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Jacobi trace functions in the theory of
vertex operator algebras

MATTHEW KRAUEL AND GEOFFREY MASON

We describe a type of n-point function associated to strongly reg-
ular vertex operator algebras V and their irreducible modules.
Transformation laws with respect to the Jacobi group are devel-
oped for 1-point functions. For certain elements in V', the finite-
dimensional space spanned by the 1-point functions for the irre-
ducible modules is shown to be a vector-valued weak Jacobi form. A
decomposition of 1-point functions for general elements is proved,
and shows that such functions are typically quasi-Jacobi forms.
Zhu-type recursion formulas are provided; they show how an n-
point function can be written as a linear combination of (n — 1)-
point functions with coefficients that are quasi-Jacobi forms.

1. Introduction

Let V = (V,Y,1,w) be a vertex operator algebra (VOA) of central charge c
with vacuum vector 1 and Virasoro element w. For a state v € V', the vertex
operator determined by v is generally denoted

Y(v,2) = Z v(n)z "1

nezZ

where v(n) is called the n'* mode of v. We also define operators L(n) by

Y(w,z) = Z L(n)z""2

ne”Z

for the vertex operator associated to w. The VOA V carries the conformal
grading into finite-dimensional subspaces V' = @,,czV;,, where V;, = {v € V|
L(0)v = nv}.

In the present paper we deal exclusively with VOAs that are simple
and strongly regular. Strong regularity of V' entails that it is rational, Cs-
cofinite, CFT-type (i.e., Vo = Cl and V = @,>0V,), and also V; consists of
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274 M. Krauel and G. Mason

primary states (L(1)V; = 0). These assumptions may be taken as the basic
requirements for an axiomatic approach to rational conformal field theory.
For a review of the theory of such vertex operator algebras, cf. [26]. A simple,
strongly regular VOA satisfies the following additional properties (loc. cit.):

1) V has only a finite number of (inequivalent) irreducible admissible
modules, denoted by M1, ... M ([4, 31]).

2) V has a nonzero, invariant bilinear form (-,-) : V' x V' — C. It is nonde-
generate, symmetric, and unique when normalized so that (1,1) = —1
([125 24]).

3) Vi is a reductive Lie algebra with respect to the bracket [u, v] = u(0)v.
Moreover, each homogeneous space of each irreducible module M" is
a linearly reductive Vj-module. (This is proved in [6] for the adjoint
module V. The more general case for M" can be proved similarly.)

4) V has a ‘square-bracket’ grading such that

V=D Vi,

n>0
where Vi) = {v € V | L[0]v = nv} and Vjo; = C1 ([31]).

From now on, (-,-) is the canonical invariant bilinear form normalized
as in 3) above.
Elements hi,..., h, € Vi are said to satisfy Condition H if

1) they are linearly independent,

2) h1(0),...,hn(0) are semisimple operators on each module M*, ... M

with rational integer eigenvalues,
3) [hi,hj] =0 (1 < i,j < m)

Thanks to the reductivity of Vi, any set of elements {h;} satisfying Condi-
tion H is contained in Cartan subalgebra of Vi (ie., a maximal abelian Lie
subalgebra consisting of semisimple elements). Conversely, a Cartan subal-
gebra has a basis of elements that satisfy Condition H ([26]). It is easy to
see that if the elements {h;} satisfy Condition H then

hz(n)hj = 5n,1 (hi,hj> 1 (1 < i,j < m)

Until further notice, fix hy,...,h,, satisfying Condition H. Introduce
the symmetric matrix G = ((h;, h;)) and let Gla] denote a'Ga (¢ denotes
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transpose) for an m-rowed column vector a. For elements vy, ...,v, € V we
consider n-point functions of the form

(1) EFr(v1, ..y Un; 21, e vy Zmy T)

- TI'MT Y(qf(0)1)17 q1> PPN Y( T[L/(O)Uru qn) {7/1(0) e :TLL"L(O)qL(O)_C/QZl,

where c is the central charge of V and we always take g, =e™*, (;=e?™% ¢=

e?™7 with wy, 21 € C(1<r<s,1<k<n,1<1<m)andr € H (the com-
plex upper half-plane). It is convenient to abbreviate tuples such as (hy, ...,
hm) by h. Thus the important special case of a 1-point function with homo-
geneous element v € Vy, for example, reduces to

(2) Ton(v;7,2) 1= Trage ()¢ (O (im0 gL0)—e/24.

which (formally) can be written

(3)  Jpp(v;T,2) = Z Z (bt tm)Gr - gt

£>0ty,...,tmEZL

where A, is the conformal weight of M". (In case the trace is over a space
W which is not M", we will denote by Jw.p(v;T,2).)

For example, if v = 1 and hy, ..., hy, is a basis of a Cartan subalgebra H
of Vi, then J, 4 (1;7,2) (the O-point function) determines the multiplicities
of the H-weights of M" considered as Vj-module, and thereby the decom-
position of M" into irreducible Vi-modules.

The main purpose of the present paper is to establish transformation
laws for one-point functions with respect to the Jacobi group SLa(Z) x (Z &
Z)™. It transpires that this naturally breaks down into two cases, depending
on whether the equality hj(n)v =0 (1 <j < m,n > 0) holds or not. In the
first case we have the following theorem.

Theorem 1.1. Let V' be a simple, strongly regular VOA. For any v € V,
there are finitely many integers t such that the function J, j,(v; T, z) converges
on every closed subset of {(T,21,...,2m) EHXC™ |2 & } (Z+Z1),1<
i < m} with Fourier expansion (@) Ifv € Vi satisfies hj(n)v =0 for all 1 <
j<m and n >0, then J.,(v;T,z) satisfies the following functional equa-
tions:
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1) For ally = (2Y) € SLy(Z),

” Jrh< ar+b oz >

Ter+d’ c7'+d

= (er + d)¥exp <

)}:A Jon(v; T, 2),

with scalars Af’,y depending only on .

2) Forall [\, p] € Z™ x Z™ there is a permutation T — 1", r" € {1,..., s},
such that

(5)  Jrn (v;7, 2+ AT+ p) = exp (—mi(GAIT + 22'GA)) Jo p(v; T, 2).

Essentially, this says that the vector of 1-point functions (Ji p, ..., Jsz)"
is a vector-valued weak Jacobi form of weight k and index G /2. For example,
if V' is holomorphic (i.e., it has a unique irreducible module), then Jy, is a
weak Jacobi form of weight k& and index G/2 (generally with a character x
of SLy(Z), which is trivial if 24|c).

The statement of convergence can be refined in a number of cases. In
particular, Heluani and Van Ekeren have recently [15] introduced the idea to
use another set of quasi-Jacobi forms to address this issue in the case of N =
1 SUSY vertex algebras. In this setting, they first prove their trace functions
are conformal blocks, and are then able to utilize this other set of quasi-
Jacobi forms to prove convergence in the m = 1 case on the stronger domain
consisting of closed subsets of {(7,z) | z € Z + Z7}. It appears possible and
of interest to extend these ideas to establish a similar domain of convergence
in the case of general strongly regular VOAs.

When v € V} fails to satisfy hj(n)v =0 for some 1 < j <m or n >0,
the 1-point functions do not necessarily satisfy and . To describe
the transformation laws in this case, let us fix for now a Cartan subalgebra
H C Vi, say of dimension d, together with an orthogonal basis {u;} of H. It
suffices to take v € Vi) in the form

Ly

(6) v=wi[-mi]"" - lan

.ud[_de] L

S [=ma ) “ug[=mg ) ew

for nonnegative integers €, ,,, my,, (1 < < d,1 <y < vy), and w in the com-
mutant Q(0) := Cy(Mpy) of the Heisenberg subVOA My C V generated by
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H. There is a decomposition ([6l 8, 26])

5
(7) M" =P EP Mu(B+ 1) @ (n)

t=1 BecA

of M" into irreducible My ® ©(0)-modules. In particular, each ,(v;) is a
certain irreducible ©(0)-module. Here, A C P C H where A, P are additive
subgroups of H of rank d, A is a positive-definite even lattice with respect
to (, ), and {7} are coset representatives of P/A. (See [26] and Section 5
below for further details.) We then have the following theorem.

Theorem 1.2. Let V be a simple, strongly regular verter operator algebra
with orthogonal basis {u;} of H and v € Vi) as in (@ Then

)

Jrn(v,7,2) = Z (w2 Zf VWi n(kis T, 2),

=1

where i = (1115 -+« 1ugs ey id s idp,) €LY with 0<iy, < |lyy], fH(T)
s a quasi-modular form of weight 221;,;/ Gy, ki = nyy(ﬁx,y — 2igy), and
U, b (ki, 7, 2) is a linear combinations of functions of the form

3) Do (a2 o)

aEA+

for various a € H. (For precise definitions of these functions, see Section 5.)
The functions and their transformation laws with respect to the
Jacobi group are discussed in [2I]. In the case (a, h;) =0 for all 1 < j < m,
they are Jacobi forms on I'g(IV) of weight f + k; and index G/2, where N
is the level of A, I'g(N) C SLy(Z) is defined by
Io(N)={(2%) € SLa(Z) | ¢c=0 (mod N)},

and we suppose the quadratic form has rank 2f. Otherwise, are quasi-
Jacobi forms on I'g(N) of the same weight and index. In either case,

Zf YWy (ki, 7, 2)

is a quasi-Jacobi form on I'o(N) of weight f + >, ¢; and index G/2.
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Theorem reduces the computation of J,.p(v, 7, z) to a similar com-
putation involving only the commutant €(0) and its irreducible modules.
It is a standard conjecture that, under the assumption that V is strongly
regular, £2(0) is also strongly regular. Assuming this to be true (it is known
in many cases), Theorems and provide explicit transformation laws
for the functions J, ,(v; 7, 2z) for any homogeneous v € V.

The literature dealing with (weak) Jacobi forms in the context of affine
algebras and related areas is quite extensive, whereas the theory for general
vertex operator algebras that we develop here has few precedents. In [5]
some of the theory is developed for lattice VOAs, and [16] deals with the
case of highest weight integrable representations for affine Kac-Moody Lie
algebras. Weak Jacobi forms arise as elliptic genera in various contexts, e.g.,
from models of N =2 super conformal field theories discussed in [I7]. In
particular, a generic approach is developed to calculate the relevant trans-
formation properties for N = 2 Neveu-Schwarz models and the elliptic genus
for the N = 2 Landau-Ginzburg models are calculated. Libgober also dis-
cusses elliptic genera in [25], showing in the Calabi Yau case that the elliptic
genus is a weak Jacobi form, while in other cases it lies in the space of quasi-
Jacobi forms.

Weak Jacobi forms and quasi-Jacobi forms also appear, at least implic-
itly, in the study of n-point recursion formulas in [3] and [27]. Gaberdiel
and Keller [13] discuss these functions further in the N = 2 Neveu-Schwarz
model, developing some transformation properties while also establishing
differential operators which arise in superVOAs that preserve the weak
Jacobi form property of the elliptic genus. Recent work of Heluani and Van
Ekeren [15] considers certain supercurves and the vertex (operator) algebras
(Nw =1 SUSY vertex algebras) that produce vector bundles over these
supercurves. In this setting, they show that certain functions analogous to
the ones studied here give rise to superconformal blocks on a moduli space
of elliptic supercurves. Their work establishing convergence of the functions
they consider inspired us to revisit the convergence of the functions that we
deal with here, where a previous draft of this paper contained an incomplete
proof. As Heluani and Van Ekeren explain, their work can be regarded as
an algebro-geometric approach to such problems.

Finally, we note that the special case of the partition function with only
one elliptic variable, i.e., v =1 and m = 1 in previous notation, appears in
[20]. Tt is our hope that the results of the present paper may, in particular,
foster closer ties between vertex operator algebras and elliptic genera.

The paper is organized as follows. In Section [2] we discuss the various
kinds of modular-type functions that we need, including (matrix) Jacobi
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and quasi-Jacobi forms, and ‘twisted’ Weierstrass and Eisenstein series. The
latter functions appear as coefficients in the recursion formula, expressing
n-point functions as a sum of (n — 1)-point functions, which is proved in
the short Section |3}, following [27]. This result reduces the study of n-point
functions to the case of 1-point functions. Our main results, Theorems
and are proved in Sections [4] and [5] respectively.

2. Automorphic forms
2.1. Jacobi and quasi-Jacobi forms

Let Mergxc» denote the space of meromorphic functions on H x C™, and F
be a real symmetric positive-definite n x n matrix. We say a meromorphic
function ¢ on H x C™ is a meromorphic Jacobi form of weight k, index F,
and character x (x: I't — C*) on a subgroup I'y of SLy(Z) if for some ¢y € Q,
¢ has an expansion of the form

(9) $(rz)= . cl,r)g exp (2mi(z'r)),
reZ" Leq,
40—F~1r]>0

where ¢ = e*™7 (7 € H), £ > {o, c({,r) are scalars, and for all v = (‘é 2) el
and (A, p) € Z™ x Z" we have

b
o (5 2) = xtter + )t exp (20 ) o2,

and
O(T, 2+ AT + p) = exp (—2mi(TF[A] + 22'FA)) ¢(7, 2).

In the case £y > 0, ¢ is holomorphic. Throughout this paper we take the
term Jacobi form to mean holomorphic Jacobi form. When the condition
4¢ — F~'[r] > 0 in (9) is replaced with £ > 0, we call ¢(,2) a weak Jacobi
form of weight k and index F. (See [11] for a detailed study of such functions
when n =1 and [30] for a discussion of the general case.)

The function ¢ is a quasi-Jacobi form of weight k£ and index F on I'y if
for each 7 € H, 2 € C", v = (‘é Z) €Iy, and A, p] € Z" x Z", we have

_k —2mi Zf[i] at+b z czy [ c
1) (CT + d) € +d¢ ct+d’ ct+d € MerHXC" ct+d’ " ") et4+d? et+d

with coefficients dependent only on ¢, and
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2) eQm(TF[AHQ?FA)qS(T, z + AT + p) € Mergyxcn (A1, . . ., An] with coefficients
dependent only on ¢.

In other words, there are meromorphic functions S;, .. ;, j(¢) and T3, ;. ()
on H x C™ determined only by ¢, and s1,...,s,,t € N such that

_ cFz] ar+b  z
(10) (er +d) kexp( 2! +d>¢<cr+d’c7'+d>

il in .7
— . . . 021 DY czn c
- Z Sty (D)7 2) (m’—i—d) (m’—i—d) (m’—i—d)

11581400, 0n S,
j t

and

PR N (2 4 A7+ )
(11) = Y Ty (@)(m 2T N

11<81,.38n <8

If ¢ # 0, we take Sy, s, +(¢) # 0 and Ty, . s, (¢) # 0, and say ¢ is a quasi-
Jacobi form of depth (s1,...,sp,t). In the case n = 1 and F' = 0, this defini-
tion of a quasi-Jacobi form reduces to that in [25]. (See also Definition 3.10
in [I8] for another definition of quasi-Jacobi form.)

Let Q,, denote the space of quasi-Jacobi forms on H x C". Straightfor-
ward calculations establish the following well-known lemma.

Lemma 2.1. The space of quasi-Jacobi forms Qn is closed under multi-
plication by Ey(7) and partial derivatives -2 + and -, 1 < j <n. (Nb. such
operations change the weight and depth.)

2.2. Twisted elliptic functions

For w € C, z € C", and 7 € H such that [q] < |e*| <1 and (4.t # 1,
we define the ‘twisted” Weierstrass functions Py(w,z,T) by

Ekl

where g = €™ ¢, = €¥, G = e?™%_ When z = 21 + - -+ + 2, and we set ( =
™% the functions Py (w,z,7) = Py(w,z,7) are the same as the functions
(— 1)kPk [ 1](w,T) in [27] (where one can find more details), Py (1,1, 2miw,7)
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in [3], and (273) *Pr(quw, ¢, ¢) in [13]. We will also consider functions of the
form when (;---(, = 1. In this case, the sum is to exclude the term
¢ =0 and the functions are simply the classical (or ‘untwisted’) Weierstrass
functions.

Writing as

B,z = — S (T (D a5 G
N R I A TRy L= Gad’

+ o011 1>
=gt Gt

it can be shown that the functions Py(w,z,7) converge for |q| < |qu| <1
(see also [13], 27]). )
Define the functions G(7, z) by

2mi) 2 & (g%—lqﬁgll N e sV R Cn>
(%*1)!5:1 1—gf¢rt it 1— ¢’ G )

(2mi) M & (ﬁkqfc;lmc;l B ﬁ?’“qﬂclmgn)
R H A\t TG G

égk(T, z) = 2¢(2k) +

é2k+1 (7—7 é) =
—

[e'S) ;—1 -1 14
G — (2 ¢t 4G G )
211

+f_
LGt

where £(2k) = Y0 | &, and set

n=1

i,

Enlr2) = (%i‘)mém(ﬂ 2)

The functions E,, with one complex variable z have been called ‘twisted
Eisenstein series’ in [3, [13], 27]. The additional complex variables considered
here do not add much difficulty as most calculations reduce to the single
complex variable case by noting

E(1,2) = Ep(1,21 4+ - + 2n).

Lemma 2.2. For m > 1, the functions Em(T, z) are quasi-Jacobi forms of
weight m and index 0.
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Proof. We first take the n = 1 (z = 2) case and show that E,, satisfies
for the matrices S = ({ ') and T'= ({ 1). The result follows from a trans—
formation discussed in [13]. In partlcular it is established there (see display

(C.15)) that

B m m k
T "E,, <— ) Z (T, z)zm*ka*m,
k:()
where we take Eq(7, z) to be 1. Therefore,
- 1 N (—1)mR
(13) 7—_mE‘m (_7'7 j_) - Z ((Tn)—k)'Ek(T’ Z)Zm ka m
k=0 ’
m
(_1 m—k _ 2\ m—k

This proves the transformation for the matrix S. For the matrix 7" we have
T-7— 741, and we find E,,(7 + 1,2) = Ep(7, 2).

We now consider the general case of z. Using Em(T, z) = Em(T, 214+ 4+
zn) and ([13)), we find

k=0 i1,0.yin>0
i1t tin=m—k
where the Cj, ;. are scalars produced when expanding ((z1 + -+ 2,)/
7)™~k This proves . for the matrix S. The case for the matrix T is again
trivial.
To prove , we can repeat similar steps for [\, 0] € Z™ x Z", using the
transformation (for the z = z case)

m

=> (- m+k< )Am—kEk(T,z)

k=0
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(cf. [29], page 7). We omit further details. O

The following lemma follows as in Proposition 2 in [27] with the same
proof (see also display (C.14) in [13]).

Lemma 2.3. We have

Po(w,z,7) = +Z< )Esz)wkm.

Beyond the modular forms discussed above, we also frequently encounter
the usual quasi-modular Eisenstein series Fy(7) normalized so that it has
the functional equation

ar +b\ 9 cler +d)
EQ (CT—I—d) = (CT+d) EQ(T) o y

for v = (%) € SLy(Z).

3. Recursion formula

In this section we establish recursion formulas for n-point functions. These
results are found using an analysis that is similar to that in [27] and [31].
For this reason, we merely state the needed results, omitting proofs. The next

lemma contains the necessary changes as well as the assumption
h1(0) hm(0)
1 c(m v ="7.

Lemma 3 1 Let MT™ be a module for V, ve Vi, and vy,...,v, € V. If
hl(o) §m =, then

The following two lemmas, when combined, reduce any n-point function
to a linear combination of (n — 1)-point functions with modular coefficients
of the type described in Section
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Lemma 3.2. Let v eV and suppose hj(0)v = pjv, p; € C, for each 1 <
7 <m. Then for any V-module M" and vy, ...,v, € V, we have

JT,Q(Uu Viyeooy Uny T, é)
= (55‘&,2 Trpse O(U)YM(qlL(O)Ul, q1)--- Y(qﬁ(o)vn, qn)gfl(o) . C&m(o)qL(O)—C/%

n
+ Z Z Propi(zs — 2,72 ) Jep(v1, - 0[K]Us, o 03 T, 2),
s—1 k>0

where 5é'ﬁvZ is 1 if z-p € Z and is 0 otherwise.

Lemma 3.3. Let the assumptions be the same as in the previous lemma.
Then for p > 1,

J”}ﬂ(v[_p]vla <y Uns T, g)
- 52&725 1 Trage O(U)YM(%L(O)Ub q1)

o Y(q'r[zl((])vna Qn) h1 (0) e Chm(o)qL(O)—c/24

k
pHZ( e )Ekﬂo(ﬂz W p kv, .. v T, 2)

k>0
k+p-—1
pHZZ( P )(Pker(Zs—Zl,T,Z‘M)
s=2 k>0
’ JT,E(UM S 7v[k]vsa sy Uns T, é))

In particular, in the case n = 1 we have

Jr,ﬁ(v[_p]vl; T, §)
= 52 ‘W, Z(Sp 1 Trage O( )YM(Qf(O)Ula Q1)< 1(0) o Cf‘rlzmw)qL(O)_C/24

p+1z<k+p )Ek+p(TZ W) Ipn(lk]vr; T, 2).

k>0

Another result that will be useful is the following. (See also [13].)

Corollary 3.4. Let m =1 and n =1 as in the previous lemma.
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1) If w € V such that h(0)u = 0, then

Trn(u[—plvi T, 2) = 61 Trage o(w)o(v) (MO gHO)—e/24
DY (k TP )EHP(T)JT,;L(U[/C]U;T, 2).
k>0
2) If u € V such that h(0)u = pu (1 #0), then
Jon(ul—plv;7,2) = (-1 S (’“ TP I)Ek+p<n 02 I (ulklos 7, 2).
k>0

Remark. The difference of a minus sign between these equations and those
found in [27] can be attributed to the minus sign difference in our definitions
of the functions Py [ﬂ (w,7) and the action of SLy(Z).

Finally, using that Fx(7) = 0 for odd k we can establish the following
corollary.

Corollary 3.5. Let m =n =1 as before.

1) For any v € V, we have

(14) Jrn(h[=1]v; T, 2)
= %%Jr,h(v; T,z) + ; Eoi(7) Iy p(R[2k — 13 7, 2),
and
(15) Jrn(L[=2]v; T, 2)
= 2Lﬂ%Jr,h(v; T, %) + % Eo (1) n(L[2k — 2]v; 7, 2).

2) If u € V such that h(0)u = 0, then

(16) Jrp(u]=2Jv;T,2) = — Z(Qk — 1) Eo (1) Jy p(u[2k — 1]v; 7, 2).
k>1

3) If u eV such that h(0)u = pu (1 #0), then

A7) Ten(u[-2vs7,2) =Y (=) (k — 1) By (7, p2) Jop (ulk — 2]v; 7, 2).
k>2
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4. Theorem proof

Throughout this section, V' is a strongly regular vertex operator algebra
of central charge ¢ and M, ..., M* its inequivalent irreducible admissible
modules. Fix hi,...,h, in V4 which satisfy Condition H on each module
M". Let G be the Gram matrix G = ((h;, h;j)) associated with the bilinear
form (-, ) and elements hi, ..., hpy,.

We first prove the transformation law in Theorem To do so we
will need a 1-point analogue of a result due to Miyamoto [28]. For u,w € V;
and v € V| we define the function ®,(v;u,w, ) by

(18) (I)T(U; u, W, 7') = Trpsr O(U)@ZWi(w(O)JF(uvwWZ)qL(0)+u(0)+(u,u>/27c/24.

Function is similar to the functions ®, defined in [28], except there only
the case v = 1 is considered. Moreover, we have switched the notation of u
and w and taken (1,1) = —1, which is negative the normalization taken by
Miyamoto.

The proof of the following theorem is the same as in [28] (see Theorem
A) when one makes the appropriate changes. We omit details here; they may
be found in [19].

Theorem 4.1. Let V' be a rational, Cy-cofinite vertex operator algebra and
M?, ..., M? be its finitely many inequivalent irreducible admissible modules.
Suppose w € Vi and v € Vi are such that w(n)v =0 for n > 0. Then for
ally = (%) € SLy(Z),

b
D, <v;0,w,ccl:j_—d> (et +d) ZA (v; cw, dw, T),

where A};ﬂ are th(_a scalars S(vy,r,i) dependent on ~ that appear in Zhu’s
Theorem 5.3.2 of [31).

Note that
Jrn(v;7,2) = @4 (v;0,2 - b, T),
where z - h is the usual dot-product. By Theorem

ar+b Z z-h ar+b
Jr = (I)T ;0,;,7
’h< ‘et +d’ CT+d> <v CT+d m—l—d)

h dz-h
(19) = (et +d) ZAM g< =z a gz )

"er+d er+d
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Expanding the ®, on the right hand side we find

cz-h dz-h
20) @ —_—
(20) E(%CT—I—d’CT—I—d’T)

I & zj (hj, he) 2
= Trpeo(v) exp |2mi dg E #
j=11t=1
& zj (hj, he) 2
: 2mit | L(0) + DS J’tt—24
exp | 2mir | L(0) + CT+d+c g 2(ct + d)? ¢/

h]? he) 2t qL(O)—c/24

= Trpse o(v) exp (2mz h(0 )exp 2mic Z (et d)
-

.Gz . -
= exp < J[r]d> Trge o(v) (O o B (0) g LO) /24

Combining and establishes .

Remark. Although it may appear that Condition H and the assumption
hj(n)v = 0 are not needed to establish , they are used in the proof of
Theorem [£.1] and are indeed necessary.

Next we prove . Following H. Li [23], define invertible maps Ay, (2) :
V — (EndV)[z71, 2] by

Ap,(z) = Zhj(o)exp —Zhjlik)(_z)k 7

k>1
and Yi\/}{_(z)(-,z): V — (End M)[z71, 2] by
YAA{J_(Z)(’U,Z) =YM (Ahj(z)v,z) .
We then have the following theorem (loc. cit. Proposition 5.4).
Theorem 4.2. Suppose that g is a finite order automorphism of V' such

that g(hj) = h;. Let (M",Y") be a g-twisted V-module. Then (M, YA”hA(z))

is a weak (ge* " O))-twisted V-module.
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Applying this formalism when g = €27 (0) is the identity automorphism
(hj has integral eigenvalues), we obtain an isomorphism of V-modules

(21) (M’”',thj () = (M Y7)
for some ' € {1,...,s}. For each h; (1 <i < m) we have
An (e = [ O expd - ST BE b
k>1
hi(1)?
=0 (w24 M )

=w+ hz‘z_l + (hi, h;) 272,

Therefore, the modes of wa, acting on (M . th.(z)) are given by

>owa, (M2 =YL () (w,2) =Y (A (2)w, 2)

nez
hi, hi)
= Z <w(n)z"1 + hi(n)z""2 + <2>z " 3> )
neL
Taking Res. 2 of both sides, we find wa, (1) = w(1) + hi(0) + (hi, hi) /2, i.e.,

9 .

(22) La,, (0) = L(0) + hi(0) +
In a similar way we have

An,(2)hj = hj + (hi hy) 271
for any 1 < 7 < m, and in particular,
(23) (hj)an, (0) = hj(0) + (hi, k) -

Using and , we find

(01 La = LO) - At ESTS A kA
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and

m

(25) (hj)Afg.LL(O) = hj(()) - Z As <h87 hj> .

s=1

Finally, with these same calculations applied to v € V}) such that h; j(n)v =0
for 1 < j <mandn > 0, we find that the zero mode of v on (M™, YA"_k e ))
isoan_,,(v)=vk—1)=o0(v).

Using , , and the isomorphism , it follows that

Jen(V; T, 2+ AT + )

= Trps- o(v) exp [27ri Z 25 + AsT + i) h(;(())] exp(2miT(L(0) — c/24))
6=1

= Trps o(v) exp [ mi Y (zs + AsT) hs( )] exp(2miT(L(0) — c/24))

= Try 0(v) exp [271'2' D (25 + A7) <h5(0) - Z At (he, h5>)]
o= t=1
exp [mm (L( ) —A-h(0) + ;zmj > s (hoha) A — c/24>]

6=1t=1

HME

= Tr; o(v) exp (2mz h(0) ) ex < iTA - (7)

p
exp ( 2m§: Zn: 25 (hsy he) A ) exp ( 2miT i i As (hs, he) /\t>

60=1 t=1 6=1 1

exp( 2miTA - h(0 >exp (m ii (hs, hy) )\t) L(0)—c/24
5=1 t=1

= exp (—7i (GA]T + 22'GA)) Jp p(v; 7, 2).

Here, the second equality uses the fact exp (2mip - h(0)) =1 since - h(0)
acts on M" With integer eigenvalues. This proves . o

Since is clear, it remains to establish the convergence of J, ;(v; T, 2)
for any v € V and module M" = P, M} ,;, where A, is the conformal
weight of M". For the remainder of this section we also drop the notation
Jr.p and simply write Jj, as none of the calculations are dependent on M.

Consider the case m = 1. That is, take h to be a single element h €
V1 that satisfies Condition H, so that we are concerned with the function
Jrn(v;T,2) on H x C. Let M denote the ring of quasi-modular forms and
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Qp be the ring of quasi-Jacobi forms of index 0 (see [25], Proposition 2.8),
which are both known to be Noetherian. By Definition 2.5 in [25], it is
clear certain generators of quasi-Jacobi forms of index 0 are convergent on
closed subsets of {(7,2) € H x C | z € Z + Z7}. In particular, the functions
Ey (1, z) introduced in Subsection are convergent on this domain.

For a € Z, let U, be the map defined by U(¢(7, 2)) = ¢(7, az). Then U,
maps (quasi-)Jacobi forms of index m to (quasi-)Jacobi forms of index a?m.
In particular, Ey (7, az) = Uy(Ex(T, 2)) is a quasi-Jacobi form of index 0.

Set V(Qp) =V ® Qp and let O (V') be the subspace of V' generated by
the elements

(26)  u[O]v,

(27)  u[-2lv+ i@k — 1)Egi(T)u[2k — 1Jv, when h(0)u =0, and
k=2

(28) ul—2]v + Z(k: — 1) Ey (7, az)ulk — 2Jv, when h(0)u = az.
k=2

By , , and Lemma ({3.1), it follows that Jy(v,7,2) =0 for all v €
On(V).

Lemma 4.3. Suppose V is Ca-cofinite. Then V(Qo)/On(V) is a finitely
generated Qp-module.

Proof. The proof mimics that of Lemma 4.4.1 in [31]. Since Co(V') has finite
codimension, there exists an integer N such that V,, C Cy(V) for all n > N.
Let A be the R-submodule of V(Qp) generated by €D,y Va. If v € Vi) we
will show that v € A+ Op(V), thereby proving V(Qp) = A+ Ox(V), and
thus the lemma.

In the case k < N, we are done since v € A. Therefore we assume that
k > N.In this case, V) C A+ Op(V), and so we have v = a + Zfzo bi(—2)c;
for some a € A and homogeneous b;, ¢; € V satisfying wt[b;] + wt[c;] = k — 1.
In the case h(0)b; = 0, then b;j(—2)¢; € A+ Op(V) just as in [3I]. It suffice
to show b;(—2)c; € A+ Op(V) in the case h(0)b; = ab; for some nonzero
a € Z.

In this case we have

bi[=2]c;i + Y (€ — 1) Ey(r, az)bi[l — 2)c;
(=2
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is in O (V). Since Ej (7, az) is again a quasi-Jacobi form and wt[b;[¢ — 1]¢;] =
wt[b;] + wt[e;] — £ =k — 1 — £, our induction hypothesis shows that

o0

Z -1 Eg T az)bi[ﬁ— 2]Ci

(=2

is in Onp(V), and thus so is b;[—2]¢;. Using that b;(—2)c; = b;[—2]c; +
Z]> 5 Bjbilj]c; for some scalars f;, we can apply our induction hypothe-
sis again to the elements b;[j]c; to find b;(—2)c; € Op (V). The lemma is now
proved. O

Remark. Since our recursion formula introduces functions of the form
Ey(,az) (a € Z) in the previous step, an arbitrary function ¢(7,z) in Q
may have a pole at z € 1 (Z + Zr) for different ov. Therefore, the finite many
elements in Qg that arise in the following lemma may each have such poles.
The authors would like to thank Reimundo Heluani for bringing this to their
attention. After this step, however, no further coefficients with poles are
introduced in the proof, and we therefore obtain the domain of convergence
as described in the statement of the theorem.

Lemma 4.4. Suppose V is Co-cofinite. For any v € V there exist m,n € N
and ¢i(1,2),¢(1,2) € Qp, 0<i<m—1,0<j<n-—1, such that

m—1

(29) LI=2]™v + ) (1, 2) L[-2]"v € O4(V)
i=0

and

(30) "y 4 Zzp] (1, 2)h[-1)7v € O (V).

Proof. By the previous lemma and the fact Qg is Noetherian, we have the
Qop-submodule generated by {h[—1]7v,j > 0} is finitely generated. There-
fore, some relation such as must hold. Equation is proved simi-
larly. 0

Set D, *——andD— d

27 dt %E'

Proposition 4.5. Suppose that V' is Cy-cofinite.
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1) If v €V is such that L[l]Jv =0 for £ > 0, then there exists an m € N
and ¢i(7,z) € Qp, 0 <i < m —1, such that

m—1

(31) D Ju(v,7,2) + Y ¢i(7,2)Didp(v, 7, 2) = 0.
=0

2) If veV is such that h[lJv =0 for ¢ >0, then there exists an n € N
and ;(1,z) € Qu, 0 < j <n—1 such that

n—1

(32) D2 Jn(v, T, 2z) + Z V(1 2) DLy (v, 7, 2) = 0.
=0

Proof. The proof of follows just as in [3]. The proof of is similar,
and follows from using Equation along with induction and the fact that
there are scalars f3;;;, such that h[2k — 1]h[—1]'v = Z;;B Bijih[—1)v for any
k>1. O

It follows from the theory of ordinary differential equations that solutions
to these equations converge wherever the functions ¢;(7, z) and (7, z) do.
In particular, shows that Jj(v, T, z) converges on the set F':= {(1,2) €
Hx C |z ¢ 3(Z+ Z7), finitely many ¢ € Z}.

It remains to show that similar differential equations hold for any v € V,
not just those that are primary. We will first establish a series of lemmas
involving a single variable z. We omit the variable 7 until the end, as the
analogous results can be proved similarly and are also essentially found in [3].

Lemma 4.6. Suppose { > 1, j >0, and v € V} is such that h(0)v = av
for some scalar o.

1) For ¢ =1, h[{ — 1]h[-1}/v = ah[-1}v.
2) For £ =2, h[{ — 1]h[—1Pv = h[-1)7h[1]v + j(h, h)h[-1]71v.
3) For all £ > 1, there are scalars (;j; and elements satisfying wtlu;;] <

wtlv], with equality only if uije = v, such that

h[¢ — 1]h[-117v = h[-1) Al — 1]v + i Bizeh[—1]"uijo-
=0

Proof. Both (a) and (b) follow from easy proofs by induction on j. Part (c)
follows by induction on j + £. O
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Using this lemma along with we find

(33) Jn(h[=1) T, 7, 2)

= D, Jy(h[-1)v,T, 2) +ZE2€ (h[2¢ — 1]h[-1)v, T, 2)
= D.Jy(h[-1)v, T, 2) ZE% ( [—1)7h[2¢ — 1)v, T, 2)

+Z/81jéjh uzjfv'r Z))

Noting that wt[h[2¢ — 1]v] < wt[v] = k for £ > 1 and using induction on k +
j along with , we obtain the following lemma.

Lemma 4.7. For any v € Vg and j > 0 there are elements u;jo € V' sat-
isfying wtlugje] < k and functions fi;j(7),gije(T) € M C Qp, 0 < i < j—1,
such that

j—1
(34)  Ju(h[-1Pv,7,2) = DiJy(v,7,2) + > fi () DL (v, 7, 2)
=0
+ Zzgzgé D Jh Uijjes Ty Z)

=0 £

Proposition 4.8. For anyv € Vi there exist m,n € N, elements wip, wjo €
V' satisfying wt[u|, wt[ul,] < k, and functions ¢;(7,2), ¢iu(T,2), ¥;(7,2),
Yie(1,2) € Qp, 0<i<m—1,0<j5<n—1, such that

-1
(35) D Jn(v, 7, 2) + ¢i(T, 2) DIy (v, T, 2)
0

3

Tl

+ > > Gl 2)Didy (i, 7,2) = 0
i=0 ¢
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and
n—1 )
(36) DI Ju(v,m,2) + > (7, 2)Didy(v, 7, 2)
j=0
n—1 )
+ Z Z Vo1, 2) DL Jp(wje, 7, 2) = 0.
j=0 ¢

(Note that the functions ¢ and 1 are not necessarily the same as those
in (0.

Proof. Since Jy,(u, T, z) = 0 for Vu € Op(V'), we can substitute into J, to
obtain 0. Next, solve for Jj,(h[—1]"v, T, z) and then exchange Jy, (h[—1]"v, T, 2)
with the right hand side of , replacing j with n. What results is .
Equation follows from a similar analysis, where the necessary lemmas
analogous to those here can be proved just as in [3]. O

We are now in position to prove the convergence of Jj(v, T, 2) for any
v € V. We first fix 7 and prove that Jj (v, 7, z) converges in the z-variable on
the set F'. The same proof can be applied to prove that Jy (v, 7, z) converges
for all 7 € H by fixing z, though we will omit these details. We proceed
by induction on wt[v] for homogeneous elements v € V. If wt[v] = 0, then
v = 1 for some scalar 3, and Jy(v, T, z) satisfies the relevant differential
equation in Proposition , and therefore converges on F' since the func-
tions (7, 2) do. Suppose, then, that for any v € V with wt[v] <k —1,
Jn(v, T, 2) also converges on this domain, and consider the case wt[v] = k.

By our induction hypothesis, the functions J(wje, 7, 2) in the previous
proposition all converge on F'. For the same fixed 7, set G(7,2) to be the
third summand in . That is, G(7,2) = Z}:& oo ie(T, 2) DL I (wie, 7, 2).
Then a well-known result (see for example Lemma 1 in [I]) asserts the exis-
tence of a function k(z) that converges on the same domain F' and satis-
fies (D, + k(2))G(t, z) = 0. Applying the operator D, + k(z) to shows
that Jp, (v, 7, 2) satisfies a differential equation with respect to the opera-
tor D, and with coefficients that converge on F for fixed 7. This in turn
implies Jp (v, T, z) converges on F. As mentioned before, fixing z and using
the same argument with shows Jp, (v, T, z) also converges for all 7 € H.
This proves Jj(v, T, z) converges on the domain stated in Theorem in
the case m = 1.

To prove the convergence for the function J, p(v;7,2) when m > 1, we
fix all but one of the complex variables zi,...,z, and apply the previ-
ous argument. Since the convergence can be established in this manner for
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each individual complex variable, Hartog’s Theorem gives the convergence
of J, n(v;T,2). The proof of Theorem is complete.

5. Theorem proof

In this section we take up the transformation laws of the functions J,. , (v; 7, 2)
when hj(n)v # 0 for some 1 < j <m or n > 0. We begin by reviewing the
Heisenberg VOA and a decomposition for strongly rational VOAs.

5.1. The Heisenberg VOA and a module decomposition

Let H be a d-dimensional abelian Lie algebra with non-degenerate sym-
metric invariant bilinear form (-,-). Consider the affinization H = H ® C[t,
t~1 @ CK, where K is central and [a ® t™,b ® t"] = (a,b)0m4noK (a,b €
H,m,n € Z). Taking K to act as 1 on C and H ® C[t] to act trivially, we
produce the induced module My = U(H) ®gecpeck C which is isomorphic
to the symmetric algebra S(H ® t~*C[t~!]) as linear spaces.

Let the action of u ® t"™ on My be denoted by u(n). For an orthonormal
basis {u1,...,uq} of H, set wyy,, = %Z?Zl u;(—1)21, where 1 = 1® 1. Any
element v € My can be written as a linear combination of elements of the
form

v=ai(—ny)---a,(—ny,)1,

for a1,...,a, € H and nq,...,n, € N. For such an element v € My, define
the map Y (-, 2): My — (End My)[z,271] by

Y(v,2) = 88(”1_1)611(2) e 8(””_1)%(2)8,

where 9" = 1 (d%)n, ai(z) = ez ai(n)z”" 1 (1 <i<v),and §--- g sig-
nifies normal ordering (see for example [22]).
It is known that (Mg, Y, 1,wyyr,, ) is a simple (though not rational) vertex

operator algebra of central charge d with L(0)-grading

My = @(MH)m

n>0
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where

(Mp)n ={ve My | LO)v =nv}
= (ar(=m) - a,(~m)1 |

a1,...,a, € Hny,...,ny, € N| Zn1:n>

There is a natural identification between (M), and H given by u(—1)1 —
u. Moreover, for a,b € H we have a[0] = a(0) = 0 and a[1]b = a(1)b = (a, b)1.
For a € H, define the space

My (a) == Mg ® e“.

If n # 0 the operators a(n) € End My act on My («) via its action on M.
On the other hand, a(0) acts on e* by a(0)e® = (a, «)e®. The space Mgy ()
is an irreducible My-module with conformal weight %(a, «), and for varying
« we obtain in this way all of the irreducible Mg-modules up to equivalence
(see [22] for details).

The partition function Zys, (1,7) := Tryy,, g% —4/24

for My satisfies
Zngy (1,7) = (1) ™%

Therefore, since L(0)e® = (a, a)e®, h;(0)e® = (hj, a)e®, and h;(0)My =0
for all 1 < j < m, we find

B37) Idtu(a)n(1572)
=Try,@ee gfl(o) oo (N (0) g L(0)—d/24

- <TI"MH @ ) qL(O)—d/24> <Treu (@ (@) qL(O)—d/24>

= (ZMH(17 7—)) C{hha) L. gzm,a)q%(a,a)
= n(T)quhl,a) o Cr(riLm,a)q%(a@)'

We now discuss a decomposition for any irreducible V-module M (see
[26] for more details). A result of Dong and Mason [6, 26] states that V; is a
reductive Lie algebra and that M is a linearly reductive Vi-module, i.e., its
action on M is completely reducible. The action of u € V7 on M is given by
u(0). Let

Qp:={we M |u(n)w=0, forue Hand n > 1},
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and for 8 € H set
M(B) :={we M |u0)w = (8,u)w, where u € H}.

Consider the set
P:={pecH|M(p)#0},
which is a subgroup of H. Then M has a decomposition

(38) M = My ® Q= @ My ® Qu(B),
BeP
where Qps(8) := Qar N M(B) (cf. [8, 26]).

It is known that Qy(0) = 2(0) is a simple vertex operator algebra and
Qs(B) are irreducible Q(0)-modules. Moreover, we have My () = My ® €”,
where e? € Q(3). It follows that the tensor product Mg (8) ® Qs (B) is an
irreducible My ® ©(0)-module. Note also that M (8) = My (5) ® Qu(B).

Set

Lo = {u € H | u(0) as an operator on M has eigenvalues in Z},

and
A= {u € Lo | (MY )= (M,YM)}.

Then the isomorphism (which holds for all u € L) implies

(39) Qu(B) = (B + u),

where u € A and § € P. In the case 8 =0, this gives Qas(u) = Q(0) for
all u € A. Therefore, Qps(u) #0 and A C P. In [26], it is shown that A
is a positive-definite integral lattice of rank d and |P: A| is finite. We set
0:=|P: Al

The decomposition , which is an isomorphism of vector spaces, may
now be written as a decomposition of irreducible modules for My (0) ®
Q7(0). Namely,

5
(40) M =P Mu(B+7) @ Qi)

t=1 BeA

1)
D D Mu®) o)

t=1 BeA+v,

where {v;} are coset representatives of P/A.
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5.2. Proof of Theorem [1.2]

Since M is a subspace of V', H is also a subspace of V' ( identifying a(—1)1 €
(Mpr)1 with a € H). Therefore, we may take the bilinear form (-,-) on H
considered in the previous section to be one which, when extended to V/,
is the restriction of the bilinear form (-,-) (on V) to H. In other words, we
have (+,-) = (-,+) on My and we will fix (+,-) to be such a bilinear form on
H and use the notation (-,-) for the remainder of the paper.

Let {u; | 1 <i < d} be a basis for H. By the decomposition of V,
any element in V' may be written as sums of elements of the form
g, Lo

V= ul[—mlyl] R ud[_md,l]

g~ mg ) @ e @ w,

o ul[_mlylﬁ]

w € Q(a), for various a € A+, 1 <t <dand £, ,,myy €N (1 <2 <d,
1 <y <vyy). Note that v(n)Mg(8) @ Q- (8) C My(a+ ) @ Quyr-(a+ 5)
for an irreducible V-module M". Therefore, the only v such that J, p,(v; 7, 2)
# 0, are those that are a sum containing terms which lie in My (0) ® ©(0).
That is, for « = 0 and w € ©(0). It therefore suffices to consider elements of
the form given in

Since w € Q(0), it satisfies hj(0)w = (hj,w)w = 0forall 1 < j < m, and
hj(n)w = 0 for all n > 0. Therefore, J,.,(w; T, 2) satisfies the assumptions of
Theorem [.11

We will prove Theorem for v as in ({6) by first establishing results for
specific v. The following lemma and proof follow those found in [10].

Lemma 5.1. Let a € My. Consider an element a[—1]‘w € V, £ >0, w €
Q(0), and let o € A+~ for some 1 <t < §. Then there are scalars cgg—o;
with 0 <1 < £/2 and cpy = 1 such that

I Mg (@)9r () 5 (A 1] w; 7, 2)

= Z coo—2i {a, @)% ((a,a) Bo(7))" | Tnry(@)@ue (o) 1 (W3 T 2)-
0<i<t/2

Proof. The proof is by induction on ¢, the case £ = 0 being clear. Suppose
the result holds for all £, 0 < k < £. The n =1 and p = 1 case of Lemma|3.3
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gives

TV (@)@ (o) (@[~ 1] w3 7, 2)
= Trar, ()20 () o(a)o(a[—l]ﬁ_lw)g
+(—-1){a,a) EQ(T)JMH(OC)@QMT(a)7ﬁ(a[—1}£_2w; T,2)
= (@, ) Ity ()90 (@) p(a[—1] 7 w; 7, 2)
+ (€ — 1) {a, a) Ba(T) Iasy (0)@9ar () n(@[—1] 2w 7, 2),

Ba0) | o (0) g L(0) /24

where the E(7) occur because h;(0)a = 0 for all 5, so that Ey(7,0) = Ea(7).
Applying the induction hypothesis on

/-1

“wir,z) and  Jar, )@ (@@l —1]72 )

Iyt (@)@ (),h(a[—1] “2w; T, 2),

we find

14

I ()20 (o), h(a]=1] w5 T, 2)

<a,a>( > c“,g12i<a,a>f12i(<a,a>E2(T))i)

0<i<(4—1)/2

' JMH (a)®Qasr (Oé),h(w; T, é)

+(0—-1) (a,a)EQ(T)( > 0527522i<a,a>£22i((a,a>E2(7'))i>

0<i<(£0—2)/2

: JMH(CV)®QMT(0£),E(M; T, é)
- Z 06,6—21' ((l, a>£_2i (<a7 CL> E2 (T))Z JMH(OC)@)QIWT (a)@(w? T, g)?
0<i<e/2

as desired. The last equality holds since

0<i<(—1)/2

(a, ) ( Z Co—1,0-1-2i (a, )% ((a, a) EZ(T))i)

+ (¢ —1)(a,a) Ex(7) ( Z Co20-2-2; (a,0) > ((a, a) E2(T))i)

0<i<(¢—2)/2

= > (g + (0= Deeae i) {a,0) 7 ((a,a) Ba(7)),
0<i</2
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so that cgp_o; = co—10-1-2i + (£ — 1)co—20—2;. O
Note that

I (@)@ ()0 (W5 T3 2) = Ig ()@@ (a),h (1 © W5 T, 2)
= I () (17, 2) - Jayr(a)n (W05 T, 2),

while Equation gives

<1<C|{,h1> [P Cﬁ’hm>q<ava)
(41) JMH(Q)(@QMT(Q),@(QU;T) é) = n(T)d ‘]QMr(a),ﬁ(w;Ta é)

Set
90i.a(T) = cop_2i({a,a) Bx(T))"

and

fa,a,ﬁ(’r) = Z Ce0—24 <(I, a>€—2i (<CL, a> EQ(T))Z = Z g(,i,a(T) <a’ a>£—2i )

0<i<t/2 0<i<e/2

Combining Lemma and establishes

M (@)@ (o)1 (A= 1] w; 7, 2)

C<a’h1> e Cﬁg’h"">q<a7‘1>/2
= fa,a,Z(T) 1 n(T)d JQW(Q),@(UJ;T,g).

We now take uq,...,uq to be an orthogonal basis for H and let /1,...,£44 be
nonnegative integers. We first prove Theorem for elements of the form
v =uy[—1]% - - ug[—1]%w. In this case, Lemma [5.1] implies

IMir (@)@ (0), 2 (V3 T 2)
(a,hy) . (a,hm) (a,0) /2
m q
— fU1,Oé7€1 (T) Ce fUmCM,Zd (T) C1 nC(T)d JQM"’ (a),ﬁ(w7 T, g)

Recalling the module decomposition for M", it follows that
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5
(42) Jp(iT2) =3 > Jir(@etur @) s 2)

t=1 a€A+y:
1
Z Z fu1 e’ Kl : fud,a,ﬁd (7_)
t=1 aeEA+v;
Cfoth) e C7<_'?7hm>q<0é,a>/2 ]
77(7')d JQMv-(a),h(wa T, é)'

Each o € A 4+ 7, may be written as a = u + =y, for some u € A. The isomor-
phism then shows

Qure () = Qo (w4 %) = Qure (1)

Therefore, becomes

I (o) (W3 T 2)

d
(43) Jn(viT.2) =3
t=1

n(r)4
Z Furots (T) -+ Fun ot (T)C1<a7hl> e gloohm) glasa) /2
(XEA+"{t
b
)_d Z JQzW‘ (%),ﬁ(w; T, g)
t=1
41/2 64/2

Z Z o Z 9y inun (T) ** Gasianua (T)

€N+, 11=0 1a=0

(uq, a>z1—2z‘1 o (ug, a>ed—2id Cfa,hﬁ . Cy(g,hm)q(%@/g.

Since the terms gy, ;, 4, (7) are independent of a, Equation (43]) becomes

6 G/2 )2
) Z S ()2 (W3 T 2) Z T Z 9y ivun (T)  Gegin g (T)
t=1 11=0 1q=0
Z <U1, a>€1—211 o <ud, a>€d—2zd Cl(a,]u) . C7(7?7hm>q<a7a>/2.

€A+
Finally, the functions

Z (u1, a>el—2¢1 m<ud7a>zd—2z‘d C1<oz,h1) . C;ygx,hm>q<a,a)/2

aEA+y;
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are linear combinations of functions of the form

Z (a, a>el+...+ed72(z'1+...+id) <1<a,h1> L C(a,hm>q<a7a>/2

m )

OcEA"r’Yr,

for various a € H. These are the functions above and the functions 60,
considered in [2I]. Finally, we consider arbitrary v as in @ Note that if
any of the m,, (1 <2 <d,1 <y <vy) do not equal 1, then applications of
Lemma (3.3| will reduce J, (v; T, 2) to sums of the form

H(7)Jpp(u1 [—1]61 e ud[—l]gdw; T, 2)

for appropriate ¢1,...,¢; € N and quasi-modular form H (1) of weight pre-
scribed in the statement of Theorem The proof of Theorem [1.2] is now
complete.
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