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Enhanced homotopy theory for period
integrals of smooth projective hypersurfaces

JAE-SUK PARK AND JEEHOON PARK

The goal of this paper is to reveal hidden structures on the singular
cohomology and the Griffiths period integral of a smooth projec-
tive hypersurface in terms of BV(Batalin-Vilkovisky) algebras and
homotopy Lie theory (so called, L..-homotopy theory).

Let X be a smooth projective hypersurface in the complex
projective space P" defined by a homogeneous polynomial G(z)
of degree d > 1. Let H = ng;i(X ¢, C) be the middle dimensional
primitive cohomology of X . We explicitly construct a BV algebra
BVx = (Ax,Qx, Kx) such that its 0-th cohomology Hp (Ax) is
canonically isomorphic to H. We also equip BVx with a decreas-
ing filtration and a bilinear pairing which realize the Hodge fil-
tration and the cup product polarization on H under the canoni-
cal isomorphism. Moreover, we lift C',; : H — C to a cochain map
©y : (Ax, Kx) — (C,0), where Cp,) is the Griffiths period integral
given by w fvw for [y] € Hy-1(Xg, Z).

We use this enhanced homotopy structure on H to study an ex-
tended formal deformation of X and the correlation of its period
integrals. If X is in a formal family of Calabi-Yau hypersurfaces
X¢,, we provide an explicit formula and algorithm (based on a
Grébner basis) to compute the period matrix of X¢,. in terms of
the period matrix of X¢ and an L.o-morphism k£ which enhances
C},) and governs deformations of period matrices.
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1. Introduction

The purpose of this paper is to attempt to establish certain correspondences
between the Griffiths period integrals of smooth algebraic varieties and pe-
riod integrals, defined in Section 2, attached to representations of a finite
dimensional Lie algebra on a polynomial algebra. Such correspondences al-
low us to reveal hidden BV(Batalin-Vilkovisky) algebra structures and Loo-
homotopy structures in period integrals, leading to their higher generaliza-
tion. We work out the correspondence in detail when the variety is a smooth
projective hypersurface and when the representation is the Schrédinger rep-
resentation of the Heisenberg Lie algebra twisted by Dwork’s polynomial
associated with the hypersurface. The period integrals of this kind of exam-
ple have been studied extensively by Griffiths in [11]. We will enhance the
Griffiths period integral into an L..-morphism s which governs correlations
and deformations of period matrices.

1.1. Main theorems

Let n be a positive integer. Let X be a smooth hypersurface in the com-
plex projective n-space P™ defined by a homogeneous polynomial G(z) =
G(zg,...,xy) of degree d in Clxg,...,zy]. Let H,_1(Xg,Z)o be the sub-
group of the singular homology group H,_1(X¢g,Z) of X of degree n —
1, which consists of vanishing (n — 1)-cycles, and let Hgngl(Xg,(C) be the
primitive part of the middle dimensional cohomology group H"!(Xq,C),
ie. Hy 1(Xg,Z)o =ker(H, 1(Xg,Z) = H,_1(P",Z)), and H"}(Xq,C)

prim
= coker(H" 1(P" C) — H"1(Xg,C)). Then we are interested in the fol-
lowing period integrals

prim

(1.1) Cpy: H™A (X, C) — C, [w]b—>/w,
Y

where v and w are representatives of the homology class [v] € H,—1(X¢g,Z)o
and the cohomology class [w] € H"-! (X, C), respectively. We shall often

prim

use the shorthand notation H = Hggnll(Xg, C) from now on. We also use the
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notation that
FiHl = Hyp(Xe,©) @ Hyin! (X, ©)
@@ H (X6, C), 0<j<n-—1,
where HP9 = Hgfm(Xg, C) is the (p, ¢)-th Hodge component of H.

Let H(X¢) be the rational de Rham cohomology group defined as the
quotient of the group of rational n-forms on P" regular outside X by the
group of the forms diy where v is a rational n — 1 form regular outside Xg.
For each k > 1, let Hp(Xg) C H(Xq) be the cohomology group defined as
the quotient of the group of rational n-forms on P™ with a pole of order
< k along X by the group of exact rational n-forms on P" with a pole
of order <k along X¢. Griffiths showed that any rational n-form on P"
with a pole of order < k along X can be written as a rational differential

n-form %, where 2, = Ej(—l)ja:jdvo AR d/i\J A--+ ANde, and F(z)

is a homogeneous polynomial of degree kd — (n + 1). He also showed that
Hn(Xg) = H(Xg) and there is a natural injection Hi(X¢a) C Hir1(Xg) for
each k > 1. Moreover, Griffiths defined the isomorphism (the residue map)

Res: H(Xg) = H

st Ly atar = [ 7 (o)

)

where 7(7) is the tube over v, as in (3.4) of [11], such that Res takes the
pole order filtration

(1.2) Hi(Xg) C Ha(Xg) C - C Hp—1(Xa)
C Hn(Xa) = Hon1(Xo) = -+ = H(Xa)

of H(X(;)(: Hpre(Xe) for all £ > 0) onto the increasing Hodge filtration
F.H

(1.3) FoHcCc FiHC --- C F,,-1H=H

of the primitive middle dimensional cohomology H = Hggnll(Xg,(C). The
Griffiths theory provides us with an effective method of studying the pe-
riod integrals C,; on the hypersurface X¢ as well as an infinitesimal family

of hypersurfaces.
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In this article, we provide a new homotopy theoretic framework to under-
stand H (X ) ~ H and such period integrals. Our main result is to construct
a BV algebra BVy whose 0-th cohomology is canonically isomorphic to H
and lift the polarized Hodge structure on H to BVy. Moreover we enhance
the period integral Cf,; : H — C to a cochain map ¢, : BVx — (C,0).

Definition 1.1. A BV (Batalin-Vilkovisky) algebra® over k is a cochain
complez (A, K = Q + A) with the following properties:

(a) A=D,,cp, A is a unital Z-graded super-commutative and associa-
tive k-algebra satisfying K(14) = 0.

(b) Q> =A% =QA+AQ =0, and (A,-,Q) is a commutative differen-
tial graded algebra:

Qa-b) = Q(a)- b+ (—1)"la- Q(b),

for any homogeneous elements a,b € A.

(c) A is a differential operator® of order 2 and (A, K,(X) is a differ-
ential graded Lie algebra (DGLA), where (X (a,b) := K(a-b) — K(a)-b—
(=1)lelg - K(b):

4 (a,b) = (=1) e (b,a) = 0,
éé((CL?éé((bv C)) + (_1)|a‘£§(£§(a” b),C) + (_1)(‘a|+1)|b‘£§(ba£§(aa C)) = 0’
K5 (a,b) + €5 (Ka,b) + (—1)16 (a, Kb) = 0,

for any homogeneous elements a,b € A.
(d) (A, -, €5) is a Gerstenhaber algebra®:

K(a-b,c) = (~D)la - (b, ¢) + (~1)PHl e (a,¢) - b, a,b,c€ A

In Section 4, we explicitly construct a BV algebra BVx :=(Ax, -, Qx, Kx)
associated to X¢. In the introduction, we briefly summarize the construction

'We normalize so that the Lie bracket and the differential have degree 1, and the
binary product has degree 0.

2This means that /5 = ¢ = - = 0 in our terminology of the descendant functor.
We will explain the notion of the descendant functor later in Subsection 3.2.

3In fact, this condition (d) follows from (c).
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and some of its features. Let

(14) AX = C[yuxov"'73777»][77—177707"'77771]7
be the Z-graded super-commutative polynomial algebra, where y, zq, ...,y
are formal variables of degree 0 and n_1, ..., n, are formal variables of degree

—1. We define three additive gradings on Ax with respect to the multipli-
cation, called ghost number gh € Z, charge ch € Z and weight wt € Z, by the
following rules:

gh(y) =0, gh(x;) =0, gh(n-1)=—1, gh(n;) = -1,
ch(y) = —d, ch(zj) =1, ch(n-1)=d, ch(n;)=—1,
wi(y) =1, wi(z;) =0, wi(n-1) =0, win;) =1,
where j = 0,...,n. The ghost number is same as the (cohomology) degree.

Write such a decomposition as follows:

15  Ax= D Apw= D DO DAuw

gh,ch,wt —n—2<j<0 wEZ>0 NEZ

We define a differential Kx (of degree 1)

2\ 90 "/ 9G(zx) 9\ 0
1. Kx = — —
(1.6) X (G(:v)+ 6y) . +;) <y o, T axi) oy

-

and let A := 8%67?71 +> 0, 8%% and Qx := Kx — A. The wt grading
turns out to give a (decreasing) filtered subcomplex (F*Ax, Kx) of (Ax, Kx)
defined by

k<n—1—i

Let mg be the projection map from Ax to .Ag(. We define two cochain maps
¢y (Ax,Kx) — (C,0) and § : (Ax,Qx) — (C,0) as follows:

(1.7) aw= g [ ([ w2y ),

2w ),

for homogeneous elements u € Ax of charge d — (n + 1), €, (u) := 0 for other
homogeneous elements with respect to charge, where [vy] € H,—1(Xa,Z)o



240 J.-S. Park and J. Park

and 7: H,_1(Xg,Z) — H,(P" — X, Z) is the tubular neighborhood map
(see (3.4) in [11]),* and

1 / <j£ mo(u) >dm0/\~-/\daf;n
U= ———= dy N ’LLEAX,
jg 2m)" 2 Jx@ \Jo y" ge... oo

where C' is a closed path on C with the standard orientation around y = 0
and

9G(z)

81:,-

Then § defines a symmetric bilinear pairing (-,-)x on Ax by

X(e) = {a: ecrtt

:5>Qi:Qann}

(1.8) (u,v)x := fﬂ'o(u ‘v), u,v € Ax.

Theorem 1.2. The triple BVx := (Ax,-,Qx, Kx) becomes a BV algebra
over C with following properties:

(a) We have a decomposition Ax =@ _ 1 0)<m<oAX and there is a
canonical isomorphism

J:Hy (A) 5 H

where Hy (A) is the 0-th cohomology module.

(b) Qx(f) = 5> (yG(x), f) for any f € Ax®

Moreover, the followings hold:

(¢) The map J sends the decreasing filtration (F*Ax, Kx) on (Ax, Kx)
to the Hodge filtration on H.

(d) The pairing (-,-)x on Ax induces a polarization (the cup product
pairing) on H (up to sign) under J.

(e) The cochain map €, : (Ax, Kx) — (C,0) induces the period integral
Cly) under J.
The novel feature here is that we are able to put an associative and
super-commutative binary product - on the cochain complex (Ax, Kx ) which
turns out to govern correlations and deformations of the period integral

4We will see that mo(u) is homogeneous of charge d — (n + 1) if and only if the
integral (fooo mo(u) - eyG@)dy) Q,, defines a differential n-form on P" — X¢.

5Tt is easy to see that the homogeneous coordinate ring of X is isomorphic to
the weight zero part of the cohomology ring H(%X (Ax)(0)- Since (Ax, Kx) can be
viewed as a quantization of (Ax, Qx), the singular cohomology H may be regarded
as a quantization of the homogenous coordinate ring of X¢.
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Cr:H—C. 6 In addition, we simultaneously realize the Hodge theoretic
information on H (the Hodge filtration and the cup product polarization) at
the BV algebra level.

A consequence of the BV structure on H is that the period integral
Cly) : H— C can be enhanced to an Loc-morphism k = k1, k2, ..., where
k1 = C[y) and Ky, is a linear map from the m-th symmetric power S™H of
H into C, which is a composition of two non-trivial Ls.-morphisms such
that k depends only on the L..-homotopy types of each factor. We recall
that an L.o-algebra, or homotopy Lie algebra, (V,{) is a Z-graded vector
space V with an Lo-structure £ = 1,05, ¢3,..., where ¢ is a differential
such that (V,#;) is a cochain complex, ¢ is a graded Lie bracket which
satisfies the graded Jacobi identity up to homotopy ¢3 etc. An Lo.-morphism
¢ = ¢1,¢2,... is a morphism between L.-algebras, say (V,£) and (V. (),
such that ¢; is a cochain map of the underlying cochain complex, which
is a Lie algebra homomorphism up to homotopy ¢, etc. An L..-homotopy
A= A1, A9, ... is a homotopy of L,,-morphisms such that A; is a cochain
homotopy of the underlying cochain complex, etc.” We use this hidden L -
homotopy theoretic structure to study certain extended deformations and
correlations of period integrals; we develop a new formal deformation theory
of X which leaves the realm of infinitesimal variations of Hodge structures
of X. This new formal deformation theory has directions that do not satisfy
Griffiths transversality.

Theorem 1.3. There is a non-trivial Lo -algebra (A,Z)X associated to X¢g
with the following properties:

(a) The cohomology H := H"-1 (X g, C), regarded as an Luo-algebra (H, 0)

prim
concentrated in degree 0 with zero Log-structure 0, is quasi-isomorphic to the

Loo-algebra (.%I, Z)
(b) For each representative ~y

[v] € Hn-1(XaG,Z)o there is an Loo-
: ¢ A
morphism f” =07, 05 ,... from (

of
A, 0)x into (C,0) — the ground field C

6Since H(X¢) is defined as the cohomology of the de Rham complex with the
wedge product, one might think to play a similar game to find hidden correlations.
But if one wedges two n-forms then the resulting differential form is a 2n-form
which can not be integrated against a fixed cycle .

7 Any Z-graded vector space may be regarded as an L..-algebra with zero Lo-
structure. The cohomology of an L..-algebra is defined to be the cohomology of
the underlying cochain complex. An L.,-quasi-isomorphism is a L.,-morphism
¢ = ¢1,Pa, ... such that ¢; is a cochain quasi-isomorphism. See Appendix 5.2 for
the definitions of L..-algebras, L..-morphisms, and L..-homotopies as well as the
category and the homotopy category of L.,-algebras.
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regarded as an Loo-algebra (C,0) with zero Loo-structure 0 — whose Loo-
homotopy type @%] is determined uniquely by the homology class [y] of 7.
(c¢) There is an explicitly constructible Loo-morphism k = K1, Ka, ... from
(H,0) into (C,0) which is the composition k := Q%)” OEH of the Loo-quasi-
isomorphism @™ from (a) and the Log-morphism ¢¢* associated to ~ from (b)
such that B B
(i) k= % o O™ depends only on the Loo-homotopy types of o™ and
f‘”ﬂ" and

3 ,
(ii) K1 = Cp=¢1 0 gleHI:

of -~ o)
ot T P s
ey

Note that ¢ is a cochain quasi-isomorphism from (H, 0) to (A, ;) x, QS(f”
is a cochain map from (A, £1)x to (C,0) and both are defined up to cochain
homotopies. Within their own homotopy types, a choice of ¢} corresponds
to a choice of representative w of the cohomology class @] € ng;%l(Xg, C),
while a choice of (b(f;” corresponds to, after dualization, a choice of repre-
sentative « of the homology class [y] € H,,—1(XqG,Z)p in the integral fvw

in (1.1) such that 1 ([@]) = gb(f” o pil([w]) = fww and 6y = qbf”.
1.2. Applications

Note that BVy is very explicit (a super-commutative polynomial ring with
derivative operators) and amenable to computation. Here we explain some
applications how to use the theorems in Subsection 1.1 to analyze the period
integral and the period matrix of X and their deformations. More precisely,
if X¢ is in a formal family of hypersurfaces X¢,, we provide an explicit
formula and an algorithm (based on a Grobner basis) to compute the period
integral (see Theorem 1.4) of X, in terms of the period integral of X and
the Loo-morphism k = (b%o” ° @H in Theorem 1.3. We also do the same work
for the period matrix (see Theorem 1.5) of X, . This explicit formula can be
viewed as an explicit solution to Picard-Fuchs type differential equations for
period integrals of a formal family of hypersurfaces using the L..-homotopy
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data and the initial solution. We assume that X is Calabi-Yau, i.e. d =
n + 1, in Theorems 1.4 and 1.5; our deformation theory works especially well
in this case. If X is not Calabi-Yau, some of statements are still literally
true and some can be modified to be true. But we decided to postpone the
non-Calabi-Yau deformation in anther paper for the sake of simplicity of
presentation and for technical reasons.®

For our deformation theory, we define the following formal power series

(1.10) 2y ([¢"])
= exp (Z Z 1o to‘1 /7 ° fH)n(eal, .. ,ean)) —1eC[[t]],

0417 5 Qn

which depends only on the homology class [y] € H,,—1(Xg,Z)o of v and the
Lo-homotopy type @H] of the Ly.-quasi-isomorphism

GH,0) - (ADx
This generating power series shall be used to determine the period integral
and the period matrix of a projective hypersurface deformed from Xg.
Let {eq }aer be a C-basis of H, where I is an index set, and denote the C-
dual of e, by t*. Let Xg,, C P" be a formal family of smooth hypersurfaces
defined by a

Gr(z) = G(z) + F(D),
where F(T') € C[[T]][z] is a homogeneous polynomial of degree d with coef-

ficients in C[[T]] with F'(0) = 0 and T = {T®},er are formal variables with
some index set I' C I.

By a standard basis of H we mean a choice of basis ey, ..., es,, €541, - - -,
5,55 €5, o+1,---,€s, , for the flag FoH in (1.3) such that ey, ..., es, gives
a basis for the subspace H? 1700 .= Hggri’o(Xg,(C) and €5, +1,---,€5,,
1 <k <n—1, gives a basis for the subspace H*~1-%F = Hgmll k, k(Xg,(C)
We also denote such a basis by {eq}acr where I = Io U [ U --- U [,_; with
the notation {eg}aelj =511, --,e5, and {t$}aer, = t5171+1, 9. We

8If cx :=d — (n+ 1) # 0, then one can find a homogeneous polynomial g(z) of
the minimal degree and minimal ¢ > 0 such that €, (y'g(z)) # 0 and y'g(z) € A
and then use %, (yig(x)(e o8 /v'9(2) 1)) instead of Cg,y(epfiI —1) = Z ([¢"]);
this amounts to twisting of "the measure %@ dyQ," in (1.7) by a new measure
"ylg(z)evE @ dyQ," which is invariant under the classical charge symmetry y
A"y, 2 Axg, A€ CX.
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assume that I’ C I, since H" %! governs the deformations of complex struc-
tures of X.

Theorem 1.4. Assume that X is Calabi-Yau. For any standard basis
{eatacr of HwithI = IoU Iy U---UI,_1, there is an Loo-quasi-isomorphism
£+ (H,0) > (A, 0)x such that

(a) for each 0 <k <n—1, the set {fl(e’g)}aelk
{F[k]a@)}aelk of homogeneous polynomials of degree dk = d(k+1)— (n+

1) such that
(—1)F k! Fiyo (z) ok
(TN

(b) We have the following equation

2mi =5 | Gtz
2ms 7(7) Gr(z) 2mi /T(w) G(z) m([ﬁ)

corresponds to a set

t8=0,8€I\I"
to=T" ael’

Note that 5= fT(v) % in (b) above is a geometrically defined invariant
of the formal family of hypersurfaces X¢,; recall that the image of %
under the residue map represents a holomorphic (n — 1)-form on Xg,.. Thus

the Lo,-homotopy invariant Z;([f]) ‘tazoﬂel\p tells us how to compute the
to=Te acl’
period integral of a deformed hypersurface Xq,. from the period integral

of Xeq.

Now we explain how to use Ls.-homotopy theory to compute the period
matrix of a deformed hypersurface. Let {74 }aer be a basis of H,_1(X,C)g
by noting that

dim@ Hn_l(X, C)O = dim(c H.
Let ©(X) = w3 (X) be the period matrix of X, i.e.

1 (—1)Fk! Fiya(z)
wa(X)::/ 65:/ Qn, «a,Bel.
’ Ya 270 S (y.) G(z)M!

™

Let Q(X¢,) = w§(Xg,) be the period matrix of a formal hypersurface
X¢, defined by Gr(z). Note that smooth projective hypersurfaces with fixed
deg;ee d have same topological types and their singular homologies (consist-
ing of vanishing cycles) and primitive cohomologies are isomorphic.
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Theorem 1.5. Assume that X is Calabi- Yau. The Lso-quasi-isomorphism

£+ (H,0) > (A, 0)x in Theorem 1.4 induces a 1-tensor {T°(t )¢} € Cl[E]],
which is explicitly computable and depends only on the Lo.-homotopy type of
[, such that

(a) Zpy) (E]) (1) = 2 0er T%(@) £Chy (€a);
(b) T*(t); =t + O(t*), Vael.

In addition, we have the following formula between wg(X¢,) and wg(Xg)
via {T“(;)i};

0
e = o (20 () @),

a—T ael’
= —T"(t (X
Z <6t5 > wp (Xc) t#=0,8eI\I"’
pEl to=T< ael’

for each o, 8 € I.

This theorem says that (X)) and 2(X¢,, ) are “transcendental” invariants
but their relationship is “algebraically computable up to desired precision”;
if we know the period matrix Q(X) = Q(Xg,) and the polynomials G (z),
then there is an algebraic algorithm to compute the period matrix Q(Xq,.).
The matrix (%Tp@) i) ‘tﬁzowge nr gives a linear transformation formula

to=T ael’
from w§(Xe) to wj(Xe, ). Note that

(@)

where 55 is the Kronecker delta. Thus the matrix % (21,1 ([f]) @) can be
thought of as a generalization of the period matrix of a formal deformation
of X¢. We will sometimes call the matrix

0
s (21 ([F]) ) o peny

the period matriz of an extended formal deformation (or an extended period
matriz) of X¢, associated to the Loo-quasi-isomorphism f.

From property (a) above, we see that the 1-tensor {T°(t)} determines
the generating series 2|, (E}) (t) completely if it is combined with the pe-
riod integral C,) : H — C. Property (b) in Theorem 1.5 also allows us to de-
fine an invertible matrix (2-tensor) G, ” (¢ )f =20 TP (t )f = 0a B 4+ O(t), where

0
=5 (2, (1) @) = w§(Xa),

te=0,a€l

te=0,a€l
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do means the partial derivative with respect to ¢, with inverse G, '°(¢); in
C[[t]]. We can further define a 3-tensor {Az°(¢)s} € C[[t]] depending only
on the Lo-homotopy type of f such that for all a,B,0¢el,

(1.11) Aag” )y = (%Q,@p@i) G, 7 (t);-

pel

Our approach shall provide an effective algorithm (using a Groébner ba-
sis) for computing the 3-tensor A,57(t)¢; see Subsection 4.13. Also there is
a concrete algorithm to determine the 1-tensor {T*(¢)s} from the 3-tensor
{Aap7(t) ¢} (its calculation can be implemented in a computer algebra system
such as SINGULAR by our new homotopy method). This means that, for an
arbitrary homogeneous polynomial F(z) of degree kd — (n + 1),k > 1, there
is an effective algorithm to compute the period integral f,y Res (%QTJ
from the finite data {Cy(ea) : @ € I'}. Specializing the generating series
2y ([ﬂ) (t) for any 1-parameter family, by setting t* = 0 for all « € I ex-
cept for one parameter t° with 5 € I’, one can derive an ordinary differen-
tial equation of higher order, which turns out to be the usual Picard-Fuchs
equation. In fact, A,37(t) f can be regarded as a generalization of the Gauss-
Manin connection; see Subsection 4.12.

As another application of our new approach to understanding H and Cf,,
we were able to prove the existence of a cochain level realization of the Hodge
filtration and a polarization on H (statements (¢) and (d) of Theorem 1.2).
We put a weight filtration on (Ax,-, Kx) which induces the Hodge filtra-
tion on H under the isomorphism Hp, (Ax) ~ H and analyze this filtered
complex to obtain a certain spectral sequence, which we call the classical
to quantum spectral sequence; see Propositions 4.11 and 4.12. Moreover, we
lift a polarization of H to a bilinear paring on Ax; see Definition 4.15 and
Theorem 4.16. This might provide a new optic for understanding the pe-
riod domain of homotopy polarized Hodge structures and the (infinitesimal)
variation of polarized Hodge structures at the level of cochains.

1.3. Approach to the proofs of the theorems

We turn to the general framework behind the theorems. In this subsection,
we will briefly indicate how we approach their proofs. We associate to X¢g
a representation of a finite dimensional abelian Lie algebra g of dimension
n + 2 on a polynomial algebra with n + 2 variables;

px : 9 — Endg(4), A:=Kk[y,zo,...,2,) =Kk[y,z].
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This Lie algebra representation comes from the Schrédinger representa-
tion of the abelian Lie subalgebra of the Heisenberg Lie algebra of dimension
2(n + 2) + 1 twisted by the Dwork polynomial y - G(z) € k[y, zo, ..., x,]. Let
a_1,Qq,...,a, be a k-basis of g. We also introduce variables y_1 = y,y9 =
o, Y1 = T1,...,Yn = Ty for notational convenience. If we consider the formal
operators (twisting p by y - G(x)),

0 exp(yG(g)), 1 =-1,0,...,n,

px (i) = exp(—y - G(z)) - 0

then we can see that

pxta) = -t [y G| + || G| v Gl +-

:3(y'G(£))+ 0
N 0yi dyi

With the notion of period integrals of Lie algebra representations, we
will show that the period integrals of such representations are the Grif-
fiths period integrals of the hypersurface X¢g. If we use the dual Chevalley-
Eilenberg cochain complex (A,,,-, K,,), which computes the Lie algebra
homology associated to px, then we can realize C|, as the homotopy type of
a cochain map €, : (A,,,-, K,,) = (C,-,0) of cochain complexes equipped
with a super-commutative product. In fact, (Ax,Kx) in Theorem 1.2 is
(Apy K ).

This leads us to study the category € of cochain complexes over a field
k equipped with a super-commutative product. An object of € is a unital Z-
graded associative and super-commutative k-algebra A with differential K,
denoted (A, -, K). A morphism in € is a cochain map (note that a morphism
is not necessarily a ring homomorphism).

e The basic principle here is that all Theorems in this article can be
derived systematically from a pair (Ax,-, Kx) € Ob(€) and %, :
(Ax, Kx) — (k,-,0) € Mor(€).

Note that a BV algebra in Definition 1.1 can be regarded as an object of
&k. This category € is studied in the context of homotopy probability the-
ory by the first named author in [19]. The failure of ring homomorphism
(with respect to the product -) of a morphism in € is related to the no-
tion of independence (so called, cumulants) in probability theory and the
differential K is related to homotopy theory. But here we will not touch any
issues related to probability theory. Instead we will provide a self-contained
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argument and proofs regarding €. The category € can be seen as a bridge
between period integrals of X and Lo.-homotopy theory. The relationship
between the period integral of X and € is made by the representation px,
and the relationship between €} and Ls.-homotopy theory will be given by
the descendant functor Des.

The descendant functor is a homotopy functor from the category €y to
the category £ of Loo-algebras (we include Appendix 5.2 explaining nota-
tions for the homotopy category of unital L.,-algebras suitable for our pur-
pose), which is defined by using the binary product - of an object of €. See
Definition 3.1 and Theorem 3.11 for details. This functor can be regarded
as an organizing principle (or tool) to understand the correlations among
Cy(x1), Cy(x1 - 22), ..., €y (21 - Tpp), Wwhere zq, ..., 2, are homogeneous el-
ements in Ax and m > 1. This functor unifies two different failures of com-
patibility of algebraic structures into one language; we show that measuring
how much the product - fails to be a derivation of K induces an L,-algebra
structure on Ay, denoted (Ax, Bx ), and measuring how much €, fails to
be a k-algebra homomorphism induces an Ly,-morphism from (Ax, 5x ) to
(k,0), denoted $%. Note that the descendant functor is independent of hy-
persurfaces and their period integrals and is a general notion which measures
incompatibilities of mathematical structures of the category €.

Once we get a descendant L..-algebra (AX,EKX), we can study an ex-
tended formal deformation functor attached to it. This deformation includes
the classical geometric deformation and has new directions which violate
Griffiths transversality. Theorem 1.3, Theorem 1.4, and Theorem 1.5 can
be derived by a careful analysis of (Ax,¢%¥) and the descendant L.-
morphism qﬁcbﬂ”.

1.4. Physical motivation; (0+0)-dimensional field theory

We briefly explain the physical motivation behind the article. We decided to
include it because the physical viewpoint was crucial to the conception of
the paper. Even if the description is not entirely precise from a mathematical
point of view, our hope is that it will be more helpful than confusing in guid-
ing the reader through the rather elaborate constructions to follow. What
we prove regarding X and its period integrals in the article is essentially to
work out the details of the simplest possible field theory, a (0-+0)-dimensional
field theory with the Dwork polynomial S, =y - G(z) as the classical action.
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Here (040) means 0-dimensional time and 0-dimensional space. ? The basic
principle is that any space can be viewed as the space of fields of a classical
field theory of dimension 0. A key point of the paper is that this principle
is very useful in putting classical objects into an illuminating context that
makes them amenable to natural generalizations.

Let CF'Tg, be such a (0+0)-dimensional classical field theory. Then we
can view the smooth hypersurface X¢ as (the reduced component) of the
classical equations of motion space of CFTg,, 'V, i.e.,

0S¢

9y (z) =0,

0S¢ 0G(x) ‘

= . — = 0 V = O 1 .o .

axl y 8xz ) Z ) 9 ) n
The space of classical fields is A := AL x A%\ {0} whose ring of regu-
lar algebraic functions is isomorphic to A = Cly, zg, z1,...,z,] = C[y]. We
call y;’s classical fields for each ¢ = —1,...,n. The gauge group C* acts

on A} x AE‘H \ {0} by A- (y, 20, . .., 2n) := (A%, Axo, ..., Ax,) for A € C*
(note that ch(y) = —d and ch(z;) = 1), so that S is invariant under the
gauge action. Then the ring R, of classical observables modulo physical
equivalence is isomorphic to the charge zero part ' of the Jacobian ring
J(Sa) == Cly] /(859;, %i;‘ ey ‘gil) This motivates us to construct the
commutative differential graded algebra (Ax,-,@x) whose cohomology is
isomorphic to Ry (when X is Calabi-Yau) or J(Sy) (when X is not
Calabi-Yau). Roughly speaking, one can regard the passage from the ring
R or J(Sg) to the CDGA (Ax, -, @Qx) as an enhancement of classical alge-
braic geometry to derived algebraic geometry.

We like to emphasize that if one just applies natural field theoretic con-
structions to the variety viewed as the classical equations of motion space,

9Every physical quantity has physical dimension [mass]®[length]®[time], a,b,c €
Z. In the present case, we are dealing with (0 + 0)-dimensional space-time so that
there is only one unit, which is converted to the weight wt of y. Note that a natural
filtration generated by y induces the Hodge filtration on H; see (¢) of Theorem 1.2.

0This physical view point suggests that we can use the potential S, =
E?Zl ykGr(z) when we deal with a smooth projective complete intersection X
in P" given by homogeneous polynomials Gy (z), ..., Gr(x).

HTf X¢ is Calabi-Yau (d = n + 1), then classical observables (elements of charge
zero) lift to quantum observables; this is the anomaly-free case. If X is not Calabi-
Yau (d # n + 1), then classical observables (elements of charge zero) do not lift to
quantum observables; there is an anomaly in this case. In fact, quantum observables
have the background charge cx =d — (n+1).
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all classical constructions in the paper follow. We summarize the correspon-
dence between the structures in CFTyg, and the structures arising in our

paper in Table 1.

(0-+0)-dimensional classical field
theory CFTg,,

enhanced homotopy theory of hy-
persurfaces

the space of classical fields mod-
ulo the gauge group

the weighted projective space
P"tl(—d,1,...,1)

the classical equations of motion
space

the union of one point and the
hypersurface Xq

the space of classical observables | the charge Zero part
modulo physical equivalence of the Jacobian ring
C[y] /(ascl DS 9Ses
J. dy ’ Oxo """ Oz,

homotopy  enhancement of

CFTs,

the CDGA (Ax,-,Qx)

Table 1: Classical field theory.

Then we quantize C'F'Tg , by essentially following the Batalin-Vilkovisky
(BV) quantization scheme in [3|, to construct a (0+40)-dimensional quantum
field theory QFTs., whose partition function is the Griffiths period integral
of X¢; this leads us to the construction of BVxy = (Ax, -, Qx, Kx) and the
cochain map ¢, which enhances C,). We call ; the anti-field of the classical
field y; and A is the BV operator in [3]. We view the differential Kx as a BV
quantization of the differential operator () x. In this case, the space of quan-
tum observables modulo physical equivalence is isomorphic to the middle
dimensional primitive cohomology H of X, since the 0-th K x-cohomology
group H?(X (Ax) is isomorphic to H. For each middle dimensional homology
class [y] € H,—1(Xq, Z)o, the cochain map ¢, becomes a Feynman path in-
tegral, in the sense of Batalin-Vilkovisky in [3|, such that the expectation
value €5 (0) of a quantum observable O is the period integral f7 w, where w
is a representative of cohomology class [w] € H; recall that

1

2mi

%,(0) . ( /0 WO(O)-eyG(x)dy>Qn, 0 e Ax,
TY

and the measure —% fT(’Y) (fooo mo(e) - eyG@)dy)Qn can be regarded as a
path integral measure in QF'Ts ,. In addition, QFTs,, has a smooth formal

based moduli space M x, whose tangent space is isomorphic to H and, if X¢
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is Calabi-Yau (anomaly-free in physical terminology), the tangent space has
a structure of the formal Frobenius manifold. The quantum master equation
in QFTs,

0a0pe" = Aag 0ve" + K (Mg - ") for Vo, B € I,
vel

can be seen as a vast generalization of the Picard-Fuchs type differential
equations. We also have worked out the generating functions of every quan-
tum correlation (see (1.10) for their definition) up to finite ambiguity by an
explicitly executable algebraic algorithm.

If we just apply a natural algebraic homotopy theoretical quantization,
which is proposed by the first named author in [18] and enhances the BV
quantization in [3|, to the classical field theory CFTs, ,, then all quantum
constructions in our paper follow. We also summarize the correspondence

between the structures in QFTs , and the structures appearing in the paper
in Table 2.

(0+0)-dimensional quantum field
theory QF Ty,

enhanced homotopy theory of hy-
persurfaces

the space of quantum observables
modulo physical equivalence

the middle dimensional cohomol-
ogy H= H":1(Xg,C)

prim

BV quantization of CFTg,,

the BV algebra BVy

Feynman path integral and par-
tition function

the Griffith period integrals ¢,

the quantum master equation

a generalization of the Picard-

Fuchs equations
the generating Power
H

2 ([¢"]) =yle =" — 1)
Table 2: Quantum field theory.

the generating functions of every series

quantum correlation

1.5. Plan of the paper

Now we explain the contents of each section of the paper. The paper consists
of 3 main sections and the appendix. In the first main section, Section 2,
we explain the general theory of period integrals associated to a Lie algebra
representation. In Subsection 2.1, we define the notion of period integrals of a
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Lie algebra representation p (see Definition 2.1). Then, in Subsection 2.2, we
explain how to construct a cochain complex associated to p which is dual to
the Chevalley-FEilenberg complex, and a way of associating a morphism into
(k,0) in the category @ to its period integral. Then we illustrate by an exam-
ple why the dual Chevalley-Eilenberg complex is crucial and more suitable to
understand the period integral of p than the cohomology Chevalley-Eilenberg
complex attached to p in Subsection 2.3.

The second main section, Section 3, is about the general theory of the
category €. The key concepts are the descendant functor, generating power
series, and flat connections. In Subsection 3.1, we explain the basic phi-
losophy of the descendant functor. In Subsection 3.2, we provide a way to
understand the category €y in terms of L,-homotopy theory; we construct
the homotopy descendant functor from the category €y to the category £
of Ly.-algebras. Then we show that a descendant L.,-algebra is formal in
Subsection 3.3. In Subsection 3.4, we attach a deformation problem to the
descendant Lo-algebra of (A, -, K) and explain what we deform. In Subsec-
tion 3.5, we define a notion of the generating power series, which organizes
various correlations and deformations of period integrals into one power se-
ries in the deformation parameters, and show that they are L,.-homotopy
invariants. Then we verify that the generating power series attached to a
versal formal deformation satisfies a system of partial differential equations
(Theorem 3.23) with respect to derivatives of deformation parameters and
show the coefficients A,g7(t) appearing in the differential equations are Lo-
homotopy invariants, in Subsection 3.6. In Subsection 3.7, we provide a way
to compute the generating power series explicitly. Finally, in Subsection 3.8,
this system of partial differential equations is interpreted as the existence of
a flat connection on the tangent bundle of a formal deformation space at-
tached to (A, K ). In light of this, Section 2 can be regarded as a general way
to provide examples of objects along with morphisms to the initial object
(the period integrals of Lie algebra representations) in the category €.

In the third main section, Section 4, we apply all the general machinery of
the previous sections to reveal hidden structures on the singular cohomolo-
gies and the Griffiths period integrals of smooth projective hypersurfaces.
Section 4 can be viewed as a source of explicit examples of non-trivial period
integrals of certain Lie algebra representations, and gives non-trivial exam-
ples of objects and morphisms into the initial object in €. In Subsection 4.1,
we apply the general theory to the toy model to illustrate our homotopical
viewpoint of understanding the Griffiths period integral. In Subsection 4.2,
we explain how to attach a Lie algebra representation px to a projective
smooth hypersurface X. In Subsection 4.3, we briefly recall Griffiths’ theory
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of period integrals of smooth projective hypersurfaces and construct a non-
trivial period integral of its associated Lie algebra representation. Then, in
Subsection 4.4, we explicitly construct a commutative differential graded al-
gebra (Ax, Qx) whose cohomology essentially describes the coordinate ring
of X¢ and in Subsection 4.5 we construct the cochain complex (Ax, Kx)
with super-commutative product (a quantization of (Ax,-, Qx)) attached
to the hypersurface X. As a consequence we prove (a), (b) and (e) of Theo-
rem 1.2. We prove (c¢) and (d) of Theorem 1.2 in Subsections 4.6 and Sub-
section 4.8, respectively. In Subsection 4.7, we compute its K-cohomology
Hi (A) of A for every i € Z. In Subsection 4.9, we prove Theorem 1.3. We
verify Theorems 1.4 and 1.5 in Subsections 4.10 and 4.11. We provide a pre-
cise relationship between the Gauss-Manin connection and our flat connec-
tion on the tangent bundle of a formal deformation space in Subsection 4.12.
Finally, in Subsection 4.13, we explain how to compute (extended formal)
deformations of the Griffiths period integrals and the period matrices via the
ideal membership problem based on the Grébner basis.

The main idea of this paper originated from the first named author’s work
on the algebraic formalism of quantum field theory, [18]. Thus, in the ap-
pendix, Section 5, we decided to add an explanation of the quantum origin of
the Lie algebra representation attached to a given hypersurface X (Subsec-
tion 5.1). Finally, we include Subsection 5.2 on L.o-algebras, Ls.-morphisms,
and Ls.-homotopies in order to explain the notations and conventions used
throughout the paper.

Before finishing the introduction, we mention two things. Firstly, our
theory can be generalized to toric complete intersections from hypersurfaces
and conjecturally to any algebraic varieties. We will carry out the details
for (toric) complete intersections in another papers and the relevant refer-
ences which play a similar role as [11] would be [1], [8], and [25]. Secondly,
it may seem artificial to study € at a first glance: we study the category
¢x whose objects are (A, -, K), where we do not require compatibility be-
tween the super-commutative product - and the differential K, and whose
morphisms are not structure preserving maps in the sense that they preserve
only additive and differential structures (i.e., they are cochain maps), not
super-commutative ring structure (note a difference between the category
¢ and the category of CDGAs, i.e. commutative differential graded alge-
bras, where all the structures are compatible). But this category € is worth
investigating and studying; the objects in €y include BV algebras, and the
Griffiths period integral of the hypersurface X can be interpreted (very
neatly) as a morphism from (Ax, -, Kx) to the initial object (k,-,0) in the
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category €. Further the shadow L..-homotopy information obtained by ap-
plying the descendant functor measures the failure of compatibilities among
structures and reveals hidden structures on the period integral Cp,).
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2. Lie algebra representations and period integrals
2.1. Period integrals of Lie algebra representations

Let k be a field of characteristic 0 and g be a finite dimensional Lie algebra
over k. Let p: g — Endg(A) be a k-linear representation of g. We assume
that A is a commutative associative k-algebra (with unity) throughout the

paper.

Definition 2.1. We call a k-linear map C : A — k a period integral® at-
tached to p if C(x) =0 for every x in the image of p(g) for every g € g.

Note that such a map C is necessarily zero if A is an irreducible g-
module. For a given Lie algebra representation p, it would be an interesting
question to find non-trivial period integrals. Here we present a simple non-
trivial example.

12We use this terminology in a different sense than arithmetic geometers (a com-
parison of rational structures of relevant cohomology groups); we simply choose this
terminology since the period integrals of smooth hypersurfaces can be understood
as an example.
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Example 2.2. Let g be a one-dimensional Lie algebrak = R generated by a.

Let p be a Lie algebra representation on A = kx| given by p(a) = é% —x €

Endy(A). Then we consider the Gaussian probability measure \/%e_%d:r

and define a k-linear map
C :kl[z] =k,

(2.1) L[ 2)e~F dx
fla) = O = o= [ flwye .

This is an example of a period integral of p, since

\/127 /_‘: <8J(;;ar) i xf(x)> e~ % da =0,

The above Gaussian period integral is a special example of a more
general kind. Let

A=klg =kl¢',¢* ... q"]
be a polynomial ring with m variables for m > 1. Let S = S(q) € A. Let Jg C

A be the Jacobian ideal of S(g), i.e. the ideal generated by 95(g) 95(g)

8(]1 ) aqz bR
8;(1 (r%). Let g = gg be the finite dimensional abelian Lie algebra over k of di-
mension m, generated by a1, ao, ..., ay,. We define the following Lie algebra

representation pg : g — Endg(A):

(22 ps(a) = exp (~5(0)) - ;- exp (S(0)
o 05 .
:87qi+78qi , 1=1,2,....m.

We remark that this representation pg is obtained by twisting the Schro-
dinger representation of (a certain abelian Lie subalgebra) of the Heisenberg
Lie algebra by the polynomial S(q); see Subsection 5.1 for details. This mo-
tivates us to call pg the quantum Jacobian Lie algebra representation asso-
ciated to S(q) € A. It turns out that there are many interesting non-trivial
examples of period integrals of ps-

Example 2.3. We give an example for which m = 1, which generalizes the
previous Gaussian example. Let S(x) € R[x] = A be a polynomial such that

lim f(2)e®® = lim f(2)e®® =0

T—r00 T—r—00
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for every f(x) € R[x]. Let g be a one-dimensional Lie algebra generated by
«. Then the R-linear map

C:Riz] = R,

(23) f@) = C@) = [ fa)e i,

is an example of a period integral of pg, since

Clostrn) = [ (224 B pa)) Sz =0, vfia) € R,

Such a period integral C' attached to p = pg gives rise to a map C :
A/N, = k, where N, := 3" - imp(a). Note that, in general, C' fails to be
an algebra homomorphism and N, fails to be an ideal of A. This failure
will play a pivotal role in studying the period integral C' via L..-homotopy
theory.

Our main example, which we will focus on in Section 4, is when the Lie
algebra representation pg is constructed out of S =y - G(z), the so-called
Dwork polynomial of G(z), where G(z) is the defining equation of a smooth
projective hypersurface. Then the rational period integral of a smooth projec-
tive hypersurface X, which was extensively studied by Griffiths and Dwork,
can be interpreted as the period integral of pg (see Subsection 4.3).

We remark that studying a non-trivial period integral of a Lie algebra
representation of a non-abelian Lie algebra would be a very interesting ques-
tion, though we limit all the examples to the abelian case in this article.

2.2. Cochain map attached to a period integral

We now explain our strategy to study period integrals, assuming such a
nonzero period integral C' is given. The main idea is to enhance the k-linear
map C' : A — k to the cochain complex level (we do this in this subsection)
and develop an infinity homotopy theory (see Section 3) by analyzing the
failure of C' to be an algebra homomorphism systematically. In this paper,
the relevant homotopy theory will be the Lo-homotopy theory (this fact is
related to the assumption that A is a commutative k-algebra).

Let C': A—k be a nontrivial period integral attached to p : g— Endg(A).
We will construct a cochain complex (A,-, K) = (A,,-,K,) with super-
commutative product - whose degree 0 part is A, and a cochain map % :
(A, K) — (k,0), where we view (k,0) as a cochain complex which has only
degree 0 part and zero differential.
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Let aq, ..., a, be ak-basis of g where n is the dimension of g. We consider
g as a Z-graded k-vector space with only degree 0 part. Then g[1] is a Z-
graded k-vector space with only degree -1 part. Let ny,...,n, be the k-basis
of g[1] corresponding to a1, ..., ay,, so that they have degree -1. We consider
the following Z-graded super-commutiave algebra

(2.4) S(e1]) = T(e[1])/7

where T'(g[1]) is the tensor algebra of g[1] and J is the ideal of T'(g[1])
generated by the elements of the form x ® y — (—1)‘””|'|y|y ®x with z,y €
T'(g[1]). Note that |z| here means the degree of z. We can also view A as a
Z-graded k-algebra concentrated in degree zero part. Then we define the Z-
graded k-algebra A, as the supersymmetric tensor product of A and S(g[1]).

Proposition 2.4. The k-algebra A = A, is a Z-graded super-commutative
algebra and we have a decomposition of A into

AT A Vg...oA e

where A™ s the k-subspace of A consisting of degree m elements, with

AV = A.

Proof. The fact that A is super-commutative (zy = (—1)*I'¥lyz for every
homogeneous z,y € A) follows from the construction. It is clear that 7]12 =0
fori=1,...,n,since 2n? = 0 (recall that 7y, ..., 7, is a k-basis of g[1] whose
degree is -1) and the characteristic of k is not 2. Therefore the smallest degree
which the elements of A can have is —n (for example, 7y ---n9-- -1, has
degree —n). O

Now we construct a differential K = K, coming from the Lie algebra
representation p;

Kp A UL Am+17
where m € Z. Define

- 0 1, ., 9D
2. K,= 0 O — — 1 E = fii S A m+1
(2.5) p Zpl®am ®“ 2f] nkaman‘ A" — A ,
i=1 Z:J7k:1 J

where {fi;*} € k are the structure constants of the Lie algebra g defined
by the relation [a;, o] = S_p_; fij"u and pa, = p(;). Note that p,, only
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acts on the degree zero part A = A° via the representation p and the partial

derivative operator % increases degree 1, since 7; has degree -1. We shall

often omit the tensor product symbol in the expression of K,. Next, we show
that K, is actually a differential of A,,.

Proposition 2.5. We have that Kg =0 and K,(14) =0.

Proof. This follows from the fact that p: g — Endk(A) is a Lie algebra rep-
resentation. O

We extend our period map C': A — k to ¥ : A — k by setting ¢ (z) =
C(z) if v € A = A and € (z) = 0 otherwise.

Proposition 2.6. We can extend any period map C attached to p to a
cochain map € from (A,, K,) to (k,0), i.e. € 0 K, =0.

Proof. Note that A = Ag. We only have to check € (K ,(x)) = 0 when K,(x) €
A= Ag. Let us write the general element x in A;l as

n
T = ZFZ -1;, where F; € A.
i=1
Then K,(x) = > p(a;)(F;) € A. By the definition of the period integral
attached to p, we immediately see that C(K,(x)) = 0 for any z € AJ!. [

Example 2.7. We illustrate the above construction for Example 2.3. In this
case, the cochain complex A, with super-commutative product, associated to

P = Ps(z), is given by
A, =R[z][n], n*=0, nz =z,

where n is an element of degree -1 (the so-called ghost component). Then
ARt =0 unless m = 0,—1. The differential K, is given by

) <a +65(:3)> )

oy~ \ox an’

Ky = ple) Ox ox

The period integral C in (2.3) can be enhanced to a cochain map € :
(A,,-,K,) — (R,-,0) by Proposition 2.6. Then € induces the map € :
Hg(A,) = R, where Hx(A,) = ®i<oHi (A,) with i-th degree cohomology
Hi(A,) of (A, K,). Then it turns out that Hx(A,) = H°(A,) and is a
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finite dimensional R-vector space of dimension equal to the degree of aggp).
In Section 3, we will provide a general machinery to understand important
properties (correlations and deformations) of such an enhanced period in-
tegral € by using Lo.-homotopy theory. We refer to Subsection 4.1 for a
detailed analysis of Example 2.7 via Loo-homotopy theory.

When we study the period integral of a Lie algebra representation p of g,
we are particularly interested in the case where p(«) is a differential operator
of order n for a € g. Recall the definition of Grothendieck:

Definition 2.8. Let A be a unital Z-graded k-algebra. Let m € Endg(A). We
call ™ a differential operator of order n, if n is the smallest positive integer
such that £, # 0 and £}, | = 0, where

O (x1, 29, xn) = ([ [[7) Loy ]s Layls -+ -], L, ] (1),

foray,...,x, € A. Here L, : A — A is left multiplication by x, and the com-
mutator [L,L'] = L-L' — (=1)IEHWIL . L € Endy(A), and 14 is the iden-
tity element of A.

If the Lie algebra g is non-abelian, then K, for its arbitrary Lie algebra
representation p has order at least 2, because of the term 88 8(?; (2.5). In
general, K, for any Lie algebra representation p has order at least the order
of p(ay) + 1 for any a; € g, because of the term p(az)? n (2.5).

2.3. The origin of the cochain complex associated to p

In Subsection 2.2, we constructed a cochain complex (A,, K,) associated to
p and explained how to enhance the period integral C' of p to a cochain map
% . This can be seen as a degree-twisted cochain complex of the (homology
version of ) the Chevalley-Eilenberg complex in [5]; see Proposition 2.9. For a
given Lie algebra representation p, there are two kinds of standard complexes,
the cochain complex for the Lie algebra cohomology H*(g, A) and the chain
complex for the Lie algebra homology Hj (g, A). It will be crucial to use the
Lie algebra homology complex instead of the cohomology complex for our
analysis of period integrals, for which we will explain the reason.

We briefly recall the Chevalley-FEilenberg complex for cohomology. We
define a Z-graded vector space

C(g;p) = @ C?(g; p), where C*(g; p) := A @y APg”

p=>0
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If 3 € g* = Homy(g,k), define €(3) : APg* — APT1g* for any integer p > 0,
by wedging with 3:

e(flw =P Aw.

Similarly, if X € g, then define ¢(X) : APg* — AP~1g*, for any integer p > 1,
by contracting with X:

(X)) =p(X), forpeg"
and extending it as an odd derivation
UX) (A B) = uX)aAB+ (—1)laAuXx)p

to the exterior algebra A®g* of g*. Here aw € APg* if and only if |o| = p. Notice
that e(a)e(X) + t(X)e(a) = a(X)id. If we let {a;} and {3’} be canonically
dual bases for g and g* respectively, then it is well-known that the Chevalley-
Eilenberg differential on C'(g; p) can be written as

(26) dy=d =3 plas) @ e(5)

~iday D gh - Hon B CPiasp) = O o)

This construction gives the cochain complex (C(g;p),d,), called the
Chevalley-FEilenberg complex attached to p, which computes the Lie algebra
cohomology of p. If one compares d, with K, then the wedging operator (B9
corresponds to 7 and the Contractlng operator t(ag) corresponds to mul-
tiplication by 7. Note that the Chevalley-Eilenberg complex is obtained by
adding degree 1 elements {3'} to A and the cochain complex (4,, K,) is ob-
tained by adding degree -1 elements {n;} to A. Thus C(g; p) has no negative
degree components and 4, has no positive degree components. This duality
between K, and d, leads us to prove that (A,, K,) is, in fact, a degree-
twisted version of the Lie algebra homology Chevalley-Eilenberg complex.
In proving such a result, we also briefly recall the (dual) Chevalley-Eilenberg
complex which computes the Lie algebra homology; we consider a Z-graded
vector space

E(g; p) = €D Ep(g; p), where Ep(g; p) := A @y APy,

p=>0
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and equip it with the differential §, defined by

2.7)  S,(a®@ (w1 A Awy))

n
=3 (1) p(ai)(a) @ (w1 A Adi AL Azy)
=1
+ Y (D)Ma@ ([ m] Azc A AE A AN A ).
1<i<j<n

Then we twist 13 the degree of the chain complex £ (g; p) in order to make a
cochain complex E(g;p) = @pgo EP(g; p);

EP(g;p) == E_p(g;p), p<0.

Then E(g; p) has only negative degrees up to the k-dimension of g and be-
comes a cochain complex.

Proposition 2.9. The cochain complex (A,, K,) is isomorphic to the co-

chain complex (E(g;p),9,).

Proof. If we denote a k-basis of g by a1, ..., a,, the k-linear map sending
a; to n;, for each ¢ = 1,...,n, clearly defines an A-module isomorphism (a
k-vector space isomorphism, in particular). The commutativity with differ-
entials follows from a direct comparison between (2.5) and (2.7). O

Since we assume that A has a commutative associative product in ad-
dition to the module structure, this induces a natural super-commutative
product on E(g; p), i.e. the tensor product algebra of A and the alternating
algebra A®g. Then it is clear that the module isomorphism in Proposition 2.9
also respects the algebra structure. The binary product of A has important
information about correlation of period integrals.

The Chevalley-Eilenberg complex (E(g; p), d,) has been studied more of-
ten by algebraic topologists and algebraic geometers rather than (E(g; p),d,)
(or equivalently (A,, K,)).}* But, in our theory, (E(g;p),d,) is more useful

BThe degree twisting is needed for consistency with degree convention of the
L o-morphisms which we will consider in Section 3; we want our L..-morphisms
have degree 1 instead of -1.

For example, the Chevalley-Eilenberg complex C(g; py-c(a)) of the quantum
Jacobian Lie algebra representation p,.c(y) in (2.2) where ¢ =y, > =w0,¢° =
Zay...,q" =z, and G(z) is a defining polynomial of a smooth projective hypersur-
face X of dimension n — 1, turns out to be the algebraic Dwork complex studied

in several articles, including [1], and [13].
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and the failure of K, being a derivation will play a key role in deriving an
Lo-algebra from (A,, -, K,) by the descendant functor (in Section 3) and
studying the corresponding formal deformation theory.

We add a simple justification why (A,,-, K,) is more suitable than
(C(g; p), A\, dp) for understanding the period integral C' of p. Observe that we
can similarly enhance C' : A — k to a cochain map ¢” : (C(g; p),d,) — (k,0)
by setting ¢’ (x) = C(z) if z € C%(g; p) = A and €’(z) = 0 otherwise; note
that €” od, = 0 merely by the definition of ¢”. But this cochain map ¢”
loses the key information of the period integral C; we illustrate this by us-
ing the toy example 2.2. The induced map of ¢’ on the 0-th cohomology
H%g, A) = ng (C(g;p)) contains all the information of C. In Example 2.2,
we see that H'(g, A) := ker(d,) N C%(g; p) = 0, since the differential equa-
tion

does not have a non-zero solution in A = k[z]. This means that the map
¢": H*(g,A) — R induced from the cochain map %’ is zero; so it is not a
good cochain level realization of C in (2.1). On the other hand, the 0-th

cohomology H?{P (Ap) is isomorphic to the k-vector space k[z]/N,, where

N, = {825”) —af(z) : f(z) Ek[m]}.

The induced map % of € on the cohomology k[z]/N, has substantial infor-
mation about C. This justifies our use of the (twisted) homological version
(A,, K,) of the Chevalley-Eilenberg complex rather than the cohomological
version.

3. The descendant functor and homotopy invariants

This section is about the general theory of the descendant functor from the
category € to the category £y of Loo-algebras over k. This theory will pro-
vide the general strategy for analyzing the period integrals of a Lie algebra
representation and its associated cochain complex and cochain map via Loo-
homotopy theory.
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3.1. Why descendant functors?

Here we explain how the notion of a descendant functor arises in the study
of period integrals of Lie algebra representations. This provides the gen-
eral framework behind the main theorems of this paper. Let k be a field
of characteristic 0 and g be a finite dimensional Lie algebra over k. Let
p: g — Endg(A) be a k-linear representation of g, where A is a commuta-
tive associative k-algebra, such that p(g) acts on A as a linear differential
operator for all g € g. We called a k-linear map C' : A — k a period integral
attached to p : g — Endy(A), if C(z) = 0 for every x € N, := >_ . im p(g).
Hence such a period integral C' induces a map Pc : A/N, — k. Two closely
related properties of our period integrals are that, in general,

(i) C : A — k fails to be an algebra homomorphism,

(ii) N, fails to be an ideal of A.

The descendant functor ®es is designed to provide a general framework
to understand such period integrals and their higher structures by exploiting
those failures and successive failures systematically. The domain category of
Des is the category € and the target category is the category £i of Lo-
algebras over k.

The category € is defined such that objects are triples (A, -, K), where
the pair (A, -) is a Z-graded super-commutative associative k-algebra while
the pair (A, K) is a cochain complex over k, and morphisms are cochain
maps. We note that two of the salient properties of the category € are that

(i) morphisms are not required to be algebra homomorphisms,

(ii) the differential and multiplication in an object have no compatibility
condition.

Then the functor Des : & — £ takes

(i) a morphism f in € to an Ls.-morphism Qf = <;5f, qbg, qbg, ..., where
d)f = f and ¢§ , d)f,: ,... measure the failure and higher failures of f being an
algebra homomorphism,

(ii) an object (A, -, K) in € to an Lo-algebra (A, £5 = ¢ 0K (X ),
where ¢ = K and 55( ,Z? ,... measure the failure and higher failures of K
being a derivation of the multiplication in A.

Morphisms in both categories € and £i come with a natural notion of
homotopy and the descendant functor induces a well defined functor from the
homotopy category h€y to the homotopy category h&x. We sometimes use
—> to denote the descendant functor Des : € = L. The exposition given
here regarding Des is only a sketch and we refer to [19] for a full treatment.
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The general construction, developed in Subsection 2.2, associates to a
representation p : g — Endg(A) an object (A,, -, K,) of the category €y such
that the subalgebra Ag is isomorphic to A and the 0-th cohomology HY%(A,)
of the cochain complex (A,, K, ) is isomorphic to the quotient A/N,. Then,
a period integral C' : A — k attached to p gives a morphism % up to homo-
topy (see Proposition 2.6) from the object (A, -, K,) onto the initial object
(k,-,0) of the category €y, i.e., € is a k-linear map of degree 0 from .4 onto
k such that ¢ o K = 0. We then realize the period map P/, : A/N, — k by
the following commutative diagram

where f is a cochain quasi-isomorphism from Hg(A,), considered as a co-
chain complex with zero differential, into the cochain complex (A, K), which
induces the identity map on cohomology. Note that Py (0):= fo% :
Hp(A,) =k depends only on the cochain homotopy types of f and €.
Note also that Py (0) is a zero map on H (A,) unless i = 0 so that it can
be identified with P’ via isomorphism between HY,(A,) and A/N,.

Our general framework together with various propositions will allow us
to enhance the above commutative diagram as follows;

K

S (Hic(4,)

where S(V) is the super-commutative algebra of V' (see (2.4)) and the dotted
arrows are the following L..-morphisms
1) the Loo-morphism fg =¢?,$5,... is the descendant Des(¥) of €
such that ¢¢ = €,
2) ¢ = p1,¢2,... is an Le-quasi-isomorphism from Hp (A,) considered

as a zero Log-algebra into the L.-algebra ®es(A,) such that ¢ = f.

3) the Loo-morphism k = K1, ka2, ... is the composition 95 ® © in £y such
that k1 = ¢¥ 0 1 = Py(0) : Hi(A,) — k.
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Note that the L,-morphism fé = Des(€) is determined by %, while there
are many different choices of Loo-quasi-isomorphism . One of our main

theorem shows that L.,-morphism k := Q(g e © depends only on the cochain
homotopy type of " and the Lo.-homotopy type of ¢.

3.2. Explicit description of the homotopy descendant functor

Here we shall give details about the homotopy descendant functor from the
homotopy category of € to the homotopy category of £ of L..-algebras
over k by using the binary product as a crucial ingredient.

When the representation space of p has an associative and commutative
binary product, (A,, K,) attached to a Lie algebra representation p also has
a k-algebra structure. This implies that (A,,-,K,) and a period integral
¢ : (A, -, K,) = (k,-,0) is an object and a morphism of €y respectively.

An L.-algebra structure on A is a sequence of k-linear maps £ = 1, 4o, ...
such that ¢, : S"(A) — A satisfy certain relations (see Definition 5.4) and
an Loo-morphism from an Ls.-algebra (A, £) to another Lo.-algebra (A’,¢')
is a sequence of k-linear maps ¢ = ¢1, ¢2, ... such that ¢, : S"(A) — A’ sat-
isfy certain relations (see Definition 5.5). We use a variant of the standard
Lso-algebra such that every k-linear map ¢, for n =1,2,..., is of degree 1.
See Subsection 5.2 for our presentation of L.-algebras, Lo,-morphisms, and
Loo-homotopies (suitable for the purpose of describing correlations), which
is based on partitions of {1,2,...,n},

As we already indicated, our algebraic analysis is based on two facts:
the differential K is not a k-derivation of the (super-commutative) product
of A and the cochain map (period integral) f: (A,-, K) — (k,-,0) is not a
k-algebra map in general. Therefore it is natural to propose the following
definition for ¢ : A — A and £§ : S%(A) — A:

K{((:c) = Ku,

) U (r,y) = K(x ) — K-y — (<)l iy,

so that £5 measures the failure of K to be a derivation of the product. In the
case of morphisms, we propose the following definition for qﬁ{ A= A, <Z>£ :
S2(A) — A’ in the same vein:

¢l (x) = f(2),

3.2
e O (,y) = f(z-y) — f(2)- f(y),
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so that ¢£ measures the failure of f being an algebra map. But then there
would be many choices for how to measure higher failures!® , i.e., how to
define Eg( K and qﬁg , q§£ ,... in a systematic way. We provide one par-
ticular way so that resulting £% becomes an Lso-algebra and ¢/ becomes an
Loo-morphism in a functorial way; see Theorem 3.11. For the definition of
the descendant functor, let us set up some notation related to partitions. A
partition m = By U Bo U -+ - of the set [n] = {1,2,...,n} is a decomposition
of [n] into a pairwise disjoint non-empty subsets B;, called blocks. Blocks are
ordered by the minimum element of each block and each block is ordered by
the ordering induced from the ordering of natural numbers. The notation ||
means the number of blocks in a partition 7 and |B| means the size of the
block B. If k and k' belong to the same block in 7, then we use the notation
k ~, k'. Otherwise, we use k », k’. Let P(n) be the set of all partitions of
[n]. We refer to the appendix for more details regarding the partition P(n)
appearing in the following definition.

Definition 3.1. For a given object (A, -, K) in €, we define Des (A, -, K) =
(A, 1), where (5 = 5 05X is the family of linear maps €5 = S™(A) — A,
inductively defined by the formula'®

(3.3) K(xy---xp)

. K
= E : 6(77-7@) *IBy " TB; 4 L (‘/EBl) "TBip1 " EBg»
weP(n)
|Bi|=n—|r|+1

15" A homotopy associative algebra (so called, A-algebra) can be also used as a
target category; we can construct a A,.-descendant functor from €y to the category
of A.-algebras over k, which even works if we drop the super-commutativity of the
multiplication in an object of the category €. The descendant functor is a more
general notion; we recently found that the pseudo character (a generalization of
the trace of a group representation) is also a sort of a descendant which measures
different higher failures. But we limit our study only to L,-descendant functor in
this article.

16This is a sum over all 7 € P(n) which have a block B; of the given size, and
moreover if there is more than one such block, then we sum over each of choice of
such a block. Note that ¢(7) depends on z = (z1,...,z,), even though z is omitted
for the sake of the notational simplicity. Such a dependence is explained in the
appendix.
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for any homogeneous elements x1,x2,...,x, € A. Here we use the following
notation:

Tp =25 Q- - Qxj, if B={j1,...,jr},
g(ﬁfB) = Er(a:jl, - ,ij) ifB = {jl; .. 7jr},
G(W,i) = 6(7'(')(—1)'5531‘+"‘+‘$Bi71|'

For a given morphism [ : (A,-, K) — (A',-, K') in €, we define a morphism
Des(f) as the family Qf = qb{, qbg, ... constructed inductively as

B4 flarwa)= Y emel (@) ¢ (2p,), n21,

meP(n)

where ¢ (xg) = gb?f(a:jl,...,ij) if B={j1,---,Jr}, 1< j1,...,0r <mn, for
any homogeneous elements x1,...,x, € A. Here (;55 :S"(A) —» A is a k-
linear map defined on the super-commutative symmetric product of A.

Remark. We will call the above Des (A, -, K) and Des(f) a descendant
Lo-algebra and a descendant L..-morphism respectively. These descendant
Lso-structures will appear in the study of the period integrals of smooth pro-
jective hypersurfaces. Note that not every L-algebra over k is a descendant
Lo-algebra over k; for example, an induced minimal L,-algebra structure
on the cohomology Hx(A) of a descendant L..-algebra (A, ) is always
trivial; see Proposition 3.12.

According to the definition, we have (3.1). For n > 2, the following holds:

‘61[1((5817 o 7;17”71,(];”)
=05 (x1,. o, a1 ) — 5 (1, 1) T
_ ()l K ()

If A has a unit 14 and K(14) = 0, then one can also easily check that

(3.5) Bz 2o, xn) = ([ [[K, Lay]s L)y - - - |, Le, | (14)

for any homogeneous elements x1,xs,...,x, € A. Here L, : A — A is left
multiplication by  and [L, L'] := L - L' — (—=1)IFHYIL . [ € Endy (A), where
|L| means the degree of L.
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Unravelling the definition also shows (3.2). For n > 2, we have

qﬁf;(a:l, cey X)) = (ﬁfl_l(ml, ey T2, Tp—1 * Ty
- Z ¢f($31) : ¢f(sz)
meP(n),|r|=2
n—1lmw,.n

Let ArtZ denote the category of unital Z-graded commutative Artinian
local k-algebras with residue field k. Let v € (mg ® A)Y, where a € Ob(ArtZ),
and let my denote the unique maximal ideal of a; the tensor product m, ® A
also has a natural induced Z-grading and (my, ® A)"™ denotes the k-subspace
of homogeneous elements of degree n.

Lemma 3.2. For every v € (mg ® A)° and for any homogeneous element
A € a® A whenever a € Ob(ArtL), we have identities in a ® A;

(3.6) K(e) —1) = ¢ - L%(y),

where L (7) = Y251 H65(v,...,7), and

(3.7) K\-e)=LEON) e + (-1 K(e7 - 1),
where LI (X) := KX+ 05 (7, M) + Y02 ﬁe,’f (Voo A).

Proof. Note that we use the following notation (see Definition 5.2);

Ef(al ®v1,...,an®vn)
= (_1>|a1|+|a2|(1+\v1|)+--~+\an\(1+|v1|+-..+|vn71|)a1 ey ® gﬁ( (v1,...,0p)
for a; ® v; € (mq ® A)? with 4 =1,2,...,n. Hence the above infinite sum

is actually a finite sum, since m, is a nilpotent k-algebra. Then the first
formula follows from a simple combinatorial computation by plugging in
¥ = >, a; @ v;; the reader may regard (3.6) as an alternative definition of
the Loo-descendant algebra (A, £5).

For the second equality, let a = k[e]/(2) be the ring of dual numbers,
which is an object of ArtZ. Denote the power series eX — 1 by P(X) and let
P'(X) = eX be the formal derivative of P(X) with respect to X. Then it is
easy to check that P(y+¢e-A) = P(y) +(c-A) - P'(y) fore- A € (a® A)°.
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This says that

P(y4+e- N -LE(y+e-))
=K (P(y+¢e-)X) by (3.6)
= K(P(y)) + K ((¢-A) - P'(7))

P'(y)-L"(7) + K ((e-A)- P'(7)) by (3.6)
On the other hand, we have that

Py+e-A)-LE(y+e-))
=P'(7)- LX) + (- A) - P'(7) - LR (7) + P'(y) - L5 (- A)

where LE(e-X) = K(e- )+ Y00, ﬁéﬁf (7,7, (e- A)). By compari-
son, we get that

K ((e-2)-P'(y) = (e-A) - P'(7) - L¥(7) + P'() - L (e - \)

=L (e-A) - P'(7) + (- A) - K(P(7))-

Then this implies the second identity according to our sign convention. [J

Lemma 3.3. The descendants £ define an Loo-algebra structure over k

on A.

Proof. For every v € (mq ® A)?, we consider LE () = D>t LKy, . ,7).
Then (3.6) says that

K =1) = IK(3) = IX(3) - .

Applying K to the above, we obtain that

where we have used K? = 0 for the 1st equality. The 2nd equality follows from
Lemma 3.2 and the 3rd equality results from the fact that L% (y) - K (¥ —
1) = L ()2 - €7 vanishes, since L¥(v)? = 0 by the super-commutativity of
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the product (note that L () has degree 1). Hence the following expression
X(7) = LE(LR (7)) = K(L® (7)) + 6 (v, L (7))

+ ZS o _1 1)!655(7, o L)

vanishes for every v € (m, ® A)" whenever a € Ob(ArtZ). We then consider
a scaling v — A -, A € k*, and the corresponding decomposition x(vy) =

X1(7) + x2(7) + x3(y) + - - - such that x,(A-v) = AN"xn(7), i.e., we have for
n>1

n

1
Xn(7) = meﬁim ) A
2 17!

It follows that x,(y) = 0, for all n > 1 and for all v € (m, ® A)? and every
a € Ob(Art). Hence (A, K, 14) is an Loc-algebra over k by Definition 5.2.
O

Lemma 3.4. For every v € (mqg ® A)° and for any homogeneous element
A€ a® A, We have identities in a ® A;

(3.8) fler—1) = 1,
where (I)f("}/) = Z?’LZI %¢£(77 s /7); and
(3.9) FA-e?) =L () -0,

where @%c()\) = qﬁ{ A)+>00, ﬁ@é(% S A).

Proof. Recall the sign convention from Definition 5.3;

Pn(a1 ®@ v, ... an @ vy)
= (_1)|a2||7)1|+~..+|an|("U1H"--'an—l‘)al ce Oy (4] ¢TL (U17 .. ’/Un) .

for a; ®v; € (Mg @ A)° with i =1,2,...,n, whenever a € Ob(ArtZ). The
first equality is a simple combinatorial reformulation of Definition 3.1 with
the above sign convention. We leave this as an exercise (pluginy = Y/ | a; ®
v;); the reader can regard (3.8) as an alternative definition of a descendant
Loo-morphism ¢/ .

Again, let a = k[e]/(?) € Ob(Art%) be the ring of dual numbers. Denote
the power series eX — 1 by P(X) and let P'(X) = eX be the formal derivative



Enhanced homotopy theory of period integrals 271

of P(X) with respect to X. Note that P(y+¢e-X) = P(y)+ (- \) - P'(v)
fore- A € (a® .A). Inside a ® A we have that

FPO +f((e-N)-P'() =

(@7 (7)) + P (@ (7)) - @] (- N).

Then this finishes the proof of (3.9). O

Lemma 3.5. The descendants ¢/ define an Log-morphism from (A, £5)
into (A, (X",

Proof. Applying K’ to the relation f (7 — 1) = e® ™ —1in (3.8), we obtain
that

fK(e"=1)) = K'(e*0) — 1),

where we have used K'f = fK. Then (3.6) implies that
(3.10) FLE(y)-e) =LK (@f (7)> e®' O,
Then (3.10) combined with (3.9) says that

(3.11) B (LK (7)) - ') = LK (<1>f (’y)) e,

Therefore the following expression

((y) = (cbf (L¥ (v

- LK( (Z Egb{z('% tet 77))
n=1

--m,LK(v)))

vanishes for every v € (mq @ A)° whenever a € Ob(2,). Then we consider
a scaling v — X-v, A € k*, and the corresponding decomposition ((vy) =
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G (y) + G(y) + ¢3(y) + - -+ such that ¢, (A7) = A", (), where

1
Cn(’V) — Z ¢fj1+1 (@f(%aV)a%a’Y)

iligl
Jitje2=n J1-J2:
00
1 1 ,
_Z Z gﬁ&{{ ((ﬁfl(%...,'y),...,qﬁi(%...,y))‘
r=1ji+-+j.=n Ji: Ir:

It follows that (,(y) =0, for all n > 1 and all v € (my ® A)° whenever a €
Ob(ArtZ). Thus, by using Definition 5.3, it follows that the sequence ?f
defines an Ly,-morphism between L..-algebras. U

Lemma 3.6. Let f: (A K)— (A, K')and f : (A, K') — (A", K") be two
morphisms in €. Then we have

o = o1 e g,
where o is the composition of Loo-morphisms (see Definition 5.6).

Proof. Consider v € (my ® A)° whenever a € Ob(ArtZ). Then (3.8) implies
that

2 (8 () _ 1=f(e® D) =(fof)(e—1)= o7 _ 1

Therefore, if we set X (v) = ®/'(®/(y)) and Y (v) = ®/"°/(y), then we have
X (7) =Y (y) for every v € (my ® A)°. Consider the decomposition X () =
X1(7)+Xa(y)+--+ and Y(v) =Yi(y)+Y2(7)+ -+, where Xp(A-v) =A"-
Xn(y) and Y, (A -y) = X" - Y, (y), A € k*. Then X, () = Y, () for all n > 1.
The equality (3.8) implies that

1 o
Galy) = Soh .

The direct computation gives us that

Xn(’)/):z Z 1#¢Z’ (qul(’Y""?’Y)""7¢jr(’y7"'7f}/))

[aleg)
T . .
N

E%(Qflogf)n(%...,y)

We hence conclude that (]ﬁ?];,of('y, ) = (Qf . Qf) (v,...,7) foralln > 1.

n

It follows that ¢/"°/ = ¢/" e ¢/ O
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Now we turn our attention to cochain homotopies in € and L..-
homotopies in £.

Definition 3.7. Two morphisms f : (A, K) — (A, -, K') and f : (A,-, K)
— (A, K') in € are called homotopic, denoted by f ~ f, if there is a poly-
nomial family F(7) : (A,-,K) = (A, -, K') in 7 of morphisms with F(0) = f
and F(1) = f satisfying

(3.12) gF(T) =K'o(t)+o(1)K

T
for some polynomial family o(7) in T belonging to Hom(A, A")~L.In this case,
we call o(T) a homotopy between f and f'.

Definition 3.8. Given two morphisms f:(A,-,K) — (A',-,K') and f
(A, K) = (A, K') in €, and a homotopy o = o(1) and a polynomial
family F = F(7) as in (3.12), we define the descendant homotopy A, =
Ao e Hom(S™ A, A)~! for each n > 1, by the following formula

(3.13) o(e? —1) = e . AP (y),

where AT (y) =32 AN, (v,...,7) and v € (mq® A)° whenever a €
Ob(Art?).

Compare the formula (3.13) with the formula (3.6) for the descendant
L.-algebra and the formula (3.8) for the descendant L.,-morphism.

Lemma 3.9. Let f,f: (A K,:) = (A, K',-) be morphisms which are ho-
motopic in € in the sense of Definition 3.7. For every v € (mq @ A)° and
any homogeneous element p € a ® A, we have the following identity ina @ A;

(3.14) o (7 p) = e AR () + @F () - AP (),
where Af’g(,u) =M(p) +300, ﬁ)\n (5o v ¥s 1)

Proof. Again, let a = k[e]/(e%) € Ob(ArtZ) be the ring of dual numbers. De-
note the power series eX — 1 by P(X) and let P’(X) = ¥ be the formal
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derivative of P(X) with respect to X. For ¢ - u € (a ® .A)°, we have the fol-
lowing identities in a ® A

o (P(y)) + 0 (P'(y)-en)
=o(P(y+e-pn)
=P (" (y+e-p) AP (y+e-p)
= (P (@7 (7)) + P (2L (e- ) = 1) - (A7 () + AL (e - )
= (P(7)) + P (®F (e - ) A" (y) + P (27(7)) AL (e - ) — AT (7).

This translates into
o (P'(y)-ep) =P (@ (e 1)) A (v) + P (27 (7)) A7 (e - ) — AT (7).

Then (3.14) follows from this computation combined with our sign conven-
tion. U

Lemma 3.10. The descendants of morphisms which are homotopic in €y
are Loo-homotopic in the sense of definition 5.11.

Proof. By Definition 3.7, there is a polynomial family F'(7) in 7 of morphisms
with F'(0) = f and F(1) = f satisfying

(3.15) aaTF(T) =K'o(r)+o(r)K

for some polynomial family o(7) in 7 belonging to Hom(A, A’)~!. Recall
that

1 F
(DF(’Y) = Z ﬁcéf(% ...,y) and F(e7 —1)= 27 _ 1,

n>1

where QF = QF(T) = ol ¢¥', ... is the descendant of F = F(r). Then the
identity (3.15) implies that
(9 @F( ) /
(3.16) 5.¢ V=Ko —-1)+0K( —1)
T
=K' (P'(®"(7)) - A" (7)) +a(P'(7) - L (7)),

where F' = F(7) and ¢ = o(7). The formulas (3.7) and (3.14) say that the
right hand side of (3.16) is the same as (with cancellation of middle terms
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due to (3.11))
Ligr(yy (A7) - PI(@F (7)) + P/(@F (7)) - AL (LK (7))

The left hand side of (3.16) is the same as P’ (®¥(y)) - %@F(y). Therefore
we eventually get

9 pF(y) = L) (AP (7)) + AF (LK ().

(3.17) —

Decomposing the equality (3.17) by k*-action v — av,a € k*, we have the
following form of the flow equation appearing in Definition 5.11 of Lyo-
homotopy of Luo-morphisms: for every v € (mq ® A)? whenever a € Ob(Art?)

£¢5(7)(% )

n
-y ¥ ll;ﬁil
gl 405 1T
Ny klrlggl--- g1
(N G ) I L G ) IO YA GO )

1
+ Z M)\j1+1 (77"'7776]['5(/77“-7’7)) )
Jitj2=n

where ¢X'(0) = ¢}, and o (1) = gbf;, for all n > 1. O

Remark. The explicit description of L.,-homotopies in Definition 5.11,
which is hard to come up with in the literature, is motivated by our formal-
ism of the descendant functor: we have defined L.,-homotopy (motivated
by the derivation of the equality (3.17) from the natural notion of cochain
homotopy o) so that Des becomes a homotopy functor.

Let h€ be the homotopy category of &, i.e., objects in h€} are the same
as those in € and morphisms in h€ are homotopy classes of morphisms in
¢k in the sense of Definition 3.7. We also define the category £ (respectively,
h£y) to be the (respectively, homotopy) category of Lo-algebras over k in
the same way by using Definition 5.11 for L..-homotopy. If we combine all
of the above lemmas, we have the following result.

Theorem 3.11. The assignment Des is a homotopy functor from the homo-
topy category HE to the homotopy category HL, which we call the descendant
Sfunctor.
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The functor ®es is faithful but not fully faithful; two non-isomorphic
objects in € can give isomorphic Ly.-algebras under Des, the trivial Loo-
algebra (V,0) cannot be a descendant L.-algebra (unless V' has a com-
mutative and associative binary product), and an arbitrary L..-morphism
between descendant L..-algebras need not be a descendant L.,-morphism.

3.3. Cohomology of a descendant L.-algebra

Here we prove that a descendant L.-algebra is formal in the sense of Defini-
tion 5.10. By Theorem 5.9, on the cohomology of an L..-algebra (V, £) there
is a minimal L..-algebra structure (H, EH) together with an L,.-morphism
@ from H to V. If an L..-algebra (V,{) is a descendant L..-algebra, i.e.,
(V,0) = (A, £5) = Des(A, -, K) for some object (A,-, K) in @, then this

minimal L..-algebra structure on the cohomology Hy of (A, K) is trivial.

Proposition 3.12. Let (A,-, K) be an object of ¢ and let (A, %) be its
descendant Loo-algebra. Then the minimal Lo -algebra structure on the co-
homology Hy of (A, £5) is trivial, i.e. Ef" = E?K = ... =0, and there is an
L-quasi-isomorphism gH from (Hg,0) into (A, £5).

Proof. Let H = Hy for simplicity. Let f: H — A be a cochain quasi-
isomorphism between the cochain complexes (H,0) and (A, K), which in-
duces the identity map on H. Note that f is defined up to cochain homotopy.
We remark that choosing f amounts to choosing a splitting of the short exact
sequence

0—>ImK ' —Ker K' - H —0
for each i. Let h : A — H be a homotopy inverse to f such that ho f = Iy

and foh =14+ KB+ BK for some k-linear map (3 from A into A of degree
—1. Let 1z = h(14). We need to establish that (i) the minimal Lo-structure

v =19,v3,... on H is trivial (we use the notation v, = ﬂg"), ie., Vg =13 =
-+ =0, (ii) there is a family o = i i ... where o} = f and ¢!l is a
k-linear map from S*(H) into A of degree 0 for all k> 2 such that, for all
homogeneous elements ay,...,a, of H and for all n > 1
Z E(W)f‘[fr‘ (@H(agl), . ,@H(an)> = 0.
meP(n)

We shall use mathematical induction. Set !’ = f. Then we have

Kol =0.
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Define a k-linear map Ly : S?(H) — A of degree 1 such that, for all homo-
geneous elements a1, as € H,

Ly(a1,a2) := 65 (@1 (a1), o1 (a2)).

Then Im Ly C Ker K NA by the definition of ¢§ and thus we can define
vy : S2(H) — H by 1, (al, ag) i=ho Ly (al, ag). On the other hand, it follows
that h o Lo (al, ag) = 0 for every homogeneous elements a1, as € H, because
we have

Ly(a1,a2) = K (@i (a1) - 1" (az)) — Keof' (a1) - 1 (a2)
— (1)l (a1) - Koff (as)
K (¢1' (a1) - o1 (a2)).

Hence v9 = 0. From ho Lg(al,ag) =0, we have 0= foho Lg(al,ag) =
Lo (al,ag) + chg(al,ag) where gpf ((11,(12) = oL (al,ag) is a k-linear
map from S%(H) to A of degree 0. Hence we have, for all homogeneous
ay,az € H,

Kb (a1, a2) + 65 (o] (a1), o1 (a2)) = 0.

Fix n > 2 and assume that vy = - - - = v, = 0 and there is a family ¢l =
eI ol ol where ¢! is a linear map S*(H) — A of degree 0 for 1 <
k<n, @{{ = f and such that, for all 1 < k < n,

(3.18) Z E(w)flffr‘ (¢[n] (aB,),---, o™ (CLBW)) =0.

mEP(k)

Define the linear map L, 1 : S"t1(H) — A of degree 1 by

Loyi(at,... an41) = Z E(W)€f§|(¢[n](&31),---a¢[n](aB‘,r|)
ﬂG‘P|(n+1)
|#1

=K Z 6(7r)¢[n] (aB1) o ¢[n] (aBIﬂ'\))'
7r€|P\(;+1)
|#1

Then Im L,+1 C Ker KN A, and

(3.19) ho Lpii(ay,... ans1) =0.



278 J.-S. Park and J. Park

Define the linear map v, 41 : S"T1(H) — H of degree 1 by

Vn+1(a1, . e ,an+1) :=ho Ln+1(a1, .o ,an+1).

It follows that, by the assumption, vo = --- = v, = v4+1 = 0. By applying
the map f: H — A to (3.19), we obtain

KofBoLnygi(al,... an1) + Logi(ar, ... an11) =0

Set @ | = Bo Ly ST (H) — A, which is a k-linear map of degree 0.
Hence

Ln+1(a17 e ,@n+1) + K@fﬂ (a17 e ,Gn+1) =0.
If we set g1 = gp{l, R 4,0,[?, cpfﬂ, then the above identity can be rewritten
as follows:
S emefy (87 ). 6 (ag, ) ) =0
TEP(n+1)
This finishes the proof. U

3.4. Deformation functor attached to a descendant L.-algebra

In general, one can always consider a deformation functor associated to an
Lo-algebra. Here we consider a deformation problem attached to the descen-
dant Loo-algebra (A, £5) of an object (A, -, K) in €. Recall that ArtZ is
the category of Z-graded commutative artinian local k-algebras with residue
field k. Let a € Ob(Art?), and m, denote the maximal ideal of a.

Definition 3.13. Let I',T' € (m, ® A)? such that

K —1)=0=K("-1).

Then we say that I' is homotopy equivalent (or gauge equivalent) to T, de-
noted by I' ~ T', if there is a one-variable polynomial solution I'() € (mq ®
A)V[r] with T(0) =T and I'(1) =T to the following flow equation

a@‘;ew) = K (M) ')

for some one-variable polynomial (1) € (mq @ A)~1[7].
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Note that the above infinite sum is actually a finite sum, since m, is
a nilpotent k-algebra. We used the product structure on A to define the
homotopy equivalence. Note that

[ee]
. . 1
K(e' —1) =0 is equivalent to g méff(l“, .., I)=0

n=1

by (3.6). Define a covariant functor Def 4 ,x) from Art? to Set, where Set
is the category of sets, by

(3.20) a — Defy 1) (a)

- {Fae(ma®A)°:§:;£f§(Fa,...,Fa):0}/~

n=1

where ~ is the equivalence relation given in Definition 3.13. One can send a
morphism in ArtZ to a morphism in Set in an obvious way. Let Def( 4y be
the extension of @ef( Agxy to the category of Z-graded complete commuta-
tive noetherian local k-algebras with residue field k; see [12], p 83. We want
to study this deformation functor. Any Leo-structure on Hx = Hg(A), in-
duced from the descendant (A, K ) via Theorem 5.9, is trivial by Proposition
3.12, ie., (A, £5) is formal (see Definition 5.10). Theorem 5.9 also implies
that there is an L,.-quasi-isomorphism fH = @{I,cpgl, ... from (Hg,0) —
(A, 15, ie. ol is a k-linear map from S™(H) into A of degree 0 for all
m > 1 such that

Z 6(71')5'[;' (SDH(C"BJ? ) (JDH(QBW)) =0

TEP(n)

for every set of homogeneous elements ay, ..., a, of Hx and for all n > 1. In
fact, the Loo-homotopy types of Leo-morphisms from (Hy,0) into (A, £5)
are classified by @ef(A’EK)(SH). To be more precise, we have the following
results:

Proposition 3.14. Assume that Hx = Hk (A) is finite dimensional over k.
(a) The deformation functor Def(a ) is pro-representable by SH :=
Jm D)_, S¥(H3,) with Hi. = Hom(H, k), i.e., there is an isomorphic nat-

ural transformation from Hom(SH,) to @mx)(-).
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(b) There is a bijection between @@K)(@) and the set
{0 .0 =01,02,... is an Log-morphism from (H,0) to (A, %)}/ ~
where ~ means the Los-homotopy equivalence relation given in Def. 5.11.

Proof. (a) This is a special case of Theorem 5.5 of [16], because (A, £5) is
formal by Proposition 3.12.

(b) Let {eq : « € I} be a homogeneous k-basis of the Z-graded k-vector
space Hx = Hg(A), where I is an index set. Let t* be the k-dual of e,,
where e, varies in {eq : a € I}. Then {t* : «a € I} is the dual k-basis of
{ea : a € I} and the degree |t*| = —|es| where e, € H‘;”l. We consider the
power series ring k[[t*]] = k[[t* : « € I]]. Let J be the unique maximal ideal
of k[[t%]], so that

(3.21) ay = k[[t*]]/JNT! € Ob(Art?)

for arbitrary N > 0. Then SH is isomorphic to @N ay. For a given Loo-
homotopy type of ¢, we define

] = [[(g)] = Z% St @ Gnleans s a)
n=1

Ay, Oy

S @ef(A’gK)(g\H),

where [-] means the homotopy equivalence class. Let us check that this is a
well-defined map, i.e., it sends L.,-homotopy types to homotopy equivalence
classes. Let ¢ be Log-homotopic to ¢ and I := I'(¢). By Definition 5.11, there
exists a polynomial solution ®(7) = ®,(7), ®2(7),... of the flow equation
with respect to a polynomial family A(7) = Ai(7), A2(7), ... such that (0) =
p and (1) = @. If we set

[1]

(M= 3 Tt DB (1) e o),

n>1"" e,
1
A(T) :Zﬁ Z ta"--~ta1 ®)\n(7-)(6a17"‘76an)7
n>1 ’ Qyeeny Ol

then we have Z(0) = T' and Z(1) = I". Moreover, the flow equation implies
(by a direct computation) that

877'6
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Hence Z(0) =T' and Z(1) = T' are homotopic to each other in the sense of
Definition 3.13. Conversely, for a given equivalence class [I'] of a solution of
the Maurer-Cartan equation

[F] _ Z - Z O L™ ® Vo, ay, € @ef(A&K)(S/'}\[),

define [, (€qys---s€a,) = Va,..a, for any n > 1 and extend it k-linearly.
Then ¢[I'] is an Loo-morphism and is also a well-defined map by a similar

argument. [l

This proposition, combined with Proposition 3.12, says that there exists
an Lso-quasi-isomorphism fH such that the pair (SH,T") where

oo
1 —
F:ZE Z (AR et ®(’07€I(€a1,...,€an)E@ef(A&K)(SH),
n=1""

QpyeeeyQpy

is a universal family in the sense of Definition 14.3, [12]. If I' € (mgz ® A)°
corresponds to ¢, we will use the notation I' = I',.

Remark. (a) This proposition can be generalized to any Lo.-algebra (V,£),
if we replace ArtZ by the category of unital Artinian local k-CDGAs (com-
mutative differential graded algebras) with residue field k; see Theorem 5.5,
[16].

(b) Let €2 be the full subcategory of € whose objects consist of unital
Z-graded commutative artinian local k-algebras with residue field k and a
differential which kills the unity (we do not require a compatibility between
the differential and the multiplication). Then we can construct a (general-
ized) deformation functor PDef 4. k) from €A to Set, by associating, for
any object (A, -, K) of €,

a — ‘B’Def(A,,’K)(a) = {Fa S (ma ®A)0 : Kelo = O}/ ~

where ~ is the equivalence relation given in Definition 3.13. The key point
here is that a morphism f : (a,-, Ky) — (a/,+, Kq/), in €2 (recall that these
are not ring homomorphisms) sends the solution I'y of Kels =0 to the
solution ®f(T') of Ke® Ta) = 0. We will study this functor more carefully
in a sequel paper.

Now we examine what we are deforming by the functor Def 4 ,x). A
solution of the functor Def 4 ¢x) gives a formal deformation of (A, -, K) €
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Ob(€y) inside the category €; see Lemma 3.15 below. We use new notation
Kr for LXK in (3.7)

(3.22) Kr(\) == LE())
= 1
- K K
= (K/\+£2 (T, ) + Z CE 1)!% (r,...,r,x)) ,
n=3
for any homogeneous element A € a ® A.
Lemma 3.15. Let a € Ob(Art?) and T € (mqa ® A)° be a solution of the
Maurer-Cartan equation in (3.20). Then Krp is a k-linear map on a ® A of
degree 1 and satisfies
KE=o.
In other words, (a ® A, -, K1) is also an object of the category Cy.

Proof. If we plug in A = Kp(v) for any homogeneous element v € a ® A
in (3.7), then

K(Kr(v)-e') = Kp(Kr(v)) - ¢ = Kf(v) - "
since Kel' = 0. But the left hand side of the above equality is
K(Kw-e") = (=)l Ke') = K2(v-e') =0

by using (3.7) again. Therefore KZ(v) - el = 0, which implies that K2 = 0.
It is obvious that Kt has degree 1 by its construction. O

By the above lemma, we can consider the cohomology Hg,.(a ® A) of the
cochain complex (a ® A, -, K1). Moreover, we can formally deform a mor-
phism € : (A, -, K) — (k,-,0) by using a solution for Def 4 ).

Lemma 3.16. Let ¢ : (A, K) — (k,0) be a cochain map. Let T' € (mq ®
A)Y be the solution of the Maurer-Cartan equation in (3.20). If we define

Cgp(x):%(x-er), reEa® A,

then 61 : (a® A, Kr) — (a ®k,0) is also a cochain map, where Ky is given
in (3.22).
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Proof. We have to check that 1 o Kp = 0. This follows from (3.7);
(61 o Kr)(z) =€ (Kp(z) - er) =¢ (K (z- er)) =0,
for any homogeneous element z € a ® A. O

3.5. Invariants of homotopy types of Lo,-morphisms

Throughout this subsection we assume that the cohomology space Hi =
Hg(A) is a finite dimensional k-vector space: let {e, : @ € I} be a homoge-
neous k-basis of Hx where I C N is a finite index set. Let {t* : o € I} be
the dual k-basis of {e, : a € I'}. Recall that the degree of t* is —|e,| where
eq € H E“‘.

Proposition 3.17. Let € : (A,-, K) — (k,-,0) be a morphism in the cat-
eqory €. Let C: Hx — k be the induced map on cohomology. Then C':
Hy — k can be enhanced to an Lss-morphism QCF ° fH for some Loo-quasi-
isomorphism EH, i.e. in the following diagram

(3.23) (Hi,0) — 2 (A05) — 220 Z(k0),

we have C =% o .

Proof. Theorem 3.11 gives us the descendant L..-morphism qﬁ% of the cochain
map % . Proposition 3.12 supplies us with an Loo—quasi—morﬁhism gH (which
is not a descendant Loo-morphism). Let ¢% e ¢!’ be the Lo,-morphism from
(Hg,0) to (k,0) which is defined to be the composition of Lo, morphisms
o and ¢%. Then the desired result C' = % o o follows, since the first piece
;{I of 917 is a cochain quasi-isomorphism and it induces the identity on Hg.

O

Definition 3.18. Let ¢ : (A,-,K) — (k,-,0) be a morphism in the cate-
gory €.

(a) Let a € Ob(ArtZ). A solution T € (mq ® A)° of the Maurer-Cartan
equation y o> | %En(F, .., 1) =0, de K(e" —1) =0, is called a versal so-
lution, if the corresponding Loo-morphism ¢[I'] is an Loo-quasi-isomorphism.
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(b) Let T’ € (mgz @ A)Y be a solution of K(e' — 1) = 0 corresponding to
an Loo-morphism ¢ (by Proposition 8.14):

(3.24) T = r( o

_Zn' Z ot ® (e, - - €a,) € (mgg ® A)°.

[CSRPRIvIe 0

We define the generating power series attached to € and I, as the following
power series int = {t%:a € I} of mgg;

C' —1) =% W= —1) e SH' .

Lemma 3.19. Let ¢ : (A,-,K) — (k,-,0) be a morphism in the category
Ck. If we define Qq,...a, € k by the following equality

(325) Sgﬂ(er@)ﬁ — 1) — ecb(g(r(t)g) _ 1

_ Z - STt © gy, € SH

QAyees Oy

then we have

:Z% Z 1% .. t6¥1®(¢ ng) (eal,...,ea")em%ﬁ,
(3.26) n=l e
Qaran = 3 (M) (7 @ )(en,) - (87 o )(en,.) €K,

TeP(n)
where eg = e, ® --- @ e;. for B={j1,...,jr}.

Proof. We leave this combinatorial lemma as an exercise; it follows from
Definition 5.6 of the composition of Ls.-morphisms. O

Definition 3.20. For a given Lo.-morphism k = K1, K9,..., from an Ly -
algebra (V,0) to (k,0), we define the following power series in t = {t* : a €
I} of mgy;

—0
Z(t) := exp (Zn' Z e . ~t"1®nn(ea1,...,ean)> —-1e SV,

QA1yeey Oy
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where {eq : o € I} is a basis of a k-vector space V' and {t*: « € I} is its
dual k-basis. Here we use the notation SV := Jim @k _o SE(V*) with V* =
Hom(V, k).

If welet V = Hg and SV = gﬁ, then (3.8) implies that

(3.27) Zigtag(t) = € (e Be — 1).

The main theorem here is that the generating power series (el W= — 1)
is an invariant of the homotopy types of ¥ and I‘(L)£ . Accordingly, we show
that Zj e, (t) is an invariant of the L..-homotopy types of the two Loo-

morphisms. Let I',T € (mq ® V)? such that

o

1 1 - 3
ln'“ LT =0=) —Lu(T,...,T).

n=

Theorem 3.21. Let I' be homotopy equivalent to T (see Definition 3.13).
Let € be a cochain map which is cochain homotopic to €. Then we have

(3.28) “" —1) =% (" —1).

Similarly, if p (corresponding to I') is Lo -homotopic to some ¢ (correspond-
imng to F) and gbcﬁ 18 Loo-homotopic to some Lso-morphism ¢, then we have

(3:29) Zig%ag] (1) = Z1305)(1)-

Proof. We first prove (3.29). If ¢ (corresponding to I') is Lo.-homotopic to
some @ (corresponding to I) andiqb%) is Loo-homotopic to some Lag morphisrn
gb, then Lemma 5.12 implies that (b%o e ¢ is Loo-homotopic to ¢ e . Because
both (ﬁ/ e pand qb e ¢ are defined from (Hg, 0) into (k, 0), i.e. both Hx and k
have zero L.-algebra structures, they should be the same by Definition 5.11:

¢hep=0ep.
Therefore we have the equality (3.29):

1) = Zi30g) (1)

We now prove (3.28) by using the equalities (3.27) and (3.29). Since
Proposition 3.14, (b) gives a correspondence between the homotopy types of
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I'=Ty, and the Loo-homotopy types of ¢ and Lemma 3.9 says that Q{ is
L-homotopic to Q%), we see the invariance €' (el — 1) = €(e' — 1) as follows
by using (3.27) and (3.29):

C(ele —1) = Zigoay (1) = Zye () = €= = 1) = € (" —1).

(67 o]

We also provide an alternative proof of (3.28) in order to illustrate a
key idea behind Leo-homotopy invariance in a better way. If ¢ : (A, K) —
(k,0) is cochain homotopic to €, then ¢ = ¢ + S o K where § is a cochain
homotopy. Since € o K = 0, we have

Cle —1)=%F (" —1).

If T" is homotopy equivalent to f‘, Definition 3.13 says that there is a poly-
nomial solution I'(7) € (mgz; ® A)°[7] with I'(0) =T and I'(1) =T to the
following flow equation

%J(T) =K ()\(T) : eF(T))

for some 1-variable polynomial A(7) € (mgz ® A)°[7]. This implies that

. 1
el —el = K </ A(T) - €F(T)d7'> ,
0

which in turn implies that ‘K(ef) =% (). O

Let Z be the quotient k-vector space of all (the degree 0) cochain maps
from (A, K) to (k,0) modulo the subspace of all the maps of the form & o K
where S : A — k varies over k-linear maps of degree -1. In other words, Z is
the space of cochain homotopy classes of maps from (A, K) to (k,0).

Proposition 3.22. Let (A, K) = (A,, K,) be associated to a Lie algebra
representation p. The k-vector space Z is isomorphic to the k-dual of H?((.A).

Proof. Since every representative % of an element of Z has degree 0 and
(k,0) is concentrated in degree 0, all the homogeneous elements except for
degree 0 elements in A vanish under the map %. In fact, there is no k-linear
map S : A — k of degree -1, since A does not have positive degree, i.e.,
A = A%? = ... =0. Then it is clear that Z is isomorphic to the k-dual of
AV K(A™Y) = HY(A). O
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3.6. Differential equations attached to variations of
period integrals

The main goal of this subsection is to prove that the generating power series
%(er@fH — 1) = Zjyeq,m(t) attached to ¢ and a Maurer-Cartan solution
L(t),m corresponding to an L-quasi-isomorphism ! satisfies a system of
second order partial differential equations. N

These differential equations, which are obtained by analyzing the binary
product structure on A and the differential K, are governed by the underlying
infinity homotopy structure on (A, -, K), namely the descendant L..-algebra
(A, K ); we will show that the differential equations themselves are invariants
of the Loo-homotopy type of the solution of the Maurer-Cartan equation. See
Theorem 3.23 for details. Moreover, these differential equations will lead to
a flat connection on the tangent bundle of the formal deformation space of
Def( 4 gx); see Theorem 3.27.

By Proposition 3.14, a (homotopy type of) solution I' = Ly € (mgy @
A)? of the Maurer-Cartan equation

o0

1 K
(3.30) Zﬁen( ..., T) =0,
n=1
gives us an (Leo-homotopy type of) Leo-morphism ¢ from (Hy,0) to (A, £5).
We will make differential equations with respect to the parameters {t*} in
the complete local k-algebra SH. Here recall that SH := lim D _, S*(H)
which is isomorphic to k[[t]].

Theorem 3.23. Let ¢ : (A,-,K) — (k,-,0) be a morphism in the category
Cy. Let T =T(t),n € (mgz @ A)° be a solution of the Maurer-Cartan equa-
tion (3.30) corresponding to an Lso-quasi-isomorphism gH from (Hg,0)
to (A, KK) Assume that Hy (A) is a finite dimensional k-vector space and
HKF(SH ® A) is a free SH-module satisfying

(3.31) dim]k HK(.A) = I‘k HKF (SH & .A)

Then there exist elements Aag? (t) = Aag” (t)r € SH depending on T, where
t={t* : ael}, such that

(3.32) (aaag — ZAQBV(t)m) €' —1)=0, fora,fel,
v
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where 0, means the partial derivative with respect to t“ where o € I. More-
over, if T and T' are homotopy equivalent, then A (t)p = Aap” (t)r

Proof. Note that I' = T'(¢) depends on ¢. Then the condition K (e"® — 1) =0
implies that

K(0ae"W) = K(9,1(t) - " W) = 0,
which says, by the equality (3.7), that

Kr (0aI(t)) = 0.

Therefore, combined with the condition (3.31), we may assume that {[0,1'(t)]:
acl} is an SH-basis of HKF(SH ® A), since ¢! is a cochain quasi-
isomorphism. Here || means the cohomology class. The condition K ' =0
also implies that

K (0a95"®) = K ((aaﬁr( )+ BaT (D350 (1)) - € @)) ~0,
where Jnp = %ﬁm, and the equality (3.7) says that
Ky ) (0apT(t) + 0aT(0)9pT (1)) - ") = 0.

Thus we should be able to write down [0,sI'(t) + 0,I'(t)05I'(t)] as an SH-
linear combination of [0,I'(¢)]’s, i.e. there exists a unique 3-tensor A,g7(t) €
S H such that

(3.33)  Dapl(t) + 0aT(H)05T (1) ZAaﬂ t) + Ky (Map(t)

for some A,p(t) € SH ® A. Then this is equivalent to

(3.34) Dndgel ZAaﬂ PO = K (Ags(t) - " ®).

We finish the proof by applying % to the above equality and using the fact
that € is a cochain map, i.e., € o K = 0.
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If T(t) and I'(t) are homotopy equivalent, then, according to Defini-
tion 3.13, we have

- 1
(3.35) L0 _ 0 _ g ( / Amew%) ,
0

where T'(£)(1) = I'(¢) and I'(£)(0) = I'(¢). By using (3.34) we can derive the
following;;

Dadp(e"® (Z Aag" (rdye™ ) — ZAaBW(t)favef(tv
B!
~K <Aa5(,) T K os(t) - ef(t)) .
Therefore (3.35) implies that

ZAaﬁ Hrose’® =57 4,57 (1):0,e"0 € Im K.
Y

After we add . Aag (t)p0ye I'(®) and subtract to the above, we can apply
(3.35) to prove that

D= (Z (Aag” (t)r — Aa/ﬁu)f)@w(t)) e em K.

y

Note that D has the form K (& - el ®) for some ¢. Then (3.7) implies that

D (Aag”O)r — Aag”(D)5) 05T (t) € Tm Ky
>

Since {[0,I'(t)] : v € I} is an SH-basis of HKF(§FI ® A), the desired result
Aap”(t)r = Aap? (t)f follows if we take the Kpy)-cohomology of the above.
O

The method used in the proof can be made into an effective algorithm
(see Subsection 4.1 for a toy model case and Subsection 4.13 for the smooth
projective hypersurface case) to compute %(er(i)ﬁ). It leads to the Picard-
Fuchs type differential equation for a family of hypersurfaces if we interpret
the period integrals of hypersurfaces as period integrals of quantum Jacobian
Lie algebra representations attached to hypersurfaces; see Subsection 4.10.
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3.7. Explicit computation of the generating power series

The goal of this subsection is to reduce the problem of computing the gen-
erating power series %' (¢!’ — 1) attached to ¢ and T = [',x to the problem
of computing the 3-tensor A,z (t)r for o, 8,7 € I that appeared in (3.32).
We also provide the proof of Theorem 1.5 Let € : (A,-, K) — (k,-,0) be a
morphism in the category €y. Let I' = I',n € (mq ® A)? be a solution of the
Maurer-Cartan equation (3.30) corresponding to an Lo-quasi-isomorphism
ol from (Hg,0) to (A, £ ) Assume that Hg(A) is a finite dimensional
k-vector space and H KF(SH ® A) is a free SH-module satisfying (3.31). Let
us write I' as

(3.36) I = Zn' Z ot @ ol (e ea,) € (Mg @A)

Ay,

Lemma 3.24. There exist T7(t) € SH ~ k[[t]] and A € SH ® A such that

(3.37) —1+ZT7 oll(ey) + K(A) € (SH ® A)°.

Proof. Recall that {e,:a € I} is a Z-graded homogeneous basis of Hy.
Since ! is a cochain quasi-isomorphism, {¢(e,)} form a set of repre-
sentatives of a basis of Hy. Therefore the result follows, because K (el') = 0
and K is SH-linear. O

Remark. Since ¥ o K = 0, we can express the generating power series as

(3.38) G 1) =3 T - C el (e)).
Y

So the above lemma, combined with Theorems 1.3 and 4.20, gives us Theo-
rem 1.5. Moreover, its explicit expression (1.11) in terms of A7 (¢)r in (3.32)
can be derived by a direct computation.

Note that € (¥ (e,)) does not depend on ¢ and T7(¢) does not depend
on €. Thus we only need to know the values €' (¢ (e,)) on the basis {e, :
a € I} of the cohomology group Hg and the formal power series T7(t) =
(t )F ., which depends only on the homotopy type of cp , in order to
compute (el —1). Let us explain how to compute T7(t). We reduce its
computation to the computation of A,g7(t)r. Let us write 77(t) as a power
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series in ¢ as follows:
- _t’y+Zn' Z ta al. O51042 a'}” fOI"YGI7
5 Qn

for a uniquely determined M ,..... € k. We define a k-multilinear operation
M, : S"(Hg) — Hg as follows

My (ea,s---s€a,) = E Mo, ayea, '€y, 1> 2.
g

We also write that the 3-tensor A,37(¢)r in (3.32) as follows:
Aap”(t)r = mag” + Z Z t "My, a0’ for a, B,y €1,
' [ SPPPPLe 208

for a uniquely determined my,...q,,o3” € k. We define a k-multilinear opera-
tion my, : T"(Hg) — Hg as follows

Mp(€ays- -y €a,) = E Mooz €y 1> 2.

Proposition 3.25. Let My be the identity map on Hy. Then we have the
following relationship between my, and M,y,:

M, (vi,...,0,) = Z e(w)Mw (vBl, . ,UBw,l,m(va)) .
meP(n)
[Bj||=n—|r|+1
n—1l~,n
for any homogeneous element vy, ..., v, € Hx and n > 2. The following is
also true:

o M, is ak-linear map from S™(Hg) into Hg of degree zero for alln > 1

° Mn+1(v1,...,vn,1H) = Mn(vl,...,vn) for all n > 1, where 1y is a
distinguished element corresponding to 1 4.

Proof. The equality (3.32) and (3.38) imply that

000 (Z ™t ) ZAQB (Z Tt (ew))>,
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for «, B € I. The combinatorial formula between m,, and M, follows essen-
tially from comparing the t-coefficients of both sides. We leave readers to
verify this formula and the remaining properties of M,, as exercises. ]

This explicit combinatorial formula says that the data of m,,, n > 2 com-
pletely determines M,,,n > 2, and vice versa; knowing A,g" (¢)r for o, 8,7 €
I, is equivalent to knowing 77 (¢) for v € I. By Proposition 3.25, it is enough
to give an algorithm to compute the 3-tensor A,g”(¢t)r and to know the
values (o1 (e4)), o € I, in order to compute the generating power series
% (el — 1). We will provide an effective algorithm for computing A.z7(t)r,
when a versal Maurer-Cartan solution I is associated to (Ax, -, Kx ), which
is attached to a projective smooth hypersurface Xg; see Subsection 4.13.

3.8. A flat connection on the tangent bundle of a formal
deformation space

Here we will show that the system of differential equations (3.32) can be
reformulated to give a flat connection on the tangent bundle of a formal de-
formation space. The proposition 3.14, (a) says that the deformation functor
Def( 4,y Is pro-representable by SH. Thus we can consider a formal defor-
mation space M attached to the universal deformation ring SH of Defaem)
so that Q°(M) = gl?l, i.e., M is the formal spectrum of SH. Let TM be the
tangent bundle of M and TM be the cotangent bundle of M. Let I'(M, TM)
be the k-space of global sections of TM and QP(M) be the k-space of dif-
ferential p-forms on M. We list some important properties of the 3-tensor
Ans" (t)r in (3.32), which we use to prove the existence of a flat connection

on TM.

Lemma 3.26. The 3-tensor Ayg” := Ang?(t)r in Theorem 3.23 satisfies
the following properties.

Agp” — (_l)lealleﬂ\Aﬁa'y =0,
0aAgy” — (—1)leelleslgg a7 4> (ABVPAQ,,U — (—1)|ealleﬁlAgyAﬁpU) =0,
P

forall a, B,7v,0 € I, where 0, means the partial derivative with respect to t.

Proof. The first one follows from the super-commutativity of the binary
product of A. The second one can be proved by taking the derivatives
of (3.32) with respect to t and using the associativity of the binary product
of A. We leave this as an exercise. ]
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Note that TM is a trivial bundle and let us write TM = M x V| where
V' is isomorphic to Hj. The most general connection is of the form d + A,
where A is an element of Q'(M)® Endy (V). Here @ denotes the completed
tensor product. We define a 1-form valued matrix Ar by

(3.39) (Ar)g? ==Y d“ A" ()r, B,y

where Ang7(¢)r is given in (3.32). Then Ar € QY(M)® Endy(V).

Theorem 3.27. Let I'=Tyn € ’Def(A!K)(gﬁ) which corresponds to an
Loo-quasi-isomorphism EH. Then the k-linear operator Dy := d + Ar defined
n (3.39)

(3.40) Drp :=d+ Ap : I(M, TM) — Q' (M) ®@qo(my T(M, TM),
s a flat connection on TM.
Proof. We compute the curvature of the connection Dr as follows;
D% = dAr + A%
Then a simple computation confirms that dApr + AZ = 0 is equivalent to the
second equality of Lemma 3.26 by using the first equality of Lemma 3.26.

Thus dAr + A% =0 and Dr is flat. O

Proposition 3.28. Let fH be an Lo -quasi-isomorphism from (Hg,0) to
(A, £5). The generating power series €(e'' — 1) attached to € and T' =T ,u
satisfies the equation B

d(0,6(e" —1)) = —Ap(0,6(" — 1)), i.e. Dp(9,%(e" —1)) =0,
where we view &ff(er — 1) as a column vector indexed by v € 1.

Proof. If we multiply (3.32) by d“ and sum over « € I, then we get

(3.41) Z(Zc&ff)ég Zc&a )a%( 1) =0, for B €I,

where 637 is the Kronecker delta symbol. Then the desired equality follows
from the definition of Ar in (3.39), by noting that d =)  @“0,. O
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4. Period integrals of smooth projective hypersurfaces

In [11], P. Griffiths extensively studied the period integrals of smooth pro-
jective hypersurfaces. We use his theory to give a non-trivial example of a
period integral of a certain Lie algebra representation and reveal its hidden
structures, namely its correlations and variations, by applying the general
theory we developed so far. We start with a toy example in order to illustrate
our applications of the general theory more transparently.

4.1. Toy model

We go back to the example 2.3. We have a (quantum Jacobian) Lie algebra
representation pg attached to a polynomial S(z) € R[x] of degree d + 1. The
associated cochain complex (A,,, -, K,,) = (Ag, -, Kg) € Ob(€y) is given by
As = Rlz][n] = Ag' @ Ag and Kg = (£ + 9'(z)) 4. The map C defined
by C(f) = [, f(2)e3®)dz can be enhanced to %s : (As, -, Ks) — (k,-,0)
by Proposition 2.6.

Proposition 4.1. The cohomology group Hf{i (As) vanishes and Hy_(As)
s a finite dimensional k-vector space. Its dimension is the degree of the
polynomial S'(z).

Proof. Even though the proof is straightforward, we decide to provide details
in order to give some indication about the more complicated multi-variable
version, Lemma 4.22. Note that Kg consists of the quantum part A = %8%
and the classical part Q = S’(x)a%. The image of A~! under the classical
part @ defines the Jacobian ideal of R[x]. We first solve an ideal membership
problem (just the Euclidean algorithm in the one variable case); for a given
any f(x) € R[z], there is an effective algorithm to find unique polynomials
¢ (z),r(z) € R[z] such that

@) f@) = S @@ +rO@), deg(rO(@) <d- 1.
Then we use the quantum part A to rewrite (4.1);

(0)(,
o) =2 (500 + ) 49+ 10

=20 0 ) 1 Ksta®) ).
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Then we again use the Euclidean algorithm to find unique ¢™ (), 7™M (z) €
R[z] such that

9¢' (x)
ox
This implies that

= 5"(x)gWM (z) +rV(z), deg(rM(z)) <d—-1.

f@) = 8@ (@) + (@) + 1O @) + Ks (¢ (@) - n)

g (x
_ _‘lax() +r0 (@) +rO(2) + K (q(n(x) ot O () - n) _
We can continue this process, which stops in finite steps, which shows that
the dimension of H?(S (Ag) is not bigger than d. But 1,z, ..., 2! cannot be
in the image of Kg because of degree. Thus the result follows. The vanishing
of H~1 is trivially derived, since any solution u(z) to the differential equation

815753) + 5'(z) - u(x) = 0 cannot be a polynomial. O

This type of interaction between quantum and classical components of
Kg will be the key technique to compute effectively (a fancy way of doing in-
tegration by parts) the generating power series ¢'(e!’ — 1) of period integrals
of the quantum Jacobian Lie algebra representation. Therefore (Ag, Kg)
is quasi-isomorphic to the finite dimensional space (H}_(Ag),0) with zero
differential; this is a perfect example to apply all the results developed in
Section 3. We record a general result in order to compute descendant L .-
algebras.

Proposition 4.2. Let S € k¢!, ..., ¢q™] be a multi-variable polynomial. The
descendant Los-algebra of the cochain complex (A, -, K),s = (Aps, -, Kpg) as-
sociated to the quantum Jacobian Lie algebra representation pg in (2.2) is a
differential graded Lie algebra over Kk, i.e. E?”S =/,"" =---=0. Moreover,
(Apgs ',Ef”s) s a Gerstenhaber algebra over k.

Proof. The equality (3.5) implies the result, since K, is a differential oper-

. Koo .
ator on A, of order 2. For the second claim, we have to show that £, " is
a derivation of the product:

(4.2) 0575 (- b,¢) = (=1)lla - 6575 (b, ¢) + (—1)PHlelgles (a, ¢) -,
for any homogeneous elements a, b, c € A,,. This follows from a direct com-

putation, which uses again the fact that K,  is a differential operator of
order 2. 0
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Thus, by Proposition 4.2, the descendant Loo-algebra (R[x][n], ¢2), where
la(u,v) == €55 (u,v) = Kg(u-v) — Ks(u) - v — (=1)%u - Kg(v),

is a differential graded Lie algebra (no higher homotopy structure) which
is quasi-isomorphic to (H,0) where H = Hg_(Ag). But note that the de-
scendant Loo-morphism ¢¢ from (R[z][n],£2) to (R,0) does have a non-
trivial higher homotopy structure: gbz‘f,(ﬁf, ... do not vanish. This higher
structure governs the correlation of the period integral ffooo u(z)eS®dz. Let
{eo,...,eq—1} be an R-basis of H. We define an Lo-morphism f = fi, fa,...,
from (H,0) to (R[z][n], ¢2) by

file;) =a', fori=0,1,...,d =1, fo=fs=---=0,

which is clearly an Ly-quasi-isomorphism. The version of Theorem 1.3 for
the toy model (which follows from Proposition 3.17 and Theorem 3.21) can
be summarized as the following commutative diagram:

C=¢fofs
(4.3) (H,0) (Rz][n], £2) (R,0),
f T T i =T
T
Then
- 1 (07 (0%
B =D D Tt falears o ea,)
n=1 " ai,..,a,
d—1
=> ti-a € Rlz][t],
=0

where {t*} = {to,...,t4_1} is an R-dual basis to {ep,...,eq—1}. Hence the
generating power series for ¢ and f is

Zigeap(t) = € (PDr 1)

[%S) 1 d—1 d—
:exp<zn!¢5<2ti-xz,..., ti-xz>>1,
n=1 = =0

—_

i=0

~
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which is an Ly,-homotopy invariant (Theorem 3.21). Lemma 3.24 says that
there exists a power series TUl(t) = TU(t),; € R[[t]] for each i = 0,1,...,d —
1 such that ;

d—1

Zisean)(t) = ZTM (1) - (/OO xiesu)dx> .

i —00
Note that the I-tensor Tl)(#) has all the information of the integrals
ffooo 2"e5@) dz for m > d, and is completely determined by the cochain com-
plex (R[z][n], (& + 5’ (ac))a%) with super-commutative multiplication. The
Fuclidean algorithm enhanced with quantum component in Proposition 4.2,
which we generalize to the Griffiths period integral (Lemma 4.22), can be
used to compute Tl(z) effectively and consequently compute all the mo-
ments f_oooo 2™e5@) dx ¥Ym > d from the finite data

/OO @) gy, /OO z-e@dy, /OO 29 1e5@) g,

Our general theory says that this determination mechanism is governed by
Loo-homotopy theory, more precisely, the interplay between the 1-tensor
T7(t) and the 3-tensor A, 37 (t)s (Proposition 3.25).

4.2. The Lie algebra representation px associated to a smooth
projective hypersurface X¢g

Let n be a positive integer. We use x = [z, 21, . . ., Ty] as a projective coordi-
nate of the projective n-space P™. Let G(z) € C[z] be the defining homoge-
neous polynomial equation of degree d > 1 for a smooth projective hypersur-
face, denoted X = X¢, of P™. Let g be an abelian Lie algebra of dimension
n+ 2. Let a_1,aq,...,a, be a C-basis of g. Let

A= C[yer) cee 7xn] = C[y,&]

be a commutative polynomial C-algebra generated by vy, zq, ..., x,. We also
introduce variables y_1 = y, yo = ©o,y1 = X1, - - -, Yn = T, for notational con-
venience. For a given G(z) of degree d, we associate a Lie algebra represen-
tation px = px, on A of g as follows:

(4.4) pi = px (o) = 8(; 886(2236), fori=-1,0,...,n,
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where S(y,z) =y - G(z). In other words, this is the quantum Jacobian Lie
algebra representation pg(, ) associated to S(y,z) =y-G(z) in (2.2). Of
course, we extend this C-linearly to get a map px : g — Endc(A). This is
clearly a Lie algebra representation of g. We will show that Griffiths’ period
integrals of the projective hypersurface X are, in fact, period integrals of
px in the sense of Definition 2.1 .

4.3. Period integrals attached to px

We briefly review Griffiths” theory and find a nonzero period integral at-
tached to px .

Proposition 4.3. Let C be a non negative integer. Fvery rational differen-
tial n-form w on P™ with a pole order of < k along X¢ (regular outside X¢
with a pole order of < k) can be written as

where Qy = >0 o(—1)'w;(dzg A - A dz; A--- Ndzy) and F is a homoge-
neous polynomial such that deg F'+n + 1 = kdeg G = kd.

Griffiths defined a surjective C-linear map, called the tubular neighbor-
hood map 7, (3.4) in [11]

T:H, 1(Xg,2) - Hy(P" — X¢,2),

where H;’s are singular homology groups of the topological spaces X (C)
and P"(C) — X5(C). It is known that this map is an isomorphism if n is
even. He also studied the following C-linear map, called the residue map

Res: H(X¢g) — H" 1(X¢,C),

wo (1o [ w
270 J2(3)

where H(X¢g) is the rational de Rham cohomology group defined as the
quotient of the group of rational n-forms on P™ regular outside X by the
group of the forms di) where v is a rational n — 1 form regular outside Xg.
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It turns out that there is an increasing filtration of H(X¢) (see (6.1) of [11]):
Hi(Xe) C - CHp1(Xe) CHo(Xg) = Hor1(Xe) = - = H(Xe),

where H(X¢q) is the cohomology group defined as the quotient of the group
of rational n-forms on P with a pole of order < k along X by the group
of exact rational n-forms on P" with a pole of order < k along Xg. The
isomorphism H,,(X¢q) ~ H(X¢) follows from Theorem 4.2, [11] and the fact
that the natural map Hy(X¢q) — Hrs+1(Xe) is injective follows from Theo-
rem 4.3, [11]. Moreover, Griffiths proved that Res sends this filtration given
by pole orders to the Hodge filtration of H" !(Xg,C). For each k > 1,
if we define 7, C H" }(Xg,C) to be the C-vector space consisting of all
(n—1,0),(n—2,1),...,(n — 1 — k, k)-forms. Then

(4.5) FoCF1C-+ CFpeo C Fpo1= Hnil(Xg,C).

Theorem 8.3, [11], says that H,(X¢) goes into the primitive part of Fj_q
under Res and Res is a C-vector space isomorphism from H(Xq) to the
primitive part H)';| (Xg,C) of H"*(Xg,C).

Now we construct a C-linear map C : A — C for each v € H,,_1(X¢g, Z),
which is a period integral attached to px. For y*~1F(x) where F(z) is a

homogeneous polynomial of degree dk — (n + 1) and k > 1, define

O, F(e) = —— (/ Yy (2) - ey‘;(w)dy) o
270 J2(3) \Jo
(=D (k- 1)! F(z)
= : Q.
271 () G(2)

In the second equality, we used the Laplace transform:

R k—1)!
/ yk 1€dey — (_1)k( T ) )
0

Note that %Qn is a representative of an element of Hy(X¢g) and

Joy) G5k, s well-defined. If @ € A is of the form y*"1F(z), but with
F(x) homogeneous of degree not equal to dk — (n+ 1), we simply define
C.(z) = 0. Because the elements y*~'F(z), where k > 1 and F(z) varies
over any homogeneous polynomials in C[z], constitute a C-basis of A, the
above procedure, extended C-linearly, gives a map C, : A — C. Then we
claim that this is a period integral attached to the Lie algebra representa-

tion px.
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Proposition 4.4. Let v € H,_1(Xq,Z). The C-linear map C is a period
integral attached to px, i.e. Cy (pi(f)) =0 for every f € A.

Proof. Recall that

0 0 0
G(z) +

p-1 = G(g) + 8731’ Pi = yaxz 8$i,

1=20,...,n.

It is enough to check the statement when p;(z) is a C-linear combination
of the forms y*~1F(z), where k > 1 and F(z) varies over any homogeneous
polynomials in C[z] such that deg F' + n + 1 = kd, since C is already zero for
other forms of polynomials. Let f(z) € C[z] be a homogeneous polynomial
of degree kd — n. Then for each k > 1 we have

0G(z) of(z)

pi(y" 1 f(2)) = "oz, yof(2) + yk—lTxi_

We compute

2mi - C, (8323) Yt fa) +yt agi?)

i 35(@) f() i 35(@)
= (—1)*k! 0T Q) + (1) (R — 1) T O
- /7(7) G(z)k+1 TEDTESD ) G(z)*

ke fla)- 5P - Gla) -
= k- [ . 0,

:/( N ewr Y (@nAj(z) —xjAp(@) (- day - day ) |

0<h<j<n

\_/

where A;(z) = f(z) and Aj(z) =0 for j # i. The last equality is a simple
differential calculation, which can be found in (4.4) and (4.5) of [11]. There-
fore this expression has the form fT(W) dw and this is zero, which is what we
want. Now we look at

Py f(2) = Gla)y* T fla) + (k= D)y 2 f(a).

Then we can similarly check (this is much easier and follows from the factor
(—=1)k=1(k — 1)! and sign) that

Cy(Ga)y" (@) + (k= 1)y f(z) =0,

for all £ > 1 and any homogeneous polynomial in Clz]. O
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4.4. The commutative differential graded algebra attached to a
smooth hypersurface

We now have two data: the Lie algebra representation px attached to the
smooth projective hypersurface X and a period integral C, : A — C at-
tached to px for v € H,—1(Xg,Z). In Subsection 2.2, we constructed a
cochain complex (A, , -, K,,) with super-commutative product - whose de-
gree 0 part is A (in fact, an object in the category €¢) and a cochain map
(Aps, Ky ) = (C,-,0). We introduce another Lie algebra representation
wx of the abelian Lie algebra g of dimension n + 2 related to X¢g. Let

mo=nx () = ———, i=-1,0,...,n.

This defines a representation 7; : ¢ — Endc(A). The same procedure gives
a cochain complex (A, , K, ). From now on, we denote K, by Qx. Note
that the C-algebra A appearing in the cochain complexes attached to px
and 7x should be the same, since we use the same Lie algebra g. But the
differentials Kx := K, and Qx := K, are different. The differentials K
and @) are given as follows:

AX = Apx = (C[y][n] = (C[y—lv yO; e 7y’ﬂ] [77—17 7707 R 7777»]

e N~ (98yz) O\ O
KX._pr_iz_:l( B +ayi>8m.¢4—>A,

, N 0S(y.x) 9
i=—1

Since %‘fj’@% is a differential operator of order 1, the differential @ x
is a derivation of the product of Ax. Thus (Ax,-, Qx) is a CDGA (commu-
tative differential graded algebra). But K is not a derivation of the product,
as we have already pointed out: the differential operator 6%1-6%1 has order 2.
We also introduce the C-linear map

Note that A is a also a differential of degree 1, i.e. A? = 0. Therefore we
have

AQx +QxA =0.
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It follows from this and Proposition 4.2 that (Ax, ',KX,Eg(X) satisfies all
the axioms in Definition 1.1, and thus we get the following theorem:

Theorem 4.5. The triple (Ax, -,KX,Eé(X) is a BV algebra over C.

Proposition 4.6. Let Hp (Ax) be the n-th cohomology group of the CDGA
(Ax,-,Qx). Then ng (Ax) has an induced C-algebra structure and we have

Hg, (Ax) = Cly, 2]/ Js,

where Jg is the Jacobian ideal defined as the ideal of A = Cly, x| generated
by G(z), Y5, ..., yHe.

Proof. This is clear from the construction. O

Proposition 4.7. The cohomology group Héi (Ax) is both an A°-module
and an H%X (Ax)-module.

Proof. We consider R € A)_(l such that QxR = 0. For any f € A} = A, we
have Qx(f - R) =0, since A C Ker Qx. Let S = Qxo where o € .A)_(Q. Then

we have

S f=Qx(c-f), forfeAx.

Therefore Héi (Ax) is an A-module. Note that ng (Ax) has a C-algebra
structure inherited from A, since Qx is a derivation of the product of Ax.
Then one can similarly check that Héi (Ax) is also a H%X (Ax)-module. O

1
A. Indeed, consider R € A" such that Kx(R) =0. For any f € A%, the
equation (3.1) says that

But notice that H, (Ax) is not an AS-module under the product - of

(4.6) Kx(R-f)=t5(R, f)+ KxR- f.

1

X
structure. In fact, this will play an important role in understanding the
complex (Ax, Kx).

Because Eé(x is not zero, H, - (Ax) does not necessarily have an A-module

4.5. The BV algebra attached to a smooth hypersurface

Here we prove parts (a), (b), and (e) of Theorem 1.2. We drop X from the
notation for simplicity if there is no confusion; (A, , K) = (Ax,-, Kx). We
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start by recalling the decomposition of A in (1.5);

A= @ Ach(wt) @ @ @A‘;,(w)

gh,ch,wt —n—2<j<0 weZ20 AEZ

Associated with the charges ch, we define the corresponding Euler vector
field

Eg, =—dy Za:z -+ dn1g— Zman
=0 v

Associated with the weights wt, we define the corresponding Euler vector

field
2" 12; Miy— 8771

Then u € A 1f and only if ch(w) = X-u, Ewt(“) = w - u, and gh(u) = j.

Note that Q preserves the charge and the weight, and commutes with E ch

and Ewt- The differential K also commutes with Ech and preserves the

charge but K does not preserve the weight. The operator A decreases the

weight wt by 1. Also note that gh(S(y)) = 0, ch(S(y)) = 0 and wi(S(y)) = 1.
If we define ; ;

(4.7) R:=—d-yn_1+ Z:L“mi e AL
i=0

then

n 0

0

which follows from the fact that G(x) is a homogeneous polynomial of degree
d. Moreover, R cannot be Q-exact for degree reasons. Then a straightforward
computation says that

KR=n+1-—d.
We define a C-linear map o : A — A by
(4.8) Op(x) =(5(R,x)+ KR -z =(8S(R,2)+(n+1—-d) -z, =€ A

It is clear that dr preserves the ghost number, since R € A~ and 65 is a
degree one map; for any m € Z, we have o : A™ — A™. Proposition 4.2
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implies that 65( is a derivation of the product;
eg(a : b7 C) - (_1)|a‘a ’ e?(ba C) + (_1)|b||6|£§(a7 C) ' b7

for any homogeneous elements a, b, ¢ € A. Using this one can compute that

oF OF “( OF  OF -
SRF)=—d (y5——na15— )+ ; =E_,(F
62 (R> ) d yay n 1877—1 + — Tim— 81’2 i~ 877 ch( )7
for any F' € A.

Lemma 4.8. The map dr preserves the degree of A. Moreover, we have

5RO K=Ko (53
Sr(A™ N Ker K C K(A™ 1) C A™

for each m € Z.

Proof. We compute, for x € A,

K(dp(z)) = K(5(R,z) + KR - z)
K(K(R-z)+R-Kz—KR-z)+ K(KR-x)

K(R- K:U)

= (X(R,Kz) + KR- Kz = 6p(Kz).

Note that 0g(x) = Ech(w) +KR- -z = Ech(x) + (n+1—d)xfor z € Aand
K(R-z)=(8(R,2) + KR -z — R- Kz =ép(z) — Kz, xc A™

This implies that dr(A™)NKer K C K(A™ ) for each m € Z and any
charge c € Z, since 0p(u) = (c—d+ (n+1)) - wifand only if u € A.. O

We define the background charge cx of (A, -, K) by
cx :=d—(n+1).
Then it is clear that Ker 6p = A, .

Lemma 4.9. The pair (Ker g, K) = (A¢y, K) is a cochain complex and the
natural inclusion map from (Ker dg, K) to (A, K) is a quasi-isomorphism. In
other words, the K-cohomology is concentrated in the background charge cx .
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Proof. The relation 0g o K = K o g, Lemma 4.8, says that if x € Ker (dg)
then Kz € Ker (dg). Thus K is a C-linear map from Ker dp to Ker dg. Since
K? =0, we see that (Ker g, K) is a cochain complex. If we index K by
Ky o A™ — A™HL for each m € Z, then the inclusion map from (Ker &g, K)
to (A, K) induces a C-linear map

Ker (K,,) N Ker (Jr) Ker (K,,)
Kmfl(‘Amfl) N Ker (6R) Kmfl(.Amfl)

Hi? (Ker (0R)) := = H(A).

Injectivity is immediate from the definitions. Surjectivity follows from the de-
composition A = Ker (6g) @ im(dg) and Sp(A™) NKer K C K, _1(A™1)
in Lemma 4.8. Therefore we conclude that the inclusion map is a quasi-
isomorphism. O

Let us denote the complex (Ker dg, K) = (A¢y, K) by (B, K). Then

B=A,=PB"=8""0 0B

mEZ

where B™ is the degree m (ghost number m) part of 5. We use this complex
(B, K) to relate the 0-th cohomology group of (A, K) to the middle dimen-
sional primitive cohomology of the smooth projective hypersurface Xg. The
main result of this subsection is the following:

Proposition 4.10. Let H}(A) be the n-th cohomology group of the cochain
compler (A, K) = (Ax, Kx). Then H%(A) is isomorphic to H as a C-vector
space, where H = Hgg;l(Xg, C).

Proof. A simple computation shows that B is spanned (as a C-vector space)
by homogeneous polynomials of the form y*~! F(z), where the degree of F(x)
is kd — (n+ 1) with k£ > 1. Then we define a C-linear map J by

J:B" - H"Y(Xq,C)

B 1 oo .
yk 1F(£) = {V — o (/ yk leyG()dy) F(x)Qn} ,
Tz (y\Jo

and extending it C-linearly. Proposition 4.4 says that K(B~!) goes to zero
under the map J and so .J induces a C-linear map H%(B) — H" }(X¢, C).
Now recall that H(X¢) was defined to be the rational De Rham cohomology
group defined as the quotient of the group of rational n-forms on P" regular
outside X¢ by the group of exact rational n-forms on P" regular outside X¢.
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Theorem 8.3, [11], tells us that the residue map Res induces an isomorphism
between ’H(Xg) and H"-1(Xg,C). Thus, to prove the proposition, it is

prim

enough to show that the following map (extended C-linearly)
J B = Q(v)"
[e.9]
P - [ ey P,
0

F(z)
G(z)*

(4.9)

= (=D k-1) Qn,

where Q(V)™ is the group of rational n-forms on P™ regular outside Xg,
induces an isomorphism J': HY%(B) — H(X¢), i.e. J factors through the
isomorphism J'. This follows from Corollary 2.11, (4.4), and (4.5) in [11] with
a computation below. An arbitrary homogeneous (as a polynomial in z and
y) element of B~! can be written as A = > A;(y, z)n; + B(y, 2)n—1, where
Ai(y,z) = y* - M;(z) and B(y,z) =y - N(z) are homogeneous polynomials
of A= Cly,z|. Then we have

~ QAi(y,z) _0B(y,z)
KA = ZA Y, T y—I—G( )B(y ,x)+; o, T Oy
aG “~ L OM;(z
_ZkaM +Z k m( )+G(z)le(£)+lyl_1N(£)~
=0 ‘

If we apply J' to KA, then a simple computation shows that
(4.10)

e+ 1) Y Mi(2) 2512 — G(z) Yo 2ete)
G(g)k—i—Q

J(KA) = kl(—=1)% Q.
Note that J'(G(z)y'N(z)+ ly' "' N(z)) = 0. The relation (4.5), [11] says
that J'(KA) is an exact rational differential form. Thus J' induces a C-
linear map J' : H%-(B) — H(X¢). The surjectivity of J follows from Propo-
sition 4.3. Griffiths showed that any exact differential n-form & ¢ Q)

o oy
oy~ (cw)

1"This fact fails to hold when X is not smooth: for a singular projective hyper-
u (z)

surface X, Dimca proved that oF = =d

k > 1, can be written as

G@" f( 1 ) for some positive integer

m, in [7].
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for some (n — 1)-form § on P"™ — Xg:see the theorem 4.3, [11]. Because the
right hand side of (4.10) is exactly of the form d (#) above, exact

x
differential n-forms inside (V)™ match precisely with the image of K (B~1)
under the map J'. Thus J’ is injective. O

We see that Theorem 4.5, Proposition 4.10, and Proposition 4.6 give the
proof of parts (a) and (b) of Theorem 1.2. Note that part (e) of Theorem 1.2
is straightforward by defining

0 ifre@. ;A
4.11 ¢ = '
(4-11) (@) {Cw(a;) if v € A°

It is a simple computation that this definition matches with (1.7) and
¢y : (A, K) — (C,0) is a cochain map which induces C, after taking the 0-th
cohomology.

4.6. A cochain level realization of the Hodge filtration and a
spectral sequence

This subsection we prove part (c) of Theorem 1.2 and construct a certain
spectral sequence. Let us define a decreasing filtration F'® on (A,-, K) =
(Ayy,-, K, ) by using the weight grading wt, such that the isomorphism
Reso J' : H%(A) — H, where J' is given in (4.9), sends F*® to the decreas-
ing Hodge filtration on H = Hggnll(Xg,C). Then we analyze a spectral se-
quence, which we call the classical to quantum spectral sequence, associated
to the filtered complex (F*A, K). Then this spectral sequence gives a precise
relationship between the @)-cohomology Hg(A) (which we view as classical
cohomology) and the K-cohomology Hg(A) (which we view as quantum
cohomology).

In this subsection we shift the degree of (A, K) to consider ¢ = A[—n —
2] so that €% = A2 for each i € Z. 1® Then we have a cochain complex
(¢, K);

0" St 5. Kegnt2 .

We define a filtered complex as follows;

€ =F'¢ >F'¢>...02 F"'¢ > F'¢ = {0}

8The reason for ghost number shifting is to get a spectral sequence in the first
quadrant.
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where the decreasing filtration is given by the weights

k<n—1—i

The associated graded complex to a filtered complex (FP%,K) is the
complex

Fre

(412) Gr(f = @Grmf, G'I"p(g = W’

p=>0

where the differential is the obvious one dy induced from K. We observe
that this differential dy is, in fact, induced from @, because we have that
K=A+Q,A: FP¢ — FPtI%€ and Q : FPE — FPE.
The filtration FP¢ on ¢ induces a filtration FPH (%) on the cohomol-

ogy Hx (%) by

Frz1
~ FPBY
where Z9 = ker(K : €9 — €97') and B = K(%¢77!). The associated graded
cohomology is

FPHY(6)

FPHL(%)
(4.13)  GrHy(%) = D GPHL(E), GrPHL(E) = WK?{(%)-
p,q

Then the general theory of filtered complexes implies that there is a
spectral sequence {E,,d,} (r > 0) with

+
gra= IO pra_ pevigrrg), RS = GroHER(S)
0 Friigpte’ 1 T K '

Note that

E,= P EM, dy: BP9 — BPaTH @2 =,
p,q>0

and H(E,) = E,41.

Proposition 4.11. The classical to quantum spectral sequence {E,} satis-

fies
EP? ~ GrpHg;rq(%),

EY? S EPY = GrP HYY(E).
In particular, {E,} degenerates at Es.
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Proof. Note that the differential dg of Ey = Gr%€ is induced from @, because
we have that K = A+ Q, A : FPE — FPHE and Q : FP¢ — FP¥. Using
this observation, we compute

EPa . {a € FPEPT . K(a) € FPHgrratly
L K(FP%P-"Q—l) 4 Fr+lgpta

_ {ae Frerta: Q(a) =0}

T Q(Fprgrta-l) 4 Frlgpta

~ HL (GrPE).

Since @ preserves the weight and QOEwt: E’wtoQ, we conclude that
HY M (Grv6) ~ GrP HY ().

By a general construction of the spectral sequence we can also describe
Eg 4

B {a € Fprgpta . K(a) € Fp+2cgp+q+1}
- (K (Fr-igpta-l)  prrigrta)N\{a € FPEPHe : K(a) € FrH2grtatl})’

Since  K(FP% \ FPH¢) C FP¢ \ FPT2¢  and  FPgPta/priigrta =

‘5(’; Jr_ql_p), we have
P~ {a € FPEPT: K(a) =0}
2 T (K(Fr-lgrta-l) 4 Frrigrta)N{a € FPEP+te: K(a) =0}
+
N ker K N Cg(l;,fqlfp) _ Fpr(+q ((g)
~ oopt -1 +q—1 = + :
Cg(zf%qlfp) n K<(€(€qulfp) @ Cg(ﬁlfqlfpﬂ)) FrtHE™(€)

Since % = Grprgrq(%), we are done. O

Since €[n + 2] = A, we also define a filtered complex (F*A, K) in the
same way:

A=FASF'AD ... D F"1AD> F"A = {0},
FA= @ Ay, izl

k<n—1-—i

Then we have

HYA(€) = HE "2 (A),  GrPHETY(€) = GrPHEF " *(A), p,q > 0.
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: : -1 .
Recall the decreasing Hodge filtration on H = H[ [, (X¢, C):
FIH = @ H = g0 ¢ gn—2l g ... @ gottn—a-2 g gon—1-q
i+j=n—1
i2q
where H%J is the cohomology of (i,j)-forms on the hypersurface X¢. Thus
FYH = H and F"H = 0. Then the following proposition is clear.

Proposition 4.12. The isomorphism Res o J': HY%(A) —H sends FIHY(A)
to FIH for each q > 0.

This proposition proves part (¢) of Theorem 1.2.

4.7. Computation of the K x-cohomology of (Ax, Kx)

Here our goal is to compute HIi(X (Ax) for every i € Z in addition to
H}. (Ax) ~ H. We achieve this by showing that (Ax, Kx) is degree-twisted
cochain isomorphic to a twisted de Rham complex appearing in [1]. Adolph-
son and Sperber computed the cohomology of a certain de Rham type com-
plex, which we briefly review now. They considered the complex of differen-
tial forms Q, ,/c with boundary map Jg defined by 0s(w) = dS A w where
S =y - G(z). They introduced the bigrading (deg;,deg,) on Q2 21/ s fol-

Yo
lows;

degl(xi) :degl(dw’b) - 17 L= O,...,TL,
(4.14) degy(z;) = degy(dz;) =0, i=0,...,n,
deg,(y) = degy(dy) = —d, degy(y) = degy(dy) = 1.

Then (Q('C[yg]/c,ﬁs) is a bigraded cochain complex of bidegree (0,1). One
can also consider the following twisted de Rham complex (Q('C[y’z] et Dg :=
d+ Jg), a so-called algebraic Dwork complex, where d is the usual exte-
rior derivative. For (u,v) € Z?, let us denote by Q(SC[(:;])/C the submodule of

homogeneous elements of bidegree (u,v) in Qé[y 2]/C"

Lemma 4.13. We have the following relationship between (Q('C[y g]/(C’DS)
and (Ax,Kx):
(a) For each s € Z, if we define a C-linear map ® : (Q%[y m]/cc’DS) —

(A5 D Kx) by sending dys, - dyi, to (=15 (g )
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for =1 <y < -+ <ig < n and extending it C-linearly, then ® o Dg = Kx o
® and P induces an isomorphism

HDS( Cly, :B]/(C) H;(;(n+2) (‘AB()

for every s € 7.

(b) The map ® induces a C-linear map from Q; [( /C to .A;( (ETF)Q
c=u+cx andw+s—(n+2)=v—1.

(c) The map ® satisfies that Podg =Qx o P and Pod = Ao .

where

Proof. These follow from straightforward computations. O

Remark. Lemma 4.13 implies that two cochain complexes (Q(C[ £]/C Dg)
and (Ax, Kx) are degree-twisted isomorphic each other. ! But we empha-
size that the natural product structure, the wedge product, on Qc[y@} /c and
the super-commutative product - on Ax are quite different and ¢ is not a
ring isomorphism. It is crucial for us to use the super-commutative product
-on Ax to get all the main theorems of the current article.

’ (Q(?j[y z]/C’ /\7 DS) is a Dwork complex ‘ (AX7 "y QX7 KX,eé(X) isa BV algebra
(224, 1/c: A 9s) is not a CDGA (Ax,-,Qx) is a CDGA
(Q(?;[y z]/C /\,d) is a CDGA (AX, .,A) is not a CDGA

Table 3: Comparison with the algebraic Dwork complex

We proved that Hy, (Ax) is canonically isomorphic to H"(P™ \ X,C) ~
H. Now we describe all the other cohomologies.

Proposition 4.14. Assume that n > 1.20 Then we have the following de-
scription of the total cohomology of (Ax, Kx):

Hj (Ax) =0, for s# —-n,—1,0

4.15
- Hig (Ax) =~ Hy (Ax),  and  Hpl(Ax) =C

¥In fact, (92, .21/c: Ds) is the Chevalley-Eilenberg complex associated to the
Lie algebra representation px which computes the Lie algebra cohomology and, on
the other hand, (Ax, Kx) is the dual Chevalley-Eilenberg complex which computes
the Lie algebra homology.

2If n=1, then the same result holds except dimcHyl (Ax)=
dime Hy (Ax) + 1; see (1.12), [1].
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Proof. This follows from the classical to quantum spectral sequence asso-
ciated to the filtered cochain complex (Fz.ut'AX’K x) and Theorem 1.6 in
[1]. We shift the degree of (Ax, Kx) to consider € = Ax[—n — 2] so that
¢ = AZJr "2) for each i € Z. According to Proposition 4.11 we have the
classu:al to quantum spectral sequence {E,} which satisfies

EPY ~ GrPHPY(6),
(4.16) ! @
EPY S EPY = GrP HYY(E).

In particular, {E,} degenerates at Es. Then we have
H (%) = Hi ™ (Ax), - GrPHE(@) = GrrHRIT T (Ax), pa > 0.

Note that Lemma 4.13 implies that Hp) (%) ~ (Q(E[y 2yc) forp>0
and Lemma 4.9 says that Hj (Ax)= Hj (Ax,cX) for ¢ < 0. Moreover
it is known that dlm(c(HQ (A )) = dimc H (see page 1194, [1]). Now it
is easy to see that Theorem 1.16 in [1] implies the desired result com-
bined with Lemma 4.9, (4.16), and Lemma 4.13. In fact, the isomorphism
HY (Ax)~ H;()l((AX) is given by [f] — [R- f] where f € A% and R=
D1 Y yunu € Ay, and Hp " (Ax) is generated by

[© (dy A dG)]
where @ is the map in Lemma 4.13. U
4.8. Lifting of a polarization
The goal here is to prove part (d) of Theorem 1.2. The primitive cohomology

H behaves well with respect to the cup product pairing. Recall that the
following bilinear pairing (-, -)

w,m) = (-1)" = / wAn, wn€H=HY1(Xq,0),
Xa

provides a polarization of a Hodge structure of weight n — 1 on H, i.e.,

1) (w,m) = (=1)""Hn,w),
2) (w,n) € Zif w,n e H" 1(Xg,Z),
3) (-,-) vanishes on HP? @ HP"4 unless p = ¢, q = p/,
4) (V-1 %Uw,w) > 0, if w € HP? is non-zero,
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where H = @erq:n—l
conjugation of w.

HP? is the Hodge decomposition and w is the complex

Definition 4.15. We define a C-linear map §: Ax — C such that § is a
zero map on A’ if j # 0, otherwise:

1 / j{ U
U= ——s 5 ydy | dzg A -+ Adxy,
f (2mi)"*2 Jx (o) ( cHPE >

B 1 / <%udy>dazo/\---/\dmn
(270)" 2 Jx(e) \Jo y" ge... oo

for allu € Ag(, where C is a closed path on C with the standard orientation
around y =0 and

PG@)

X(E) = {x S CnJrl sz

‘:£>&i:QL”wn}

which is oriented by d(arg chGo) A--- Ad(arg %) > 0.

Our definition of ¢ is motivated by the Grothendieck residue. We con-
struct a lifting of (-,-) to Ax by using §; see (1.8).

Theorem 4.16. (a) The C-linear map § : Ax — C is concentrated in weight
n—1, charge 2cx = 2d—2(n+1), and ghost number 0, i.e., 39 factors through

the projection map from Ax to Ag(’(nil)’%x.?l
(b) We have

jéQX(u) =0, j{QX(u) = f(—wl“u Qx(v), Yu,ve Ay.
(¢) Under the map J : (Ax .., Qx) — (H,O0), we have

W fuco= [ I AT0) = () ), T,

u e AX,(a)

(4.17)

sCx )

v € Ax (b),cx s

a(a+1) | b(b+1) | 12
ot

where cqp = d - (—1)
class of P™, viewed in H™(P", Q™).

and X\ 1s the residue of the fundamental

2n fact, one can show that AOX,(n—l),QcX /Qx (A;(’l(nfl)’%x) is isomorphic to C.
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Proof. We use the notation (A4, K = Q + A) = (Ax, Kx = Qx + A) for sim-
plicity.

(a) Note that §u =0 for u homogeneous (with respect to the weight)
of some weight other than n — 1, since fc ——dy = 0 unless m = 1. When we

write u € A as u = Ek>0 y" - ug(z), Where uy, € Clz]atxd, a simple compu-

tation conﬁrms that
Upy—
]{“ = Resoy a6 § 18G
aﬁo ’ an

, where the right hand side is the Grothendieck residue given in (12.3), [21].
Then Lemma (12.4), [21] implies that if A\ # 2cy then ¢ u = 0. Hence ¢ is
concentrated in charge 2cx. Therefore we get the result.

(b) It suffices to consider the case when the integrand Q(A) is an element
of A(() ), 20x when we prove that ¢ oQ = 0. Thus it is enough to check that

$QA)=0for Ae A nl 1),2ex . An arbitrary element A € A ! 1),20x CAI be
ertten as a C-linear comblnatlon of terms like
n
A=y "M(z)n1+ Dy Ni(z)m
i=0
where M and N;, i =0,1,...,n are monomials in z such that ch(M) =

deg(M) = 2cx +d(n—2) and ch(N;) = deg(N;) = 2cx+d(n—2)+1. Then

Note that E,(G) = ch(G) - G and ch(G) = d # 0, and so we get

(%UZ
Hence
1 oG " 9G " 9G
A= n—1 - i— n—1 Nz _ ,n—1 Nz )
Q Yy Z h(G) * ox; + ; ox; Y pars ox;
where
~ 1
4.1 = M -x; + N,
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It follows that

=0
1 / "L 9G\ dzo A Adxy,
(27Tl) +1 X(s) <; 81)1 g—g o da;an
Yo ]\72-(:5 ng
:Res{ o o (=0
8900 (9£En

where we used again Lemma 12.4, [21], in the final step (3.1, NZ(Q)S’TG
belongs to the Jacobian ideal). Hence § is a cochain map from (A, Q) to
(C,0).

The second equality

f(@a-w (~1lla-Q8) =0,

also follows easily from the same computation above.
(c) Note that

I r@) = res (| 04REGE)

Let u = y*A(z) and v = y*B(z) where a + b=n — 1 (if a + b # n — 1, then
both sides in (4.17) are zero). Then Remarks on page 19 of [4] imply that

/X ) 4 () = (1) Vs /X es [A((;)ﬂ”} A Res [Béﬂ?”}

Cab A(z)B(z)
= TRGSO G oG
ge... he

=% AwE@ = % fuce
This finishes the proof. U

Note that § oKy # 0. For example, if we assume that d =n — 1, then

there exists p € A(;Ll—l),o such that

_ 9°G(z)
_,n—1 = 0
Alp) =y det <8xzax]> S A(n,1)707

(since A : A71 — AY is surjective) and [ A(u) # 0 by (12.5) in [21].
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4.9. The Lo-homotopy structure on period integrals of smooth
projective hypersurfaces

The goal here is to prove Theorem 1.3, which describes how to understand
the period integrals of smooth projective hypersurfaces in terms of homotopy
theory, by applying the general theory developed in Sections 2 and 3. Let
{[ral}acs be a C-basis of P, o H, (Ax). Note that J is a finite index set.
For each a € J, we introduce new indeterminates 6, corresponding to r, such
that gh(6) = |0a] = |ra| — 1 in order to find a resolution of (Ax,-, Kx) in
the category €c. We define a super-commutative algebra

(4.19) Ax = Ax[0a : a € J)/T,

where Ax|[0, : « € J] is the super-commutative algebra generated by 0,
over Ay and 7 is the ideal generated by 62 and 6, - f for f € Ax \ C. If we
define K (6,) = 74 for each o € J and K(f) = K(f) for f € Ax, then this
defines a C-linear map K : ./Zl;( — .,213( of degree 1.

Lemma 4.17. The triple (le, JKx) is an object of the category €c. We
have Hp (AX) =0 for every p#0 and HO (.AX) = Hy (Ax). In other

words, (AX, ,Kx) is a resolution of (Hy (AX),O) inside Cg.

Proof. This is clear from the construction. O

We remark that (Ax,-, Kx) does not give a BV algebra: since one can
easily check that fKX +£ 0 for every m > 1, the differential Ky can not be
decomposed as Q + A satisfying the axioms of a BV algebra.22 We apply
the descendant functor (Theorem 3.11) to (Ax,-, Kx) and put <A Z) =

Des(Ax, -, Kx). The above lemma, together with Proposition 4.10, implies
the following proposition.

Proposition 4.18. The descendant Lo -algebra (.A, E)X s quasi-isomorphic
o (H,0), where H = H"-!(Xg,C).

prim

The strategy we have developed so far suggests that we have to under-
stand C',) using the composition of Le-morphisms; Proposition 2.6, Propo-
sition 3.17, Theorem 3.21, Proposition 4.4, and Proposition 4.10 imply the
following theorem (a restatement of Theorem 1.3).

22Jeehoon Park and Donggeon Yhee proved that one has to add infinitely many
new formal variables to make a BV resolution of (Ax,-, Kx). See [20] for a precise
meaning of such a BV resolution.
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Theorem 4.19. For each v € H,—1(Xg,C)o, the period integral Cpy) can
be enhanced to the composition of Loo-morphisms through (A, £)x: we have
the following diagram of Leo-morphisms of Lao-algebras:

(420) (H7 Q) e =g et
o (C,-,0)—=(C,0)
;. T
fo_ <,
AX, ,KX)
g
~,Z

where CM is the same as @% OEH)l =%y o0 901{11. The Loo-morphism k =
?%7 OEH depends only on the Lo-homotopy types of EH and f’”ﬂ”, Here the
notation = means that we take the descendant functor.

The composition ¢% e ¢ is not a descendant L..-morphism: we do not
have a super-commutative associative binary product on H (the differential
K is not a derivation of the product of A so it does not induce a product on
H). Note that ¢ is an L..-quasi-isomorphism; such quasi-isomorphisms are
classified by the versal solutions I' € (m gz ® AP =m i ® A° to the Maurer-
Cartan equation (see Proposition 3.14 and Definition 3.18):

1
3|£ C(T,T) + - =0.

K(T) + %egf (I,T) +
Note that (mg ® A0 = (mgz ® A)°. So we found a hidden structure of the
period integral Cp,) : H ~ H(Xg) — C for a fixed v € H,,—1(Xg,Z)o: there
is an Loo-quasi-isomorphism from the Lo-algebra (H,0) to the L.-algebra
(A, 0)x, and a sequence of C-linear maps ((b(g” e o), 1 S™(H) — C, which
reveals hidden correlations and deformations of (Y}, such that Cp, (d) " e
¢©™)1. Then the theory of L..-algebras suggests that we can study a (new
t}pe of) formal variation of the Griffiths period integral. We discuss this
issue in the next subsections.
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4.10. Extended formal deformations of period integrals of X

We prove Theorem 1.4 here. Proposition 3.14 implies that the extended
deformation functor attach/e_g to (./I, Z) x is pro-representable by the com-
pleted symmetric algebra SH. Let M, be the associated formal moduli
space. Now we consider the generating series Z| ([EH]) in (1.10). Note

that Loo-homotopy types of quasi-isomorphisms ¢ : (H, 0) > (A 0) x
are not unique, though the L,.-homotopy type of QCK” is uniquely deter-
mined by [y] € H,—1(X¢g,Z)o. The results in Section 2 specialized to (A, £)x

gives us the following theorem (see Proposition 3.14, Definition 3.20, and
Lemma 3.19).

Theorem 4.20. Let {eq}acr be a basis of H with dual basis {t*}acr- Then
for any Lo -quasi-isomorphism EH from (H,0) to (A, £)x, we have the fol-
lowing versal solution to the Maurer-Cartan equation of (A, £)x:

L(t)ge = Y t"¢1 (ea)

acl

£ Y e @ g (e ew) € (CHBAY

}C:2 al,...,akel

such that T'(t) = is gauge equivalent to I'(t)gzn if and only if gH 18 Loo-

homotopic to =, and

2 (7)) =%, (70" -1).

Note that the dual basis {t*},¢; is an affine coordinate on H. Let X¢g, C
P be a formal family of smooth hypersurfaces defined by

(4.21) Gr(z) = G(z) + F(T),

where F(T') € C[[T]][z] is a homogeneous polynomial of degree d with coef-
ficients in C[[T]] with F'(0) = 0 and T’ = {T*},er are formal variables with
some index set I’ C I. Recall that by a standard basis of H we mean a
choice of basis eq,...,€5,, €5041,---5 €55---+€5, _o+1s---,€5, _, for the flag
FoH in (1.3) such that eq,...,es gives a basis for the subspace H* 71700 .=
Hggnll’o(Xg,(C) and es, ,4+1,-..,€5,, 1 <k <mn—1, gives a basis for the sub-
space HP—1=Fk — Hggnll_k’k(Xg,(C). We denote such a basis by {eq}acr
where [ = Io L [; U---UI,—; with the notation {ez}aejj = €5, 1 41s- -5 €5,
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and {t?}aelj = %1+ 4% We need to assume that I’ C I; when X is
Calabi-Yau.

For (a) of Theorem 1.4 (recall that X¢ is assumed to be Calabi-Yau),
we define C-linear maps f : (H,0) — (A, 0)x

(4.22) f=Fufofso s fileh) = yF - Fiya(z) € AG,

where F [k]a( x) can be chosen to be any homogeneous polynomial of degree
d(k+1)— (n+1) =dk such that {F[(" kf)l ca€el, 0<k<n-—1}is
a set of representatives of a basis of ’H(Xg) ]HI and Flyjo(z) is the ¢%-
coefﬁ(nent of F(T) with t* = T% we define f,, : S™(H) — A% m > 2 so that
fm(el, ... el ) is the t% ... t%-coefficient of yF(T) with t*=T"a € I'.
Then f is clearly a Lo,-quasi-isomorphism satisfying (a) of Theorem 1.4 by
the Griffiths theorem on H(X¢) and our general theory: the fact that fi
is a quasi-isomorphism comes from the construction; the fact that it is a
morphism of L..-algebras is completely trivial because H is concentrated in
degree 0 and A is concentrated in non-negative degree, so all relations that
need to be checked are easily seen to be zero. Then (b) of Theorem 1.4 follows
from the following computation;

(e oo
2mi 7( GI(@) 7(v) G(@)

</ / eV er@ gy, —/ / eV Gl dyQ)
27TZ )

=% ( ZaeI’T Y- Fa )
= exp (qﬁ (Z ™ fl(egb)) B
acl’
= Zh]([f])( ) tﬁ =0,8€I\I’
=T acl’

where we used the definition of €, and the equalities (3.8) and (3.26). Let

(4.23) Z toFoje(z) +y - Z 1 Flja(z

acly acly

Z t(rlzle[nfl]a(g)'

a€l, 1
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We can do a similar computation (a period integral of an extended formal
deformation of Xg) ;

%W(QF(t)fl —1)

1 = P . yGl) 1 2,
= —_—— =/J1 . = QTL PR —
210 (o) ( /0 ¢ Ty 21 )y G(z)

()
= exp (‘I)% < > G Fga@) +y - >t Fa(z) + -
acly acly
+ y"il ) Z t;lle[nl]a(x))) -1
ac€l, 1
=1 N o {7
= exp <Zn' Z tén oot 1<(E,7.f>n(6a17...,€an>> —122[7}([i])
n=1 Q1 yeey Oy

The properties, which can be easily checked,

o -0
'@y . yG(z) 0 — n
/OV € € dy‘ n G(&) Y

o [~
ot Jo

F[k}a - Qn

LB . yC@) g Gz’

Q, = (=1)FLE!
t=0

Va € I,

for example, imply that Griffiths transversality is violated for k > 2. Note
that the deformation in part (b) is a geometric deformation of the com-
plex structure of X¢, a family of hypersurfaces. Though this extended de-
formation does not have a clear geometric meaning yet, the above proper-
ties are the key components to prove Theorem 1.5, which demonstrates the
usefulness of L.,-homotopy theory to compute an extended period matrix
% (Zh. (IF]) (t)){a sery Also, the generating power series Zp,([f])(%) is a
natural generalizatiori of the geometric invariant.

4.11. Extended formal deformations of the period matrix of X¢g

We prove Theorem 1.5, which demonstrates usefulness of the L..-homotopy
theory to compute the period matrices of a deformed hypersurface and an
extended formal deformation. Since Lemma 3.24 directly implies (a) and (b)
of Theorem 1.5, we concentrate on proving the second part of Theorem 1.5,
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ie.,

0
(XGT) 918 (Z[v ] ([ﬂ) (D) ‘tﬂzoﬁel\[’

=T ael’
= —T"(t wi (X
Z <6t5 ) »(Xc) t°=0,8eI\I"’
pel t*=T* ael’

for each «, 8 € I. Since we have

o0 Q
ami- 2, (1f1) = - [ (/ e”“f-ey'%)@)szn— n
el () \Jo r(y) G(2)

we have, for each o, 5 € I;,0 <k <n—1,

9 1 (= 1) k! Fyp()
otb a5 20 (A =0.8eNI'  2mi G Taf i
te=T> acl’ 7(va) ( (@) + ZaGI’ [1]a(§))
= wg (XGZ)'

This finishes the proof.

4.12. The Gauss-Manin connection and extended formal
deformation space

Let Hx = Hi(A) be the cohomology group of (Ax, Kx). This subsection
we assume that X is Calabi-Yau. Let <p be an L..-quasi-isomorphism from
(Hg,0) to (A,€)x by Proposition 4.18. Then we see that the system of
second order partial differential equations (3.32) holds for a uniquely deter—
mined 3-tensor A7 (t)r € C[[t]] ~ SH for ' = ['(t)pn, where SH :=

@D;_, S*(H}) with Hj = Hom(Hf,C); the assumption in Theorem 3 23
can be checked for (A, -, K).

In Subsection 3.8, we reinterpreted the 3-tensor A,g” (¢)r as a flat (inte-
grable) connection Dp on TM x, = Mx, x V, where V is isomorphic to H};.
Here we provide an explicit relationship between Dr and the Gauss-Manin
connection on a geometric formal deformation given by an element in H? =21

Recall the notation in (4.22) and (4.23). The Gauss-Manin connection is
defined on a formal (geometric) deformation space X over the formal spec-
trum of C[[t{ : @ € I]] such that the fibre &p is isomorphic to X and the
fibre X, at a general p is isomorphic to a smooth projective hypersurface



322 J.-S. Park and J. Park

of degree d in P". Let m be a morphism from X to the formal spectrum
Spf (C[[t{ : a € I1]]). The algebraic de Rham primitive cohomology (locally
free) sheaf H}74,,,,(X/ClIt5 : a € 11]]) on Spf (C[lt5 : a € L)) corresponds
to our flat connection Dr on the tangent bundle TMx, restricted from
Spf (Cl[t]]) to Spf (C[[t} : a € I1]]). Note that the stalk H, pnm(X/(C[[t“ :
a € I1]]), at p such that X, is smooth, is isomorphic to the H = H": 1 (X4, C).

prim
Then the following matrix of 1-forms with coefficients in power series

inT
(Ar,)g7 ==Y _ - Ass"()r, 0 pens”

B,vel,
acl to‘:To‘,aell

becomes the connection matrix of the Gauss-Manin connection along the
geometric deformation given by the H"~%!-component of the L.,-homotopy
type of f in Theorem 1.4. Then Theorem 3.23 implies the following propo-
sition;

Proposition 4.21. We have

0,wi(Xa,) = > A, - w5 (Xa,) =0, yel,aB€l,
pel

where Wg(XGZ) is the period matriz of a deformed hypersurface Xq,..

4.13. Explicit computation of deformations of the Griffiths
period integrals

We use the same notation as Subsection 4.12. Here we provide an algorithm
to compute A,gY(t)r, generalizing the method (a systematic way of doing
integration by parts in the one-variable case) in Proposition 4.1. In Subsec-
tion 3.7, we saw that the explicit computation problem of the generating
power series ¢ (el — 1) reduces to the problem of computing AuzY(t)r, in
addition to the data €' (¢! (eq)), a € I. Because of the relationship (1.11) we
can also determine the matrix Go(t)pn 1= 9,TP(t)pn from AnzY (t)r. We
recall that A= A" 2@ A @ .AU K=A+Q, and

A= Z Gyz 8771
KF - A+QF7
I(yG(z)) 0
Qr = Z T%Jrf?(F,-):QMé((F,-)-

i=—1
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IfFA=Y" | Ami € AL where \; € A% i =—1,0,...,n, then

SN)Y
Z )\ +£2 (T,A), AA)=> T
i=—1 i=—1 7!

Note that
Kf=A?=0, K(l4)=Q(la)=A(1a) =0,

where 14 is the identity element in A° = Cly, z].
For any Lao-quasi-isomorphism ¢ from (Hg (A),0) to (A, K), we clearly
have that A(I'(t),#) = 0. Thus we have

Q) + S (T =0,

because K (I') + $¢5(I', ') = Q(I') + A(T') + 1¢5(I', ") = 0, which is equiv-
alent to K (el — 1) = 0. Then this says that

AQr + QrA = Qf = 0.

So we have a cochain complex (§?I®A,~,Qp) with super-commutative
product. Note that Qr is a derivation of the binary product of SH ® A.
We tacitly think of Qr as the classical component of the differential Kt =
Qr + A; we view A as the quantum component of Kp on the other hand.
The key point in the algorithm of computing A,37(¢)r is that we can use the
ideal membership problem based on Grobner basis methods to compute the
answer to a problem that involves only Qr and relate it the corresponding
problem on Kp, by utilizing the quantum component A.

Lemma 4.22. Let I' =T'(t),n be a versal Maurer-Cartan solution. Then

there is an algorithm to compute a finite sequence Agg)v(i) € (@@A)O,

where m = 0,1,..., M for some positive integer M, such that
0 1 M 3T
Aag"(B)r = ALY (6) = ALY () — - — AL (1) € SH

where AagY (t)r is in (3.32).

Proof. We use the notation I'ag = 0apl'(t) and I'q = 0,I'(¢). One can check
that Hg, = HQF(SH ® A) is a finitely generated SH ® .,40 module, whose
generators are given by {I'y : v € I'}. Then, for I', - T'g € (SH ® A)°, we can
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find Ag]ﬁh(z) € SH ® A° and Aéoﬁ) (t) € (SH ® A)~! (this is an ideal mem-
bership problem) such that

(4.24) Lo Ts=> A% T, +Qr(a%w),
Y

since Qr is a derivation of the binary product. Then the relation (4.24) can
be rewritten as

To-Ts=Y A0(t) T, + Kr(AQ 1) — A1)
Yy

Let RV = A(AY)(1)) and we can find A()'(t) € SH © A° and AJ(t) €
(gﬁ ® A)~! (again by an ideal membership problem) such that

R =3 AL (1) Ty + Qr(Agy(0).
S
Sit\R@) = A(Agg(t)) and we can find A&ng(t) € SH ® A° and A%(z) €
(SH @ A)~! similarly such that

R =3~ A00 () - Ty + Qr(AZ)(2).
v

We can continue this way and observe that this process stops after a finite
number of steps. Then Theorem 3.23 guarantees that we can choose Ag‘g) (1)

such that A(A%)(z)) = I'4p so that we have

Ta-Ts=Y Aasg"M)r Ty — AWML () + Kr(Las(t)),

v
where
Aag(Or = Aug? (W) = A () — A @) — - — A1) e SH
Las(t) = A — AD@) — -~ A ) e SHo A

for some positive integer M. Note that this equality is same as (3.33), which
finishes the proof. OJ

This enables us to compute a new formal deformation of the Griffiths
period integral, i.e., the generating power series ¢, (er(t)ﬁH — 1) attached to

CM and a formal deformation data fH )
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5. Appendix
5.1. The quantum origin of the Lie algebra representation px

In this section, we explain how we arrive at the key definition in (4.4), the
definition of the Lie algebra representation px attached to a hypersurface
X¢. An interesting thing is that this has a quantum origin. It is well known
that the representation theory of the Heisenberg group plays a crucial role
in quantum field theory and quantum mechanics. We will focus on the Lie
algebra representation of the Heisenberg Lie algebra in order to explain our
motivation for the definition in (4.4). For each integer m > 1, we consider
the universal enveloping algebra of the Heisenberg Lie algebra H,, over k as
follows:

U<Hm) - k<q17 cee 7qm;p17 cee ,pm,2>/I

where I is an ideal of the free k-algebra k{q',...,¢";p1,...,Pm;2), gener-
ated by [¢%, pj] — 25;-, (¢, 2], [pi, 2], [d", ¢/, and [pi, pj] for all 4,5 =1,...,m.
Here, [z,y] =2 -y —y -2 and 5;- is the usual Kronecker delta symbol. Then
(Hum, [+, +]) is a nilpotent Lie algebra whose k-dimension is 2m + 1. Let Ip be
the left ideal of U(H,,) generated by p1,...,pm, i.e., U(Hm)Ip C Ip. Then
the Schrodinger representation of U(H,,) is given by

(5.1)  psen: U(Hm) = Endy(U(Hn)/Tp), f > (g+TIp — f-g+Ip).

This celebrated representation has attained much attention from both physi-
cists and mathematicians. This representation can be used to derive both the
Heisenberg matrix formulation and the Schrédinger wave differential equa-
tion formulation of quantum mechanics through Dirac’s transformation the-
ory. It also plays a crucial role in the study of theta functions and mod-
ular forms via the oscillator (also called Weil) representation coming from
the Schodinger representation. We have the Schrodinger Lie algebra repre-
sentation pgen (with the same notation) of #,, on the same k-vector space
U(Hm)/Ip from (5.1). Let P be the abelian k-sub Lie algebra of H,, spanned
by p1,...,pm. If we restrict pse, to P, we get

(5.2) psculp : P — Endg(U(Hm)/Ip),

which is a Lie algebra representation of P. This Lie algebra representation
of P corresponding to pgen is our starting point to arrive at the definition
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n (4.4). Note that the representation space U(H,,)/Ip does not have a k-
algebra structure, since Ip is not a two-sided ideal. This is a very important
point in a mathematical algebraic formulation of quantum field theory (see
the the first author’s algebraic formalism of quantum field theory [18] for re-
lated issues). But we decided to simplify the quantum picture by introducing
the Weyl algebra. 2> The m-th Weyl algebra (which is introduced to study
the Heisenberg uncertainty principle in quantum mechanics), denoted A,,, is
the ring of differential operators with polynomial coefficients in m variables.
It is generated by ¢',...,¢™ and 8%17 e %. Then we have a surjective
k-algebra homomorphism

r:U(Hm) = Ap,

defined by sending z to 1, ¢’ to ¢*, and p; to % fori =1,...,mand extending
the map in an obvious way. Note that z;:q",...q¢";p1,...pm are k-algebra
generators of U(H,y,). Therefore the m-th Weyl algebra is a quotient algebra
of U(Hy,). We further project the representation psc, to A, to get a Lie
algebra representation of A,, on A,,/r(Ip), denoted pwey,

(5:3)  pwey : Am — Endy(An/r(Ip)) ~ Endi(Klq", .., ¢"]).

The benefit of working with the Weyl algebra is that A,,/r(Ip) is isomorphic
to klg!,...,q™] as a k-vector space and so A,,/r(Ip) has the structure of
a commutative associative k-algebra which is inherited from k|q!,...,¢™].
Recall that in Definition 2.1 we assumed the representation space of the Lie
algebra representation was a commutative associative k-algebra. 24 Note that

pwey restricted to r(Ip) is isomorphic to the representation on k[g', ..., g™
obtained by applying the differential operators 8%17 ey &;im' Now let m =

n+2 and put y =q¢', 20 =¢>...,2, = ¢""2 in order to connect to px,

where G(z) is the defining equation of the smooth projective hypersurface
Xg. Then when Xg = P", the representation px is isomorphic to pwey.
Recall that A =k[y, z] = k[y_1,v0,...,yn]. Dirac’s transformation theory

23This has the benefit of dramatically reducing the length of our paper, although
it hides certain important quantum features of the theory. In later papers, we
will pursue how this phenomenon (Ip is only a left U(H,,)-ideal, not two-sided)
is related to understanding period integrals, which seems important in order to
connect our theory to the theory of modular forms.

24This assumption is why we encounter L..-homotopy theory, when we analyze
period integrals. If it is not commutative, then we would need a different type of
homotopy theory such as A.,-homotopy theory.
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in quantum mechanics suggests considering the following deformation of
pwey : Am — Endy (A, /r(Ip)): for F' € A, consider the formal operators

pli] == exp(—F(y)) - oy exp(F(y)), i=-10,...,n.

These operators pli],i = —1,0,...,n, will act on exp(—F(y)) - A/r(Ip) ~
Ap/r(Ip) ~ A (as k-vector spaces). Formally, we can write and check

(5.4) pli) = ;; + [(ZF} +;H£F}F} T
0 + or (mod r(Ip)),*

“ oy oy
where F' = F(y). For any F' € A = k[y], define

plF] :r(Ip) — Endx(Ap/r(Ip))
via the rule

r(p;) — (Q+T(Ip) »—>p[i]-Q—|—r(Ip)), 1=-1,0,...,n.

Proposition 5.1. If F =y-G(z) € A, then we have a canonical isomor-

phism between the Lie algebra representations p|F|, defined above, and px,
defined in (4.4).

Proof. The abelian Lie algebra g in the definition of px is isomorphic to
r(Ip) and it is clear from (5.4) that the natural k-vector space isomorphism
A /r(Ip) ~ A realizes the Lie algebra representation isomorphism between
p|F] and px. O

5.2. The homotopy category of L.,-algebras

An L..-algebra is a generalization of an Z-graded Lie-algebra such that the
graded Jacobi identity is only satisfied up to homotopy. An L,-algebra is
also known as a strongly homotopy Lie algebra in [23|, or Sugawara Lie
algebra. It has also appeared, albeit the dual version, in [24]. It is also the
Lie version of an A.-algebra (strongly homotopy associative algebra), which
is the original example of homotopy algebra due to Stasheff. In this paper we
encounter a variant of L.o-algebra such that its Lie bracket has degree one.
In other words, a structure of Ly-algebra on V in our paper is equivalent to
that of the usual Ly-algebra on V[1], where V[1] means that V[1]™ = V™1
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for m € Z. We should also note that the usual presentation of L..-algebras
and Lo,-morphisms via generators and relations relies on unshuffles, which
can be checked to be equivalent to our presentation based on partitions.

Let Art% denote ‘@e\category of Z-graded artinian local k-algebras with
residue field k and Artﬂ% be the category of complete Z-graded noethe-
rian local k-algebras. Let R € Ob(Art%) concentrated in degree zero. For
A € Ob(ArtZ), ma denotes the maximal ideal of A which is a nilpotent
Z-graded super-commutative and associative k-algebra without unit. Let
V=88, V¢ be a Z-graded vector space over a field k of characteristic
0. If z € V', we say that = is a homogeneous element of degree i; let |z
be the degree of a homogeneous element of V. For each n > 1 let S(V) =
@D, S"(V) be the free Z-graded super-commutative and associative alge-
bra over k generated by V', which is the quotient algebra of the free tensor al-
gebra T(V) = @2, T™(V) by the ideal generated by = @ y — (—1)1#IVly @ .
Here T°(V) = k and T"(V) = V®" for n > 1.

Definition 5.2 (L-algebra). The triple Vi, = (V, £, 1y) is a unital Loo-
algebra over k if 1y € VO and £ = 01,05, ... be a family such that

e (, € Hom(S"V, V)L for alln > 1.
o lp(vi,...,vn—1,1y) =0, for all vy,...,vp_1 €V, n>1.
e for any A € Ob (Artf) and for alln > 1

1
Zm%—kﬂ e (Vs s¥) 575 25v) =0,
k=1 R

whenever v € (ma @ V)Y, where

En(a1®vl,...,an®vn)

= (—1)lealHlaal (Wtfor Dt Hlan Atos -+ on-1Dg g @ 6, (v, . . V) -

Every Loo-algebra in this paper is assumed to satisfy ¢, = 0 for alln > N
for some natural number N.

Definition 5.3 (Ls-morphism). A morphism of unital Lo -algebras from
Vp into Vi is a family ¢ = ¢y, da, ... such that

o ¢, € Hom(S"V,V")° for alln > 1.

e ¢1(ly) =1y and ¢p(v1,...,0n—1,1y) =0, v1,...,0,—1 €V, for all
n > 2.
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e for any A € Ob (Art%) and for alln > 1

1
Z ]1']2'¢j1+1( (7,.-.,")/)7")/,...,")/)

D T Teree A (I GRS O S NS}

il gl &
whenever v € (ma ® V), where

on(a1 ® v, ... an @ vy)
= (—1)‘a2‘|v1‘+"~+‘an‘(|U1|+~~.+|'Un71|)a1 ey @ P (V1. UR)

It is convenient to introduce an equivalent presentation of L..-algebras
and morphisms based on partitions P(n) of the set {1,2,...,n}, in order to
present the proof of Theorem 3.11 regarding the descendant functor.

Let us set up some notation related to partitions. A partition 7 = B; U
By U--- of the set [n] ={1,2,...,n} is a decomposition of [n] into a pair-
wise disjoint non-empty subsets B;, called blocks. Blocks are ordered by the
minimum element of each block and each block is ordered by the ordering
induced from the ordering of natural numbers. The notation |7| means the
number of blocks in a partition 7 and | B| means the size of the block B. If
k and k&’ belong to the same block in m, then we use the notation k ~ k’.
Otherwise, we use k =, k'. Let P(n) be the set of all partitions of [n].

Let 7 ; is a transposition (ij). We define the Koszul sign (7, {z;, x;}) :=
(— )|"L’L z5] for any homogeneous elements z;, xj € V. For a permutation o of
[n], we decompose o as a product of transpositions ¢ = [ [, 7, j,. Then define

e(o,{x1,...,2n}) = [1 €(7, {zi,, ;. }) for homogeneous elements x1,...,
xn €V. The Koszul sign €() for a partition 7 = By U Ba U --- U B € P(n)
is defined by the Koszul sign €(o,{z1,...,2,}) of the permutation o deter-
mined by

B, Q- QTB, = To(1) @ ®$U(n)7

where zp = zj, @ --- @, if B={j1,...,Jjr}. Let |zg| = |xj, |+ - + |z;,|.
Note that ¢(7) depends on the degrees of x1, ..., x, but we omit such depen-
dence in the notation for simplicity. Then it can be checked that the following
Definitions 5.4 and 5.5 are equivalent to the above ones; for an arbitrary fi-
nite set {v1,...,vn} of homogeneous elements in V', consider k|[ty, ..., tx]],
where [t;| = —|vj], 1 < j < N. Let J be the maximal ideal of k[[t1,...,tn]],
so that A :=k[[t1,...,tn]]/JNT € ArtZ. Let v be Z;Vﬂ tjv;, which is an
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element of (m4 ® V)°. Definitions 5.2 and 5.3 imply, after simple combina-
torics, the claimed relations in Definitions 5.4 and 5.5 for all n satisfying
1 <n < N. It is clear that the converse is also true.

Definition 5.4 (L.-algebra). An Lo-algebra is a Z-graded vector space
V =B,,cz V™ over a fieldk with a family £ = (1, lo, ..., where {y : Sk(V) —
V' is a linear map of degree 1 on the super-commutative k-th symmetric prod-
uct S¥(V') for each k > 1 such that

(5.5) > em iy (@a,, - wn, UwB,), 28, 28,,) = 0.

meP(n)
|Bi|=n—|r|+1

Here we use the the following notation:

U(xp) = (), - 5.) if B={j1,-.,jr}
e(m,i) = e(m) (= 1)l T Flen |,

An Loo-algebra with unity (or a unital Leo-algebra) is a triple (V, 4,1y ),
where (V) is an Loo-algebra and 1y is a distinguished element in VO such
that €y (x1,...,2n—1,1y) =0 for alln > 1 and every x1,...,xp—1 € V.

An ordinary Lie algebra can be viewed as a Lo-algebra concentrated in
degree -1. It follows immediately for degree reasons that ¢1= 0 for all i # 2,
and that /5 satisfies the axioms of a Lie bracket.

Definition 5.5 (L.-morphism). A morphism from an Lo-algebra (V, )
to an Leo-algebra (V' 0') over k is a family ¢ = ¢1,da,..., where ¢y :

SE(V) = V' is a k-linear map of degree 0 for each k > 1, such that

Z 6<7T)€17r|<¢(x31)7 c. 7¢(mB\W\))
TEP(n)
= Z 6(7T7 i)¢|7r\(xB1v ce 71‘31'71?6('7;31:)7 LBy 7'%'B\ﬁ|)'

w€P(n)
|Bi|=n—|m|+1

A morphism of unital Loo-algebras from (V,£,1y) to (V' ', 1y/) overk is a
morphism ¢ of Leo-algebras such that ¢1(1y) = 1y and ¢p (1, ..., 201, 1v)
=0 for all n > 2 and every x1,...,Tp_1 € V.



Enhanced homotopy theory of period integrals 331

Remark. If one uses an interval partition of [n] instead of P(n), we can
prove that this formalism gives an equivalent definition to the usual definition
of A-algebras and A,.-morphisms.

If welet 7=DB1U---UB;_1UB;UB;11U---UDBy € P(n), then the
condition |B;| =n — |7| + 1 in the summation implies that the set By, ...,
B;_1,Bit1,. .., By are singletons. Let ¢; = K. For n = 1, the relation (5.5)
says that K2 = 0. For n = 2, the relation (5.5) says that

Kly(x1,x9) + lo(Kx1,29) + (—1)'“'62(1:1, Kzy) = 0.
For n = 3, we have

la(la(mr, w2),w3) + (= 1)1 (w1, 5(2s, 73))
+ (1)l Dl22lpy (2 £y (21, 23))
= —K/l3(w1, 72, 73) — l3(Kx1,72,73)
— (—D)llly (@, Ko, 23) — (= 1)1 22l gy (1) 29, Kag).

Because the vanishing of the left hand side is the graded Jacobi identity for
{5, we see that {5 fails to satisfy the graded Jacobi identity. Thus the failure
of /5 being a graded Lie algebra is measured by the homotopy /3.

Corollary 5.1. A Z-graded vector space overk is an Lso-algebra with £ = 0,
which we refer to as a trivial Lo-algebra. A cochain complex (V, K) is an Loo-
algebra with £ = ¢, where {1 = K. A differential graded Lie algebra (DGLA)
(V,K,|,]) is an Loo-algebra with £ = €1, 0o, where {1 = K, and la(-,-) = [-,-].

Let /1 = K and ¢ = K'. For n = 1, the relation in Definition 5.5 says
that

o1 K = K'¢y.
For n = 2, we have

P1(la(x1, 2)) — Lo(d1(21), d1(x2))
= K'¢y(x1, 1) — do(Kx1, m2) — (1)1t (a1, K o).

Hence ¢ is a cochain map from (V, K) to (V’/, K'), which fails to be an alge-
bra map. The failure of being an algebra map is measured by the homotopy
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¢2. For n = 3, the above says

P1(l3(21, 22, 23)) — L3(P1(21), P1(w2), P1(3)) + d2(l2(21, 22), x3)
+ (=1)m g (@1, bo(2a, 23)) + (—1) =Vl g (29, o (1, 23))
— Uy(da(w1,72), P1(23)) — Lo (1 (1), P2(w2, 23))
— (=1l (¢ (22), po (21, 23))
= K'¢3(x1, 29, 23) — d3(Kx1, 29, 23) — (—1)1 g3 (21, Ko, 23)
— (=)l ga (g, 2y, Ka3).

Now we define composition of morphisms.

Definition 5.6. The composition of Loo-morphisms ¢ :V — V' and ?’:
V' — V" is defined by

(¢ 09), (@1, van) = 3 (Ml ($es,),.. .. d@s.)).

weP(n)
for every homogeneous elements x1,...,x, €V and all n > 1.

Then it can be checked that unital L.,-algebras over k and Loo-
morphisms form a category.

Definition 5.7. The cohomology H of the Loo-algebra (V, £) is the cohomol-
ogy of the underlying complex (V, K = l1). An Leo-morphism ¢ is a quasi-
isomorphism if ¢1 induces an isomorphism on cohomology.

In fact, any Loo-algebra can be strictified to give a DGLA, i.e. any Loo-
algebra is Lso-quasi-isomorphic to a DGLA.

Definition 5.8. An Lo-algebra (V,£) is called minimal if {1 = 0.

We recall the following well-known theorem, sometimes called the homo-
topy transfer theorem. See the chapter 10 of [15] for a detailed discussion on
the homotopy transfer theorem.

Theorem 5.9. There is the structure of a minimal Ly -algebra (H, M=
e ) on the cohomology H of an Leo-algebra (V,£) over k together
with an Ls-quasi-isomorphism ¢ from (H, (™) to (V,£5). Both the minimal
Loo-algebra structure and the Loo-quasi-isomorphism are not unique, while
041 is defined uniquely.
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Definition 5.10. An Lyo-algebra (V,£) is called formal if it is quasi-
isomorphic to an Loo-algebra (V',0) with the zero Leo-structure.

Definition 5.11. Two Le-morphisms ¢ and é of unital Lso-algebras from
(Vi, €, 1y) into (V] , €', 1y/) are Loo-homotopic, denoted by @ ~oo @, if there
is a polynomial family A(7) = A\ (7), A2(T),... in T, where

e \.(7) € Hom(S"V, V')t for alln > 1.
e \y(T)(v1,y .-y Up—1,1y) =0, v1,...,0p—1 €V, foralln > 1,
and a polynomial family ®(1) = ®1(7), P2(7),... of Loo-morphisms, where
o ®,(7) € Hom(S"V, V") for alln > 1,
e Oi(7)(1y)=1y: and @, (7)(v1,...,0n—1,1y)=0, v1,..., 0,1 EV, for
alln > 2,
and ®(0) = ¢ and (1) = é, such that ® satisfies the following flow equation

B ()3 17)

Sy oy Al
IRY T I
bl i gmne BT
((I)j1( )(77"-77)7"'7¢)jr(7_>(’77"'7’7)7>\k(7_)('7>"'7’7))

+ Z R |]1+1 )(77"’777€j2(77"'77))
11+J*n 12

foralln >1 and vy € (ma @ V)? whenever A € Ob(ArtL).

It can be checked that ~ is an equivalence relation (see 4.5.2 of [14] for
another form of the above definition).

Lemma 5.12. Consider Loo-morphisms ¢ : Vi, — V| and Q’ : V] = V[ Let
é’\‘oo ¢ and él ~oo @' Then éloéwoo ¢ e g.

Proof. Let ®(7), where ®(0) = ¢ and (1) = (b, be a polynomial solution to
the flow equatlon with a polynomial family A(7). Let ®'(7), where ®'(0) = ¢’

and ®'(1) = ¢> , be a polynomial solution to the flow equation with polyno-

mial family ) (7). Then ®”(7) := ®'(7) @ ®(7) is a polynomial family?® in

25When we apply Definition 5.6, ®/ ,m > 1 are viewed as 7-multilinear functions.
For example, if ®1(x)(7) = A(x)73 + B(x) and @ (x)(7) = A'(y)7? + B'(y) for x €
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Hom(V, V")? such that ®”(0) =
that, for alln > 1 and v € (m

48 . 11 1
(I)Z(’Y o) E E Bl
Y AR ks
or p Elrl il g,
((I)}’l(%.”77)’.”’@9’T(%_”’7)7 %(77a7))

|
Yo M ()

é It can be checked

band 8"(1) = &' o
€ Ob(Art?),

¢
4 ® V)0 whenever A

where \(7) is the polynomial family in Hom(V, V”)~! given by

X (vs-e07)
1 1 ,

= > (@)

. . r! .71! ’ ]r!

Jitetge=n

1 1

+ Z —'ﬁq);(fbjl(’y,...,v),...,<I>j7,71('y,...,7),)\]-1,(7,...,'y)).

, - rlgteeg!

Jittge=n
This proves the lemma. U

The above lemma implies that the homotopy category of unital L.-
algebras is well-defined, where the morphisms in that category consists of
Lo-homotopy classes of Lo,-morphisms.

Let (V,K,[,]) and (V/,K',[,]') be an ordered pair of DGLAs over k.
Then a morphism f:V — V'’ of DGLAs is an Lo,-morphism ¢ = ¢; such
that ¢, = f. If f : V — V' is a DGLA morphism, then f = f + K's + sK is
a cochain map homotopic to f by the cochain homotopy s. In this case, there
is an Loo-morphism gi) ¢1, ¢2, ... which is homotoplc to ¢> ¢1 = f by an
Leoo-homotopy A = A1, Ag, ... such that \; = s and ¢y = f. Let f:V — V’
be a cochain map and [ f] be the cochain homotopy class of f. Then there
is a representative f of [f] which is a DGLA morphism if and only if f can
be extended to an L.o-morphism <z~5, ie., &1 = f which is Lso,-homotopic to
a cochain map. B

V,y € V', then

(@} 0 ®1)(2)(r) = A'(A(x))7° + A'(B(2))7* + B'(A(x))7* + B'(B(x)).
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