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Invariants of spectral curves and intersection theory
of moduli spaces of complex curves

B. EYNARD

To any spectral curve S, we associate a topological class A(S) in
a moduli space Mg’n of “b—colored” stable Riemann surfaces of
given topology (genus g, n boundaries), whose integral coincides
with the topological recursion invariants W, ,,(S) of the spectral
curve S. This formula can be viewed as a generalization of the
ELSV formula (whose spectral curve is the Lambert function and
the associated class is the Hodge class), or Marino—Vafa formula
(whose spectral curve is the mirror curve of the framed vertex,
and the associated class is the product of three Hodge classes),
but for an arbitrary spectral curve. In other words, to a B-model
(i.e., a spectral curve) we systematically associate a mirror A-model
(integral in a moduli space of “colored” Riemann surfaces). We find
that the mirror map, i.e., the relationship between the A-model
moduli and B-model moduli, is realized by the Laplace transform.

1. Introduction

In the past few years, many developments have unearthed a deep and fas-
cinating relationship between integrable systems, algebraic geometry, com-
binatorics, enumerative geometry and random matrices, and much is yet to
be understood.

In particular, an integrable system can be encoded by its “spectral curve”
(i.e., the locus of eigenvalues of a Lax operator), which is a plane ana-
lytical curve embedded in C x C, for example given by its equation, like
y = sin (), or e = ye Y.

In [13] (led by recent developments in random matrix theory), it was
proposed to define a sequence of “invariants” WT(Lg), g=0,1,2,..., n=
0,1,2,... associated with a spectral curve. For many specific examples of
spectral curves, those invariants had an enumerative geometry interpreta-
tion, as “counting” surfaces in a moduli space of Riemann surfaces.

541



542 B. Eynard

For example:

— For the spectral curve y = /x, the WT(Lg Vs are the generating functions
of Witten—Kontsevich intersection numbers on the moduli space M, , of
Riemann surfaces of genus g with n marked points [20]. Writing z; = \/z;
we have

u o(2d; + D dz;
mo = S (M) T
My,

dittd,=3g—3+n \i=1 =1 %
— For the spectral curve y = % sin (274/x), the WT(LQ)’S are the Laplace
transforms of Weil-Petersson volumes of the moduli spaces Mg, (see [14,

26]). Writing z; = \/z; we have
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— For the spectral curve e* = ye™Y, it was proposed by Bouchard and
Marifio [6] that the W,s are the generating functions of simple Hur-
witz numbers H, ,, which was then proved in [4, 12]. And simple Hurwitz
numbers can themselves be translated into integrals of the Hodge class A(1)
in the moduli space of curves, through ELSV formula [9]:

W9 = (—1)" Z ngHuZe Hi%i da;

wy(p)=n
= (=1)" A1 S e Ty, .
=) “Z” ().1_[11—,“1'% .l_IIMi!
Lyeeosfhn = My b

— More generally, it was initially proposed by Marino [23] and refined
by Bouchard-Klemm-Marino—Pasquetti (BKMP) [5], that if we choose the
spectral curve to be the mirror curve of a toric Calabi—Yau 3—fold X, then the
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(g )’s should be generating functions for the Gromov—Witten invariants of
%, i.e., they enumerate maps from a Riemann surface of genus ¢ into X with
n boundaries into a Lagrangian submanifold of X. This BKMP conjecture
was proved to low genus for many spaces X, and to all genus only for the
case X = C3 in [7, 32].

Then, if a spectral curve is not among the list of “known examples”
(the list above is not exhaustive, there are also more known examples asso-
ciated with matrix models [13], combinatorics of maps and combinatorics
of two-dimensional (2D) and 3D partitions, counting Grothendieck’s dessins
d’enfants [25], ...), the natural question is:

— do the Wrgg)’s of an arbitrary spectral curve have a meaning
in terms of enumerative geometry, counting the “volume of some
moduli space of surfaces”?

In [11] we proposed a partial answer for all spectral curves having only
one branchpoint. The goal of the present paper is to extend that to an
arbitrary number of branchpoints. We shall thus define a compact moduli
space M;n of “colored” Riemann surfaces of genus g with n Enarked points,
and some (cohomology class of) differential forms A(S) and B(z,1/v) on it,
so that W,gg ) is indeed an integral on that moduli-space.

We shall prove in Theorem 4.1 that:

n

W(Ss 21,y 2) = 20 Mo / H 2ir /1),
Mg n

(1.1)

where notations are explained below.

We shall see that the term E(zz, 1/4;) or more precisely its Laplace
transform [ e~ #® (%) B(2;,1/1;) is the analog of 1+ . n the ELSV for-
mula, and that it indeed reduces to it if we choose the spectral curve
to be the Lambert function. In some sense our formula generalizes the
ELSV formula.

The moduli space ./\/lgn, defined in Section 4.3, is a “combinatorial”
moduli space, whose strata are labelled by b— colored dual graphs of nodal
surfaces. In other words, labelled by degenerations of Riemann surfaces,
together with a color.
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2. Definition and notations: spectral curves and their
invariants

The goal of this paper is to show that invariants of an arbitrary spectral
curve can be written in terms of intersection numbers, so we first recall the
definition of symplectic invariants and their descendants.

Definition 2.1 (Spectral curve). A spectral curve S = (C, z,y, B), is the
data of:

e a Riemann surface C (not necessarily compact nor connected);
e two analytical function z : C — C, y : C — C;

e a Bergman kernel B, i.e., a symmetric 2nd kind bilinear meromorphic
differential, having a double pole on the diagonal and no other pole,
and normalized (in any local coordinate z) as:

dz1 @ dzo .
(21) B(Z]_, 22) z2:z1 m + analytlcal.

Moreover, the spectral curve S is called regular if the meromorphic form
dx has a finite number of zeroes on C, and they are simple zeroes, and dy does
not vanish at the zeroes of dx. In other words, locally near a branchpoint a,
y behaves like a square root of x:

(22) y(2) ~ y(a) +y'(a) Va(z) — z(a) + O(x(z) — 2(a)),  y'(a) #0.

From now on, all spectral curves considered shall always be chosen to
be regular?.

In [13], it was proposed how to associate with a regular spectral curve,
an infinite sequence of symmetric meromorphic n-forms, and a sequence of
complex numbers Fy(S). The definition is given by a recursion, often called
“topological recursion”, which we recall:

Definition 2.2 (Invariants WT(LQ)(S)). Let S = (C,z,y, B) be a regular
spectral curve. Let aj,...,ap be its branchpoints (zeroes of dx in C).

LA generalized definition of symplectic invariants for non-regular spectral curves
was also introduced in [30], but for simplicity, we consider only regular spectral
curves here.
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We define
(2.3) WO(S; 2) = y(2) da(2),
(2.4) W2(0)<8;21,22) = B(Zl,ZQ),

and for 29 — 2+ (n+1) > 0:

(2.5)
b

WT(Li)l(S; Zlye ey Zny Zntl) Z Res K(zn+1,2) {Wy(ffgl)(z’z’ Z1y.vey2n)

z—a;

(h) (g—h)
+Z Z Wi (2, )Wli#J(z J)]
h=0TUuJ={21,...,2n }

Where the prime in ~, 37 ; means that we exclude from the sum the terms
(h=0,1=10) and (h=g,J =0), and where Z means the other branch of
the square-root in (2.2) near a branchpoint a;, i.e., if z is in the vicinity of
a;, Z # z is the other point in the vicinity of a; such that

(2.6) z(2) = z(2),

and thus y(z) ~ y(a) — v'(a)\/x(z) — z(a). The recursion kernel K (z,1, 2)

is defined as

sz':E B(zn-i-lv Z/)
2(y(2) — y(2)) dz(2)

K is a 1-form in z,y1 defined on C with a simple pole at z,11 = z and at
Zn+1 = Z, and in z it is the inverse of a 1-form, defined only locally near
branchpoints, and it has a simple pole at z = a;.

We also define for g > 2:

(2.7) K(zp41,2) =

(2.8)

Fy(S) = Wi9(s) = Z Res W{(5;2) ( /: y(z')dx(z’)).

With this definition, F,(S) € C is a complex number associated with S,
sometimes called the gth symplectic invariant of S, and W,(Lg ) (S;21,...,2,) 18
a symmetric multilinear differential € T7*(C) ® - - - ® T*EC), sometimes called
the nth descendant of F,. Very often we denote F, = Og). If2—-29g—n<0,
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Wég) is called stable, and otherwise unstable, the only unstable cases are
Fo, Iy, Wl(o), 2(0). For 2 —2g —n <0, Wég) has poles only at branchpoints
(when some zj, tends to a branchpoint a;), without residues, and the degrees
of the poles are < 6g + 2n — 4.

It is also possible to define Fy and F7, see [13], but we shall not use them
here.

Those invariants Iy and WTEQ )’s have many fascinating properties, in par-
ticular related to integrability, to modular functions, and to special geome-
try, and we refer the reader to [13, 15].

3. Intersection numbers

Our goal now is to relate those Wég)’s to intersection numbers in moduli

spaces of curves, so let us first introduce basic concepts.
3.1. Definitions
Let M, ,, be the moduli space of complex curves of genus g with n marked

points. It is a complex orbifold (manifold quotiented by a group of symme-
tries), of dimension

(3.1) dim My, =dgn =39 — 3+ n.
Each element (X, p1,...,pn) € Mgy is a smooth complex curve ¥ of genus
g with n smooth distinct marked points p1,...,p,. My, is not compact

because the limit of a family of smooth curves may be non-smooth, some
cycles may shrink, or some marked points may collapse in the limit. The
Deligne-Mumford compactification Mg,n of Mg, also contains stable nodal
curves of genus g with n marked points (a nodal curve is a set of smooth
curves glued at nodal points, and thus nodal points are equivalent to pairs
of marked points, and stability means that each punctured component curve
has an Euler characteristics < 0), see figure 1. My, is then a compact space.

Let £; be the cotangent bundle at the marked point p;, i.e., the bundle
over M, , whose fiber is the cotangent space T*(p;) of ¥ at p;. It is custom-
ary to denote its first Chern class:

(3.2) Y = P(pi) = c1(Ly).

Y; s | (the cohomology equivalence class modulo exact forms, of) a 2-form
on My . Since dimgr M, = 2dim¢c M, = 6g — 6 + 2n, it makes sense to
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Figure 1: A stable curve in ﬂg,n can be smooth or nodal. Here we have an
example in ﬂ374 of a stable curve of genus g = 3, with n = 4 marked points
P1, - - -, P4, and made of three components, glued by three nodal points. Fach
nodal point is a pair of marked points (g;, ¢;). Each component is a smooth
Riemann surface of some genus g;, and with n; marked or nodal points.
Stability means that for each component x; =2 — 2¢g; — n; < 0. Here, one
component has genus 2 and 1 nodal point g4 so x = —3, another component
is a sphere with two marked points p1, po and three nodal points g1, g2, g3,
i.e., x = —3, and the last component is a sphere with two marked points
p3, p4 and two nodal points g5, gg so x = —2. The total Euler characteristics is
x = —3 — 3 — 2 = —8 which indeed corresponds to 2 — 2g — n for a Riemann
surface of genus g = 3 with n = 4 marked points.

compute the integral of the exterior product of 3¢ — 3 + n 2-forms, i.e., to
compute the “intersection number”

(3:3) < fl---¢§">g,n=/w . di | qpdn

g,m

on the Deligne-Mumford compactification M, ,, of Mg, (or more precisely,
on a virtual cycle [|V'" of Mg, taking careful account of the non-smooth
curves at the boundary of M, ,), provided that

(3.4) > di=dgn=3g-3+n.

If this equality is not satisfied, we define < fl e ngn> =0.

. . s . gn .
More interesting characteristic classes and intersection numbers are

defined as follows. Let (we follow the notations of [18], and refer the reader
to it for details)

VI Mg,n+1 — Mg7n



548 B. Eynard

be the forgetful morphism (which forgets the last marked point), and let
01,...,0p be the canonical sections of 7, and D1, ..., D, be the correspond-
ing divisors in MQ’n_A,_l. Let w; be the relative dualizing sheaf. We consider
the following tautological classes on ﬂg,n:

e The ¢; classes (which are 2-forms), already introduced above:

i = c1(o; (wr))
It is customary to use Witten’s notation:
(3.5) Pl =14,

e The Mumford rj, classes [1, 27]:

kg = m(cl(wﬂ(Z Dy))th.

Kk is a 2k-form. kg is the Euler class, and in ﬂgm, we have
Ko = —Xgn =29 — 2+ n.

k1 is in the same cohomology class as the Weil-Petersson form: 272k, =
>-;dliNdf; in the Fenchel-Nielsen coordinates (l;,6;) in Teichmiiller
space [31].

In some sense,  classes are the remnants of the 1 classes of (clusters
of) forgotten points. There is the formula [1]:

d dn 1 k+1 _ i d dn
(36) 77*?,1)11 T QIZ)n d}nil - 11 e wn R
dn k41 K+l _ dn
(3.7) Tttt - - P by L W = i (K R + Fkke)
and soon ...

e The Hodge class A(a) =1+ Y 7_, (—1)* a % ¢, (E) where c4(E) is the
kth Chern class of the Hodge bundle E = 7, (w,). Mumford’s formula [16, 27]
says that

(3.8)

o al— _ ) ko
:ezkzl B;:@k—l) ('{Qkflfziw?k 1+%ZJ Zj(fl)'7 Lywtp? o262 ])

AHodge (a)

)

where By is the kth Bernoulli number, § a boundary divisor (i.e., a cycle
which can be pinched so that the pinched curve is a stable nodal curve, i.e.,
replacing the pinched cycle by a pair of marked points, all components have
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a strictly negative Euler characteristics), and [, is the natural inclusion into
the moduli spaces of each connected component. In other words ) 55, adds
a nodal point in all possible stable ways.

In fact, all tautological classes in M,, can be expressed in terms of
1p-classes or their pull back or push forward from some ﬂhm [3]. Faber’s
conjecture [16] (partly proved in [26] and [18]) proposes an efficient method
to compute intersection numbers of ¥, x and Hodge classes.

3.2. Reminder one branch-point

If S = (Co,x,y,B) is a spectral curve with only one branchpoint a, the
following theorem was proved in [11]:

Theorem 3.1 (one branchpoint).

(3.9)
9(S. - — 9dgm 4 di, g% A
WS, =2 3 [Tdtu ) (it -vit M),
= 2dgn <H Ba(z; 1/7/12) A('Sa)>
=1 Mg
or alternatively after Laplace transform:
(3.10)
[ WSz ) [
vy i=1
Looy/metinl@) [ i . ) )
= oo TT Y (T (25— — Bualpi 1/2) ) A(S ,
175 <g(l+m¢i ol /) AS))
where
(3.11) A(S,) = X kot s Xocionty il BoaL/:1/8)

with the times tAmk defined by the Laplace transform of ydx

u3/? gux(a)

Qﬁ Fy(l/

(3.12) e T feru™ = ydxe "
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with Reu > 0 and v, the steepest descent contour going through a, i.e., such
that

(3.13) 2(va) — 2(a) = Ry,
and B and B are defined by Laplace transforms of the Bergman kernel

\/ﬁeux(a)
ﬁ 2'€%a

(3.14) Bo(zu) = — B(z,2') e ) =3 wmtdéqal2),
d
(3.15)
. uv \/% e(u+'u)x(a)

B - Bls. ') o—ua(z) g—va(z),

» —k,—l
= Z Ba,k:;a,l u v o
k,l

[OMgy] is the set of boundary divisors of Mgy, and ls. is the natural
inclusion of a boundary of Mg, into Mg_1 py2 U U?ltﬁkle/\/lh,m X Mg_hn—m,
and 1, ' represent the v classes associated with the two marked points
in Mg_1ny2 U UpmMpm X Mg_pn_m, associated with the nodal point in
OMgn.

Proof. This theorem was proved in [11], using the known result for the Kont-
sevich integral’s spectral curve, and the deformation theory in [13] (special
geometry) satisfied by symplectic invariants ,(Lg )’s. This allowed to view any
spectral curve with one branch point, as a deformation of the Kontsevich’s

spectral curve, and thus prove this theorem. O

Remark 3.1 (ELSV-like). Notice that formula (3.10) is very reminiscent
of the ELSV formula [9].

Remark 3.2 (The Laplace transform).  here our definition of the
Laplace transform is by integration along a contour 7, C C, where x(z) —
z(a) > 0. Since a is a simple branchpoint, i.e., x(z) behaves locally like
z(a) + %@(2 —a) + O(z — a)3, the image of 7, in the 2-plane contains two
copies of x(a)+ Ry, with opposite orientation. This implies that Laplace
transforms of integer powers of x vanish, and only Laplace transform of
the skew invariant part, i.e., half-integer powers of x contribute to the
Laplace transform. This explains that the large u asymptotic expansion of
our Laplace transforms contains only integer powers of uw~! and no
half-integer powers.



Invariants of spectral curves and intersection 551

Another remark is that in fact we are interested only in the large u
asymptotic expansion of the Laplace transform, which is controlled by the
Taylor expansion near the branchpoint a. In other words, the path v, can
also be chosen as any segment C 2~ *(z(a) + R) containing the branchpoint
a, it would give the same asymptotic series expansion at large u.

In fact the Laplace tranform here is to be taken in the sense of formal
series of u™!, and is just a convenient way of encoding the coefficients tAmd
ot By kp-

3.2.1. Example: topological vertex. A very important example of
application of Theorem 3.1 is the topological vertex.
The spectral curve of the topological vertex is given by

S =(C\] —o00,0]U[1,00[,z,y, B)
z(z)=—flnz—1In(1 - 2),

(3.16) y(z) = —Inz,
B(Z Z)_d21®d22
17 2 - (Z]_ _22)2

It is more often described by observing that X =e™ and Y =e™ Y are
related by the following algebraic equation (known as the mirror curve of
C? with framing f):

(3.17) X=v/'1-v).

The only branchpoint is at a = f/(1 + f), and 7, =|0, 1], so that the
Laplace transform of ydx is the Euler Beta function (we first integrate by
parts):

(3.18) / e Mydr =
Ya

I'(u)I'(fu)
Du T((f + u)’

r

D((f+Du+1)
1

_I_
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Using the Stirling large u expansion of the I' function, we thus have
from (3.12)

(3.19)
e = V2f(f +1),
(3.20) .
o) = Dt = 37 et (L £ (o =),

k>1 k
where By is the kth Bernoulli number. Similarly we find (see Appendix B)

. 1 — e 9®) g=g(v)
21 B =
(3.21) (u,v) = uv Py

Using a few combinatorial identities (see [11]), and thanks to Mumford’s
formula (3.8) (which writes Hodge classes in terms of ¢ and k classes, see
[27]), we find that the spectral curve’s class of the vertex is the product of
three Hodge classes (see [11]):

(3'22) ]\a(s) He_g(l/%) = AHodge(1)AHodge(f)AHodge(_f - 1)-

=1

Notice also that from (3.21) we have

_ - 2/meHx(a) T
3.23 e (@) Byl /) = Y o) e 9(/¥),
CEON | a (1) =2 e

i.e., formula (3.9) reads in that case (after Laplace transform):

320 [ WIS a1, oove0) [[e )
Ve i

— 2d91n efo(29—2+n) /

R, AHodge(l)AHodge(f)AHodge(_f - 1)

L DT () ((F+ DI\ 2y2e]
XHlJrumigF((fH)m)( 77 > VitT

i=1

whose right-hand side is the famous Marino—Vafa formula [24].
Using the result of [7, 32], i.e., that the symplectic invariants Wy(bg) of the
vertex are the Gromov-Witten invariants of C3, we see that (3.9) translates
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into the Marifio—Vafa formula [24], and thus, WT(Lg )’ are generating functions
of Gromov-Witten invariants of C3.

The large f limit of that identity, is the ELSV formula [9] combined with
Bouchard-Marifio formula [6].

4. Spectral curve with several branchpoints

Let S = (C,z,y, B) be a spectral curve, let {ay,as,...,ap} be the set of its
branchpoints. We first need to set up notations.

4.1. Local description of the spectral curve near branchpoints

For each branchpoint a; we define the steepest descent path ~,,, as a con-
nected arc on C passing through a; such that

(4.1) (1) — 2(a;) = R
In a vicinity of a; we define the local coordinate
(4.2) Carl2) = V/(2) — alay).

Remark 4.1. For our purposes, it is sufficient that «,, is defined only in a
vicinity of a;, but for many examples, it is actually a well-defined path in C.

4.1.1. Coefficients Bai,kz;aj,l- We expand the Bergman kernel in the
vicinity of branchpoints as follows:

Oi,j Ay (N
~ : + Z B, da. d/Ca,- (Z) Ca,-(z )
’ ) — 2 i,A3Q5, i j
z—ag (Clli (Z) <aj (Z/)) d,d/ZO

. dCa, (2) ® da, (7)

(4.3) B(z,7)

and then we define
(4.4) B ka, o = (2k = DI QL= D) 277 By o op.

It is useful to notice that the generating function of these last quantities can
also be defined through Laplace transform, we define:

(45) Baiﬂj (U,U) = Z Baiyk§aj7k'u_k v_l7
k,k'>0
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which is given by the Laplace transform of the Bergman kernel

. wv eux a;)tvx(ay)
(46) Baa,(u0) =15 0 4 ¥ )
u+v 2€%a; 7€V,

daz da] —uz(z) ,—vz(z’
X<B<“) 5’j<<af<(>)<i.<z'>>2)e de

where the double integral is conveniently regularized when ¢ = j, so that
Ba, q,(u,v) is a power series of u~! and v~!. The proof that the regularizing
[11], and is similar to Givental

formalism [2, 17].

Remark 4.2. Again, as in Remark 3.2, we notice that the Laplace trans-
form is to be taken in the formal sense, i.e., formal series of ©~! and v~1,
as a convenient way of storing the Taylor expansion information near the
branchpoints.

4.1.2. Basis of differential forms d€,, q(z). We define the set of mero-
morphic 1-forms d,, 4(2) as follows:

(4.7) déq, q(2) = — (2d —1)1127% Res B(z,2') ¢y, (2) 72471

z'—a
It is a meromorphic 1-form defined on C, with a pole only at z = a;, of degree

2d + 2.
Namely, near z — a; it behaves like

2d + D) d(,,
(4.8) d€a,,d(2) o — i ( dezai)(z)ZiJ;?(Z)
N
— M Z Bai,2d;a_7‘,k gaj (Z)k dC‘lj (Z)

2d
k

These differential forms will play an important role because they give
the behavior of the Bergman kernel B near a branchpoint:

(4.9)
/ — }: 24
B(Z,Z)—B(Z,Z) ~ =2 (2?

Z2—a; Hn
d>0

Cai (Z)zd dgai (Z) ® dé_amd(’zl)‘

£a,,0(2) plays a special role, notice that it has a simple pole at z = a;
and no other pole:

(4.10) €a,0(2) ~

L + lytical
ana 1cal.
2545 Ca (2) Y
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4.1.3. Laplace transform f; j(u). Knowing &, 0(2), it is useful to define
its Laplace transform along ~,, as

. — ﬂ ux(a;) / —ux
(4.11) fij(u) = 2\/%e ’ e &a,0dz

1
— ux(a;) —uz g
2 /T_u € /Y € §GJ'70

g

~

_ 6 L Ba’jvo;aivk
= 0; E _
5J uk;+1

k>0

In Appendix B, we show that

Lemma 4.1 (proved in Appendix B). IfC is a compact Riemann sur-
face and dx is a meromorphic form on C and B is the fundamental form of
the second kind normalized on A-cycles, we have

(4'12) Ba a,(u U):u+v ( Zfzk fjk )

so that all we need to compute is in fact f; ;(u).

4.1.4. Half-Laplace transform. We also define

(4.13)

. uz(a;)
Bai(z;u)__\/af/E ,B(Z,Z —ua(@) Zu dfa d
2'€Ya;

If we do a second Laplace transform we have

vz(a;) ~ 2
™ ZE€Yay ure

= D Fiklo) st

(4.14)

4.1.5. The times fai,k. Finally we define the times tAai,k at branchpoint a;
in terms of the local behavior of y(z) by the Laplace transform
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of ydx along g,

R 3/2 jux(a;)
(@15) oo =Tt | ey () daz)
2E€a;

\/ﬂeuz(ai) —ua(2)
_ ur(2) dy (2
NI -

The times f,, 1, are the coefficients of the expansion of g(u) at large u:

(4.16) Ga, () = fo, pu”

E>1
Notice that the time tAahg is given by

iy 229 (@)

- 1
417 e~frt =~ lim - '
( ) 4 25a Cai(z) lel(ai)

4.2. Structure of invariants

Since the definition of W}ﬂ) involves only residues at branchpoints, this
means that for each (g,n), W,(Lg Jisa polynomial of the coefficients of B and
y in a Taylor expansion near the branchpoints, in other words, T(Lg) is a
polynomial in the times fa,i,k and By, ka;,1-

Since K is linear in B, and WZ(O) = B is also linear in B, one easily finds
by recursion that Wég )
39 —3+2n =dy, +n.

When we compute residues at z — a;, we may replace B(z,2’), or more
precisely the combination B(z,2') — B(z,2’) (indeed the Bergmann kernels
always enter the residue computation with this combination, this due to the

fact that K(zo,2) = K(z0,2)) by

is polynomial in the coefficients By, 44,4, of degree

2d
(4.18) B(z,72) — ) =—2 anl (2)%4 dCa, (2 )mdgai,d(z’),
where
(4.19) dea a(z) = — P s Bl ¢ ()20

2d z'—a,
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and thus one clearly sees by recursion that there exists some coefficients A%g )

such that
(4.20)

n
W(S:z1,. ., 2) = Z Z Aslg)(S;il,dl;...;in,dn)Hdﬁaikvdk(zk)
k=1

1 erin diyeeydn

and the coefficients A%g) are polynomials of the Bai,d;%d/ of degree 3g —
3+n=dgyn. Aglg ) are also polynomials in the fai’k because the residues also
picks terms in the Taylor expansion of the denominator of K, i.e., the Taylor
expansion of y(z)dz(z) near branchpoints, i.e., the coefficients #,, .

So we have:
Proposition 4.1. For any spectral curve S with branchpoints ay, ..., ap,
there exist some coefficients A%g) (S;i1,d1; ... 5in, dy) such that
(4.21)
n
W5z, yzm) = >, > A9(Syir,d;. . sin, dn) [] déa, a0 (20)

1 seerin di ey k=1

— The coefficients Ang) are non-vanishing only if >, dp <39 — 3 +n.

— The coefficients A%g) are polynomials of the Bai,d;ai,d/ of degree
39g—3+n=dgn.

— The coefficients A%g) are polynomials in the fai,k, of degree at most dg ,

(where t,, i is weighted with degree k).

Our goal now, is to show that the coeflicients Aﬁf’) can be written as
intersection numbers in some moduli space.

4.3. Definition of an appropriate moduli space

Definition 4.1. We define the “combinatorial moduli space”

(4.22) M, = {(Zip1,- . pni0)}

where (X;p1,...,pn) € mg,n is a nodal curve of genus g with n smooth
marked points, and o : 3\ &{nodal points} — Ky is a continuous stable map
from Y to the complete graph K, with b vertices labeled by branchpoints
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Figure 2: M;n is the moduli space of nodal curves ¥ with some stable
“color” map o : 3 — RKp, where Ky is the complete graph with b vertices
labeled by the branchpoints. Stability means that ¢ must map any stable
component with y < 0 to a vertex of Ry, and every unstable (x > 0) com-

ponent to an edge of Ky.

modulo continuous deformations. Stability means that ¢ must not be con-
stant on an unstable y > 0 component, and must be constant on stable
components with x < 0.

This moduli space is compact and contains b copies of M, ,.

Notice that if (X;p1,...,pn) is a smooth curve (€ M, ,,), i.e., with no
nodal points then o must be constant, and if (3;p1,...,p,) is a nodal curve
with several components, then o must be piecewise constant, i.e., is constant
on each stable component.

Definition 4.2. Let {aj,ag,...,ap} be a set of b elements (later on, these
will be the branchpoints of some spectral curve). For every i = 1,...,b, let
Ao, = fi(¥1,. .., ¥n, Ko, K1, K2, . .. ) be a tautological class on M, ,,, which is

a combination of ¥ and k classes, defined independently of g and n (as for
instance (3.11)). Let Cq, 4;,,¢ be an arbitrary sequence of complex numbers
indexed by i,j7 € [1,...,b] and d,d’ € N. We define the topological class A
on ﬂ;n as follows on each stratum of ﬂ;n:

A stratum of ﬂ;n, is given by the dual graph G of a nodal curve

Y e ﬂg,n, and a map o : G — K. The stratum consists of (X;p1,...,pn;0)
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with k stable components UX _ (2., 5, @n) where o is constant on %,
taking the value o,,, and where U, pp, = {p1,...,pn} is a partition of the
marked points, and pairs (g;, ¢;) are the nodal points attached to an unstable
component (see figure 1). We define the topological class on the stratum as

(4.23)
k

A = Aaam H Z C‘ld(ql-)vdﬂa(qj)vd, L w(qi)dd}(q]')dl ’

m=1 {qi,q;)=nodal point \ d,d’

where [, is the natural inclusion into Mg, , XM, ., (if ¢ € ¥, and
q; c Zm/).

Then we have our main theorem:

Theorem 4.1. For any spectral curve S = (C, z,y, B) with b branchpoints
{a1,a9,...,ap}, we consider S,, = (C;, x, vy, é), where C; C C is a vicinity of
the branchpoint a;, © and y are the restrictions of x and y to C;, and é can
be any arbitrary Bergman kernel chosen in C; (it does not need to be the
restriction of B to C; x C;).

Then, for any n >0 and g such that 2g —2+n > 0, the symplectic
tnvariant of S is an integral of the class A(S) on ﬂ;n

W (S 21, ..., 2) = 2% /M 8) 11 By i1/ )

g,n :

(4.24)

or in Laplace transform

n

/ WT(Lg) (S;21,.. 4 2n) Hef“ix(zi)
Zie’Yaki

=1

n —Hi m(a‘ki) ~
=240 ] 2yme A(S)
Pl Vi M

n ,Uz(s i,0(p »
" H (’f() — Ba,. v, (s 1/¢(Pz‘))> :

(4.25)
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or using Lemma 4.1

/ W(Si21,... 2n) [Jee)
ziE’yaki i=1

=1
A - Ele fkiﬂ‘(ui)fa(pi) T(l/w(pz))
A : .
- /M_;n ®) 21;[1 14 pinh(pi)

(4.26)

In particular for n = 0:

Fy(S) = 200 / A(s),

M,

(4.27)

where A(S) is defined as in Definition 4.2, with A,, defined in Theorem 3.1:
if (3,p1,...,pn,0) € ./\/l;”n is made of k components ¥ = u,’;zlzm, with
Pm =A{P1,--,Pn} N Em and (gi, q;) are the nodal points, we define

Aa,, H (Z(Barf(qmd;%(qj),d’

1 (gi,q;)=nodal point  d,d’

=

(4.28)  A(S) =

m

~

— Oo(qu)r(ay) Bao oy diancayy ) Lt (@) 1b(q5)")

k
= H Aam H (Baa(qi%aa(q]‘) (1/w(Qi)7 1/¢(Qj))

m=1 (¢i,9;)=nodal point

o 50(%‘),0(%‘) Bao(qi)v“a(qi) (1/1[)((]1‘)7 1/¢(Qj)))7

where Ay, is the class defined in Theorem 3.1 or in [11]:

(4_29) Aa — ezk iuwk "{k+% Z&eaMg,n Ls+ éai,ai (1/9,1/9")

with the times fai,k defined by the Laplace transform of ydx along 7,,

v un/u evrlad)

(4.30) o~ Splagpu s _ UVUE 77
Qﬁ 2€Ya,

e uz(z) y(2)dz(z),
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and where the Bai7d;aj7d’ are defined by the Laplace transform of the Bergman
kernel

) wo \/ﬁ eum(a,,)+vﬂ3(aj)
(4.31) Baia, (4,0) = 0ij 7o+ 2

X/ B(Z,Z/) efu:r(z) efvz(z’)
2€Ya 2'€%a

» —d . —d
= Badga,w v v

d,d

u+ v ( Zfzr f]r )

and
. Vu et®(a) N —u(z)
(4.32) B, (z;u) = — ———— B(z,z') e 4%
ﬁ Z’E'yaj
=> u dée, a2
d
and

\/aeux(ai)

@83 i)=Y
2E&%a;

e &, 0(2) da(2).

Proof. The proof almost follows the definition of Wy(Lg)’s. It can also be
viewed as a simple application of the method of Kostov and Orantin [21, 22,
29]. We give the full proof in Appendix A. O

Remark, the theorem also holds for n = 0, i.e., the Fy’s, this is due to
the fact that the diagrammatic decomposition of [11, 21, 22, 29] works also
for n = 0.

4.4. How to use the formula

Example, assume that there are 2 branch points a1, a2, and let us compute
wi” and w”

e For W30), consider a stable curve X of genus 0, with 3 marked points
(p1,p2,p3). The only possibility is that ¥ is a sphere with 3 marked points,
and thus it is a smooth surface, and o must be constant. There are two
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possibilities ¢ = 1 or 0 = 2. In other words /\/1(2)73 ~ M3 UMjpz. We thus
have
(4.34)
W3(0) (Sa 21, 22, 23) = <A1 BG& (Zlv 1/¢1) Bal (Z27 1/2)[)2) Bal (Z?n 1/¢3) >0 3
_|_

Ko Bun(z1,1/41) B (2, 1/42) Bus (25, 1/43) )

)

Moreover, we have B,,(z,1/1) = 3. 9% d,, a(2), and since dim Mgz =
dop,3 = 0, only the term d = 0 may contribute, i.e.,

(4.35) ngo) (S,21,22,23) = <f\1 >03 d&q, 0(21) d€a, 0(22) d€a, 0(23)

+ <A2 >0 ; d€a,.0(21) d€a, 0(22) déq, 0(23).

)

Then, we have
A o ’
(4 36) A1 = ezk tay kKK e% Z566/‘/10,3 2 g, lox Biay diay ar ¥ 9"

and since OMg 3 = ), and since dy 3 = 0, only the term k¢ may contribute,
and thus

(437) <A1>073 = eta1,0 <]_>073 = eta1,07 <A2>073 — etaz,o <1>073 — etazﬁo’

and finally, since (1)g3 = 1:

(4.38) W;»SO) (S,21,22,23) = elero d&q, 0(21) d€a, 0(22) d€q, 0(23)
+ el20 d€,, 0(21) da, 0(22) day 0(23).

e For Wéo), consider a stable curve ¥ of genus 0, with four marked points
(p1,p2, p3,pa). If X is smooth, then a continuous map o : ¥ — {1,2} must
be constant, it takes either the value 0 =1 or ¢ = 2. If ¥ is not smooth,
then it is a nodal curve, let us call (g1, ¢2) the nodal point. The only sta-
ble possibility is that ¥ has two components ¥ = ¥; U X9, which are both
spheres with three marked points, and thus ¢; € %1, g2 € X9, and two of
the points p1, p2, p3, p4 belong to 3; and the two others belong to 3. Then
a continuous map o : ¥ — {1,2} must be constant on ¥; and on X, for



Invariants of spectral curves and intersection 563

instance it may take the value ¢ =1 on ¥; and ¢ = 2 on X3. This shows
that

12 times

—_——
(4.39) M3,4 ~Mops U Mosg U Moz x Mg,

where the 12 times correspond to the 12 possibilities to have two point with
color 1 and two point with color 2 among the four marked points p1, p2, p3, P4.
We thus have

1
(4.40) 4—l@j0)05 21, 2)

4
<HB,11 zz,l/w(pz ) > <H Zzyl/¢ pz)) >
0,4 = 0,4
Z ZCa Jd;a;,d

ije{1,2}? d,d’

Ba, (21, 1/9(p1)) Ba, (22, 1/9(p2))¥ (g )A> 0.3
BaJ (23,1/%(p3)) aJ(Z471/¢(p4)) Via)? A >03

+ symmetrize on (21, 22, 23, 24)

)

X

X

TN T [\.’)\l—‘

where all intersection numbers in the right-hand side are now usual inter-
section numbers in the corresponding Mg,n-

Since My 3 is a point (dim Mgz = do3 =0), we must have d =d' =
0 in the last term, and we may replace Bq,(z,1/1) = 3 ;4% d{a d(z) b
d€a, 0(2). And since dy 4 = 1, we may replace Bq,(2,1/1) = 3 9% déq, a(z )
by dq,0(2) + 1) d&a, 1(2) in the ()04 terms. More explicitly, that gives

1
@M)fwﬁwzhuﬁg

= <H d&al, Z; +w(p1)d£a1 (2i)) 1>

0,4

" 4
+ <H(d5a2 0(zi) + ¥(pi) déay,1(2i)) A2>

=1 0,4

Z Ca, 0, ;a5,0 <Az>0 3 dgai,O(zl) dgai,O(ZZ)
ije{l,2}? 7

1
2
X <Aj>0 , d€a;0(23) dq, 0(24) + symmetrize on (21, 22, 23, 24)

)
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Again, since dp3 = 0, we may keep only the g term in the computation of

<Ai>0,3, i.e.,

(442) <AZ> — <eiai.oﬁo> — eiaino‘
0,3 0,3

6 times

—_—~~—
Since dp 4 = 1, we need to keep ko and k1, and since OMo 4 ~ M3 X My 3,
we have

R : R 6 o R R
(4.43) <Az> <et"’”°'{° (1+ ta,;,l"£1)> + —Ba,.,0:0:,0 <A1> <Az>
0,4 04 2 0,3 0,3

. ok o fuio
a;,l <€ @4,0™0 "fl> 1 + 3Ba7¢,0;a,~,0 e i? gri®

)

~

21 > i i
a;,1€ 00 </€1>0,4 + 3Bai70;ai70 et et

~

~ R o
= emai’o <ta,i,1 + 3Bai70;ai,0> )
where we used that (£1)o4 = 1. Similarly, since dim = 1, we have

(4.44) <¢f\l>04 = <Qp etai,0“0> — 2la;0 <¢>0,4 — o2ta;0 <7_1>04 _ e2tai,07

04
where we used that (71)g4 = 1. We thus have

(4.45)
1
5 WZJ‘EO)(Sv Rlyeeey Z4)

= e?laro <£a171 +3Ba1,0;a1,0) d€a,,0(21) déa, 0(22) d€a, 0(23) d€a, 0(24)
+ e2aro <d§a1,1(21) d€a, 0(22) d€ay 0(23) d€a, 0(24) + sym. on (21, 22, 23, 24))
+ e2az0 <£a2,1 + 3Ba2,0;a2,0) d€ay 0(21) d€as,0(22) d€ay,0(23) das 0(24)

+ e2fez0 (dfaz,l(zl) d€a, 0(22) d€ay.0(23) d€ay 0(2a) + sym. on (21, 22, 23, 24))

1 ~ ~
t3 Z Cay 05,0 €700 ( d€a; 0(21) d€a; 0(22) da; 0(23) da; 0(2a)
i,j€{1,2}2

+ sym. OH(21,22723,Z4)>
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=0 (hay 9 Buv) B2 a0 2) o) o0
+ e2ar0 <d§a1,1(21) da, 0(22) d€a, 0(23) d€ay 0(24)
+ sym. on (21, 22, 23,24))
+ eleao (£a2,1 +3 éa270;a270> €az,0(21) d€az,0(22) d€az,0(23) d€as 0(24)

+ e2laz.0 <d§a2,1(21) d€ay.0(22) day.0(23) déay 0(2a)
+ sym. on (21, 22, 23, z4)>
1 2t
+ 5 Car00 €7 (6 d€ay 0(21) d€ay 0(22) d€a; 0(23) d§a1,0(z4))
1 ~
+ 5 Caz 0i02.0 e?lea0 (6 day,0(21) d€ay 0(22) d€ay 0(23) d§a2,0(24))
+ Caysazo €102 (064, 0(21) dar 0(22) dan0(28) daso(21)

+ sym. on (21722,23,24)>

and then, remember that

~

~ [e]
(4.46) Ca,;,O;aj,O - Ba,;,O;aj,O - 5i,j Bai,O;aj,O
i.e., finally

(4.47)
%Wio)(s, 2,y 2)
= 19 (fa,,1 + 8Ba 00,0 ) dar,0(21) 46, 0(22) €, 0(25)dEa, 0(24)
4 o2aro (dgahl(zl)dgal70(ZQ)dgal,o(zg)dfal,o(z:;)
+ symmetrizeon(z1, 22, 23, Z4))
2020 (a1 + 8Bas00000 ) @6as0(21) A, 0(22) s 0(28) i 0(24)
+ (Rharo (d&%l(zl)dga%o(22)d§a2,o(z:s)d£a2,o(24)

+ symmetrizeon(z1, 22, 23, z4)>
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+ Bu 00z 06" 7+ (€0, 0(21) A 0(22) A 0(20) A 0(2)

+ symmetrizeon(zy, 22, 23, 24)) .

It is easy to verify that this coincides with the direct computation of residues
in the very definition of W4(0).

4.5. Examples

In this section, we consider some classical examples of spectral curves with
two branch points, and we compute the corresponding Laplace transforms.

4.5.1. Ising model and the Airy function. The spectral curve of the
Ising model coupled to gravity, i.e., the (4,3) minimal model, is (see [15]):

S= (Ca z,Y, B)

x(z) = 23— 32
(4.48) y(z) = 2 — 422+ 2

B( ) dz1 ® dzo

21,29) = ————=.
1,42 (Zl _ 22)2

That curve has two branch points:
(4.49) ay =1, a_=-1

Instead of choosing the colors o € {1,2}, we choose to name the colors o €

{+7 _}'

Notice that we have the symmetry

(4.50) 2(=2) = —x(2), y(=2) =y(2),

and thus all that we compute for a; can easily be transposed to a_.
We have:

(4.51) () =Vz(z)+2=(z—-1)Vz+2.

We easily find

11 1 3 (—1)k ¢t I'(3k/2)
(4.52) &, 0(2) = = ) 33/2(k+1J; (k+1)!T(k/2)’



ie.,

(4.53)

(4.54)

i.e.,

(4.55)

Since f4 4 can also be obtained from the Laplace transform, we write

(4.56)

For(W?)3) =
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(—1)F I'(3/2+ 3k/2)
2 33k/242 (K + 2)IT(1/2 4+ k/2)’
1 (6k + 1)1
23(k+1) 33k+2 (2k + 2)!
1 (6k + 1)1
24(k+1) 33k+2 (k4 1)! (2k + 1)1

B otk =

By ok =

1 6k =511,
91k 3351 il (2% — 1)1l

fraw)=1=)"

k

(u3/?/3)1/2 ="

/e—u3/2/3( 5_32) 1
2ym V3(z—1)

)
W3/ e 2 U

= e~ w?/3(z=32) (z+1)dz

N
ul/de—3u? .
e b —(z /3fuz)( /\F"ﬁ‘ 1)d
€ z u z
NG
u1/4 e—%u‘q’/z ,

567

3(z2 —1)dz

where Ai is an “Airy function” (solution of Ai” = xAi), with integration
path the following contour where z(z) + 2 > 0:

X J
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ie.,

(3u)1/6 e 2u

(457)  Fealn) = PG

(4i((3w)?) + A7 (3u)?)/ (3u)'/?)

Similarly, we have

(-1F  T(3k/2)

1
(4.58) §-0(2) = BerD = go 536172 KIT(k/2) ¢+ ()",

ie.,
(-1)F  T(3k/2+3/2)
4. B_ g =
(4.59) Ochk = 5 3@R2/2 T (k)2 + 1/2)
and
. - 1 Gk+D1 1 (6k + 1)!!
(460)  Boooth = p3ingost (2R 203 Rl (2 = DI
This gives

(4.61) foow=-3—2 L (6K + 1)

uF T A3 33T KT (2% — DI
k

which can also be computed by Laplace transform:

(4.62)
(w3?)3) = (u /eu/ [3(z*=32) ___ L 30,2 1)
U3/4 efé u?/? 3/2 3
_ L v —u3/2/3(2%—-3z) ( o 1) d
€ z z
N
W ) (o i 1)
= e z u — z
N

—23/2
u1/4e su

= (—Ai(u) + A (u)/Vu),
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where Ai is the Airy function, i.e.,

(3u)/6 e~

(L63)  fo(w) =" o 2 (= A3 + A3/ (3u)2)

Kernels
The kernel is thus closely related to the Airy kernel

(4.64)

- B+,+(U, v)
(9uv)1/6 e 2(utv)
2w
Ai((3u)*3) Ai((3v)%?) + Ai'((3u)*/®)/(Bu) /3 Ai' ((3v)*/%) / (3v)!/*
u+v ’

u—+v

e The times are computed by:

3/2 /211/2
(4.65) o9+ (W??/3) 7@ /2\//?:) / /6“3/2/3(233z+2) 4(2% — 22)dz

2udlte — 24?2 45
_ 2 / 3=02) (3 [ — 92 fu)

2 ud/?
— (2°/3=uz) (,3 _
= e 2uz)dz
o
5/4 —2u?/
=2 ) - 2 )
2u~P/ e

=20 2 (i) — uAi(u),

Q

ie.,

2 (3U)_5/6 e—2u

(466) oo = == (Ai((3u)?) = (Bu)?* At ((30)*"%))

In other words, the spectral curve class of the Ising model, is the class.

oo SSoo
(4.67) ezt s Rt Rt

(4.68) elro = —

| %
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4.5.2. Example Gromov—Witten theory of P! and the Hankel
function. In [28], Norbury and Scott claim that the Gromov-Witten invari-
ants of P!

(4.69) W (21, 2p) = ZNQ,“(IF’l) He_“"' T da;
p =

)s

are computed by the invariants Wég s of the following spectral curve:

§= ((C* \R.},.,{L‘JJ,B),

x(z) =24+ 1/z,
(4.70) y(z) =Inz,
Blz1, 2) = dz1 ® dzo

That curve has two branchpoints:

(4.71) ay =1, a_=-1.

Again, the curve has the symmetry:

(4.72) 2(=2) = —a(2), dy(—2) = dy(2),

so that all what we compute for ay can easily be transposed to a_.
We have:

(4.73) k
1 1 1 (2k = D! (=1) k+1/2
a = = D) -2 '
€ay0(2) -1 Vz—2 2 +Z 23k+3 (| 4 1)! (a )
ie.,
p (2K — 1)
(4.74) Ba, pay2k—2 = (=1)" g
i p (2k— D)1 (2K —3)!

Ba‘+70;a+’k_1 = (_1)

AL

Similarly we have

(2k — ! (=1)F
Z 23k+2 k' (LE o 2)k+1/2’
k

l\D\»—l

(4.75) &u_o0(z) =
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ie.,
(4.76)
B = (1) (LR L — (~1)F (2k + )N (2k — 1)!!
a_,0;a4,2k — 923k+2 [’ a_,0;a4,k = ST ]

Therefore we have

(4.77) A

s = 1o 3 Bostn gy oD GRS 1
(4.78) = =

o) =~ Y- GEE GRS L urt )

k

Again, fy + and fi _ can be computed by Laplace transforms as integrals
and are found equal to Hankel functions:

u1/2 e2u [0 e—u(z+1/z) 1

1/2 2u 00
u'Ze oulzt/z) 2HL

2\/7? 0 2'2

(479)  fealuw) = (1-1/2%)dz

u1/2 2u [0 dz
= —u(z+1/2) (11 1/2) ==
N (1+1/2)
U1/2 Q2u [0 dz
= —u(z+1/2) (9 1 pniad
N e (24+2+4+1/2) .
1/2 J4u 0
__utet 9 / oulz+1/z-2) 4%
47 Ou Jy z
u1/2 etu 9
=——— — Hy(2i
4/ Ou 0(2iu)
U1/2 e2u
= NG m (—iHo(2iu) + Hy(2iu)),
where Hj is the Hankel function.
Applying the formula of appendix B, we have
- uv
(4.80) Baya,(u,0) = — s (L= fr @) fe g (v) = fr—(w)f- +(v))
uv

= (1= foa(u)fra(v) —duv fi_(u)fl L (v)).

_u—i-v
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Then, we compute the times ty .k from

(4.81)

e~ 9-(0) — geu(as) [ / dy(z) &)

7a+

e2u \/m / dZ —u(z+1/z)
=4/ u/m / dep e~ sinh® ¢ change of variable z = ¢%?
—0oQ

o0 ds 2
=4/ u/m / e dus change of variable s = sinh ¢
—oco0 V 1 + 82

2 (> d >
= — / _ B e change of variable s — s/2v/u

VS 14 8
u

QZ a10a1,k 1

= -2 f+,+( ).
The expansion of g (u) is
(4.82) e 9 () = —2f . (u)
— Qe ToutEaz a0 T
=2¢ Xy

where the #;,’s satisfy the recursion:

k—1
(4.83) —dkty=k(k— Dt + Y (G =1k —j) i1 te
7j=2
.o -1 .1 —25
t1=—, to=—, f3=

32107
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We have

A 4
(484) Ba,a, (u,v) = —4— <1+g’+<u>g’+<v>) o9+ () =01 0),

u—+v uv
(4.85)
: pe 9w 494 (1) AUVE S B
B, 4 , 1 =—4 14+ —"—= kt kR

4.6. Resolved conifold

The spectral curve of resolved conifold, is (see [5]):

8 = (C’x7y7 B)?
_ 1—2
x(Z) = —fan —1In m,
(4.86) y(z) = —Inz,

_ dz®dz
B(z1,29) = 4(211_22—)22.

It is customary to denote
(4.87) X(z) =e @) Y(2)=e V&)
so that the equation of the spectral curve is

1—
(4.88) X=v/——

4.6.1. Determination of {4 9. We have

(4.89) 2(z) = -y &)z a)
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and we find:
1 1
4.90 a.0(2) =
(4.90) fool?) = e
(4.91)
S+ (u)
wevr(at)
--Z \;xﬂw (2 a )27 (1= 2 (1 - 2/Q) " de
f Vuerries) pL(u+k+1) _ ktuf-10q _ yu—1
Q2w a"(ay) ;Q kI (u+1) /(z I
f w et (at) Z plutk+1)
- Q
271'1' ]{Z'F U+ 1)
><< (k+uf) ( )_ I'(k+1+uf) (U)>
(k—i—uf—l—u) T Tk+14+uf+u)
f eue(at) I u+k:—|— 1)
2ruz(ay) Z
><< L'k +uf) o (k—i—l—l—uf) >
(k+uf+u) (/c—l—l—f—uf—i—u)
_ f ereles) 2: u+k+n
2rux’ (
(k:+uf)
MNk+14+uf+u) (ut{d—a)(k+uf)).
Case f=—1
(4.92)
o) = 1 (a+(1 = a/Q)/(1 = a))"(Q(Q — N)*(VQ + V@ —T)
Q VT
ook AL U= (1o )k -,
p !
(4.93)
f+_<u) _ _Qu+uf—1f \/aeum(a_)

a_

x/(z—a)

2w a(ay)

21— 2/Q) M1 — 2) " L da.
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The times are given by

(10) oo o YETD (112" dz
2vm Jo (1—2/Q)" =

_ Vueww(@ L(u+k) " u 4z
_WZQ ' KIT(u) /0 S -2 =
Fu—i—k I(fu+k)(u+1)
ZQ ' KT (uw) T((f+1Du+k+1)

u ue“’”(“) & F(u—i—k) (fu+k)
NG ZQ EIT((f+Du+k+1)

This is a hypergeometric function

u et (a) w)'(u
(4.95) ool = Y2 = If((éfl()ujll)) SFy(u, fu, (F + Du+ 1;.Q).

5. Conclusion

In this paper, we have shown that the invariants of any spectral curve, have
an interpretation in terms of intersection numbers in a moduli space

(5.1) M,

of maps of “colored” Riemann surfaces of genus g with n marked points into
a discrete set {ai, ..., ap}. This result generalizes the idea that Kontsevich—
Witten intersection numbers compute the Gromov-Witten theory of a point,
here instead we have the Gromov—Witten theory of a discrete set of points.

The computation also shows that to every spectral curve S is associated
a certain class A(S ) in that moduli space, which in some sense generalizes
the Hodge class defined through the Mumford formula.

Descendents correspond to insertion of v classes, and the formula in
Laplace transform, looks very similar to ELSV or Marino—Vafa formula:

(5.2)

(Laplacekl,...,kn qug)) (pi) o <A(S)

ﬁ Zr :U’ka“r(,ulz) fa(pl),r(l/wi) >
M

Pl 1A pi s

g:n
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Mirror symmetry

The definition of topological recursion and invariants W,gg) starts with
a spectral curve, i.e., a B-model geometry, and the moduli of the spectral
curve are given by a 1-form ydz, and a Bergman kernel B.

On the other side, we have the Gromov—Witten theory of a set of points,
i.e., an A-model geometry, and the coefficients (the moduli) are the coeffi-
cients of A, and the coefficients of fi,j(u), and these are obtained by Laplace

transform of the B-model moduli:

B model A model
moduli ydx , B tAamk , Bamd;aa”d/
with
(5.3) (Laplace,ydz) (1) o< e~ 2+ oo ™"
(5.4) (Laplace, .. B) (11, v) o Z Ba, da,, . p vl
k,l

In other words, the mirror map, which expresses the A-moduli in terms of
the B-moduli, is simply the Laplace transform.

BKMP conjecture ?

BKMP conjecture [5, 23] claims that if we choose S = X to be the mirror
curve of a toric Calabi—Yau 3-fold X, then the WT(Lg)’s are the generating
function of Gromov-Witten invariants of stable maps f:%¥,, — X with
their boundaries on a Lagrangian submanifold L C X (to which is associated
the coordinate z of S), i.e., the Gromov—Witten theory of

M(X,L)gn.

According to what we have just found, this would mean that the Gromov—
Witten theory of M(X, L)y, actually reduces to the the Gromov-Witten
theory of a set of points {a1,...,ap}, where the a;’s are the invariant points
of the torus symmetry of X.

This would not be too surprising, since toric symmetry implies local-
ization on invariant loci, and in particular near invariant points a;. This
well-known fact has given rise to the famous “topological vertex” theory
8, 19].
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However, BKMP conjecture is yet to be proved (it was proved so far to
all genus g only for X = C?), and our theorem here, does not give directly a
proof. ..
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Appendix F
A. Proof of Theorem 4.1
A.1. Graphical representation

In [10, 13], it was observed that the definition of W9 can be written dia-
gramatically:

(A.1) W9(S;21,. .., 20) = Z w(@),
GEGE \(21,0-17n)
where g;n(zl, ..., 2pn) is the set of graphs with n external legs, g loops,

constructed as follows:

Definition A.1. a graph G € g;n(zl, ..., zp) if and only if:

e (G is a graph with 2g — 2 + n trivalent vertices, n labeled external legs
(each ending on a 1-valent vertex)

e G has 2g — 2+ n arrowed edges forming an oriented tree, and
n + g — 1 unoriented edges. The left and the right branch at each vertex
of the tree are distinguished.

e Each oriented edge ends on a trivalent vertex, and all trivalent vertex
sit at the end of an oriented edge.

e Each external leg but one is an unoriented edge. One external leg is at
the beginning of an oriented edge, it is the root of the tree of oriented edges
it has the label z;. The other external legs have labels 23, ..., 2.
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' Z2

'
’ Z
Zl Z Z ’ "
ST =@
< Z’ Z_H

w(@) = Res Res Res K(z1,2)K(z,2")K(2',2")B(z,2")B(2", 22) B(Z", 23)

z=a; 2'—aj 2" —ay

<3

Figure 3: Example of a graph in G € leﬁ(zl, 29, 23). G has three external
legs, one loop, three tri—valent vertices, three oriented edges and three unori-
ented edges. The residue in z” is computed first, then 2’ then z.

e (5 has g internal unoriented edges, each such internal unoriented edge
can connect two points only if they are on the same branch of the tree (i.e.,
if one is the descendent of the other).

e Each trivalent vertex v carries an index o(v) € {1,2,...,b}.

To associate a weight w(G) to a graph G, we label each trivalent vertex
v by a spectral variable (i.e. € C) z,, and the 1-valent vertices (i.e., the root
and the n — 1 leaves of the trees are labeled by z1,...,2,. This induces a
labeling of edges e = (ze4, ze—) of the graph in the following way:

let v be a tri-valent vertex with one oriented edge e with labels (2, , z_)
arriving on it, and two edges (oriented or not) going out of the vertex,
the left child edge eleft = (Zepr+s Zerr—) and the right child edge erignt =
(Zevignot> Zengni—)- Then we have:

(A2) Re_ = Rvy  Rept+ — Avy Rerignet — Zy

— if an endpoint of an edge is a 1-valent vertex, it receives the corre-
sponding variable z;, in particular the root receives 2.
Then the weight w(G) is

(A.3) w(@ = [ : Res 11 K (Zet, ze-)
A Zy 005 (v)
v=vertices e=oriented edges

H B(zet, ze-),

e=unoriented edges
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where : [] : means that we compute the residues in a “time ordered manner”,
i.e., the reverse order of the arrows along the tree, i.e., “leaves first, root last”.

Remark A.1l. the definition gives a special role to z1, but it was shown in
[13] that W) (S;z1,...,2,) is symmetric in all its variables, i.e., the result
of the sum of weights is independent of which z; is chosen as the root.

Example g8,3(z1, z9,23) contains 2b graphs. Each graph G € 9873
(21, 22, 23) has one tri-valent vertex, one oriented edge and two unoriented
edges. The oriented edge goes from the root z; to the vertex (label z), and
the two unoriented edges go from the vertex to the leaves z9 and z3. 29 is
either the right or the left edge (and z3 is the other). Moreover, the vertex
has an index o € {1,2,...,b}.

22

21 zZ

(o)

z

Gis(21, 22, 23) = 23
Eventually we have
. Wi (Si1,20,2) = szieas K(21,2)B(z,22)B(Z, 23)
= -

+ Z Zfieas K(z1,2)B(z, 23)B(Z, 22).

A.2. Structure of weights

Since the weight w(G) of a graph is evaluated by taking residues at branch-
points, it has the same structure discussed in Section 4.2, i.e.,

(A5) w(G(o1,215--0n,2n)) = Z A(G(01,21; s 0ny 2n);d1y -« - dyp)

dyy..ydn
n
% [ déa,, 4, (z))
j=1

and the coefficients A(G;dy, ... ,d,) is a polynomial in the Bamk;aa,yl’s in the

~

ta, k's of total degree at most 3g — 3 +n (where By, k;a;, is counted with
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degree 1, and fa,hk is counted with degree k), and it vanishes if Zj d; >
39 — 3+ n.

A.3. Cutting graphs into clusters of constant index

Let G = G(i1,215. .. ,in,2n) € Q;n(zl, ..., 2n) be a graph.
Let us cut all lines that separate vertices of different index, that gives a
set of subgraphs with constant index in each subgraph:

/

z 4
—= GZ/

jl\

JAN

/s

2 < Gl

G3 |
—~

The computation of the weight w(G) involves computing residues at
2z — ay and 2/ — a4, i.e., taking integrals along small circles centered around
ay and ag.

If o = ¢/, the order of computing the two residues (z or 2’ first ?) matters,
because exchanging the order means moving one circle across the other, and
since K(z,2') and B(z,2’) have poles when z = 2/, the exchange of order
produces a residue at z = 2’ (and possibly at 2’ = z for K(z,2’)). But if, as
we assume here, o # o', the circles have different centers, and exchanging
the order does not matter.

So, let us compute first all residues in a subgraph G7, and let (z,2’) be
one of the external legs of graph Gy, i.e., it is a line separating vertices of
different indexes o and o’. If (z,2’) is an oriented line from z to 2/, let us
write

(A.6) K(z,2') = Res Res B(z,2") mE(?",2") K(z",7)

2 sy g !

and If (z,2) is an unoriented line between z and 2’, let us write

(A.7) B(z,2') = Res Res B(z,?2") mE(Z",2") B(z", ),

2 sy 2 syl

where E(2”,2"") is the prime form, i.e., its second derivative with respect to
2" and 2" is B(Z",2"):

(A.8) dyrdn I E(Z" 2"y = B(z",2").
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The computation of w(G) involves computing a residue of the type:

(A.9) Zfieas Zf//{isz f(z)B(z,2") nE(, "),

where f(z) may have poles at a, and possibly at other spectral variables
associated with adjacent vertices in the graph G. This last expression means
that we should first compute the residue in z” then in 2. This means that z
is integrated around a small circle around a,, and z” is integrated around
a small circle around z. The circle of z” can be deformed into two circles
around a,, one exterior to the circle of z, and one interior:

In other words we have:

(A.10) Res Res = Res Res — Res Res .

Z2—0s 22—z 2" —a, 2—0s 2—0s 2'"—a,

Since the integrand has no pole at z” = a,, the last residue vanishes, and
therefore we may write:

(A.11) Res Res = Res Res,

2—0, 2''—z zI'—=a, 2—0,

i.e., now we compute the z residue first.

The computation of the z residue, gives exactly the weight w(G1), and
since G has all its vertices of color o, the weight w(G1) is the same as the
one computed from the spectral curve S,_, i.e.,

(A.12) w(G1) = w(Gh),

and it takes the form (A.5)

(A.13) 13)(G1) = Z jl(Gl;dl,-“»dn) Hdgamdj(zj)'
j=1

diyensln

and this has to be done for all subgraphs G1,Go, ... of G.
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Now it remains to perform the integral over variables z”, 2" associated
with lines with non-constant indices in G, and which now correspond to
external legs of G, Gs.

Therefore we now have to compute:

(A.14)  C,, da, . = Res Res dfamd(z/’) In E(",2") dé,., a (2").

//_>a 2" —a

For this purpose, we Taylor expand In F(z”,2"”") in the vicinity of a, and
a, using (4.3) and (A.8):

(A.15) lnE Z Z”/ ~ Z aa,k a,/, ) Ca,,( ”)k+1 Ca /( /H)H_l
k,l

and

2d+ 1) dC,, (")

(A.16) dﬁag,d(zl') ~ - od Ca (z//)2d+2

+ analytical near a,

we have

(2d — 1)1 (2d' — 1)l

(A'17) Cag,d;aal,d’ = od od’ Bau,Qd;aaz,Qd’ = 2Baa,d;a(,/,d’-

Eventually, this shows that the weight of a graph G can be obtained
from the weights of its subgraphs:

<A18) A(G, dexternal legs of G) - Z H 2 Bag(v),dv;ag(v/) Jdy
(dv,d,r)=cut edges (v,v’)

[e]
X H A(Gza dexternal legs of G; ) .
G;=subgraphs

Note that since the number of internal edges of a graph is dy, =
3g — 3 + n, we have

(A.19) dgn(G) = #cutedges + Y dg, n, (G5)

i
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and therefore the powers of 2 match:

(A.20)

—d, . o »
27 % A(G7 dexternal legs ofG) = E H Bag(u),du;ag(v/),dv/
(dv,d,s)=cut edges (v,v")

—dy. . G
X H 27 Coimi A(G'La dexternal legs of Gi)-
G,;=subgraphs

Now it remains to perform the sum over all graphs G, which is equivalent
to a sum over all cut edges and for given cut edges, the sum over all subgraphs
(. Since every graph and subgraph contain at least one trivalent vertex, and
the number of trivalent vertices is 2¢g; — 2 + n;, we have 2g; — 2 + n; > 0 for
each subgraph G;, and thus the sum contains only stable terms. It is clear
that the set of possible (cutting edges+ stable subgraphs), is in bijection
with the nodal degenerations of a surface of genus g with n marked points.

From Theorem 3.1, the sum over all possible G;’s with given g;,n; and
external legs with given degrees dj is

(A.21) 2 dain " A(Gy, {di}) = <A0(Gi) 11 ¢;‘fk> :
G; k Gi i
Eventually, substituting into (A.20), gives
(A.22)

2_d9’nA(G, dexternallegsOfG) = Z H Z H

nodal degenerations nodal points(q,q’) dq,dq’ (¢,9")
g
A N s
X Bag(q),dq;ag(q/),dq/ H AO’(GI) H wk
k=1

and we recognize that the right-hand side is exactly what we have defined
as

(A.23) .. ATIvw)”

b L
g.n =1

9i,Mi

i.e., we have proved the theorem, at least in the case where é =B on
each C,,.

The derivation above, relied on exchanging the order of residues when o #
o’ thanks to the fact that small circles around a, and a, do not intersect.
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The exchange of order of residues can also work when o = ¢’ provided
that we can move one circle through the other, which is possible if the
integrand has no pole when circles cross each other. In particular, let us
write:

° o E " n
(A.24) B(z,2) — B(z,7) = Res Res B(z,2") In O(Z ,2")

[¢]
B(Z”/, Z/).
2=z 2 =2 E(Z” z//l)
The procedure above can be repeated, the only difference is that now we
also allow to cut edges with the same color on both vertices. The coefficients
Ca, d:a, @ are then given by

" E (Z” 2" "
)
(A25)  Ca a0 = Res Res d&, a(2") In= d€a, a(27)
o o E(Z//, Z“/)
ie.,
. o
(A26) Caa,d;aa/,d’ = 2Ba(,,d;ab(,/,d’ -2 60,0” Bag,d;aa,d“

This completes the proof of Theorem 4.1 [.
B. Case dx = meromorphic

Let C be a compact Riemann surface of some genus g, and let A;, B; be
a symplectic basis of non-contractible cycles on C such that the Bergman
kernel is normalized on A-cycles:

(B.l) % B(Zl, 22) = 0.
2o€A;
Let
Z1
(B.2) dS., .. (2) = / B(z, ).
2=z
In that case we have

dSz 0(a;) B(z,a;)
B.3 o(z) =———— and dég,0(2) = — ———.
B3 ol == ) ol®) == g (@)
Since dx is meromorphic, we see that —d§,, ¢/dx is a meromorphic function
on C, with a pole of degree 2d 4 3 at a;, and simple poles at a;, j # ¢, and
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which behaves near a; as (2d + 1)!1d =271 (,, (2) 72973 — Bai,d;%o Ca, ()71 +
O(1), and therefore, after substracting the simple poles at z = a;, we see
that this quantity has all the properties of &, 4+1(%), and thus (we use here
that C is compact)

A a(z) = -
(B4) gai,d-s—l(Z) = — ;;’7(2) — ZBai,d;aj,O gaho(z).
7j=1

Taking the Laplace transform on contour 75 we thus have

b
(BS) fak,ai,dJrl( ) ufak,a d Z a; da],Ofk,] )
where
Vu —u(z(x)—a(ar))
(B.6) fapand(u) = s—F= e TR dx(2) €a, a(2)
2\/> zE'yak
- 5zk ZB(L Jd;ag,d U /717
B7) )= Y[ e, (G n(e)
. ij = —0F a;,0 .
’ 2ﬁ 2E€Ya;
Then
(B.8)
Bak, (u U) Z Bai,d;ak,l U_d u_l - 5z,k —d fak,ai,d(u)

dJl

where the first equality is definition in Equation (4.5), and the second follows
from (B.6). Applying (B.5) to (B.8) we get

Zv fak,a d Zv_d fak,a d+1( )
712 ufak,a d )

b
_ZU Z B, da7,0fk,]( u),
d

=1
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which implies

b

(B.9) (14w Zv*d fapaia(w) = — Zvil Z v*dBai’d;aj’gfk’j(u).
d

d j:l

_Zfz,] fk]

Inserting again in (B.8) we get

(B.10) Bak,a (u,v) = Z Jig(w) fij(v
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