there exists X = (A\1,..., A\p) € D™ (deter-
mined uniquely by s) such that there is an expansion of the form

C*(s) = tsCHA1, A2y o oo, A
Then we have
1) For any positive integer a
(i) yp ger a,
C({2)%,8) = 1sC*(2a @ A1, A2y s A).
ii) For any positive integers a and [,
(ii) yp g

C ({234, {1} s) = 1sC*(2a 4+ 1, {111 A, Aay o, A).
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(iii) For any positive integers ¢ > 3 and I,

C*(C7 {1}l7 S) = LSCﬂ(§7 {1}0—3’5’ {1}l_17 )\17 A27 ceey )\m)
(iv) For any integers b >0 and ¢ > 3,

C({2¥0,e8) = P20+ 2, {133 M @ T, Aoy, A

This provides very elegant simplifications when s contains many 2’s in
it. The following identity is an illuminating example: for any a € N and
b,c,d € Ny, we have

(3)  ¢({21% 1 {201, {2)0.8,{2}0 1)
=2C(2a +2b+2c+2d+6) +4¢(2a + 1,2b + 2c + 2d + 5)
+4C(2a+2b+2,2c+2d +4) + 4((2a + 2b+ 2c + 4,2d + 2)
+8((2a+1,2b+1,2c¢+ 2d + 4) + 8((2a + 1,2b + 2c¢ + 3,2d + 2)
+8((2a + 2b +2,2¢ + 2,2d + 2) + 16¢(2a + 1,2b + 1,2¢ + 2,2d + 2).

We also verified this identity numerically for 1 < a <2 and 0 < b,¢,d < 2
with EZ-face [1] with errors bounded by 1075,

According to Theorem 1.3, we can treat arbitrary MZSV by building
up from the three base cases: ¢*({2}%), ¢*({2}%,1) (a > 1) and ¢*({2}", ¢)
(b >0 and ¢ > 3) treated in [11]. Here is the general statement.

Theorem 1.4. Let ap,a; € No, c; € N andc; #2 forallj=1,...,d. As-
sume ag >0 orc; > 3. Set6(c) =1ifc =1 and 6(c) = 0 if ¢ > 3. Moreover,
put {1} = {1}2x(0)  Then we have

(4) ¢ ({2}%, ¢, {2}™, .. eq, {2}9) =+ (Bo, {13973, By, ..., {1}73, By).

Here the leading sign £ is + if and only if ag =0 and cq =1, and

A]', ’Lf Aj 18 Odd;
Bj = Aj, if Aj >0 and even;
vacuous, if Aj =0,
where
2&04—2—(5(01), if j =0;
Aj =< 2a5+1—6(cq), if j =d;

2aj+3—6(cj)—5(cj+1), if 0 < j<d.
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Formula (4) can be considered as a general duality relation which ex-
presses arbitrary multiple zeta star value in terms of Euler § sums. It gener-
alizes the Two-one formula and many other 2-¢-2-¢, 2-1-2-¢, 2-¢-2-1 formulas
with ¢ > 3, proved by the third author [17, 23]. A g-analog of Theorem 1.4
is given in Section 5, which is Theorem 5.4.

In her Ph.D. thesis, Glanois [7] studied motivic versions of multiple Euler
f sums and proved that the motivic versions of

C*H2a0 +2,2a1 +3,...,2a4-1 + 3,2aq + 1), with a; >0,

form a graded basis of the space of motivic multiple zeta values. As a con-
sequence, by application of the period map, she obtained the following im-
portant result.

Theorem 1.5 (Glanois). Fach multiple zeta value is a Q-linear combina-
tion of elements of the same weight in

{¢*(2a0 + 2,2a1 +3,...,2aq_1 + 3,204+ 1), a; > 0}.

Note that Thara et al. [15] conjectured that the Hoffman x-elements
C*(81,...,84) with s; € {2,3} form a basis of the space of MZVs over Q.
Taking into account the T'wo-three formula, which is a consequence of iden-
tity (4) with ¢; = -+ = ¢4 = 3,

Cr({2}%,3,{2}",...,3,{2}%)
= —C*(2a0 +2,2a1 + 3,...,2aq_1 + 3,2a4 + 1),

and combining it with Theorem 1.5, we get the following statement confirm-
ing the conjecture of Ihara et al.

Corollary 1.6. Every multiple zeta value of weight w is a Q-linear combi-
nation of the Hoffman *-elements (*(s1,...,8q4) with s; € {2,3} and

> s =w.

In her Ph.D. thesis, Glanois also conjectures that the motivic version
of Theorem 1.4 should hold (see [7, Conjecture 4.5.1]), whose proof should
follow from Theorem 1.4 and a Galois descent argument used first by Brown
in [4] to prove that all the periods of mixed motives unramified over Z are
Q[Q}ri]—linear combinations of MZVs. The motivic version of Theorem 1.4
would imply the motivic version of the Conjecture of Thara et al. for the

space of motivic multiple zeta values.
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2. Preliminaries and notations

In this section, we first fix some notation. Throughout the paper let m and
n denote nonnegative integers and ¢ a real number with 0 < ¢ < 1. For any
real number a, put

n—1

(a)o == (a;q)o =1, (@)n := (a;q)pn := H(l —aq®), n>1.

k=0

As a convention, throughout the paper we always use [ | to denote g-analog
objects. For example, the g-analog of a positive integer n is given by

n—1
1—-4q"
) =fly= Y d" =20
k=0 q
and the Gaussian g-binomial coefficient
n L, if 0<m <n,
= (Q)m(q n—m
m 0, otherwise.
For m € Ny and s = (s1,...,5n) € Df’, we set s = () if m = 0 and define the

g-analogs of multiple harmonic (star) sums (¢-MHS)

Hyls]:= Z H Sgn |s]\

n>ky > >k, >1] 1

sgn(s;)k gk
and H}[s] := Z H J|SJ‘ ,

n>k > >k, >17=1

with the convention that H,[s] = 0 if n < m, and H}[0] = H,[0] =1 for all
n > 0. Notice that we allow s; to be 0 or 0 in these ¢-MHS.
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Now we fix a symbol 6 and define for any r € ZU {0} and k € N the
function

rk(k —1)/2, if r > 0;
Q(r,k) = rk(k—1)/2 -k, ifr <0
0, if r=20.

Fors = (s1,...,8m) €Dy, t = (t1,...,tm) € No)™, and r = (r1,...,7rpy) €
(ZU{0})™, we define the mollified companion of H,[s|] by

(5) Hyls; t;r] = Z [n+k1 H a
7j=1

n>ki > >kn,>1 L k1

tk+Qr1,k)(1+q )

sgn :||SJ‘

We call [s; t;r] an admissible triple of mollifiers if the limit lim H,[s;t;r]

n—0o0
exists.

Definition 2.1. Let [OJ-plus B be a binary operation on Z U {6} such that
e Ha=al6O=aforall a e ZU{O},
e aHb=a+0forall a,beZ with (a,b) # (1,-1),(—1,1), and
e IH(-1)=0and (-1)H1=0.

Lemma 2.2. Letr € {#} UZ\ {0}, d € {0,—1}. Then for any k € Z

(6) Q(r,k) + Q(L,k) = Q(r B1,k),
(7) k2 +Q(d,k) = Q28 d, k).

Moreover, the projection

m: (ZU{6},8) — (Z,+)
ar—a VYa€Z,
0 +—0,

is a homomorphism of semi-groups and its restriction to Z* is injective.

Proof. Clear. O
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For an admissible triple of mollifiers [s; t;r], we define
{31o...osm;tlo...otm;frlo...ofrm}

to be the set of triples of strings produced by replacing every o in s by
either comma or O-plus “@”, replacing every o in t by either comma “,”
or the usual plus “+”_ and replacing every o in r by either comma “,” or
U-plus “B”. Moreover, the commas should be at the same positions for all

s, t and r. Now we set

Hi[s;t5r] = > Hnlp; P;

(p;ﬁ;fi)e{slo~~~osm;tlo--~otm;r10-~~o7"m}

14 77

=1

.

In the above notation, the Two-one formulas for ¢-MHS obtained in [10]
have the form

(8) H}[{2}] = —=Hn[2a; 05 1]
and, for apyq # 0
Hy[{2}, 1, {23, 1]
= ’Hfl[Qal +1,...,2ap+ ;a1 +1,...,ap+ 1;27{0]}—1]’
(9) HA[{23% 1, .. {23 1, {2} %]
= —H [2a1 +1,...,2a0 + 1,2a041;
a1 +1,...,a0+1,a041;2, {O}E_l, —1].

Finally, we define the g-analog of multiple zeta values, ¢-MZV for short,
and g-analog of multiple zeta star values, or ¢-MZSV, as

(sl == Z Hsg“ ST

and =3 Hmﬂﬁ7

ki > >k, >15=1

respectively. The mollified companion of ([s] associated with the admissible
triple of mollifiers [s; t;r] is defined by

3[S;t;r:| ::3[51"’ Sm;tl"" tm;rl"’ Tm]
t kj4+Q(r;, J)(l + qkj)

sgn(s
- Z H (k)11 ’
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and its f-version is defined by

Flsit;r] = Z 3[p; P; BJ.

(P;P;P)E{510-08m 5t10+-Ot 1371007, }

If m =0, we put ¢*[0] = 3[0;0; 0] = 1. Throughout the paper the triples of
mollifiers [s;t;r] are chosen in such a way that the above multiple series
always converges. Notice that in [10] the mollified companions of ([s] are
defined similarly.

Although our primary goal is to prove ¢-MZSV identities, throughout
the paper we will always work with binomial identities for ¢-MHS first. To
obtain the corresponding ¢-MZSV identities, we need the next result.

Lemma 2.3. ([10, Lemma 4.1]) Let 0 < g < 1, ¢,c1,c2 € R, ¢ > 0, and let
Ry, be a sequence of real numbers satisfying |Ry| < kq®F for allk = 1,2,. ...

Then
nILHSOZquz (1 - 71[—17-]19 ) Ry, =0.
Pt "

3. g-binomial identities

The following two combinatorial identities have been proved by the first two
authors using ¢-WZ method.

Lemma 3.1. ([10, Lemma 2.1]) For integers n > 1 and | > 0, we have

m 1)igt=1/2,
[”] [”H

¢ = ([n] — (1)) [,[L%],} q".

10) Y (gl
k=l+1 [ k ]
(1) S (14 gy L

k=Il+1

(—1)Fgh=1/2 —

—
Ead
)

The next lemma is the g-analog of [23, Lemma 2.1].

Lemma 3.2. Leta €Dy, be Ny, ce N, re {0} UZ\ {0}, and [x;y;2] an
admissible triple of mollifiers. Then for any positive integer n,

1 ~ =
Wﬂn[avx; by;rH1,z] = > Hnlp,x; P, y; P, 2.
(p;P;p)€{001°(c—Do(a®T); 0°¢0 b; 1o #o(c—Vor}
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Proof. We prove the lemma by induction on ¢. Suppose strings x,y, z have
length m. Set

12) g = (-1 + q’“>q’“(k_1)/2["[‘%]’“]'
k

Then by (10),

1+d) ¢ (L 1
e i 3 e (g )

which, together with (6) yields

Hn0,a®1,%x;0,b,y;1,7,2]

Z A, kqbk0+Q(T’k0)(l + qko) m qy.fkj-i-Q(Z.hk.f)(l + qkj)

skshoe Do s (T sgn(@))Felkolle S sgn ()b k]l

- > gt QURI (1 4 o) @M TOE R (1 4+ ¢M)
(— sgn(a))ko [kollal+1 + sgn (a5 )k [kj]1+]

n2k0>k1>--->km21

1
= —Hpla,x;0,y;rB1l,z] — Hpla® 1, x;b,y; 7B 1, z].

]

This proves the lemma for ¢ = 1. Now suppose ¢ > 1. By the case ¢ =1 we
have just proved,

1 1 1
WHn[a’X; byy;rB1,z] = e (MHn[CLvX; b,y;r 81, Z]>

— e Hpla ® 1,x;0,y;r H1, 2]

1 _ _
+ 777'[71[0;@ ®1,x;0,0,y;1,r, Z]'
[n]c 1

For the first summand, we now apply induction assumption using case ¢ — 1
with a replaced by a @ 1. For the second summand, we apply Lemma 3.2
using case ¢ — 1 with a = 0, b = 0, and r = 6. Then we see the above is equal
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to
2 HnlP, x; P, ¥; P, 2]
(pvﬁvs)é{ﬁolo(c—Z)o ((a@l)@i) ;00(c=1ob; 10§ (=2 o}
+ E Hulp,a® 1,x;p,b,y; P, 7, 2|
(p)§75)€{601°(‘4*1);00u; 1090(0*1)}
= Z Hn[pvx;ﬁvy;f),z},

(p,p,p)€{001°(c=Do(adT); 0°¢ob; Lloho(c—Dor}

since (a®1)P1=1d®(a® 1) for all a € Dg. We have now completed the
proof of the lemma. O

The next corollary is the degenerate case of the proceeding lemma.

Corollary 3.3. For all c € Ny, we have

1

[n]°

= —HL0, {1} {0} 1, {0}

Proof. The case ¢ =0 follows from (10) by setting [ = 0. For ¢ > 1, using
the ¢ = 0 case, we get

1 - ~
o= ——H[0;0;1] == > Hu[p;P; D)
(p;p;p)€ll(c)

by taking a =0, b=0,r =60 and x =y = z = () in Lemma 3.2. Hence the
corollary is proved. [l

4. MHS and MZSYV identities: 2-¢ formula

In this section, we start with some ¢-MHS identities involving arguments of
({2}, ¢)-type (¢ > 3). This provides one of the base cases upon which we
may build general formulas of ¢-MZSV and MZSV whose arguments can be
any admissible strings of positive integers.

Theorem 4.1. Let s = ({2}%,¢) with a,c € Ng and ¢ > 3. Then

(14) HX[s] = =M [2a+ 2, {1} 2,0+ 1,{0}*"2; 1, {6} 2.
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Proof. We proceed by induction on n. Set II(s) = {(2a + 2) 0 1°°~2); (a +
1)00°(¢=2:106°=2}, When n = 1, we have HF({2}% ¢) = ¢**1. On the
other hand,

Z Hl[ p f)] Hl[m;a+1;1]:_qa+17

(p;P;P)€M(s)

and therefore the formula is true. Suppose the statement is true for n — 1.
Then by definition

a qn(a 7) qn(a+1)

e 0V + e

Applying inductive hypothesis, we obtain

a n(a—i) n(a+1)

(15) W)=Y e Y Pl e

=0 (p:B;p)ElI({2} c)

Set II(u_1) = {0 0 1°(¢=2); p°(c=1). golc=11 To save space, for any string A =
(ALy ..., Am), we write the substring Ay = (A2,..., Ay ). Then the inner sum
n (15) becomes

> Hpalp:piDl
(pBB)ell({2)",0)
= > Hpal2i+2+p,ppi+L+p1,Dy LB, Dy
(p;p;p)€ll(u_1)

= 2 2.

(p:p:D)ell(u_y) n>ki>>kn 21

gh (1P 4
[kl 21+2+p1

1k qu’ (1+q

]

)

where A,, ) is defined in (12). Plugging this into (15) and summing over i
by the formula

- [n]Ql (k—n)i __ [n]Qa (k—m)a @ n—k
(16) An—l,kiz(:) Rk = An i ([k]2a q P ) :
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we obtain

qkl( p1ta+1) A "

piki (1
Hp[s] = — Z Z [ke1]20+2+Ps H . ( + -

e kP
(pipiD)El(u_y) "2k1>>km>1

n(a+1) klplA pik; n(a+1)
+ [n]2a+2 - QZ Z kl P1 H ]ﬁ] + [n]2a+c’
(P:p:D)ell(u_,) nZki>>kn>1
which implies
n(a+1) At 1)
Hils|=— ), HalpiPibl+ [n2et? > M.[p;p;D + 1 e

(p;P;P)€I(s) (p:p;P)€E(i_y)

where II(1_1) = {0 01°(¢=2); 0°(¢=1); 1 6 #°(c=2)} Hence the theorem follows
from Corollary 3.3 immediately by replacing ¢ by ¢ — 2 there. U

5. MHS and MZSYV identities: general case

In this section, we prove some general rules which explain what to ex-
pect when we add strings ({2}, {1}!) or ({21%,¢) to a string of positive
integer arguments. This allows us to extend expansion formulas from the
three base cases (8), (9) and (14) to every string that contains an arbi-
trary number of repetitions of ({2}°,¢), (¢, {1})) (b >0, ¢>3,1>1) and
({2}, {1}") (a > 0 except at the leading position when a > 1). For example,
(3,1,2,7,1,1,5,2,2,4) can be written as ({2}°,3,{2}°,1,{2}',7, {210, {1}2,
{2195, {2}2,4).

For any string A = (A1,...,Ay), we set A° =A;o0---0), and A; =
(A2y ooy Am)-

Theorem 5.1. Let n € N and s = (s1,...,84) be a string of positive inte-
gers. Set ts =1 if sy =1 and 15 = -1 if sq > 1. Suppose S umquely deter-

mines the triple of mollifiers [, A; )\] AL, .. Ami M, .. )\m,)\l,...,)\ ]
satisfying

(17) ME-BX e {12} Vi>1,
such that there is an expansion of the form

HE[s] = e A X AL
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Then for any integers a,b > 0 and ¢ > 3, we have

(18) HA[{2}9,8] = 1eH4 (206 Ay, Asia+ Ap, Ags Al

(19)  HA{2}%1.8] = wHi2a+ 1, Aa+ 1, 32,0, B -2, ],

(20) H[{2}°,c,8] = s HERD+2, {1}, M & T, Ag;
b+1,{0}7% X;1, {033 X, B —1, A4,

Moreover, in all the index sets appearing on the right hand side above, the
third components still satisfy (17).

Notice that condition (17) essentially guarantees that all the triples of
mollifiers considered in the paper are admissible.

Proof. Set II(s) = {\°; °; XO} The proof of the identities is by induction
on n+aor n+b. When n =1 the theorem is clear. Assume formulas (18)
and (19) are true for all a+n < N where N > 2. Suppose now we have
n>2andn-+a=N-+1. Set

M2« = {(2a® A1) 0 A% (a+ A1) o A A},
Mae1 = {(2a+1) 0 X% (a +1) 0 A% 20 (\1 B ~2) 0 (A7)°},
My = {(264+2) 0 197 o (\ @ 1) 0 A3;
(b+1)00° o X 1063 o (X B—1)0 (/N\T)O}
We start proving the first identity. By definition, we have
a n(a—1) g

(
HE2158] = 3 faar Hia 2]+ s H2)

=1

Applying induction assumption, we obtain

@ n(a—i) N
(21) LSH;[@}“,s]:ZW S Haoalpi D)

=1 (p'fﬁﬁ)enzi
na

+[Z]Qa S Halpipi Bl

(p;P;P)EM(s)
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Expanding the inner sum

Z Hp—1[p; D; D)
(p;P;P) €Ly
= Z Hn—1[2i@P1,Pi;i+51,ﬁi;§]
(p;P;P)€EIL(s)
ke T o Biki+Q( ks (14 ¢h)

- (el g
= Z Z [n—l-f—kl] [kl]QiH Sgn(pj) [kj]“’]\

(p;p;B)€ll(s) P>k > >k 21 ks ol

and summing over 7 in (21), we obtain

rova o bl (™ g
S (e o)

(piBip)€ll(s) "=k > >k 2l Lk

" qu]

k+Q(p]7k) 1+q )

sgn k ]|p1|

which implies (18) by definition and straightforward cancellation. Similarly,
for the second identity, we have by definition

@ n(a—i) n(a+1)
* a q * 7 q *
Hy[{2}9, 18] = Z e n—1{2},1,8] + WH nlsl-
i=0
Applying induction assumption, we obtain
. . a qn(a—i) o~
(22) s HA[{2}9,1,8] = Z W Z Hp—1[P; P; P]
=0 (p;P;P) €Lz,
qn(a+1)

(p;P;P)EM(s)
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~

Setting IIp = {A°; °; (il B-2)o (NT)O}, we have

Z Hn—l[p;§;§]

(p;piP)€llyi,
= Y Hpal2i+1,p3i+1,p:2,]
(p;P;P) el
+ > Hua[@i+1)@p,pgii+1+51,p;2 8P, byl
(p;p;p)€llo

[n—l] (1+qk0)q(i+1)ko+ko(krl)

- Z Z [n—li?l-ko] [ko 2+

(p;f);B)EHo n>ko>k1 > >k, >1 ko

quk Q[ .k )(1+q i)
o sen(p) [kl

[nk—ll] (1 +qkl)q(i+1+ﬁl)k1+Q(253517k1)

+ -
e TR gl e

p1k+Qp], ) (1
XHq (1+4¢%)

s sen(py)hs [kl

Substituting the above expression into (22) and summing over ¢ by (16), we

obtain

) " qn(a—i-l) o~
s HA[{2}, 18] — [”]27&“ Z Halp; P; D)
(p;p;p)€ll(s)

(2] (14 gko)glatDkotko(a=1)

- Z Z (7] (ko] 22+

(p;p;D)€ll, n>ko>ky > >k, >1L1 ko

"GPk i+Q(D.k; )(1_|_q 7)

X
o sen(py)ks [ky]P!
n(a+1) [n}
q ko ko\ ,ko(ko—1
B [n]20+2 Z [nJrko] (1+4")q ( )[ko]
n2k0>k’1>~~>km21 kO
y TGPk Q[ k; )(1 + ¢k9)

o1 sen(py)s k]l
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(2] (1 + gF)glat 4Pk +QCER k1)

+
n>ky >Z:>kmzl [n—l;kl] Sgn(pl)kl [k1]2a+1+|}71|

quk Q[ .k; )(1+qkj)
H sgn k; ]|p4|
- gt Z [’Z] (1 +qk1)qﬁ1k1+Q(2ﬁﬂﬁl,k1)
[n]20+2 [n+k1] sgn(py )k [ky]lPrl=1

n>ky>>k,>1L1 ki

m qﬁjkj+Q(5j:kj)(1 4 qkj)

X
L sgn(p)ha [kl

J=
Noticing that the first and third sums on the right-hand side of the above

add up to
> HulpiBipl,
(p;pP;P )Enzﬂl

we have

. . qn(a+1) o~
wH[{2},1,s] - W Z Hnlp; P; P
:D;D)€EM(s)
= Z Hn[p; ﬁ; S]
(p;P;P)€EM2ay

qn(a+1) quk +Q(p]7 )(]_ + qkj)

e X v (I i

(p;P;D)€ell, "2k1>>kn 21 \j=1

t ] (e gt

>< —
ko;ﬁ-l e B L

[I?J (1 + qkl)qﬁlkl+Q(2E§17kl)

[ER] T senpy) kP

qPiki +Qp], (1 + g5)
H sgn(p;)*s [k;]P

_l’_

Summing the multiple sum in the above over kg by (11) and noticing that
for (p;p;p) € I, by (17), the first component p; can take only values —1
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and 0, we obtain with the help of (7) that

LSH;;[{2}G7 175} = Z Hn[pa5>g]
(P;P;P)EM2as

This proves identity (19) by induction.

Finally, to prove (20), we proceed by induction on n + b. Assume for-
mula (20) is true for all b+ n < N. Now suppose b +n = N + 1. By defini-
tion, we have

X b n (b—1) q n(b+1)
H{2}°, ¢, 8] Z = 5 H {2} e8] + [n]2b+c Hs].

=0

By the induction assumption, we see that

b q" (b—1) -
(23) WHA[{2)0, ¢, 8] Z = > Hualp;B; D)
=0 (P;B;P) €L,
n(b+1)
L7 =
[n]Qb—i—c Z Hnp; P; Pl-
(p;B;P)€Ell(s)

Setting
I ={001°c oA @1)o A% 0°0¢=2) o X% 9°(¢=2) o (;1 BH-1)o (XT)O},
we have

Z ’anl[p;ﬁ;fﬂ
(p;P;P) €l
= Y Maal2iF2@p1,ppi+1+p1,bp 1 B0, Dy
( IN)I% elly
ki (i+14+51)+Q(1Ep | k1)

- [nkll} q
- 2 2 ("o (= sgn(py))? [ky]2+2+p]

Yell, n>ky > >k.>1 k1

)

(p;p

=24

L Pk i+QP .k (14 ¢k

) sgn(p; ) ey

Jj=2
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Plugging this into (23) and summing over i by (16), we obtain

Hi[{2} es]= > Hal(@b+2) ©p1,psb+1+p1, by 1B, Byl
(p;p;p) €l
qn(b—l-l) o~ qn(b+1) 3 _ ~
+ Z Halp: BB — v Z: Hu[p1, Py P; 1 BB Py,
(p;p;P)€ll(s) (p;p;P) €Il

which implies

_ n(b+1) -
(24) wH}[{2} e8] = ) HalpiD;Dl - [n T2 > Hu[p:p:D
(p;P;P) €l (p;P;P)€Ell2
n(b+1)
q ~ &
+ [n]Pre Z Halp; P P,
(p;P;P)€ll(s)

where

I = {001° 9 o (A @&T) 0 A% 0°7) 0 X°;
106°C~9) o (X, 8 (~1)) 0 (A7)°).

Expanding the second sum from (24), we have

> Halp;Bi Dl

(p;P;p) €Ml
= E E Hu[W, P7; W, P73 W, Pl
(p;D;P) €Il w=001°("%o(p; ®1)

w=0°("2op;; %:1090“_3)051

where Il = {A% X% (A1 B (—1)) o (XT)O} Applying Lemma 3.2 to the inner
sum with a =p1, b=p1, r 251, c replaced by ¢ — 2, and x = p7, y = Py,
zZ = ET’ we obtain

~ & ]- ~ & ~
(25) > Hupipibl= Y. s Malpy, PriBipy 81, 5y)

(p;B;P) €Il (p;p;p)€lls

= [n]lc_Q Z Hn [ p g]

(p;P;P)EM(s)
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To Justlfy the last equality above, we need to show that for the components
of X satisfying (17) we have )\1 B(-1)H1= )\1 and for any j > 2,

M. @A

>’ZZ

S

>
H
>
[
H
B
>
.

These can be proved by usmg the projection 7 of Lemma 2.2 and the fact
that ()\153( HHE-- Eﬂ/\ El)—ﬂ(AlE Eﬂ)\)e{l,Q}by (17).

Now by (24) and (25), we see that (20) is true when n +b = N + 1. We
have completed the proof of the theorem. O

Repeatedly applying the theorem, we quickly find

Corollary 5.2. Keep the same notation as in Theorem 5.1. Then for any
integers a,b > 0,1 >1 and ¢ > 3, we have

(26)  Hj[{2} {1} 8] = M 20+ 1, {1} Ao+ 1, {1} X
2, {011 Xy B -2, ]
and
H{2}0, e, {23 {1} 8] = A 20+ 2, {1} %, 2a + 2, {1}' ", \;
b+1,{0} 3 a+1, {1} X
1,{037%,1, {011 X, B -2, Xq].

Proof. Repeatedly applying (19) by attaching (2%,1), j = 1,...,[ and then
setting a; = - -+ = a;—1 = 0 and a; = a, we can quickly verify (26). The corol-
lary follows by applying (20) to (26). O

We may take limit n — oo in (18) of Theorem 5.1 and Corollary 5.2 to
obtain identities for ¢-MZSV.

Theorem 5.3. Lets = (s1,...,55) € N%. Set 1 =1 if sg=1 and 15 = —1
if sq > 1. Suppose s uniquely determines [X; A; X] satisfying (17) such that
C*[s] = w3t [N A; X] Then for any integers a,b > 0,1 > 1 and ¢ > 3, we have

{2}, 8] = szﬁ[Qa@)\l,)\A a—l—)\l,)\ ,i],
2 {1 s] = w3’ 2a + 1, {13 A+ 1, {11 X
2, {O}H,A1 HH—Q,AT],
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CH2Y e8] = w3 2D F2 A1 M @ LA b+ L {0} 8 X
1,{0}°73 X, B —1, Ad],
Cle A1 ] = a2, {1372, 2, {1 A 1, {0372 {13
1, {9}6_37 1’ {O}Z_la)‘l H —2a Aﬂ
Proof. The first three equations are straight-forward. The last one can be

obtained by applying the middle two equations successively after setting
a=0b=0. O

By letting ¢ — 1 in Theorem 5.3 we can immediately prove Theorem 1.3
which gives the corresponding general rule for classical MZSV. Of course, to
guarantee convergence we need to restrict a > 1 there.

From Theorem 5.3, we can obtain a general formula for arbitrary g¢-
MZSV.

Theorem 5.4. Let ag,a; € No, ¢c; € N andc; #2 forall j=1,...,d. Set
5(c)=1if c=1 and 6(c) =0 if ¢ > 3. Moreover, put {a}" = {a}™ax(m0),
Then we have

C*[{Q}a07 C1, {Q}ala .5 Cq, {2}ad] - iéﬂ[BO, {1}61737 317 ey {1}Cd737 Bd7
EO? {0}01_37 El: ) {O}Cd_sa gd;

Bo, {6} 3, B,... . {6} % Bdl.

Here the leading sign £ is + if and only if ag =0 and cq = 1,

B, = {Aj, if A is odd;
Aj, if Aj is even,
2a9 + 2 — d(c1), if j =0;
where  Aj =< 2aq+ 1 —06(cy), if j=d;
2a4; +3 —6(c;) —d(cjq1), f0<j<d,
B, - {aj+1, if0<j<d;
ad, if j=d,
_ L+ d(e1), if j=0;
and  Bj = q (1~ d(ca)) B (~1), if j = d:
(1—4(c;)) H ( (¢j41) —1), f0<j<d

Moreover, if ag =0 and cq = 1, then By, By, Bq are vacuous.
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Proof. The theorem can be proved easily by induction on d using Theo-
rem 5.3. We leave the details to the interested reader. O

By letting ¢ — 1 in Theorem 5.4, we get Theorem 1.4 which gives the cor-
responding result for classical MZSV. It is clear that to ensure convergence
we need to assume that ag > 0 or ¢; > 3.

6. Some applications

The first application gives us the general 2-¢-2 (¢ > 3) formula. Here the un-
derline means the ({2}%, ¢)-type string may be repeated an arbitrary number
of times where a and ¢ may change in each repetition.

Theorem 6.1. Suppose ¢ € No. Let s = ({2}*,c1,...,{2}%, cp, {2}%+)
with aj,c; € Ng and ¢; > 3 for all j > 1. Then

(27) HX[s] = =M% [2a; + 2, {1} 73, 2a9 + 3, {1} 73,
co2a0 + 3, {137 200 + 1;
ay + 17 {0}81_37 N TS 17 {0}65—3’ Ag+1;3
1 {6}01+-~~+6z—2€]_

Proof. If ap4q1 = 0, then starting from Theorem 4.1 for H}[{2}%, ¢/ and
repeatedly applying (20), we get the above identity. Otherwise, starting
from (8) and repeatedly applying the attaching rule (20) we can arrive at (27)
immediately. U

By applying Lemma 2.3 to Theorem 6.1 we immediately get

Corollary 6.2. With the same notation as in Theorem 6.1, we have

C*[S] = —Cﬁ[m, {1}01*372(12_’_3, {1}62*3, o 72af+3; {1}627372af+1+1;
ar+ 1003973, ag + 1, {0V 3 a1, {g)ert o2,

In particular, if ¢y = ca = -+ =cp = 3, we get a g-analog of the Two-three

formula:

' ko1 fataon 71 @7 (14 ¢M)

C [S} = Z Z (71) q 2 H W
p=(2a142)0(2a2+3)0--0(2ar+3)0(2ar1+1) ki>w>km>1 j=1 g

p=(a1+1)o---o(ar+1)o(art1)

Remark 6.3. When ¢ — 1 one can recover all the MZSV identities con-
tained in [17].
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Now starting from (9) and repeatedly and alternatively applying the
attaching rules (19) and (20) we can find the following:

Theorem 6.4. Suppose ! € No, n € N and ag,a;,b;,c; —3 € Ng for all j >
1. Consider the following two possible types of compositions:

(2-c-2-1) :

s= ({2}%, e, {2}, 1, ..., {2V ¢, {2)%,1), L EN,

s’ = (201 +2,{1}73,2a; + 2,...,2by + 2, {1} 73 2a, + 2;
bi4+1,{0} 3, a1+ 1,...,by+ 1,{0}* 3, ay + 1;
L{6y 21, =1, {6} 7° 1., —1,{}" ", 1).

appear only if £ > 1

(2-1-2-¢-2-1) :
s = ({2}%,1,{2}" e, {2}, 1, ..., {2}%, ¢, {20, 1), £ e N,
s’ = (2ag + 1,201 +2,{1}73,2a; + 2,...,2by + 2, {1} 73, 2a, + 2;
ap+ 1,01 +1,{0} 3 a; +1,...,b,+1,{0} 3 a; + 1;
2,—1,{0}73,1,...,—1,{0}>31).

appear only if £ >0

Then in each case we have
Hy[s] = HA[s'].

Corollary 6.5. With the same notation as in Theorem 6.4, we have

For example, taking ¢ =1 and ¢; =3, we get (cf. [23, (26)] and the
identity after it)

C{2)8,3,{2}%, 1] = 3[2a + 20+ 4;a + b+ 2; 2]
+3[264+2,2a+2;b+ 1,0+ 1;1,1]

and

(28) CH2™. 1, {2)0,3, {2}, 1]
=3[2(a0 +b+ay) +5;a0 + b+ ar + 3;2]
+3[2a0 + 1,2a1 + 20+ 4;a0 + 1,a1 + b+ 2;2,0]
+3[2a0 + 2b+ 3,2a1 + 2;a0 + b+ 2,a1 + 1; 1, 1]
+3[2a0 + 1,20+ 2,2a1 + 2;a0 + 1,0+ 1,a1 + 1;2,—1,1].
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We can also get the following identity which is the g-analog of [23, Theo-
rem 6.1(1)].

Corollary 6.6. Let a,b be two nonnegative integers. Then

CH2Y%, 3. {21 1] + ¢ {2}, 3, {2}, 1]
= {22
+ (1 —q)3[2a+ 20+ 3;a+ b+ 2;2].

Proof. By taking n — oo in (8) and using Lemma 2.3 we get

> L (a+1)E+Q(1, k)(l +q )

CH2A M =sl2e+ 2+ 11 =3
k=1
Thus
2y 3, {230, 1] + ¢ [{2)°, 3, {23, 1] — ¢ ({2} ¢ {21
B io: a+b+2)kz+Q(2 k) (2(1 + qk) _ (1 + qk)Q)
- a []20+26+4
X (a+b+2)k+Q(2,k) 1+ k(1 — gk
- Z ! 2a4(r2b+4q =)
k=1
=(1- )[2a+2b+3 a+b+2;2]
as desired. O

If we start with (8) and repeatedly and alternatively apply the attaching
rules (19) and (20) we can get:

Theorem 6.7. Suppose { € No, n,ap41 € N, and ag, a;,bj,c; —3 € Ng for
all 1 < 5 < /L. Consider the following two possible types of compositions:

(2-¢c-2-1-2) :
s = ({2}%, e, {21, 1, .. {2V ¢, {2}, 1, {2} %), £ €N,
= (2by + 2, {1} 73, 2a1 + 2,...,2b; + 2, {1} 73, 2ay + 2, 20, 1;
by +1,{0Y 3 ay +1,...,bp 4+ 1,{0} 3, ap + 1, apy1;
L{eye 3,1, -1,{6}=31,..., -1, {6} 3,1, -1).

appear only if £ > 1
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(2-1-2-¢-2-1-2) :
s = ({217, 1,{2}% 1, {2}, 1, ..., {2}%, ¢, {21, 1, {2}9+1), £ € Ny,
= (2a0 4+ 1,201 + 2,{1}73,2a; + 2,...,20p + 2, {1} 73, 2a; + 2, 2ay,1;
ap+ 1,01 +1,{0} 73 a; +1,...,b, +1,{0} 73, ay + 1, apsq;
2,-1,{6}73,1,...,—-1,{0}> 3,1, -1).

appear only if £ > 0

Then in each case we have
H3ls) = —H2s)).
By taking n — oo we have
Corollary 6.8. Let notation be the same as in Theorem 6.7. Then
¢*[s] = —5*[s].
For example, taking £ =1 and ¢; = 3, we get in case (2-¢-2-1-2)

4*[{2}17’ 3, {2}a17 L, {2}112] =

—3[2a1 + 20+ 2a2 + 4;a1 + b+ ag + 2; 1]
—3[2b+2,2a1 +2a2 +2;b+ 1,a1 +as +1;1,6)
—3[2a1 +2b+4,2a9;a1 + b+ 2,a9;2,—1]
—3[2b+2,2a1 +2,2a2;b+ 1,a1 + 1,a9;1,1,—1].

By taking ¢ — 1 this yields the identity on the bottom of [23, p. 12].

As a non-trivial example of Theorem 5.3 we may attach a string of type
(2%, 1) to the front of the already treated type ({2}°, 1, {2}¢,3,{2}¢,1) given
by (28) and get the following ¢-MZSV identity: for any nonnegative integers
a,b,c,d

(29)  CH2IL {211, {253, (21 1
= 3[2a+2b+2c+2d+ 6;a+ b+ c + d + 4; 2]
+32a+1,2b+2c+2d+5a+1,b+c+d+ 3;2,0]
+32a4+20+2,2c+2d+4;a+b+2,c+d+2;2,0]
320 +2b+2c+4,2d+2;a+ b+ c+3,d+ 1;1,1]
32a+1,20+1,2c+2d+4;a+ 1,0+ 1,¢+d+2;2,0,0]
+32a4+1,2b+2c+3,2d+2;a+ 1,b+c+2,d+1;2,—1,1]
[
[

32a+204+2,2¢4+2,2d+ 2;a+b+2,c+ 1,d+ 1;2,—1,1]
32a+ 1,20+ 1,2¢+2,2d+2;a+ 1,0+ 1,c+ 1,d + 1;2,0, -1, 1].
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By taking ¢ — 1 in (29) we discover the classical MZSV identity (3) in
the introduction, which has not been proved before.
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