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On q-analogs of some families of multiple

harmonic sums and multiple zeta
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In recent years, there has been intensive research on theQ-linear re-
lations between multiple zeta (star) values. In this paper, we prove
many families of identities involving the q-analog of these values,
from which we can always recover the corresponding classical iden-
tities by taking q → 1. The main results of the paper (Theorems 1.4
and 5.4) are the duality relations between multiple zeta star values
and Euler sums and their q-analogs, which are generalizations of
the Two-one formula and some multiple harmonic sum identities
and their q-analogs proved by the authors recently. Such duality
relations lead to a proof of the conjecture by Ihara et al. that the
Hoffman �-elements ζ�(s1, . . . , sr) with si ∈ {2, 3} span the vector
space generated by multiple zeta values over Q.

1. Introduction

Multiple harmonic sums (MHS) are nested generalizations of harmonic sums
and multiple zeta values (MZV) are the limits of MHS when the number of
terms in the sum goes to infinity. In recent years, MHS, MZV and their gen-
eralizations have been found to be intimately related to Feynman integrals
in perturbative quantum field theory [2, 5, 19] in physics as well as to Hopf
and Lie algebras, combinatorics (double shuffle relations) [12–14], algebraic
geometry [4, 8, 9], and even modular forms [6] in mathematics.

We now recall their basic setup. In order to unify MHS, MZV and their
alternating versions we first define a sort of double cover of the set N0 =
N ∪ {0} where N is the set of positive integers.
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Definition 1.1. Let D0 := N0 ∪ N0 and D := N ∪ N be the sets of signed
nonnegative and signed positive numbers, respectively, where

N0 = {k̄ : k ∈ N0} and N = {k̄ : k ∈ N}.

In some sense, k̄ is k dressed by a negative sign, but k̄ is not a negative
number. Define for all k ∈ N0 the absolute value function | · | on D0 by
|k| = |k̄| = k and the sign function by sgn(k) = 1 and sgn(k̄) = −1. We make
D0 a semi-group by defining a commutative and associative binary operation
⊕ (called O-plus) as follows: for all a, b ∈ D0

(1) a⊕ b =

⎧⎪⎨⎪⎩
|a|+ |b|, if only one of a or b is in N0;

a+ b, if a, b ∈ N0;

|a|+ |b|, if a, b ∈ N0.

For s = (s1, . . . , sm) ∈ Dm, we define the (alternating) multiple harmonic
sums by

Hn(s) :=
∑

n≥k1>···>km≥1

m∏
j=1

sgn(sj)
kj

k
|sj |
j

,

and H�
n(s) :=

∑
n≥k1≥···≥km≥1

m∏
j=1

sgn(sj)
kj

k
|sj |
j

.

Correspondingly, we can define the (alternating) Euler sums by

(2)

ζ(s) :=
∑

k1>···>km≥1

m∏
j=1

sgn(sj)
kj

k
|sj |
j

,

and ζ�(s) :=
∑

k1≥···≥km≥1

m∏
j=1

sgn(sj)
kj

k
|sj |
j

where s1 �= 1 in order for the series to converge. If s ∈ Nm then ζ(s) is called
a multiple zeta value (MZV) and ζ�(s) a multiple zeta star value (MZSV).
We call �(s) = m the length (or depth) and |s| = |s1|+ · · ·+ |sm| the weight
of the string s. One of the central themes in the study of Euler sums, MZV
and MZSV is to find as many Q-linear relations between these values as
possible. Conjecturally, nontrivial relations can exist only among MZV and
MZSV of the same weight. Following Glanois [7], we define the Euler � sums
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by

ζ�(s) :=
∑

p=s1◦s2◦···◦sd
2�(p)ζ(p),

where p runs through all indices of the form (s1 ◦ s2 ◦ · · · ◦ sd) with “◦” be-
ing either the symbol “,” or the O-plus “⊕”. Similar notation for MZV has
already appeared in the literature before, see, for example, [20]. In [17, 23]
Linebarger and the third author obtained many families of identities involv-
ing both MHS and MZSV after getting inspiration from [11]. In particular,
the third author proved the following so-called Two-one formula conjectured
by Ohno and Zudilin in [18]:

Theorem 1.2. ([23, Theorem 1.3]) Let r∈N and s=({2}a1 , 1, . . . , {2}ar , 1)
where a1 ∈ N and aj ∈ N0 for all j ≥ 2. Then we have

ζ�(s) = ζ�(2a1 + 1, . . . , 2ar + 1).

One particularly well-behaved q-analog of the multiple zeta functions is
defined in [21] by the third author, generalizing the Riemann q-zeta func-
tion studied by Kaneko et al. [16]. There, again, it is very important to
understand the relations between their special values, see [3] for some rele-
vant results. Recently, the first two authors proved a q-analog of the Two-one
formula in [10]. Our original goal of this paper was to provide further analogs
of the identities contained in [17, 23]. However, we have achieved much more
because we can now actually treat arbitrary q-MZSV and express it in terms
of q-analog Euler sums (of the non-star version). By taking q → 1 we obtain
the following result.

Theorem 1.3. Let s = (s1, . . . , sd) ∈ Nd with s1 > 1. Set ιs = 1 if sd = 1
and ιs = −1 if sd > 1. Suppose there exists λ = (λ1, . . . , λm) ∈ Dm (deter-
mined uniquely by s) such that there is an expansion of the form

ζ�(s) = ιsζ
�(λ1, λ2, . . . , λm).

Then we have

(i) For any positive integer a,

ζ�({2}a, s) = ιsζ
�(2a⊕ λ1, λ2, . . . , λm).

(ii) For any positive integers a and l,

ζ�({2}a, {1}l, s) = ιsζ
�(2a+ 1, {1}l−1, λ1, λ2, . . . , λm).
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(iii) For any positive integers c ≥ 3 and l,

ζ�(c, {1}l, s) = ιsζ
�(2, {1}c−3, 2, {1}l−1, λ1, λ2, . . . , λm).

(iv) For any integers b ≥ 0 and c ≥ 3,

ζ�({2}b, c, s) = ιsζ
�(2b+ 2, {1}c−3, λ1 ⊕ 1, λ2, . . . , λm).

This provides very elegant simplifications when s contains many 2’s in
it. The following identity is an illuminating example: for any a ∈ N and
b, c, d ∈ N0, we have

ζ�({2}a, 1, {2}b, 1, {2}c, 3, {2}d, 1)(3)

= 2ζ(2a+ 2b+ 2c+ 2d+ 6) + 4ζ(2a+ 1, 2b+ 2c+ 2d+ 5)

+ 4ζ(2a+ 2b+ 2, 2c+ 2d+ 4) + 4ζ(2a+ 2b+ 2c+ 4, 2d+ 2)

+ 8ζ(2a+ 1, 2b+ 1, 2c+ 2d+ 4) + 8ζ(2a+ 1, 2b+ 2c+ 3, 2d+ 2)

+ 8ζ(2a+ 2b+ 2, 2c+ 2, 2d+ 2) + 16ζ(2a+ 1, 2b+ 1, 2c+ 2, 2d+ 2).

We also verified this identity numerically for 1 ≤ a ≤ 2 and 0 ≤ b, c, d ≤ 2
with EZ-face [1] with errors bounded by 10−50.

According to Theorem 1.3, we can treat arbitrary MZSV by building
up from the three base cases: ζ�({2}a), ζ�({2}a, 1) (a ≥ 1) and ζ�({2}b, c)
(b ≥ 0 and c ≥ 3) treated in [11]. Here is the general statement.

Theorem 1.4. Let a0, aj ∈ N0, cj ∈ N and cj �= 2 for all j = 1, . . . , d. As-
sume a0 > 0 or c1 ≥ 3. Set δ(c) = 1 if c = 1 and δ(c) = 0 if c ≥ 3. Moreover,
put {1}n = {1}max(n,0). Then we have

(4) ζ�({2}a0 , c1, {2}a1 , . . . , cd, {2}ad)=±ζ�(B0, {1}c1−3, B1, . . . , {1}cd−3, Bd).

Here the leading sign ± is + if and only if ad = 0 and cd = 1, and

Bj =

⎧⎪⎨⎪⎩
Aj , if Aj is odd;

Aj , if Aj > 0 and even;

vacuous, if Aj = 0,

where

Aj =

⎧⎪⎨⎪⎩
2a0 + 2− δ(c1), if j = 0;

2ad + 1− δ(cd), if j = d;

2aj + 3− δ(cj)− δ(cj+1), if 0 < j < d.
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Formula (4) can be considered as a general duality relation which ex-
presses arbitrary multiple zeta star value in terms of Euler � sums. It gener-
alizes the Two-one formula and many other 2-c-2-c, 2-1-2-c, 2-c-2-1 formulas
with c ≥ 3, proved by the third author [17, 23]. A q-analog of Theorem 1.4
is given in Section 5, which is Theorem 5.4.

In her Ph.D. thesis, Glanois [7] studied motivic versions of multiple Euler
� sums and proved that the motivic versions of

ζ�(2a0 + 2, 2a1 + 3, . . . , 2ad−1 + 3, 2ad + 1), with ai ≥ 0,

form a graded basis of the space of motivic multiple zeta values. As a con-
sequence, by application of the period map, she obtained the following im-
portant result.

Theorem 1.5 (Glanois). Each multiple zeta value is a Q-linear combina-
tion of elements of the same weight in

{ζ�(2a0 + 2, 2a1 + 3, . . . , 2ad−1 + 3, 2ad + 1), ai ≥ 0}.

Note that Ihara et al. [15] conjectured that the Hoffman �-elements
ζ�(s1, . . . , sd) with si ∈ {2, 3} form a basis of the space of MZVs over Q.
Taking into account the Two-three formula, which is a consequence of iden-
tity (4) with c1 = · · · = cd = 3,

ζ�({2}a0 , 3, {2}a1 , . . . , 3, {2}ad)

= −ζ�(2a0 + 2, 2a1 + 3, . . . , 2ad−1 + 3, 2ad + 1),

and combining it with Theorem 1.5, we get the following statement confirm-
ing the conjecture of Ihara et al.

Corollary 1.6. Every multiple zeta value of weight w is a Q-linear combi-
nation of the Hoffman �-elements ζ�(s1, . . . , sd) with si ∈ {2, 3} and∑

si = w.

In her Ph.D. thesis, Glanois also conjectures that the motivic version
of Theorem 1.4 should hold (see [7, Conjecture 4.5.1]), whose proof should
follow from Theorem 1.4 and a Galois descent argument used first by Brown
in [4] to prove that all the periods of mixed motives unramified over Z are
Q[ 1

2πi ]-linear combinations of MZVs. The motivic version of Theorem 1.4
would imply the motivic version of the Conjecture of Ihara et al. for the
space of motivic multiple zeta values.
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2. Preliminaries and notations

In this section, we first fix some notation. Throughout the paper let m and
n denote nonnegative integers and q a real number with 0 < q < 1. For any
real number a, put

(a)0 := (a; q)0 := 1, (a)n := (a; q)n :=

n−1∏
k=0

(1− aqk), n ≥ 1.

As a convention, throughout the paper we always use [ ] to denote q-analog
objects. For example, the q-analog of a positive integer n is given by

[n] = [n]q :=

n−1∑
k=0

qk =
1− qn

1− q
,

and the Gaussian q-binomial coefficient

[
n

m

]
:=

⎧⎨⎩
(q)n

(q)m(q)n−m
, if 0 ≤ m ≤ n,

0, otherwise.

For m ∈ N0 and s = (s1, . . . , sm) ∈ Dm
0 , we set s = ∅ if m = 0 and define the

q-analogs of multiple harmonic (star) sums (q-MHS)

Hn[s] :=
∑

n≥k1>···>km≥1

m∏
j=1

sgn(sj)
kjqkj

[kj ]|sj |

and H�
n[s] :=

∑
n≥k1≥···≥km≥1

m∏
j=1

sgn(sj)
kjqkj

[kj ]|sj |
,

with the convention that Hn[s] = 0 if n < m, and H�
n[∅] = Hn[∅] = 1 for all

n ≥ 0. Notice that we allow sj to be 0 or 0̄ in these q-MHS.
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Now we fix a symbol θ and define for any r ∈ Z ∪ {θ} and k ∈ N the
function

Q(r, k) :=

⎧⎪⎨⎪⎩
rk(k − 1)/2, if r > 0;

rk(k − 1)/2− k, if r ≤ 0;

0, if r = θ.

For s = (s1, . . . , sm) ∈ Dm
0 , t = (t1, . . . , tm) ∈ (N0)

m, and r = (r1, . . . , rm) ∈
(Z ∪ {θ})m, we define the mollified companion of Hn[s] by

(5) Hn[s; t; r] :=
∑

n≥k1>···>km≥1

[
n
k1

][
n+k1

k1

] m∏
j=1

qtjkj+Q(rj ,kj)(1 + qkj )

sgn(sj)kj [kj ]|sj |
.

We call [s; t; r] an admissible triple of mollifiers if the limit lim
n→∞Hn[s; t; r]

exists.

Definition 2.1. Let �-plus � be a binary operation on Z ∪ {θ} such that

• θ � a = a� θ = a for all a ∈ Z ∪ {θ},
• a� b = a+ b for all a, b ∈ Z with (a, b) �= (1,−1), (−1, 1), and

• 1� (−1) = θ and (−1)� 1 = 0.

Lemma 2.2. Let r ∈ {θ} ∪ Z \ {0}, d ∈ {0,−1}. Then for any k ∈ Z

Q(r, k) +Q(1, k) = Q(r � 1, k),(6)

k2 +Q(d, k) = Q(2� d, k).(7)

Moreover, the projection

π : (Z ∪ {θ},�) −→ (Z,+)

a �−→ a ∀a ∈ Z,

θ �−→ 0,

is a homomorphism of semi-groups and its restriction to Z∗ is injective.

Proof. Clear. �
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For an admissible triple of mollifiers [s; t; r], we define

{s1 ◦ · · · ◦ sm; t1 ◦ · · · ◦ tm; r1 ◦ · · · ◦ rm}
to be the set of triples of strings produced by replacing every ◦ in s by
either comma “,” or O-plus “⊕”, replacing every ◦ in t by either comma “,”
or the usual plus “+”, and replacing every ◦ in r by either comma “,” or
�-plus “�”. Moreover, the commas should be at the same positions for all
s, t and r. Now we set

H�
n[s; t; r] :=

∑
(p;p̃;

≈
p)∈{s1◦···◦sm;t1◦···◦tm;r1◦···◦rm}

Hn[p; p̃;
≈
p].

In the above notation, the Two-one formulas for q-MHS obtained in [10]
have the form

(8) H�
n[{2}a] = −Hn[2a; a; 1]

and, for a�+1 �= 0

H�
n[{2}a1 , 1, . . . , {2}a� , 1]

= H�
n[2a1 + 1, . . . , 2a� + 1; a1 + 1, . . . , a� + 1; 2, {0}�−1],

H�
n[{2}a1 , 1, . . . , {2}a� , 1, {2}a�+1 ]

= −H�
n[2a1 + 1, . . . , 2a� + 1, 2a�+1;

a1 + 1, . . . , a� + 1, a�+1; 2, {0}�−1,−1].

(9)

Finally, we define the q-analog of multiple zeta values, q-MZV for short,
and q-analog of multiple zeta star values, or q-MZSV, as

ζ[s] :=
∑

k1>···>km≥1

m∏
j=1

sgn(sj)
kjqkj

[kj ]|sj |
,

and ζ�[s] :=
∑

k1≥···≥km≥1

m∏
j=1

sgn(sj)
kjqkj

[kj ]|sj |
,

respectively. The mollified companion of ζ[s] associated with the admissible
triple of mollifiers [s; t; r] is defined by

z[s; t; r] := z[s1, . . . , sm; t1, . . . , tm; r1, . . . , rm]

=
∑

k1>···>km≥1

m∏
j=1

sgn(sj)
kjqtjkj+Q(rj ,kj)(1 + qkj )

[kj ]|sj |
,
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and its �-version is defined by

z�[s; t; r] :=
∑

(p;p̃;
≈
p)∈{s1◦···◦sm;t1◦···◦tm;r1◦···◦rm}

z[p; p̃;
≈
p].

If m = 0, we put ζ�[∅] = z[∅; ∅; ∅] = 1. Throughout the paper the triples of
mollifiers [s; t; r] are chosen in such a way that the above multiple series
always converges. Notice that in [10] the mollified companions of ζ[s] are
defined similarly.

Although our primary goal is to prove q-MZSV identities, throughout
the paper we will always work with binomial identities for q-MHS first. To
obtain the corresponding q-MZSV identities, we need the next result.

Lemma 2.3. ([10, Lemma 4.1]) Let 0 < q < 1, c, c1, c2 ∈ R, c > 0, and let
Rk be a sequence of real numbers satisfying |Rk| < kc1qc2k for all k = 1, 2, . . ..
Then

lim
n→∞

n∑
k=1

qck
2

(
1−

[
n
k

][
n+k
k

])Rk = 0.

3. q-binomial identities

The following two combinatorial identities have been proved by the first two
authors using q-WZ method.

Lemma 3.1. ([10, Lemma 2.1]) For integers n ≥ 1 and l ≥ 0, we have

n∑
k=l+1

(1 + qk)

[
n
k

][
n+k
k

](−1)kqk(k−1)/2 =
[l]− [n]

[n]

[
n
l

][
n+l
l

](−1)lql(l−1)/2,(10)

n∑
k=l+1

(1 + qk)
[k]

[
n
k

][
n+k
k

] qk(k−1) = ([n]− [l])

[
n
l

][
n+l
l

] ql2 .(11)

The next lemma is the q-analog of [23, Lemma 2.1].

Lemma 3.2. Let a ∈ D0, b ∈ N0, c ∈ N, r ∈ {θ} ∪ Z \ {0}, and [x;y; z] an
admissible triple of mollifiers. Then for any positive integer n,

1

[n]c
Hn[a,x; b,y; r � 1, z] =

∑
(p;p̃;

≈
p)∈{0◦1◦(c−1)◦(a⊕1); 0◦c◦ b; 1◦ θ◦(c−1)◦r}

Hn[p,x; p̃,y;
≈
p, z].
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Proof. We prove the lemma by induction on c. Suppose strings x,y, z have
length m. Set

(12) An,k = (−1)k(1 + qk)qk(k−1)/2

[
n
k

][
n+k
k

] .
Then by (10),

(13)
(1 + ql)

[l]

n∑
k=l+1

An,k =

(
1

[n]
− 1

[l]

)
An,l

which, together with (6) yields

Hn[0, a⊕ 1,x; 0, b,y; 1, r, z]

=
∑

n≥k>k0>k1>···>km≥1

An,kq
bk0+Q(r,k0)(1 + qk0)

(− sgn(a))k0 [k0]|a|+1

m∏
j=1

qyjkj+Q(zj ,kj)(1 + qkj )

sgn(xj)kj [kj ]|xj |

=
∑

n≥k0>k1>···>km≥1

qbk0+Q(r,k0)(1 + qk0)

(− sgn(a))k0 [k0]|a|+1

m∏
j=1

qyjkj+Q(zj ,kj)(1 + qkj )

sgn(xj)kj [kj ]|xj |

n∑
k=k0+1

An,k

=
1

[n]
Hn[a,x; b,y; r � 1, z]−Hn[a⊕ 1,x; b,y; r � 1, z].

This proves the lemma for c = 1. Now suppose c > 1. By the case c = 1 we
have just proved,

1

[n]c
Hn[a,x; b,y; r � 1, z] =

1

[n]c−1

(
1

[n]
Hn[a,x; b,y; r � 1, z]

)
=

1

[n]c−1
Hn[a⊕ 1,x; b,y; r � 1, z]

+
1

[n]c−1
Hn[0, a⊕ 1,x; 0, b,y; 1, r, z].

For the first summand, we now apply induction assumption using case c− 1
with a replaced by a⊕ 1. For the second summand, we apply Lemma 3.2
using case c− 1 with a = 0, b = 0, and r = θ. Then we see the above is equal
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to ∑
(p,p̃,

≈
p)∈{0◦1◦(c−2)◦

(
(a⊕1)⊕1

)
; 0◦(c−1)◦b; 1◦θ◦(c−2)◦r}

Hn[p,x; p̃,y;
≈
p, z]

+
∑

(p,p̃,
≈
p)∈{0◦1◦(c−1); 0◦c; 1◦θ◦(c−1)}

Hn[p, a⊕ 1,x; p̃, b,y;
≈
p, r, z]

=
∑

(p,p̃,
≈
p)∈{0◦1◦(c−1)◦(a⊕1); 0◦c◦b; 1◦θ◦(c−1)◦r}

Hn[p,x; p̃,y;
≈
p, z],

since (a⊕ 1)⊕ 1 = 1⊕ (a⊕ 1) for all a ∈ D0. We have now completed the
proof of the lemma. �

The next corollary is the degenerate case of the proceeding lemma.

Corollary 3.3. For all c ∈ N0, we have

1

[n]c
= −H�

n[0, {1}c; {0}c+1; 1, {θ}c].

Proof. The case c = 0 follows from (10) by setting l = 0. For c ≥ 1, using
the c = 0 case, we get

1

[n]c
= − 1

[n]c
Hn[0̄; 0; 1] = −

∑
(p;p̃;

≈
p)∈Π(c)

Hn[p; p̃;
≈
p]

by taking a = 0̄, b = 0, r = θ and x = y = z = ∅ in Lemma 3.2. Hence the
corollary is proved. �

4. MHS and MZSV identities: 2-c formula

In this section, we start with some q-MHS identities involving arguments of
({2}a, c)-type (c ≥ 3). This provides one of the base cases upon which we
may build general formulas of q-MZSV and MZSV whose arguments can be
any admissible strings of positive integers.

Theorem 4.1. Let s = ({2}a, c) with a, c ∈ N0 and c ≥ 3. Then

(14) H�
n[s] = −H�

n[2a+ 2, {1}c−2; a+ 1, {0}c−2; 1, {θ}c−2].
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Proof. We proceed by induction on n. Set Π(s) = {(2a+ 2) ◦ 1◦(c−2); (a+
1) ◦ 0◦(c−2); 1 ◦ θ◦(c−2)}. When n = 1, we have H�

1 ({2}a, c) = qa+1. On the
other hand,

∑
(p;p̃;

≈
p)∈Π(s)

H1[p; p̃;
≈
p] = H1[2a+ c; a+ 1; 1] = −qa+1,

and therefore the formula is true. Suppose the statement is true for n− 1.
Then by definition

H�
n[s] =

a∑
i=0

qn(a−i)

[n]2(a−i)
H�

n−1[{2}i, c] +
qn(a+1)

[n]2a+c
.

Applying inductive hypothesis, we obtain

(15) H�
n[s] = −

a∑
i=0

qn(a−i)

[n]2(a−i)

∑
(p;p̃;

≈
p)∈Π({2}i,c)

Hn−1[p; p̃;
≈
p] +

qn(a+1)

[n]2a+c
.

Set Π(u−1) = {0 ◦ 1◦(c−2); 0◦(c−1); θ◦(c−1)}. To save space, for any string λ =
(λ1, . . . , λm), we write the substring λ

̂1 = (λ2, . . . , λm). Then the inner sum
in (15) becomes

∑
(p;p̃;

≈
p)∈Π({2}i,c)

Hn−1[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π(u−1)

Hn−1[2i+ 2 + p1,p̂1; i+ 1 + p̃1, p̃̂1; 1�
≈
p 1,

≈
p
̂1]

=
∑

(p;p̃;
≈
p)∈Π(u−1)

∑
n>k1>···>km≥1

qk1(i+1+p̃1)An−1,k1

[k1]2i+2+p1

m∏
j=2

qp̃jkj (1 + qkj )

[kj ]pj
,

where An,k is defined in (12). Plugging this into (15) and summing over i
by the formula

(16) An−1,k

a∑
i=0

[n]2i

[k]2i
q(k−n)i = An,k

(
[n]2a

[k]2a
q(k−n)a − [k]2

[n]2
qn−k

)
,
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we obtain

H�
n[s] = −

∑
(p;p̃;

≈
p)∈Π(u−1)

∑
n≥k1>···>km≥1

qk1(p̃1+a+1)An,k1

[k1]2a+2+p1

m∏
j=2

qp̃jkj (1 + qkj )

[kj ]pj

+
qn(a+1)

[n]2a+2

∑
(p;p̃;

≈
p)∈Π(u−1)

∑
n≥k1>···>km≥1

qk1p̃1An,k1

[k1]p1

m∏
j=2

qp̃jkj (1 + qkj )

[kj ]pj
+

qn(a+1)

[n]2a+c
,

which implies

H�
n[s] = −

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p] +

qn(a+1)

[n]2a+2

∑
(p;p̃;

≈
p)∈Π(û−1)

Hn[p; p̃;
≈
p] +

qn(a+1)

[n]2a+c
,

where Π(û−1) = {0 ◦ 1◦(c−2); 0◦(c−1); 1 ◦ θ◦(c−2)}. Hence the theorem follows
from Corollary 3.3 immediately by replacing c by c− 2 there. �

5. MHS and MZSV identities: general case

In this section, we prove some general rules which explain what to ex-
pect when we add strings ({2}a, {1}l) or ({2}b, c) to a string of positive
integer arguments. This allows us to extend expansion formulas from the
three base cases (8), (9) and (14) to every string that contains an arbi-
trary number of repetitions of ({2}b, c), (c, {1}l) (b ≥ 0, c ≥ 3, l ≥ 1) and
({2}a, {1}l) (a ≥ 0 except at the leading position when a ≥ 1). For example,
(3, 1, 2, 7, 1, 1, 5, 2, 2, 4) can be written as ({2}0, 3, {2}0, 1, {2}1, 7, {2}0, {1}2,
{2}0, 5, {2}2, 4).

For any string λ = (λ1, . . . , λm), we set λ◦ = λ1 ◦ · · · ◦ λm and λ
̂1 =

(λ2, . . . , λm).

Theorem 5.1. Let n ∈ N and s = (s1, . . . , sd) be a string of positive inte-
gers. Set ιs = 1 if sd = 1 and ιs = −1 if sd > 1. Suppose s uniquely deter-

mines the triple of mollifiers [λ; λ̃;
≈
λ] = [λ1, . . . , λm; λ̃1, . . . , λ̃m;

≈
λ1, . . . ,

≈
λm]

satisfying

(17)
≈
λ1 � · · ·� ≈

λj ∈ {1, 2} ∀j ≥ 1,

such that there is an expansion of the form

H�
n[s] = ιsH�

n[λ; λ̃;
≈
λ].
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Then for any integers a, b ≥ 0 and c ≥ 3, we have

H�
n[{2}a, s] = ιsH�

n[2a⊕ λ1,λ̂1; a+ λ̃1, λ̃̂1;
≈
λ],(18)

H�
n[{2}a, 1, s] = ιsH�

n[2a+ 1,λ; a+ 1, λ̃; 2,
≈
λ1 �−2,

≈
λ
̂1],(19)

H�
n[{2}b, c, s] = ιsH�

n[2b+ 2, {1}c−3, λ1 ⊕ 1̄,λ
̂1;(20)

b+ 1, {0}c−3, λ̃; 1, {θ}c−3,
≈
λ1 �−1,

≈
λ
̂1].

Moreover, in all the index sets appearing on the right hand side above, the
third components still satisfy (17).

Notice that condition (17) essentially guarantees that all the triples of
mollifiers considered in the paper are admissible.

Proof. Set Π(s) = {λ◦; λ̃◦;
≈
λ◦}. The proof of the identities is by induction

on n+ a or n+ b. When n = 1 the theorem is clear. Assume formulas (18)
and (19) are true for all a+ n ≤ N where N ≥ 2. Suppose now we have
n ≥ 2 and n+ a = N + 1. Set

Π2a = {(2a⊕ λ1) ◦ λ◦
̂1
; (a+ λ̃1) ◦ λ̃◦

̂1
;
≈
λ◦},

Π2a1 = {(2a+ 1) ◦ λ◦; (a+ 1) ◦ λ̃◦; 2 ◦ (≈λ1 �−2) ◦ (≈λ
̂1)

◦},
Π2bc = {(2b+ 2) ◦ 1◦(c−3) ◦ (λ1 ⊕ 1̄) ◦ λ◦

̂1
;

(b+ 1) ◦ 0◦(c−3) ◦ λ̃◦; 1 ◦ θ◦(c−3) ◦ (≈λ1 �−1) ◦ (≈λ
̂1)

◦}.

We start proving the first identity. By definition, we have

H�
n[{2}a, s] =

a∑
i=1

qn(a−i)

[n]2a−2i
H�

n−1[{2}i, s] +
qna

[n]2a
H�

n[s].

Applying induction assumption, we obtain

ιsH
�
n[{2}a, s] =

a∑
i=1

qn(a−i)

[n]2a−2i

∑
(p;p̃;

≈
p)∈Π2i

Hn−1[p; p̃;
≈
p](21)

+
qna

[n]2a

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p].
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Expanding the inner sum

∑
(p;p̃;

≈
p)∈Π2i

Hn−1[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π(s)

Hn−1[2i⊕ p1,p̂1; i+ p̃1, p̃̂1;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π(s)

∑
n>k1>···>kr≥1

[
n−1
k1

][
n−1+k1

k1

] qik1

[k1]2i

r∏
j=1

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

and summing over i in (21), we obtain

ιsH
�
n[{2}a, s] =

∑
(p;p̃;

≈
p)∈Π(s)

∑
n≥k1>···>kr≥1

[
n
k1

][
n+k1

k1

] ( qak1

[k1]2a
− qan

[n]2a

)

×
r∏

j=1

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

+
qna

[n]2a

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p],

which implies (18) by definition and straightforward cancellation. Similarly,
for the second identity, we have by definition

H�
n[{2}a, 1, s] =

a∑
i=0

qn(a−i)

[n]2a−2i
H�

n−1[{2}i, 1, s] +
qn(a+1)

[n]2a+1
H�

n[s].

Applying induction assumption, we obtain

ιsH
�
n[{2}a, 1, s] =

a∑
i=0

qn(a−i)

[n]2a−2i

∑
(p;p̃;

≈
p)∈Π2i1

Hn−1[p; p̃;
≈
p](22)

+
qn(a+1)

[n]2a+1

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p].
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Setting Π0 = {λ◦; λ̃◦; (
≈
λ1 �−2) ◦ (≈λ

̂1)
◦}, we have∑

(p;p̃;
≈
p)∈Π2i1

Hn−1[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π0

Hn−1[2i+ 1,p; i+ 1, p̃; 2,
≈
p]

+
∑

(p;p̃;
≈
p)∈Π0

Hn−1[(2i+ 1)⊕ p1,p̂1; i+ 1 + p̃1, p̃̂1; 2�
≈
p 1,

≈
p
̂1]

=
∑

(p;p̃;
≈
p)∈Π0

⎛⎝ ∑
n>k0>k1>···>km≥1

[
n−1
k0

][
n−1+k0

k0

] (1 + qk0)q(i+1)k0+k0(k0−1)

[k0]2i+1

×
m∏
j=1

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

+
∑

n>k1>···>km≥1

[
n−1
k1

][
n−1+k1

k1

] (1 + qk1)q(i+1+p̃1)k1+Q(2�≈
p 1,k1)

sgn(p1)k1 [k1]2i+1+|p1|

×
m∏
j=2

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

⎞⎠ .

Substituting the above expression into (22) and summing over i by (16), we
obtain

ιsH
�
n[{2}a, 1, s]−

qn(a+1)

[n]2a+1

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π0

⎛⎝ ∑
n≥k0>k1>···>km≥1

[
n
k0

][
n+k0

k0

] (1 + qk0)q(a+1)k0+k0(k0−1)

[k0]2a+1

×
m∏
j=1

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

− qn(a+1)

[n]2a+2

∑
n≥k0>k1>···>km≥1

[
n
k0

][
n+k0

k0

](1 + qk0)qk0(k0−1)[k0]

×
m∏
j=1

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |
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+
∑

n≥k1>···>km≥1

[
n
k1

][
n+k1

k1

] (1 + qk1)q(a+1+p̃1)k1+Q(2�≈
p 1,k1)

sgn(p1)k1 [k1]2a+1+|p1|

×
m∏
j=2

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

− qn(a+1)

[n]2a+2

∑
n≥k1>···>km≥1

[
n
k1

][
n+k1

k1

] (1 + qk1)qp̃1k1+Q(2�≈
p 1,k1)

sgn(p1)k1 [k1]|p1|−1

×
m∏
j=2

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

⎞⎠ .

Noticing that the first and third sums on the right-hand side of the above
add up to ∑

(p;p̃;
≈
p)∈Π2a1

Hn[p; p̃;
≈
p],

we have

ιsH
�
n[{2}a, 1, s]−

qn(a+1)

[n]2a+1

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π2a1

Hn[p; p̃;
≈
p]

− qn(a+1)

[n]2a+2

∑
(p;p̃;

≈
p)∈Π0

∑
n≥k1>···>km≥1

⎛⎝ m∏
j=1

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

×
n∑

k0=k1+1

[
n
k0

][
n+k0

k0

] (1 + qk0)qk0(k0−1)

[k0]−1

+

[
n
k1

][
n+k1

k1

] (1 + qk1)qp̃1k1+Q(2�≈
p 1,k1)

sgn(p1)k1 [k1]|p1|−1

×
m∏
j=2

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj |

⎞⎠ .

Summing the multiple sum in the above over k0 by (11) and noticing that

for (p; p̃;
≈
p) ∈ Π0, by (17), the first component

≈
p 1 can take only values −1
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and 0, we obtain with the help of (7) that

ιsH
�
n[{2}a, 1, s] =

∑
(p;p̃;

≈
p)∈Π2a1

Hn[p; p̃;
≈
p].

This proves identity (19) by induction.
Finally, to prove (20), we proceed by induction on n+ b. Assume for-

mula (20) is true for all b+ n ≤ N . Now suppose b+ n = N + 1. By defini-
tion, we have

H�
n[{2}b, c, s] =

b∑
i=0

qn(b−i)

[n]2b−2i
H�

n−1[{2}i, c, s] +
qn(b+1)

[n]2b+c
H�

n[s].

By the induction assumption, we see that

ιsH
�
n[{2}b, c, s] =

b∑
i=0

qn(b−i)

[n]2b−2i

∑
(p;p̃;

≈
p)∈Π2ic

Hn−1[p; p̃;
≈
p](23)

+
qn(b+1)

[n]2b+c

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p].

Setting

Π1 = {0 ◦ 1◦(c−3) ◦ (λ1 ⊕ 1̄) ◦ λ◦
̂1
; 0◦(c−2) ◦ λ̃◦; θ◦(c−2) ◦ (≈λ1 �−1) ◦ (≈λ

̂1)
◦},

we have ∑
(p;p̃;

≈
p)∈Π2ic

Hn−1[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π1

Hn−1[2i+ 2⊕ p1,p̂1; i+ 1 + p̃1, p̃̂1; 1�
≈
p 1,

≈
p
̂1]

=
∑

(p;p̃;
≈
p)∈Π1

∑
n>k1>···>kr≥1

[
n−1
k1

][
n−1+k1

k1

] qk1(i+1+p̃1)+Q(1�≈
p 1,k1)

(− sgn(p1))k1 [k1]2i+2+|p1|

×
r∏

j=2

qp̃jkj+Q(
≈
p j ,kj)(1 + qkj )

sgn(pj)kj [kj ]|pj | .
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Plugging this into (23) and summing over i by (16), we obtain

ιsH
�
n[{2}b, c, s] =

∑
(p;p̃;

≈
p)∈Π1

Hn[(2b+ 2)⊕ p1,p̂1; b+ 1 + p̃1, p̃̂1; 1�
≈
p 1,

≈
p
̂1]

+
qn(b+1)

[n]2b+c

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p]− qn(b+1)

[n]2b+2

∑
(p;p̃;

≈
p)∈Π1

Hn[p1,p̂1; p̃; 1�
≈
p
̂1],

which implies

ιsH
�
n[{2}b, c, s] =

∑
(p;p̃;

≈
p)∈Π2bc

Hn[p; p̃;
≈
p]− qn(b+1)

[n]2b+2

∑
(p;p̃;

≈
p)∈Π2

Hn[p; p̃;
≈
p](24)

+
qn(b+1)

[n]2b+c

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p],

where

Π2 = {0 ◦ 1◦(c−3) ◦ (λ1 ⊕ 1) ◦ λ◦
̂1
; 0◦(c−2) ◦ λ̃◦;

1 ◦ θ◦(c−3) ◦ (≈λ1 � (−1)) ◦ (≈λ
̂1)

◦}.

Expanding the second sum from (24), we have∑
(p;p̃;

≈
p)∈Π2

Hn[p; p̃;
≈
p]

=
∑

(p;p̃;
≈
p)∈Π3

∑
w=0◦1◦(c−3)◦(p1⊕1)

w̃=0◦(c−2)◦p̃1;
≈
w=1◦θ◦(c−3)◦≈

p 1

Hn[w,p
̂1; w̃, p̃

̂1;
≈
w,

≈
p
̂1],

where Π3 = {λ◦; λ̃◦; (
≈
λ1 � (−1)) ◦ (≈λ

̂1)
◦}. Applying Lemma 3.2 to the inner

sum with a = p1, b = p̃1, r =
≈
p 1, c replaced by c− 2, and x = p

̂1, y = p̃
̂1,

z =
≈
p
̂1, we obtain

∑
(p;p̃;

≈
p)∈Π2

Hn[p; p̃;
≈
p] =

∑
(p;p̃;

≈
p)∈Π3

1

[n]c−2
Hn[p1,p̂1; p̃;

≈
p 1 � 1,

≈
p
̂1](25)

=
1

[n]c−2

∑
(p;p̃;

≈
p)∈Π(s)

Hn[p; p̃;
≈
p].
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To justify the last equality above, we need to show that for the components

of
≈
λ satisfying (17) we have

≈
λ1 � (−1)� 1 =

≈
λ1 and for any j ≥ 2,

≈
λ1 � (−1)�

≈
λ2 � · · ·� ≈

λj � 1 =
≈
λ1 �

≈
λ2 � · · ·� ≈

λj .

These can be proved by using the projection π of Lemma 2.2 and the fact

that π(
≈
λ1 � (−1)� · · ·� ≈

λj � 1) = π(
≈
λ1 � · · ·� ≈

λj) ∈ {1, 2} by (17).
Now by (24) and (25), we see that (20) is true when n+ b = N + 1. We

have completed the proof of the theorem. �
Repeatedly applying the theorem, we quickly find

Corollary 5.2. Keep the same notation as in Theorem 5.1. Then for any
integers a, b ≥ 0, l ≥ 1 and c ≥ 3, we have

H�
n[{2}a, {1}l, s] = ιsH�

n[2a+ 1, {1}l−1,λ; a+ 1, {1}l−1, λ̃;(26)

2, {0}l−1,
≈
λ1 �−2,

≈
λ
̂1]

and

H�
n[{2}b, c, {2}a, {1}l, s] = ιsH�

n[2b+ 2, {1}c−3, 2a+ 2, {1}l−1,λ;

b+ 1, {0}c−3, a+ 1, {1}l−1, λ̃;

1, {θ}c−3, 1, {0}l−1,
≈
λ1 �−2,

≈
λ
̂1].

Proof. Repeatedly applying (19) by attaching (2aj , 1), j = 1, . . . , l and then
setting a1 = · · · = al−1 = 0 and al = a, we can quickly verify (26). The corol-
lary follows by applying (20) to (26). �

We may take limit n → ∞ in (18) of Theorem 5.1 and Corollary 5.2 to
obtain identities for q-MZSV.

Theorem 5.3. Let s = (s1, . . . , sd) ∈ Nd. Set ιs = 1 if sd = 1 and ιs = −1

if sd > 1. Suppose s uniquely determines [λ; λ̃;
≈
λ] satisfying (17) such that

ζ�[s] = ιsz
�[λ; λ̃;

≈
λ]. Then for any integers a, b ≥ 0, l ≥ 1 and c ≥ 3, we have

ζ�[{2}a, s] = ιsz
�[2a⊕ λ1,λ̂1; a+ λ̃1, λ̃̂1;

≈
λ],

ζ�[{2}a, {1}l, s] = ιsz
�[2a+ 1, {1}l−1,λ; a+ 1, {1}l−1, λ̃;

2, {0}l−1,
≈
λ1 �−2,

≈
λ
̂1],
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ζ�[{2}b, c, s] = ιsz
�[2b+ 2, {1}c−3, λ1 ⊕ 1̄,λ

̂1; b+ 1, {0}c−3, λ̃;

1, {θ}c−3,
≈
λ1 �−1,

≈
λ
̂1],

ζ�[c, {1}l, s] = ιsz
�[2, {1}c−3, 2, {1}l−1,λ; 1, {0}c−3, {1}l, λ̃;
1, {θ}c−3, 1, {0}l−1,

≈
λ1 �−2,

≈
λ
̂1].

Proof. The first three equations are straight-forward. The last one can be
obtained by applying the middle two equations successively after setting
a = b = 0. �

By letting q → 1 in Theorem 5.3 we can immediately prove Theorem 1.3
which gives the corresponding general rule for classical MZSV. Of course, to
guarantee convergence we need to restrict a ≥ 1 there.

From Theorem 5.3, we can obtain a general formula for arbitrary q-
MZSV.

Theorem 5.4. Let a0, aj ∈ N0, cj ∈ N and cj �= 2 for all j = 1, . . . , d. Set
δ(c) = 1 if c = 1 and δ(c) = 0 if c ≥ 3. Moreover, put {α}n = {α}max(n,0).
Then we have

ζ�[{2}a0 , c1, {2}a1 , . . . , cd, {2}ad ] = ±z�[B0, {1}c1−3, B1, . . . , {1}cd−3, Bd;

B̃0, {0}c1−3, B̃1, . . . , {0}cd−3, B̃d;
≈
B0, {θ}c1−3,

≈
B1, . . . , {θ}cd−3,

≈
Bd].

Here the leading sign ± is + if and only if ad = 0 and cd = 1,

Bj =

{
Aj , if Aj is odd;

Aj , if Aj is even,

where Aj =

⎧⎪⎨⎪⎩
2a0 + 2− δ(c1), if j = 0;

2ad + 1− δ(cd), if j = d;

2aj + 3− δ(cj)− δ(cj+1), if 0 < j < d,

B̃j =

{
aj + 1, if 0 ≤ j < d;

ad, if j = d,

and
≈
Bj =

⎧⎪⎨⎪⎩
1 + δ(c1), if j = 0;

(1− δ(cd))� (−1), if j = d;

(1− δ(cj))� (δ(cj+1)− 1), if 0 < j < d.

Moreover, if ad = 0 and cd = 1, then Bd, B̃d,
≈
Bd are vacuous.
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Proof. The theorem can be proved easily by induction on d using Theo-
rem 5.3. We leave the details to the interested reader. �
By letting q → 1 in Theorem 5.4, we get Theorem 1.4 which gives the cor-
responding result for classical MZSV. It is clear that to ensure convergence
we need to assume that a0 > 0 or c1 ≥ 3.

6. Some applications

The first application gives us the general 2-c-2 (c ≥ 3) formula. Here the un-
derline means the ({2}a, c)-type string may be repeated an arbitrary number
of times where a and c may change in each repetition.

Theorem 6.1. Suppose � ∈ N0. Let s = ({2}a1 , c1, . . . , {2}a� , c�, {2}a�+1)
with aj , cj ∈ N0 and cj ≥ 3 for all j ≥ 1. Then

H�
n[s] = −H�

n[2a1 + 2, {1}c1−3, 2a2 + 3, {1}c2−3,(27)

. . . , 2a� + 3, {1}c�−3, 2a�+1 + 1;

a1 + 1, {0}c1−3, . . . , a� + 1, {0}c�−3, a�+1;

1, {θ}c1+···+c�−2�].

Proof. If a�+1 = 0, then starting from Theorem 4.1 for H�
n[{2}a� , c�] and

repeatedly applying (20), we get the above identity. Otherwise, starting
from (8) and repeatedly applying the attaching rule (20) we can arrive at (27)
immediately. �

By applying Lemma 2.3 to Theorem 6.1 we immediately get

Corollary 6.2. With the same notation as in Theorem 6.1, we have

ζ�[s] = −ζ�[2a1+2, {1}c1−3, 2a2+3, {1}c2−3, . . . , 2a�+3, {1}c�−3, 2a�+1+1;

a1 + 1, {0}c1−3, . . . , a� + 1, {0}c�−3, a�+1; 1, {θ}c1+···+c�−2�].

In particular, if c1 = c2 = · · · = c� = 3, we get a q-analog of the Two-three
formula:

ζ�[s] =
∑

p=(2a1+2)◦(2a2+3)◦···◦(2a�+3)◦(2a�+1+1)
p̃=(a1+1)◦···◦(a�+1)◦(a�+1)

∑
k1>···>km≥1

(−1)k1−1q
k1(k1−1)

2

m∏
j=1

qp̃jkj (1 + qkj )

[kj ]pj
.

Remark 6.3. When q → 1 one can recover all the MZSV identities con-
tained in [17].
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Now starting from (9) and repeatedly and alternatively applying the
attaching rules (19) and (20) we can find the following:

Theorem 6.4. Suppose � ∈ N0, n ∈ N and a0, aj , bj , cj − 3 ∈ N0 for all j ≥
1. Consider the following two possible types of compositions:

(2-c-2-1) :

s = ({2}b1 , c1, {2}a1 , 1, . . . , {2}b� , c�, {2}a� , 1), � ∈ N,

s′ = (2b1 + 2, {1}c1−3, 2a1 + 2, . . . , 2b� + 2, {1}c�−3, 2a� + 2;

b1 + 1, {0}c1−3, a1 + 1, . . . , b� + 1, {0}c�−3, a� + 1;

1, {θ}c1−3, 1,−1, {θ}c2−3, 1, . . . ,−1, {θ}c�−3, 1︸ ︷︷ ︸
appear only if � > 1

).

(2-1-2-c-2-1) :

s = ({2}a0 , 1, {2}b1 , c1, {2}a1 , 1, . . . , {2}b� , c�, {2}a� , 1), � ∈ N0,

s′ = (2a0 + 1, 2b1 + 2, {1}c1−3, 2a1 + 2, . . . , 2b� + 2, {1}c�−3, 2a� + 2;

a0 + 1, b1 + 1, {0}c1−3, a1 + 1, . . . , b� + 1, {0}c�−3, a� + 1;

2,−1, {θ}c1−3, 1, . . . ,−1, {θ}c�−3, 1︸ ︷︷ ︸
appear only if � > 0

).

Then in each case we have

H�
n[s] = H�

n[s
′].

Corollary 6.5. With the same notation as in Theorem 6.4, we have

ζ�[s] = z�[s′].

For example, taking � = 1 and c1 = 3, we get (cf. [23, (26)] and the
identity after it)

ζ�[{2}b, 3, {2}a, 1] = z[2a+ 2b+ 4; a+ b+ 2; 2]

+ z[2b+ 2, 2a+ 2; b+ 1, a+ 1; 1, 1]

and

ζ�[{2}a0 , 1, {2}b, 3, {2}a1 , 1](28)

= z[2(a0 + b+ a1) + 5; a0 + b+ a1 + 3; 2]

+ z[2a0 + 1, 2a1 + 2b+ 4; a0 + 1, a1 + b+ 2; 2, 0]

+ z[2a0 + 2b+ 3, 2a1 + 2; a0 + b+ 2, a1 + 1; 1, 1]

+ z[2a0 + 1, 2b+ 2, 2a1 + 2; a0 + 1, b+ 1, a1 + 1; 2,−1, 1].
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We can also get the following identity which is the q-analog of [23, Theo-
rem 6.1(i)].

Corollary 6.6. Let a, b be two nonnegative integers. Then

ζ�[{2}a, 3, {2}b, 1] + ζ�[{2}b, 3, {2}a, 1]
= ζ�[{2}a+1]ζ�[{2}b+1]

+ (1− q)z[2a+ 2b+ 3; a+ b+ 2; 2].

Proof. By taking n → ∞ in (8) and using Lemma 2.3 we get

ζ�[{2}a+1] = z[2a+ 2; a+ 1; 1] =

∞∑
k=1

q(a+1)k+Q(1,k)(1 + qk)

[k]2a+2
.

Thus

ζ�[{2}a, 3, {2}b, 1] + ζ�[{2}b, 3, {2}a, 1]− ζ�[{2}a+1]ζ�[{2}b+1]

=

∞∑
k=1

q(a+b+2)k+Q(2,k)
(
2(1 + qk)− (1 + qk)2

)
[k]2a+2b+4

=

∞∑
k=1

q(a+b+2)k+Q(2,k)(1 + qk)(1− qk)

[k]2a+2b+4

= (1− q)z[2a+ 2b+ 3; a+ b+ 2; 2]

as desired. �

If we start with (8) and repeatedly and alternatively apply the attaching
rules (19) and (20) we can get:

Theorem 6.7. Suppose � ∈ N0, n, a�+1 ∈ N, and a0, aj , bj , cj − 3 ∈ N0 for
all 1 ≤ j ≤ �. Consider the following two possible types of compositions:

(2-c-2-1-2) :

s = ({2}b1 , c1, {2}a1 , 1, . . . , {2}b� , c�, {2}a� , 1, {2}a�+1), � ∈ N,

s′ = (2b1 + 2, {1}c1−3, 2a1 + 2, . . . , 2b� + 2, {1}c�−3, 2a� + 2, 2a�+1;

b1 + 1, {0}c1−3, a1 + 1, . . . , b� + 1, {0}c�−3, a� + 1, a�+1;

1, {θ}c1−3, 1,−1, {θ}c2−3, 1, . . . ,−1, {θ}c�−3, 1︸ ︷︷ ︸
appear only if � > 1

,−1).
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(2-1-2-c-2-1-2) :

s = ({2}a0 , 1, {2}b1 , c1, {2}a1 , 1, . . . , {2}b� , c�, {2}a� , 1, {2}a�+1), � ∈ N0,

s′ = (2a0 + 1, 2b1 + 2, {1}c1−3, 2a1 + 2, . . . , 2b� + 2, {1}c�−3, 2a� + 2, 2a�+1;

a0 + 1, b1 + 1, {0}c1−3, a1 + 1, . . . , b� + 1, {0}c�−3, a� + 1, a�+1;

2,−1, {θ}c1−3, 1, . . . ,−1, {θ}c�−3, 1︸ ︷︷ ︸
appear only if � > 0

,−1).

Then in each case we have

H�
n[s] = −H�

n[s
′].

By taking n → ∞ we have

Corollary 6.8. Let notation be the same as in Theorem 6.7. Then

ζ�[s] = −z�[s′].

For example, taking � = 1 and c1 = 3, we get in case (2-c-2-1-2)

ζ�[{2}b, 3, {2}a1 , 1, {2}a2 ] =− z[2a1 + 2b+ 2a2 + 4; a1 + b+ a2 + 2; 1]

− z[2b+ 2, 2a1 + 2a2 + 2; b+ 1, a1 + a2 + 1; 1, θ]

− z[2a1 + 2b+ 4, 2a2; a1 + b+ 2, a2; 2,−1]

− z[2b+ 2, 2a1 + 2, 2a2; b+ 1, a1 + 1, a2; 1, 1,−1].

By taking q → 1 this yields the identity on the bottom of [23, p. 12].
As a non-trivial example of Theorem 5.3 we may attach a string of type

(2a, 1) to the front of the already treated type ({2}b, 1, {2}c, 3, {2}d, 1) given
by (28) and get the following q-MZSV identity: for any nonnegative integers
a, b, c, d

ζ�[{2}a, 1, {2}b, 1, {2}c, 3, {2}d, 1](29)

= z[2a+ 2b+ 2c+ 2d+ 6; a+ b+ c+ d+ 4; 2]

+ z[2a+ 1, 2b+ 2c+ 2d+ 5; a+ 1, b+ c+ d+ 3; 2, 0]

+ z[2a+ 2b+ 2, 2c+ 2d+ 4; a+ b+ 2, c+ d+ 2; 2, 0]

+ z[2a+ 2b+ 2c+ 4, 2d+ 2; a+ b+ c+ 3, d+ 1; 1, 1]

+ z[2a+ 1, 2b+ 1, 2c+ 2d+ 4; a+ 1, b+ 1, c+ d+ 2; 2, 0, 0]

+ z[2a+ 1, 2b+ 2c+ 3, 2d+ 2; a+ 1, b+ c+ 2, d+ 1; 2,−1, 1]

+ z[2a+ 2b+ 2, 2c+ 2, 2d+ 2; a+ b+ 2, c+ 1, d+ 1; 2,−1, 1]

+ z[2a+ 1, 2b+ 1, 2c+ 2, 2d+ 2; a+ 1, b+ 1, c+ 1, d+ 1; 2, 0,−1, 1].
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By taking q → 1 in (29) we discover the classical MZSV identity (3) in
the introduction, which has not been proved before.
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eds., World Scientific, Hackensack, NJ (2006), 71–106.

[7] C. Glanois, Periods of the motivic fundamental groupoid of P1 \
{0, μN ,∞}, Ph.D. thesis, Université Pierre et Marie Curie, Septem-
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[9] A. B. Goncharov and Y. I. Manin, Multiple ζ-motives and moduli spaces
M0,n, Compositio Math. 140 (2004), 1–14.

[10] Kh. Hessami Pilehrood and T. Hessami Pilehrood, On q-analogues of
two-one formulas for multiple harmonic sums and multiple zeta star
values, Monatsh. Math. 176 (2015), 275–291.

[11] Kh. Hessami Pilehrood, T. Hessami Pilehrood, and R. Tauraso, New
properties of multiple harmonic sums modulo p and p-analogues of



On q-analogs of MHS and MZSV identities 831

Leshchiner’s series, Trans. Amer. Math. Soc. 366 (2014), no. 6, 3131–
3159.

[12] M. E. Hoffman, The algebra of multiple harmonic series, J. Alg. 194
(1997), 477–495.

[13] M. E. Hoffman, The Hopf algebra structure of multiple harmonic sums,
Nuclear Phys. B (Proc. Suppl.) 135 (2004), 214–219.

[14] M. E. Hoffman, Algebraic aspects of multiple zeta values, in: Zeta Func-
tions, Topology and Quantum Physics, T. Aoki et. al. (eds.), Develop-
ments in Math. 14, Springer, New York (2005), 51–74.

[15] K. Ihara, J. Kajikawa, Y. Ohno, and J. Okuda, Multiple zeta values vs.
multiple zeta-star values, J. Algebra 332 (2011), 187–208.

[16] M. Kaneko, N. Kurokawa, and M. Wakayama, A variation of Euler’s
approach to values of the Riemann zeta function, Kyushu J. Math. 57
(2003), 175–192.

[17] E. Linebarger and J. Zhao, A family of multiple harmonic sum and
multiple zeta star value identities, Mathematika 61 (2015), no. 1, 63–
71. arXiv:1304.3927.

[18] Y. Ohno and W. Zudilin, Zeta stars, Commun. Number Theory Phys.
2 (2008), 325–347.

[19] J. A. M. Vermaseren, Harmonic sums, Mellin transforms and integrals,
Internat. J. Modern Phys. A 14 (1999), no. 13, 2037–2076. arXiv:
hep-ph/9806280v1, (1998).

[20] S. Yamamoto, Interpolation of multiple zeta and zeta-star values, J. Al-
gebra 385 (2013), 102–114.

[21] J. Zhao, Multiple q-zeta functions and multiple q-polylogarithms, Ra-
manujan J. 14 (2007), no. 2, 189–221. arXiv:math/0304448.

[22] J. Zhao, Wolstenholme Type Theorem for multiple harmonic sums, Int.
J. of Number Theory 4 (2008), no. 1, 73–106. arXiv:math/0301252.

[23] J. Zhao, Identity families of multiple harmonic sums and multiple zeta
(star) values, to appear: J. Math. Soc. Japan. arXiv:1303.2227.



832 Kh. H. Pilehrood, T. H. Pilehrood, and J. Zhao

The Fields Institute for Research in Mathematical Sciences

222 College St, Toronto, ON M5T 3J1, Canada

E-mail address: hessamik@gmail.com

The Fields Institute for Research in Mathematical Sciences

222 College St, Toronto, ON M5T 3J1, Canada

E-mail address: hessamit@gmail.com

Department of Mathematics, The Bishop’s School

La Jolla, CA 92037, USA

E-mail address: zhaoj@ihes.fr

Received March 22, 2015



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


